
PHYSICAL REVIEW RESEARCH 7, 013010 (2025)

Markov-bridge generation of transition paths and its application to cell-fate choice
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We present a method to sample Markov-chain trajectories constrained to both the initial and final conditions,
which we term Markov bridges. The trajectories are conditioned to end in a specific state at a given time. We
derive the master equation for Markov bridges, which exhibits the original transition rates scaled by a time-
dependent factor. Trajectories can then be generated using a refined version of the Gillespie algorithm. We
illustrate the benefits of our method by sampling trajectories in the Müller-Brown potential. This allows us to
generate transition paths which would otherwise be obtained at a high computational cost with standard kinetic
Monte Carlo methods because commitment to a transition path is essentially a rare event. We then apply our
method to a single-cell RNA sequencing dataset from mouse pancreatic cells to investigate the cell differentiation
pathways of endocrine-cell precursors. By sampling Markov bridges for a specific differentiation pathway, we
obtain a time-resolved dynamics that can reveal features such as cell types which behave as bottlenecks. The
ensemble of trajectories also gives information about the fluctuations around the most likely path. For example,
we quantify the statistical weights of different branches in the differentiation pathway to alpha cells.
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I. INTRODUCTION

In a world where computational capabilities are continually
expanding, stochastic simulations have become indispensable
tools, shedding light on myriad phenomena across physics,
chemistry, and biology. These simulations are crucial for
exploring processes such as the spontaneous folding and
unfolding of proteins [1], allosteric transitions [2], glassy
dynamics [3,4], the binding of molecules [5], and, more gener-
ally, for computing physical observables of complex systems
[6]. However, sampling realizations of stochastic processes is
fraught with challenges, particularly when it involves trajec-
tories that explore rare states.

For instance, in protein folding, although the total folding
time may be of the order of seconds, the time during which
the system effectively jumps from an unfolded state to the
folded state can be of the order of microseconds [7]. This
most interesting part of the trajectory, during which the system
effectively evolves from an unfolded state to the folded state,
is called the transition path. While the typical time between
folding-unfolding events is given by the Kramers time [8],
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which is exponential in the barrier height (also known as ac-
tivation energy), the duration of the folding process, denoted
as the transition-path time (TPT), is logarithmic in the barrier
height [9,10]. Computationally, sampling such transitions is
therefore very expensive since the majority of a simulation
is spent waiting for the rare event of interest to occur. And
yet, knowledge of the transition path ensemble is crucial to
the exploration of the dynamics of the system during the TPT,
including the monitoring of large conformational changes un-
dergone by the system [11,12].

Langevin bridges have been proposed as an elegant so-
lution to address such challenges [13–16]. They deal with
the problem of sampling realizations of a reference Langevin
dynamics (which is a diffusion process), starting in a certain
known configuration [e.g., x(ti ) = xi] and conditioned to end
in a known final state (or final states sampled according a
known distribution) in a given time tf [e.g., x(tf ) = xf]. In
fact, a Langevin bridge is a Doob transform of the reference
diffusion process. This transform was originally introduced
by Doob to study Brownian bridges [17], and later adapted to
deal with the conditioning of other stochastic processes (see
[18] and references therein), including Schrödinger bridges
[19–21]. The use of Doob’s transform with diffusion pro-
cesses has been receiving renewed attention in recent years
among the machine-learning community since it is founda-
tional to diffusion-based generative models [22–24].

While Langevin bridges are associated to a reference
stochastic process of a continuous variable, namely, a diffu-
sion process, in this work, we are interested in the sampling
of stochastic bridges associated to a reference process of a
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discrete variable, namely, a discrete jump Markov process.
We call them Markov bridges. Comparatively, the sampling
of Markov bridges has received limited attention [25,26].
We derive Markov bridges from a master equation, which
requires that transition rates between discrete states be given.
We then show how Markov bridges can be efficiently sampled
with kinetic Monte Carlo. The main difficulty in the practical
implementation of our approach resides in the calculation of
the transition probability P(αf, tf|α, t ) from a state α towards
the final state αf over the duration tf − t , which requires the
evaluation of a matrix exponential. Yet we will show through
several examples that this problem can be overcome. In par-
ticular, in the context of developmental biology, we will use
Markov bridges to investigate the dynamics of cell differenti-
ation.

This article is organized as follows. In Sec. II, we introduce
our framework and we derive a modified Gillespie algorithm
to sample Markov bridges. In Sec. III, we show several appli-
cations of our method. Specifically, in Sec. III A, we validate
our method by applying it to the case of diffusion on the
one-dimensional (1D) lattice, for which analytical results are
available. In Sec. III B, we illustrate the benefits of Markov
bridges for rare-event statistics by sampling transition paths
on a widely used benchmark potential. Finally, in Sec. III C,
we apply our method to the investigation of cell-fate dynamics
by sampling developmental trajectories for the differentiation
of pancreatic endocrine-cell precursors. We conclude by dis-
cussing the strengths and limitations of our approach, and we
put our work in context with respect to the existing body of
literature in Sec. IV. The appendices provide additional details
on the numerical algorithms, some analytical computations
and clarifications on the statistical treatment of trajectories
and of the transition-path time, and the procedure to compute
transition rates in the application of our method to cell-fate
dynamics.

