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Abstract
In this paper, we consider three different semiflows (¢;):>0, (¥):>0 and (¢;);>0 on
the real half-line given by

e'r A+eHr—1+¢
i 7(pt(r):= 1 'R
1+r( —1) (—14+er+1+e

@i (r) = elr+1—et, Y (r) =

for r,t > 0. These semiflows induce three weight Koopman semigroups, (Tt{/,,)»o,

(SZ p)t>0 and (R,)f p),>o on the fractional Lebesgue spaces ’];(a) (%), closed subspaces
of LP(R™) for some o and y > 0. We describe spectrum sets, point spectrums
and resolvent operators of their infinitesimal generators. Three Cesaro-like operators,
defined using the Chen fractional integral,

1 _ -
Cun ) i= WM/ s — 1A r — s f)ds. r > 0,
- rl,r
rH |s — 1|“+V*1 -
14 — -
o fr) = T /FM pTERY |r —s|"7" f(s)ds, r >0,

Ir—s|"~' f(s)ds, r >0,

[r + 1|*Y / |s — 1|#t
r

4 .
Cu,uf(r) =2 |r — ]|M+V*1 L |S + 1|,u+v7y

(for certain , v,y € Rand I'y , := (1,r) whenr > 1 and I'y , := (r, 1) in the case
0 < r < 1) are subordinated to these Cp-semigroups. These representations allow to
obtain their norms and spectrum sets.
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Introduction

The study of composition operators connects fundamental questions about certain
operators with elegant classical results from qualitative theory. In dynamic systems,
composition operators are often referred to as Koopman operators, in honor of the
Franco-American mathematician Bernard O. Koopman. Koopman viewed these oper-
ators as a means to integrate classical Hamiltonian mechanics with the theory of
Hilbert spaces and their linear transformations [13]. Within this framework, the
canonical resolution of the identitysometimes called the “spectrum of the dynami-
cal system” is introduced and described in terms of a one-parameter group of unitary
(and composition) operators in Hilbert space.

Let K compact and X locally compact spaces. A mapping ¢ : [0,00) x K — K
is called semiflow if for each ¢+ > 0 the mapping ¢; given by ¢:(x) = ¢(¢, x) is
continuous, ¢g(x) = x and ¢ o ¢; = ¢sy, fors, t > 0. In [16], a general study about
positive semigroups in lattice spaces C(K) and Co(X) is developed.

In this regard, a wealth of literature is available. A comprehensive treatment of
Koopman operators in L?(X), with applications to ergodicity in measure-preserving
systems, can be found in [6]. The classic book [16] develops a thorough study of
positive semigroups in lattice spaces, and it characterizes continuous flows through
semigroups of composition operators and their infinitesimal generators. In a finite
measure space, reference [5] presents a characterization of Koopman semigroups on
L?(X) for measure preserving semiflows. Furthermore, it establishes an equivalence
between measure-preserving flows on standard probability spaces and continuous
flows on compact Borel probability spaces.

On the other hand, the theory of continuous one-parameter semigroups of holo-
morphic self-maps on the unit disk has garnered significant attention from researchers
in recent decades. The excellent monograph [3] offers a thorough and comprehensive
overview of the current state of this intriguing field.

Semigroups of holomorphic self-maps on the unit disk, as well as on the complex
half-plane or other domains, are closely related to the theory of composition opera-
tors. Specifically, each one-parameter semigroup of holomorphic self-maps induces
a semigroup of composition operators on certain holomorphic function spaces. This
connection enables the transfer of functional analytic properties, such as compact-
ness, cyclicity or spectral properties, to corresponding dynamical questions about
semigroups. For further details, see [10, 19, 20].

In this context, an important tool is the continuous Denjoy-Wolff theorem, which
identifies fixed points for iterations of holomorphic self-maps of the unit disk (see [3]).
Several well-known examples of semigroups of holomorphic semiflows are discussed
in the excellent survey [20].
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Three weight Koopman semigroups on Lebesgue spaces

However, a corresponding result to the Denjoy-Wolff theorem for arbitrary semi-
flows in Lebesgue spaces remains unknown. In this paper, we focus on three specific
semiflows ¢, ¥, ¢ : [0, 00) — [0, 00) on the real half-line:

e'r (A+eyr—1+e
— () =
14+r(f—1)

o -t _ ——
Gi(r)i=er+1—e", Yui(r):= S (—l4er+1+e’

These semiflows originate from semigroups on the unit disk I and serve as canonical
examples of elliptic (¥;);~0, parabolic (¢;);~0, and hyperbolic (¢;);~o semigroups
on D (see [3, 20]).

Note that the three semiflows verify

tll{p@@(f) = t~l>u+noo Y (r) = ti“foo o (ry=1, rel0,00),

that is, the value 1 is an attractive fixed point of these mappings. Moreover, each of

the three semiflows has additional fixed points on R U {oo}: (¢;);>0 and (¥;)s~0 have

an additional fixed point on 9 ([0, oo]), with lir_P ¢¢(r) = 400 and ¥ (0) = O for
r— 100

all ¢+ > 0, while ¢, (—1) = —1.

This article is organized as follows: In Sect. 1, we present some properties of the
semiflows (¢:):>0, (¥1)r=0 and (¢;);>0, and we apply Faa di Bruno’s formula to
compute the n-th derivative of a composition involving these mappings (Lemma 4).
Since these semiflows are infinitely differentiable (as in the complex case), it is natural
to study the induced Koopman semigroups within certain Sobolev-Lebesgue spaces.

In Sect. 2, we revisit the Lebesgue subspace ’Z;,(a)(t"‘) <> LP(R™) for p > 1 and
o > 0. These function spaces are of Sobolev type, defined using fractional Weyl
derivatives. In case p = 1 and @ € N they were introduced in [2]; while the cases
p = 1 and o > 0 were explored in [9] and p > 1 and @ > 0 in [14, 17]. Although
these Sobolev spaces share a similar structure with L? (R™) the associated techniques
are considerably more complex.

It is noteworthy that these function spaces align perfectly with the nature of the
three semiflows. In Sect. 3, we introduce the weighted Koopman semigroups (17, p); >0,
(S¢,p)r>0 and (R; p):>0 defined by

T, f(r) =7 f($:(r)),
SI,f(r) = er ol () f W (r)),

R, £ () = €Y P0l (1) Floi (),

with r > 0, p > 1, y > 0 and ¢, ¥, ¢; the semiflows given in Definition 1. We
will demonstrate that these are uniformly bounded Cp-semigroups on ’T;a)(t“) for

o > 0 in the first case, and on 7},(”)0”) for n € N in the second and third cases. We
identify their infinitesimal generators, spectra (including point spectra), and resolvent
operators. Additionally, the orbits of these Cy-semigroups correspond to the solutions
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of the Cauchy problems

qu,r) - du@,r) 1
= -n——= pu(t,r),
u(t,r) du(t, r) 1
— ==/ (p yr) v(t,r),
23u)(t,r) _ (l_rz)aw(t,r) +<y_3_yr> w(t,r),
ot ar P

forr,t >0,

Following some ideas introduced in [14], we define the Cesaro-like operators sub-
ordinated to (77, ,):>0, (S,)fp),>o and (RZP),>0. Given u,v € R, we consider the
integral operators

1 -1 -1
Cunf(r) = T /Fl,r ls = 1H 7 r —s|"7 f(s)ds, r >0,

y Jaz ls — 1|u+y—1 -
= - >
<, f(r) T ./r], e lr —s|"= f(s)ds, r >0,

Ir+ 1[*77 s — 1|1 o
CI)//L,vf(r) = 2U |r _ 1|,u+v—l Fl |S + 1|M+V—y |r _S|v f(S)dS, r > Oa

whenever this integral converges, and I'y , :== (1,r) forr > land I'y, := (r, 1) in
the case 0 < r < 1. These three operators are examples of Chen’s fractional integral,
defined for « > 0 and ¢ > 0 as follows:

1
IZf(r) = m/r lr — sl"‘*]f(s)ds, r>0,

when the path I - is defined by I';. , := (¢, r) forr > cand I'¢ , := (r, c) in the case
0 <r <c,see[18, Section 18.5] and references therein. This fractional integral was
introduced in [4] to address certain differential equations with mixed initial conditions.
We write k¢ o(1) = %U —c|®!fort > 0, then

B, v)
Cu,vf = k Ilu(kl,uf),
1, u+v
o f= B+ y,v)B(n+1,v) kO,anl v ( kl,u+y >
o ) Koty \Kkogtvr1” )
szf zzuﬂ(“_y—i_lv‘))ﬁ(l‘l’v‘}) k—l,[,t—)/-‘rl Ilv < kl’u f)
’ ') ki pitv k1, ptv—y+1

The connection between these semigroups and the operators based on Chen’s
fractional integral is novel and is addressed in this paper (see Theorems 16, 17,
18). Additionally, for p > 1, we estimate the norms ”Cu+” Wlls ||¢ufl Il and

p r’
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”Cu 117, || in Sobolev (and Lebesgue) spaces and demonstrate that
i

a(cM%,v) = J(@Z_%’U) = o(cz+

1 )= {ﬁ(u-l—z, v): Nz ZO},

r’

foru,v>0andyz%.

Notation. The Gamma and Beta Euler functions are denoted by I" and S respectively
and

o0

o0
F(z)=/ *le7'dt, Re(z) >0;,B(u,v)=/ M1 —e ), pv>0.
0 0

We write C,, for a constant which depends on n and may be different in the next
calculation.

1 Semiflows in the real half-line

Definition 1 For ¢t > 0, we define the inner maps in the real half-line

o) =er+1—e",

. e'r
Yi(r) := m,
(1+e)yr—1+¢
0 (r) ==

(—l+eHr+1+4et’
forr > 0.

Note that ¢o(r) = Yo(r) = @o(r) = r for r > 0. The following proposition
collects some basic and interesting properties of these inner maps on Rt which are,
in fact, semiflows.

Proposition 1 Given the inner maps ¢;, ¥z, ¢; : Rt — RT fort > 0. Then

(1) &t(@s) = Grps, V(W) = Yrgs and @1 (@s) = @5 fort, s > 0.

(ii)
1 . 1 J 1 _ 1 0
¢ (?> ) (?> Tan T

(iii) ¢y and @; have an unique fixed point, r = 1 and y; has a two fixed points, {0, 1}.
(iv) ¢([0, 1) = [1 — e, 1] and ¢, ([1, 00]) = [1;’ 00).

(v) We denote by y;(0c0) := lil‘+n Y (r) = Then v, ([0, 1]) = [0, 1] and
Y ([1, 00]) = [1, ¥ (00)).

el —1°
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t

el —1°

(vi) We define ¢;(00) = lirf o (r) =
@i ([1,00)) = [1, ¢ (00)).

Then ¢;([0, 1)) = [@, 1] and

Remark 1 For b > 0, we may also consider semiflows

G p(r) i=e'r+b(l—e"),

e'r
K[’z,b(”) = m,
o) = p e FDFbE D
t, =

r(ef — 1)+ b — 1)’

for r > 0. Note that
r r
b =Tp0dr00T_p  Yrp(r) = b%,l(l—]), O p(r) = b@t,l(;)

where 7, (r) :=r —b, ¢ 0(r) = e ", Y1 = Yy and ¢;,] = ¢ forr, t > 0. Note that
li = I =b li = ! 0
t_)lr+noo¢z,b(r) = t_}Too(ﬂt,b(”) =b, lm Yi(r) = 5 € [0, 00).

For a Lebesgue measurable function f : Rt — C, we write by S = supp(f)
the smallest closed subset S of R™ such that f = 0 almost everywhere outside S.
Equivalently supp(f) is the complement of the largest open set on which f = 0
almost everywhere. Note that if supp(f) C [0, 1] then

supp(f (¢1)), supp(f (¥1)), supp(f(¢:)) C [0, 1],

for t > 0. Similarly if supp(f) C [1, co) then

supp(f (1)), supp(f (Y1), supp(f(¢;)) C [1,00), ¢>0.

In the case we consider certain subsets of R, the semiflows ¢;, ¥, and ¢; may be
defined for ¢ € R and define flows. The proof of the following proposition is omitted.

Proposition 2 Let ¢,, Y, and ¢, be the functions introduced in Definition 1.
(i) ¢ : [1,00) = [1,00) fort € R.

(ii) ¥, : [0, 1] = [0, 1] for t € R.
(i) @ : [—1,1]1 = [=1, 1] fort € R.

Now consider & : [0,00) — [0, 00) and the weight wg, defined by we, (r) =
1 —&(r)

1—r

for r > 0. Note that

wg, (r) = e,
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1

1+r(e —1)
2

e +1+r —1)

wy, (r) =

b

w‘ﬂt (V) =

Remark 2 Take (&;),;>0 a semiflow on R* and (w;);>¢ a family of continuous functions
onR™. Then (w;);~0 is a semicocycle of (&)i>0if wp = 1 and w4y = s (ws 0&;) for
t,s > 0, see [16, Chapter B-II, section 3]. It is straightforward to show that (a)g) >0
is a semicocycle for semiflow (&;);~0 for any y > 0. Moreover,

T(y+n) (=(' —1)" T(y +n) n
Y \(n) _ _ _ t\n ¥
@) ) = T T @ =y = Ty e en 0. )
and
. L'(y+n) [1—e\" i
(wh) ™ (r) = ) ( > ) (), )

forn > 1landt,r > 0.

It is easy to check the following proposition and the proof is left to the reader.
Proposition 3 Fort,r > 0, the following equalities are satisfied.

(i) Yi(r) =re' wy, (r).

(i)
3 I 1
@) =—eTrte i @) =17
d 0/
TGN =€, @) =0, j=2.
(iii)
i __rd=n lim - () = r(1 — 1)
E(Wt(r))_m’ IEI(I)al Ye(r)) =r(l —r),
3/ TG U G
m(lﬁt(”))—e (1+r(et—1))j+1 5 J Z 1
(iv)
9 ) 9 1=
@) = T ey img e =—
3 (=D — 1yt .
W(‘”’(r)) = de (e + 1+ (ef — D)+’ Jjz 1
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In the following lemma we check the n-th derivative of the composition functions
f oo, foyand f o ¢,. The main tool is the well-known Faa di Bruno’s formula
for the n-th derivative of a composition of functions f o £ given by

dﬂ
dr’

n! o (EDr "
_ (my+--+my)
(fEMN =) ot (S(r))]|=|]< 7 )

where the sum is over all n-tuples of nonnegative integers (m, - -- , m,) satisfying
the following condition

my+2my+---+nm, =n, 3)

and functions f and £ belong to C™ (R™).

Lemma4 Take f € C(")(Rﬂ, n € Nandthe semiflows (¢;)i=0, (V1)i=0and (¢r)r=0-
Then

n

d
—(f (@) = e fP (P (),

dr
" ‘ n! k) k ¢\
j— 1 n .

T P = o), (N =) > — -m,,!f (W (r)wy, (r) <1 — e,) ,
" 1 —e'\" n! 2e! k
. (k) k
T (@) = ) (1) < 5 ) > Tl @)@y () <1 — e,) :
where the sum is over all n-tuples of nonnegative integers (mi, - -- , my) satisfying

the condition (3) and k = my + - - - + my,.

