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We develop a linear response theory for materials collectively coupled to a cavity that is valid in all
regimes of light-matter coupling, including symmetry-broken phases. We present and compare two
different approaches. First, using a coherent path integral formulation for the partition function to
obtain thermal Green functions. This approach relies on a saddle point expansion for the action, that
can be truncated in the thermodynamic limit. Second, by formulating the equations of motion for
the retarded Green functions and solving them. We use a mean-field decoupling of high-order Green
functions in order to obtain a closed, solvable system of equations. Both approaches yield identical
results in the calculation of response functions for the cavity and material. These are obtained in
terms of the bare cavity and material responses. In combination, the two techniques clarify the
validity of a mean-field decoupling in correlated light-matter systems and provide complementary
means to compute finite-size corrections to the thermodynamic limit. The theory is formulated for
a general model that encompasses most of the systems typically considered in the field of cavity
QED materials. Finally, we provide a detailed application of the theory to the Quantum Hall effect
and to a collection of spin models.

I. INTRODUCTION

Linear Response Theory (LRT) is an elegant tool for
understanding how systems at equilibrium respond when
they are perturbed. The linearity refers to the condi-
tion that the perturbation is sufficiently weak, allowing
the system’s dynamics to be treated to first order in the
perturbation. This framework yields various relations
that determine response properties, regardless of the spe-
cific situation or model considered. Fundamentally, it
relates equilibrium fluctuations and dissipation through
the fluctuation-dissipation theorem [1][Chap. 7].

In this paper, we investigate a particular scenario
where a system containing N local degrees of freedom
is coupled to a single-mode cavity. The coupling is as-
sumed to be collective, and our theory yields exact results
in the thermodynamic limit for the matter, N → ∞.
This is the typical limit considered in cavity QED ma-
terials, on which we will elaborate below [2–4]. Beyond
the assumption of collective coupling and the thermody-
namic limit, our approach is general. We obtain formulas
for the response of both the material and the cavity in
terms of the bare photonic and material response func-
tions, for any light-matter coupling strength. At equilib-
rium, it has been shown that the N → ∞ limit simplifies
the problem, allowing for exact results, particularly fa-
mous is the existence (or lack thereof) of the superradi-
ant phase transition. Various techniques have been em-
ployed, including thermodynamic inequalities [5], scaling
arguments [6], the stiffness theorem [7], and path integral
methods [8]. In this work, we are interested in perturb-
ing the equilibrium to build an equally rigorous result
for LRT. To achieve this, we use two independent but

complementary approaches: one based on a path inte-
gral formulation of the partition function and the other
on the equations of motion for the correlators. The main
idea underpinning our derivation is the fact that collec-
tive interactions can be exactly decoupled by an auxil-
iary mean-field variable. This is a common resource in
large-N theories in quantum field theory which is used
in combination with a saddle-point approximation for the
action [9]. The complementary formulation in terms of
the equations of motion for the correlators renounces the
provable exactness afforded by the path integral in ex-
change for a simpler derivation where the mean-field de-
coupling is explicit.

Cavity QED materials are actively discussed in the
literature, particularly the possibility of modifying the
properties of matter using quantum light [2–4]. This is
pertinent in the regime of strong light-matter correla-
tions, which is why a non-perturbative approach is rel-
evant. The problem is far from being a theoretical cu-
riosity, as initial experiments have reported modifications
in conductivity [10, 11], magnetism [12], and metal-to-
insulator transition [13]. Remarkably, one way to observe
these modifications is through the hybrid light-matter re-
sponse [14], which is where our work fits, providing a gen-
eral theory for such situations. In this context, our work
presents the LRT for cavity materials using both a path-
integral and an equations-of-motion approach. We dis-
cuss their relationship and the application of our theory.
We demonstrate that our theory recovers previous results
on the cavity-modified quantum Hall effect and explore
the response of magnetic materials in cavities, discussing
dipolar Ising systems with longitudinal and transverse
coupling to the cavity and Heisenberg ferromagnetism.
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The theory has also been applied to the Dicke-Ising model
[15].

