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ABSTRACT. A theory of local convexity for a second order differential equation
(SODE) on a Lie algebroid is developed. The particular case when the SODE is
homogeneous quadratic is extensively discussed.

1. Introduction. Lie algebroids and groupoids were fundamental mathematical
objects in the research by K Mackenzie. In fact, an standard reference for these
topics is his book [9]. On the other hand, the relation of Lie algebroids and groupoids
with Physics is increasingly important, specially with classical and quantum me-
chanics and, particularly, with Lagrangian mechanics.
Lagrangian mechanics on Lie algebroids. Lagrangian mechanics on Lie al-
gebroids has deserved a lot of interest in recent years from the seminal paper by
Weinstein [19]. The notion of a Lie algebroid [9] allows to discuss general Lagrangian
systems beyond the ones defined on the tangent bundle of the configuration man-
ifold. These include systems determined by Lagrangian functions on Lie algebras,
Atiyah algebroids, action Lie algebroids...These systems appear, in a natural way,
when one applies reduction by a symmetry Lie group (see [2, 5, 15, 16, 19]).

The typical definition of a mechanical Lagrangian function L : A — R on a Lie
algebroid 7: A — @ is

L(a) = K4(a) = %g(a,a), for a € A,

where g : A xg A — R is a bundle metric on A or, more generally,

L(a) = Kg(a) — V(7(a)) = %g(a,a) —V(r(a)), foraecA,
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with V' € C*(Q). In the first case, L represents the kinetic energy on A induced
by the bundle metric g and, in the second case, L is the difference of the kinetic
energy and the potential energy induced by the real C*°-function V on Q.

In both cases, the solutions of the Euler-Lagrange equations for L (the dynamical
equations) are the integral curves of a second order differential equation (a SODE )
I'y on A, that is, a vector field on A whose integral curves are admissible. This
means that an integral curve v : I — A of I'y, satisfies the following condition

d —

Z(Ten) =po,

where p : A — T'Q is the anchor map of A. Moreover, in the first case when L is
the kinetic energy induced by a bundle metric on A, I'y is a homogeneous quadratic
SODE i.e., the (local) coefficients of 'y, in the generalized velocities are fiberwise
homogeneous quadratic functions.

Our motivation. The explicit integration of the SODE I'y, is, in general, quite
complicated. So, of particular interest, it is the construction of geometric integrators
for Lagrangian systems using a discrete variational principle. In this direction, a
lot of effort has been devoted to the case when the discrete Lagrangian function
is defined on the cartesian product @ x @ of a smooth manifold @ (see [14, 18]).
Q x @ plays the role of a discretized version of the standard velocity phase space
TQ and the discrete Lagrangian function Ly : @ X Q — R is an approximation of
the continuous Lagrangian function L : TQ) — R. The discrete evolution operator
is given by a smooth map

£:QxQ—QxQ, (9,q1) — &(q0,q1) = (q1,92)

which inherits some of the geometric properties of the flow of the SODE I'y, at a fixed
sufficiently small time h > 0. For the comparison between £ and the exact flow of
I'z, at time A, it is crucial the construction of the exact discrete Lagrangian function
whose discrete evolution is just the flow of I'y, at time h. For the construction of
this discrete Lagrangian function, one must use (local) convexity results for the
standard SODE I'f, (see [14, 18]).

Note that T'Q is just the Lie algebroid of the pair Lie groupoid @ x @. So, when
one considers the more general case of a continuous Lagrangian function defined
on the Lie algebroid AG of a Lie groupoid G, then the Lie groupoid G plays the
role of the discrete phase space. In fact, a theory on discrete Lagrangian mechanics
on Lie groupoids have been developed in last years (see [10, 11, 17, 19]). For
the analysis of the error, and as in the standard case when the Lie groupoid is
the pair groupoid Q) x @, it is very important the construction of the exact discrete
Lagrangian function on the Lie groupoid G associated with a continuous Lagrangian
function on the Lie algebroid AG of G. In turn, for the introduction of this discrete
Lagrangian function, one must previously have a theory of local convexity for a
SODE on AG.

The aim of this paper is to provide this theory.

The main ideas in the paper. For the previous purpose, we proceed as follows:

1. We prove appropiate convexity results for a SODE which is defined in a special
Lie algebroid: the vertical bundle of a fibration;
2. We introduce a Lie algebroid morphism

U:Va— AG
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between the vertical bundle of the source map o : G — @ of the Lie groupoid
G and AG, which is fiberwise bijective and

3. We prove that given a SODE I' on AG, there exists a unique SODE I on Va
which is W-related with I' and, then, we use 1.

The structure of the paper. The paper is structured as follows. In Section 2,
we discuss local convexity results for an standard SODE on the tangent bundle of a
manifold. In Section 3, we extend these results for the more general case when the
SODE is defined on a Lie algebroid. In Section 4, we consider the particular case of a
homogeneous quadratic SODE on a Lie algebroid. Section 5 contains the conclusions
and some comments on the future work. The paper ends with two appendices which
contain the proofs of Theorems 2.1 and 2.2 and some basic results on Lie algebroids
and groupoids.

Relation with our preprint [12]. A part of the results in this paper (Sections 2
and 3) are contained in our unpublished preprint [12]. The reason is that we have
decided to split this preprint in two different parts. The first one is this paper and,
as you can see, it contains the results in [12] plus a discussion on the particular case
of a homogeneous quadratic SODE in a Lie algebroid. Moreover, another difference
is that the results in Section 2 of this paper are presented in a slightly different way
which is, in our opinion, clearer and more accurate. In particular, we include an
analytical explicit proof of Theorem 2.2 (see Appendix A) which is missing in our
preprint [12].

On the other hand, in the second part in which we split the preprint [12], we
will introduce the discrete exact Lagrangian function associated with a continuous
regular Lagrangian function on the Lie algebroid of a Lie groupoid and, in addition,
we will discuss the variational error analysis in this setting (see [13]).

2. Local convexity for standard second order differential equations. Let
Q be a smooth manifold, TQ its tangent bundle and T2Q the space of second jets
of curves on ). We will denote by 7¢ : TQ — @ the canonical projection. As we
know, from local coordinates (¢*) on @, we can induce local coordinates (¢*, ") on
TQ and (¢*, 4", ") on T?Q.

