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The LCP (see Section 4) has many important applications, for instance, to
problems in linear and quadratic programming, network equilibrium problems,
or to the Nash equilibrium of a bimatrix game (see [1,2,4,22]). A principal
minor is the determinant of a submatrix involving the same rows and columns,
and P-matrices are square matrices with all their principal minors positive.
Let us recall a remarkable property of P-matrices: the solution to a LCP exists
and is unique if and only if its associated matrix is a P-matrix [4].

Error bounds for LCPs associated to several subclasses of P-matrices are
presented in [2,5-8,10,11, 14,17, 24]. In particular, error bounds for LCPs
associated with BE-matrices with m > 0 were presented in [9,13]. The class of
BE-matrices was introduced by Neumann et al. in [19], generalizing the class
of B-matrices (see [8,10,18,21]). If we do not know whether a given matrix is
a Bf-matrix with a fixed 7 > 0, then we cannot apply the bounds of [9,13].
In this paper we shall provide alternative bounds for any matrix with positive
row sums that is a Bf-matrix with # > 0. Moreover, we shall characterize
Bl-matrices with 7 > 0 and provide 7 > 0. In contrast to [9, 13], our new
bound does not depend on an additional parameter ¢, so that its application
is simpler. In addition, we show in Section 4 with some test matrices used
in [9,13] that our new bound considerably improves those of [9,13].

In Section 2 we first introduce BZ-matrices and clarify a result of [19],
where it was claimed that any Bf-matrix is a P-matrix but the proof assumed
that m > 0. We show in Example 1 that there exist Bf—matrices that are not
P-matrices when 7 has a negative component. However, Theorem 2 proves
that any BF-matrix has positive determinant. We also present in Section 2
a characterization to determine whether a given matrix is a BEF-matrix with
m > 0. This characterization also provides a positive vector 7. Section 3 is
devoted to bound the infinity norm of the inverse of Bf-matrices. Results
of Section 3 are used in Section 4 to derive the new error bounds of LCPs
associated to BE-matrices with 7 > 0. Numerical examples are included at
the end of Section 4.

Finally, let us recall some matrix definitions. We say that a matrix A is
nonnegative (respectively, positive) if all its entries are nonnegative (respec-
tively, positive) and we write A > 0 (respectively, A > 0). The same nota-
tion applies to vectors considering them as column matrices. A matrix M =
(mij)i<ij<n is a strictly diagonally dominant matriz if [mg;| > 3., [mijl,
for each i« = 1,...,n. A Z-matriz is a square real matrix with nonpositive
off-diagonal entries. A nonsingular M -matriz is a Z-matrix with nonnegative
inverse. Nonsingular M-matrices form an important subclass of P-matrices
and some fields where these matrices arise are dynamic systems, economics or
the discretization of partial differential equations.

2 Some basic results on Bf-matrices

Let us start by recalling the definition of a BE-matrix given in [19].
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Definition 1 Let 7 = (7y,...,7,)T be a vector such that
0<y m <L (1)
j=1

Let M = (mj;)1<ij<n be a real matrix with positive row sums and let R =
(Ry,...,R,)T be the vector formed by the row sums of M. Then we say that
M is a Bf—matrix ifforalli=1,...,n,

ﬂjRi > My , V_j 7é 1. (2)

When 7; = 1/n for all j, the previous definition coincides with that of a
B-matrix (see [21]). The close relationship of P-matrices with the LCP was
recalled in the Introduction. In fact, in Theorem 3.4 of [19] it was proved
that a BF-matrix is also a P-matrix whenever the vector 7 is nonnegative.
However, the condition on the sign of 7 is omitted as a hypothesis in the
statement of that theorem. Precisely, as was commented in page 251 of [20],
the nonnegativity of the vector  is sufficient to ensure that a BE-matrix is
also a P-matrix. So, we state the result that was proved in fact in Theorem
3.4 of [19].

Theorem 1 If A is a BE-matriz with © > 0, then A is a P-matriz.

With the following example we show that the condition 7 > 0 can not be
omitted to assure that a Bf-matrix is a P-matrix.

Ezample 1 Let us consider the vector m = (1.1, —-2.9,2.1)7. Then the matrix

2 =32
A=1-111
0.1-11

is a BE-matrix. However, A is not a P-matrix since the principal minor using
the first and second rows and columns is —1.