II. MODEL

A. Master equation of a Markov bridge

Let us consider a system with N discrete states, namely,
�1, N� = {1, 2, . . . , N}. For any pair of states (α, β ) ∈
�1, N�2, we introduce the transition rate Wαβ , such that the
probability to jump from state β to state α during an in-
finitesimal time interval is P(β, t → α, t + dt ) = Wαβdt . The
time evolution of the probability to be in state α at time t
conditioned to the initial state αi at t = 0, namely, Pα (t ) =
P(α, t | αi, 0), is described by the master equation [27]

dPα (t )

dt
=

∑
β

[WαβPβ (t ) − WβαPα (t )]. (1)

Let us now introduce the probability to be in the final state
αf at time tf conditioned to being in state α at time t , namely,
Qα (t ) = P(αf, tf | α, t ). Because of the Markovian nature of
Eq. (1), the following relation is satisfied:

∑
α Pα (t )Qα (t ) =

P(αf, tf|αi, 0). This is called the Chapman-Kolmogorov iden-
tity (CKI) [27]. Differentiating the CKI with respect to t yields
zero on the right-hand side, and dPα/dt can be eliminated
using Eq. (1). The resulting sum over states α and β can be

relabeled and factorized to give the backward master equation,

dQα (t )

dt
=

∑
β

Wβα[Qα (t ) − Qβ (t )]. (2)

Both Eqs. (1) and (2) can be solved, and the formal solu-
tions are given by

P(t ) = etWP(0),

Q(t ) = e(tf−t )WT
Q(tf ),

(3)

where we introduced the W matrix [27] with entries,

Wαβ = Wαβ − δαβ

∑
γ

Wγα. (4)

B. Bridge master equation

We aim to generate bridges between states (αi, 0) and
(αf, tf ). We therefore express the conditional probability to be
in state (α, t ) given the aforementioned initial and final states,

Rα (t ) = P(αf, tf | α, t )P(α, t | αi, 0)

P(αf, tf | αi, 0)

= 1

Z
Pα (t )Qα (t ), (5)

where Z is a normalization factor ensuring that
∑

α Rα (t ) = 1.
Differentiating the previous equation, and using Eqs. (1) and
(2), we obtain the master equation satisfied by Rα (t ),

dRα (t )

dt
=

∑
β

[Vαβ (t )Rβ (t ) − Vβα (t )Rα (t )],

Vαβ (t ) = Wαβ

Qα (t )

Qβ (t )
. (6)

Equation (6) is very similar to the master equation in
Eq. (1), except that the original transition rates are scaled
by a time-dependent factor Qα (t )/Qβ (t ). When tf − t � 1,
Qα (t ) → Pαf (∞) = παf (the stationary distribution), and we
recover the nonbridge transition rates Vαβ (t ) → Wαβ . On the
other hand, when t → tf, we have Qα (t ) → δααf and thus for
all α �= αf the incoming transition rate vanishes,Vααf (t ) →
0, while the transition rate towards the final state diverges,
Vαfα (t ) → +∞. In between the aforementioned limiting
cases, the evaluation of the bridge transition rates requires
knowledge of Q(t ).

The stochastic process defined through Eq. (6) is akin to
a Doob h-transform [17,18] of the original stochastic pro-
cess from Eq. (1) with the time-dependent function h(t, α) =
Qα (t ). The resulting stochastic process is called a driven
process, and it can be shown that its path measure only dif-
fers from the path measure of the original stochastic process
by a multiplicative constant, namely, Z = P(αf, tf|αi, 0). In
other words, the relative statistics of the paths is preserved.
When considering a stochastic process of a continuous state
variable (namely, a diffusion process), instead of Eq. (6), the
Doob h-transform results in the addition of a term propor-
tional to ∇ ln h(x, t ) to the drift, where h(x, t ) = P(xf, tf|x, t )
[13,18,21,23,28]. We also note that an expression similar to
Eq. (6) was proposed earlier [25,26], although they instead
considered that the driven process evolves from the final state
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towards the initial state, i.e., they used effective backward
rates (in time) instead of the effective forward rates Vαβ (t ).

C. Kinetic Monte Carlo implementation

To sample bridge trajectories according to Eq. (6), we can
adapt the original Gillespie algorithm [29] to the case of a
master equation with time-dependent transition rates [30].
Given a current state (α, t ), the probability to leave this state
in the infinitesimal time interval [t, t + dt] is

�α (t )dt =
∑
β �=α

Vβα (t )dt . (7)

It is convenient to introduce a random variable T repre-
senting the dwell time in state α. We define the cumulative
distribution function Ft (τ ) = P(T < τ ) and the survival
probability Gt (τ ) = 1 − Ft (τ ). The latter function satisfies the
ordinary differential equation (ODE),

dGt

dτ
(τ ) = −�α (t + τ )Gt (τ ), Gt (0) = 1. (8)

The distribution of T is therefore determined,

Ft (τ ) = 1 − exp

[
−

∫ τ

0
ds �α (t + s)

]
. (9)

We can generate T through the operation T = F−1
t (U ),

where U ≡ U (0, 1). This can be shown by noting that Ft (T )
is a uniform random variable between 0 and 1 [e.g., through
its cumulative distribution function P(Ft (T ) < u) = P(T <

F−1
t (u)) = u]. In practice, F−1

t is not tractable; therefore, we
solve for τ given a realization u,∫ τ

0
ds �α (t + s) + ln (1 − u) = 0. (10)

The left-hand side of Eq. (10) is strictly increasing with
τ so its root can be easily found with 0 < τ < tf − t . Since
Vαfα (t ) diverges as t → tf, �α (t ) also diverges as t → tf.
This ensures that there is always a solution. Eventually, we
can sample Markov bridges using a modified version of the
Gillespie algorithm in which jump events are determined by
solving Eq. (10) (see Appendix A and Algorithm 1 for a
pseudocode implementation).

