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Abstract

We propose a diffusion scheme for adaptive networks, where each node obtains an esti-
mate of a common unknown parameter vector by combining a local estimate with the
combined estimates received from neighboring nodes. The combination weights are
adapted in order to minimize the mean-square error of the network employing a local
least-squares (LS) cost function. This adaptive diffusion network with LS combiners
(ADN-LS) is analyzed, deriving expressions for its network mean-square deviation that
characterize the convergence and steady-state performance of the algorithm. Exper-
iments carried out in stationary and tracking scenarios show that our proposal out-
performs an state-of-art scheme for adapting the weights of diffusion networks (ACW
algorithm from [10]), both during convergence and in tracking situations. Despite its
good convergence behavior, our proposal may present a slightly worse steady-state per-
formance in stationary or slowly-changing scenarios with respect to ACW due to the
error inherent to the least-squares adaptation with sliding window. Therefore, to take
advantage of these different behaviors, we also propose a hybrid scheme based on a
convex combination of the ADN-LS and ACW algorithms.
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1. Introduction

Over the last years, adaptive networks have gained considerable attention as an
efficient solution to estimate certain parameters of interest using the information from
data collected at nodes distributed over a region (see e.g., [2]-[12] and their references).
Many applications reach an improved behavior thanks to the use of data measured in
different localizations, e.g., target localization and tracking, considering either a static
or a mobile network [12, 13|, environment monitoring [2], and spectrum sensing in
mobile networks, where secondary users can estimate the power spectrum transmitted
by all the primary users to adaptively find unused frequency bands [12, 14].

In these applications, networks must track the variations in the data statistics,
which justifies the need for adaptiveness [15]. It should be noted that the tracking
ability of adaptive networks constitutes one of their advantages with respect to other
distributed estimation schemes, such as consensus networks [12]. Additionally, some
networks operate under computational, communication or energy constraints, which
makes the signal processing problem even more challenging [16, 17].

Different distributed processing strategies have been designed to build an estimate
of some parameters of interest by exchanging information among the network nodes.
In particular, in diffusion networks nodes diffuse their estimates to the network, so
that each node can combine its own estimation with those received from neighboring
nodes. The diffusion strategy is typically performed in two stages: adaptation and
combination. The order in which these stages are performed leads to two possibilities:
adapt-then-combine (ATC) and combine-then-adapt (CTA) [3, 5]. In ATC, each node
updates its local estimate using the combined estimate from the previous iteration.
Then, the local estimates of the nodes belonging to the neighborhood are mixed to
update the combined estimate. On the other hand, in CTA the combined estimate is
firstly updated by mixing the estimates received from the neighboring nodes, and then
used to update the local estimate. In both diffusion schemes, the combination weights
play an essential role in the overall performance of the network. For instance, diffusion
least-mean-squares (LMS) strategies for distributed estimation can perform similarly to
classical centralized solutions when the weights used to combine the different estimates

are optimally adjusted [9]-[12].
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Most papers on diffusion networks assume fixed combination weights, whose values
are computed based on the network topology only (see e.g., [3, 5]). However, these
static combination rules do not take into account diversity among nodes, or different
signal-to-noise ratio (SNR) conditions, resulting in suboptimal performance when the
SNR varies across the network. For this reason, some schemes that implement adaptive
combination weights have been recently proposed [9]-[12],[18]. Although these adaptive
solutions improve the performance of the networks when compared to static combiners,
the learned combination parameters may still be suboptimal during convergence or
when tracking time-varying solutions, especially when different step sizes are used
across the network nodes. This is due to the fact that some of the approximations used
in the derivation of these adaptive rules hold mainly in steady state.

In this paper, we propose a new approach to adapt the combiners of diffusion
networks which can improve network performance, especially during convergence or in
tracking situations. Unlike previous schemes, the adaptive combiners that we propose
here are based on the direct minimization of a least-squares cost function that considers
the data available at each node. For this, we exploit some recent advances in the
literature regarding combination of adaptive filters.

In an adaptive combination of filters, different schemes can be considered to mix
the outputs of the component filters, including convex [19]-[23] and affine [24]-[26]
combinations. In [26], a least-squares (LS) scheme was proposed to adapt an affine
combination of multiple adaptive filters, providing an adequate behavior in stationary
and nonstationary environments. It is important to notice that in a combination of
multiple adaptive filters, all the filters (or nodes) receive the same input vector, there
is a common desired signal, and the component filters do not exchange information in
general®, so the extension of these combination schemes to adaptive networks is not
straightforward.

As in our previous work [1], we utilize here LS-based affine combinations [26] to
implement adaptive combiners in diffusion networks. This scheme, named Adaptive

Diffusion Network with Least-Squares combiners (ADN-LS), presents the following

3Indeed, [19] proposed a scheme for coefficient transfer between the filters. In this scheme, the
convergence of the slow filter can be accelerated when an abrupt change appears by transferring a
part of the fast filter to the slow one. Therefore, a combination of adaptive filters also allows exchange

of information among their components.
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characteristics:

- It follows an ATC strategy (although our results could also be straightforwardly

extended to CTA). However, an important difference from standard ATC is that

each node preserves a pure local estimation.

- Each node combines its local estimate with the combined estimates received from

neighboring nodes at the previous iteration. Combination weights are adapted

to minimize a local LS cost function employing a sliding window [26].

In this paper, we extend our workshop paper [1] in different ways. Specifically, the

main contributions of this paper are:

1. We provide a statistical analysis to model the transient and steady-state per-

formance of ADN-LS. We arrive at analytical expressions for the mean-square
deviation (MSD) and for the optimal combiners. This analysis is essential to
understand the behavior of ADN-LS with optimal combiners in the transient and
in the steady state, and allows us to obtain the performance limits of the pro-
posed algorithm. To the best of our knowledge, there is no transient analysis of

a diffusion scheme with adaptive combiners currently available in the literature.

. A new hybrid scheme based on a convex combination of ADN-LS with the scheme

of [10]. As we will see, ADN-LS outperforms the state-of-the-art scheme of [10],
denominated as Adaptive Combination Weights (ACW) in [12], during conver-
gence and in tracking situations. However, the steady-state performance of ADN-
LS can be slightly worse than that of ACW in certain cases. In this sense, the

hybrid scheme takes advantage of these somehow complementary properties.

. A discussion on the computational and communication costs of the proposed

schemes.

. Finally, we provide detailed simulation work to illustrate the performance of our

schemes. This experimental evaluation extends the results in [1] with respect
to the considered algorithms and simulation scenarios. Additionally, we also
study the influence of the sliding window necessary for the adaptation of ADN-

LS combiners in the performance of the algorithm.

The rest of the paper is organized as follows. The next section presents the principles

of adaptive diffusion networks and describes our proposal for implementing adaptive
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combiners that minimize an LS criterion. Then, Section 3 provides a statistical analysis
of ADN-LS with optimal combiners. The hybrid scheme combining ADN-LS and ACW
rules is presented in Section 4, together with an evaluation of the computational and
communication costs of our schemes. Section 5 studies the stationary and tracking
capabilities of our proposal, both in the illustrative case of a simple network, and for a
more involved diffusion network with 15 nodes. We finish the paper by presenting our
main conclusions and some possibilities for future research.