Let us also mention that, in order to derive bounds for LCPs associated to
BE_matrices, the condition 7 > 0 was used in [9,13] as well as in the bounds
that we shall present later. In contrast to the loss of the property of being a P-
matrix seen in Example 1, we can see that det A > 0 holds for any BX-matrix
A for any vector 7.

Theorem 2 Let M = (myj)i<i j<n be a real matriz with positive row sums.
If M is a BE-matriz, then det M > 0.

Proof By (1) there exists k € {1,...,n} such that m; > 0. Let us choose ¢ > 0
such that m — e > 0 and my — (mx — €)R; < 0 for 4 # k. Then we can define

a new parameter vector 7 = (fy,...,7,)T with
A Ty 1 75 k,
T, = .
m—¢e, 1=k,
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and use it to decompose M as
M = Bt + C, BT .= (mw ﬁjRi)lgi,jgru C := R#T. (3)

Then Bt is a Z-matrix with row sums R = (Ry,..., R,)T. Observe that, by
(1) and the definition of 7, >, #; < 1. Hence, for =1,...,n, the row sum

R; is given by:

j=1

R; = (my; —#jRi) = R(1— Y #;) > 0. (4)
j=1

j=1

Since BT is a Z-matrix with positive diagonal entries, the positivity of its
row sums implies that it is also strictly diagonally dominant. Hence, BT is a
nonsingular M-matrix and so det(B™) > 0. By the decomposition (3) and the
relationship between R and R given by (4), we have that

det M = det(B* + C) = det(B* + R7") = det(B")(1 + 77 (B")"'R)

=det(BN)(1+#"(BT) 1= ;) 'R
j=
Given e = (1,...,1)T, observe that Bte = R, and so

det M = det(BY)(1 + 7T Z )"IBte)

Therefore, we deduce that

det M = det(BT)(1 Zfr “le) =det(BT) (14> a1 =) ;)7
j=1 j=1 j=1

— det(BH)(1 -3 )

j=1
and, since det(B™) > 0, we conclude that det M > 0. O

By Proposition 3.5 of [19], the class of matrices satisfying Definition 1 is
closed under positive linear combinations. Then, by Theorem 2, it has positive
determinant. Finally, Theorem 1 gives a sufficient condition to assure that
the positive combination is a P-matrix. This information is gathered in the
following corollary.

Corollary 1 Let A = (a;j)1<ij<n and B = (b;j)1<i j<n be a BE_matriz and
a Bf—matm’x, respectively. Let s and t be nonnegative numbers with s+t > 0.
Then:

i) det(sA+t¢B) > 0.
it) If m,¢p > 0, then sA +tB is a P-matriz.
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We now present a characterization that allows us to determine whether a
given matrix is a BE-matrix with 7 > 0 and so, in the affirmative case, that
it is in particular a P-matrix. Moreover, the characterization gives a suitable
positive vector 7 satisfying (1) and so we can apply the bounds that will be
presented later. This characterization will allow us to obtain bounds for BE-
matrices whenever the vector 7 is unknown. A characterization of a BF-matrix
for any 7 was obtained in Observation 3.2 of [19], but we are going to adapt
it by imposing the additional condition 7 > 0.

Proposition 1 Let A be a square matriz with positive row sums and let R =

(Ry,...,,R,)T be the vector formed from the row sums of A. Then there exists
a nonnegative vector 7 satisfying (1) such as A is a BE-matriz if and only if
i
max | —,0 | < 1. 5
j=1 73 <Ri ) ( )

Proof Let us first suppose that A is a BE-matrix for a given nonnegative
vector 7 satisfying (1). By (1) there exists k € {1,...,n} such that m; > 0.

Then we have that max;j, ‘}f ,0) < m and, since max;; (%, 0) < m; for

all j # k, we also have that

max (R,O) < j;ﬂ'j <1 (6)

its
=1 #J 0

Conversely, let us now suppose that (5) holds. If we define

n
aij

k:=1- max | —,0 ), 7
— i (Ri ) )

j=1

then we have that the vector 7 = (my,...,m,) with
a;j k )

m; ;= max | —,0 — forj=1,...,n 8
ymmax (.0) + 5 o ®
is positive and satisfies (1). Hence, A4 is a BE-matrix. O

Remark 1 Let us observe that the choice of 7 in (8) agrees with the natural
parameter vector m = (1,... 1)T of an n x n B-matrix in some extremal
examples of B-matrices (see [19]). A first example of these B-matrices is pro-
vided by any positive diagonal matrix. In this case, (7) gives k = 1 and so (8)
gives m; = % for all j = 1,...,n. The other extremal example of a B-matrix
is provided by a matrix of the form

1+ 1 ... 1
A— 1 14¢ - ,
: . .1
1 .o 1 1+e¢
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where € > 0. In this case, (E’ = nia for any ¢ # j, and so (7) gives k =
11—t =5 and (8) gives m; = H%FEJrW = % forall j=1,...,n.

