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A B S T R A C T

In this article we study if a Deep Learning technique can be used to obtain an approximate value of the
Lyapunov exponents of a dynamical system. Moreover, we want to know if Machine Learning techniques are
able, once trained, to provide the full Lyapunov exponents spectrum with just single-variable time series. We
train a Convolutional Neural Network and use the resulting network to approximate the full spectrum using
the time series of just one variable from the studied systems (Lorenz system and coupled Lorenz system). The
results are quite surprising since all the values are well approximated with only partial data. This strategy
allows to speed up the complete analysis of the systems and also to study the hyperchaotic dynamics in the
coupled Lorenz system.
1. Introduction

Lyapunov exponents (LEs) are a classical tool to study the behavior
of a dynamical system. For example, a positive maximum LE (MLE)
indicates chaotic behavior, or hyperchaotic if the second LE is also
positive. Moreover, with the second LE, some bifurcations, such as
period-doubling bifurcations, can be inferred. One of the standard
algorithms for computing LEs can be found in [1], where all variables
and the corresponding variationals are used. Other techniques [1,2]
use only the time series of one of the system variables, but only the
maximum LE is obtained. Deep Learning (DL) techniques have been
used to predict directly the LE of one-dimensional discrete dynamical
systems [3] or as a complementary tool. In the latter approach, DL
is used for time series forecasting or to obtain, via data assimilation,
a conjectured dynamical system, and then the Lyapunov spectrum is
estimated through classical methods [4–8].

Deep Learning [9,10] includes all the Machine Learning techniques
that allow Deep Artificial Neural Networks (architectures built with
layers of artificial neurons) to learn from data with several levels of
abstraction. The activation of each neuron in a DL architecture (that is,
its value) is computed by applying a non-linear activation function to
a linear combination of its inputs using some weights and a bias (the
trainable parameters of the network). To fit all these parameters (in or-
der to obtain the desired output for each input) a minimization problem
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E-mail addresses: cmayora@unizar.es (C. Mayora-Cebollero), rbarrio@unizar.es (R. Barrio).

is solved (a loss function is minimized respect to these parameters using
training data during a process known as training). Data not used in the
training stage, known as test data, is used to check that the network
has learned correctly and is able to generalize to new samples.

The computation of biparametric analyses using classical methods
has allowed to study in detail the global dynamics of numerous sys-
tems [11–13]. Any improvement that enables faster and more detailed
studies could be useful. In recent years, some authors have proposed
to use Deep Learning as a new technique to analyze the behavior of a
dynamical system [3–8,14–17]. This new technique can speed up these
parametric studies.

In this paper, we apply DL to directly approximate the LEs values
of two dynamical systems chosen as test examples: the classic Lorenz
system [18] and a coupled Lorenz system [19]. Among all the possible
DL architectures, we have chosen the Convolutional Neural Network
(CNN) [20]. Additionally, we aim to demonstrate that Deep Learning
can approximate all the Lyapunov exponents of a system using only
short time series data from a single variable of the dynamical system.
We will use the notation LE𝑖 to indicate the 𝑖-th Lyapunov exponent,
therefore LE1 corresponds to the maximum Lyapunov exponent, or
MLE.
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Lorenz system. The Lorenz system [18] is a classic three-dimensional
ontinuous dynamical system given by the system of equations
⎧

⎪

⎨

⎪

⎩

𝑥̇ = 𝜎(𝑦 − 𝑥),
𝑦̇ = −𝑥𝑧 + 𝑟𝑥 − 𝑦,
𝑧̇ = 𝑥𝑦 − 𝑏𝑧,

(1)

where (𝑥, 𝑦, 𝑧) are the system variables and (𝜎 , 𝑟, 𝑏) are the bifurcation
parameters (𝜎 is the Prandtl number, 𝑟 is the relative Rayleigh number,
and 𝑏 is a positive constant). This is one of the seminal systems of
chaotic dynamics. There are numerous papers in the literature [11,12]

here its behavior is described using classical LEs algorithms.

Coupled Lorenz system. To increase the dimensionality of the test prob-
lem, we use two coupled Lorenz systems as in [19]:
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑥̇1 = 𝜎(𝑦1 − 𝑥1),
𝑦̇1 = −𝑥1𝑧1 + 𝑟1𝑥1 − 𝑦1 + 𝜆1(𝑥2 − 𝑦2),
𝑧̇1 = 𝑥1𝑦1 − 𝑏𝑧1,
𝑥̇2 = 𝜎(𝑦2 − 𝑥2),
𝑦̇2 = −𝑥2𝑧2 + 𝑟2𝑥2 − 𝑦2 + 𝜆2(𝑥1 − 𝑦1),
𝑧̇2 = 𝑥2𝑦2 − 𝑏𝑧2,

(2)

where (𝑥1, 𝑦1, 𝑧1, 𝑥2, 𝑦2, 𝑧2) are the system variables, (𝜎, 𝑟1, 𝑟2, 𝑏) are
the bifurcation parameters, and (𝜆1, 𝜆2) are the coupling parameters.
In what follows, we set 𝑟1 = 𝑟 and 𝑟2 = 𝑟+ 10. A dynamical study of the
attractors of such system in the case of coupled equal Lorenz systems
(𝑟1 = 𝑟2) can be found in [19].

This paper is organized as follows. In Section 2, we briefly introduce
the CNN architecture. In Section 3, we focus on the LEs prediction task
or the Lorenz system. In Section 4, we show the results obtained in the
Es prediction of the coupled Lorenz system. Finally, in Section 5 we

draw some conclusions.
All DL experiments in this work have been performed using Py-

orch [21]. The code has been run on a Linux box with dual Xeon
ES2697 with 128Gb of DDR4-2133 memory with a RTX2080Ti GPU.

2. DL techniques for Lyapunov exponents approximation

Deep Learning [9,10] is the branch of Machine Learning that uses
Deep Artificial Neural Networks to learn from data with several levels
of abstraction. These Artificial Neural Networks (ANNs) are formed by
artificial neurons (loosely inspired by their biological counterparts) that
are organized in layers.

In a previous paper [14], we focused on detecting chaotic behavior
n a dynamical system, but now we also want to quantify it and

be able to approximate the full Lyapunov exponents spectrum using
single-variable time series. In [14] we used three ANN technologies:
Multi-Layer Perceptron (MLP), Convolutional Neural Network (CNN)
nd Long Short-Term Memory network (LSTM). Here, we only use the

CNN as it seems to work well for this task. In the design of the CNN,
we use a not very complicated structure explained in Section 2.1. We
re mainly interested in studying the reliability of the methodology
ather than finding the best architecture, so we only present a brief
yperparameter optimization study in Section 2.1.1.

CNNs are a type of ANN originally developed for image recogni-
ion [20]. They are organized into convolutional and pooling layers

that capture features and reduce dimensions, respectively. These con-
volutional layers have different channels (also known as feature maps),
each one containing different information (same idea as in RGB images
which contain three channels: channel R for red color information, G
for green, and B for blue). One of the main characteristics of CNNs is
that neurons are not connected to all neurons in the previous layers as
it occurs with other ANNs like the MLP. The receptive field of a neuron
is the (reduced) set of neurons that send information to it. Another
useful property of CNNs is that they can handle different input formats
(vectors, matrices, . . . ) depending on the type of convolution used. In

this paper, the input data is in vector form, so we use the so-called 1D t

2 
Fig. 1. Schematic representation of a 1D CNN architecture with three channels in the
input and depicted convolutional (conv.) layers. Zero-padding is added to convolutional
layer 1 to maintain the size for convolutional layer 2 (dashed neurons with a 0 in the
middle).