Table 1 summarizes the notation that will be used in the paper.

Table 1: Summary of the notation used in the paper.

N Number of nodes in the network
N Neighborhood of node k, including itself
Ny, Cardinality of Ny
N Neighborhood of node k, excluding itself
Ny Cardinality of N
by, Vector with the indexes of all nodes belonging to N,
B,(Cm) Index of the m'" node connected to node k
Wo(n) Unknown time-varying parameter vector
Pi(n) Local estimate of w,(n) (based only on local data at node k)
wi(n) Combined estimate of w(n) at node k
{dx(n),ux(n)} Local desired value and regression vector at node k
vg(n) Local noise at node k (with mean zero and variance o3)
cop(n) Combination weight assigned by node k to the estimate
of node ¢ € Ny,
ck(n) Vector with all weights assigned by node k to its neighbors
cx(n) Vector with the same entries of c(n), excluding ¢y (n)
yr(n) Local output of node k
ex(n) Local error of node k
T (n) Output of node k using combined estimates wy,(n)
ér(n) Error of node k using combined estimates wy,(n)
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Figure 1: Diffusion network with N nodes: At time n, every node k takes a measurement
{dk(n),ur(n)}. The neighborhood of node k in this network is N} = {1,2,r,k}, and its cardinality is
denoted as Nj = 4.

2. Diffusion networks with least-squares combiners

In this section, the ATC strategy based on the preservation of the local estimates at
each node is described. Then, we present the LS adaptation for updating the adaptive

combiners.

2.1. Diffusion networks principles

In this paper, we focus on estimation tasks which are jointly carried out by multiple
nodes in a diffusion network. Fig. 1 shows a network composed by N nodes distributed
over some region. The set of nodes connected to node k (including k itself) is called
the neighborhood of node k and is denoted by Ny, with cardinality N,. We define
N, as the neighborhood of node k, excluding such node, and its cardinality is denoted
as Ny = Ny — 1. For instance, for node k of Fig. 1, NV}, = {1,2,7,k}, N}, = 4,
Ne ={1,2,7}, and N = 3.

At each time instant n, each node takes a measurement {dy(n), ux(n)}, where di(n)
represents a desired signal and ug(n) is a length-M input regressor column vector,

related through a linear regression model [15]
dr(n) =uy (n)we(n — 1) + vi(n). (1)

Here, vj,(n) is a zero-mean noise with variance o7, while w,(n) is a length-M column
parameter vector. Note that w,(n) is assumed to be common to the regression models
of all nodes, and the goal of the network is precisely the estimation of this unknown
parameter vector.

Similarly to other diffusion strategies, we assume that the nodes obtain improved es-

timates by iterating adaptation and combination steps. However, unlike other schemes
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that modify the adaptation of nodes using the combined estimates, we consider that
the nodes in our network keep and update a purely local estimate of the parameter
vector w,(n), i.e., based just on observations available to them.

The local estimates 1, (n), k = 1,2,..., N, are updated using the normalized least-

mean-squares (NLMS) algorithm [15, 27], i.e.,

P(n) =y (n—1) + — L ek, 2)

6+ [ug(n

where ey, (n) = di(n) — ul(n)y,(n — 1) £ di(n) — yr(n) is the local error of node
k, with yi(n) = uj(n)y,(n — 1) being the predicted value of the desired signal at
node k and time n using local information only. Parameter py is a step size that
controls the velocity of adaptation of the algorithm, imposing a tradeoff between speed
of convergence (faster for large values of pi) and steady-state error (lower for small
values of py). Since NLMS normalizes its adaptation by the energy of the input signal

|?) selection of the step size is easy, with values in the range 0 < py, < 2

vector (||ug(n)
guaranteeing the convergence and stability of the algorithm. Additionally, a small
positive constant 0 is included as a regularization parameter in order to avoid a very
large normalized step size W when [|uy(n)||? becomes close to zero.

In addition to local estimates, all nodes build a combined estimate wy(n) using
the information received from their neighboring nodes. To be more specific, each node
k combines its local estimate 1), (n) with the combined estimates received from its

neighbors at iteration n — 1, i.e.,

wi(n) = cpr(n)py(n) + Z cor(n)we(n — 1), (3)

CEN,
where ¢ (n), for k =1,2,..., N and £ € N}, are the weights assigned by each node k to
the different estimates (local and received from its neighbors) combined in (3). In this
paper, we assume that all nodes implement affine combinations, i.e., > ven, Clk (n)=1.
It should be evident that an adequate selection of the combination weights can poten-
tially provide an improved estimate of w,(n) with respect to ¥, (n).

Overall, the strategy we have reviewed operates in two stages, local adaptation and
combination, and is thus similar to adapt-then-combine diffusion extensively studied in
the literature (see, e.g., [3, 5, 9] and their references). However, as we have already
mentioned, an important difference exists, since in our case combined weights wy(n)

are not fed back to the local estimate, i.e., replacing t,(n—1) in the right-hand side
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term of (2). As we will see later, this is important when using nodes that adapt with
different speeds, since, e.g., otherwise feeding weights coming from slow nodes could

slow down the convergence of fast nodes [28].

2.2. Least-squares update of the combination weights

Several strategies have already been proposed to select combination weights in
diffusion networks. In this section, we present a scheme for implementing adaptive
combiners that automatically adjust their values to the current network conditions,
e.g., SNR or misadjustment at each node. In this way, we can get a more robust
behavior when the statistics of the scenario in which the network operates are unknown
or vary with time.

For notation convenience, we define cx(n) and ¢x(n) as column vectors of lengths
N}, and Ny, containing the combination weights assigned to each of the nodes connected
to node k, including cgx(n) and excluding this weight, respectively. We define also the
column vector by, of length N}, containing the indexes of all nodes belonging to Nj.
Thus, B,(Cf), f=1,..., N, stands for the f** component of by, and corresponds to the
index of the f*" node connected to node k. For instance, for node k of Fig. 1, we have
cr(n) = [eur(n) cax () ek (n) e (n)]7, €x(n) =[e1r(n) con(n) coe(n)]”, by = [1 2 r]7,
and B,(f) = r. Following recent works in diffusion networks [9, 12], we assume that the
elements of cx(n), k = 1,2,..., N, sum up to one, i.e., 1cg(n) = 17¢x(n) +cpr(n) = 1,
where 1 stands for a column vector of matching length with all its elements equal to
one. Then, we simply adapt €;(n) and consider

crp(n) =1-— Z cor(n). (4)
LEN,
As it is usually the case, we attempt to minimize the network mean-square-error

(MSE), which is defined as

N

MSB(n) = — SO MSEL(n) = 1 3 B{e(n), 5)
k=1 k=1

where E{-} represents the mathematical expectation operator and éx(n) stands for the

combined error at node k, i.e.,
ér(n) = dp(n) —uj (n)wr(n — 1) = di(n) — gi(n). (6)

Hereafter, we will use the inverted hat symbol to denote the output or the error of the

nodes that are obtained using combined estimations.
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Since only the k" term in the sum (5) depends on ¢;(n), adaptation of these
combination weights can be done locally at node k with the goal of minimizing the

local MSE:
Ch,o(n) = arg min E{&3(n)}, (7)