A standard SODE on Q is a subset S of T2Q). If the equation S is explicit, which
means that

then, using the canonical inclusion of T2Q in T7T(Q, S may be transformed to a
vector field I on T'Q), that is, S = imI'. In fact, the local expression of I is

.0 : 0
F 1) = .7/7, + v 5 y . ].
(.9)=4q ¢ &g q)aq, (1)

Along this paper, we will assume that our SODE is explicit and we will refer to it
as the vector field I' on T'Q. Note that, in such a case, the integral curves of I" are
tangent lifts of curves in @Q: the trajectories of the SODE I'. In fact, these curves
t — (¢*(t)) in Q satisfy the equations

d2qi . dq

—(t) =& (q(t), —=(t Vi .

() =€), ), Vi
Therefore, a first convexity theorem for a SODE may be deduced using the theory
of explicit second order differential equations.
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Theorem 2.1. Let I" be a SODE in QQ and qg be a point of Q. Then, one may find

a sufficiently small positive number hg, a family of tangent vectors of Q at qq,
V(h,go) € Tqo®@, for 0 < h < hg,

and two compact subsets C' and C of Q and TQ, respectively, with qo € C and
U(h,qo) € C, such that there exists a unique trajectory of I

Ogoqoh : 10, ] = C C Q

satisfying
UQOQOh(O) = qo, Jqoqoh(h) = 4o,
and B
Fgoqon(t) € C,  for every t € [0, h).
Proof. A proof of this result may be found in Appendix A. O

Let ' be a SODE on Q.
We will denote by ®' the flow of I’
' : DV CRxTQ — TQ.
Here, D' is the open subset of R x T'Q given by
DY = {(t,v) ERx TQ | ®"(-,v) is defined at least in [0,1]}.
Now, if gqg is a point of @ and h > 0, we may consider the open subset D{h’qo) of
T4, @ given by
Dy, ) = {v € Ty Q | (h,v) € D'}
Note that if A > 0 is sufficiently small then it is clear that D{h,qo) # (). Moreover,
we may introduce the exponential map associated with I' at ¢¢ for the time h as
follows
exp{,mo)(v) = (1g 0 ®")(h,v), forwve D(Fhﬂo). (2)

I

(0,90) is constant. However, we have the following

We remark that the map exp
result.

Theorem 2.2. Let I be a SODE in QQ and qy a point in Q. We take a sufficiently
small positive real number h and vy q0) € Tg, @ as in Theorem 2.1. Then,
r r
V(h,a0) € Dinge)r €TP(h,q0) (V(hao)) = Q0
and
r r
Tv(h,qo)exp(h,%) : Tv(h,qo)D(h#Zo) = Ty @
is an isomorphism.

Proof. A proof of this result may be found in Appendix A. O

From Theorem 2.2, we have that there exist open subsets Uy and U in D{h )
and @Q, respectively, with v(;, 4,) € Up and go € U, such that the map

exp?hv%) ‘U © D(Fh»qo) —Ucq

is a diffeomorphism.
Next, we will consider the open subset DE of T'Q) given by

Dy ={veTqQ| (hv)ec D"}

Note that
v € D}, = D}, (o)) = Di N Try(0)Q C Dy,
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Thus, since 7¢ : TQ — Q is an open map, it follows that 7o (DY) is an open subset

of @ and
r_ r
Di= |J Do
qeTq (D}

In addition, we may define the smooth map exp), : D} C TQ — @ x Q as follows
BSCP{L (U) = (TQ (’U), eIpPh,TQ (v))(v))? for v € D}—‘L
Moreover, we deduce that

Lemma 2.3. Let v be an element of D}: such that e:cp{hﬁQ(U)) is mon-singular at

v. Then, e:vpg s also mon-singular at v.

Proof. We must prove that the map
Tv(expg) : TU(DE) = TU(TQ) — T(TQ(v),ewpl("}h_rQ(,U))(v))(Q X Q)

= TQ(’U)Q X Tea:pl("h,TQ@))(v)Q

is a linear isomorphism.
Suppose that

0 = (Ty(exp),))(X,), with X, € T,(D},).
Then, we have that
0= (Tvrq)(Xy) and 0= (Tvemp?h,m(v)))(Xv)'
The first condition implies that
X»U € TU(D}I: N TTQ(U)Q) - T'U(‘D{h,TQ(U)))
and thus, using the second one, we conclude that
X, =0.
O
As we know, if h > 0 is sufficiently small and g9 € @ then the map ea:p{hyqo) :

D{hm) — @ is non-singular at the point v 4,) € D{thg). Therefore, using Lemma
2.3, we deduce the following result

Theorem 2.4. Let " be a SODE in @ and qy be a point of Q. Then, one may
find a sufficiently small positive number h, an open subset U C DE C TQ, with
U(h,qo) € U, and an open subset U of Q, with qo € U, such that:

1. The exponential map associated with I' at time h
exph :UCDF s UXxUCQxQ

s a diffeomorphism.
2. For every couple (q,q") € U x U there exists a unique trajectory of T

Oqq'h * [O7h] — Q
satisfying
0gqn(0) = ¢, gggn(h) =¢q" and &4q1(0) € U.
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We will denote by R : U x U — U (respectively, RZ+ : U x U — U) the inverse
map of the diffeomorphism expl}: : U — U x U (respectively, expl,; o <I>Eh : <I>£(U) —
U xU).

The maps

RS UxUCQxQ—->UCTQand R :UxUCQxQ— ®-(U) CTQ
are called the exact retraction maps associated with I'. We have that

e . et -
Ry}, (q, C]/) = qu’h(o)a Rj, ((bq/) = qu’h(h)'
Note that
RS =l o RY

that is, the following diagram

UCTQ o UxUCQxQ
o o
(W) CTQ

is commutative.
Remark 1. In some applications, it is useful to define the following map

T
exp, (v) = (ef’?p(r_h/zm(v))(v)v wp(rh/z,m(m(v)) (3)
which is a local diffeomorphism since

—T
expy, = 6xp£ o @Eh/Q .

3. Convexity theorems for second order differential equations on Lie al-
gebroids. In this section, we will obtain a version of Theorem 2.4 for a SODE on a
general Lie algebroid A.
First of all, we will recall the definition of a SODE on A (see, for instance, [5]).
Let T' be a vector field on the tangent bundle T'Q of a manifold Q). Then, using
(1), it is easy to prove that I' is a SODE if and only if

(Tyrg)(T(v)) =v, forveTqQ.