CNNs (see Fig. 1 for a graphical example), and in what follows, the
xplanations will be particularized to this type of CNN.

The value (activation) of a neuron of a 1D CNN is calculated as
follows (the first index for neurons, channels and convolutional layers
is 1, and layer 0 refers to the input layer):

𝑥[𝑙]𝑖,𝑗 = 
⎛

⎜

⎜

⎝

𝑏[𝑙]𝑗 +
𝐾[𝑙]
∑

𝑘=1

𝐶[𝑙−1]
∑

𝑐=1
𝑤[𝑙]

𝑘,𝑐 ,𝑗 𝑥[𝑙−1]𝑘+(𝑖−1)𝑠[𝑙]+(𝑘−1)(𝑑[𝑙]−1),𝑐

⎞

⎟

⎟

⎠

, (3)

where

• 𝑥[𝑙]𝑖,𝑗 is the activation of neuron 𝑖 of channel 𝑗 in layer 𝑙.
•  is the (non-linear) activation function.
• 𝑏[𝑙]𝑗 is the bias term shared by all neurons of channel 𝑗 in layer 𝑙.
• 𝑊 [𝑙]

𝑗 = (𝑤[𝑙]
𝑘,𝑐 ,𝑗 )𝑘=1,…,𝐾[𝑙];𝑐=1,…,𝐶[𝑙−1] is the weight matrix (also called

filter or kernel) for neurons of channel 𝑗 in layer 𝑙. Notice that the
weights are shared among all the neurons in the same channel and
layer.

• 𝐾 [𝑙] is the kernel size, i.e., the dimension of the receptive field of
neurons in layer 𝑙.

• 𝐶 [𝑙] is the number of channels in layer 𝑙.
• 𝑠[𝑙] denotes the stride, that is, the step size between the receptive

field of neuron 𝑖 of channel 𝑗 in layer 𝑙 and the receptive field of
neuron 𝑖 + 1 of the same channel and layer.

• 𝑑[𝑙] refers to the dilation, that is, the distance between neurons of
the same receptive field.

In the special case where we want channels in consecutive layers to
ave the same dimension (i.e., same number of neurons), padding can
e applied. A common type is zero-padding where zeros are added
round the previous layer.

In the case of Fig. 1, to calculate the activation of the dark ma-
enta neuron (whose receptive field includes the light magenta neu-
ons) Eq. (3) is used with 𝑖 = 1, 𝑗 = 1, 𝑙 = 2, 𝐾 [2] = 2, 𝐶 [1] = 3, 𝑠[2] = 1
nd 𝑑[2] = 1. Moreover, note that zero-padding has to be applied to have
he convolutional layers 1 and 2 with the same number of neurons (see
he dashed neurons with a 0 in the middle).

For more details see [22], and the animations referenced there
for examples of stride, dilation and padding concepts, and [23] for a
discussion of some properties of CNNs.

2.1. CNN architecture for LEs approximation

The CNN architecture we use for the full LEs spectrum approxima-
ion is based on the one in [14] used for chaos detection (a classification
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task from a DL point of view). The network has only one input channel
in the input layer since only single-variable time series are used as
known information. It has two convolutional layers: the first one with
15 channels, kernel size 10, stride 1 and dilation equal to 2; and the
second one with 30 channels, kernel size 5, stride 1 and dilation 4.
The Rectified Linear Unit (ReLU) activation function is applied after
dding a bias term in each convolutional layer. Zero-padding is used
o ensure that the length of the input sequences remains constant
hroughout the convolutional layers since the stride is 1. A global
verage pooling layer is applied following the last convolutional layer
o prepare the data for the subsequent linear layer. The aforementioned
inear layer has a number of neurons equal to the system’s dimension—
ach corresponding to a Lyapunov exponent value—and a bias term. No
ctivation function is applied to this output layer.

We train the network using the Adam algorithm with a learning
ate of 0.008 and apply L2-regularization with a weight decay of 10−5

o prevent overfitting and enhance generalization. In this work, we
minimize the Huber loss function [24,25] given by

Huber Loss = 1
𝑁

𝑁
∑

𝑗=1
ℎ𝑗 ,

with ℎ𝑗 =
{

0.5 (𝑦̂𝑗 − 𝑦𝑗 )2 if |𝑦̂𝑗 − 𝑦𝑗 | < 𝛿 ,
𝛿 (|𝑦̂𝑗 − 𝑦𝑗 | − 0.5 𝛿) otherwise,

where 𝑁 is the batch size (dimension of the subsets into which the
datasets involved during training are subdivided), 𝑦𝑗 refers to the labels
of the dataset, and 𝑦̂𝑗 to the output of the ANN. The hyperparameter
𝛿 is set to 0.6. The Huber loss is less sensitive to outliers than the
Mean Squared Error (MSE) loss (usually used in prediction tasks). In
the Huber loss the advantages of the MSE loss and the L1-loss are
combined. We expect that this fact will allow the CNN to focus more on
fitting values close to zero than large values (note that a large error in
predicting a zero LE may lead to an incorrect detection of its behavior).
The number of epochs (that is, the number of times the training dataset
is revisited during training) is 2000. An early stopping technique [26]
s applied, so the trained network used is the one with the weights and
iases values that give the lowest Huber loss value for the validation

dataset (data different to training dataset that is used to avoid problems
as overfitting) during training.

In this paper, the numerical values of the Huber loss will be given as
[mean± standard deviation] for 10 randomly initialized networks. This
will show that the performance of the DL process does not depend on
the initialization of the trainable parameters (weights and biases). To
conclude that the DL training has been successful, we will verify that
he mean and standard deviation are small (we have set a threshold
f 0.3 for the mean, and 0.05 for the standard deviation) for all the
atasets involved (training, validation and test sets).

2.1.1. A brief hyperparameter optimization study
As indicated before, we are mainly interested in the reliability of

the methodology rather than finding the best architecture for the LEs
pproximation task. However, we perform a brief analysis to show how
he network size/number of layers can affect the performance in the LEs
pproximation task. To do so, we consider two other networks derived
rom the described above (call it LE-Network):

• Less Layers-Network: It has only one convolutional layer
with the same architecture as the second convolutional layer of
LE-Network.

• More Layers-Network: It is like LE-Network but with a
third convolutional layer with the same architecture as the last
of LE-Network.

To compare the performance of each network we carry out the
analyses on the Lorenz system trained with non-random data (see
ection 3.1). Notice that the network used in all the systems and data

approaches in this article is the same, so we consider appropriate to
3 
show the dependence on network size/number of layers in the first
example (Lorenz system with non-random data).

Table 1 shows the results of the brief hyperparameter optimiza-
tion study. We can see that if less layers are used (Less Layers-
Network), the mean loss values of all the datasets are larger than the
corresponding ones for LE-Network. If more layers are considered
(More Layers-Network), the mean loss values are lower than those
of LE-Network, but the standard deviation values are larger on both
training and test cases. Moreover, the increase in the number of weights
and biases is considerable taking into account the small improvement
(more weights and biases usually correspond to more training time).
Therefore, according to this brief study, the two convolutional layers
LE-Network seems to be the appropriate one.