Ck(n)
where € ,(n) are the optimal combination weights at node k and iteration n. However,
since nodes only have access to instantaneous measurements, {dy(n), u;(n)}, the above
mathematical expectation cannot be computed. For this reason, it is necessary to
employ some approximations relying only on the available data.
In this paper, we propose to carry out the adaptation of ¢x(n) to minimize the

weighted-sum-of-squares function given by [26, 29]
Jr(n) =Y n,i)éx(n, i), (8)
i=1
where A(n, i) is a temporal weighting window,

er(n,i) = dp(i) = gr(n, i) 9)

is the combined error of node k for the i*" regressor using the combination weights at

time n, and

Ge(nyi) = Y con(n)gre(@)+ | 1= conl(n) | yr(d)

ZEN}C KGNk

= ye() + Y can(n) [re(i) — yi(i)] (10)

LeN,
represents the combined output of node k at time 4 using the combination weights at
time n. Note that (4) was used to obtain an expression that does not depend on ¢y (n),

so that optimization with respect to ¢y, (n) can be done without constraints. Moreover,
Ure(n) = uf(n)we(n —1), L€ N, (11)

is the output of node k filtering its own regression vector uy(n) with the estimate
provided by neighbor ¢.
Inserting (10) into (9), we obtain

Er(n,i) = ex(i) + Y con(n) [yr() — Gr.e(0)] - (12)

LeNy,
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Taking now the derivatives of (8) with respect to each combination weight ¢, (n),
with m € Ny, we obtain

8Jk (n)

Demp(n) > Al ek, i) [ye (i) = Grm (0] (13)

i=1
Replacing (12) in (13) and setting the result to zero, after some algebraic manipulations,

we obtain

Z > A i) o (n)iike (1) Tkm (1) = > A1, 8)ex () fkm (4), (14)

LeENT, =1

where Gy (1) £ Jk.m(n) — yr(n), m € Ni.
Since for each node k we have a system with Ny equations of the form (14), we

introduce the usual matrix notation, i.e.,
Py (n)er(n) = zk(n), (15)

where P (n) is a square symmetric matrix of size N;; with components

Py =D A0 D)5, 50 (D3, 5o (0), (16)
i=1
with f,g =1,2,..., N, and zx(n) is a column vector of length N, whose f*' element

is given by
n

2 (n) = Z A(n, i)ek(i)gjk’gin (@), (17)

for f=1,2,...,Np.
Thus, the solution of the problem is obtained from (15) as

ex(n) = Py (n)zi(n). (18)

Similarly to the case of combination of multiple filters [26], Pj(n) can be interpreted
as an estimation of Py ,(n) £ E{yx(n)y¥(n)}, the autocorrelation matrix of vector
yie(n) = [, ;0(®)  § @) - § oo (n)]", while zx(n) is an estimation of
"k "k Wi
z1.0(n) £ E{er(n)yr(n)}, the cross-correlation vector between yj(n) and ey (n).
Using the same arguments of [25] and [26], we assume that A(n,%) is a rectangular

window with length L, i.e.,

1, n—i<L
0, n—i>1L.

10
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The choice of the window length L is generally not straightforward, and is subject
to a well-known trade-off between convergence capabilities (faster for small L) and
steady-state performance (better for large L). First of all, L > N}, to avoid as much
as possible the ill-conditioning of matrix Py (n). Secondly, we should remark that the
estimation of the optimal combination weights is itself a time-varying problem and
according to the literature [29]-[31], there is an optimum window that depends on
the particular filtering scenario. As a consequence of this, we will select a not very
large window (for instance, we select L = 100 in our simulations) to guarantee good
tracking capability at the cost of slightly increasing the steady-state error in certain
situations. An additional advantage of using a not too large window length is that the
increased variance in the estimation of Py o(n) can act as a sort or regularizer, and

have a stabilization effect in the inversion carried out in (18).

3. Statistical analysis of the proposed scheme

In this section we present a theoretical model for the performance of an adaptive
network using the proposed diffusion scheme and LS-based adaptation of the com-
bination weights. Before that, the next subsection describes some assumptions and

definitions that will be necessary for the analysis.

3.1. Data model and definitions

We start by introducing some simplifying assumptions:

A1- We assume a random-walk nonstationary environment, where the unknown pa-

rameter vector w, varies as
Wo (n) = Wo(n - 1) + q(n)a (20)

where q(n) are zero-mean independent and identically distributed (i.i.d.) vectors
with positive-definite autocorrelation matrix Q = E{q(n)q”(n)}, independent
of the initial conditions ¥, (0), wy(0) and of {ux(n’),vy(n’)} for all k and n’'.
Although this model implies that the covariance matrix of w,(n) grows to infinity
as n — 00, it has been commonly used in the literature to keep the analysis of

adaptive systems simpler [15, 32].

11
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A2-

A3-

A4-

Input regressors are zero-mean and have covariance matrix Ry, = E{ug(n)uf (n)}.

Furthermore, regressors are spatially independent, i.e.,
Rye = E{ur(n)uj(n)} =0, k#¢,

where 0 is a vector or matrix with appropriate dimensions and all elements equal
to zero. This assumption is widely employed in the analysis of diffusion algorithms

and is realistic in many practical applications [12].

Furthermore, the noise process {vi(n)} is assumed to be temporally white and

spatially independent, i.e.

E{vi(n)vr(n')} =0, forall n#n' and

E{vi(n)ve(n’)} =0, for all n,n’ whenever k # ¢.

Additionally, the noise is assumed to be independent (not only uncorrelated) of
the regression data ug(n'), so that E{vg(n)us(n')} = 0, for all k,¢,n, and n’.
Under Assumption A2, 1, (n — 1) is independent of v¢(n) and ue(n), for all
k, and ¢. This condition matches well with simulation results for sufficiently
small step sizes, even when the independence assumption does not hold [12].
A similar condition can be observed in the behavior of stand-alone adaptive
filters [15, 27, 33, 34] and is widely used in the majority of analyses of diffusion
schemes [9]-[12].

The adaptation of the combination weights ¢y (n) is slow when compared to
the adaptation of the local and combined estimates. Therefore, the correlation
between combination parameters and local and combined estimates can be dis-
regarded. This assumption follows from observations: simulations show that the
combination weights converge slowly compared to variations in the input regres-

sor ug(n) and thus to variations on the local and combined estimates.

Finally, we also assume that ¥, (n) ~ ¥,(n — 1), k = 1,2,...,N, in (3). This
assumption makes the analysis more tractable and does not affect the behavior
of the proposed diffusion algorithm, as observed by simulations. Besides, it is
only applied for the computation of the combined estimates wy(n) [Eq. (3)] and
it is not employed in the updating of the local estimates ¥, (n) [Eq. (2)].

12
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For the analysis of adaptive filters, it is customary to define weight-error vectors. In
this case, these definitions should be done both for the local and combined estimates of
each node: 9, (n) 2 wo(n) — 1, (n) and Wi(n) £ wo(n) — wi(n), for k=1,2,... N.

A-priori errors can be defined as filter errors in excess of the minimum value given

by the noise:

er(n) = ex(n) —vk(n) = ug (n)py,(n — 1), (21)
using local estimates, and

é:]“g(n) = é]“g(n) - vk(n) == uz(n)ﬁf@(n - 1), (22)

for combined estimates, for k = 1,2,..., N, and £ € N}, where é; ¢(n) = di(n) =G ¢(n).

