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We study the thermodynamics of a moving Schwarzschild black hole, identifying the temperature and
entropy in a relativistic scenario. Furthermore, we set arguments in a framework relating invariant
geometrical quantities under global spacetime transformations and the dispersion relation of the system.
We then extended these arguments in order to consider more general dispersion relations, and identify
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1. Introduction

The search for an unified picture of gravity and quantum prin-
ciples has deserved a lot of efforts and the approaches to this
problem have taken different roads and explored a wide class of
scenarios. Theoretical proposals like String Theory, Loop Quantum
Gravity, or Causal Sets are examples of that, and from there, one
tries to find clues of some characteristic feature which might sur-
vive at energy scales today attainable in observed phenomena, or
some tiny effects together with a sort of amplification mechanism
which could offer evidence. In this regard, the modification of the
dispersion relation of particles has received much attention in last
years [1-3] as a possible signal of quantum gravity effects in the
context of the so-called quantum gravity phenomenology, namely,
the search of observable relics of quantum gravity [4]. Among the
proposals sharing this distinctive feature we can mention some
limits of Loop Quantum Gravity [5], Double Special Relativity [6,7],
String theory [8], etc. In this context, the dispersion relation that
a macroscopic body satisfies - taken as a body whose constituents
satisfy a modified dispersion relation — might be a source of dif-
ficulties when one adopt this point of view, as noted already in
early stages of these proposals [9].

By other hand, black holes are probably one of the most suit-
able objects in nature to test — at least theoretically - some fea-
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tures of quantum gravity. For example, logarithmic corrections to
the area-entropy law seems to be a common characteristic shared
by different proposals of quantum gravity [10-12].

Under these considerations it seems natural to analyze if some
imprints of quantum gravity effects could be codified in the dis-
persion relation that a black hole satisfies [13]. In this work we
will try to gain some insight in this matter, studying the kinematic
consequences of a generalization of symmetries in the movement
of a massive object as a black hole.

The layout of this paper is the following: in the present sec-
tion we motivate the problem and the questions that we would
like to answer. In Section 2 we study the metric of a moving
Schwarzschild black hole, or the Sexl-Aechelburg metric, and cal-
culate its temperature. Furthermore, in that section we will gen-
eralize the geometrical thermodynamic arguments to this moving
black hole, identifying relevant parameters which will be useful
later. In Section 3 we extend the formalism carried out in the
previous section to take into account dispersion relations beyond
the Lorentzian one. We will find certain consistency relations that
those modified relations have to fulfill. In Section 4 we briefly dis-
cuss some interesting examples found in the literature. Finally, we
conclude in Section 5 with final remarks, observations and outlook.

2. Moving Schwarzschild black hole

In this section we will analyze a Schwarzschild black hole mov-
ing with respect to an observer, which will be carried out by
means of a Lorentz boost to the stationary solution. We calculate
the geometrical temperature and analyze the structure of its parti-
tion function.
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2.1. Temperature of the moving black hole

Let us consider a black hole described by the Schwarzschild
metric in coordinates (t',1’,0’, ¢’)

2M dr’?
d52:—<1— )dt/z—i-l_r—z_M—i—r’de/z, (1)

r/
-

where M is the mass and we are using prime variables for the sta-
tionary observer. In order to put the black hole in motion, we follow
the approach of Aichelburg and Sexl [14]. There, authors consider
an observer moving uniformly relative to the mass M who sees
a metric which is the previous one deformed by a Lorentz trans-
formation. That is, if v is the velocity of the black hole in the z
direction and y = (1 — v2)~1/2 the relativistic factor, we must take
in(1)t'=y({t—vz) and ' = /x2 + y2 + y2(z — vi)2.