The paper is organized as follows. In Sec. II we present
the Hamiltonian and discuss its validity to describe the
typical models of cavity QED materials. In Sec. III we
develop and compare two distinct linear response theo-
ries. We provide expressions for different response func-
tions of the hybrid light-matter system in terms of the
bare response functions of the cavity and the material.
Section IV is dedicated to the application of the LRT to
the quantum Hall effect. More precisely to a 2D elec-
tron gas subject a homogeneous perpendicular classical
magnetic field. In Sec. V we apply the theory to sev-
eral magnetic models: the Dicke model, the longitudinal
and transverse Dicke-LMG models and the Heisenberg
model. We end the paper with some conclusions and
relegate some technical details to the appendices.

II. MODELS IN CAVITY QED MATERIALS

We will consider a Hamiltonian of the form

H = Hm +Ωa†a+ g
(
a+ a†

)
Cx + ζ

g2

Ω
C2

x . (1)

Here a and a† are bosonic annihilation and creation oper-
ators, [a, a†] = 1, with Ω the frequency of the cavity mode
[See App. A for the multimode case]. The bare mate-
rial system is described by the Hamiltonian Hm, which
remains unspecified beyond the fact that it describes N
particles or degrees of freedom. Likewise Cx is an un-
specified matter coupling operator that is Hermitian and

collective, i.e. Cx =
∑N

j oj with oj local hermitian oper-
ators of the material. The light matter coupling constant
g = λ/

√
N represents the coupling per particle, with λ

the collective coupling. The last term is a P 2 term, tog-
gled by ζ = 0, 1, that will have to be included if the model
is to describe electric dipoles coupled to the electromag-
netic field of a cavity in the dipole gauge.

Depending on the choice of Hm, Cx, Ω, g and ζ
this Hamiltonian can describe several distinct micro-
scopic systems in different gauges [16–20]. The Pauli-
Fierz Hamiltonian in the Coulomb gauge can be brought
to the form of Hamiltonian (1) by invoking the long-
wavelength approximation and diagonalizing the pho-
tonic sector with a Bogoliubov transformation to elimi-
nate the A2 term [7, 8, 21]. It would correspond to setting
ζ = 0 and associating the electronic collective momenta
to Cx and renormalized frequency and couplings, stem-
ming from the Bogoliubov transform, to Ω and g (See
Sec. IV for an example). Fermi-Hubbard models cannot
be cast to the form of Hamiltonian (1) due to the non-
linear nature of the Peierls coupling, unless it is linearized
by considering the weak coupling limit or by moving to
the dipole gauge [22–24]. Localized electric dipoles can
be described in the dipole gauge by setting ζ = 1 and
associating the collective dipole operator to Cx [8, 25].

Since the inclusion of the P 2 term to ensure gauge invari-
ance in dipolar systems is not always respected, toggling
off ζ will clarify its effects within linear response theory.
Furthermore, we consider ζ a binary parameter here, but
promoting it to take arbitrary values also allows to study
a model where the P 2 term amplitude is not fixed by the
light-matter coupling and cavity frequency. To describe
magnetic dipoles instead, one can associate a collective
spin operator to Cx and toggle off the P 2 term by setting
ζ = 0 [26–28]. Finally, a system of coupled oscillators is
also compatible with Hamiltonian (1), although solving it
with the theory described in this paper would be overkill.

III. LINEAR RESPONSE THEORY

Throughout this text, we will compute linear response
functions, i.e. retarded Green functions, for the light
and matter subsystems. In our derivation, we will not
specify the matter subsystem; instead, we will derive re-
lationships between the Green functions for the hybrid
light-matter system with the bare matter and photonic
Green functions. The bare photonic Green function is a
well know quantity that is trivial to compute. A full so-
lution will thus be contingent on being able to compute
the Green function of the bare matter, possibly subject
to some additional mean fields, as we will gather from the
derivation. The retarded Green function for operators A
and B is defined as

Gr
A,B(t, t

′) = −iθ(t− t′)⟨[A(t), B(t′)]⟩ , (2)

With θ(t) the Heaviside step function. We will be par-
ticularly concerned with the photonic propagator

D(t) = Gr
a,a†(t, 0) (3)

and matter response functions

χrs(t) = − 1

N
Gr

Cr,Cs
(t, 0) , (4)

where Cr might be Cx or any other collective matter
operator.