Proof We apply the Faa di Bruno’s formula for the n-th derivative of a composition

of functions and Proposition 3 (iv) and (v) in both cases. As ¢,(j )(r) =0 for j > 2,
we obtain the first identity directly. In the second and third case, note that

j! (1 +r(e — 1)ym+h

A G VIR e —e' mj
_<<1+r(ef—1>)> <(ef—1)<1+r<ef—1))) ’

))

N
=, (V1 = )" Y ot FO W )l () (75)

(Wf(r))m" I Gt ) i

and then

n

dr

' ) 0y
S =X <m1,.’fzmn!f("“+"'+’"n>(w, Ty (‘”’ i
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Three weight Koopman semigroups on Lebesgue spaces

Similarly,

dDO\" e =1\ [ 2 \™ i
J! B 2 el — 1 e+ 1+r( —1)

) Jjmj
(e’+1+r(e’—])> ’

hence,

d" , " @Dy "
e (flo: () = (Wf(mﬁ“""_m”)(@t(”)) Hj:l (%ﬂ( )> )
)k

where the sums are over all n-tuples of nonnegative integers (m1, - - - , m,) satisfying
the condition (3) and k = m| + - - - + m,,. O

2

=, ) (152)" 8 st O i 0k, () (2

2 Fractional Sobolev spaces defined on R*

Let D, be the class of C*°-functions with compact support on [0, co) and S; the
Schwartz class on [0, 00). For a function f € Sy and o > 0, the Weyl fractional
integral of order o, W f, is defined by

l o0
WI%f(@t) = W/t (s =D ' f(s)ds, teR*.

The well-known Hardy inequality states that
00 I‘(l) P
[ wrerora < () [T, )
0 a4+ ) 0
for p > 1 and @ > 0, see for example [11, pp. 244-245].
The Weyl fractional derivative W¢ f of order « is defined by

d" —(n—a
W f@) = (—D"WWJ (1), teRt

where n = [«a] + 1, and [«] denotes the integer part of «. It is proved that WfLﬁ =
ij(Wf) for any o, § € R, where W_?r = Id is the identity operator and (—1)" W} =

4 holds with n € N, and

WE(fr) = r*(WE )y, )
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where f,.(s) := f(rs) for r > 0.1If supp(f) C [0, 1] then supp(W¢ ) C [0, 1] for
a € R; similarly if supp(f) C [1, oo) then supp(W¢ f) C [1, 00) for @ € R. See
more details in [15] and [18].

Lemma5 Takex € R, t > 0and f € S4. Then

(i) Fora €e Randt > 0,
WE(f (@) (r) = e (WS f) (@i(r), 7 >0.
(ii) Fora >0,y >a,andt > 0,
WL @y, fW)(r)

_ e /‘MW) = Y (D W (00) —wyr 7!
Wi (00D~~~ () Sy F(@)

fu)du

Proof (i) Take o > 0. Then

1 [ee]
W G00) = 1o [Tamre et 1= e
to o0
N Fe(cx) g @RI f
= (WS f) @ ()

where we change the variable u = ¢~ 's + 1 — ¢~ '. Take now n > o and

WEC @) = W (W (@) ()
= 0 (W (W0 F ) (@) = &7 (WEF) (91 (1)

where we have applied Lemma 4 (i).
(ii) Take ¢ > O and y > «. Then

- 00 (5 — )l 1 se!
o,V _
Wy (w%fwft))(r)—/r — (HM71))yf(1+s(e_l)>ds
e~ ty=1 (i (o0) u a—1 . ) s
:W/W (ﬁ_) (¢ —u(e' = 1) =2 faydu,

where we change the variable u = Note that u — r(e’ — u(e’ — 1)) =

(1 +r(e" —1))(u — ¥ (r)) and then

se'
1+s(e’—1) "
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- D v () (e et — 17!
W%, = / ' J
+ (y, FW0)) ) wifl(r) ) @) fw)du
—ta Y (00) _ a—1 _\y—a—1
_ e - / (=Y (r)* ™" (Y1 (00) —u) Fwdu,
W (00)Y ~ Lo (r) Jun(r) [
and we conclude the proof. O

We remind a family of subspaces ﬁa)(t“) which are contained in L?(RT) and
introduced in [14, Definition 2.1] and [17, Section 1.2]. For « > 0 let the Banach
space Tp(“) (t%) be defined as the completion of the Schwartz class S, in the norm

P

l *© o o
flla = 5 (/0 W £t vm)

We understand that 7, (%) = LP(R*) and || |lo., = || ||,. The case p = 1,
and @ € N was introduced in [2] and for p = 1, and @ > 0 in [9, Section 1].

In the next proposition we summarize some results about these family of spaces
T;a)(t“) which were presented in [14, Proposition 2.2].

Proposition6 Take p > 1 and B > o > Q.

(i) The operator Dy, : T,,(a)(t"‘) — LP(RY) defined by

o

t
Dy f(t) := ———Wef(@t), teRY, feT 0w,
WSO = Fo WO f e T
is an isometry whose inverse operator (Do,)’1 : LP(RT) — ’Tp(a) (t%) is given

by
(D)™ f(1) = W) @), 1 eRY fe T,

(i) TV (tP) — T, (1) — LP(RY).
(iii) We set f % g the usual convolution product on R™ defined by

t
(f % g)(1) :=/O f(t—s)g(s)ds, teRT.
Then
Ty @)« T %) = T ),

ie, IIf % &llap < 1 fllaplgllas for f € TG, and g € T ().
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(iv) If p > 1 and p’ satisfies L + # = 1, then the dual of ’Z},(a) %) is ’T;fx) %),
where the duality is given by

(f. 8)a / W £ (WEg(t)**di = (Da f Dagho

F(a +1)2
for f € Tp(a) (%) and g € Tp(,a) (t%). Note that, in fact,
”f”ot,p = ”Daf”pv (f,8a =(Duaf,Dug)o, (6)

for f e TV (), g € 7;}7’)0"‘).

Example 1 In this example, we consider some functions which belong (or not) to
’T,,(“)(t"‘) forp>1,a>0andm e N.

(i) Note that t# ¢ T,,(a) (t%) for B € C due to # does not belong to L? (RT).

(i) For0 <y <8anda > Othen W, " (a + 1)~ = Fg(g)y)(t +a)”~%, and

_ I'(a+B)
o B _ (OH‘ﬂ)
Wita 0™ = =L

for o, B > 0, see for example [8, p. 201]. Write f(¢) := (a + 1)~F and we
conclude functions (a +1)7# € ’Z},(“)(t"‘) for > 1/panda > 0.
(1 _ Z)C_l
I'(c)
that W;“ (je) = Joutc fora > 0.Then j. € Tp(a)(t"‘) ifandonlyifc > 41— %.
Moreover, tﬁ(l—t)cx(o 1)(t) belongs to ’T(m)(tm) forfpg > _—1 and Nc > m—%.

i ray = LV
?)‘ta—i—%.

(iii) We define functions j.(t) := Xx0,1)() for ¢ > 0. It is easy to check

X(1.00)(7) belongs to T(m)(t’") for Ra > m — + and Rb >

We introduce in the next definition a decomposition of ’Tp(a) (t9).

Definition2 Given o > 0, p > 1 and the Banach space Tp(a) (t%). We introduce the
following subspaces

={f € T,”¢*) | supp(f) C [0, 11},
Ti = {f € T, (t*) | supp(f) C [1, 00)}.

It is straightforward to check that 7o and 7; are closed subspaces and ’Tp(a)(t“) =
To+Th.
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3 Weight Koopman semigroups in the fractional Sobolev spaces

In this section we introduce three uniformly bounded Cy-semigroups (17, p);>0,
(SZ p),>0 and (RZ p)z>0 on the fractional Lebesgue spaces ’Tp(a)(t"‘). In fact, they
are weight Koopman semigroups and their definitions fit perfectly with the Sobolev
structure of the ’Z;fm (t*) space, see Theorems 7, 10 and 13.

Definition 3 Given p > 1 and a function f € §,, we define functions 7; , f, Szpf
and RZ »f by

Topf(r) =P [ =e? fer+1—e),

t
) t

S p ) i= e (W) = —— e f (T
Lpl iz ! (ItrE -1y’ \1+ree—1)°

1
) (I4+eHr+e —1
(er +1+4r(e —1)7 e+1+rE -1/

_1
R () = VP ol () flon(r) =
with r > 0, 7> 0,y > 0. Note that T, , f =S¢ ,f = Ry ,f = f-

3.1 The weight Koopman Co-semigroup (T p)¢-0

In the next theorem, we show that (7; )~ define bounded operators on the Sobolev
spaces (and subspaces) introduced in the section 2.

