Available online at www.sciencedirect.com

SGIENCE@DIHEGT’
PHYSICS LETTERS B

e TR RS
ELSEVIER Physics Letters B 619 (2005) 367—376

www.elsevier.com/locate/physletb

An adiabatic approximation to the path integral for relativistic
fermionic fields

J.L. Cortés, J. Gambo4, S. Lepe¢, J. Lopez-SarrionP

@ Departamento de Fisica Tedrica, Universidad de Zaragoza, Zaragoza 50009, Spain
b Departamento de Fisica, Universidad de Santiago de Chile, Casilla 307, Santiago 2, Chile
¢ Indtituto Fisica, Universidad Catdlica de Val paraiso, Casilla 4059, Valparaiso, Chile

Received 22 March 2005; accepted 20 April 2005
Available online 28 April 2005
Editor: M. Cvett

Abstract

A new approach to the path integral over fermionic fields, based on the extension of a reformulation of the adiabatic ap-
proximation to some quantum-mechanical systems, is presented. A novel non-analytic contribution to the effective fermionic
action for a fermion field coupled to a non-Abelian vector field is identified. The possible interpretation of this contribution as a
violation of the decoupling theorem in quantum field theory (QFT) is discussed. The generalization of the approach to the case
of finite temperature and density suggests the possibility to apply it to the understanding of non-perturbative properties in QFT
and their dependence on temperature and density.

0 2005 Elsevier B.V. All rights reserved.

1. Introduction

The adiabatic approximation is one of the most important methods going beyond perturbation theory in quan-
tum mechanics. In QFT, the necessity of non-perturbative methods is clear in many cases (low energy limit of
asymptotically free theories, high energy limit of infrared safe theories). Unfortunately, the attempts to translate
the adiabatic approximation to QFT have been very limited and the main results are the identification of Wess—
Zumino terms and anomalies as geometric phEige3he complexity of QFT (a quantum-mechanical system with
infinite degrees of freedom) has been an obstacle to the possible use of the adiabatic approximation as the starting
point to an alternative to the perturbative expansion. In this Letter we attempt to give a first step in this direction by
considering the path integral over a relativistic fermionic field system. In the next section we take as a starting point
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a very simple quantum-mechanical system, a spin coupled to a time-dependent magnetic field, and the adiabatic
approximation is reformulated in an appropriate way to be generalized to other systems. In §aetiqoint out

the difficulties found when one tries a generalization of this reformulation in QFT. In Setteopossible way to
circumvent these problems is presented and our proposal is applied to the path integral over a fermion field in the
fundamental representation 8f)(2) coupled to a vector field in the adjoint representation. The leading term in

the adiabatic approximation is determined and its possible relation with non-perturbative properties of the theory
are discussed at a qualitative level. In Sectpa generalization of the results at finite density and temperature is
obtained and finally in Sectiof a discussion of possible physical realizations of the adiabatic approximation in
QFT is presented.

2. A quantum-mechanical example

In order to formulate the adiabatic approximation in QFT, let us first discuss it at the level of quantum mechanics
in the most simple non-trivial example, namely, a half-integer spitgupled to an external magnetic flelﬂ(é))
varying periodically in t|meB(T) = B( T)). Let us review the well-known solution of this probld#j. One has
a Hamiltonian

H= Z é(t) . faﬂa;aﬁ, 1)
a.p
wherea, =—j,—j +1,...,j — 1, j anda, a are operators satisfying the (anti)commutation relations
{aa,aﬁ}=8aﬁ. (2)

We want to determine the probability amplitude that the system remains in the ground|@tatdufing time
evolution, i.e., the matrix elemef®(7)|0(—T)). In order to do this calculation it is convenient to use at each time,
the direction of the magnetic field as the spin quantization axis to rewrite the Hamiltonian as

j
H(t) = Z mB(t)al (t)an (7). (3)

m=—j

The ground state of the systetfi(z)) is the state satisfying the conditions

am(0]0(1)) =0 form=>0,  a (1)|0@))=0 form <O. (4)

In the adiabatic approximation one has two contributions to the matrix ele(@€nj|0(—7)), one due to the
energy of the ground state

(j +1/2)7?