So far, we have omitted giving any explanation on how to
compute the time-dependent transition rates Vαβ (t ), yet they
are the defining parameters of the bridge master equation,
given by Eq. (6). They require evaluating Q(t ), whose for-
mal solution given in Eq. (3) relies on the evaluation of a
matrix exponential, which can be computationally expensive
for large N . In this work, we decided to use the eigenvalue
decomposition of W to evaluate this matrix exponential.
While costly to compute, the eigenvalue decomposition W =
−UDiag(λ1, . . . , λN )U −1 (0 = λ1 < λ2 � · · · � λN ) is com-
puted only once and subsequently used every time Q(t ) needs
to be evaluated, as

Qα (t ) =
∑

k

Uαfk (U −1)kαe−λk (tf−t ). (11)

The Perron-Frobenius theorem ensures that λ1 = 0 is a
unique eigenvalue and that the associated eigenvector is

non-negative: πα = Uα1 � 0. The vector π is the sta-
tionary distribution of the Markov process represented in
Eq. (1). In general, W is a nonsymmetric matrix with
real non-negative entries, and the nonsymmetric eigenvalue
problem must be solved. When detailed balance is sat-
isfied, namely, Wαβπβ = Wβαπα , the matrix π−1/2

α Wαβπ
1/2
β

is symmetric and can therefore be efficiently diagonal-
ized, along with W. For large systems, the eigenvalue
decomposition of W (and most other matrix decompositions
of the form A = UBU −1) might be difficult to obtain since the
usual methods require O(N3) computing time. For such sys-
tems, one can still sample Markov bridges by first evaluating
Q(t ) at discrete-time points through numerical integration of
Eq. (2) and then using a standard method to sample Markov
chains (see Appendix A).

In this work, we have restrained ourselves to Markov
bridges connecting one initial state (αi, 0) to one final state
(αf, tf ). Yet, our method can easily be extended to final states
sampled according to a probability distribution 
. For exam-
ple, to generate bridges with equal probabilities to end in any
of L competing final states {α(l )

f }l=1,...L, Eq. (3) needs to be
solved with

Qα (tf ) = 
α

= 1

L

L∑
l=1

δ
αα

(l )
f

, (12)

and Eq. (11) must be modified to

Qα (t ) =
∑

β

∑
k


βUβk (U −1)kαe−λk (tf−t ). (13)

III. RESULTS

We now proceed to apply our method to several examples.
We start with diffusion on the 1D lattice. Although trivial,
since P(t ), Q(t ), and R(t ) can be computed exactly, it allows
us to validate our model by comparing the results of the simu-
lations to the theory. Second, we apply our method to sample
bridge trajectories to study the transition between two wells in
the Müller-Brown potential, which is widely used in physical
chemistry as a benchmark potential to investigate transition
paths in thermally activated processes. Theoretical results are
not available, yet this example will help us illustrate the ben-
efits of our method to sample rare events. Third, we illustrate
the interest of our method in studying cell fate. A longstand-
ing challenge in developmental biology is to reconstruct the
temporal sequence of cell differentiation (i.e., cell fate) to
understand commitment to competing cell types and to under-
stand how robust differentiation pathways are to fluctuations.
In recent years, single-cell RNA sequencing (scRNA-seq) has
emerged as a pivotal technique giving molecular information
about cell differentiation via high-throughput quantification
of RNA abundance within individual cells [31–35]. More
recently, RNA velocity methods [36–38], which estimate
the time derivative of RNA abundance, have become instru-
mental in analyzing the direction of dynamic developmental
processes involving cell-fate decisions. We leverage recent
computational tools [37,39,40] to compute effective transition
rates between cell “microstates” from RNA velocities, and we
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FIG. 1. Markov bridges for diffusion on the 1D lattice, with N =
256, α = 1, β = 0.5, ni = nf = 0, and tf = 100. (a) Four selected tra-
jectories. (b) The computed estimate for R(t ) (symbols) agrees with
the theoretical expression (solid lines), but is markedly different from
P(t ) that would be obtained with the nonbridge dynamics (dashed
lines). We show the distributions at times t = 1.5, 5.5, 10.5, 50.5.

sample Markov bridges as putative single-cell developmental
trajectories in pancreatic endocrinogenesis.

A. Validation with 1D diffusion

We first set out to validate our method by applying it
to diffusion on the 1D lattice, for which P(t ) and Q(t ) can
be expressed analytically. For this process, the master equa-
tion from Eq. (1) reads

dPn

dt
= αPn−1 + βPn+1 − (α + β )Pn, ∀n ∈ �1, N�, (14)

where n ∈ �1, N� denotes the state of a diffusing particle
being at position xn = n�x (�x is the lattice site size), and
α (β) is the forward (backward) transition rate. The diffusion
process is biased when α �= β. We consider periodic boundary
conditions, i.e., xN+1 = x1. We generated 1024 trajectories
using Algorithm 1, for which we used the following parame-
ters: N = 256, α = 1, β = 0.5 (hence the diffusion is biased),
ni = nf = 0 and tf = 100. In Fig. 1(a), we show four of those
trajectories.