Theorem?7 Take p > 1, « > 0andt > 0. Then
ITp Flloy < N fllaeps f € T 0.
The restriction of (T;,p)=0 on the subspace Ty are extended for t € R and
1T p fllap < max{e™ Wl fllap, feTi, teR.
Moreover subspaces T; are (T; p)i>o-invariant, i.e., Ty ,(T;) C T; fori € {0, 1} and
1T pfllep < e “Nfllap, fe€To, t>0.

Proof By the Lemma 5 (i), WY (T3, f) = e "*T;, ,(W$ f) for f € §+. Then we get

1 o
1Ty flllp < m/o \WE(Tr p )N s*Pds
eft(oszrl)

o0
- WO( —t ]_ —t pozpd
_(F(a+1))”/o Wi fGse 41— e D ™ds

= L[ ) (W f )| (ue' — e + 1))*Pdu
=~ T+ D) * ’

_e—f
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where we change the variable s = ue’ —e’ + 1. Fort > 0, note that ue’ —e’ +1 < ue’
foru > 0 and ue’ — e’ + 1 < u for u € [0, 1], and we obtain that

o0

1
unmfﬂgps-angfﬁﬁi[_f|Wﬁfuowdeus|UM£p feTa®,

t

e~tep 1 _
”Tt,pf”g,p = m/ , |Wf.f(u)|puapdu <e tap||f||g,p, fel.

l—e™

It is straightforward to check that 7; are (7; ,);~o-invariant for i € {0, 1}.

By the Proposition 1 (i), the map ¢, : [1, 0c0) — [1, 00) is defined for ¢ € R and
then the induced operator (7}, ,);>0 on 7; is extended for < 0 using the same formula
given in Definition 7. For t < 0 and f € 77, we have that

e—t@p+)

o
| / IW_‘f_f(se_t +1—e")|PsYPds
1

)4
TSV = Gy
e—tap
= T+ )?

< e Pl flla,p,

f (WS @)|P (ue' — e + 1)*Pdu
1

where we have used the inequality ue’ — e’ + 1 < u foru € [1,00) andt < 0. O

Theorem8 For p > 1 and o > p > 0, the family of operators (T; p)i>0 given in

Definition 7 is a contractive Cy-semigroup on ’T;a) (t*) whose infinitesimal generator
A is given by

1
(AN =1 =) f'(s) = ;f(S),

with domain D(A) = {f € T, (t%) |(1 —5)f) € T, (t*)}, and
(f e T 1f € TV 0%} C D(A).

Proof By Theorem 7 and Proposition 1 (i) it is clear that (7 ,);>0 is a semigroup of
contractive operators in B(7, ,,(a)(t“‘)). To show that (T} ,);>0 is strongly continuous it

is enough to show that T; ,g — g on Tp(a) (t*) whent — Oand g € S;. Forn > «,
note that

o0
IT; g — gllb p < 1Ty pg — gllh = / I(T:,pg)™ — g™ (5)|Ps"Pds
0

1
~ (nhP

(nl)?

o 1
/ |eft(;+n)g(n)(seft Fl—e)— g™ (s5)|Ps"ds — 0,
0

by the Dominated Convergence Theorem.
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Three weight Koopman semigroups on Lebesgue spaces

On TI,(“) (t%), an easy computation shows that the generator (A, D(A)) of (T; p)i>0
is given by

T flels+1—e) — f(s)
lim

t—0 t

Af(s) = tlg]}) Tt’pf(sz rAQ) =

1
= (1—9)f'(s) — =f(s),
p

where f € D(A) := (f € T2 ()|Af € T,%(t%)}. Note that (1 — ) f' = f +
((1 — ) f)" and we conclude the equality. In the case that f € Tp(aﬂ)(t““), then
sf e ﬁa)(t“) and the condition is reduced to impose that f’ € Tp(a)(t“). O

Remark 3 Note that A = j—s + A — %I where A f(s) = —sf’(s). The operator A

is the infinitesimal generator of the Cy-group %; , f(s) 1= e% f(e™'s) considered in
[14, Theorem 2.5]. For b > 0, we define the Cy-semigroup (7}, 5 5):>0 by

Tipp(f)(s) := 7 fGrn) ) =7 fler bl —eT), >0

and in this case the infinitesimal generator is A = b% + A - %1 .

We denote by p(A) the resolvent set, o (A) the usual spectrum of the operator A
and by o, (A) the point spectrum of the operator A. In the next proposition, we identify

both spectrum sets of the operator A defined in the Banach space ’Z;(a) ).
Theorem9 For 1 < p < oo we have

(i) {z € C|N(z) < —a} Co,(A).
(ii) 0(A) = {z € C |N(z) <0}.
(iii) The set p(A) = C* and

1 1_
RO A)F(r) = 71f s 17 pds, e T, o,
At Jr
Ir— 1" T
for » € C* and 'y := (,r)ywhenr > 1 and I'1, := (r, 1) in the case
O<r<l1.

Proof (i) Let A € Cand f € Tp(a) (t*) such that Af = A f. Then, f is a solution of
the differential equation

1
(1=$)f"(s) =+ ;)f(S), s > 0.
The set of solutions of this linear equation are functions

i) = — o) + =N o), e BRI,
r— 17
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for constants ¢y, ¢p. Note that f; € ’Z},(a)(t"‘) ifandonlyifc; =0and 1 — % — N >
a+1—1 see Example 1. Therefore {z € C [9(z) < —a} C 0,(A).

(ii) Take A = u +i6 € C, —a < u < 0,andn € NU {0} such that n + u <
0 < n+ 1+ w. Suppose that A € p(A) and then R(A, A) € B(Tp(a)(t"‘)). For any
feT 1), weset g = R(x, A) f € T, (1) and

1
fr)=G—-A)glr) =0r+ ;)g(r) —(1=ng, r>0.

r — 1)a7%+17i8

Now we consider f(r) := TR

X(1,00)(r). By Example 1 (iv), this

function belongs to ’Tp(m)(tm) where [a¢] < m < [a] + 1 and then also belongs to
T, (1). Solutions of the following differential equation

1 .
(I” _ 1)a—;+1—16 1 )
e = G e = A=ng e, =1,
are given by
") a ! /r(s_l)wd |
g\r) = s, r > 1.
r — 1)}»+% (r — 1))\-}-% | shtatnt2
Note that
r — st 1 r 1 d 1 -1 nto+1
udsz_/(l__)ﬂﬂx_s: (r ) , r>1,
1 shta+n+2 rm Ji s 52 M+a+1 phtptoatl
and then
1
1 r (S _ 1)a+u 1 (r _ l)a_F—H X
o — 1))\+% | shtatn+2 T uta+l prtptatl r>1

and we conclude that this function does not belong to L? (R1); g ¢ Tp(a) (t*) and then
L eao(A).

(iii) By Theorem 7 | Ty flla.p < | fllap» for £ € T,% (%) and then p(A) = C*.
Take A € CT, and

R, A)f(r)

o0 o " 1
/ e—“Tt,pf(r)dt=f e T felr + 1 — e!)dt
0 0
1 L1 ()
= | =1 reds,  feT®a), r>o0,
Ir— 1% Jri,
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Three weight Koopman semigroups on Lebesgue spaces

where we change the variable s = e~ 'r + 1 — ¢ and 'y, = (1, r) whenr > 1 and
I't,, = (r,1)inthe case 0 < r < 1. Note that

1 1 1
RO A)F(1) = lim—I/ s 15 poyas = L
r—1 |}"—1|)L+17’ Ty, )‘-—‘l_;
whenever this limit exists. 0

Remark 4 Note that the operator —A is sectorial of angle /2 in the sense of [12,
Chapter 2, Section 2.1] and 0 ¢ 0, (A).

We consider the subspaces 7 and 77 introduced in Definition 2 and the induced
operators A7, and A7;, infinitesimal generators of induced Cy-semigroups (7}, »):>0
on 7y and 77. By Theorems 7 and 9 the following equalities hold

0(Ag) = 0p(Ag) = {z € C |N(2) < —a},
0(A7;)) ={zeC|—a <N <0},

ando, (A7) = 0.