> B, ®)

Eo(t)= ) mB(t) =~

m<0

and a contribution due to the time evolution of the phase of the ground|8tate

T

/dz (0(2)i9,10(2)) _—ﬂndeZ

“r k#0

(OO IVEH k() A (k(®)V HIO(t)>

6
(Ex — Eg)? ©)

Stoke’s theorem has been applied to rewrite the time integral as a surface integral in magnetic field space and
the matrix elements of the gradient of the Hamiltonian can be directly read from the matrix representation of the
angular momentum operator.
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After some straightforward algebra one finds

T
i +1/2)2 N
f ar owjianow) = L2 orh, @
-T
where
. . B
Q[B]:/dyﬁ, (8)

is the solid angle thaB subtends. This is the standard derivation of the adiabatic approximation including Berry’s
phasgq7) [2].

Let us now see how these results can be rederived in an alternative formulation based on a Grassmann patt
integral representation of the evolution, which will be useful in the discussion of QFT in Sekttione can
represent the operatagsa’ by Grassmann variablas, ¥ and the probability amplitude that the system remains
in the ground state by a Euclidean Grassmann path integral,

dvr d 7 =S -
lim (O(T)|0(=T)) = Javdve” _ e I ©)

T—00 fdl//dl/fefsh_?;zo
where the Euclidean action for the fermionic system is

S:fdf¢(ar+f~§)w. (10)
In order to simplify the action, one introduces new Grassmann variahles, through the expansion

j o
m=—j m=—j

where f,,, (t) are the eigenspinors defined by
J-Bfy=mBfy. (12)
The action as a function of the new variables is given by,
SZ/dT{Z[C—m(ar +mB)Cm]+ ZamiAm,m’Cm’}’ (13)
m m,m’

wherei A, v = f,,JEa, fw- In the adiabatic approximation, one neglects off-diagonal termg (»') and the path
integral becomes a product of independent integrals

‘ B/2
B J
e,F(ad)[B] _ 1—[ /de dEm exp{_ / dt Em(ar +ld4m +mB)Cm}, (14)
m=—j —B/2

with A4, = A,,., and the limits on the Euclidean time & ir) incorporate finite temperature (8) effects in the
imaginary time formalisnfi3].
The integral on each pair of variables,( ¢,;), is a standard quantum-mechanical determifént

defd; +i Ay () +mB(1)] :Ncosr[g(mé + iftm)], (15)
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where is an infinite constant that will cancel in the ratio of Grassmann integrg®)iand we have introduced
the notation

L B/2
f:E / dt f(1). (16)
~B/2

In the zero temperature limit the quantum-mechanical determirfaBjdecome exponentials and the effective
fermionic action in the adiabatic approximation takes the simple form

—r@p)= —é Z(|m|/dt B() + %fdt Am(t)>, a7)

m

where the first term can be recognized as the dynamical phiageé Eo(1) with Eq the energy of the ground state
of the quantum-mechanical systé®). The second term ifL7) reproduces Berry’s phase as one can show by using
once more Stokes theorem and the definitiorf,piin (12), i.e.,

/dti.Am(t) :/dt IY8, fu = —imS2[B), (18)

with £2[B] the solid angle that the magnetic field subtends in its evolution.

The adiabatic approximation to this simple quantum-mechanical system in the Grassmann path integral rep-
resentation, will reappear as an ingredient in some approximation to a QFT with fermionic fields as we will see
later. Also this reformulation of the adiabatic approximation is interesting because it allows to go beyond the zero
temperature limit by using the quantum-mechanical determinaifibin

3. Formal direct approach and itsdifficulties

The purpose of this section is to introduce a direct extension to QFT of the reformulation of the previous section.
Before doing that we will show the problems of a direct implementation of the adiabatic approximation.

The most natural way to formulate the adiabatic approximation and the related Born—Oppenheimer approach
in QFT is based on the use of the Schroédinger representation, where the wave function of quantum mechanics
is replaced by a functional in the space of field configurations. After this replacement, all the standard results of
the adiabatic quantum-mechanical expansion can be applied directly if%)FThis formulation gives a new
perspective of the anomaly in chiral gauge theories which appears as a geometric phase in the space of gauge fiels
configurations related to the gauge non-invariance of the phase of the fermionic Fock{6}atésfortunately, a
guantum-mechanical system with infinite degrees of freedom is too complicated to go beyond the study of a few
topological properties and the adiabatic approximation remains as a reformulation of the theory at a formal level.