3. LEs approximation for the Lorenz system

In this section, two approaches are presented to approximate LEs
with DL in the Lorenz system. In the first approach, the CNN is
trained (and validated) using information from a few 𝑟-parametric lines
(all parameter values of the dynamical system are fixed except for
parameter 𝑟, whose value is varied in a given interval, and time series
are computed for each value of 𝑟), and its performance is tested. In
the second approach, the same network architecture is trained (and
validated) from scratch using time series with random parameter values
from an (𝑟, 𝑏)-parametric plane (the value of parameter 𝜎 is fixed and
the values of parameters 𝑟 and 𝑏 are varied in given intervals, and
time series are computed for each combination of values). These two
approaches will show that DL techniques can be used to expand a
partial classical study of the system (first approach) or to perform the
analysis from random data (second approach). The advantages and
disadvantages of each approach are also compared.

In this section, unless otherwise stated, time series and LEs obtained
ith classical techniques are computed as follows. The time series are
btained using the DOPRI5 integrator (a well-known Runge–Kutta of
rder 5) with initial conditions (𝑥, 𝑦, 𝑧) = (1, 1, 1), but only the 𝑥-time
eries and the full LEs spectrum will be used. For more precision, a
ransient integration is performed up to time 𝑡 = 100,000 with time

step 0.01, then the integration is continued for 10,001 time units with
time step 0.001. The LEs obtained with classical techniques (which
are used as the ground truth in the DL process) are computed during
this last integration. The time series used as input by the network are
built with 1 out of every 100 of the last 100,000 computed points. If
wo time series 𝑝1 and 𝑝2 are near, that is, ‖𝑝1 − 𝑝2‖∞ < 10−4, one of
hem is removed. The remaining ones are normalized (𝑥-coordinate is
inearly normalized by mapping its range to the interval [0, 1]; if the
ime series is constant in time, a constant random value between 0 and
is assigned).

3.1. Non-random data

For this approach, the available data belongs to four 𝑟-parametric
ines with 𝑏 ∈ {2, 2.4, 8∕3, 2.8} (𝜎 = 10 for all lines). For each line we

consider 6000 different values of 𝑟 ∈ (0, 300], which makes a total of
24,000 time series (some samples will be removed to avoid similar time
series, and the remaining ones will be normalized). From the samples
satisfying 𝑏 ∈ {2, 8∕3}, 8000 are randomly chosen for the training set
(batch size 128). From the data in the 𝑟-parametric line with 𝑏 = 2.4,
we select 2000 random points for validation (batch size 100). Finally,
2000 random samples from the set 𝑏 = 2.8 are used for the test set
(batch size 100). Note that, during the training process, only data from
three lines is used: two lines correspond to training (see light green
lines in top-left panel of Fig. 3) and one to validation (see dark green
ine in the aforementioned figure). The network architecture is the one
resented in Section 2.1.

The resulting value of the Huber loss for the training dataset is
[0.049 ± 0.009] (remember that numerical results of the DL performance
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Table 1
Brief hyperparameter optimization study performed to show the dependence on the network size/number of layers
of a CNN in the LEs approximation task. The analyses are performed in the Lorenz system with non-random data.
Network size is the number of trainable parameters (weights and biases) of each network.
Network Network size Training loss Validation loss Test loss

Less Layers-Network 273 0.087 ± 0.006 0.131 ± 0.006 0.122 ± 0.007
LE-Network 2538 0.049 ± 0.009 0.118 ± 0.004 0.113 ± 0.012

More Layers-Network 7068 0.036 ± 0.015 0.110 ± 0.004 0.110 ± 0.013
are given as [mean± standard deviation] for 10 randomly initialized
networks). The corresponding values for the validation and test datasets
are [0.118 ± 0.004] and [0.113 ± 0.012], respectively. All mean values are
close to zero and standard deviations are small. The value of the loss
function on the test set is slightly larger than that on the training set,
however, we consider that there is not a large enough difference to
discard the network due to overfitting. The data used for the analyses
with the trained CNN are just time series of the 𝑥-variable of length
1000.

In Section 3.1.1, a 1D analysis is performed to show that the trained
network is able to generalize to an 𝑟-parametric line on which it was not
trained. In Section 3.1.2, the analysis is extended to an (𝑟, 𝑏)-parametric
plane.

3.1.1. 1D analysis
In Fig. 2, the trained CNN has been used for LE approximation in

one 𝑟-parametric line with 𝜎 = 10 and 𝑏 = 2.2 (6000 equidistant 𝑟-values
in the range (0, 300] are considered) parallel to the ones used to create
the training, validation and test datasets. LE1 is shown in the top panel,
LE2 can be found in the middle panel, and finally, LE3 is in the bottom
panel. In each panel, the ground truth of the LEs (obtained with the
algorithm in [1]) is in black, the mean of the predicted values with
the 10 networks is in red, and the interval [mean± standard deviation
(std)] obtained with the prediction of the 10 networks is in green.
The obtained value of the Huber loss is equal to [0.091 ± 0.005]. As
already explained, the prediction is performed with 10 networks trained
with the same architecture and data, but with different initialization of
trainable parameters (weights and biases of the ANN). Since the mean
value of the loss and the standard deviation are small, we can conclude
that the prediction is good enough.

At first glance at the results in Fig. 2, it can be seen that the parts
where DL prediction seems to fail the most are those shaded in orange
and purple. The orange one corresponds to orbits that converge to
equilibrium points (EPs). If we analyze our time series normalization
rule we can deduce that this failure is expected: the time series of
equilibrium points are normalized to a random value between 0 and
1, so the CNN cannot extract information from them to predict the LE
value (it is remarkable that the network assigns almost a constant value
to the LEs of all equilibrium point time series, so it has detected this
kind of behavior). As the LEs of an equilibrium point do not provide
useful information beyond its negative sign in the first exponent (which
is correctly predicted), we consider that the DL prediction is successful.
The purple part corresponds to a region where long transient chaotic
dynamics occurs [11,12,27], and therefore, as we consider quite short
time series as data, it is logical that the DL technique can assume
chaotic dynamics for them in some cases.

Overall, the CNN that was trained only with 𝑥-time series is able
to predict the three LE values correctly with a small variability, and
failing only in expected regions (as already explained) where it would
be necessary to use complementary techniques to obtain good results.

3.1.2. 2D analysis
In Fig. 3 the CNN trained with non-random data has been used for

LE prediction in the (𝑟, 𝑏)-parametric plane with 𝜎 = 10, 𝑟 ∈ [0, 300] and
𝑏 ∈ [2, 3] (1000 point values for each varying parameter, which makes
a total of 106 points). To obtain the time series for this biparametric
analysis with the CNN, a transient integration is performed for 1000
4 
Fig. 2. 1D analysis (𝜎 = 10, 𝑏 = 2.2) of the Lyapunov exponents in the Lorenz system
when training the CNN with non-random data (Huber loss value [0.091 ± 0.005]). The
LEs obtained with classical techniques are in black, and the results given by DL are
in red (mean value of the predicted values with the 10 networks) and green (interval
[mean± standard deviation (std)] obtained with the prediction of the 10 networks). The
orange and purple shading correspond to the regions where the DL technique seems to
give worse results. The blue shaded region is used in a comparison with a subsequent
analysis in Fig. 5.

time units and later the integration is continued for 100 more time
units (time step 0.01 for the whole integration). The input time series
of length 1000 for the CNN are constructed with 1 out of every 10 of
the last integration points. Remember that for the classical technique
of LEs, transient integration is performed for 100,000 time units (with
time step 0.01) and 10,001 more time units (with time step 0.001) are
used to compute the LEs. As the LEs are defined as a limit, with this
classical technique, it takes a long time to ensure a good approxima-
tion of the LEs. Therefore, with DL, it takes less integration time to
approximate the full LEs spectrum.