In order to study the thermodynamics of this object we will
follow the path integral approach of Euclidean path integral [15]
along with an identification of spacetime points according to the
system in movement. The action one considers is the regularized
gravitational action

1 1
I= —/./_—ng4x+ —/[K]\/—hd3x, 2)
167 8
\"4 v

where R is the scalar curvature, g the metric determinant, [K] the
trace of the extrinsic curvature regularized with respect to the flat
spacetime and h the determinant of the induced metric on the
boundary dV of the volume V. We will take dV as the Lorentz
transformed of the stationary boundary for the Schwarzschild so-
lution, i.e. r’ = > 2M, rendering rj — oc.

The value of the Euclidean action can be obtained straightfor-
wardly by noticing that both integrands in (2) are scalars under
coordinate transformations, and, as pointed out before, we are
integrating over the boosted Schwarzschild boundary. Then, the
value of the action is the same as computed in stationary coor-
dinates with the Schwarzschild boundary, i.e.

[ = 47iM?2. 3)

By the other hand, in spite that the value of the Euclidean ac-
tion does not change, the temperature does. In fact, the partition
function in the path-integral approach must be integrated over pe-
riodic paths. Since the system is moving in the z direction with
velocity v, the periodicity condition implies the identification of
points in spacetime as (t,x,y,z) ~ (t +iB,x,y,z + ivB). If we
make the following coordinate transformation in (1),

VoIS _gtram, (4)
y+ié
/
2, 2 T r'/2M
+&==——-1]e , 5
y +é ( M ) (5)
the resulting Kruskal metric is free of conical singularities at 1’ =
2M, for imaginary time t' = —it’, if the periodicity condition are

consistent with the previous transformation, namely At’ =87 M
and Ar’ = 0. This implies that

AT =iy (At —vAzZ) =y B(1 —v?) =81 M, (6)
where t = —it. Hence, from (6) we deduce that
B=8TMy, (7)

which is consistent for the case of Lorentz invariant systems [16].
Furthermore, Az’ = y(Az — vAt) =0, and then Ar' =0 as re-
quired.

Alternatively, one can use the Unruh Effect [17,18] in order
to find the temperature of the system in movement as follows.
Under the transformations © = t'/(4M), p% = 8M(@’ — 2M) and
X=(2M0’,2M¢"), the metric (1) can be approximated in the vicin-
ity of any point (tg, X0, Yo, Zo) of the event horizon r’ =2M as the
Rindler metric

ds? ~ —p?d#? + dp? + dx°, (8)

which describes an accelerated frame, with acceleration (4M)~!
respecting the primed coordinates. If we focus on a moving point
on the horizon (with respect to the unprimed coordinates) we
have T = z;(t — v2). Then, in an interval of time At, we have
that Az =vAt, ie. AT = (1 —vH)At = 4)\%,—3/. Hence, the sur-
face gravity measured on the unprimed system is x = (4My)~!,
and then, by means of the Unruh Effect, the temperature as-
sociated to the Hawking Radiation of the moving black hole is
T=p"1=k@r) ! =@rMy)~!, as given by (7). Notice that a
global boost on the stationary system does not correspond to a lo-
cal boost in the proximity of the event horizon, but to a change in
the surface gravity.

2.2. Thermodynamics and Lorentz symmetry

We now follow thermodynamical arguments to discuss the
moving black hole problem. The system is described by an ob-
server O such that it has conserved linear momentum 7 and
Hamiltonian H (for simplicity, we consider the case where the rel-
ative velocity is aligned with one axis of the reference system of
the distant observer). In this scenario, we can write the Massieu
function as

F(B,n)=—InZ=—1In [Tr (e*ﬂ’”"”)], 9)

where B and n are chemical potentials (Lagrange multipliers) as-
sociated to the conservation of charges. Notice that F will coincide
numerically with the path integral formalism with imaginary time
of quantum mechanics. Its Legendre transformed function corre-
sponds to the entropy S(U, P), given by

SUP)y=-F@B.n+BU—NP, (10)
with

(), ()
e/, o \an /g’