3.2 The weight Koopman Cp-semigroup (Szp)bo

Now we consider the family of operators (S,y’ p)i>0 introduced in Definition 7. On
LP(RT)and y > %, it is a straightforward exercise to check that
IS/l < 1. @)

t.p

In the following theorem, we show that the family of operators (S,’f p)i>0 is uniformly
bounded on the spaces T,,(m)(tm) form € N U {0}.

Theorem 10 Tuke p > 1, m e NU {0}, y > %andt > 0. Then

||Spr||m,p =< Cm”f”m,p’ f € ,Tp(m)(lm).

Moreover subspaces T; are (SZP),>0—invariant, ie., S,y)p (7)) C 7, fori € {0, 1}. The
restriction of (S,)f p) >0 on the subspace 1 is extended for t € R and

_ _2
1S,y fllm.p < Cowmaxte ™" =2 Y flwp,  f €T
The restriction of (SZ p)tzO on the subspace Ty holds
2
_t —_— =
17 p Fllmp < Cne™ VPN fllmp,  feTi, >0,
where the constant Cy, is independent on t and f.
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Proof Consider m € N and we apply (1) to get

WEG]p£)0) = (=D"e? 3 ('Z) @) ) "GN

n=0
PR r — m—n
= (-)"er Yy (’”)%(1 — " ) (F ()Y ()
n=0

= eé (' — l)ma)nw1t+y (r) Z (Z:) L 1—1—(:,”)_ "
n=0

' _et \K
> o VW0l ) (ﬁ)

where we have applied the Lemma 4 (ii) and the second sum is over all n-tuples of

nonnegative integers (m1, - - - , my) satisfying the condition (3) and k = m1+- - -+m,,.

Then we may write

WIS, () = e? Y empye € — 1" Fl () 1O ()
k=0

for certain coefficients ¢, ., independent on f and ¢. For p > % and 0 < k < m,
o0 o0 —tmp mp
pm,, m+y+k (k) Py _ e (e (r)) k) »
/(.) 7w, ) W (NN dr —/0 (0 +r(e — 1) +hp [ e (r))| P dr

_ o ipmty R / O et = 12 0y
0

< ot pm+1) /‘”’(OO) WP O ()P d
0
—t(pm+1) m—yp [T kw0
<e P (Y1 (c0)) p/o uP| )P du

e—1(pk+1) Y (00) r
= P £ (1P
(et—l)(m’k)l’/o T

where we change the variable u = ¥, (r).
In the case that f € 77, we apply that e’ —u(e’ — 1) < 1 foru > 1 to get

/ PP G £ O (g () P
1

Vi (00)
_ Pty / (€ — u(e" — 1)Pr+0=2,mp| ¢0 (1P gy

1
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Three weight Koopman semigroups on Lebesgue spaces

Y1 (00)
5 e_[p(m+y+k)+t(wt(OO))(m—k)p/ W) 79 ()P du
1

e—tp(y+2k)+t

Y1 (00)
= —/ u*?| £ O )| du.
1

(ef — 1)(m—k)p

By the Proposition 1 (ii), the map v : [0, 1] — [0, 1] is defined for # € R and then
the induced operator (S,y’ p),zo on 7y is extended for t < 0 using the same formula
given in Definition 7. For 1 < 0 and f € 7, we apply that ¢’ — u(e’ — 1) < 1 for
O0<u<landt < Otoget

1
/ PP ) £O (g () Py
0
1
= ety / (¢ —u(e — )PV £ 6 ) Py
0

1
S e—lp(m+)/+k)+l/ ukp|f(k)(u)|pdu
0

Finally, we apply the known Jensen’s inequality, i.e., for a; > O and p > 1,

m p N
Sa) < Y
i=1

i=1
to get that
1 o0
1S, fliin.p = W/o rPIWI(S) , F)()IPdr

n p Y (00) x ) » »
= Zcm,k,u// uPI @) Pdu < Coull fllm,p,
k=0 0
for f € ’T;m)(tm). For f € 71, we obtain that

l o0
Y oenP y
I/ Vo = o fl PPIWIST  £)()|Pdr
— » —tp(k+y—2) oo )
<Y ch e / W) £ O )| du
k=0 1
2
< Che PR f b
Fort < 0and f € 7y, we have that
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1 1
IS0 £ = s /0 PPIWST ()| Pdr

m 1
oy —2
< Zci’k’ye tp(m+y p)/o ukp|f(k)(u)|Pdu
k=0

_ _2
< Che "D 111,

and we conclude the proof. O

Remark 5 Tt seems natural to conjecture that

—tp(m+y—2)
ST f i p < Ciwe™ """ fllin,ps 1> 0,

for f € 77 and m > 0. Note that a similar bound is obtained in Theorem 7 for f € 7y
and the Cy-semigroup (17, ,);>0. The main trouble is to express W_’f(SZ » f) only in

terms of £ (), which is not possible in this case, see Lemma 4.

Theorem 11 Take p > 1, m € NU {0}, y > % and t > 0. Then the family of

operators (S,y’ p)i>0 given in Definition 7 is a contractive Co-semigroup on ’Tp(m) @)
whose infinitesimal generator B is given by

1
BT :=r(1=r)f'(r)+ (; - V”) fr), r>0,

with domain D(B) = {f € T\"" (™) |r(1 = r) f) — (v —2rf € TV (™)}, and
(f e T 0@ nf, P2 f1 e T (™) € D(B).

Proof By Theorem 10 and Proposition 1 (i) it is clear that (St]f p),zo is a semigroup of
contractive operators in B(Tp(m)(t’")). To show that (SZ p)e>0 is strongly continuous

it is enough to show that S/, f — f on T\ (t"™) when t — 0 and f € S,. By the
proof of Theorem 10, we get that

WS, f = W)

m—1

L r - m—n m

—(=1)"er Y :(’:)(Vlf(—ym)”)(l — YT () (F ()™ ()
n=0

H(=D)"er ol (N WN™ () — (=D £ ()
m—1
—er 3 cmpye e — " F ) £ O (g (r))
k=0
(=17 MO () F (g () — (=1 O ()
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Three weight Koopman semigroups on Lebesgue spaces

for r > 0. Then
IISZ,,f — flitmp

m—1 00
_ +y+k
< Z C:,,k,yetkp(el _ 1)P(m k)/ rpm|a):" 4 (V)f(k)(lﬁz(r))lpdr
0
k=0

/ h PP T W2 (1) £ (g (r)) — £ () Pdr
0

(n)P

o gyt [ e 0
e D el O
k=0

1 o0
- mp
e /0 "

and ||S,)f » f—=1rflI f’n p» — 0 when t — 0 by the Dominated Convergence Theorem.

p
dr

Lttm

e’ (m) e'r _ fm
At re =D’ (l+r(e’—1)) F

On Tp(m) (#™), an easy computation shows that the generator (B, D(B)) of (S,)f =0
is given by

o SO =S
Bfry = i == lim7 ((1 ey’ (1 e 1)> - f(r))

1
=r(l—-rf'r+ (; —yr)f(r)

where f € D(B) := {f € T,"(™)|Bf € T, (t™)}. To show that D(B) = {f €
T @) |r(L = 1) f) — (v = 2rf € TS (™)), note that

r(=nf) =rd-nf+f=2rf,

and we conclude the equality between both sets. In the case that f € T,,(mH) (T,
thenrf’ e Tp(m) (#™) and we have proved that

(f eV Y rf 2 f e TV ™) € D(B),

for any p > O

R[]

Theorem 12 Take p > 1, m € NU{0}, y > % and the Cy-semigroup (SZp)IEO whose
infinitesimal generator is (B, D(B)). Then

(i) z€C M@ < —m+y = 2)} Cop(B).
(i) o(B) = {z € C |9(z) < 0}
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(iii) The set p(B) = C* and

-

P js — 175!
RO B)f(r) = /F " p(s)ds,

_1 _1
|r_1|k+y 7 s)h »T1

feT™@™, r>0,

for » € C* and ', = (I,r)y whenr > 1 and I'1, = (r,1) in the case
O<r<l1.