In Fig. 3, from left to right, the analyses of LE1, LE2 and LE3
are depicted. In the first row, the results obtained with the classical
technique in [1] are represented, the second row corresponds to the DL
prediction, and in the third row the signed difference between the value
given by classical techniques and DL is studied. To obtain the plots in
first and second rows, black is assigned to LEs with a value around
0, a gray scale is used for negative values (different gray scales have
been used in the colorbars for a better interpretation: in all panels white
is assigned to the smallest colorbar value in the negative range and a
sufficiently dark gray is assigned to the largest colorbar value), and a
warm color gradation is used for positive values. Moreover, a minimum
and a maximum value are fixed for each LE (that means that, for
example, for the case of LE1, LEs of magnitude greater than 2.5 are rep-
resented with the same color as Lyapunov exponents of magnitude 2.5,
those with magnitude less than −1.5 are in the same color as those of
magnitude −1.5, and the intermediate values follow the aforementioned
gradation). The choice of such minimum and maximum values does not
affect the results since it is a usual way of representation for LEs. The
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Fig. 3. 2D analysis of Lyapunov exponents in the Lorenz system (𝜎 = 10) when training with non-random data (Huber loss value [0.115 ± 0.005]). From left to right, LE1, LE2 and
LE3 analyses are depicted. From top to bottom, results with classical techniques, with DL techniques, and signed differences between both approximations (classical values minus
DL values). The lines in the top-left panel correspond to 𝑟-parametric lines from which the training data (light green) and the validation dataset (dark green) are obtained. (See
the text for more details.).
third-row plots show the signed difference between the LE obtained
with classical techniques minus the approximation obtained with DL.
Dark red represents positive differences greater than or equal to 2,
fading to white as they approach zero. Blue intensifies with increasing
negative differences, with dark blue indicating values less than or equal
to −2.

At first glance, comparing the graphical results of first and second
rows in Fig. 3 obtained with classical and DL techniques, it can be seen
that, even predicting only with the short time series of the first variable
𝑥 of the Lorenz system, DL is able to reproduce quite well the magnitude
of all the LEs. For all three LEs, the regions where the network seems
to fail the most are the right boundary of the right chaotic region, and
the upper right corner. At this boundary, a long transient chaos occurs.
As it can be seen in the third row of Fig. 3, the DL approximations
for the first LE are really good (soft colors correspond to positive or
negative differences close to 0). For the remaining two LEs, the largest
differences (dark blue and dark red) are in the right part (transient
chaos) of the biparametric plane. Despite these small areas with non-
precise approximations due to the short temporal dynamics of the time
5 
series, DL predictions would allow to perform a first dynamical analysis
of the represented biparametric plane providing useful qualitative and
quantitative approximations of the LEs. The Huber loss value is [0.115 ±
0.005], not a large value considering the demanding task.

Fig. 4 assets the quality of the prediction of the three Lyapunov ex-
ponents (LEs) with respect to the traditional methods [1]. The absolute
differences between the LEs estimated by the classical algorithm and
the CNN are computed. The proportion of samples within each error
interval—[0, 0.05], (0.05, 0.1], (0.1, 0.5], and (0.5,+∞)—is determined,
and each interval is assigned a color (green, blue, yellow, and red,
respectively) as indicated in the legend at the bottom of the figure,
resulting in the final error plots.

For LE1 (left panel) the largest errors are committed for LE1 ≤ −0.4.
As already mentioned in the 1D analysis, such LE values correspond
to equilibrium points whose LE magnitude is not significant at all for
a dynamical study. It is remarkable that for |LE1| around 0, for more
than half of the samples, the error is less than or equal to 0.05. For
LE1 > −0.4 in almost all samples, such prediction error is less than
or equal to 0.5. Taking into account that the prediction is performed
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Fig. 4. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 3) of the Lorenz system when training with non-random data. From left to
right, LE1, LE2 and LE3 results are depicted. The color code is shown at the bottom. (See the text for more details.).
using a short time series of only one system variable, and without any
additional dynamical information, the predictions are quite accurate.
For LE2 (middle panel), perhaps the most important LE magnitude
values for a dynamical analysis are those around 0, which can provide
some insight into, for instance, period-doubling bifurcations. The error
analysis indicates that for |LE2| around 0, for 40% of the samples the
prediction is performed with an error no larger than 0.05. Finally, the
errors in the LE3 prediction (right panel) are quite good since for all
LE intervals the error is less than or equal to 0.5 in more than 20%
of the samples and this is a difficult approximation. We conclude that
this DL technique allows us to predict all LEs with only one short single-
variable time series, and no other dynamical information of the system,
with a good approximation (to the best of the authors’ knowledge,
using other techniques only the MLE is obtained when just one variable
information is used).

3.2. Random data

In Section 3.1, we assumed that we already have the Lyapunov
exponents values in a few parametric lines and used such data for
training and validation. Now we assume that we do not have any
previous Lyapunov exponents data and hence we have to generate
it to train the neural network. Therefore, we consider random data
along the entire parametric plane that we want to study in detail. For
this approach, we randomly choose 24,000 (𝑟, 𝑏)-values (𝜎 = 10) with
𝑏 ∈ [2, 3] and 𝑟 ∈ (0, 300], and we obtain the 𝑥-time series (then,
similar samples are removed, and the remaining ones are normalized).
Finally, 8000 samples are randomly chosen for training (batch size 128),
2000 for validation (batch size 100), and 2000 for test (batch size 100).
Notice that again only 8000 samples are directly related to training.
The network architecture is the one presented in Section 2.1.

The value of the Huber loss for training dataset is [0.054 ± 0.003]. The
corresponding values for validation and test datasets are [0.052 ± 0.003]
and [0.057 ± 0.003], respectively. Note that the mean and standard
deviation values are sufficiently small for all datasets. Although the
value of the test mean is larger than this one for training, we consider
that the difference is not significant enough to confirm that the DL
technique suffers from overfitting. Therefore, it can be concluded that
the training process has been successful. As indicated for the non-
random case, the data used for the analyses with the trained CNN are
just time series of 𝑥-variable of length 1000.
6 
Fig. 5. 1D analysis (𝜎 = 10, 𝑏 = 2.2) of the Lyapunov exponents in the Lorenz system
when training the CNN with random data (Huber loss value [0.055 ± 0.003]). The LEs
obtained with classical techniques are in black, and the results given by DL are in
red (mean value of the predicted values with the 10 networks) and green (interval
[mean± standard deviation (std)] obtained with the prediction of the 10 networks).
The orange and purple shaded regions correspond to the zones where the DL technique
seems to give worse results. The blue shading is used in a comparison with the analysis
in Fig. 2.