This fact suggest us to introduce the definition of a SODE on the Lie algebroid
7: A — @, with Lie algebroid structure ([, ], p) (see Appendix B), as follows. A
vector field I" on A is a SODE if

(T,7)(T(a)) = p(a), forae€ A,
and, in such a case, the trajectories of I" are the projections, via 7 : A — @, of the
integral curves of I'. In other words,

I'isa SODEon A< I'(forT) :d/fq‘, for f € C*(Q), (4)

where dA f is the fiberwise linear function on A given by

—

<dA(f)7a'> = p<a)(f)a for a € A.
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Let (¢") be local coordinates on an open subset U C @ and {e,} a local basis of
I'(A), the space of sections of A, such that

plea) = pi(q) a?;i'

Denote by (¢*,y®) the corresponding local coordinates on A. Then, the local ex-
pression of a SODE I is

; 0] 0
r =p! “— 4T —.
(a,y) = pala)y ag t (¢:y) e
So, the integral curves of I' satisfy the following system of differential equations
dqi . dya
— (2 (07 — Fa .
o = Paldy®, (¢:9)

Thus, we have not an explicit system of second order differential equations as in
the case of an standard SODE on T'Q). However, we will prove some local convexity
theorems for the SODE I' on A.

In fact, in Section 3.1, we will discuss the particular case when A is a special
integrable Lie algebroid: the vertical bundle associated with a fibration. In such a
case, we will prove a parametrized version of Theorem 2.4. Next, in Section 3.2, we
will consider the more general case when A is the Lie algebroid AG associated with
an arbitrary Lie groupoid G. In fact, we will see that a SODE on AG induces a SODE
on the vertical bundle of the source map of G and, then, we will apply the results
of the previous section. Finally, we will discuss the general case. For this purpose,
we will use that for every Lie algebroid A there exists a (local) Lie groupoid whose
Lie algebroid is A.

3.1. The particular case of the vertical bundle of a fibration. Consider
a surjective submersion 7 : @ — M and the pair groupoid @ x Q = Q (see
Appendix B) . The subset G C Q x @ given by

Gr={(q1,92) €Q xQ | m(q1) = 7(q2) }

is a Lie subgroupoid of the pair groupoid. In consequence, the source and target
maps are (q1,42) — ¢1 and (q1,q2) — g2, respectively, the identity map is g — (g, q)
and the multiplication is given by (g1, ¢2)(g2,93) = (q1,¢3). The Lie algebroid of
G is the vector bundle whose fiber at a point ¢ is

Ag(Gm) ={(0,v) € T,Q x T,Q | Tm(v) =0}

with the anchor (0,v) — v, and hence it can be identified with the vertical bundle
7 : Vm =kerTn — @, with the canonical inclusion as the anchor map and Lie
bracket in the space of sections I'(7) the restriction to I'(V7) of the standard Lie
bracket of vector fields.

On V7 we can take coordinates as follows. We consider local coordinates (¢*) =
(g%, ¢%) in @ adapted to the submersion 7, that is, 7(¢%, ¢®) = (¢%). The coordinate
vector fields {e, = 0/0q*} are a basis of local sections of V', and hence we have
coordinates (¢%, ¢, y*) on Vrr, where y* are the components of a vector on such a
coordinate basis. Thus, if ([-,-], p) is the Lie algebroid structure on Vr, it follows
that

pleq) = % and [eq,eg] = 0.
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This implies that the structure functions are

o=0 Pl =68 and Cg, =

A SODE vector field on V' is a vector field I' € X(V ) such that T,7(I'(a)) = p(a)
for every a € Vw. In other words T,7(I'(a)) is the vertical vector a € Vr itself,
and hence, if m = 7(7(a)) then the vector I'(a) is tangent to T'(x~1(m)). It follows
that a SODE on V' is but a parametrized version of an ordinary SODE, where the
parameters are the coordinates on the base manifold M. In other words, it is a
smooth family of ordinary SODESs, one on each fiber of the projection 7 : QQ — M.

This can also be easily seen in coordinates. Locally, such a SODE vector field is
aaa +poy” aaﬁ +f“(qb7q5,y6)%

o N d
—yaa+f(q ¢’ y)ay

I'=ply

for some local functions f* € C°°(Vr). The integral curves of I' are the solutions
of the differential equations

“=0, ¢“=y" 9" =14y

or in other words

a — 0

“ = f*¢"q% ).
From this expression it is obvious that a SODE on Vr is locally a parametrized
version of an ordinary SODE, where the parameters are the coordinates (¢*) on the
base manifold M.

On the other hand, V' is a regular submanifold of T'Q). In fact, the canonical

inclusion iy, : Vr — TQ is an embedding. In addition, if ¢ is a point of @) then it
is easy to prove that:

1. There exists an open subset W of @, with go € W, and there exists an standard
local SODE I on @, which is defined in TW, such that

Lirwove = Dirwavae
2. If 5 : [0,h] = W C Q is a trajectory of I' and 7(5(0)) = n(&(h)) = m then
a([0,h]) € 7' (m) and & is a trajectory of the standard SODE I'|7(r-1(m))-

Note that the local equations defining V7 as a submanifold of T'Q are y* = 0 and,
thus, it is sufficient to take

0 o0 0
[=y° o Y a7a+f‘3“(q a’.y° )a =

Moreover, if t € [0,h] — &(t) = (¢°(t),q*(t)) € Q is a trajectory of T, 7(5(0)) =
m(a(h)) = m and m has local coordinates (¢) then, using that the trajectories of
& satisfy the local equations:

d2qa B d2qa
ez dt>

and ¢*(0) = ¢*(h) = ¢§, we deduce that
q"(t) = q5, Vt

= f*(q,y)

and
7(t) = (g5,9%(t)) € 7~ (m), Vt
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Thus,
- dg®
a(t) = (a5,4"(1);0, —~(2))
is an integral curve of I'\p(r-1(;)) and o is a trajectory of I'\p(z—1(m))-

Therefore, using Theorem 2.1 and the previous items 1 and 2, one may find
an open neighborhood of ¢p in ) and a unique curve Ggyq0n = Tgoqon On it Which
connects the point go with itself and such that it is trajectory of I, for h enough
small. Then, from the second condition, it follows that the curve 04,4, is contained
in 771 (7(qo)) and v g0) = Ggoqon(0) € Vgo (). Moreover, if we apply Theorem 2.4
to the standard SODE T, we deduce the following result

Theorem 3.1. Let ' be a SODE on the Lie algebroid Vi — @ and let qo be a point
in Q. Then, there exists a sufficiently small positive number h > 0, an open subset
U C Vi, with v(n,q,) € U, and an open subset U of Q, with qo € U, such that

1. The exponential map of I' at time h
exph - U— (UxU)NGT, veU— (Ty(v), Tvx(®h(v))),

is a diffeomorphism. Here, Ty : VT — Q is the canonical projection and ®F
is the flow of the vector field I on V.