As a figure of merit of the performance of each node, we will use the local mean-
square deviation (MSD), which is normally defined as MSDy(n) = E{||wx(n)||*}. To
assess the performance of the whole network, we will use the network MSD, defined as

the average of the MSDs of all nodes, i.e.,
MSD(n Z MSDy(n (23)

3.2. Mean-square analysis

Subtracting both sides of (3) from w,(n), using (20), and applying Assumption
A4, we can approximate the weight-error vectors of the combined estimates as

=1

Wi(n) —a(n) = |ew(n) + Y co(n) | wo(n —1) = cr(n)ihy(n)
LENT
— Z cop(n)we(n — 1)
LEN,
:Ckk( )[Wo(nfl + Z C/k W/ nfl)
LEN
~ ckr(n)hy(n—1) + > con(n)We(n — 1). (24)

ZG./\Tk

13



Premultiplying both sides of (24) by their transposes, we obtain

1%(n)[1* + la()|* = 20" (n)Wi(n) = ¢y (n)|lp(n—1)]
+ 3> conm)emr(n)Wi (n — 1) W, (n—1)

LEN), mEN,

+2 Z Ckk Cgk wk(n I)Wg(n 1)

ZGN)C

Taking expectations on both sides of (25) and using A1, we arrive at

MSDy(n) £ B{[Wi(m)]*} ~ B {c(n) e (n—1)]I*}
+ Z Z E{co(n)emr(n)wi (n—1)W,,(n—1)}

LEN}, mENy

+2 Y E{ewm)enmipy (n—1Fe(n—1) | — E{lla(m)]*}.

LeNy,

(26)

Defining the cross-covariance matrices of the local, combined, and local-combined

weight-error vectors, i.e.,

T

Sem(n) £ E{tp,(n)i,, (n)},
W (n) £ E{W(n)W], (n)},

Xm(n) £ E{ghy(n) W}, (n)},
we can compute
E{w; (0),,(n)} = T[Sem(n)],

E{W] (0)Wu(n)} = Tr[Wo ()],
E{t, (n) W (n)} = Tr[Xem (n)],

where Tr(+) stands for the trace of a matrix.

210 Thus, under Assumption A3 and using (30)-(32), (26) can be rewritten as

(27)
(28)

LEN), meN},

+2 ) E{crr(n)em(n)} Tr[Xpe(n—1)] — Tr(Q).
LEN

MSDy ()~ E {¢iy(n) } Tr[Spr(n—D]+> Y E{cu(n)emr(n)} Tr[Wep (n—1)]

(33)

The network MSD can be estimated theoretically from the expression above by aver-

aging the local MSD of all network nodes.

14




To complete the analysis, we must obtain analytical expressions for Sp,(n), Wem(n),
Xem(n), and E{cgr(n)emr(n)}. Recursions for the cross-covariance matrices are pro-
vided below, with the proofs given in Appendix A.

Stm(n) = Spm(n—1) — @, Sem(n—1) Ronm — 1, Ree Sem(n—1)
+ el ReeSem(n—1)Rom +Q, (£#m) (34)
See(n) = Sp(n—1) — 1, {Su(n—l) Ry + R Sze(n—l)}

M-—2
+ ﬁ?m |:2RMSM(TL— 1)R££ + RMTI‘(SU (n—l)Rgg)}

+ﬁ?%U§RM +Q, (35)
Xim(n) = E{cmm (n) HI — feRee]Sem(n—1)
+ [T = mRe] Y Blepm(n)}Xe(n— 1)+ Q, (36)
PEN,

Wi (n) = E{cer(n)cmm(n) }Sem(n — 1)

+ 3 > Efepm)enm(n) W (n - 1)

pEN, TEN
+ Z E{Céf(n)crm(n)}xfr(n - 1)
TE./V,,L
+ 3 Bfepe(n)emm(n)} X, (n — 1) + Q, (37)
pEN
where we have defined
I = MR (38)

o2 (M —2)

with 012% being the variance of the input signal at node k, with k =1,2,..., N.

as 3.8 Network MSD for the optimal combination weights
Obtaining a theoretical model of the cross-correlation between the different com-
bination weights is a very difficult task given their dependencies with the combined
estimation vectors, which are shared among network nodes at each iteration. For this
reason, we limit ourselves to modeling the optimal values of these combination param-

20 eters. Thus, when using in (33) the approximation
E{cor(n)emr(n)} = coro(n)emro(n), 1 k,m e Ny (39)

where ¢, o(n) stands for the optimal value of g (n), we will be obtaining a theoretical
value of the minimum MSD that can be achieved at each node. In practice, the ad-

justment of the combination weights would be subject to some non-negligible variance
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due to the employment of finite-length windows, and thus the real MSD will exceed
this optimal value. Nevertheless, by obtaining this theoretical limit we can get some
insight about the quality of the LS-based update scheme for the combination weights,
and the level of residual error it introduces.

Starting from (7), that defines the optimal combination weights € ,(n), and fol-

lowing derivations similar to (10)-(18), it is straightforward to show that
Cro(n) = Pii(n)zk,o(n). (40)

Now, we rewrite the components of vector yx(n) in a more convenient way using

(11) and (22), i.e.

Ur,p(n) = Gr,p(n) — yx(n) = ex(n) — éxp(n) = ex(n) — & p(n). (41)

Particularizing the expression above for p = £ and p = m, with £,m € N, multi-
plying the results, and taking expectations, we have the values of covariance matrix

E{yk(n)y;(n)} for different neighbors £ and m of node k:

E{gk,e(n)Jk,m(n)} = E{ei(n)} + E{&ge(n)érm(n)}
— B{er(n)ér,e(n)} — Efer(n)épm(n)}. (42)
To proceed further, we estimate the terms in (42) recalling that Assumption A2

implies that 9, (n — 1) and Wy(n — 1) are independent of u,(n) for all £ € N, which

leads to

E{e2(n)} = E{uf (n)gh(n — )3, (n — uy(n)} =~ Tr[Spi(n—1)Ruxl, (43)

E{ék.e(n)ék.m(n)}=E{ui(n)we(n — 1)w,,(n — D)ug(n)} ~ Tr[We,(n—1)Ryi] (44)

E{ex(n)zre(n)} = E{uf (n)We(n — 1)aby (n — Dup(n)} = Tr[Xpe(n—1)Rus]  (45)
with £,m € Nk.

Inserting these expressions back in (42), the (f,g)-th entry of matrix Py o(n) is
given by

[Pro(m)] g =T {[Ser(n—1)+ Wyinjo (n=1) =Xy (n=1) =X 0 (1= D] Riip (46)

where f,g = 1,2,---, N}, and column vector by, is again used for notational conve-

nience.
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Similarly, we can compute the components of zj ,(n) from

E{er(n)gr.e(n)} = Efler(n) + vk(n)]ler(n) — &k p(n)]}- (47)

Since the noise term is independent from the a priori errors, and exploiting again (43)

and (45), we arrive at
[7.0(n)]y = Tr { IStk (n—1) = Xy (n—1)] R . (48)

To validate the accuracy of the analysis, we have carried out a preliminary experi-
ment with the network of three interconnected nodes represented in Fig. 2. The step
sizes of the different nodes are ;3 = p3 = 0.1 and pe = 1. Using different step sizes
provides a way to introduce diversity among network nodes, and can be used as a
way to improve the network capabilities in terms of convergence and tracking perfor-
mance. More details about the simulation setup for this simple network will be given

in Subsection 5.1.