3.2.1. 1D analysis
As a first test, we consider the study of a one-parameter line. In

Fig. 5, the CNN trained with random data from the (𝑟, 𝑏)-parametric
plane has been used for the LEs approximation in one 𝑟-parametric
line (𝜎 = 10, 𝑏 = 2.2 and 6000 equidistant 𝑟-values in (0, 300]) of such
plane. As in Fig. 2 (non-random case), in top panel LE1 is shown, LE2
is in the middle panel, and finally, in the bottom panel, LE3 is studied.
The value of the Huber loss is [0.055 ± 0.003]. The mean and standard
deviation values are small, so we can confirm that the prediction task
was successful.

As in the case of non-random data (see Section 3.1, Fig. 2), the
orange part (equilibrium points, EPs) and the purple one (transient
chaos) are those where the network seems to fail the most. However,
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if we compare the results obtained with each data creation technique,
it can be seen that training with random data can give more accurate
esults in the critical region shaded in purple: in LE1 the variability is
maller, and in LE2 and LE3, the shape followed by the DL results is
ore similar to that of the ground truth. This is an expected fact as
 random sweep to create the training data allows to obtain a greater
ariability in the dynamical behavior for training than restricting to
nly a few 𝑟-parametric lines.

Outside of these problematic regions, the LE predictions of the CNN
rained with random data are accurate and with small variability. Let
s compare the results in these zones with those in Section 3.1 (Fig. 2).

Taking into account the graphical representations, the predictions of
LE1 and LE3 seem to present no major differences. However, in the
prediction of LE2 it is remarkable that the random case allows the
network to predict more accurately and with less variability the LEs
in the blue shaded region (a magnification of this zone is shown in
the figure). According to the loss function value, the predictions of the
random case are better than the ones of the non-random approach as
the loss interval [0.052, 0.058] is closer to the origin than [0.086, 0.096].

3.2.2. 2D analysis
Now we show the results of applying the trained CNN for LEs

rediction in an (𝑟, 𝑏)-parametric plane (𝜎 = 10, 1000 equidistant values
or 𝑟 ∈ [0, 300] and 1000 for 𝑏 ∈ [2, 3]). Fig. 6 is equivalent to Fig. 3,

but now the CNN trained with random data has been used. Notice that
only 8000 samples were taken for training (and 2000 for validation)
from the (𝑟, 𝑏)-parametric plane in the figure. As in the non-random
case, to compute the time series used by the DL technique, a transient
ntegration is performed for 1000 time units and then the integration

is continued for 100 more time units (fixed time step 0.01). The input
time series of length 1000 of the CNN are constructed with 1 out of
every 10 of the last integration points. Note that, with respect to the
classical technique of LEs, less time is needed to obtain the time series
used by the CNN to calculate the full LEs spectrum.

In Fig. 6 we compare the results obtained with classical and DL
echniques, and it can be seen that, even predicting only with the first
ariable 𝑥 of the Lorenz system, DL is able to reproduce quite well
he LEs study of this region. At first sight, only the right boundary
f the right chaotic region seems to present possible errors as it is
lurred. This is the zone where transient chaos occurs and DL is
xpected to fail. However, if we compare it with the corresponding
oundary in the non-random case (see Fig. 3), it can be seen that the
uality of the DL prediction is better for all LEs when random dataset
s used. In fact, this improvement occurs throughout the parametric
lane in general. For example, the upper right corner whose values
here incorrectly predicted in the non-random case (see Fig. 3) is now

orrectly represented. With a deeper visual analysis, the reader may
notice that in the LE2 approximations, the predictions of the random
case can help to detect some bifurcation lines (or dynamical changes)
hat the non-random technique did not allow (or not so clearly). For
nstance, the thin black line around the 𝑟 parameter values between
150 and 200 (in the middle of the two large chaotic regions) in the LE2
classic panel appears in the DL panel of Fig. 6 for large values of 𝑏
and there is a darker gray line for smaller ones. In Fig. 3 this change
cannot be seen so clearly. Another example is the black line around 𝑟
parameter values between 250 and 300. In the non-random case, there
are some black segments that do not give a clear idea of a continuous
line. However, for the random prediction, even when black is almost
ot present, a continuous darker gray line highlights it. Regarding the

signed difference between classical and DL approximation (third row of
Figs. 3 and 6), we can see that the sign of the difference is, in general,
he same for non-random and random cases (same regions with red,
hite and blue colors), although the magnitude is considerably reduced
ith random approach in the right zone of the biparametric plane. The
alue of the Huber loss for this random case is equal to [0.079 ± 0.006].
7 
This interval [0.073, 0.085] is closer to zero than the one of the non-
random data case [0.110, 0.120], so the results are more accurate for
he random case as already shown in the 1D analysis.

In the second row of Fig. 7 an error analysis equivalent to that in
Fig. 4 is given for the random case. For LE1 (left panel), as in the non-
random case, the largest errors occur for LE1 ≤ −0.4. It is remarkable
that for |LE1| around 0, for about 60% of the samples, the error is
less than or equal to 0.05 (little improvement over the non-random
case). For LE1 > −0.4 the error is less than or equal to 0.5 for almost
100% of the samples. For LE2 (middle panel) and LE3 (right panel)
the advantage of training with random data instead of non-random
is notable. For LE2, when the values are around 0, the percentage
of samples with an error less than or equal to 0.05 is 40% in non-
random case and more than 60% in the current case. For LE3, the
results are better in the random case. Notice that these predictions are
quite good considering that the network did not have much information
for training and, to the best of the authors’ knowledge, there is no other
technique able to approximate LE3 under these conditions.

To complement this analysis, in the first row of Fig. 7, we have
drawn on the (𝑟, 𝑏)-parametric plane the error value for each time
series (following the color code of the bar plots). Such representation
allows to identify the regions with each magnitude of error in the
approximation of the LEs. Note that the largest error (red color for
errors in the interval (0.5,+∞)) is concentrated mainly for the three LEs
in the left part of the plane (that corresponds to equilibrium points), in
the boundary regions, and in the right part (where transient chaotic
dynamics is present). As explained before, these are zones where the

orst approximations are expected to occur. However, the green color
error less than or equal to 0.05) is the predominant one despite the
emanding task.

With all the studies performed on the Lorenz system, it can be
concluded that a good LE analysis can be performed with DL whether
non-random or random data is used for training (the latter providing
better results). It is important to highlight that a small number of short
time series are used for training (only 8000 for training, and 2000 more
for validation, of length 1000), and only the 𝑥-variable of the system
is used, making this a simple but powerful technique. Moreover, it is
lso a fast technique. As indicated in the part Lorenz system of Table 2,

it takes less than 1 h and 40 min to compute a biparametric analysis
from scratch with DL on the Lorenz system. Around 36 min (36% of
he total time used by the DL process) are needed to obtain the raw
ata that will be used to create training, validation and test datasets
CPU with parallel computing). Less than 40 min (40% of the total
L time) are spent on data selection (CPU), that is, preparing data
nd creating the three mentioned datasets. To train one CNN (CUDA
ith PyTorch) less than 10 min (10% of the total DL time) are used