2. For every couple (q,q") € (U x U)NGr there exists a unique trajectory oqq, :
[0,h] = 7= (7 (q)) of the SODE T'p(z-1(x(q))) which satisfies

04gn(0) = ¢, gggn(h) =¢  and G444 (0) € U.
As in the standard case, we will denote by
R, - (UxU)NGrCQxQ—=UCVrand B, : (UxU)NGr C QxQ — ®h(U) C Vi
the exact retraction maps associated with I'. In other words,
RS = (exp;)”' and RZ+ =®} o R,

3.2. The case of the Lie algebroid of a Lie groupoid. We will consider a
Lie groupoid G = @ with source map «, target map (8, and consider the fibration
7 = « and the associated Lie algebroid Va as above. Let 7 : AG — @Q be the
Lie algebroid of G, and denote by p its anchor (see Appendix B). Denote by ¥ the
vector bundle map ¥ : Va — AG given by ¥(vy) = Tl,-1v,, for every v, € Va,
where ;-1 : o (a(g)) = a~(B(g)) is the left-translation by g=' € G. This map is
well defined since T'a(T'l,-1v4) = 0 and hence T'l,-1v, is a-vertical at the identity
in B(g). The following commutative diagram illustrates the situation:

v

Va AG

G ’ 0

Moreover, ¥ : Va — AG is a Lie algebroid morphism over g : G — . This
follows using that if X € I'(AG) and ? is the corresponding left invariant vector

field on G, then ? is a section of the vector bundle 7 : Va — G and, in fact,
the space of sections of this vector bundle is locally generated by the left-invariant
vector fields on G. In addition:
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1. ? and X are U-related;
2. If [-,] is the Lie bracket in I'(AG)

xv]=(X,¥), for X,v eT(4G)

and
3. The vector field X on G is B-projectable over p(X), where p is the anchor
map of the Lie algebroid AG.
(see Appendix B).

On the other hand, given a SODE I' in AG there exists a unique SODE I' in Va
which is ¥ related to I, that is TU o' = I'o ¥. Indeed, this is a special case of the
following result, by taking into account that W is a fiberwise bijective morphism of
Lie algebroids.

Proposition 1. Let 7, : E1 — Q1 and 7o : Es — Q2 be Lie algebroids and let
U : Ey — FEy be a morphism of Lie algebroids which is fiberwise bijective. Given
a SODE wvector field T's on the Lie algebroid Eo there exists a unique SODE wvector
field T'y on the Lie algebroid E1 such that T o'y =30 W,

Proof. We have to show that for every a; € Ej, there exists a unique vy € Ty, Ey
satisfying the equations

TU(v1) =T2(¥(ay)), and T7(v1) = p1(ar).

Note that if v1,v] € T,, Fy satisfy these conditions then v} — v; € Ker(T'm) and,
since U is fiberwise bijective and (T¥)(v1) = (T'P)(v]), we conclude that vj = vy.

Next, we will see that one may find a vector v; € T, E; which satisfies the above
equations.

For that consider a fixed (but arbitrary) auxiliary SODE vector field I' € X(E).
Since T'(a1) projects to pi(ay), the vector v; satisfies the second equation if and
only if the vector wy = vy —I'(ay) is vertical. If &V . By x By — V1 is the canonical
vertical lift, it follows that we can write £" (a1, ¢;) = wy = vy — I'(ay) for a unique
c1 € Fy, and then, using that ¥ is a morphism of Lie algebroids, the first equation
reads

€Y (W(ar), W(er)) = Ta(¥(ar)) — TU(T(ar).
The right hand side of this equation is vertical at the point ¥(a;), and since ¥
is fiberwise bijective it has a unique solution c¢;. Thus, the vector v; = I'(aq) +
¢V (a1, c1) is the solution for our equations. O

Let T be a SODE in the Lie algebroid AG of a Lie groupoid G. Denote by I the
unique SODE in V« which is W-related with I". Note that the natural inclusion

1: AG — Va

is a Lie algebroid morphism over the identity map € : Q@ — G. So, AG is a Lie
subalgebroid of the Lie algebroid Va. However, the restriction of a SODE on Va to
AG is not, in general, tangent to AG.

Example 1. Suppose that G is a Lie group. Then, the Lie algebra g of G is the Lie
algebroid of the Lie groupoid G (see Appendix B). Moreover, since the source map
a: G — {e} is the trivial map (with e the identity element in G), we have that Va
is just the tangent bundle T'G of G and the Lie algebroid Va — G is the standard
Lie algebroid 7¢ : TG — G. In addition, using the left trivialisation of TG

L:TG—Gxg, vg€T,G—(g9,Y(vy)),
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we can identify T'G with the product G x g. Under this identification, the natural
inclusion ¢ : g — T'G is given by

Lig—>Gxg, £ ) =(¢,8).
Moreover, using the same identification, we have that
TTG ~T(G x g) ~ (G xg)x(gxg)
and an arbitrary SODE T on 7¢ : TG ~ G x g — G,
I:TG~Gxg—TTG ~ (G xg) x (g xg),
has the following expression

L(g:€) = (9,&€1(9,€)) € (G x g) x (g x 9), for (9,6) € G xg.
On the other hand, an arbitrary vector field I" on g

feg—T()=(nE)egxg

is a SODE and it is clear that the corresponding SODE I' on G is given by

T'(g.€) = (9.&&n(€)), for (9.€) €gx g

Thus, it is clear that the restriction of T' to the Lie subalgebroid g ~ {e} x g C
G x g ~ TG is not tangent to g.

Now, we will apply Theorem 3.1 to the SODE T' and the point e(qo) € G, with
qo € Q. Then, one may find an open neighborhood of (gp) in G and a unique curve
T (g0)(q0)h ON it which connects the point £(qo) with itself at time h > 0 and such
that it is a trajectory of f‘T((rl(qO)). In fact, the curve G (49)e(go)n i contained in
Ozil(qO) and, therefore, VU(h,q0) = 5'5(q0)5(q0)h(0) S Vg(qo)a = AqUG.