A. Imaginary-time path integral: Thermal Green
function

One way to compute retarded Green functions is to
obtain them by analytic continuation from the ther-
mal Green function, which can be computed from an
imaginary-time path integral formulation of the partition
function of the system. The thermal Green function for
operators A and B reads

Gt
A,B(τ − τ ′) = −⟨TτA(τ)B(τ ′)⟩ (5)

Within the imaginary-time formalism, we will obtain the
thermal Green functions in terms of imaginary time, τ , or
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Matsubara frequencies, ωm. The retarded Green function
is then obtained with the replacement

Gr
A,B(ω) = Gt

A,B(ωm)|iωm→ω+=ω+i0+ , (6)

for all positive Matsubara frequencies [1][Chap. 7].

1. Effective action

We formulate the partition function as a path integral
over coherent states

Z =

∮
a,ā,c

e−S , (7)

with

S =Sm +

∫
τ

ā(τ)(∂τ +Ω)a(τ)

+ g

∫
τ

(a(τ) + ā(τ))Cx(τ) + ζ
g2

Ω

∫
τ

C2
x(τ) .

(8)

Here
∮
a,ā,c

≡
∫
D[a, ā]D[c] is the functional integral over

coherent-state paths, with a and ā the complex conjugate
fields corresponding to the cavity and c standing for an

unspecified matter coherent field, and
∫
τ
≡
∫ β

0
dτ is the

integral over imaginary time. A partial integration over
the photonic fields, which is but a collection of Gaussian
integrals, yields an effective action Seff = Sm +Sind with
an induced retarded collective interaction [29, 30]

Sind = g2
∫
τ,τ ′

Cx(τ)D0(τ − τ ′)Cx(τ
′) + ζ

g2

Ω

∫
τ

C2
x(τ) .

(9)
Here D0 is the free photon propagator

D0(τ) = − e−τΩ

1− e−βΩ
, (10)

or in Matsubara frequency space

D0(ωm) =
1

iωm − Ω
. (11)

It is convenient to write

Sind =
1

2

∫
τ,τ ′

Cx(τ)
1

N
Vind(τ − τ ′)Cx(τ

′) , (12)

with

Vind(τ) = λ2(D0(τ) +D0(β − τ)) + 2ζ
λ2

Ω
δ(τ) , (13)

or in Matsubara frequency space

Vind(ωm) = 2λ2Ω
2(ζ − 1) + ζω2

m

Ω(ω2
m +Ω2)

. (14)

Note that we symmetrize Vind with respect to τ . It can
be seen that the odd part of Vind does not contribute to
the action. This will be justified later, when we relate
Vind to the propagator of an auxiliary real scalar field,
which must be even.

2. Auxiliary field decoupling

The induced interaction can be decoupled with a
Hubbard-Stratonovich transformation that introduces an
auxiliary scalar field, φ:

e−Sind =
1

Zφ

∮
φ

exp
(
− 1

2
N

∫
τ,τ ′

φ(τ)V −1
ind (τ − τ ′)φ(τ ′)

− i

∫
τ

φ(τ)Cx(τ)
)
.

(15)

We define the propagator of the auxiliary field as

W (τ) = ⟨φ(τ)φ(0)⟩c . (16)

The generating functional for bare connected correlation
functions of the matter coupling operator, Cx, is G0

m[ξ] =
−N−1 logZm[ξ] with

Zm[ξ] =

∮
c

e−(Sm+i
∫
τ
ξ(τ)Cx(τ)) , (17)

such that

δ

δξ(τ1)
· · · δ

δξ(τn)
G0
m[ξ]

∣∣∣
ξ=0

=

= − (−i)n

N
⟨Cx(τ1) · · ·Cx(τn)⟩cm

≡ χ
(n)
xx,0(τ1, . . . , τn) .

(18)

In the following we will denote χ
(2)
xx,0 ≡ χxx,0. With this,

after partial integration over the matter degrees of free-
dom, we can write [31]

Z =

∮
φ

e−Nf [φ] , (19)

with

f [φ] =
1

2

∫
τ,τ ′

φ(τ)V −1
ind (τ − τ ′)φ(τ ′) + G0

m[φ] . (20)

The exponent is proportional to N , suggesting that it
can be treated with the saddle-point method for large N .
The number of terms required for a good approximation
will be determined by the value of N . In the thermo-
dynamic limit, N → ∞, it will be justified to truncate
the expansion at the quadratic term, which will reveal
what is the free propagator of the auxiliary field φ. The
condition that the functional derivative of f with respect
to φ vanishes∫ ′

τ

V −1
ind (τ − τ ′)φsp(τ

′) +
δG0

m[φsp]

δφsp(τ)
=∫ ′

τ

V −1
ind (τ − τ ′)φsp(τ

′) +
i

N
⟨Cx(τ)⟩φsp = 0

(21)

or in Matsubara frequency space

φsp(ωm) = − i

N
Vind(ωm)⟨Cx(ωm)⟩φsp

(22)
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formally defines φsp. Let us postpone the issue of finding
φsp for now and continue on by expanding f in powers of
φ around φsp. It is convenient to note that, by definition,

G0
m[ξ] =

∑
neven

1

n!