the results in the paper are obtained from 10 randomly initialized
NNs, but as the standard deviation of the loss function is small, and
s in the 1D case the variability seems to be small, it is expected that
sing a single trained CNN will be sufficient to obtain good results).
inally, around 14 min are used to obtain the full LEs spectrum with
he trained CNN in a biparametric plane with dimension 1000 × 1000:
nly around 3 s are spent on the network prediction performed in
UDA with PyTorch, and the remaining time is used to obtain the time
eries used as input to the network (CPU with parallel computing for
ome computations). Notice that most of the time used by DL (76%) is
ocused on obtaining suitable data to train the network properly. With
lassical techniques (CPU with parallel computing), around 25 h are
eeded to perform such biparametric analysis. Therefore, comparing
oth techniques (classical and DL), with DL, time is reduced by 93.3%
pproximately. In fact, once the network has been trained, the time
eeded to obtain the biparametric analysis is less than 1% of the time
sed by classical techniques. Furthermore, if the time series are given
nd only the LEs are computed with the CNN, it only takes 3 s to obtain
he full LEs spectrum of the system.
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Fig. 6. 2D analysis of Lyapunov exponents in the Lorenz system (𝜎 = 10) when training with random data (Huber loss value [0.079 ± 0.006]). From left to right, LE1, LE2 and LE3
analyses are depicted. From top to bottom, results with classical techniques, with DL techniques, and signed differences between both approximations (classical values minus DL
values). (See the text for more details.).
Table 2
Time analysis for an LE biparametric study with DL and classical techniques. Top: Approximate time needed to perform a biparametric analysis with DL from scratch for the classic
Lorenz system and a coupled Lorenz system. For each system, the left column corresponds to the time needed for each DL task (total time is given in the last row), the middle
column is for the percentage of time involved in each DL task, and the right column is dedicated to show the percentage of time used by DL with respect to the time needed by
the classical technique of LEs for the same analysis. Bottom: Table with the approximate time used by the classical technique of Lyapunov exponents for both systems and the
same biparametric analysis. Same meaning for the columns as explained for DL.
DEEP LEARNING Lorenz system Coupled Lorenz system

Time % w.r.t. DL % w.r.t classical Time % w.r.t. DL % w.r.t classical

Creation of raw data 36 min 36% – 68 min 49.275% –

Data selection 40 min 40% – 44 min 31.884% –

Training one CNN 10 min 10% – 10 min 7.246% –

Biparametric analysis. Data 14 min 14% 0.933% 16 min 11.594% 0.494%

Biparametric analysis. Prediction 3 s 0.05% 0.003% 3 s 0.036% 0.002%

Total time 1 h 40 min 100% 6.667% 2 h 18 min 100% 4.259%

CLASSICAL TECHNIQUE LEs Lorenz system Coupled Lorenz system
Time % w.r.t. DL % w.r.t classical Time % w.r.t. DL % w.r.t classical

Biparametric analysis. Whole process 25 h – 100% 54 h – 100%
8 
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Fig. 7. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 6) of the Lorenz system when training with random data. From left to right,
LE1, LE2 and LE3 results are depicted. The first row corresponds to the errors represented in the parametric plane. In the second row, the bar plots display the errors associated
with different intervals of Lyapunov exponent values. The color code is shown at the bottom. (See the text for more details.).
4. LEs approximation for the coupled Lorenz system

In this section, the two approaches used for the Lorenz system to
approximate the full LEs spectrum with DL (and only single-variable
time series) are applied to the system obtained by coupling two almost
identical Lorenz systems (see Eq. (2)). Remember that in the first
approach (non-random case) a CNN is trained using time series of a
few 𝑟-parametric lines, and in the second one (random case), the same
architecture is trained from scratch using information with random pa-
rameter values from an (𝑟, 𝑏)-parametric plane. As already mentioned,
these two approaches will show that DL techniques can be used to
extend a partial classical study of the system (first approach) or to do
the analysis from random data (second approach). The performance of
both approaches in approximating the LEs in the coupled Lorenz system
will be compared. Moreover, we will show that DL techniques allow
to locate hyperchaotic behavior and to find regions with invariant tori
using only one variable of the system (in this case, 𝑥1).

The architecture of the CNN used for this task (in both approaches)
is the one presented in Section 2.1. The training, validation and test
datasets from the coupled Lorenz system for both approaches are
obtained in an equivalent way to how such sets are constructed for
the isolated Lorenz model (see Section 3). The initial conditions are
(𝑥1, 𝑦1, 𝑧1, 𝑥2, 𝑦2, 𝑧2) = (1, 1, 1, 1, 1, 1), the coupling parameters 𝜆1 and 𝜆2
are set to 0.1, and the time series used by DL will be 𝑥1-time series.

In the non-random approach, the value of the Huber loss for the
training dataset is [0.016 ± 0.002]. For the validation and test datasets,
the value of the loss function is [0.048 ± 0.001] and [0.056 ± 0.004],
respectively. Although the mean value for the test set is a little larger
than the corresponding value for the training set, we consider that
the difference is not sufficiently large to discard the network due to
9 
overfitting. In the random approach, the value of the Huber loss for
training, validation and test datasets is [0.024 ± 0.003], [0.024 ± 0.004]
and [0.023 ± 0.003], respectively. Notice that the mean and standard
deviation values are small enough for all three datasets.

As the study we perform on the coupled Lorenz system is quite
similar to that performed on the Lorenz system in Section 3, for sim-
plicity, we present together the results obtained with both approaches.
In Section 4.1 and Section 4.2, 1D and 2D analyses are performed with
both approaches to show that the approximation of the full LEs spec-
trum of a high-dimensional system using DL and short (length 1000)
single-variable time series is possible. Moreover, in Section 4.3 we use
the approximation of the LEs to perform a dynamics classification of a
biparametric plane.

4.1. 1D analysis

In Fig. 8, the trained CNN has been used to obtain the LEs approx-
imation of an 𝑟-parametric line with 𝑏 = 2.2, 𝜎 = 10 and 𝜆1 = 𝜆2 =
0.1 (6000 equidistant 𝑟-values in the range [0, 300] are considered).
Note that this line is parallel to the 𝑟-parametric lines used in the
non-random approach to create the training and validation datasets
(see top-left panel of Fig. 9 where light green 𝑟-parametric lines are
the ones used for the training dataset, and dark green one is for the
validation set). The panels in the left column of Fig. 8 correspond to the
approximation of the full LEs spectrum obtained with the non-random
approach, and those on the right show the results of the random
approach. In all panels, the ground truth of the LEs (computed with
the algorithm in [1]) is in black, the mean of the predicted values
with the 10 networks is in red, and the variability (i.e., the interval
[mean± standard deviation (std)] obtained with the prediction of the



C. Mayora-Cebollero et al. Physica D: Nonlinear Phenomena 472 (2025) 134510 
Fig. 8. 1D analysis (𝜎 = 10, 𝑏 = 2.2, 𝜆1 = 𝜆2 = 0.1) of the Lyapunov exponents in the coupled Lorenz system when training the CNN with non-random data (left column) and
random data (right column). The Huber loss value in the non-random approach is [0.274 ± 0.023], and in the random approach it is [0.273 ± 0.027]. The LEs obtained with classical
techniques are in black, and the approximations given by DL are in red (mean value of the predicted values with the 10 networks) and green (interval [mean± standard deviation
(std)] computed with the prediction of the 10 networks). Orange shading corresponds to equilibrium points (EPs) where the network is expected to fail. Blue shading is used to
compare non-random and random approaches.
10 networks) is in green. The value of the Huber loss is [0.274 ± 0.023]
in the non-random case, and [0.273 ± 0.027] in the random approach.

At first glance, in Fig. 8 we can observe how both DL approaches
provide very good approximate values of the six Lyapunov exponents
using just short single-variable time series! The interval with con-
vergence to an equilibrium point (orange shaded region) is the zone
where the DL technique seems to provide the worst results for both
approaches. As indicated for the Lorenz system, inexact results can be
expected in this region due to the normalization rule. However, as the
LEs of this type of dynamics do not provide useful information beyond
the negative sign in the first exponent, we can consider that the DL
prediction has been successful in this part as well.