Figure 2: Network topology for the experiments of Subsections 3.3 and 5.1. Shaded node 2 is adapted
with g2 =1 and the rest with p1 = pu3 = 0.1.

Fig. 3 displays the curves for the network performance, both the simulated MSD
estimated as an average over 500 runs, and the theoretical MSD that is computed from
the theoretical model. As expected, the MSD from the real network exceeds to some
extent the values predicted by the theoretical model, mostly because the estimation of
combination weights using finite-length windows is subject to non-zero (though small)
variance, a circumstance which is not taken into account by the theoretical model.
Nevertheless, the deviation is not very significant and, more importantly, the model
predicts well the qualitative behavior of the network MSD and the time instants where

the MSD has roughly converged to —20 dB and for the transition from —20 to —40 dB.
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Figure 3: Simulated and theoretical MSD for a network with three nodes with different step sizes.

We should notice that the conditioning of matrix Py (n) strongly depends on the

initializations of the cross-covariance matrices WE(f)B(g)7 Xkl;(f), and ng(g). Initial-
k k k k

izing the local weights with the null vector, 1, (—1) = 0, is equivalent to initialize

the cross-covariance matrices Sy, Wl—);@f)ggcg), X :

K5 and X%ig) with w,(—1)w2(—1)
[see Egs. (27)-(29)]. Consequently, according to Eq. (46), Py o(n) would become the
null matrix, causing the divergence of the model due to the computation of the in-
verse P,;lo(n) in (40). To avoid an ill-conditioning of this matrix and divergence in
the calculus of the model, it is important to initialize these cross-covariance matri-
ces with suitable values and regularize the matrix Py ,(n). To obtain the results of
Fig. 3, the model was initialized as follows Sy (—1) = wo(—1)w2 (1), ngf)ggcg) (—1) =

o

wyWo(=1)wg (=1), Xyzin (—1) =2y wo(~1)wg (—1), and X560 (1) =2y Wo (1) wg (1),
where wgy, xf, and x4 are positive constants randomly chosen in the interval [0.01, 0.1].
Additionally, Py ,(n) was regularized by loading its main diagonal with a small con-

stant (e.g., 1077).

4. Hybrid Scheme

Preliminary experiments carried out in [1] showed that the stationary steady-state
network MSD of the proposed scheme is slightly worse than that achieved by other
diffusion schemes with adaptive combiners. To illustrate this, we recur again to the
3-node network of Fig. 2. In Fig. 4, we represent the MSD of the node with large step
size (Node 2) for the proposed ADN-LS algorithm and compare it to the algorithm from
[10] that also implements adaptive combination weights in diffusion networks (denom-

inated as Adaptive Combination Weights (ACW) in [12]) and that can be considered
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the state of the art. More details about the simulation setup can be found in Subsection

5.1.
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Figure 4: MSD evolution of the ADN-LS and the ACW schemes at Node 2 for the simple network

setup described in Subsection 5.1.

As it can be seen, the ACW scheme actually degrades the convergence of this fast
node, while ADN-LS keeps a very fast convergence. This non-desired behavior of ACW
is partly caused by the feedback of weights into the nodes update equation. Being
designed under approximations that mostly hold in steady state, during convergence
ACW tends to give large weights to slowly-varying nodes, and this implies also that the
weights coming from slow nodes are incorporated in the adaptation phase of the fast
node, slowing down its convergence. Indeed, this was the main reason that motivated
us to keep pure local estimates at each node, since precisely one of the goals of ADN-LS
is to exploit the complementary properties of nodes adapted with different step sizes.

On the downside, although both schemes outperform the case with no cooperation,
it is clear that ACW is able to obtain a more reduced steady-state error. A similar
behavior is observed for the other nodes in the network. It is worth mentioning that the
theoretical model derived in the previous section predicted an MSD level slightly below
—40 dB, that is similar to the MSD achieved by the ACW algorithm. The main reason
for this loss of performance of our proposal is the noise in the estimation of ¢g, o(n). For
this reason, we present an approach that can benefit from the complementary properties
of ADN-LS and ACW, and which is a straightforward application of schemes available
in the literature for the combination of adaptive systems.

More specifically, in this section we present a strategy based on a hybrid scheme

that combines the estimates obtained by both diffusion strategies, ADN-LS and ACW.
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Obviously, the cost we pay is an increased computational complexity and communica-
tion cost. If we denote by wiS(n) and wi®W(n) the combined weights of the ADN-LS

and ACW strategies at node k, the hybrid approach would obtain the overall weights as
wi P (n) = ag(m)wiS(n) + [1 = ax(n)]wi™Y (n), (49)

where ay(n) is a combination parameter to be updated in order to optimize the overall
performance.

Eq. (49) can be seen as an adaptive combination of two adaptive filters. Differ-
ent strategies have been proposed in the literature to adaptively mix the weights of
two adaptive filters, including both convex and affine combinations [20, 24, 35, 36].
Here, we restrict ourselves to the convex combination case, ai(n) € [0, 1], since adap-
tation rules for the convex case are normally easier to adjust with respect to parameter
selection [25].

In order to adapt ay(n) at each node, we use a normalized scheme which is a slight
variation of a previously proposed rule [21, 37]. Instead of directly adapting ax(n), an
auxiliary parameter ai(n) is updated seeking to minimize the power of the combined
error elB(n) = di(n) — ul (n)wiB(n). Parameters aj(n) and ap(n) are univocally
related by means of the sigmoid function,

1

- (50)

ax(n) = sgm{ax(n)}

We follow a normalized stochastic gradient algorithm to minimize the power of eIk{B (n),

giving rise to:

_ Hak 9y " (n))?
pr(n)  dax(n)

= ak<n>+%e53<n>uz<n>[w£5<n>—w,écwwz)]

where ji 1, is a step size that governs the update, and py(n+1) = Bpy(n)+(1-8)[elB (n)]?,

ag(n+1)

ag(n) (51)

dag(n)
dag(n)’

with 0 <« < 1, is a rough estimation of the power of the combined error eI,;IB(n).
This normalization constitutes a slightly modification of the original adaptation rule
proposed in [25] and enhances the update of ax(n) when both component schemes
behave similarly.

The benefits of the sigmoid function (50) are twofold: 1) It restricts mixing param-
eters to range [0, 1], and 2) the derivative of the sigmoid function that appears in (51)
reduces the amount of gradient noise when ay(n) is close to the limits. Specific details

about this adaptation scheme can be found in previous contributions [20, 21, 37].
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The advantages of the hybrid scheme will be shown in the experiment section, both

for stationary and tracking situations.

