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processing and recovering tensors described by highly sparse and unstructured data. For achieving high
performance, TWINKLE is written in C++ and uses the Armadillo open source library for linear algebra

f\(/[eg:jagﬁsaer reduction and scientific computing, based on LAPACK (Linear Algebra PACKage) and BLAS (Basic Linear Algebra
PARAFAC Subprograms) routines. The library has been implemented keeping in mind its future extensibility
Machine learning and adaptability to fulfil the different users’ needs in academia and industry regarding Reduced Order
Data analysis Modelling (ROM) and data analysis by means of tensor decomposition. It is especially focused on
Tensor decomposition post-processing data from Computer-Aided-Engineering (CAE) simulation tools.
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1. Metivation and significance

Digital Twins are virtual representations of reality [1,2]. They
provide a link between the physical world and virtual reality [3].
The Digital Twin paradigm includes, among other techniques,
both Reduced Order Modelling [4,5] and Machine Learning [6]. All
these techniques are based on mathematical models which allow
building up a virtual reality environment able to simulate the real
world in real time. Digital Twins are very useful in Industry 4.0
for industrial design and system control and/or when a precise
manufacturing is required.

Reduced order modelling is a numerical strategy aiming to
transform complex, multi-variable computationally expensive
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simulation models, or datasets, into significantly less complex
mathematical functions, through which describe and hence pre-
dict the system’s behaviour, while preserving its main charac-
teristics, see for example [7]. TWINKLE can work successfully
on dense, sparse or unstructured data (see Fig. 1(a), (b) and
(c) respectively). ROMs are the modern equivalent of classical
charts, e.g. thermodynamic steam tables, in which the value of a
quantity for a given set of the input parameters can be quickly
looked up and determined since all solutions of the problem
would have been previously computed and transferred to the
chart. ROMs work by reducing the full scope of model functions
to a much smaller set that encapsulate most of the systems
fundamental dynamics. Furthermore, ROMs can be embedded in
complex systems’ model construction, where the system in study
is divided in simpler blocks, having computed individual ROMs
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Fig. 1. Graphical visualization of model order reduction approaches for dense
(a), sparse (b) and unstructured data (c).

on each of them [8]. ROMs techniques can be categorized into
two main groups, as it follows.

e Intrusive methods [9-12].
e Non-intrusive methods [13-16].

Intrusive methods are typically used when the system’s equations
are known but their solution is not trivial. In this case it is
possible to perform model order reduction to directly modify
the system’s equations. Such methods include Petrov-Galerkin
projections, reduced basis method, Krylov subspaces, etc. Non-
intrusive methods, on the other hand, can be either used when
the equations of the system are well known or when they are
completely unknown. These include approaches such as Proper
Generalized Decomposition (PGD), Singular Value Decomposition
(SVD) or Tucker decomposition. Such approaches do not affect
system’s equations, but they are performed directly on data. In
this case data can be obtained through experiments, simulations
or by mathematically solving equations, if these are known. If
data are chosen to be acquired through experiments or simula-
tions, a careful Design of Experiment (DoE) must be performed
beforehand. In the latter case it is indeed crucial to achieve a deep
understanding of the data in order to be able to discard unwanted
scenarios and get a better output in the reduced order modelling.
If data are not analysed correctly one may get unrealistic and
biased results which will be therefore unable to predict the real
phenomenon under investigation. In the worse case scenario a
bad data interpretation could even lead to the computation of a
ROM unable to adjust to the available data. It is therefore very
important not only to perform a proper DoE, but also to conduct
an efficient and accurate pre-process data analysis.

2. Software description

A complex system is usually described by the interaction of
different parameters. Let us assume one would like to evaluate
an output variable. This will depend on many other variables
(inputs) of the system. Moreover, some system’s variables will
not affect the output only, but they will appear to be intertwined.
Therefore obtaining a mathematical relation between the output
and all the inputs of a system seems to be a pretty tough task,
especially when, as often occurs, the input variables are intercon-
nected. The possibility to describe the system’s output by means
of independent functions, one for each variable separately and

related to the output variable is exactly the basic idea behind
the mathematical implementation of this library. The approach
is based on the assumption that a problem of N, not necessarily
independent, variables can be rewritten as the product of N one-
dimensional functions, one for each of the variables of the system,
as shown in Eq. (1):

M N

F(or, ..o on) =D am [ [frnn(on) (1)
m=1 n=1

where M is the order of approximation of the reduced order

model and «;,,m = 1,..., M, are weighting coefficients. The

functions fp n, in their most simple form, are piecewise linear
functions; hence the adjustment parameters are the positions and
the values at which the functions change slope. The adjustment
of all these parameters is carried out through a least square
optimization.