∫
τ1,...,τn

ξ (τ1) · · · ξ (τn)χ(n)
xx,0 (τ1, . . . , τn) .

(23)
By virtue of φsp being a minimum of f , f is locally
quadratic in its vicinity

f [φ]− f [φsp] =
1

2

∫
τ,τ ′

δφ(τ)(NW0)
−1(τ − τ ′)δφ(τ ′)

+O(δφ4) .

(24)

Here δφ = φ− φsp and

(NW0)
−1 = V −1

ind + χ̃xx,0 , (25)

with

χ̃xx,0(τ, τ
′) =

δ

δφsp(τ)

δ

δφsp(τ ′)
G0
m[φsp]

=
1

N
⟨Cx(τ)Cx(τ

′)⟩cφsp
.

(26)

Here χ̃xx,0 refers to the bare matter propagator but sub-
ject a field iφsp, as per Eq. (17). Note that if φsp = 0
then χ̃xx,0 = χxx,0. At this point we note that W0, which
is the free propagator of φ, a real scalar field, is a func-
tion of Vind. It now clear why we symmetrize Vind, W0

must be even in time. The importance of Eq. (25) stems
from the fact that for N → ∞ one can safely truncate
the saddle-point expansion to second order, which implies
that W = W0. We can now obtain relations between the
auxiliary field propagator, W , the photonic propagator,
D, and matter response functions.

3. Dressed response functions in terms of bare response
functions

In the following we will define generating functionals
for connected correlators in imaginary time. These differ
from the thermal Green function as defined in Eq. (5) in
symmetry broken phases when the expectation value of
the operator for which one is computing the connected
correlator acquires a finite value. However, this difference
only affects the zero frequency component of the correla-
tor and is thus unimportant for the analytic continuation
to real frequencies.

Let us define the generating functional for photonic
connected correlators by introducing a complex field in
Eq. (7): Gph[η, η̄] = − logZ[η, η̄], with

Z[η, η̄] =

∮
a,ā,c

e−(S+
∫
τ
(a(τ)η̄(τ)+ā(τ)η(τ)) . (27)

After partial integration of the cavity fields, this yields

Z[η, η̄] =

∮
c

exp−
(
Sm + ζ

g2

Ω

∫
τ

C2
x(τ)

+

∫
τ,τ ′

m̄(τ)D0(τ − τ ′)m(τ)
)
,

(28)

with m(τ) = η(τ) + gCx(τ). With this

D(τ − τ ′) =
δ

δη̄(τ)

δ

δη(τ ′)
Gph[η, η̄]

∣∣∣∣
η=η̄=0

=D0(τ − τ ′)

− λ2

∫
u,v

D0(τ − u)χxx(u− v)D0(v − τ ′) ,

(29)

or in Matsubara frequency space

D(ωm) = D0(ωm)− λ2D0(ωm)χxx(ωm)D0(ωm) . (30)

Likewise, we can define the generating functional for mat-
ter connected correlators. Since we are interested in re-
sponse functions, i.e. two point-correlators, we can rather
generally consider correlations of three distinct matter
operators, the matter coupling operator, Cx, and two
others, that we label Cy and Cz. Note that x, y and
z are simply indices here and they do not necessarily
indicate spatial direction. The generating functional is
Gm[ξx, ξy, ξz] = −N−1 logZ[ξx, ξy, ξz], with

Z[ξx, ξy, ξz] =

∮
c,φ

e−(Seff+i
∫
τ

∑
r ξr(τ)Cr(τ)) . (31)

After partial integration over the matter fields, this yields

Z[ξx, ξy, ξz] =

∮
φ

e−Nf [φ,ξx,ξy,ξz ] , (32)

with

f [φ, ξx, ξy, ξz] =
1

2

∫
τ,τ ′

φ(τ)V −1
ind (τ − τ ′)φ(τ ′)