Since P(t ) and Q(t ) can be expressed analytically, so can
the bridge probability distribution R(t ) (see Appendix B).
We can therefore compare this theoretical distribution to its
estimate obtained by averaging over the sampled trajectories.
For this purpose, we defined a time subdivision t j = j�t
for j ∈ �0, M�, such that tM = tf. The estimate of R(t j ) from
simulations is then

Rsim
n (t j ) = 1

Zj

∑
s

∑
(ns,ts )

δns,n1[t j ,t j+1[(ts), (15)

where the sum runs over all states (ns, ts) sampled in each
bridge trajectory with index s, and Zj is a normalization factor
ensuring that

∑
n Rsim

n (t j ) = 1. In Fig. 1(b), we computed Rsim

at t j = 1.5, 5, 5, 10.5, 50.5, with a subdivision size �t = 1.
We find that it agrees with the theoretical values of R(t ) (solid
lines). For comparison, we also show the theoretical values
of P(t ) (dashed lines), which are drastically different. There-
fore, the method used to sample Markov bridges successfully
recovers expected theoretical results.
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FIG. 2. (a) Markov bridges for the Müller-Brown potential, with
N = 4225, αi = A, αf = C, and tf = 1000. The 2D grid of mi-
crostates is represented with black crosses (+). The level lines of
the Müller-Brown potential are shown (thin solid black lines). We
also give the mean trajectory (thick black line). We show a selection
of trajectories going through (b) low- and (c) high-energy barriers.
See also Movie 1 [44].

B. Application to the Müller-Brown potential

The Müller-Brown potential [41,42] is a standard bench-
mark potential used to check the validity of methods for
generating transition paths. It is a two-dimensional (2D) po-
tential given by

U (x, y) =
4∑

j=1

d je
a j (x−x0

j )2+b j (x−x0
j )(y−y0

j )+c j (y−y0
j )2

, (16)

with

a = [−1,−1,−6.5, 0.7],

b = [0, 0, 11, 0.6],

c = [−10,−10,−6.5, 0.7],

d = [−200,−100,−170, 15],

x0 = [1, 0,−0.5,−1],

y0 = [0, 0.5, 1.5, 1]. (17)

It has three minima denoted by A (−0.558, 1.442), B
(−0.05, 0.467), and C (0.623, 0.028). As a second applica-
tion of our method, we seek to sample Markov bridges from
A to C. For that matter, we considered a 2D grid of points
in [−1.5, 1] × [−0.5, 2], which defines N = 4225 states. We
defined the transition rates as

Wαβ = e− Uα−Uβ

2kBT . (18)

so that detailed balance is satisfied [43], namely, Wαβπβ =
Wβαπα . This ensures that the stationary distribution is the
Boltzmann distribution, πα ∝ exp (−Uα/kBT ).

To accommodate the accuracy of double-precision com-
putation arithmetic, we truncated the potential so that
min U (x, y) = Umin = −75 kBT0 and max U (x, y) = Umax =
15 kBT0, and we chose T/T0 = 3.2, so that the probability
of the least-likely state is exp (−Umax/kBT )/Z ≈ 10−15. In
Fig. 2, we show 128 Markov bridges generated with our
method. We also represented the mean trajectory (details in
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FIG. 3. Histograms for the (a) first-passage times and
(b) transition-path times obtained by sampling 2048 trajectories
with standard kinetic Monte Carlo [Eq. (1)] in the Müller-Brown
potential, with N = 4225 and αi = A. (c) Transition paths for a
selection of the most-likely trajectories (left) and trajectories visiting
the rarest states (right). The filled circle indicates the bottom of
each well [U (x, y) = UA,UB,UC]. The thick dashed line denotes the
mean transition path (see Appendix C). The FPT and TPT are given
in units of Brownian time τB = �x−2, where �x is the lattice site
size.

Appendix C). As can be expected, the most likely trajecto-
ries take paths going through low-energy barriers [Fig. 2(b)].
Yet some rare trajectories use paths which go through high-
energy barriers [Fig. 2(c)]. While upon first inspection the
mean trajectory is markedly different from the most likely
trajectories, this is due to the inhomogeneous kinetics of the
bridge trajectories. Indeed, each trajectory spends a varying
amount of time sampling states in the potential well A before
actually committing to transitioning towards states B and C.
This asynchrony in the timing of the transition A → C causes
the mean trajectory to deviate from the most likely one.

This example also emphasizes the difference between first-
passage time (FPT) and TPT. To be more quantitative, we
considered the nonbridge dynamics described in Eq. (1), and
we sampled 2048 trajectories using the Gillespie algorithm.
For each trajectory, we defined the last-passage time (LPT)
as the time corresponding to the last occurrence of a state
belonging to the bottom of well A [filled circles in Fig. 3(c)],
and the FPT as the time corresponding to the first occurrence
of a state belonging to well C. The transition-path time is
then simply given by TPT = FPT − LPT. We checked that
the distribution of the TPT agrees with previously reported
theoretical results (see Appendix D). Figures 3(a) and 3(b)
show that the mean TPT is about four orders of magnitude
smaller than the mean FPT. Therefore, to study the transition
A → C with standard kinetic Monte Carlo, one has to typi-
cally simulate trajectories for a duration of time of the order
of 104 time units, whereas the portion of interest in which the
transition A → C actually happens represents less than 0.01 %
of the trajectory. Computationally, such an approach is very
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FIG. 4. Markov bridges for the pancreas dataset, with N = 3696,
αi = 1103 (ductal state) and tf = 100. We study the transition to-
wards the final state (a) αf = 2379 (beta-cell type) and (b) αf = 3437
(alpha-cell type). We generated 512 bridge trajectories in each case.
The state coordinates are the first two components of a UMAP
analysis.

inefficient. This emphasizes the benefits of our method for
rare-event statistics, which allows one to specifically sample
the transition paths. That also means that the value for tf
should be chosen to be slightly larger than the mean TPT.