Remark 2 Observe that in the proof of Proposition 1 we prove that, if the
matrix A satisfies (5), then the vector 7 given by (8) is positive.

3 Norm bounds for the inverses of Bf'-matrices

Given a BE-matrix M = (m;j)1<; j<n, in [13] a decomposition of M depending
on a parameter ¢ was obtained and applied to derive error bounds of LCPs
when the involved matrix is a Bf-matrix with 7; > 0 for all j. In the following
result, we provide another decomposition of a BE-matrix with m; > 0 for all
7, which will not depend on any parameter and which will be very useful in
this paper.
Proposition 2 Let M = (m;j)i<i j<n be a BE_matriz with m; > 0 for all j
and for each i = 1,...,n let ; := max;; {0, %} Then we can write M =
J
Bt + C, where Bt := (my; — mj7i)1<i,j<n 1S a strictly diagonally dominant
7 -matrix with positive diagonal entries and C' is the rank one matriz given by
C:= (’713 cee 7’7n)T(7T13 s 77Tn)'
Proof We only have to prove that the Z-matrix BT has positive row sums.
As usual, let us denote by R = (R, ..., R,) the vector of row sums of M,
which are positive because M is a BE-matrix. For each i = 1,...,n, from (1)
we deduce that the sum of the ith row of BT is R; — 77;(2?:1 ;) > Ry — ;.
Then, by definition of ~;, we conclude that it is bounded below by either R;
(and so, it is positive) or by R; — =< for some j € {1,...,n} (which is also
J
positive by (2)). O
The following result gives an upper bound for |[M~1||..
Theorem 3 Let M = (m;j)i<i j<n be a BE_matriz with w5 >0 for all j and
let R;,v; be given as in Definition 1 and Proposition 2, respectively. Then

1
maxi<;<n {W—i — 1}
. n ’
minj<j<n {Ri —Yidj— Wj}

Proof By Proposition 2 and Theorem (2.3) of Chapter 6 of [1], B* is a non-
singular M-matrix. So, we can write (B¥)™! =: (b;;)1<i j<n With b;; > 0 for
all 4, . Then we can express M = BT(I + (B*)71C) and so

1M~ oo < 1T+ (BF)THO) sl (BT) ™ loo- (10)

1M oo <

9)

Let us now provide an upper bound for ||(BT)™!||o. By Proposition 2, B*
is a strictly diagonally dominant matrix with positive diagonal entries and so
it has positive row sums:

n
Ri—’inﬂ']‘>0, i=1,...,n.
j=1
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By Theorem 1 of [23], we deduce that

_ 1
1B oo < — . (11)
ming <;<n {R Yi E 7T]}
Now we bound the other factor of (10). Observe that
1+a17r1 a7y ... a1y
asm 1+ asms ... a9y
I+(BH'Cc= : Do 57 (12)
Ap T AnTo ... 14+ apmy
where a; 1= 377 bijv; > 0for i =1,...,n. Then (12) can be written as
I+ (BY) 'C=1+AP (13)

where A := (ay,...,a,)TeT(>0), P := diag(my, 72, ...,m,) and e := (1,...,1)T.
By our hypothesis on 7, P is nonsingular and so I + AP = P~(I + PA)
Denoting by C := PA, we have

(I+AP)"' =P Y (I4+C)'P. (14)
Observe that C = ael, where a; := ma; > 0, for each i = 2,...,n and
a = (ai,...,an)T. So, since efa = >°1'"  a; > 0, we can derive from the

Sherman-Morrison formula (see formula (2.1.5) of page 65 of [15])