+ G0
m[ξx + φ, ξy, ξz] ,

(33)

Here G0
m[ξx, ξy, ξz] = −N−1 logZm[ξx, ξy, ξz] is the gen-

eralization of G0
m[ξ] (17), with

Zm[ξx, ξy, ξz] =

∮
c

e−(Sm+i
∫
τ

∑
r ξr(τ)Cr(τ)) . (34)

Then a second-order expansion of f [φ, ξx, ξy, ξz] around
φsp yields
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f [φ, ξx, ξy, ξz]− f [φsp, 0, 0, 0] =
1

2

∫
τ,τ ′

(
δφ(τ)(NW )−1(τ − τ ′)δφ(τ ′) +

∑
rs

ξr(τ)χ̃rs,0(τ − τ ′)ξs(τ
′)

+ δφ(τ)
∑
r

χ̃xr,0(τ − τ ′)ξr(τ
′) +

∑
r

ξr(τ)χ̃rx,0(τ − τ ′)δφ(τ)
)
.

(35)

The functional integral over the auxiliary-field displacements δφ is just a Gaussian integral that we can perform,
yielding

Gm[ξx, ξy, ξz] = cst.+
1

2

∑
rs

∫
τ,τ ′

ξr(τ)

(
χ̃rs,0(τ − τ ′)−

∫
u,v

χ̃rx,0(τ − u)NW (u− v)χ̃xs,0(u− τ ′)

)
ξs(τ

′) . (36)

With this

χrs(τ − τ ′) =
δ

δξr(τ)

δ

δξs(τ ′)
Gm[ξx, ξy, ξz]

∣∣∣∣
ξr=0 ∀r

= χ̃rs,0(τ − τ ′)−
∫
u,v

χ̃rx,0(τ − u)NW (u− v)χ̃xs,0(u− τ ′) , (37)

or in Matsubara frequency space

χrs(ωm) = χ̃rs,0(ωm)− χ̃rx,0(ωm)NW (ωm)χ̃xr,0(ωm) .
(38)

Putting together Eqs. (25) and (38) we arrive at the
relations

χxr(ωm) =
χ̃xr,0(ωm)

1 + Vind(ωm)χ̃xx,0(ωm)
, (39)

χrx(ωm) =
χ̃rx,0(ωm)

1 + Vind(ωm)χ̃xx,0(ωm)
, (40)

χrs|r,s ̸=x (ωm) = χ̃rs,0(ωm)

− χ̃rx,0(ωm)Vind(ωm)χ̃xs,0(ωm)

1 + Vind(ωm)χ̃xx,0(ωm)
,
(41)

which together with Eq. (30) give us the dependence of
the photonic propagator and matter response functions
on the bare matter response function and the free photon
propagator. Note from Eqs. (26) and (34) that χ̃rs,0 is
simply the response function of the bare matter subject
to an external field φsp, the saddle point. Equations (39),
(40) and (41) exhibit a structure similar to the response
functions commonly derived using the random phase ap-
proximation, such as those found in [31]. It is important
to highlight that these equations remain valid for all pa-
rameter ranges and are applicable to both normal and
superradiant phases.

4. Computing the saddle point φsp.

We look for constant solutions of the saddle-point
equations, i.e. φsp(τ) = φsp = φsp(ωm = 0) (all other
frequency components being zero). Then, from Eq. 22
we find

φsp = − i

N
Vind(ωm = 0)⟨Cx⟩φsp

. (42)

This tells us that φsp is self-consistently proportional to
⟨Cx⟩φsp

, i.e. to the expectation value of Cx for the bare

matter subject to a field iφsp = 1
N Vind(ωm = 0)⟨Cx⟩.

This is precisely the self-consistent condition that arises
from computing ⟨Cx⟩ from the mean-field Hamiltonian

HMF
eff = Hm+

2λ2(ζ − 1)

NΩ
⟨Cx⟩Cx−

λ2(ζ − 1)

NΩ
⟨Cx⟩2 . (43)

This is the mean-field theory of the effective Hamiltonian
that arises from taking the static limit in Vind in the
effective action [8]. Thus, if we assume φsp constant,
χ̃rs,0 are just the response functions of the mean field
matter Hamiltonian of Eq. (43). Thus, χ̃rs,0 are obtained
as functions of ⟨Cx⟩ which can be computed by solving
HMF

eff variationaly with respect to ⟨Cx⟩. Note that in the
absence of symmetry breaking, i.e. when ⟨Cx⟩ = 0, or if
ζ = 1, the effective matter Hamiltonian is just the bare
matter Hamiltonian and thus χ̃rs,0 = χrs,0 is just the
bare matter response.