Comparing both approaches, we observe that training with random
data gives more accurate results in the right part of the line (blue
shading): the DL results for the last four Lyapunov exponents are closer
to the ground truth values and the shape is more similar. As in the
Lorenz system, using a random sweep to create the training data allows
to obtain more variability in the dynamical behavior for training (and
therefore better approximations of the LEs spectrum) than restricting
this data to only a few 𝑟-parametric lines.
10 
In any case, the CNN that was trained only with a small num-
ber of 𝑥1-time series is able to predict the full LEs spectrum, giving
correct values with only a small variability, using both non-random
and random training data. This is a remarkable result, since only
short single-variable time series are sufficient to approximate all six
Lyapunov exponents using a properly trained CNN, and, to the best of
the authors’ knowledge, this is not possible with other techniques.

4.2. 2D analysis

In this subsection we use the trained CNN to perform a biparametric
analysis of the coupled Lorenz system. In Fig. 9 (non-random approach)
and Fig. 10 (random approach) we have the LEs study (with classical
and DL techniques) and the signed difference between the approxi-
mations of both methods for the (𝑟, 𝑏)-parametric plane with 𝜎 = 10,
𝑟 ∈ [0, 300], 𝑏 ∈ [2, 3] and 𝜆1 = 𝜆2 = 0.1 (1000 point values for each
varying parameter, which makes a total of 106 points). These figures
are equivalent to Fig. 3 (non-random approach) and Fig. 6 (random
approach) of the Lorenz system (same explanation for the gradation
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of the colorbars). As in the isolated system, to obtain the time series
used as input by the DL technique, a transient integration is performed
for 1000 time units and then the integration is continued for 100 more
time units (time step 0.01 for the whole integration). The CNN input
time series of length 1000 are built with 1 out of every 10 of the last
integration points. Therefore, with respect to classical techniques, less
integration time is needed to approximate the full LEs spectrum.

From Figs. 9 and 10 we can observe how the DL technique seems to
ork correctly for both approaches. The non-random approach shows
orse approximations in the transition areas from regular to chaotic
ehavior and vice versa, but in any case the overall result is quite
ood taking into account the demanding task. The Huber loss value for
his biparametric plane in the non-random case is [0.046 ± 0.002], and
or the random approach it is [0.023 ± 0.004]. In both cases the mean
alue and standard deviation are small, indicating that the process has
een successful. It is remarkable that even using only a small number
f short single-variable time series (and without additional dynamical
nformation), the approximation for all LEs (in both approaches) is
imilar to that provided by the classical technique (which uses more
ntegration time and all system variables). This good approximation
ill allow to perform dynamics classification to determine, for example,
yperchaotic regions (see Section 4.3).

In Fig. 11 (non-random approach) and in the second and fourth
rows of Fig. 12 (random approach), we have the error analysis of each
pproach. Such analyses are equivalent to the ones in Fig. 4 (non-
andom approach) and the second row of Fig. 7 (random approach)

for the isolated Lorenz system. As in the Lorenz system case, these
nalyses are given separately for each Lyapunov exponent. For each
xponent, the samples are divided into different groups according to
heir LE value given by the classical technique (see the LE intervals on
he horizontal axis of the plots). For each LE interval, the percentage
f samples belonging to each of the error intervals ([0, 0.05], (0.05, 0.1],
0.1, 0.5] and (0.5,+∞)) is calculated and a color is assigned to each
rror interval (green, blue, yellow and red, respectively). As expected,
he advantage of training with random instead of non-random data is
emarkable for the performance of the Lyapunov exponents approxi-
ation: the percentage of samples whose error is larger that 0.5 (red

olor) is considerably lower for the random case. For both approaches,
he approximation is better for LE1 and LE2 (error is less than or equal
o 0.5 in almost 100% of the samples), but the results for the remaining
Es are still surprising considering that the six LEs are obtained only
rom single-variable time series.

To enhance the error analysis, in the first and third rows of Fig. 12
we have drawn in the (𝑟, 𝑏)-parametric plane, for the random case, the
error for each time series (same color code as in the bar plots). With
this representation we can identify the regions with each magnitude
of error in the LEs approximation. Notice that the red color (largest
possible error interval) is not visible in the graphical representation of
the first two LEs, and for the remaining LEs it is present mainly in the
right part of the biparametric plane. In general, for all LEs, the green
olor (smallest error) is the predominant one.

From the studies performed on the coupled Lorenz system, it can
e concluded that a good LE analysis is obtained with DL whether
on-random or random data is used for training (the second approach
rovides better results). It is remarkable that a small number of short
length 1000) time series have been used for training (8000 samples for
raining, and 2000 more for validation), and that only one of the six
ariables of the system is used (without other dynamical information).
herefore, this is a simple but powerful technique. In addition, it is
lso a fast technique. As indicated in the Coupled Lorenz system part of

Table 2, to obtain a biparametric analysis (of this coupled Lorenz sys-
tem) from scratch with DL, approximately 2 h and 18 min are needed.
About 68 min (49.275% of total DL time) are spent on obtaining the
raw data used later to create training, validation and test datasets (CPU
with parallel computing). It takes less than 44 min (31.884% of total

time used by DL process) to perform data selection, i.e., to prepare

11 
the data and to create the three mentioned datasets (CPU). To train
ne CNN (CUDA with PyTorch), about 10 min (7.246% of total DL

time) are used (as already indicated for the isolated Lorenz system,
he results in the paper are obtained from 10 randomly initialized

CNNs, but as the results obtained for this coupled system are good and
with small variability, it is expected that using a single CNN will be
sufficient to obtain good results). Finally, it takes around 16 min to
obtain the full LEs spectrum on a biparametric plane with dimension
000 × 1000 using the trained CNN: only 3 s (0.036% of the total DL

time) are needed for the network prediction on CUDA with PyTorch,
the remaining time (11.594% of total DL time) is used to compute
the time series used as network input (CPU with parallel computing
for some calculations). With classical techniques (CPU with parallel
computing), it takes almost 54 h to obtain such biparametric analysis.
So, comparing both techniques (classical and DL), with DL the time is
reduced by approximately 96%. In fact, once the network is trained,
the time needed to obtain the biparametric analysis is less than 0.5%
of the time used by classical techniques. Moreover, if the time series
are given and only the LEs need to be computed with the trained CNN,
it only takes 3 s to obtain the full LEs spectrum of the system.

4.3. Dynamics classification

Finally, in Fig. 13 we use the LEs approximation obtained with DL
(random approach) to study different dynamical regimes that can be
found in the parameter space of the coupled Lorenz system (comparing
the results with those given by classical techniques).