Moreover, we may prove the following result

Theorem 3.2. Let I' be a SODE wvector field on the Lie algebroid AG — Q of the
Lie groupoid G = Q, qo € Q a point in the base manifold and T the corresponding
SODE in the Lie algebroid Va — G. Then, there exists a sufficiently small positive
number h > 0, an open subset U in AG, with v, 4,) € U, and an open subset U of
G, with €(qo) € U, such that:

1. The exponential map associated with I' at time h
expr U —U, veU— %(@Z(v)) eU

is a diffeomorphism. Here 7 : Va — G is the canonical projection and B s
the flow of the vector field T' on Va.
2. For every g € U there exists a unique trajectory o (a(g))gn * [0, h] — a YHalg))
of T satisfying the following conditions
JE(a(g))gh(O) = 5(0‘(9))7 Us(a(g))gh(h) =9, ds(a(g))gh(o) e Uu.

Thus, the induced curve a(q(g))gh = ¥ © Tc(a(g))gh M AG is an integral curve
of the SODE I'. Moreover, the trajectory of T’

da(9)Bg)h = T © Ge(a(g))gh * [0:7] = Q@
has initial point a(g) and final point B(g), that is,
da(9)5(9)n(0) = a(9): dag)sg)n(h) = B(9)-
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Proof. Using Theorem 3.1, we deduce that there exists a sufficiently small positive
number h > 0, an open subset U in Va, with v, 4.) € U, and an open subset V' of
G, with g(qo) € V, such that:

1. The exponential map of [ath
exph :UCVa— (VxV)INGaCGxG, o — (7(3), 7L (9))),

is a diffeomorphism.
2. For every g,¢’ € (V xV)NGa, there exists a unique trajectory oggp : [0, h] —
a~a(g)) of T satisfying the following conditions

0ggn(0) =g, oggn(h) =g, Gggn(0) € U.
Now, we take the open subset UN AG of AG. It is clear that V(h,q0) € UnN AG.
Denote by ¢ : AG — Va the canonical inclusion. Then, the exponential map
exp), : UN AG C AG — G is given by
expg =prz20 e-TPI; o,

where pry 1 (VX V)NGa — V C G is the canonical projection on the second factor.
In fact,

expy, (L(v)) = (e(r(v)), eapy, (v)). (5)
Next, we will see that the map expg : UNAG — G is a local diffeomorphism.
Suppose that X, € T,(UN AG), with v € UN AG, and

0= (Tyexp,)(Xy) = (To(7 0 ©3,))(X)-
This implies that
(Ty(avo 70 ®L))(X,) = 0.
But, since the trajectory of I’ over a point ¢ of T(ﬂ N AG) is contained in the fiber
a~1(q), we deduce that
aofTo <I>£ oOL=T.
Thus, we have that
(To7)(Xy) = 0.
Therefore, from (5), we deduce that

(T, (exp 01))(X,) =0

and it follows that X, = 0.
We conclude that there exists an open subset U C AG, with v, 4,) € W, and
an open subset U’ C G, such that €(qo) € U’ and

expy, : W C AG - U CG

is a diffeomorphism.

Next, using that € : @ — G is a continuous map, we have that there exists
an open subset W of @ such that ¢qo € W and ¢(W) C U’. So, a~*(W) and
U =U"Nna (W) are open subsets of G and

e(qo) € U, e(a(U)) CU.

Thus, we may take
U = (exp},) 1 (U) C AG,
and (i) and the first part of (ii) in the theorem hold.
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Finally, using that the SODE I is W-related with the SODE T’ and the fact that
7o W = o7, we deduce the last part of the theorem. O

Remark 2. The conditions satisfied by the curves o.(q(g))gn and ae(a(g))gn in the
previous theorem can be interpreted in terms of AG-homotopy of paths (see [4]
for the definitions). Indeed, if we reparametrize the curve a(s(g))gn and define
the curve G.(a(g))g : [0,1] = AG by Gc(a(g))g(8) = hac(a(g))gn(sh), and similarly
we reparametrize o (q(g))gn and define G.(a(g))g : [0,1] = G by Gc(a(g))g(s) =
Tc(a(g))gh(sh), then the curve . (a(g))y is an AG-path in the AG-homotopy class
defined by the element g € G. Indeed, it is clear that

doc(a(g)gh

&E(a(g))g(t) = Tl&s(a(g(t)))g(t)_l ( dt It )

and that 0. (a(g))4(0) = €(a(g)) and G (a(g))g(1) = g
We will denote by
RS :UCG—-UCAGand R, :UCG — ®L(U) C AG

the inverse maps of the diffeomorphisms expg :U — U and epoOQ’E he <I>£ u) — U,
respectively. They are the exact retraction maps associated with I' at h.
Note that

R}, (9) = e(a(9))gh(0) = G=(a(g))gn(0) (6)
and . -
RZ (g) = ¢£<RZ (9)) = a€(a(g))gh(h> = qug*(ds(a(g))gh(h))' (7)
The following diagram illustrates the situation
ezpl}:
UcAG—~~~ TEUCG

R§

or(U) C AG

3.3. The general case. In the general case, when we have a general Lie algebroid
(E,[ ,],p), it is possible to construct a local Lie groupoid G integrating this Lie
algebroid. This groupoid is local in the sense that the product is not necessarily
defined on Gy, but only locally defined near the identity section (see [4] for details).
In any case, Theorem 3.2 is a local result for points near of the identities and,
therefore, it remains valid for general Lie algebroids.

4. Homogeneous quadratic second order differential equations.

4.1. The standard case. Let I" be a SODE on T'Q and A the Euler vector field on
TQ. As we know, the flow of A is

AR XTQ = TQ, (t,vy) €RxT,Q — O (vy) = elv, € T,Q.
Then, T is said to be a homogeneous quadratic SODE if
[AT]=r (8)

(see, for instance, [6]).
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From (8), we have that the vector field I" is homogeneous of weight 1 with respect
to A. Anyway, in this paper, we will use the terminology, homogeneous quadratic
SODE, for the following reason. If the local expression of I is

+ Fz(an)i

. . 0
g, 4) =4q o

oq*

.0
= ¢'=—, it follows that
g’

then, using that A
A(T?) = 2T, for every i,
or, equivalently,
I'(q,q) = Fék(q)q'jq'k, for every i.

In other words, the (local) function I'? is a fiberwise homogeneous quadratic polyno-
mial function, for every ¢. In particular, this implies that I" vanishes along the zero
section of 7 : T'QQ — Q. Thus, the trajectory of I' with initial velocity 0, € T,Q
(¢ € Q) is the constant curve

co, R—=Q, tcR—co,(t)=qcQ.
On the other hand, if
Cog I —=Q, tel—cy,(t)eq,

is the trajectory of I' with initial velocity v, € T,Q and s is a sufficiently small
real number, then the trajectory of I' with initial velocity sv, is the homothetic
reparametrization of ¢, given by

Csv, ] = Q, u€J = cop,(u) =cy,(su) € Q.