Proof (i) LetA € Cand f € Tp(m)(t’") such that B(f) = Af. Then, f is a solution
of the differential equation

s(1—5)f'(s) = (h % Ly (), s=0.

The set of solutions of this linear equation are functions

cr’ P =1 i
— e+ TP A =TT T o (), e RT\(1),
r— 1t

) =

for some constants ¢, ¢;. Note that f) € ﬁm)(tm) ifand only if ¢ = O and 9iA +m +
y — % < %, see Remark 1 (iv). Therefore {z € C [N(z) < —(m+y — %)} C op(B).
(ii) Take A = u +ié € C, —(m—i—y—%) < < 0,and n € N U {0} such that
n+u <0<n+ 1+ u. Suppose that A € p(B) and then R(A, B) € B(Tp(m)(tm)).
For any f € Tp(m)(tm), wesetg = R(A,B)f € Tp(m)(t’”) and

1
fr)=G—=B)glr) =(*— » +yrgr) —r(l=r)g'(r), r>0.

1

1 .
5+1_’8r“+n+1_5X(o’l)(r). By Example 1, this

Now we consider f(r) = (1 —r)""
function belongs to ’Tp(a) (%) and solutions of the following differential equation

Ly _1 1
(A=) o = G — g —r(L =g/ (), 0 <r <1,
p
are given by

-1 X
g(r) = ar ” + r (1- s)“+m+y_%s"ds, 0<r<l
A=) @)
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Three weight Koopman semigroups on Lebesgue spaces

Note that

2
a- r)u+m+y—;+1

1 2 1 2
/ a1- S)lH‘m-H/—;Snds > rn/ a- s)’H_m'H/—Fds R - i
r r mw+m+y — » +1

for 0 < r < 1 and then
Bl

» 1
L/ (1— S)’LH_m_H/_%snds
(=)ot

r P
> 3 , O0<r<l.
wAmty =541

_1 _1
" p+n(l _r)m +1

and we conclude that this function does not belong to L”(R™); g ¢ Tp(m)(tm) and
then A € o (B).
(iii) By Theorem 10, we get that [[S] , f llm, p < Cuull fllm.p for f € T,™ () and

then p(A) = C*. Take A € C*, and f € ﬁm)(tm), we obtain that

00 N e e*()ﬁ%)t elr
R(:, B = Mgy dt =/ dt
(1. B)f(r) /0 Mt = | e M )
=1 A=y
rer s — 11" »
= f&)ds,  feTMa™,
|7 1|A7%+y /Fl,r s i
e'r
r > 0, where we change the variable s = ————— . Note that
I1+r —1)
1 1
. P s — 1" 27! £
RG.. B)f(1) = lim 1 —— f(s)ds = ———,
r=by et ey, Pl I 4
whenever this limit exists. O

Remark 6 We consider the subspaces 7y and 7; introduced in Definition 2 and the
operators Bz, and B7;, infinitesimal generators of induced Cy-semigroups (S,’f p)=0
on 7y and 77. By Theorems 10 and 12, the following equalities hold

o(B%)z{ze(C|—<m+y—%>591(2)50},
{ZGCW(Z)S—(IW-FV—%)}CG(BT,)C{Z€C|9i(z)§—(y—%>}.

In fact, we conjecture that 0 (B7;) = {z € C [)(z) < —(m+y — %)}, see Remark 5.
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3.3 The weight Koopman Cp-semigroup (RKP)M,

Now we consider the family of operators (R p),>0 introduced in Definition 7. In
the following theorem, we show that the family of operators (R} _p)t>0 is uniformly

bounded on the spaces ’T,,(m)(tm) form € N U {0}.

Theorem 13 Take p > 1,m e NU {0}, y > %andt > 0. Then for f € Tp(m)(tm)
”R pf”mpfcm”f”mpa t>0.

_2
Form =0, R} ,fllp, 2" 7 fllp. for f € L (RY).

Proof Let t > 0. First we consider the case f € L?(R™), we get

00 00 _ 14
fo IR, f(r)|Pdr —f P ‘%‘ | f (@ (r)IP dr
1= @) f<<1+ef>r+ef—1>P
1—r e +1+r( —1)
)4

0
#1(c0) p(y—1) (et +1—u( —1) 4e!

> tp(y 7) dr

— 2¢! ) e — - teny TN
ploo) [ 4et TP 2-yp p yp=2 P
= L <e,+1> 27 f @) Pdu < 2757 f A,

where we change the variable u = ¢;(r).
Now, consider m € N and we apply (2) to get

W (RY , f)(r) = (=1)"e'?~ ,,>2< )wy’)(m—n)(r)(f(wt))(n)(r)

-1 r —n) (1—e\"™"
= (el )Z(> (VIT(':) C(55) e ouen o

_ t m—n
J— ( l)met()f p)wm+y (r) Z < ) F(V ;—(ZZ) }’l) < 2 ) a)(;,n (r)
13

" —e"\" 2e k

ww,(r)< > )ZW—f“)(gof(r))ww,(r)( e)
— o0 (L) e ( )M
- ( 2 ) ()Z C()

ol k
> ,—f”‘) (@ (r)ek () ( )
mq! —e!
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where we applied the Lemma 4 and the second sum is over all n-tuples of nonnegative
integers (my, ..., m,) satisfying the condition (3) and k = m| + - - - + m,,. We write

m
_1 _
W R! , )) =70 dyiy e (e = DR TR ) 1B (0, (r))
k=0

for certain coefficients dy, x ,, independent on f and . For p > %, 0 <k <mand
making the variable change u = ¢, (r) we obtain

p

/ ” P @y, (r) [PV | £ R (o ()P dr
0
F® <(1 +er +e — l)

00 2 p(m+y+k)
= rpm
/0‘ <e’+1+r(et—l)> el —Dr+1+¢

1 @i (00) . . (1+e" —u(e' —1))Prth-2
— _ pm
- 2 p(m+y+k)—2 w(d+e)+1-e) eptm+y+k)—t

| f® @) |Pdu

1 @1 (00) ok 4ot \ Pn—h) 4ef \ P*FY)2
= 20y 2 / , e (ef — 1) <e’ + 1)

¢t (00)
UOwr g
epl(m+y+k)—l u

t\ Pk tp(—k—y)+t (c0)
— op(m+y—k)=2 Ite e " uP* | O )P du
el (ef — 1)pm=h) |

¢t (00)
tp(—k—y)+t /@:(00)

@1 (00)

< opmty—=k)=2opk €
= (el — 1)Pm=h)

tp(—k=y+)

LR P AR OO
@1 (00)

p(m+y)—2 € p

and we conclude the proof. O
Remark In the case of (RZ p)e=0, We may also consider its restriction on the closed
subspaces 7y and 7;. However in these spaces, we can not improve the norm bounds

or to extend into a Cp-group, as in previous subsections.

Theorem 14 Take p > 1 and y > % Then the family of operators (RZ[,),Z() isa

Co-semigroup on ’Tp(m) (t"™) whose infinitesimal generator C is given by
1 2 1 2
CHEY =5 \y ———vr) fO+ A =r)f(r)
2 p 2

with domain D(C) = {f € T/ ™) | (1 — ) f) — (v — Drf € T (™)}, and
(f e T"VE N f e T (™)) € D(O).
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Proof Using Theorem 13 and Proposition 1 (i) it is clear that (Rl’f p)e>0 1S @ semigroup

of operators in B('Z;,(m) (#™)). To show that (R,’f p)i>0 i8 strongly continuous we verify
that RZp — I strongly on 7',,(m)(tm) when t — 0.