(I4+0)" = (I +aeh)y = 1— % _ (15)
= ae =1I- .
1+eTa
Hence, by (14), we get that
1= 1+Zi%:1 a; %( 1+ii11 al) T ﬂ-n ( H’izll a; )
B (i) 1 gt . B (rer)
my N1+ | ay 1+Z 14 1+ ag
(I+AP)™' = : Do : (16)

m(1+2l 1a7) wn(1+ia‘n ) 1- 1+21 1 a;

Then, since a@; > 0 for all i = 1,...,n, we conclude that ||(I + AP)™ ! is
given by

a T a;
II+AP) oo =1 i+ ) e (17)
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for some i = 1,...,n. Since 3_7_; m; < 1 and @; > 0 for all 4, formula (17) can
be bounded above by

L LR +1§177”—1+1:1 T
1+Zj=1aj 2 Yr iy T
and so,
1
(I + AP)~ 1||00§max{—1} (18)
i
Now the result follows from (10), (11), (13) and (18). O

Proposition 1, Remark 2 and Theorem 3 allow us to deduce the following
corollary.

Corollary 2 Let M be a square matriz with positive row sums R = (Ry, ..., R,)T
satisfying (5), let m = (my,...,m,) be the positive vector given by (8) and let
v; be given as in Proposition 2 for j =1,...,n. Then M is a BE-matriz and
formula (9) holds.

In the proof of Theorem 3 we have bounded the second factor of (10) by using
Varah’s bound for strictly diagonally dominant matrices of Theorem 1 of [23].
If we use a sharper bound, then we obtain sharper bounds for the norm of the
inverse of a Bf-matrix. In order to illustrate this fact, we are going to use the
bound introduced in [16] for Nekrasov matrices, which in particular improves
Varah’s bound for SDD matrices (as proven in Theorem 2.4 of [16]):

1 ZZ(A)

where z;(A) and h;(A) are defined recurswely fori=1,...,n by

(19)

z1(A) :=

t=2,...,n.

A) :Z|a1j|7 L Z‘ 1]| | ]j‘ + Z |G’U‘ '1/:2,,7?,

J#1 j=i+1
In particular, if we apply bound (19) to the second factor of (10) we deduce
the following result:

Theorem 4 Let M = (m;j)i<i j<n be a BE_matriz with m; > 0 for all j and
let R;,v; be given as in Definition 1 and Proposition 2, respectively. Then

1 zi(BT)
1 < [ :
1M oo < 1121a<xn { U 1} 1I£ia§Xn mi; —Yimi — hi(BT)’ 2

where B is given in Proposition 2, h;(BT) = Z; ) %h (BE)+>2 2 i (i —
mi;) and z;(Bt) = YL BTG L (BHY 4],

J=1 my;—y;m;
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The next result follows from Proposition 1, Remark 2 and Theorem 4.

Corollary 3 Let M be a square matriz with positive row sums R = (Ry, ..., Ry)
satisfying (5), let m = (w1, ...,m,) be the positive vector given by (8) and let
v, be given as in Proposition 2 for j =1,...,n. Then M is a BE_matriz and
formula (20) holds.

We now present some numerical examples in order to illustrate our new re-
sults. Our test matrices were introduced in previous articles that studied error
bounds for LCPs of BE-matrices. The matrix A;(m) corresponds to Example
1 from [13]. M1(k), Ma(h) and Ms(m) are examples from [9)]:

10m —10m 1 4; 6’2 8 _ok
Ay(m)=|-10m+1 10m 0], M (k) = 0k 4k —k |
2 3 3 k 0 —k Tk
Sho h —h oggfn 41:::1 8 —005m
“h h 3K 0.5m m 3m —0.bm

0.5m m —0.5m 3m

We have computed bounds for the infinity norm of the inverse using theorems
3 and 4 and corollaries 2 and 3. The previous theorems need a given vector ,
so we are going to use the parameter vectors given in the original articles. In
Table 1 we gather these parameters and we present our results in Table 2.

Matrix m source
A1(8) (19/50,19/50, 6/25) [13]
M1(21/25) | (7/24,7/24,1/4,1/6) 9]
M (8/9) (3/8,3/8,1/4) 9
Ms(1/2) (9/24,7/24,1/6,1/6) 9]

Table 1 Examples of Bf—matrices with their parameter vector .