The first term of the sum in Eq. (1) represents a first ap-
proximation of the system, being its corresponding coefficient
the largest one, while the following terms would be corrections
to it and will generally have lower coefficient values unless the
correction only applies to a specific outliers population and does
not affect the general trend of data. The implementation of tensor
decomposition adopted by TWINKLE is based on [13] and [16].

2.1. Software architecture

An executable example, runTwinkle, together with a set of data
are provided with the Twinkle library, for both linux and win64
operative systems, although it is also possible to compile the
uploaded code through the g++ commands provided.

Through the executable file it is possible to use the library
with the provided data, or external ones, by setting the differ-
ent required parameters. For this purpose a -help guide can be
displayed to support the user. TWINKLE library is composed of
three main classes, as described below.

o f1D. It contains the one-dimensional function evaluation at
different discretization points, see fp ,(vy) in Eq. (1).

e Term. It contains the f1D information for each of the sys-
tem’s inputs and the corresponding term’s weighting coef-
ficient o, in Eq. (1).

e Twinkle. It contains the Term information for all the com-
puted terms of the ROM so that Eq. (1) can be computed.
Through this class the user is able to perform several actions,
as described in the Section below.

2.2. Software functionalities

TWINKLE's main functionalities, available within the class
Twinkle as described in the previous Section, can be divided into
two main subgroups as it follows.

e Calculate the ROM

- Set the data on which the calculation is to be per-
formed. The data format can be directly a matrix or a
file, namely a .csv or .txt.

- Set computational parameters, i.e. global and term tol-
erances, number of Alternate Least Squares (ALS) it-
erations for shape functions convergence calculation,
number of shape function initialization for new con-
vergence attempts and the numerical precision of the
results.

- Create a discretization net as shown in Fig. 2. It is pos-
sible to generate the discretization in several different
ways: setting a unique number of discretization points
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Fig. 2. Example of functions evaluated on two different types of discretization:
uniform (red line), exact (green line). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this
article.)

equal for all dimensions (one-dimensional functions);
passing a vector of discretization values; passing a file
containing the discretization values (especially use-
ful when the number of dimensions is big); passing
a file containing specific values of the independent
variable to be used for the generation of the discretiza-
tion net (especially useful when a non-uniform dis-
cretization net is needed); generating an exact dis-
cretization, i.e. all the values taken from the variable
are used to create the discretization net, in this case
the discretization net is not necessarily uniform (see
Fig. 2).

- Compute the ROM from a data file using Eq. (1). The
user can set the number of terms and the shape func-
tions initialization type, i.e. random or lineal. For each
term a convergence tolerance must be fulfilled so that
the overall algorithm convergence is tested.

- Write down the ROM’s results, i.e. number of terms,
discretization net, shape functions evaluations and
weighting coefficients values, in a .txt file.

- Write down the ROM’s prediction results for the orig-
inal dataset.

e Evaluate the ROM

- Start an evaluation mode instance of Twinkle by pass-
ing a previously calculated ROM’s results file.

- Write down the prediction results for the ROM evalu-
ation, namely a .txt file.

e General functionalities
- Write down the ROM’s log.

In Fig. 3 an overview of the library is shown, where dashed
lines indicate possible future implementations. No data pre-
processing has yet been provided with the library mainly because
there exist several different strategies and tools to implement an
effective pre-processing, this way the user would not be obliged
to follow any specific procedure when using TWINKLE. On the
other hand future implementations related to data regularization
are ongoing; this is planned to be achieved through different
shape functions definitions. Furthermore an external loop could
be defined in such a way that the algorithm would be able to dis-
cern whether to compute the ROM over the whole data manifold
or perform a semi-automated data clusterization, defining hence
a new scalable strategy.
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Fig. 3. Graphical visualization of TWINKLE library’s present and future
functionalities (dashed lines).
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Fig. 4. Rastrigin function 3D plot (a), ROM results for Rastrigin 3D function (c), error in the prediction of the 3D Rastrigin function using increasingly refined

discretization nets (b).
3. Illustrative examples

TWINKLE library is not linked to any specific field and its
implementation makes it applicable to several different problems.
Three illustrative simple examples for its usage are illustrated in
the following Subsections.