An alternative way to implement the adiabatic formulation is based on a direct use of the reformulation of the
guantum-mechanical example of the previous section in a QFT system. For definiteness, let us consider the action
in Euclidean space for a fermionic field coupled to a vector field ,,

S= /de {¥y. (0 +ieA )W) (19)
Using the decomposition

w:(ii) b= w)) (20)
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for the fermionic field in a representation where all gamma matrices are off-diagonal, one has

S= f d*x (W] (a+icA)Wr + ) (4 +ieAnWr + WG - (—iV +eA) — WG - (=iV + eA)wg).
(21)
Following the steps of the previous section, we introduce the eigenfuncbipy
[6 - (=iV +eA)]®,(F) = €,Pu(3). (22)

These eigenfunctions and the eigenvalgeare, in fact, functionals of the vector field at a given time and a more
precise notation for them i®,, [A(‘L’)](x) ande,,[A(t)]
Next step is to use the decomposition of the fermionic fields in terms of the eigenfuncti@,in

VLE D =Y e, OB [AD]E).  YrE. )= cr, (D [AD)]H), (23)
vE =Y @I[AD]E.  ¥E =) ck @@ [AD]GE). (24)

Using the orthogonality of the eigenfunctiods, the action takes a compact form in terms of the (Grassmann)
coefficientscy, cg

S:/a’r{Z[cI” (t)d.cr, () —i—c}:” (T)encr, (T) +ic}:n () Ancr, (1)]

+ ) [k, (Ddccr, (1) —ck (Dencr, (1) +ick (1) Auck, (7)]

+ 3 ile) (O Aumer,, () +ck () Aunck, (r)]}, (25)
n#m

where we have introduced the connectidn

A[A@)] = /d)? O [A@]E)(—id; + eAg) Pu[A(D)] (), (26)

andA,,, forn #m,

A [A@] = [ a7 A0 + @, [A0)] D). (27)

In the adiabatic approximation one neglects the off-diagonal tetresig) and then one has infinite copies of
guantum-mechanical systems each of them similar to the one discussed in 3ekibovever, for a general vector
field configuration the spectrum,() will be continuous and the difference of energy levels can be arbitrarily small
rendering the adiabatic expansion out of control. Besides that, the eigenvalaes eigenfunctional®,, are not
known, except for very special choices of the vector field, and the formulation remains once more at a formal level.

4. A new approach and its application to an SU(2) gaugetheory

The only way we have found to use the reformulation of the adiabatic approximation to get a useful expansion
in QFT, is based on the introduction of variables independently at each point. In order to do that, one has to select
an operator at each point and use its eigenfunctions in the expansion of some of the fields at this point. We can then
identify two ingredients in the formulation of the new approach. The first one is a separation of the fields in two
sets, one of them corresponding to the spin degrees of freedom of the quantum-mechanical example. The secon



372 J.L. Cortéset al. / Physics Letters B 619 (2005) 367-376

one is the choice of the operator at each point whose eigenfunctions are used to introduce new variables for the
spin-like fields.

Several requirements constraint the ambiguities in this two ingredients. The action should be quadratic in the
spin-like fields either directly or after the introduction of appropriate auxiliary fields. The expression for some of
the terms in the action as a function of the new variables should be as simple as possible. The contribution from
the remaining terms in the action (including the space derivatives) as well as the corrections to the “adiabatic”
approximation (off-diagonal contributions in the new variables) should be small. The search of a good set of
fields and local operators defining the new variables has to be done, however, case by case. The usefulness of th
approach will be established if one finds examples where all these requirements are satisfied yielding to a dominant
contribution with interesting results.

In order to illustrate our approach let us consider the Lagrangean of a fermionic system coupled to a vector field

L=Wiy'o,w — g@y ALT W —mP @, (28)

whereT? are the generators &J(2) acting on the fermionic fields in the fundamental representation. It is conve-
nient to use the Dirac representation for thenatrices with

W=(é_g) (29)

and the decomposition in bispinors of the Dirac field

(@
w_<x>. (30)

We neglect for a moment, the terms proportional to the space components of the vectoi‘f)esklhd to space
derivatives of the fermionic field. The remaining terms take a simple form if we use the eigenvgctofghe
operatorAgT*

(AT fr = :I:%fi, (31)

where we have used the parametrizatith= AgAg with 3, A8 A4 = 1. With these eigenvectors, one can intro-
duce the new fermionic variables ;, x,.i

0= Puifuir (32)

n=+ti=172

X=D>_ > Xnifni- (33)

n j=1,2

where the bispinorg;, ; are given by

fn,1:<fél>v fn,2=<f(1)o (34)