We are interested in the connection that can be established be-
tween the entropy of the system and the dispersion relation it sat-
isfies. Given that dispersion relations are associated to spacetime
symmetries of the system, we will start our analysis by consider-
ing the case of Lorentz invariance and we will observe how, by
imposing this, it is possible to connect the functional dependence
of S and F to certain invariants quantities built from the inten-
sive variables 8, n. If the thermodynamical description done by an
observer O’ - at rest with the system - is related with the descrip-
tion done by O through the Lorentz transformations on quantities
H, P, B,n, then F must depend on a particular combination of the
variables (8,7n) which remains invariant. Indeed, let us consider
an unitary operator U(e) which represents a Lorentz transforma-
tion of relative rapidity €, then

F(,1)=—1In [Tr (UTe*ﬁ”“ﬂ’U)]

=—In [Tr (e’ﬁH/““y)]

=_In [Tr (e—ﬁ”””"’)] =F('.n).
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where we have used fact that H and P transform linearly under
the Lorentz group, i.e.

H =UYHU = H coshe — Psinhe (12)
P'=U'PU = P coshe — H sinhe, (13)
and then

B’ = Bcoshe +nsinhe (14)
n =ncoshe + Bsinhe. (15)

In the reference system (O’ we have P’ =0, and then tanhe = v
is the relative velocity between O and this observer, i.e. coshe =y,
and sinhe = yv and therefore, in the present case, the function F
must depend on (8, n) through the combination g2 — n2. Consider
now the particular function @ (8, n) defined through

n=p*—n’, (16)
which is invariant by construction. Notice that this quantity u cor-
responds to the temperature of the system at rest (n =0, 8 = o).
For the black hole under consideration, this quantity has a topo-
logical origin, in virtue of the periodicity condition, and then it is
appropriate to relate it to the Schwarzschild radius Rg, concretely

1t = Bo = 4R, (17)

This is consistent with the fact that since the area of the event
horizon A is a marginally trapped surface, it will not change under
a boost of the Schwarzschild metric (1), and from (17) one finds
the relation

u? =4mA. (18)

On the other hand, since the internal energy ¢/ and momentum
‘P are related to F through (11) one obtains (for the invariant (16))
the following relations

M:Hmé,
n

: n
P=—F(u)— (19)
w
with F =dF /du. Therefore, it is straightforward to obtain the rel-
ativistic dispersion relation

W2 —P? = M2, (20)

where we have denoted M = F, which is the inertial mass of the
black hole. Notice that in the previous argument, in addition to
showing that the internal energy and momentum of the black hole
satisfy the relativistic dispersion relation, we have found a nontriv-
ial relation between the inertial mass of the black hole and the
Schwarzschild radius through the partition function of the system.
On the other hand, using equations (19) and (10) we obtain

S=—F(u) + uF, (21)

which expresses the entropy as the Legendre transform of F with
respect to the invariant w. It is worth noting that entropy here ap-
pears as a relativistic invariant, and its invariance under Lorentz
transformations is consistent with the approach to thermodynam-
ics of moving objects by Tolman, for example [16]. This fact that
appears trivial here will have interesting consequences that will
be discussed later. Moreover, expressing everything in terms of M
we obtain the relation u = S’(M), where S’ is the derivative of
the entropy with respect to M. We can read the velocity of the
system as

vE<ﬂ> =1 (22)
aPJs B

this is to say n = Bv, and using (16) we obtain 8 = uy.

Let us now identify the partition function of this system with
the Euclidean action in the path integral formalism in the semi-
classical approximation. The value of the action (3) together with
(17), and Ry =2M imply that the Massieu function describing the
black hole is

>
Fpy = = (23)
and then M = F = M, namely, in the semiclassical approxi-
mation the inertial mass coincides with the mass parameter in
the Schwarzschild solution. As a consequence, M2 = (Rs/2)2 =
A/(167), and then we obtain the Smarr formula [19,20] for the
moving black hole
2 A 2
U= o+ P (24)

Finally, the entropy can be calculated with (21), and it corre-
sponds to S = A/4, and provided that & = 87 M the inverse of the
temperature is then 8 = 8w My, as we proved by other arguments
in the previous subsection.