C. Inference of developmental trajectories

For a more concrete application of our method, we de-
cided to use it to infer single-cell developmental trajectories
in pancreatic endocrinogenesis. Development from endocrine
progenitor cells (EPs) to fully differentiated cell types occurs
in a stepwise manner, with each state having a character-
istic genetic expression profile (Fig. 4). Starting from the
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FIG. 5. Insights for the differentiation of pancreatic endocrine-cell precursors to alpha cells obtained from the bridge trajectories shown in
Fig. 4. (a) Time lapse of the bridge dynamics. Current states are represented with filled circles and the tails show a few of the previous states.
See also Movie 2 [44]. (b) Focus on the part of the bridge trajectories which goes from the Ngn3high state to the alpha-cell state. (c) Norm of
the mean direction (‖u‖) and waiting time (LPT − FPT) for each cell type. Inset: The mean direction vector u for the eight different cell types.

pool of bipotent ductal/EP cells physically located in the
pancreatic epithelium, cells transition to a state expressing
the transcription factor Neurogenin-3 at a low level (here-
after called Ngn3low) and assume the identity of endocrine
progenitors. These endocrine progenitors are still noncom-
mitted to a specific cell fate and can, for example, revert
to the ductal cell fate. Upon receiving adequate signals, en-
docrine progenitors can increase the expression levels of Ngn3
and transition to the Ngn3high state, thus assuming the iden-
tity of endocrine precursors, which are now committed to
an endocrine cell fate. From the endocrine precursor state,
cells transition to the pre-endocrine state. In this state, cells
start to aggregate into proto-islet clusters (the future islets
of Langerhans) physically located in the pancreatic mes-
enchyme. From the pre-endocrine state, cells differentiate into
the different endocrine subtypes: glucagon-producing alpha
cells, insulin-producing beta cells, somatostatin-producing
delta cells, ghrelin-producing epsilon cells, and pancreatic
polypeptide-producing (PP) cells. To analyze this develop-
mental transition, we used a mouse pancreatic scRNA-seq
dataset [45]. We used SCVELO [37] to compute transition rates
between N = 3696 single cells (see Appendix E). With the
purpose of defining a discrete jump Markov process, we will
assimilate a single cell to a microstate in “cell-fate space,”
a high-dimensional space in which each microstate is a P-
dimensional vector of mRNA transcript levels and where P

is the number of genes resolved with scRNA-seq. Yet it can
be visualized by applying dimension-reduction techniques to
the gene expression vectors. The microstates’ coordinates
can be projected onto the first two components obtained by
the uniform manifold approximation and projection (UMAP)
method [46,47], as shown in Fig. 4. By contrast with the
Müller-Brown potential application, the transition-rate matrix
obtained with SCVELO did not satisfy detailed balance. Yet
Markov bridges can still be generated in the same manner to
sample putative single-cell developmental trajectories. Here,
the time series of microstates represents the different genetic
states a cell has to go through during the differentiation pro-
cess. We generated 512 Markov bridges to study the transition
from the ductal/EPs states to the beta-cell type [Fig. 4(a)] and
from the ductal/EPs states to the alpha-cell type [Fig. 4(b)].
Qualitatively, we observe that many of the trajectories bound
to the beta-cell fate also visit alpha-cell states [Fig. 4(a)].
By contrast, very few of the trajectories bound to the alpha-
cell fate visit beta-cell states [Fig. 4(b)]. This suggests that
the alpha-cell fate is specified before the beta-cell fate along
the developmental path, in agreement with previous reports
[37,45].

As a more quantitative analysis, we decided to focus on
the differentiation into the alpha-cell type. The time lapse
in Fig. 5(a) shows that trajectories spend a variable but sig-
nificant amount of time in the ductal and Ngn3low states.
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FIG. 6. Velocity field for the pancreas dataset of Fig. 4, computed as vα = ∑
β �=α (xβ − xα )Wβα . Both the lengths and the colors of the

arrows scale linearly with ‖vα‖.

Quantitatively, this is confirmed by noting that the average
waiting times in the ductal/Ngn3low states are the longest
[Fig. 5(c)]. Here the waiting time was defined as the time
of the last occurrence of a cell state minus its first occur-
rence, i.e., LPT − FPT. We note that the unit of time is set
by the matrix of transition rates. Previous studies found that
the expression levels of several cell-cycle inhibitors increased
during commitment from the Ngn3low state to the Ngn3high

state [45]. Analysis of RNA velocities then suggested that
cycles and backflows visualized in cell-fate space could be as-
sociated to the cell-cycle process in the ductal/Ngn3low states
[37]. Interestingly, the extensive sampling of microstates from
the ductal/Ngn3low states by the bridge trajectories seems to
corroborate these findings. The increased waiting time in these
states suggests that the commitment to the Ngn3high state is the
main bottleneck in this differentiation route.

We then computed the mean direction of motion by aver-
aging the displacements (namely, ut = vt/‖vt‖, where vt =
xt − xt−1) over trajectories in a given cell state. We found
that the cell states exhibiting the most robust direction of
motion are the Ngn3high, pre-endocrine and epsilon-cell states
[Fig. 5(c)], again corroborating RNA velocity analysis that
suggested a strong directional flow towards the pre-endocrine
state once committed to the Ngn3high state, and from the pre-
endocrine state towards the endocrine subtypes [45].