4.1. Computational and Communication Costs

Here, we analyze the algorithm complexity in terms of computational and communi-
cation costs. In Table 2, we display the number of floating-point operations needed for
the three different steps of the algorithm: adaptation, combination and computation
of combination coefficients. Both ACW [10] and ADN-LS, have equivalent complex-
ity for the adaptation and combination steps; consequently we compare the cost of
adapting the network combiners. Focusing on the number of multiplications required
by the algorithms, ACW needs roughly Ny M products per iteration, whereas ADN-
LS requires around (N — 1)M + 6N? products?. Thus, both algorithms have similar
complexity for a typical case with N < M, while the hybrid scheme requires roughly
twice as much computational cost, where we have ignored the very reduced number of
operations required by the combination.

Similarly, with respect to communication costs, both ACW and ADN-LS require
exactly the same exchange of information among nodes (for a common topology),
whereas the hybrid scheme duplicates that demand for the simultaneous diffusion of
wACW () and w'S(n). Nevertheless, some strategies could be applied to minimize
these requirements. For example, for some nodes ay(n) ~ 0 or ai(n) ~ 1 most of the
time; consequently in these cases we could avoid transmission of the irrelevant weight
vector, without seriously affecting the network MSD.

Strategies for reducing the computational cost could also be designed, e.g., by
following the approach in [23] that instead of adapting two filters in parallel, adapts
just one of them and the difference filter. Since the latter usually has lower dynamic
range, it can be implemented using a smaller number of bits. The convex combination of
ADN-LS and ACW could also take advantage of this strategy to reduce computational

and communication costs.

4We assume that the inversion of matrix Py (n) at each node is implemented using matrix inversion

lemma [15].
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Table 2: Computational cost of ACW and the proposed ADN-LS scheme for every node k and itera-

tion 4.
Products Sums
Adapt 2M +1 2M
Combine M N M
Combiners ACW NiM + 2Ny, 2N M + Ny,
Combiners ADN-LS | (N — 1)M + 6N | (Nx — 1)M + 6N?
—8Nj, + 2 —12N, +5

5. Simulation results

The experiments we present in this section pursue two objectives. First, providing
empirical evidence of the performance of the proposed scheme, ADN-LS, compared
with the state-of-the-art ACW algorithm®[10, 12]. Second, showing that the hybrid
algorithm that blends both schemes using a convex combination is able to obtain the
best features of each scheme. To do so, we consider both a very simple network (Fig. 2)
to better analyze the behavior of the new rule for adapting the combination weights,
and a complex network (Fig. 6) to study the performance of the methods in more
challenging situations, both in stationary and tracking scenarios.

The following settings are common for all experiments. We employ a rectangular
window of length L = 100 for ADN-LS in all cases, while for ACW the step size
v is empirically selected equal to » = 0.01 in order to obtain its best performance.
Unless otherwise stated, provided results have been averaged over 500 independent

realizations.

5.1. Simple network

We start by considering a very simple network topology composed of three inter-
connected nodes, as shown in Fig. 2. Such a simple configuration allows a more direct
study of the update rules for the combiners, isolating them from the effects of diffusion
in more complex networks.

In the first experiment, we focus on the stationary case where w, is a vector of

length M = 50 with random components taken from a uniform distribution between

5We do not compare our scheme to the algorithm of [18], since that algorithm is not able to

reconverge, which is a fundamental property in adaptive systems.
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—1 and 1. To study the ability of the algorithms to reconverge, an abrupt change
is introduced at n = 10000. Input regressors and observation noises are independent
across the network nodes. Furthermore, the regressors ug(n), k = 1,2,3, follow a
multidimensional Gaussian distribution with zero mean and covariance matrix equal
to the identity (I). The observation noise vy (n) is generated independently of uy(n) and
also follows a Gaussian distribution with zero mean and variances selected at random
from interval [1072,1072] to get a different SNR at each node.

We consider NLMS adaptation for the local updates at each node, with step sizes
p2 = 1 (shaded node in Fig. 2) and 3 = pg = 0.1 . Using different step sizes at
each node can be considered as a way of introducing diversity and can improve the
convergence and tracking capabilities of adaptive networks, as we show later. In fact,
this possibility has already been suggested previously in several works [3, 5, 6, 7, 9],
although the experimental work in these papers was restricted to the case where all
nodes use the same step size. The learning rate of the combination rule for the hybrid
scheme in (51) is set to pe, = 1 for all nodes.

We show in Fig. 5-(a) the MSD evolution of the local estimates of all three nodes,
i.e., MSDX(n) = E{||wo, — ¥,(n)||?}. As expected, node 2 shows a much faster
convergence but achieves also a larger steady-state misadjustment than the rest of
nodes, as it uses a larger step size. In Fig. 5-(b), we show the MSD evolution for the
combined estimates of this second node for the three considered schemes. We can see
that when using the ADN-LS combination rule, the node follows the initial convergence
associated to its own step size, and then takes advantage of the smaller steady-state
MSD achieved by nodes 1 and 3. However, we observe that application of the ACW
strategy makes this node behave similarly to nodes with slow adaptation, degrading
the fast convergence that would be associated with its own step size. This is due to
the fact that ACW attempts to minimize the variance of the combined estimate, thus
favoring nodes with slow adaptation. Note that this situation is likely to occur when we
have different step sizes in the network. Finally, the hybrid scheme is able to converge
as fast as the ADN-LS algorithm, while achieving the lower steady-state MSD of the
ACW algorithm. This behavior can also be explained from the evolution of the mixing
parameters depicted in Fig. 5-(¢). Finally, we should mention that for this very simple
network the MSD of the combined estimations of all nodes are very similar, so that

network MSD curves are also very similar to those depicted in Fig. 5-(b).
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Figure 5: Algorithm behavior for the simple network case in a stationary scenario. (a) MSD of the

local estimates 4, (n) at the different nodes; (b) MSD of combined estimates at Node 2 using ADN-LS,

ACW, and the hybrid scheme; (c) Combination parameters ay(n) for the 3 nodes.

5.2. Performing under a complex network

In this subsection, we analyze the performance of our algorithm in a more challeng-

ing scenario with a network composed of 15 nodes. The selected network is illustrated

in Fig. 6-(a) and was previously used in [1] and [9]. Settings for the input regressors,

observation noise, and unknown parameter vector are the same as in the previous case.

The noise variances at each node are shown in Fig. 6-(b). All nodes apply NLMS rules

for their adaptation phase; ten of the nodes were selected at random to use a step size
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Figure 6: (a) Network topology for the experiments of Subsection 5.2. Shaded nodes are adapted with
. =1 and the rest with pi = 0.1. (b) Noise power at each network node.

of p = 0.1, while the rest use py = 1 (shaded nodes in Fig. 6).

First of all, the influence of the length of the sliding window L in the performance
of the ADN-LS algorithm is studied in Fig. 7. As explained at the end of Section 2,
the length of the window is subject to a trade-off between convergence capabilities and
steady-state performance (similarly to a standard recursive least squares filter). As we
can see, a too long window, such as L = 500, results in poorer forgetting capabilities
and therefore slower convergence. It should be noted that, although lower residual
errors are achieved with longer windows, this characteristic is provided by the ACW
component in the hybrid scheme. For this reason, in the following we choose a relatively
short window (L = 100) to provide a very fast convergence to the proposed ADN-LS
algorithm, and hence to the hybrid scheme.
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Figure 7: Network MSD of the ADN-LS diffusion network for three different window lengths.
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Fig. 8 illustrates the convergence and steady-state behavior of the three methods.
Subfig. 8-(a) displays the MSD for node 2 of the network, whereas Subfig. 8-(b)
provides the average network MSD. The MSD for a case with no cooperation among
nodes has also been included as a baseline for comparison. We can see that all diffusion
schemes outperform this baseline, evidencing the advantages of information sharing
among the nodes. As before, ADN-LS converges much faster than ACW, again due
to the fact that ACW combiners favor the slow nodes in the network, while ADN-LS
can exploit the convergence properties of fast nodes. In steady state, however, ACW
outperforms the ADN-LS scheme, mainly because of the variance in the estimation of
the combiners introduced by the LS adaptation with small sliding window.