In particular,

Co,(8) = Csu, (1). (9)
Thus, if h is a sufficiently small positive number and v, € T, then

vg € D{j, ) = hvg € Dy -
Therefore, in what follows, we will consider the starshaped open subset D(F1 9 of
T,0Q about 0, € T,Q given by
D{y 4 = {vg € T,Q/(1,v,) € D"}

As in the general case of an standard SODE we will denote by D} the open subset
of T'Q defined by

D{ = UQEQD(Fl,q)'

D! is an starshaped open subset of TQ about the zero section 0 : Q — T'Q of TQ
and we have the exponential map of I' at A = 1, which we will simply denote by
expl : DY C TQ — Q x Q, given by

Vg € Dy NTyQ — e:z:pr(vq/) = (1q(vy), eil?pZQ(uq,)(Uq’)) = (¢, e:cpll;/(vq/)) €QxQ.

In the particular case of a homogeneous quadratic SODE this map has some addi-
tional properties. In fact, using (9), it follows that

eap' (0y) = (¢','), exp" (tvg) = (', cu,, (¢)), (10)

for ¢ € 7o(DY), vy € DY and t € [0,1].
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On the other hand, as we know, the linear map

TyQxTyQ = To,, (TQ), (ug,vy) = (Ty0)(uq) (tvg))

4
" dt|t=0

is an isomorphism. So, we can identify the tangent space Tp_, (DY) = Tv,, (TQ) with
the product Ty @Q x T,/Q. Under this identification and using (10), we deduce that

Ty, exp’ : Ty, (D7) =Ty Q x TyQ — TyQ x Ty Q

is just the identity map.

Therefore, if ¢ is a fixed point of @, this implies that there exists an starshaped
open subset U of T'Q about the restriction to 7g(U) of the zero section, with ¢ €
7o (U), such that the exponential map

exp’ 1 U C TQ — 1o(U) x o),

is a diffeomorphism.

4.2. The general case. Let G be a Lie groupoid over () and I" a SODE on the Lie
algebroid 7 : AG — Q. Then, following the previous section, we can introduce in a
natural way the notion of a homogeneous quadratic SODE on AG.

Definition 4.1. T is said to be a homogeneous quadratic SODE on AG if
AT =T,
where A is the FEuler vector field of AG with global flow
P2 R x AG — AG, (t,a) — ®2(t,a) = 'a.

Let (¢") be local coordinates on Q, {e,} a local basis of I'(AG) and (¢%, y*) the
corresponding local coordinates on AG. If the local expression of the SODE I' on
AG is

C(q,y) = ph(Q)y®

) 0
4 T%(q,y) —
ag T (¢:y) oy

then, using that

0

BV g

it follows that I' is homogeneous quadratic if and only if I'® is a fiberwise homoge-
neous quadratic function on AG, for every . This means that

I'(q,y) =T%,(0)y"y".

Next, we will prove that the unique SODE on Va, which is U-related with a homo-
geneous quadratic SODE on AG, also is homogeneous quadratic.

Proposition 2. Let I' be a homogeneous quadratic SODE on AG and T the unique
SODE on Va which is U-related with I'. Then, I' also is homogeneous quadratic.

Proof. We will proceed as follows:
1. We will see that the Lie bracket [A,T] is a SODE on the Lie algebroid Va,

where A is the Euler vector field of the Lie algebroid 7 : Va — G.
2. We will prove that the SODE [A, T is W-related with T



492 J. C. MARRERO, D. MARTIN DE DIEGO AND E. MARTINEZ

Thus, from Proposition 1, we will conclude that the result holds. 3
1. Let f be a real C*°-function on G. Then, using (4) and the fact that A is a
7-vertical vector field, we have that

[AT)(fo7) = A(l(fo7) —T(A(fo 7)) = A(dVef).
On the other hand, since the Lie derivative with respect to A of a fiberwise linear
function on Ve is just the same function, we deduce that

[AT)(f o) =dVf.
This, from (4), implies 1.
2. Using that W is a vector bundle morphism, it follows that
Vod2 =020,

and, therefore, A and A are U-related. So, since that [ and T also are W-related,
we conclude that the Lie brackets [A,T'] and [A,T'] also are W-related. So, using
that [A,T] =T, we deduce the result. O

Under the same hypotheses as in Proposition 2, we will denote by
empE:UQAG—)UgG
the exponential map associated with I' at h > 0 and for the point ¢y € @ as in
Theorem 3.2, that is,
exph (v) = 7:(@1;(11)), for v € U.

Using that T’ is a homogeneous quadratic SODE we can take h = 1 and U an
starshaped open subset of AG about the restriction of the zero section to 7(U) C Q.
We will denote by

expt :UC AG —-UCG

the corresponding map and we will prove the following result.

Proposition 3. If exp’ : U C AG — U C G is the exponential map associated
with a homogeneous quadratic SODE I' on AG, we have that

epr(Oq) =e(q), expr(tve(q)) = Ou.y (1), (11)

forge (W), veq) € UN A G and t € [0,1], where
Toog 10,1 = UCG
is the trajectory of T with initial velocity veq). Moreover, under the canonical
identifications,
To,exp’ : To, (W) = T,Q x AgG — To()G ~ T,Q x A,G

is just the identity map.
Proof. The SODE I on the Lie algebroid 7 : Va — G may be considered as a
smooth family of standard SODEs, one on each fiber of the source map o : G — Q.
In addition, each one of these SODEs is homogeneous quadratic. So, using the results

in Section 4.1, we deduce that (11) holds.
Now, the linear map
T,Q x A,G — TOqAGa (UQ7UE(q)) — (qu)(uq)

— t
* dt |t:0( Ue(q))
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is a linear isomorphism, where 0 : Q — AG is the zero section. Thus, we can
identify Tp, U = Ty, AG with the product space T,Q x A,G.
On the other hand, the linear map

d
TQQ X AqG — Ts(q)Gv (UQa 'Us(q)) — (qu) (uq) + %ltzo(tvs(q))

also is a linear isomorphism and we can identify T; ;)G with the same product space
T,Q x A.G.
Under the previous identifications and using (11), we conclude that

ToqempF :To, (W) = T,Q x AyG — To ()G = T,Q x A,G
is the identity map. O

5. Conclusions and future work. We have developed a local convexity theory
for a SODE I" on the Lie algebroid AG of a Lie groupoid G. In fact, we introduce
the exponential map associated with I' as a local diffeomorphism between AG and
G. The particular case when I' is homogeneous quadratic is discussed in the last
part of the paper.