Forr > 0and f € T,,(m)(t’"), from the proof of Theorem 13, we get that

. m—1
_1 _ k
W2RY ,f = W) =778 3 dy gy e (@ = 1" a7 ) 1O ()
k=0

1
-1y 2
(=1 YT Y (1) £ (g, (1)) — (=)™ £ (1),
Then | R}, f = fllm.p
—1
- fp(y—%)m p k1 pm=k) [ pmy mEv+k, | ) »
<e Y odmi, e =D e O F D @ 1P
k=0

1 00 1
e /0 PP YT g () £ (i () — £ ()P dr

—pt(m+y+k)—t t_ 1\ Pm t o\ plk+y)-2
& WI(OO)(I +eyPm [y — ¢ 1 4e |f(k) )P du
— 2p(mty+k)—2 1 el +1 el +1 ’

¢t (00)
_1
i o TR 0 f ) = £ 1P dr
e PtyHo—t por(o0) ®
< / P 1w P
1 @1 (00)

1
("')p./o rpm|er(m+yf;)wézrn+y(r)f(m)((pt(r))_f(m)(r)lpdr’

since ¢;(r) — r and wy, (r) — 1 when ¢t — 0, by the Dominated Convergence
Theorem we obtain that || R} , f — fllh., = 0ift — 0.

On Tp(m) (™), a direct calculation shows that

_1
- YTVl ) fler () = £r)
t—0 t

T ty—1) y _ l —1 _2)’et(” +1)
= lim 'Y 0, () [(y ) + o )
2¢'(1 - 1) }

R -
(C)(r) = lim Lpl O =10

t—0 t

5 F@r)
+ £ )

1 2 Ly
—§<V—;—W> fO+ A=)

(el +1+r( —1)2

In a similar way to the proof of the Theorem 11, we obtain that
D) ={f e T (1 =) f) — (v =2rf € T (™),
and {f € T" D@ | f7 e T (™)) € D).
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Three weight Koopman semigroups on Lebesgue spaces

Theorem 15 For1 < p <oo, m e NU{0}, p > %and the Co-semigroup (R,y’p),zo
whose infinitesimal generator is (C, D(C)). Then

(i) {z € C|Nz < —m} C 0,(C).
(ii) o(C) = {z € C|R(z) < O}
(iii) The set p(C) = C* and

R, C)f(r) =
P

1 1
; / s+ 1T s =1 T f(ods, f e TG,
1+ Jri,

lr —
forr >0, A € C+and1ﬂ1,r =, r)ifr >1landT1, = (r,1) when0 <r < 1.

Proof (i)Letr € Cand f € 7, (t") such that Cf = A f. Then, f is a solution of the
differential equation

A= f'r)=@+br)fr), r>0,

wherea = —y + % 4+ 2A, b = y. The solutions of this equations are functions

azb _atb azb _atb
L) =c(1+71)z2 (11 —7r)" 2 x0,1 +c2(1 +1r) T (r—=1)7"7 x1,00
(A+n) 7t A+ "

— X(1,00)
(1—ryrt r—1rt

for constants ¢y, ¢2. From Example 1 we obtain that f; € 7,"(#") if and only if

° cz:0andm+%+fﬁ)\< %,itis,?ﬁk<—m.or

ec;=0;inr =1, wehave "X < —m; andinr = oo, —yp+ 1+ %RAp — (1 +
RAp) < —1,itisy > %.

(ii)) m € Nand A € C such that —m < RA < 0. We choose n with A —n — 1 <

—m < RA + n and write

1
(1 + r))n—)/"r]j—l’l—l

1
(r _ ]))r‘r;*n*l

fr) =

e T (™).

If f = (A —C)gisnotzero then g = (A —C)~'f € T)"(t") and g # 0. The
equation

2
2f=<2x—y+;+yr)g—(1—r2)g’,

has solution

_ (T2
gry=g"(r) (M /1. Y. 1)ds) forr > 1,
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(475t

where g*(r) = -
r—1nrt

X(1,+00) and M a constant. By a direct calculation

f(s) e _l’_s)*)’+71,+)»7nfl s — 1)%H
FWET =Dy (g 2

B (145! (5= D"
=D s =D+ 1) (54 D2

Hence
X206 Gl ot
Y e =2 > dr=2 _
/1 -1 /1 s+ /0 G

00 n—1 ) x\n—l1
5 M / x dr= n / (2) n+ld£

n /00 vl _n Tmr@ 1
0

v= =
n+1 (v + DHt! n+l1 Tm+2) m+1)?2
and
o0 2 o
‘M—/ ——ﬁﬂ—%rEMﬂ—/ —fﬁﬂ——%zh|—————zK
1 g¥e)(s2—1) 1 g* ) sz —1) (n+1)?
taking ‘|M| — m > 0 and K a positive constant. Hence |g| > K|g*|, and we

conclude that this function does not belong to L? (R*), g ¢ Tp’” @) and A € o (C).
(iii) Take 1 € CT,

R, C)f(r) = / e MR}, f(r)dt
0

o0 S (I+eHr+e —1
= 2V/ e M f < )dt
0

(e +1+r( — 1) e+ 14r(—1)

. . (I+e)r+e —1 :
with the change of variable s = , we obtain that
e+ 14+r(—1)

I — 1 —1
ds = — 2+ —Ddr, of = TZDEFD e — 1y =2" 1

) T G=De+1)’ s

Replacing in the integral
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Three weight Koopman semigroups on Lebesgue spaces

o] t(Vfi) (l—l—et)r—l—et—l
RO — —h ¢
(. O£ () /0 e (et+1+r(e,_1))yf(e,+1+r(et_1)>dt
=D+ D| T 1 [ s— 1 2
:2)// w — f(s)ds
r, =D+ 20 lr=1| |s=1]|s+ 1]
vy 1 1
_ ol ,p/ s+ 1777 s 1M ps)as.
r—1** T
Note that
1
11177 gL 1
R(A,C)f(l):lim2|r+ | 1 f Is + 17775 s — 1) f(s)ds
r—1 At )
=1 I,
ALY
I
)»+;
whenever this limit exists. O

4 Cesaro-like operators subordinated to weight Koopman
semigroups

Let (X, || ||) beaBanachspaceand T = (T;);~0 a uniformly bounded Cy-semigroup
on (X, | ). Then we may define the bounded operator

o0
Cpuv(x) :=/ M1 —e Y T (x)dr, xe€X,
0

for w,v > 0. This point of view has been followed in [1] and [14] for concrete
Co-semigroups in particular function spaces (X, || ||). In this section, we identify
the operator C,, ,, for the three weight Koopman semigroups (77, p):>0, (S, p)r>0 and
(Ry,p)i>0 studied in the section above. These integral operators are connected with
the Chen fractional integral, as we have commented in the Introduction. We estimate
norms of these Cesaro-like operators and identify their spectrum sets.

4.1 Cesaro-like operators subordinated to (T; )0

Given u, v € R, we consider the integral operator

1
I — 1=t

Cunf(r) = /F Is — 1 Nr —s” L (s)ds, r >0,

1,r

whenever this integral converges and I'y , := (1,r) forr > land 'y, := (r, 1) in
thecase 0 <r < 1.

Theorem 16 For p > 1, u,v > 0,
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(i) If f € T\ (1), then

Cu+%’vf(r) = /0 e M — eft)vflT,,pf(r)dt, r >0, ®

where the semigroup (T p):>0 is given in Definition in 7.

(ii) The operator C;Hrl , Is a bounded operator on 'Z},(a)(t"‘)for o > 0and
5

Bl +a.v) =€ 1,1l = B, v).
In the particular case of @ = 0, on L? (RT), the equality

||Cu+%,u” = B(u,v) holds.

(iii) The spectrum oprH_l , on B(Tp(a)(t“)) is the set

P’

U(CH%,V) = {ﬁ(u +2z,v): Rz > O}.
Proof (i) Since || T,y < 1, (Theorem 7), we take 4, v > 0 to get that
o
/ e_ﬂt(l _ e_l)v_lT;,pf(r)dt
0
o 1
= / e_(’H'F)’(l . e—t)v—lf(e—tr +1—edt
0

1

i1 v—1
— e [ P s s =€y T,
r— 1T, ar

where we change of variable s = ¢ 'r + 1 — ¢~ and the equality (8) is proved.