Matrix AL(8) | My(21/25) | My(8/9) | Ms(1/2)
A= le | 2.0000 | 0.40668 0.8839 1.0333
Theorem 3 | 30.083 10.4167 10.1250 17.500
Theorem 4 | 27.226 10.4167 10.1250 17.500
Corollary 2 7 4.4025 4.1720 7.0200
Corollary 3 7 4.4025 4.1720 7.0200

Table 2 Bounds to |[[A™!||eo -

We can see that Theorem 4 only improves Theorem 3 for the matrix A;
and that Corollary 2 (and Corollary 3) considerably improve theorems 3 and
4.
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4 Error bounds for LCPs involving Bf-matrices.

Let us recall that the linear complementarity problem (LCP) looks for a vector
2z € R" such that

>0, Mx+q>0, z'(Mz+q) =0, (21)

where M is the n x n associated real matrix and ¢ € R™. Some important
applications of this problem have been mentioned in the Introduction.

By Theorem 2.3 of [2], if M is a P-matrix, then the solution z* of the LCP
(21) satisfies

lz = 2*[loo < maxgepo,yn [Mp" lloc17(2) oo, (22)

where
Mp =1 — D+ DM, (23)
T is the nxn identity matrix, D is the diagonal matrix diag(d;) with 0 < d; < 1,
foralli =1,...,nand r(z) := min(z, Mz+q), where the min operator denotes

the componentwise minimum of two vectors.

In [13], another decomposition of a BF-matrix involving a parameter ¢
was obtained and applied to derive bounds for the error of the LCP when the
associated matrix is a BE-matrix with m; > 0 for all j. It was also used in [9].
Let us now recall it in order to compare it with our new decomposition.

Given a BE-matrix M = (m;;)1<ij<n, by (1) there exists j € {1,...,n}
such that m; > 0. By (2) there exists an € > 0 such that

7Tj*€>0 and mijf(ﬂ'j*E)Ri<O, V’L%] (24)
Then we can write
M = B+(€) + C(e), (25)
where
mi1 —7T1R1 s My — (ﬂ'j —E)Rl o Man —7TnR1
B*(e) = f f f (26)
Mp1 — MRy ... Mp; — (75 —€)Ry, ... My, — TRy
and

7T1R1 7Tj,1R1 (ﬂ'j —E)Rl 7Tj+1R1 ...7TnR1
c@=| | | A B

7'('1Rn . 7Tj_1Rn (ﬂ'j — S)Rn 7Tj+1Rn . 7Tan

In order to bound the error of the corresponding LCP, we have to provide
an upper bound for |[Mp'||«, where Mp is given by (23) and M is a Bf-

matrix for a vector m = (my,...,m,) with m; > 0 foralli = 1,...,n. Let B¥(¢)
and C(g) be the matrices given by (26) and (27) and let
Cp :=DC(e), B} :=1I1-D+DB%(e). (28)
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By Proposition 2 of [13], B (¢) is a strictly diagonally dominant Z-matrix with
positive diagonal entries and so it has positive row sums. For each: =1,...,n,
let us denote by 3; > 0 the sum of the entries of the ith row of B} (¢) and let
B(e) := min;{B;}. The following result shows the mentioned upper bound for
maxgeo1)» | Mp'|lee given in Theorem 1 of [13]. It uses the parameter e.

Theorem 5 Let M be a Bf—matm’x for a vector m = (mwy,...,7p) with m; >
0 for all i = 1,...,n and let Mp,Cp,and B}, be given by (23), (28) and
B*(e) =t (bij)i<ij<n- Then

max; F% -1
min{{ﬁ(e), 1}} ’ (29)

where B(e) == min{B;} and B; == by — 32, biyl, i=1,...,n.

maxgefo,) | Mp ' floo <

In this section, we present a new bound for the error of the LCP associated
to a Bff-matrix for a vector 7 = (my,...,7,) with 7; > 0 foralli = 1,...,n by
using the decomposition of Proposition 2. In contrast to the previous bound,
it will not depend on a parameter.

Given M, a BE-matrix for a vector 7 = (my,...,m,) with m; > 0 for all
i=1,...,n, we can define again Mp = (M;;)1<i j<n by (23) for any diagonal
matrix D = diag(d;) with 0 < d; < 1foralli=1,...,n.If BT and C are
the matrices given by the decomposition of M given in Proposition 2, then we
can define the corresponding matrices B}, Cp by

CD = DC‘7 Bg =1—-D + DB+, B+ = (bij)l§i7j§n~ (30)
The following result gives an upper bound for || Mp"||c.