3.1. Example 1: Rastrigin function retrieval

Approximations of analytical functions can be computed via
ROM, where the function’s values are passed as parameters to
the model. An example of it has been obtained for the Rastrigin
function Eq. (2), shown in Fig. 4(a):

f(xq, ..., %) =An + X:[xi2 — Acos(27x;)]
im1

(2)

where A = 10,n = 2 and x; € [—4, 4] have been set for the
calculation.

For sake of simplicity a Rastrigin function of two variables
has been considered in this example, although TWINKLE is not
limited to any given amount of input variables. The mathematical
approximation of the Rastrigin function (see Eq. (2)) obtained
by TWINKLE presents a good correlation with the real function
and the most relevant terms are able to reproduce the function
shape with good precision as shown in Fig. 4(c). This is espe-
cially important in large multidimensional data-sets where the
individual influence of each independent variable on the output
is very difficult to extract. A further analysis of the computation’s
precision has been performed. In Fig. 4(b) it is shown the decreas-
ing global error of the computation against increasing number
of discretization net’s points. The local minimum obtained for
seventeen number of points is achieved due to the geometri-
cal characteristics of the retrieved surface, where all maxima
and minima of the Rastrigin function correspond exactly to the
discretization net’s points.

3.2. Example 2: Simulink integration of ROMs for complex systems
description

The MATLAB Simulink simulation tool is often used when
coming to describe complex systems and to design models of
them. Complex models can hence be decomposed into several
interconnected blocks. TWINKLE library can be handful in such a
scenario, since each, or some, of the aforementioned blocks can be
implemented by solving equations obtained from different ROM
simulations.

3.3. Example 3: Response surface approximation for designing

The behaviour of systems’ components is usually parametrized
in terms of geometric and material variables, however the exact
calculation of each parameters’ combination might be compu-
tationally expensive. Using TWINKLE on a reduced number of
simulations’ results, the desired component characteristic, e.g. the
structural resistance of a given part of the system, can be obtained
through a simple mathematical formula, as seen in Eq. (1), allow-
ing the optimization of the specific component’s behaviour in an
effective and efficient way.

4. Impact

As stated previously, TWINKLE library cannot be limited to a
specific task, it is a versatile and adaptable software instead. Its
use can be relevant in big data processing and analysis with little
computational cost. The application fields of TWINKLE vary from
mechanics, to fluid- or thermodynamics, as well as economics,
statistics, biology, medicine and basically any field involving big
amounts of data, aiming to solve complex multi-physics or more
generally multi-scale problems preserving the original input vari-
ables in the output results, which makes its result easy to inter-
pret. The scalable concept defined within the algorithm allows
setting the basis for a new strategy that presents many sim-
ilarities with the multi-levels neuronal net for deep learning,
providing the possibility to model data by defining the underlying
manifold space not necessarily using a single tensor but a topol-
ogy of them to better describe the phenomenon’s space when
data correlation appears to be cluster-like.

5. Conclusions

TWINKLE library allows minimizing computational cost as
well as gaining precision in ROM computation, especially in case
of sparse/unstructured data. Furthermore, the software allows
processing big datasets and it has been programmed in an exten-
sible way so that future implementations are taken into account
in the algorithm’s structure. Moreover, thanks to its extensibility,
many of the library’s methods can be updated and/or overloaded
without altering the main software’s structure; it is hence pos-
sible to use TWINKLE for many different purposes and fields of
study, from fluid-dynamics, to material science or medicine.

TWINKLE is based on CPD allowing preserving the physics
behind the phenomena under investigation by keeping the in-
put variables themselves in the final output result. Moreover,
as stated previously, the algorithm structure allows processing
correctly both sparse and unstructured data (see Fig. 1), which is
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not foreseen in CPD, such as SVD, Principal Components Analysis
(PCA), PARAllel FACtor analysis (PARAFAC) or CANonical DECOM-
Position (CANDECOMP) [1,2].
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