(ii) By the item (i), the operator C Lt % W f is well defined and is a bounded operator

on 7, (1) for p > 1: taken f € T,* (%), then
o 1
1Cit ol sfo (1= e e | T; p fllapdt < B V)| fllap-

1
Now, we consider the eigenfunctions f (s) = (1 — r)_k_F X(0,1)(r) which belong
to Tp(“) (%) in the case . < —« (see Theorem 9 (i)). Then

Cur (1) = /0 eI — Lt () = B — 2 W £,
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for any A < —«, and we conclude that B(u + o, v) < ||Cﬂ+l oIl On LP(RT), we
2
obtain the equality ||Cﬂ+l =B, v).
E

(iii) We consider the Hille-Phillips functional calculus £(-)(—A) : L' (R*) — B(X)
given by

L) (—A)f = foo hOTipfdt, heL'Ry), feTu.
0

By the item (i), we have that Cu—s-%,vf = L(h,,v)(—A), where hy (1) = e M (1 —
e )"~ for ¢ > 0. Observe that &, , € L' (R*), and

L(hy ) (@) =Bu+z,v) = guv(@, z€Cq, u,v>0,

where £ denotes the Laplace transform, and L(%,,,) € Co(Ry) NHo(Cy).

Since the function I" is a meromorphic function with poles in {0, —1, =2, - - - }, we
may extend the function g, , in an holomorphic way to C\(—o00, 0). As g, ,(0) =
B(w,v) and g, is holomorphic in a neighborhood of 0, then g, , has finite poly-
nomial limit at 0. Also, by [7],lim|;|—c0 gu,v(2) = 0 with z € C\(—00,0) so g,
has finite polynomial limit at co. Using [12, Lemma 2.2.3] we have that g, , € &y,
where &, denotes the extended Dunford-Riesz class. Therefore, since —A is a sec-
torial operator of angle 7 and A is injective (0 ¢ 0,(A)) we can apply the spectral
mapping theorem [12, Theorem 2.7.8] and we get

U(Cu+%,v) =0(8uv(=A) = guv(o(=A)) = {/3(# +z,v): Rz > 0},

and we finish the proof. O

Remark 7 An natural extension of Theorem 16 holds for Ru, My > 0, due to the
function &, (1) := e # (1 — e~")"~! belongs to L' (RT) for R, Rv > 0.
In the Fig. 1, we represent certain spectrum sets of o (C . ) forp > 1.
it

4.2 Cesaro-like operators subordinated to (S:' p)t>0

Given u, v, y € R, we consider the integral operator

QV o — rlL |S B 1|M+y71 v—1 d 0
w00 = |r — 1|ptvty=1 Jo sHtV Ir = sl fo)ds, >0,
whenever this integral converges and I'y , := (1,r) forr > land 'y, := (r, 1) in

thecase 0 <r < 1.

Theorem 17 Take p > 1, u,v > 0, y >
Definition in 7.

and the semigroup (SZp)lzo given in
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Imaginary axis

— p=v=1
Realaxis = #=2; v=1
— p=v=2
Fig. 1 The boundary of spectrum sets U(C’L n % !v)
(i) If f € TS (&™), then
oo
< ) =f0 e M (1 —e ) TISY f(rdt, =0, ©)
7

(ii) The operator Q:Z—l ) is a bounded operator on Tp(m)(tm)for m € NU {0} and
P’

2
Blu+m+y—=v) <€ | [[<sup|S 1B v).
P K=oV >0

2

OnLP(RY), andy = %, the equality ||¢§_l v|| = B(u, v) holds.
7

(iii) The spectrum of Q:Z—l ,on B(Tp(m) ™)) is the set
it

O'(QZ_L )= {ﬂ(ﬂ +z,v): Rz > 0},
5
Proof (i) Since sup,~q IS} pll < +00, (Theorem 10), we take 1, v > 0 to get that

o0
/ e M (1 —eHTISY, f(r)dt
0

_ /OO by (L= f< e'r )dr
0 (1+r(e —1) 1+r( -1

_1
“=%

r 1, gl =s|v!
= ls — 1|77 lr —sl”7 f(s)ds =&’ fr),
Lyl R =
I — 1=t U, " »

S P

@ Springer



Three weight Koopman semigroups on Lebesgue spaces

where we change of variable s = - - and the equality (9) is proved.

1+}’(£
(i) By the first item, the operator QZ, 1, f is well defined and is a bounded operator
ik

on 7" (") for p > 1: taken f € 7,"(:"), then

o0
1€, Fllmp s/o (1= ™) e IS Fllmpdt < SUPIST 1B G, WIS .-
p’ 1>

_ ]

Now we take the eigenfunctions f;(r) = X(1,00)(r) which belongs to

r
1
1))» +v

T,,(m)(tm) forh < —(m+y— —) (Theorem 12 (i)). Then

GRS / I = e ) = B = A0 ), 720,
pY 0

for A < —(m—l—)/——) Thenweconcludethat,B(,u—i—m—i—y—— v) < ||¢V 0l

e

On L?(R™), we have that ||S,’f,,|| < Ilfort>0and p > 1, see (7), and

2
Blu+y—=v)=<I€ | ||<Buv).
p n=pov
2
For y = =, we obtain ||€l‘; 1}|| = B(u, v).

(iii) The proof of this item ruﬁls similar ideas as in Theorem 16 (iii). O

4.3 Cesaro-like operators subordinated to (R}'p)bo

Given u, v € R, we consider the integral operator

I+ 117 / s — 1! 1
Cl. i=2" — s ds, 0,
v S (r) T e e Ir—=s""" f(s)ds, r>

L4 Ly s — 1l
_ 2+l / |S| | r —s]""! f(s)ds
Cir

lr — 1jptv=1 §+ glmtv-y

whenever this integral converges and I'y , := (1,r) forr > land I'y, := (r, 1) in
thecase 0 <r < 1.

Theorem 18 Take p > 1, u,v > 0, y > % and the semigroup (R,)fp),zo given in
Definition in 7.
(i) If f € T\ (¢™), then

o0
Y _ —put (1 _ —tyv—1p¥
C}H_%’Vf(r) —/0 e (l—e ) R ,f(r)dt, r=0.
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(ii) The operator CZ
b

. is a bounded operator on T[,(m)(tm)for m € N U {0} and

< ||eY < 4
Bl +m,v) < IIQM%NII = flzlg IR/ pIIB(k, V).
2
OnLP(RY), andy = %, the equality ”C;-irl 1}|| = B(u, v) holds.
P’

(iii) The spectrum oij:+l ,on B(’]’;m)(tm)) is the set
7

c’ = )
a( ;H-%,v) {'3(“ +z,v): Nz > 0},
Proof (i) For 1, v > 0, we have that

9]
/ M1 —e™YTIRY  f(r)dt
0

_1
=% f"o e M1 —e ! Y (I+er+e —1 t
0 (e +1+r(e —1)) e+ 147 —1)
I

1_ 1
Ir+ 1147 s — 11" _
. Ir =l fds =€, L F0)

_2v
- 14,
Ir— 1)t

LRV
|S+1|M+p+l) Y

(i1) By the first item, the operator CZ+ 1 f is well defined and is a bounded operator
b

on Tp(m)(t’") for p > 1: taken f € Q;fm)(tm), then

c’ < sup |RY Y] .
I H%,vfllm,p_tzgn 7 pIlBCL I f 1, p

1
A4n) 7Pt

Now we take the eigenfunctions fi(r) = 1+,\
(1-r)?

X(0,1) which belongs to

’Tém)(t’”) for A < —m (Theorem 15). Then
o0
S AGE / eI =T Tldtfi () = Bl = A ) (). 20,
Y 0

for A < —m. Then we conclude that 8(u + m, v) < chfl U||. On LP(RY) and
L
2
y = %. we obtain the equality ”C:Jrl v|| = B(u, v) see Theorem 13.

(iii) The proof of this item runs similar ideas than in Theorem 16 O
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