B. Equations of motion for the retarded Green
functions

An alternative way to compute retarded Green func-
tions is by formulating their equations of motion and, un-
der some assumptions, solving them. Defining Gr

A,B(t) ≡
Gr

A,B(t, 0) we have from Eq. (2) that

i∂tG
r
A,B(t) = δ(t)⟨[A,B]⟩ −Gr

[H,A],B(t) (44)

or in frequency space

ω+G
r
A,B(ω) = ⟨[A,B]⟩ −Gr

[H,A],B(ω) , (45)

with ω+ = ω + i0+.

1. Solving the equations of motion

Let {|α⟩} be a basis of the Hilbert space of the mat-
ter subsystem and let us define the Hubbard operators
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Xαγ = |α⟩⟨γ|. We start by computing the matter corre-
lation function χrs. Note that

χrs = − 1

N
Gr

Cr,Cs
= − 1

N

∑
α,γ

Cαγ
r Gr

Xαγ ,Cs
(46)

where Cαγ
r = ⟨α|Cr|γ⟩. Then

ω+G
r
Xαγ ,Cs

(ω) =⟨[Xαγ , Cs]⟩ −Gr
[H,Xαγ ],Cs

(ω)

=− Γαγ
s −Gr

[Hm,Xαγ ],Cs
(ω)

− gGr
(a+a†)[Cx,Xαγ ],Cs

(ω)

− ζ
g2

Ω
Gr

[C2
x,X

αγ ],Cs
(ω) .

(47)

Here Γαγ
s = ⟨[Cs, X

αγ ]⟩ =
∑

µ(C
µα
s ⟨Xµγ⟩ − Cγµ

s ⟨Xαµ⟩).
The last two terms of Eq. (47) correspond to three-point
Green functions. One could now write the equations of
motion for such three-point Green functions, which would
in turn depend on four-point Green functions, and so
on and so forth. This infinite hierarchy of n-point cor-
relators involves light-matter interactions, as discussed
in the context of lasing physics [32, Chapter 9] or light
emission [33]. At some point, the hierarchy needs to
be truncated. The crudest approximation is to restrict
the theory to two-point Green functions, assuming that
Gr

AB,C ≈ ⟨A⟩Gr
B,C + ⟨B⟩Gr

A,C , which amounts to ne-
glecting correlations of order higher than two for all terms
stemming from light-matter interaction. In terms of fluc-
tuations, this means that only linear fluctuations between
the two systems are relevant, and that correlated fluctu-
ations are largely suppressed. This approach is reminis-
cent of RPA or mean-field approximations, which need to
be justified. This has indeed been discussed within the
Dicke model, where the traditional educated guess that
quantum fluctuations vanish in the N → ∞ limit [32,
Chapter 9] [Cf. with the equilibrium argument in [6]]
has been rigorously demonstrated recently [34]. In that
work, the proof was restricted to the Dicke model and
within the Lindblad framework, i.e., adding dissipation
in a Markovian manner. This result is relevant to us since
LRT falls within the conditions of the theorem demon-
strated in that reference, which requires the dynamics
to start with an uncorrelated initial condition between
light and matter. This can be safely assumed here since
the response is independent of the excitation and can be
obtained from excitation functions where the initial con-
dition is assumed to be at equilibrium, which can be well
approximated by uncorrelated light-matter states [7, 28].

It is true, however, that in our case we are not considering
dissipative Lindblad dynamics and we include potential
matter-matter interactions. In any case, we believe that
restricting to two-point Green functions can be proven to
be exact, as it agrees with the saddle-point solution for
N → ∞ discussed in the previous section. In fact, this
section concludes by obtaining the same response func-
tions as within the path integral formalism. This suggests
that generalizing Ref. [34] might be possible in a future
work. With this,

ω+G
r
Xαγ ,Cs

(ω) =− Γαγ
s −Gr

[Hm,Xαγ ],Cs
(ω)

− g⟨a+ a†⟩Gr
[Cx,Xαγ ],Cs

(ω)

− ζ
2g2

Ω
⟨Cx⟩Gr

[Cx,Xαγ ],Cs
(ω)

− gΓαγ
x

(
Gr

a,Cs
(ω) +Gr

a†,Cs
(ω)
)

− ζ
2g2

Ω
Γαγ
x Gr

Cx,Cs
(ω) .