It is natural to expect that both the Bekenstein-Hawking en-
tropy and the Smarr formula will acquire corrections as one takes
into account terms beyond the semiclassical approximation. In fact,
several approaches to quantum gravity show corrections to the
entropy-area law [10-12,21,22], which can be used to calculate
F(p) starting from (18) and (21) as a differential equation. Given
S =S(A), the solution is

S(A )
Fiw =ap+ —— / Ik (25)
from which we also get
gL S &A>

In particular, certain quantum gravity models, such as Loop
Quantum Gravity [23,24] and String theory [25] coincide in that
the corrections to the area-entropy law have the form

S= g + pIn(A), (27)

where p is a model dependent dimensionless quantity of order
unity. Using equations (25) and (26) for such case we obtain

Mz "
and
_ 2
M= g = +am). (29)

Here we have made explicit that the integration constant a may
depend on the parameter p and, concretely, it is direct to fix its
value when p =0 in order to reproduce the semiclassical result.
Considering the identification of w in terms of the Schwarzchild
radius, equation (29) provides us two solutions given by

1+L>, (30)

ri:(/\/l—a)<1j: TOM —a)?
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where r is continuously connected to the semiclassical Schwarz-
schild radius, and r_ to the singularity at the origin (given that
p < 0 independently of the model [10]). This can be observed by
expanding both solutions in p/M powers

i p p

re=2(M a)+2”(M_a)+O(M3), (31)
___F P

== 27 (M —a) +0<M3)' (32)

These results resembles the ones obtained in [26], where au-
thors start from an effective metric whose Newton constant Gy
acquires quantum corrections depending on r. In order to make
contact with this idea, let us assume that the inertial mass of the
black hole has corrections with respect to the semiclassical approx-
imation, i.e.

M=M + pspr. (33)

Writing equation (31) in terms of M and collecting powers of
p/M we can compare with the results obtained in [26,27], iden-
tifying a = pdarq, and p = —118/15. It is worth noting that, even
if there is some discrepancy with the precise value obtained by
other approaches, both sign and order of magnitude of the model
dependent parameter p are consistent.

3. Generalization to modified dispersion relations

Consider now the possibility that Lorentz symmetry is modified
or even broken, as the scenarios we mentioned in the first section,
this is to say, we will assume the existence of a deformed sym-
metry underlying the theory. We ask how previous arguments will
change in such case, expecting to be able to identify the invariant
A in terms of (8, n) with a more general functional dependence.

A similar argument to equation (12) implies that the partition
function will be invariant under transformations of the form g’ =
fe(B,n), and 1’ = g<(B,n) where € is any symmetry parameter
satisfying that 8 = fo(8, n) and n = go(B, n). Particularly, if we call
i =B when n =0, and assume that the transformation connects
the points in the (8, 1) plane in a qualitatively similar form as the
Lorentz Transformations, then we can always write down

B = fe(u,0) (34)
n:gé(l’l‘so)’ (35)

such that u = fo(u,0) and 0 = go(i, 0). From here we should ob-
tain expressions such that

w=puB,n (36)
€e=¢€(B,n), (37)

where w(B,0) =8 and €(B,0) = 0. Finally, we can replace the
somewhat ambiguous parameter € with the compatible parame-
ter v=n/p.
Now, let us suppose that F(u) is known. In such case, we can

write
ad 8

W P—_ o

B’ 8n
and in principle, variables (8,n) can be obtained as function of
(U, P). We define the dispersion relation as

mU, P)=puBU, P),nU, P)). (38)
The entropy, by other hand, turns out to be

U=F—

S(U,P):—F(u)+<ﬂ—ﬂ+na—M>F (39)