Now, in the presence of a mechanical continuous Lagrangian function L : AG —
R, we can consider the SODE I';, on AG whose trajectories are the solutions of the
Euler-Lagrange equations for L (see [5, 15]). Then, we can apply the results in this
paper to 'y, and we can introduce, in a natural way, a discrete Lagrangian function
Lf : G — R on G, with h a sufficiently small positive real number. L} is the exact
discrete Lagrangian function associated with L (see [12, 13]). In addition, if we take
a discrete Lagrangian function Ly : G — R which is an approximation of order r of
L7, then one may prove that the discrete scheme induced by Lq is an approximation
of the continuous flow I'j, of order r (see [12, 13]). In other words, L, is crucial to
discuss the variational error analysis.

On the other hand, the results in Section 2 of this paper also play an important
role in the definition of the exponential map and the exact discrete submanifold
associated with an standard mechanical nonholonomic system. In turn, the previous
objects allow to introduce the exact discrete nonholonomic equations (see [1]).
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Appendix A. Proofs of Theorems 2.1 and 2.2. In this appendix, we will give
a proof of Theorems 2.1 and 2.2. For this purpose, we will use some standard results
on second order differential equations on R™ (see [8]).
Let
d2qi
dt?

d’
dt

=&t ¢, =), Yie{l,...,n}
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be a system of second order differential equations on R x R”, with & a real C>°-
function on a compact subset of R x R2™ which contains the origin.
We will consider the problem of the existence of solutions satisfying the boundary
conditions
¢'(0) =0, ¢'(ho) =0, Vi, with ho > 0.
In this direction, using Corollary 4.1 of Chapter XII in [8], we deduce the following
result.

Theorem A.1. Let £(t,q,q) be continuous for 1 <i <n, 0 <t < hgo (hg > 0),
llgll < R, ||4|| < R such that f satisfies a Lipschitz condition with respect to q,q of
the form
I1€(t, a1, 41) — &(t a2, 2) 1| < Cllaz — qull + Clld2 — |

with Lipschitz constants C,C, so small that

Ch  Chy

— 4+ — < 1.

8 + 2

In addition, suppose that ||£(t,¢7,¢7)|| < M and that

Mhg _ o, Mh
T2

<R

Then, the system of second order differential equations
d2qj
dt?

has a unique solution satisfying

lg@®)] < R, [lg@®)]| < R, ¢'(0) =0, ¢'(ho) =0, forallt€[0,ho) and 1 <i<n.

=& (t,q',¢"), forallj

We will also use the following classical result.

Proposition 4. Let f: U CR™ = R" be a C°°-smooth map, with U a convex open
subset of R™ and suppose that there exists a positive constant C' > 0 such that

[df (x)|| < C, Va e U.
Then, we have that
1f(@) = fWll < Cllz—yll, forzyel.

Now, we may prove Theorem 2.1.
Proof of Theorem 2.1. Let (U, = (¢%)) be a local chart on Q such that

P(U) = B(0s¢) and $(qo) = (0,..,0),
where B(0;¢) is the open ball in R™ of center the origin and radius € > 0.
We consider the corresponding local coordinates (76 YO, ¢ = (¢,¢%)) on TQ.

Note that (,5(7'51(0)) = @(U) x R™. Since I is a SODE, we also have that

. i 0 i 0
I'(g,9) =g o +¢ (q,Q)aQi~

Then, the trajectories of T' in U are the solutions of the system of second order
differential equations

d2 qz
dt?

i dg .
=&'(q, E), for all i.
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Now, if we take
0<R<e and 0<R

then, using that ¢! is a real C°°-function on B(0;€) x R, we deduce that there exist
positive constants C,C' > 0 satisfying

ldi€(q. )l < O, lld2€(q. d)ll < €, for (q,4) € B(0; R) x B(0; R),
where B(0; R) and B(0; R) are the closed balls in R” of center the origin and radius

R and R, respectively.
Thus, from Proposition 4, it follows that

I€¥(at, 1) = €1 (a3, )l < 1€ (al, q]) — € (b, a) |l + 1167 (b, df) — &¥(a3, 03l
< Cllg2 — 1]l + Clld2 — du |
for (¢].47). (43.43) € B(0, R) x B(0; ).
Moreover, it is clear that there exists a positive constant M > 0 and
l6(a”, @)l < M, ¥(q,4) € B(0; R) x B(0, R).
Next, we choose a sufficiently small positive number hg satisfying

Ch3  Cho M} Mhy
g4 == <
5 T2 g =%

Now, if we take h € R, 0 < h < hg and the compact subsets C' and C of Q and TQ,
respectively, given by
C=¢ ' (B(0:;R), C=¢ Y(B(0;R)x B(0, R))

then, using Theorem A.1, we conclude that there exists a unique trajectory oqyg,n :
[0,h] = C C @ of T such that

<1, <R.

Tg0q0h(0) = qo0,  Tgoqen () = o,
and
Gaoqon(t) € C, fort €[0,h].
Therefore, it is sufficient to define v(; 40) := dgqon(0) and we end the proof of the
result. 0

Next, we will prove Theorem 2.2.
Proof of Theorem 2.2. From Theorem 2.1, it follows that
V(h,q) € D(Fh,qo) and ewp{hyq())(v(hyqo)) = qo.
Moreover, it is clear that the map
expl(ﬂhyqo) : D{h’qo) CTW® —Q

is smooth.
Next, we will proceed locally. So, we will denote by

(t.q',q") — (@ (t,q",¢"), 47 (t,¢",¢"))
the flow of the SODE I'

o 9
I(¢, ) = ¢ —
(¢, ¢") i

.
(AT A
+&'(d, ¢ )6(;1'
We have that
it g, ¢7) =@t ¢, ), i (t ¢, d)), (12)
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and
2(0,¢',¢") =¢', #(0,¢,¢) = §". (13)
The local expression of the map exp{h ) is
qi — exp{h,qo)(qi) = m(h‘>q07 qz)

Denote by qon the tangent vector vy 40) € Ty, Q. We must prove that the Jacobian
matrix of ezp(rh ) At qon

(Daewply o) on) = (Da) (hs o, don)
is non-singular.
Let Uggy,gon)(t) be the Jacobian matrix of the smooth map expl(ﬂt’qo) at qon, that
is,
Ulgordon) () = (quxpaqo))(%h) = (Dgx)(t, 0, don)-

Then, using (12), an standard argument proves that

Ulgoriom) ) = (Dg) (@' (t, o, don), & (£, G0+ don)) Utgo,don) (£)