Theorem 6 Suppose that M = (mij)lgi,jgn s a Bf”—matm’x for a vector ™
with m; >0 for alli=1,...,n and let Mp = (My;)1<ij<n,Cp and Bg be the
matrices given by (23) and (30). Then B}, is a strictly diagonally dominant
Z -matrix with positive diagonal entries and

1
maxj<i<n {TTL - 1}

minlgign {17 RZ — % E?:l ﬂ-j}

maXde[o,l]nHMBlHoo < ) (31)

where, for each vt =1,...,n, R; and y; are given by Definition 1 and Proposi-
tion 2, respectively.

Proof 1t is easy to check that Mp is a BE_matrix where R = (Ry,...,R,)"
and that R; = (1 —d;) + d;R; for each i = 1,...,n. We can observe that the
decomposition (10) of Mp is given by the matrices B}, and Cp of (30). Then

maxgefo, 1) [Mp oo < maxde[o,unII(I+(B$)‘1CD)‘1Ioomaxde[o,unI(BB%‘l)Iloo-
32
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Following the argumentation given in the proof of Theorem 3, we can give the
same bound for the first factor of (32). So, we have that

1
masaepon | (T + (B) " Cp) oo < max { - 1}. (33)

1<i<n | m;

The matrix Bg is a strictly diagonally dominant Z-matrix with positive
diagonal entries, and so, taking into account (30), we can write

af = (1—d;) +dib;; — Zdi|bij| =1—d;+d; Z(mij —im;) > 0.
i#i i=1

By Theorem 1 of [23], we deduce that

1 1
BH) e < = — - .
H( D) Hoo - minlgign a? mlnléign{l — dz + dz ijl(mij — ")/ﬂrj)}

(34)

Let us consider an index k € N such that o = min;{a”}. Then

n

Oz]? =1—di +ds Z(mk] — ’ykﬂj) =1—d+ dk(Rk — Z’ymrj).
j=1 j=1

If Ry, —Z;;l v, > 1, then aP > 1 for any dj, € [0, 1], and so, ||(Bf) e <
1. Otherwise, we have that af < Ry — Z?Zl yem; for any dj € [0, 1]. Taking
into account these cases, we can bound (34) as follows

1
ming<;<n {1, R; —; E?:1 Wj}

So we conclude that (31) holds since it is the product of the bound (35)
for ||(B}))"!||eo and the bound (33) for ||(I + (B5)™'Cp) ™! co- |

1B5) ™ leo < (35)

We can deduce the next result from Proposition 1, Remark 2 and Theorem 6.

Corollary 4 Let M be a square matriz with positive row sums R = (Ry, ..., R,)T

satisfying (5), let m = (m1,...,m,) be the positive vector given by (8) and let
v; be given as in Proposition 2 for j =1,...,n. Then M is a BE-matriz and
formula (31) holds.

Finally, we are going to present some numerical examples to compare our
new results with previous ones. The test matrices are those used in the previous
section. In this case, we have computed bounds for the error of the LCP using
Theorem 6 (that used the given vector 7 in Table 1) and Corollary 4. We
show the results obtained following this approach in the third and fourth rows
of Table 3. We compare the results with those obtained using the bounds
introduced in [13] and [9], which are included in the first two rows of Table
3. We borrowed the data from the original articles whenever possible, and we



O©CoO~NOOOITA~AWNPE

Error bounds for LCPs of BE-matrices 13

Matrix | A1(8) | Mi(21/25) | Ma(8/9) | Ms(1/2)
LCP [13] | 26.389 10 6 10
LCP [9] | 20.192 | 9.9125 6.6667 9

Theorem 6 | 30.083 | 10.4167 | 10.1250 | 17.500

Corollary 4 | 7 5.5882 41720 | 7.0200

Table 3 Bounds for the LCP.

computed the corresponding bound when it was not available. These bounds
also use the parameter vector 7 given by Table 1.

Table 3 shows that the bounds obtained with Theorem 6 using a given

vector 7 are not necessarily sharper. However, we can see that the new bounds
given by Corollary 4 are sharper in all cases. Moreover, another advantage of
this approach is that it can be applied to any matrix with positive row sums
to first identify if it is a Bf-matrix. If so, it computes a compatible vector
and then we can apply our new bounds without further modifications.
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