In panels (A1) and (A2), we can see the study of Lyapunov expo-
nents with classical and Deep Learning techniques (random approach),
respectively, in the (𝑟, 𝑏)-parametric region analyzed in Section 4.2.
Each color range corresponds to a different dynamical regime (see col-
rbars above). To obtain these analyses, we have used the approximate

value of the LEs (given by each technique) to classify the dynamics and
we have chosen the most appropriate LE to represent in each case. In
particular, for classification with both techniques (classical and DL),
the threshold 0.1 is used in such a way that if LE ∈ [−0.1, 0.1], then
the LE value is considered to be zero (notice that the definition of LEs
involves a limit, so it is necessary to set a threshold). The region with
tori is marked with blue gradation and the value of the third LE is
epresented (notice that the first and second LEs are 0 in this case).
he red and green gradations coincide with chaotic and hyperchaotic

dynamics, respectively (the value of the first LE is drawn in both cases).
The yellow part corresponds to the case where the dynamics evolves to
an equilibrium point (EP). Note that less information is used in the DL
approximation (only single-variable time series that are shorter than
he ones used by classical techniques), but all regions are well defined
nd correspond to those indicated by the LE approximation given by
lassical techniques.

In panels (B1) and (B2), we have represented the first (black),
second (red), and third (purple) LE of the 𝑟-parametric line studied
in Section 4.1 given by the classical and DL (random approach) tech-
niques, respectively. Note that this line is the dashed dark purple line
n panels (A1) and (A2), so we are going to analyze the LEs value to

verify the behavior represented in these biparametric panels. From left
to right, a region of equilibrium points is found (first LE is negative
and corresponds to the yellow region in panels (A1) and (A2)). Then,
a small chaotic zone is identified since the first LE is positive and
the second one is zero (red region in panels (A1) and (A2)). Later, a
large hyperchaotic region is represented (first two LEs are positive)
that coincides with the green region in panels (A1) and (A2). Next,
a small chaos-torus-chaos zone is shown. Note that the torus region
corresponds to the blue part of panels (A1) and (A2), and with the
first two LEs equal to zero. Finally, there is a large hyperchaotic region
followed by a small chaotic region and a large part with tori. Notice that
all these different zones are clearly identifiable in panel (A2) obtained

with DL.
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Fig. 9. 2D analysis of Lyapunov exponents in the coupled Lorenz system (𝜎 = 10, 𝜆1 = 𝜆2 = 0.1) when training with non-random data (Huber loss value is [0.046 ± 0.002]). The
analyses of the six LEs of the system are depicted for classical and DL techniques. The signed difference between classical and DL approximations is also studied. The lines in the
top-left panel contain the data used to create the training data (light green) and the validation dataset (dark green). (See the text for more details.).
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Fig. 10. 2D analysis of Lyapunov exponents in the coupled Lorenz system (𝜎 = 10, 𝜆1 = 𝜆2 = 0.1) when training with random data (Huber loss value is [0.023 ± 0.004]). The analyses
of the six LEs of the system are depicted for classical and DL techniques. The signed difference between the approximations given by each method is also studied. (See the text
for more details.).
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Fig. 11. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 9) of the coupled Lorenz system when training with non-random data. The
color code is shown at the bottom. (See the text for more details.).
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Finally, in panels (C1), (C2) and (C3), the main dynamics of this
biparametric region are represented (colored dots have been included
on the horizontal axis of panels (B1) and (B2) to locate the orbits on
the one-parameter line). In panel (C1), a 3D representation of a torus
(𝜎 = 10, 𝑏 = 2.2, 𝑟 = 280, 𝜆1 = 𝜆2 = 0.1) and its 2D projection are
drawn. In panel (C2), a 3D representation of a chaotic orbit (𝜎 = 10,
𝑏 = 2.2, 𝑟 = 17, 𝜆1 = 𝜆2 = 0.1) of the coupled Lorenz system is shown. In
panel (C3), a 3D representation of a hyperchaotic orbit (𝜎 = 10, 𝑏 = 2.2,
𝑟 = 210, 𝜆1 = 𝜆2 = 0.1) and its 2D projection are represented.

5. Conclusions

The Lyapunov exponents spectrum of a dynamical system is possibly
ne of its most fundamental properties as it permits to characterize the

dynamics of the system. Its computation can be highly computationally
expensive, especially if one focuses on a classification problem in a
parametric plane. But this information can provide a global overview
of the dynamics, so it is quite important.

In this paper, a well-known Deep Learning network (Convolutional
eural Network, CNN) has been built and trained to carry out the
pproximation of the full Lyapunov exponents spectrum of a dynamical
ystem. The training process is performed using as data only single-
ariable time series and the full Lyapunov exponents spectrum of a
mall number of points in the parameter space we want to study. Once

trained, the network only needs short time series of a single variable
of the system to approximate the LEs spectrum, which means a great
reduction in time and memory. The methodology has been applied to

two test problems: the Lorenz system and the coupled Lorenz system.

14 
For the Lorenz system, we have used the trained CNN to study the
behavior of an 𝑟-parametric line and an (𝑟, 𝑏)-parametric plane of the
parameter space. For the coupled Lorenz system, we study the behavior
on the corresponding 𝑟-parametric line and (𝑟, 𝑏)-parametric plane as in
the isolated Lorenz model, but now as the system has dimension six,
we use the network to approximate the six Lyapunov exponents. We
highlight that the training process uses just a few lines of one-parameter
data or a short number of random points to create a network capable of
performing biparametric studies. This is a remarkable result that shows
he power of DL techniques in dynamical systems studies.

For the biparametric study of the Lorenz system, it takes about 25 h
to perform such analysis with classical techniques, while with the CNN
less than 2 h are needed for the same task. A 93.3% of the time is saved

ith DL techniques (if time series are given, the prediction time is just
s). In the case of the biparametric study of the coupled Lorenz system,

t takes almost 54 h to obtain this analysis with classical techniques,
hile with the CNN just over two hours are necessary. Therefore, a 96%
f the time is saved with DL (if time series are given, the prediction time
s just 3 s).

We conclude that Deep Learning can be used not only to analyze the
ehavior (regular, chaotic or hyperchaotic) of a dynamical system, but
lso to quantify the values of the Lyapunov exponents spectrum, that
s, to go beyond a classification problem. Our results show that even
ense 2D parametric studies can be carried out in a very reasonable
ime using data from only a small portion of the global phase space.
owever, a deeper study would be necessary to know how far we can
o using these techniques in this and other dynamical systems tasks. In

summary, we have shown that inference of the full Lyapunov exponents
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Fig. 12. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 10) of the coupled Lorenz system when training with random data. The
first and third rows correspond to the errors represented on the parametric plane. In the second and fourth rows, the bar plots show the error for the six LEs. The color code is
in the box below. (See the text for more details.).
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Fig. 13. Study of different dynamics in the coupled Lorenz system. (A1)-(A2) (𝑟, 𝑏)-parametric study (𝜎 = 10, 𝜆1 = 𝜆2 = 0.1) of LEs with the classical and DL techniques (random
approach), respectively. Each color corresponds to different dynamics as indicated in the colorbars above: yellow for equilibrium points (EPs), blue for tori, green for hyperchaos,
and red for chaos. (B1)-(B2) 𝑟-parametric study (𝜎 = 10, 𝑏 = 2.2, 𝜆1 = 𝜆2 = 0.1) of the first, second and third LE with classical and DL techniques, respectively. This one-parameter
line is marked with the dashed dark purple line in panels (A1) and (A2). (C1)-(C2)-(C3) Representations of a torus (𝑟 = 280), a chaotic orbit (𝑟 = 17) and a hyperchaotic orbit
(𝑟 = 210), respectively (points on the horizontal axis in panels (B1) and (B2) locate the orbits in the parameter space). In all panels, the initial conditions are set to 1 for all the
variables.
spectrum from a short single-variable time series is possible and robust
with DL.
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