+ (qu)(xi(taQOaQOh)ai‘i(uQquOh))U(qo}q'Oh)(t)

and, in a similar way using (13), we also deduce that

U(qo,%h)(o) =0, U(qo,doh)(o) = Id.
So, if we denote by B4, 40,)(t) and Fg, 40,)(t) the matrices

(Dg&)(2"(t, qo, don), " (t, g0, don)) and (Dg€)(z" (L, qo, on), 2" (¢, qo, don)),

respectively, it follows that

U(fIO,!ioh) (t) = B(qo,!ioh) (t)U(q07qOh,)(t) + F(qu,q'oh) (t)U(qquOh)(t)'

Now, we consider the homogeneous system of second order differential equations

y(t) = B(‘Zo,do;z)(t)y(t) + F(Qo,%h,)(t)y(t)' (14)

Note that By, 40,) and Flgq ¢o,) are C>-matrices, for every sufficiently small posi-
tive number h.

So, taking into account that there exists a compact subset C C T'Q such that
V(h,q0) € C (for every h), using Theorem A.l and proceeding as in the proof of
Theorem 2.1, we conclude that there exists a sufficiently small positive number
po > 0 such that for all A the unique solution

t— y(Qo:don)(t)
of the system (14), satisfying the boundary conditions
y(qo,ti()h)(o) =0, y(qo,don)(p) =0, with 0 < P < po,

is the trivial solution.
Thus, from Lemma 3.1, Chapter XII in [8], we deduce that the matriz

U(deoh)(p)a with 0 < p < po,

is regular, for every h.
Therefore, it is sufficient to take h = p, with 0 < p < pg, and the result is
proved. O
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Appendix B. Lie algebroids and groupoids. First of all, we will recall the
definition of a Lie groupoid and some generalities about them are explained (for
more details, see [9]).

A groupoid over a set M is a set G together with the following structural maps:

e A pair of maps a : G — M, the source, and 8 : G — M, the target. Thus, an
element g € G is thought as an arrow from gy = a(g) to ¢; = B(g) in M
/7\.
70 = a(g) a1 = B(g)

The maps a and 3 define the set of composable pairs

G2 ={(g9,h) € G x G/B(g) = a(h)}.

e A multiplication m : Go — G, to be denoted simply by m(g,h) = gh, such
that
— a(gh) = a(g) and B(gh) = B(h).
— g(hk) = (gh)k.
If g is an arrow from gy = «a(g) to ¢1 = B(g) and h is an arrow from ¢; =
B(g) = a(h) to g2 = B(h) then gh is the composite arrow from go to ¢o

L] L] L]
70 = a(g) = a(gh) q1 = B(g) = a(h) a2 = B(h) = B(gh)
e An identity map € : Q — G, a section of o and [, such that
— e(a(g))g = g and ge(B(g)) = g.
e An inversion map i : G — G, to be denoted simply by i(g) = g, such that
— g 'g=¢(B(g)) and gg~' = £(a(g)).

._.,/T\.

a0 = a(g) =Bg™1) g1 =B(g) =a(g™h)
-1

g

A groupoid G over a set ) will be denoted simply by the symbol G = Q.

The groupoid G = @ is said to be a Lie groupoid if G and @) are manifolds and
all the structural maps are differentiable with « and 3 differentiable submersions.
If G = @ is a Lie groupoid then m is a submersion, ¢ is an immersion and 7 is a
diffeomorphism. Moreover, if ¢ € Q, a~1(q) (resp., 371(q)) will be said the a-fiber
(resp., the SB-fiber) of q.

Typical examples of Lie groupoids are: the pair or banal groupoid Q) x @ over
Q, a Lie group G (as a Lie groupoid over a single point), the Atiyah groupoid
(Q x Q)/G (over Q/G) associated with a free and proper action of a Lie group G
on ) and the Lie groupoid G associated with a fibration 7 : @ — M given by

Gr ={(¢,4') € Q x Q/n(q) =7(q)},

(it is a Lie subgroupoid of the pair groupoid Q x Q = Q).
On the other hand, if G = @ is a Lie groupoid and g € G then the left-translation
by g € G and the right-translation by ¢ are the diffeomorphisms

ly:a ' (B(g) — a'(alg)) 5 h—1y(h)=gh,
rg: B alg) — B7(B(9)) 5 h—=>ry(h) = hg.

Note that lg_1 =lg—1 and Tg_l =Trg-1.
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A vector field X on G is said to be left-invariant (resp., right-invariant) if it is
tangent to the fibers of a (resp., 8) and X (gh) = (Thl,)(X(h)) (resp., X(gh) =
(Tyra) (X (9)), for (g,h) € G,

Now, we will recall the definition of the Lie algebroid associated with G.

We consider the vector bundle 7 : AG — @, whose fiber at a point ¢ € @ is
AG = Vgpa = Ker(TE(q)a). It is easy to prove that there exists a bijection
between the space I'(7) of sections of 7 : AG — @ and the set of left-invariant
(resp., right-invariant) vector fields on G. If X is a section of 7 : AG — @, the
corresponding left-invariant (resp., right-invariant) vector field on G will be denoted

by ? (resp., }), where
X (9) = (Te(a(gnls) (X (B(9)), (15)
X (9) = —(Te(aie) o) (Teatgn) (X (a(9))), (16)

for g € G. Using the above facts, one may introduce a bracket [-,-] on the space of
sections I'(AG) and a bundle map p : AG — TQ, which are defined by

[XY1=1X.¥]. (X)) = (T BX@), (17)
for X, Y € T'(AG) and q € Q.

Since [, | induces a Lie algebra structure on the space of vector fields on G, it is
easy to prove that [-,-] also defines a Lie algebra structure on I'(AG). In addition,
it follows that

[X, fY] = FIX, Y] + p(X)())Y,
for X, Y € T(AG) and f € C*®(Q).

In other words, we have a Lie algebroid structure on the vector bundle 7 : AG —
@ with anchor map p. It is the Lie algebroid of G.

We remark the following facts:

e The Lie algebroid of the pair groupoid @ x @ over @ is the standard Lie
algebroid TQ — Q;

e The Lie algebroid of a Lie group G is the Lie algebra g of G;

e The Lie algebroid of the Atiyah groupoid (@ x Q)/G is the Atiyah algebroid
TQ/G over Q/G and

e The Lie algebroid of the Lie groupoid Gm associated with a fibration 7 : Q) —
M is the vertical bundle Vrr of m: Q — M.
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