Notice the following important point: if the expression in
parenthesis in equation (39) depends upon (3, n) in an arbitrary
way, and not through the invariant w, then the entropy would no
longer be a movement invariant, and that can carry us to some
inconsistencies as, for example, the number of accessible states
being dependent upon the movement state of the system. Then,
we will take as an hypothesis the invariance of the entropy, and
consequently we must impose the term in parenthesis to be, in
principle, an arbitrary function of @. However, let us remember
that = B at rest, and in such case S = —F + U = —F + uF.
For compatibility of the definitions of entropy in movement and at
rest, it is only possible to impose that
g B—M =[L. (40)

op

This last equation is a particular case of the known Clairaut
equation, whose general solution is given by Euler’'s homogeneous
function theorem of degree 1. Then, from equation (36) and the
discussion in the paragraph following it, we can deduce that

B
p=pu,v)= (41)
T’
where we have defined I'(v) = u~'(1,v), which satisfies that
I'(0) =1, and corresponds to a generalization of the relativistic y
factor. In such case, the entropy depends on the dispersion relation
and the following relations hold

dF

M= (42)
w’

=2 (43)
® T dm

Notice that this last result implies that the discussion at the end
of the previous section remains valid even for dispersion relations
beyond the relativistic one.

Now, we may ask the inverse problem, namely, knowing the
entropy of the system as a function of its internal energy and mo-
mentum, compatible with a certain given dispersion relation

M=MWU,P), (44)

that remains invariant at constant entropy, and where M reduces
to the rest energy, i.e. Y = M (U, 0). Then, using the inverse Legen-
dre transform for S, and imposing that F depends on an invariant
u=>S’, we have that

oM oM
F=-S U—+P—)S =-S5+ MS. 45
+< T 873) + (45)
This condition implies that
BM oM
— — = 46
Uzt TP %P =M, (46)

in other words, M has to be a homogeneous function of degree 1
with respect to &/ and P. This, again, imposes severe constraints
on the form that could have the dispersion relation of a thermo-
dynamical system.

Given a dispersion relation MU, P) satisfying (44) y (46) we
can write

IM
=p— 47
B T (47)
M
2t —_— 4
nN=-ton (48)

and along with (41) we can identify
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b (Y (49)
ar /| ou P )
M
rwv) = —. 50
) o (50)

The RHS of these equations are homogeneous functions of de-
gree 0 with respect to U/ and P, and then depend only on the
combination P/U. Consequently, from equation (49) we can find
P/U as function of v, and from (50) we can find explicitly the
form of the function I'(v). Finally, taking into account that v =17/
and pu = B/T" we obtain the invariant @ as a function of (8, 1).

4. Some examples

In this section we will apply our previous discussion and re-
view some important cases: the relativistic dispersion relation and
a relevant example found in the phenomenological discussions be-
yond that frame.

The relativistic case has been already discussed in detail in
the previous sections, but we will analyze it briefly in terms of
the arguments developed in the previous one. Let us begin from
the relativistic dispersion relation /> = m? + P2. It is clear that
the function M = +/U{2 — P2 corresponds to equation (44) satis-
fying (46). Following the steps at the end of the previous section,
using equations (49) and (50) we obtain that

P
=—, 51
v=o (51)

1
==y (52)
V1= (P/U)>?
Finally, making v =1/ we find that
B

as expected. Next, we discuss a more interesting case that is used
as a probe of dispersion relation beyond the Lorentz Symmetry
[1-3,28,29], and that can be considered as a low energy limit of
some models [5,30-32]. A typical way to write this relation is
E>=m?+ p? +al, 3, (54)
where « is a dimensionless constant and [, a constant with length
dimensions typically of order of the inverse of Planck scale E, =
10! GeV, such that for energies E far below E, the above relation
is accurately approximated by the relativistic one.