Novel insights can be gained by using the fact that the
sampling of the transition-path ensemble with Markov bridges
is statistically exact. This property can be used to identify
rare developmental trajectories, to compute effective transi-
tion rates between cell states, and to compute the statistical
weights of competing developmental routes. For instance, in
Fig. 5(b), we represented the part of the trajectories which is
between the last occurrence of the Ngn3high state and the first
occurrence of the alpha-cell type. Trajectories can be broadly
divided into three groups, going through different branches in

cell-fate space, in effect, defining a trifurcation. It appears that
the vast majority of trajectories, about 94 %, uses a specific
branch and the remainder is roughly equally split between
the other two branches. Interestingly, the epsilon-cell type and
the delta-cell type seem to only be accessible from these less
likely routes. By comparison, RNA velocities cannot really
be used to quantify the statistics of competing developmental
routes. We speculate that our approach can be used to more
broadly investigate branching occurring in cell-fate dynamics.

We note that velocities can be directly obtained from the
matrix of transition rates, W,

vα =
∑
β �=α

(xβ − xα )Wβα. (19)

As emphasized above, while the resulting velocity field
(Fig. 6) is consistent with the results obtained by sampling
Markov bridges, it is not, in and of itself, enough to get a
temporal resolution of the dynamics or to analyze the role
of fluctuations, such as the statistical weights of competing
developmental routes. We also point out that the velocities
shown in Eq. (19) are low-dimensional counterparts of RNA
velocities. As such, their quantitative interpretation should
be carried out with caution because they depend on the 2D
cell-fate coordinates. By contrast, sampling Markov-bridge
trajectories does not depend on the dimension-reduction
method (namely, the UMAP) since the only input is the matrix
of transition rates.

IV. DISCUSSION

A. Practical considerations

The evaluation of the bridge transition rates requires the
evaluation of Q(t ), which, as already mentioned, involves a
matrix exponential [Eq. (3)]. In this work, we have made
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the choice to use the eigenvalue decomposition of W to
evaluate Q(t ) as shown in Eq. (11). However, in general, for
any matrix A = UDU −1 (D = Diag(λ1, λ2, . . . , λN )), etA is
not well approximated (numerically) by UetDU −1 when A
is nonnormal (see, for example, [49] and sec. 11.3 of [50]).
Unfortunately, W is seldom normal. Therefore, an improve-
ment to our method would be to find more reliable ways to
compute Q(t ). In practice, our method also requires choosing
a duration of time for the transition, tf. Although figuring out
an appropriate value might be difficult in general, this can
be done heuristically. Concretely, since the conditioned jump
process in Eq. (6) converges towards the unconstrained jump
process in Eq. (1) as tf → +∞, we can increase tf until some
dwelling is observed around both the initial and final states,
which then means that tf has reached a value slightly greater
than the typical TPT.

B. Alternative methods to sample transition-path ensembles

Other methods can be used to sample transition paths and
rare-event statistics, including forward flux sampling (FFS)
[51], nonequilibrium umbrella sampling (NEUS) [52,53], and
the weighted ensemble (WE) strategy [54]. FFS relies on the
definition of (open) interfaces in phase space between initial
and final states, while NEUS relies on a tiling of phase space
into bins. The WE method also requires dividing phase space
into bins. By assigning weights to trajectories and implement-
ing a spawning/merging procedure to maintain a prescribed
population of trajectories per bin, the WE method manages
to repurpose most of the sampling effort towards the tail (or
rarer events) of the distribution being sampled. In effect, these
methods harvest segments of true trajectories in a piecewise
fashion, which requires careful consideration for patching the
segments into complete transition paths and for computing
quantities of interest such as transition rates between initial
and final states (e.g., tracking boundary crossings, reweighing
bins), which generates most of the computational complexity
associated with these methods. By contrast, the sampling of
Markov bridges is agnostic to any partition of phase space.
Its computational complexity lies in the evaluation of Q(t ),
which effectively constrains the size of phase space that can
be tackled. We also note that sampling Markov bridges gener-
ates uncorrelated trajectories while phase-space methods that
spawn/merge trajectories, such as in the WE method and FFS,
tend to produce correlated trajectories in each bin. Aguilar
and co-workers proposed a method similar to ours to sample
Markov bridges [25], although, as mentioned earlier, they
used the backward generator instead of the forward genera-
tor of the reference process to express the bridge transition
rates in Eq. (6). A more substantial difference between our
approaches lies in the actual application of our method. In
practice, they sampled Markov bridges using approximations
for the bridge transition rates. Specifically, the probability dis-
tribution entering in the definition of the bridge transition rates
[Q(t ) in Eq. (6)] was approximated with its time-independent
stationary solution. By contrast, in this work, we used the
eigenvalue decomposition of W to evaluate Q(t ), allowing us
to compute the exact time-dependent bridge transition rates.
In a more recent work, Aguilar and Gatto [26] numerically
integrated the master equation of the reference process

[Eq. (1)] to compute the bridge transition rates, somewhat
similar to our Algorithm 2 (see Appendix A). However, their
application was limited to discrete-time jump processes with
a binomial tree structure (like random walks). By contrast, we
sampled Markov bridges in continuous time and our imple-
mentation applies, in principle, to any transition-rate matrix.