When analyzing the performance of the hybrid scheme, some delay can be no-
ticed in the switching between the ADN-LS and ACW schemes around n = 4000 and
n = 14000, which is unavoidable as long as a stochastic gradient mechanism is used
to adjust the combination parameters ay(n). Nevertheless, such delay is normally not
very significant, and we can state that the hybrid scheme is able to achieve simultane-
ously fast convergence (thanks to the ADN-LS scheme) and the smaller steady-state
misadjustment of ACW. It is important to mention that, unlike other strategies for
improving the performance of adaptive filters, the adjustment of the hybrid scheme

does not require any a priori knowledge of the statistics of the scenario, such as nodes

SNRs or Tr(Q).

26



505

510

3 A No combining
10h \ --8‘ADN—LS H
b ' -©-ACW
~ oy o) -%-HYBRID ||
kel t \ {1
2 _1of oy 1
s L3 I
k=2 —20’9‘ 1 ” \ 7
a S A A AO" b B A
= -30rVY-% 1V % |
~ ]
v, l QQ..
_40} - PP s ORI A - N e e D PR}
ot o OO0
_50 R L C St Sk v ‘ = O 7 - O O
02 04 06 08 1 12 14 16 18 2
iteration x10*

\X A No combining
10y 'y <) ADN-LS  H
K 2l -©-ACW
. of} i -%- HYBRID -
g 1 ® i
c \ \
a —10’}} v F 1
2 ¥ i
T 200 A A ]
S \ \\'u‘ ! * .
;_30, *'&AAAL? N A N
40} A R %:0---0"—--(}---!
~ 1 S
50 L SOk O O Ok—O]
02 04 06 08 1 12 14 16 18 2
iteration % 10*

(b)

Figure 8: Learning curves for the complex network and all studied schemes: (a) MSD for the combined

estimates of node 2. (b) Network MSD.

We close this section by illustrating the tracking capabilities of our scheme. We
assume in this case that the common vector of parameters of interest w,(n) varies

according to the following tracking model taken from [15]:

Wwo(n) = w, + 6(n)
6(n) =0.990(n — 1) + q(n),

(52)

where q(n) is a sequence of i.i.d. perturbations with zero mean and covariance matrix
Q, independent of the input regressors and output noise at every iteration. This model
is slightly different from that of Equation (20) to avoid that covariance matrix of w,
grows to infinity. In this scenario, Tr(Q) can be considered as a measurement of
the speed of change of the unknown parameters. Therefore, we will select Q = 031,
changing the value of o, to control the speed of variation of the unknown parameter
vector.

Fig. 9 shows the steady-state network MSD of the three considered schemes for
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different speeds of changes in w,(n), by averaging over 200 realizations and 800 itera-
tions after convergence is completed. To get an easier comparison among algorithms,
all results have been normalized with respect to the steady-state MSD of the ACW
network. Thus, a positive value in the plot represents a gain over ACW, whereas neg-
ative values indicate degraded performance. When the changes in w,(n) are slow, it is
the ACW algorithm which provides a better behavior, whereas the ADN-LS algorithm
shows better tracking capabilities for Tr(Q) > 107°. The hybrid scheme obtains the
best performance overall, even (very slightly) outperforming both ADN-LS and ACW
for a range of Tr(Q) around 107°.
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Figure 9: Tracking performance in terms of steady-state network MSD for the complex network and
different Tr(Q). The MSDs of all schemes have been normalized with respect to the network MSD of
the ACW algorithm.

To further illustrate tracking performance we show in Fig. 10 the convergence of
network MSD for two different speeds of changes in w,(n): (a) Tr(Q) = 2x107° (slow),
and (b) Tr(Q) = 0.1 (fast). For slow changes, the steady-state MSD of all algorithms is
approximately the same, although ADN-LS and the hybrid scheme provide significantly
faster convergence. For fast changes [Fig. 10-(b)], the diffusion effect of the ACW
algorithm is actually harmful, and makes all nodes behave similarly to NLMS with pj, =
0.1, degrading ACW performance even with respect to the baseline. In contrast, ADN-
LS and the hybrid scheme show better convergence and similar steady-state tracking
error than the baseline.

For this specific example, we should remark that according to Table 2, the number
of products required at each iteration to update the combination weights of a node

with six neighbors (the average neighborhood for this network) is 312 for ACW and
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420 for ADN-LS. Consequently, as the matrices to invert are small, both ADN-LS and

ACW have similar computational complexity.
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Figure 10: Network MSD evolution for a tracking situation with (a) Tr(Q) = 2 x 107>, and (b)
Tr(Q) =0.1.

5.3. Performing under node failures

In the previous subsections, we have assumed that the nodes receive the estimates
of all neighbors at every iteration. Here, we present a set of experiments allowing for
node failure with a fixed probability. As a result of the failure of a node, its estimation
is not transmitted to neighbors, and nodes carry out the combination step at every
iteration by using the last received estimate from each neighbor.

In Figure 11, we depict the network MSD for different failure rates: (a) 10%, (b)
30%, and (c¢) 50%, considering a stationary scenario with similar settings to those em-
ployed in Subsection 5.2. In the light of these results, we can conclude that both ACW
and ADN-LS remain quite robust to node failures in terms of steady-state performance.

However, while ADN-LS convergence remains unaffected, ACW convergence deterio-
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rates (being even slower than the noncooperative strategy for error rates of 30% and
50%). Finally, even under the node failures, the hybrid scheme is still able to exploit

550

the faster convergence of ADN-LS and the smaller steady-state error of ACW to obtain
an improved performance.
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Figure 11: Network MSD for the complex network when nodes are subject to random failures at every
iteration, with failure rate: (a) 10%, (b) 30%, and (c) 50%.
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6. Conclusions

An important decision in the design of an adaptive network is how information is
combined among neighboring nodes. In this paper, we have proposed a scheme in which
each node combines a pure local estimation with the combined estimations received
from its neighbors. To do that, each node adaptively calculates the combination weights
minimizing a least-squares function with sliding window. A theoretical analysis of the
proposed ADN-LS scheme has been derived, providing a valuable model both for the
convergence and steady-state performance of the algorithm with optimal combiners.

Our algorithm outperforms a state-of-the-art scheme in terms of convergence and
tracking, but its practical implementation suffers a slight degradation of its steady-state
performance with respect to other adaptive solutions, mostly due to the variance in the
estimation of the optimal combiners in the steady state. For this reason, we have also
proposed a hybrid scheme based on the adaptive combination of ADN-LS with other
state-of-the-art algorithm that employs adaptive combiners (ACW). The experiments
also show the ability of the hybrid scheme to take advantage of the benefits of each of
its components.