Note that the new fermionic variables have been introduced independently at each point in space. We then have
Grassmann variables, ;, x,.; at each space—time point.
In the new representation for the fermionic variables, one has

lI/Tar‘p = Z[SOZ,iaﬂﬂn,i + X,T,,‘aan,i] - Z [(p;,,‘(pn’,i + X,;r,l'Xn’,i]iAn,n’ (35)

n,i n,n',i

with i A, ,» = f,,Tat fw andt =it is the Euclidean time.
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For the interaction term one has

—gWTAST W == gAY [0} oni + ) ni]: (36)
n i

with g+ = :l:%.
The Lagrangian density before including space derivatives and the space components of the vector field as a
function of the new variables is

[:(AS) = Z[(p,;r)i(ar — gnAo—m+iA)eni + X,j),'(ar —gnlAot+m+ iAn)Xn,i]

n,i

+ Z [Qo;r,i‘Pn’,i + XJ,,‘Xn’,i]iAn,n’- (37)
n#n’,i
We then have at each point, a generalization of the quantum-mechanical example in 3edtiomi( playing
the role of the magnetic field (the direction in the interngbU(2) space is the analog to the orientation of the

magnetic field) and four instead of one spin variable (corresponding to the four components of the Dirac spinor).
Then, the energies associated to the new variables are

E((pn,i):gnA0+m» E(Xn,i):gnAO_m- (38)

The corrections to the adiabatic approximation due to the off-diagonal tergdsn() in (37) involve levels
separated by a gapAo. Then, the adiabatic approximation will be justified when the product of the coupling and

the time component of the vector field is large compared to the time derivative of its orientx@a@)n (
With respect to the consistency of treating the space derivatives and space components of the vector field as a
correction, we have a sum of two contributions

WT& . (_i% + gA’a Ta)q’/ = Z [(p,;r,i(_i%))(n,i’ + X,Ii(_i%)(pn,i’](f,z,'a'fn,i’)

n,i,i’

+ Z [(P,;r,an/,i’ + X,I’,'(pnﬂi’](fn-l:ia— : (_iV + gAaTa)fn/,i’)~ (39)
n,n',i,i’
The first term is a non-diagonal contribution between energy levels separated. ISirite the eigenvectorg,
depend only on the direction in the internal spacé @fthen the corrections due to these terms will be proportional
to VAG/2m. The second term has non-diagonal contributions between energy levels separateday-2g Ao

or |2m — gAp| and there are two types of terms, ones proportion:f}’ﬁg and the others proportional 'gﬁ“.
From these simple arguments one can see what are the conditions on the vector field and the fermion mass in orde
to treat(39) as a small correction 387). It should be noted that considering spacial derivatives as corrections does
not mean that we are making use of the usual derivative expansion nj@éthod

Then, in the approximation where we keep only the terms diagor§arirand using the resu{fL7) and(18) we
have a new approximation to the effective fermionic action,

Fad:/d3)? ngr(gnAo+m)[/dr (gnAo+m) + %ﬂiﬁ[ﬁg]}

+/d35c’ ngr(g,,Ao—m)[/dt (gnAo—m) + %i.@[/&g]], (40)

WhereQ[Ag] is the solid angle thaﬁg subtends in internal space in its time evolution.
We can distinguish two different regions. In the weak coupling regioty(« 2m) there is a cancellation of
contributions from the two sets of new variablgs; and x, ; and g reduces to a constant. On the other hand, in
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the strong coupling regiorg@o > 2m) the effective fermionic action in the adiabatic approximation is
S =2g / dv d%% Ao+ 2i 2[A3). (41)

The presence of a contribution in the effective fermionic action which disappears in the weak coupling region,
suggest a possible relation between the presence of such contribution and the non-pertubative properties of the
theory.

One should note that the limit — oo for fixed g Ag corresponds to the weak coupling region, where the new
non-perturbative contribution disappears as expected from the decoupling tH&ré&n the other hand, for an
arbitrarily large mass, one can be in the strong coupling limit if one has a sufficiently large cogipligor vector
field Ag and then the non-perturbative trace of the fermionic system remains.