C. Inference of developmental trajectories

Reconstructing a time-ordered sequence of states repre-
senting the progression of a single cell in a dynamic process
such as cell differentiation constitutes a major challenge in
developmental biology. While RNA velocity methods (e.g.,
VELOCYTO [36], SCVELO [37], CELLRANK [39]) enable one to
visualize the “flow” of cell dynamics in cell-fate space, for
instance, through the representation of streamlines of the RNA
velocity vector field, they do not, strictly speaking, return cell
trajectories. There are several trajectory inference methods
that take advantage of the high-throughput transcriptomic data
coming from scRNA-seq experiments [55]. Among those,
one could distinguish methods inferring cell trajectories using
only scRNA-seq data (e.g., SLINGSHOT [56]) from methods
also using RNA velocity information (e.g., DIRECTED-PAGA

[57], CELLRANK [39], VETRA [58], CELLPATH [48]). In most of
these methods, trajectories are inferred using graph-theoretic
methods such as shortest-path algorithms [48]. Furthermore,
these methods typically return a small number of dominant
trajectories. By contrast with such methods, we presented an
approach to sample from an ensemble of trajectories. The
dominance of specific transition paths and branching events
can be inferred directly from the statistics of sampled trajecto-
ries. Crucially, our methods relies on estimates of cell-to-cell
transition rates from RNA velocities. While the accuracy and
robustness of such computational methods is under active
investigation, it is not the ambition of this article to evaluate
them or to take sides in the ongoing debate [59]. In fact,
one may argue that snapshot techniques, such as scRNA-
seq, which are destructive by nature and thus only reveal
static snapshots of cellular states, do not capture all degrees
of freedom in developmental trajectories, and that they only
partially resolve the temporal evolution of developmental tra-
jectories in cell-fate space. By contrast, live-cell imaging is
a lower-throughput modality, yet unequivocally resolving the
dynamics of a single cell, and it has been shown to identify
developmental trajectories not identified with scRNA-seq data
[60]. The combination of several modalities (e.g., morpholog-
ical features with genetic expression data) holds tantalizing
promises for a high-throughput, yet accurately time-resolved
cell-fate space [61].

V. CONCLUSION

Given a system with discrete states, whose dynamics can
be described by a master equation as in Eq. (1), we have
presented a method to generate the subset of possible tra-
jectories that go from one initial state αi to a final state αf

in a time tf. This method is especially valuable for the sam-
pling of rare events, such as when the final state has a low
probability to occur or when the initial state and the final
state are separated by high-energy barriers (in the sense of
Kramers’ theory). Stochastic realizations of such processes
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might exhibit a large FPT and would be sampled with very low
efficiency using standard kinetic Monte Carlo methods (e.g.,
Gillespie algorithm) because most of the time would be spent
waiting for a rare event to happen. A benefit of our method is
therefore to discard the uninteresting waiting time. Although
we mentioned some lines of improvement, our approach can
be applied in its current state to study diverse phenomena,
including cell-fate dynamics, and yield unique insights.

The code used to sample Markov bridges is implemented
as a PYTHON package called MARKOV-BRIDGES available at
Ref. [62].
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APPENDIX A: PSEUDOCODE IMPLEMENTATIONS

Algorithm 1 is the implementation we have used in this
work to sample Markov bridges. However, as mentioned in
the main text, for large systems it might not be adequate due
to the computational cost of the eigenvalue decomposition
of the W matrix. We therefore give Algorithm 2, which is
an implementation not relying on a matrix decomposition
of the form etW = Ue−tDU −1, to evaluate Q(t ). In this ap-
proach, Q(t ) can be evaluated at specified discrete times t j =
j�t (with tM = tf) by integrating Eq. (2). We note here that
matrix-vector multiplications can be performed very quickly
with modern GPUs, which can be leveraged in an integration
scheme. The time resolution �t should be chosen so that
�t < �t∗ = 1/ maxα (�α ) [�α is the escape rate as defined
in Eq. (7)].

ALGORITHM 1. Gillespie sampling for Markov bridges.

Require: (αi, 0), rate matrix W
Set (α, t ) ← (αi, 0)
print(α, t ).
while t < tf do

Draw u1 and u2 as U (0, 1).
τ ← Solve Eq. (10) with u1. Q(t ) is computed through Eq. (11).

Take γ so that
γ−1∑
β=1

Vβα (t + τ ) < u2�α (t + τ ) �
γ∑

β=1
Vβα (t + τ ).

Update (α, t ) ← (γ , t + τ ).
print (α, t ).

end while

APPENDIX B: ANALYTICAL TREATMENT
OF DIFFUSION ON THE 1D LATTICE

To solve Eq. (14), we introduce the discrete Fourier trans-
form P̃k , such that

P̃k =
N∑

n=1

Pne−i 2π
N nk,

Pn = 1

N

N∑
k=1

P̃kei 2π
N nk .

(B1)

Taking the time derivative of P̃k and using Eq. (14), we
obtain the following system of ODE:

dP̃k

dt
= −ω̃kP̃k, ∀k ∈ [[1, N]], (B2)

where we introduced

ω̃k = −2i sin

(
πk

N

)(
βei πk

N − αe−i πk
N
)
,

ωn = (α + β )δn − αδn−1 − βδn+1, (B3)

where δn is the Kronecker delta. In general, ω̃k has a nonzero
imaginary part. However, when α = β, it reduces to ω̃k =
4α sin2 ( πk

N ).
Equation (B2) is straightforwardly integrated and yields

P̃k (t ) = e−ω̃kt e−i 2π
N nik, (B4)

where we used the initial condition Pn(0) = δn,ni .
For the backward master equation, we introduce Qn(t ) =

P(nf, tf|n, t ). Equation (2) reads

dQn

dt
= −αQn+1 − βQn−1 + (α + β )Qn, ∀n ∈ [[1, N]],

(B5)

and its discrete Fourier transform satisfies the ODE,

dQ̃k

dt
= ω̃∗

k Q̃k, ∀k ∈ [[1, N]], (B6)

where the superscript ∗ denotes complex conjugation.
Equation (B6) is again straightforwardly integrated and

ALGORITHM 2. Alternative sampling of Markov bridges.