Future work will focus on developing more robust implementations of the ADN-LS
scheme to reduce the noise in the estimations of the combiners, as well as on new dif-
fusion strategies that take advantage of the combined estimations also during the local
adaptation stage. In addition, to guarantee the feasible implementation and deploy-
ment of these schemes in real sensor network applications, the behavior of diffusion
networks under nodes failures will be studied both theoretically and empirically. Fi-
nally, a very important future activity is the deployment of a physical sensor network
that allows a realistic evaluation of the properties of our proposal. We will focus on
the application of localization and tracking of targets in acoustic environments, where
thanks to the good tracking and convergence properties of our scheme, a suitable per-

formance is expected.

A. Recurrent expressions for the cross-variance matrices

In this appendix, we obtain recurrent expressions for S, (n) = E{:pe(n);p;(n)},

Xim(n) £ E{tp,(n)WZ (n)}, and Wy, (n) £ E{W,(n)WZ (n)}, assuming ¢ # m and

{=m, where ¢ and m represent nodes of the network.
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In order to obtain a recursion for S, (n), we must rewrite (2) in terms of the weight-
error vector 9, (n). Thus, subtracting both sides of (2) from we(n) and replacing

erx(n) = ui(n){bk(n — 1) + vg(n), we obtain

$r(n) = =ik (n)ur(n)uf (n)] . (n—1) fik (n)ug (n)o(n) + a(n),  (53)
where I stands for the identity matrix of dimension M and

Mk

S S TwmE (54)

fur(n)

Multiplying (53) with k< ¢ by its transpose with k < m, taking the expectations of
both sides, and using the fact that E{tp, (n—1)q”(n)} =0 since the sequence {q(n)} is

ii.d. (Assumption A1), we obtain

E{th(n)3,,(n)} ~ E{¢p,(n—1)e,,(n—1)}

A
—E{fim () (n— 1), (n— 1) (n)ul, (n)}
B
—E{fie(n)uc(n)uf (n)gh(n—1)eh,, (n—1)}
C
+E{fie (1) im (n)ue(n)uf (n)ghy (n—1)3b,, (n—1)uy (n)ul, (n)}
D
+E{7ie(n) i ve (n)vm (n)ug(n)ul, (n)}
E
—E{Jim () 0 (n) 8 (n— 1)l (n) }
_7.'
—E{fie(n)ve(n)us(n)dh,, (n—1)}
g
+E{fie (1) fimvm (n)ue(n)uf (n)ehy (n—1)ul, (n)}
H
FE{Tie(n) o ve(n) e ()b, (n— 1) (n)u, (n)}
+E{a(n)a” (n)}. (55)

Now, using Assumptions A2, A5 and A6 (see below), we can evaluate the terms A-H
of (55):

A- Recalling that Assumption A2 implies that t,(n—1) and 1, (n—1) are independent

m
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of u,,(n), the term A can be approximated by

~T

A = B{E{fim ()b (n = 1)ty (n— 1)t ()0, () [ ()}
~E { i (ME { o (n = 1)y (= 1)} un (n)u, ()}
=St (1 — 1) E{fim (n) 1, (m)u (n) ). (56)
We must obtain an approximation for

B {1 (), (1)) = o { 520 (57)

To arrive at a simple model, we also assume that

A5- The number of coefficients M is large enough for each element u,,(n)u’, (n) in the
numerator to be approximately independent from the denominator Ef‘igl lu(n—1)|?.
This is equivalent to applying the averaging principle of [38], since for large M,

I?

tends to vary slowly compared to the individual entries of u,, (n)u?, (n).

[wm(n) m

A6- The regressors ug(n), k = 1,2,..., N are formed by a tapped-delay line with
Gaussian entries and § = 0. This is a common assumption in the analysis of

adaptive filters and leads to reasonable analytical results [27].

Under A5 and A6, (57) can be approximated as [39, 40]

i ()t ()05, ()} % s R (58)
and the term A as
~ Hom _
A~ 57” (M —2) Stm(n — DRy (59)

where o7 is the variance of the input signal at node k.

B- Analogously, we obtain for B

B~ %Ra Sem(n — 1). (60)
C- Under A2, it holds that
C = E{pe(n)us(n)uy (n)Sem(n—1)1m(n)um(n)uy, (n)} (61)

Note that if the regression data of nodes £ and m are spatially independent (Assumption

A2) and under A5 and A6, (61) reduces to

e fon,
C~ RySem(n—1D) R 62
o2 02 (M —2)2 eeSem(n—1) (62)

Up ™~ Um
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For m = ¢, Ryum = Rye # 0 and therefore, (61) reduces to (see, e.g., [39, 40])

2
~ /Le
ol (M —2)(M —4)

9RSee(n—1)Res + Tr(RMSgg(n—l))RM] (63)

D- Under Assumption A2 and for £ # m, D ~ 0. On the other hand, for m = ¢, we
get [15]
2

He 2
o, R 64
agf(M—Q)(M—él) ¢ (64)

D~

E-H- Under Assumption A2, all the terms € to H are M x M null matrices.

From the previous results, (55) reduces to (34). Similarly, for m = ¢, we arrive at
(35).

To obtain a recurrent expression for Xy (n) £ E{¢,(n)WZ (n)}, we first add q(n)

to both sides of (24) with k& < m and transpose the resulting equation, which leads to

Wi (1) % ()t (0= 1)+ Y o)Wy (n—1) +a"(m). (65

PENm
Then, we multiply (65) by %,(n) from the left, using (53) with k < ¢ to multiply the
right-hand side. Taking expectations on both sides and using Assumptions A1-A3, we

arrive at

B, (n) W5, ()} & Efcmm () YE{I-fie (n)ue(n)ue(m)]}E{ghy (n— 1), (n—1)}
+ > Bfepm () YE{[I-Fie(n)ue(n)ue(n) YE{dh,(n—1)%; (n—1)} +Q. (66)

PEN

Under Assumptions A5 and A6 [see Eq. (58)], (66) reduces to

X () ~ Bl ()} |1 o MR | S 1)
+ {I - 012”@(;\26_2)1:{86] pg\; E{cpm(n)}Xep(n—1) + Q. (67)

Using the definition of 7, [Eq. (38)] in (67), we arrive at (36).
Finally, to obtain a recurrent expression for Wy,,(n) £ E{W,(n)w?7 (n)}, we multi-
ply (24) with k< ¢ by its transpose with k «m from the right and take the expectations

of both sides. After some algebraic manipulations under Assumptions A1l and A3, we
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arrive at

B{W(n)Wh,(n)} — Q &~ E{ce(n)cmm(n)YE{thy(n — 1), (n — 1)}
+ Z Z E{cpe(n)crm(n)E{w,(n — 1)w; (n — 1)}

pENy reEN,

+ > Blew(n)erm (n)YE{h(n — )W/ (n — 1)}
rENm

+ 37 Bl (m)cmm (n) }E{W, (0 — 1)t (n — 1)}, (68)
peN,

~T

Noting that E{w,(n — 1)%,,(n — 1)} = X7, ,(n — 1), (68) can be rewritten as (37).
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