5. Finitedensity and temperature effects

The generalization of the adiabatic approximation to $u&2) gauge theory in the case of finite density is
trivial. All one has to do is to include the chemical potentja) through a termu¥ y %% in the Lagrangian which
modifies the energies associated to the new variables

E(‘pn,i)zgnAO+m+M’ E(Xn,i)zgnAO_m‘l'ﬂ- (42)

The energy differences are not modified and all the estimates of the corrections due to space derivatives and the
space components of the vector field are not changed.
The effective fermionic action in the adiabatic approximation is now

Fac) = [ 4% 3 sqrtg,Ao-+m + u)[/dt (8 Ao+ + 1) + %in[ég]}

+/d7chgr(gnAo—m+u)[/dt (g,,Ao—m+/L)+%iQ[A’6]]. (43)

We considen > 0 for definiteness. In this case, we can consider three different regions. The first one corre-
sponds te Ag < 2|m — u|, where once more there is a cancellation of contributions and one has a trivial adiabatic
effective action as in the weak coupling region of the case without chemical potential. There is also an analog of
the strong coupling region whegedg > 2|m + u| and the adiabatic effective action(#1). Finally, there is an
intermediate region,|&: — u| < gAg < 2|m + u|, where there is a cancellation of the contributions of half of the
new fermionic variables and the result for the effective action is

=g / dv d3% Ao +i2[ A3] + const, (44)

Once more, we can discuss the decoupling of the fermion degrees of freedom. There are once more cases witt
arbitrarily large mass and density where for sufficiently lagge a fermionic signal remains. On the other hand,
for fixed mass ang Ag the fermion decouples in the limit — oo. This shows that the non-perturbative properties
of the non-Abelian gauge theory related to the presence of a non-trivial adiabatic effective action disappear in the
infinite density limit.

It is also very easy to generalize the adiabatic approximation to the case of finite temperature. As we have seen
in Section2, the modification of the fermionic integral for each quantum-mechanical system is very simple and
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the effective fermionic action in the adiabatic approximation at finite temperature (and also including a chemical
potential) is given by

B/2
—Tad(u, B) = / dx Z In cos){ / dr (gnAo+m +p) + i.Q[Ag]:|
n
—B/2
B/2
+/d£Z|ncos>-{ / dt (gnAo—m+u)+i9[Ag]], (45)
8 -B/2

wherep is the inverse of the temperature. If one takes the high temperature gimit,0 for fixed («, m, gAo),
then the adiabatic effective action is proportionapfoand then the new non-perturbative contribution disappears.

6. Discussion

The result for the effective fermionic action in the adiabatic approximgdofis not gauge-invariant neither
Lorentz-invariant. This should not be a surprise. A similar situation happens in the simplest quantum-mechanical
example of the spin coupled to a magnetic filfl where each term in the adiabatic expansion is not separately
rotational invariant, the variation of each term being canceled by that of subsequent terms in the expansion. This
makes difficult to understand how one can find a physical situation where the adiabatic approximation to the
effective fermionic actiorf40) can give a consistent first-order approximation to a relativistic QFT with fermionic
fields.

One possibility is to consider a gauge field theory, identifying the vector figldvith the gauge field of the
U (2) gauge theory. In that case one should add a term in the action depending on the dynamical gauge field. The
Lorentz and gauge invariance of the theory is inconsistent with the adiabatic approximation; in fact, this could have
been anticipated because by applying an arbitrary gauge transformation on a vector field whose space component
are sufficiently small and whose time component orientation in internal space varies sufficiently slowly to justify
the approximation one gets a gauge field configuration where the approximation is not justified. The only way to
look for a consistent realization of the adiabatic approximation in a gauge field theory is by considering the vector
field as the gauge field satisfying an appropriate non-covariant gauge fixing condition. It is not possible with our
present understanding of gauge field theories at the non-perturbative level to check whether there is a situation were
a gauge fixing condition can be found such that the relevant gauge field configurations in that gauge satisfy all the
conditions to justify the adiabatic approximation to the effective fermionic action considered in this work. All one
can do is to explore the consequences of the assumption that this is the case. In all cases, where the effective actio
in the adiabatic approximation is non-trivial, one has a term proportionJéHlidSJ? Ap and then, in order to have
a finite action, the gauge fieldy should be concentrated in a finite region in space—time. This fact, together with
the disappearance of the new contribution in the high temperature or high density limits suggests a relation of the
presence of a non-trivial adiabatic approximation and the confinement in the non-Abelian gauge theory. Note that
if this relation holds, then the confinement at low energies would be due to the presence of heavy quarks which do
not decouple as one would naively expect due to non-perturbative effects.

Other possibilities for a physical realization of the adiabatic approximation to the effective fermionic action
could correspond to a situation where the vector field is not a dynamical field but a background field which para-
metrizes some of the non-perturbative properties of the vacuum of QFT or an auxiliary field introduced to linearize
a fermion self-coupling. In those cases the Lorentz and gauge non-invariance of the result inherent to the adiabatic
approximation should be related with the details of the introduction of the background or auxiliary field.
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