Require: (αi, 0), rate matrix W, time resolution �t = tf/M
Integrate Eq. (2) and evaluate Q(t j ), ∀ j ∈ [[0, M]].
Set (α, t ) ← (αi, 0)
print (α, t ).
while t < tf do

Draw u1 and u2 as U (0, 1).
τ ← j�t , where j is the smallest integer such that Eq. (10) is
positive (with u1).

Take γ so that
γ−1∑
β=1

Vβα (t + τ ) < u2�α (t + τ ) �
γ∑

β=1
Vβα (t + τ ).

Update (α, t ) ← (γ , t + τ ).
print (α, t ).

end while
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yields

Q̃k (t ) = e−ω̃∗
k (tf−t )e−i 2π

N nfk, ∀k ∈ [[1, N]], (B7)

where we used the final condition Qn(tf ) = δn,nf .
We can now compute the joint probability Rn(t ) ∝

P(nf, tf|n, t )P(n, t |ni, 0),

Rn(t ) = 1

Z
Pn(t )Qn(t ), ∀n ∈ [[1, N]],

R̃k = P̃ ∗ Q̃k

P̃ ∗ Q̃0
, ∀k ∈ [[1, N]], (B8)

where Z = ∑
n Pn(t )Qn(t ) = Pnf (tf ) = Qni (0), and ∗ in this

context is the convolution operator (U ∗ Vn = ∑
m Un−mVm).

Therefore, Rn(t ) can be exactly computed from Eqs. (B4),
(B7), and (B8).

By differentiating Rn(t ) and making use of the forward
[Eq. (14)] and backward [Eq. (B5)] master equations, we
obtain the bridge master equation,

dRn

dt
= α

(
Qn

Qn−1
Rn−1 − Qn+1

Qn
Rn

)

+ β

(
Qn

Qn+1
Rn+1 − Qn−1

Qn
Rn

)
, ∀n ∈ [[1, N]]. (B9)

The bridge master equation (B9) has the same form as
Eq. (6), where the forward and backward rates are now time
dependent,

Vn+1,n = α
Qn+1

Qn
, Vn+p,n = 0 if p > 1,

Vn−1,n = β
Qn−1

Qn
, Vn−p,n = 0 if p > 1. (B10)

APPENDIX C: MEAN AND MOST
LIKELY TRAJECTORIES

The mean trajectory shown in Fig. 2 was calculated by
averaging trajectories after time registration. First, we defined
a suitable subdivision of times t j = j�t . For a given trajectory
{(tk, αk )}, the state at time t j , namely, α j , is such that

α j := αk j with tk j � t j < tk j+1. (C1)

The mean trajectory was obtained by averaging over the
coordinates of the S trajectories,

x̄ j = 1

S

S∑
s=1

x
α

(s)
j
, (C2)

where xα is the coordinates’ vector associated with state α

and α
(s)
j is the state of trajectory s at time t j after registration

as defined in Eq. (C1).
The mean transition path shown in Fig. 3 was obtained

by setting the origin of time at the LPT in well A for each
trajectory, and then averaging the coordinates as described
above.

APPENDIX D: DISTRIBUTION
OF THE TRANSITION-PATH TIME

We used theoretical results published in [10], investigating
the TPT for the symmetric one-dimensional quartic potential.
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FIG. 7. Distribution of the TPT from A to B and from B to C
for the Müller-Brown potential. The solid lines denote the fit to the
theoretical prediction from [10].

For the overdamped Langevin dynamics, the probability dis-
tribution function of the TPT reads

pTPT(t ) =
√

βE

π

2


1 − erf (
√

βE )
e−
t (1 − e−
t )−

3
2

× (1 + e−
t )−
1
2 exp

(
−βE

1 + e−
t

1 − e−
t

)
, (D1)

where βE denotes the height of the potential barrier and 
 is
proportional to the curvature at the top of the potential barrier.
The previous equation makes use of the error function,

erf (x) = 2√
π

∫ x

0
du e−u2

. (D2)

The fits shown in Fig. 7 were performed by fitting βE and

 using the Levenberg-Marquardt algorithm.

APPENDIX E: TRANSITION RATES
FOR PANCREATIC CELLS

We used a mouse pancreatic development dataset [45]
and the RNA velocity method SCVELO [37] to obtain a tran-
sition matrix. We normalized the raw counts data utilizing
the default procedures from SCVELO. Each cell is size nor-
malized to the median of total molecules, and 2000 top
highly variable genes are chosen (with a minimum of 20 ex-
pressed counts for spliced and unspliced mRNA). The SCVELO

pipeline calculates a nearest-neighbor graph using Euclidean
distance utilizing 30 principal components on logarithmic
spliced counts, and the mean and variance for each cell is
calculated across its 30 nearest neighbors. Below we give
a PYTHON implementation using the SCVELO package (scv),
where adata is the annotated pancreas dataset from [45]:
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scv.pp.filter_genes(adata, min_shared_counts=20)
scv.pp.normalize_per_cell(adata)
scv.pp.filter_genes_dispersion(adata, n_top_genes=2000)
scv.pp.log1p(adata)
scv.pp.moments(adata, n_pcs=30, n_neighbors=30).
We then compute the velocity and transition matrix using SCVELO-dynamical. We used the following functions to recover

the splicing kinetics of each gene, and the cell-specific latent time, which are estimated using expectation maximization. We
computed the transition matrix based on the velocity graph, using the SCVELO function with default parameters:

scv.tl.recover_dynamics(adata)
scv.tl.velocity(adata, mode="dynamical")
scv.tl.velocity_graph(adata)
scv.utils.get_transition_matrix(adata, ’velocity’).
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