As there is still no consensus on whether black holes should
be considered fundamental objects or composite systems, we are
going to consider how our arguments apply in each case. If one
considers the black hole as a fundamental object, then the disper-
sion relation (54) is applied directly, namely in our notation

U* = M?> +P? +alyl®. (55)

However, this dispersion relation clearly does not satisfy the
condition imposed by (46), and then our argument discards this
dispersion relation directly, as the homogeneity property is not ful-
filled. This result is consistent with the fact that if we consider the
black hole as a fundamental object, then clearly the LIV term in
(54) can be large, as its mass can widely exceed M, i.e. the Soc-
cer Ball Problem would be present [9].

On the other hand, if we consider the black hole as a composite
object, we can find the function M of equation (38) compatible
with the given dispersion relation and satisfying the homogeneity
property (46) using the following implicit form

22 2 U
aQ-omM =us-"r (SM, (56)

where § is a dimensionless constant that cannot depend upon M.
Notice that we have chosen the coefficients so that &/ = MU, 0),
as required. If we consider this dispersion relation as a deviation
from the relativistic one, then § = al,m << 1. Calculating the in-
variant @ in the limit § — 0, which constitutes a small departure
from the relativistic scenario, we find at first order in § that

38 1
v:E 1+ ———+...], (57)
u 21— (P/U)?
or conversely,
P 38
—=v|1l—-— ) 58
2 u(1-251) o

On the other hand we obtain
)
F(V):V[1+§(1—3V+2V3)]+..., (59)

and then the function (8, n) in this case is given by

S 3
Mz\/ﬂz_nz_5(\//32_772_3.34‘2%772)' (60)

Notice that, in accordance with the previous discussion, we in-
deed have that w(8,0) = 8 also in this case. This invariant © must
be a direct consequence of the symmetry that would replace the
Lorentz Transformations, and one should be able to identify the
new transformations.

In this example m is an arbitrary scale that can be fixed by
convenience. If we choose m to be of the same order as the mass
of the system M then it is clear that, in order to maintain the
phenomenological consistency for black holes with macroscopic
masses, that is, in order to avoid the Soccer Ball Problem, ¢ << 1,
and then (54) implies that the LIV scale should be far below the
Planck scale I,. Namely, the LIV term appearing in (54) needs to be
strongly suppressed by a scale far above E,. This conclusion is in
agreement with the results in [33], where the Soccer Ball Problem
is investigated in the context of Relative Locality, and it is shown
that, for a composite system, the first correction to the relativis-
tic dispersion relation is suppressed not by E, but by NEp, being
N the number constituents. Thus, the present analysis shows that
the modified dispersion relation (54) is consistent only if one in-
deed considers the black hole as a composite system, and the LIV
term is suppressed by a scale above E,, avoiding the Soccer Ball
Problem. Moreover, one could think, for instance, on the existence
of additional adiabatically invariant quantities defining the system,
namely, entropy could depend not only on ¢/ and P but also on
another extensive quantity [34]. In the framework of black holes,
these could be known quantities as angular momentum or charge,
or quantities characterizing the microscopic state of the system.

5. Final remarks and outlook

In this work we have studied the thermodynamics of a moving
Schwarzschild black hole identifying the temperature and entropy
in a relativistic scenario. Furthermore, we have set arguments in
a framework relating invariant geometrical quantities under global
spacetime transformations and the dispersion relation of the sys-
tem. Next, we have extended these arguments in order to consider
more general dispersion relations. The formalism just shown may
be interesting for analyzing LIV phenomenology in massive ob-
jects presumably structureless as black holes. As we discussed at
the end of Section 4, there are dispersion relations used in dis-
cussions on LIV phenomenology that present some difficulties in
virtue of our analysis. A possible solution to such drawbacks could
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be to consider more general black holes or presume certain in-
ternal structure yet unknown. We expect to exploit this last idea
in next works, firstly by considering rotating and charged black
holes, and afterwards by considering new degrees of freedom that
may match our arguments with phenomenological observations in
a natural way.
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