(48)

We can put together the second, third and fourth ele-
ments in the right-hand side to build a mean field matter
Hamiltonian

HMF
m = Hm + g⟨a+ a†⟩Cx + ζ

2g2

Ω
⟨Cx⟩Cx . (49)

Note that the constant terms in this mean-field Hamil-
tonian are omitted here. We will show later that this
Hamiltonian is equivalent to the mean-field effective
Hamiltonian (43) obtained with the path integral ap-
proach under a mean-field decoupling of full light-matter
Hamiltonian. At this point we can assume that the basis
that we have been using, {|α⟩}, is precisely the eigenbasis
of HMF

m , with eigenenergies {Eα}, obtaining

ω+G
r
Xαγ ,Cs

(ω) =− Γαγ
s − (Eα − Eγ)G

r
Xαγ ,Cs

(ω)

− gΓαγ
x

(
Gr

a,Cs
(ω) +Gr

a†,Cs
(ω)
)

− ζ
2g2

Ω
Γαγ
x Gr

Cx,Cs
(ω) .

(50)

We can compute the photon-matter Green functions that
appear on the second line obtaining

(ω+ − Ω)Gr
a,Cs

(ω) = gGr
Cx,Cs

(ω) , (51)

(ω+ +Ω)Gr
a†,Cs

(ω) = −gGr
Cx,Cs

(ω) . (52)

Putting together Eqs. (50), (51) and (52) we get

(ω+ + Eα − Eγ)G
r
Xαγ ,Cs

(ω) = −Γαγ
s − Γαγ

x Vind(ω)
1

N
Gr

Cx,Cs
(ω) , (53)

with Vind(ω) = Vind(ωm)|iωm→ω+i0+ . Together with Eq. (46) this gives

χrs(ω) =
1

N

∑
αγ

Cαγ
r

Γαγ
s

ω+ + Eα − Eγ
− 1

N

∑
αγ

Cαγ
r

Γαγ
x

ω+ + Eα − Eγ
Vind(ω)χxs(ω) . (54)
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From the definition of Γαγ
s and noting that ⟨Xαγ⟩ = Z−1δαγ exp(−βEα) we find that

1

N

∑
αγ

Cαγ
r

Γαγ
s

ω+ + Eα − Eγ
=

1

N

1

Z

∑
αγ

e−βEγ − e−βEα

ω+ + Eα − Eγ
⟨α|Cr|γ⟩⟨γ|Cs|α⟩ = χ̃rs,0(ω) . (55)

With this and Eq. (54), we finally obtain

χxr(ω) =
χ̃xr,0(ω)

1 + Vind(ω)χ̃xx,0(ω)
, (56)

χrx(ω) =
χ̃rx,0(ω)

1 + Vind(ω)χ̃xx,0(ω)
, (57)

χrs|r,s ̸=x (ω) = χ̃rs,0(ω)

− χ̃rx,0(ω)Vind(ω)χ̃xs,0(ω)

1 + Vind(ω)χ̃xx,0(ω)
,

(58)

which coincide with the analytic continuation of Eqs.
(39), (40) and (41).

Proceeding in a similar fashion, we can now compute
D and D+ = Gr

a†,a† . First we have

(ω+ − Ω)D(ω) = 1 + gGr
Cx,a†(ω) , (59)

(ω+ +Ω)D+(ω) = −gGr
Cx,a†(ω) . (60)

Again we use the decomposition Gr
Cx,a† =∑

αγ C
αγ
x Gr

Xαγ ,a† and compute

(ω+ + Eα − Eγ)G
r
Xαγ ,a† =− gΓαγ

x (D(ω) +D+(ω))

− ζ
2g2

Ω
Γαγ
x Gr

Cx,a†(ω) ,

(61)

such that

Gr
Cx,a† =

−Ngχ̃xx,0(ω)

1 + ζ 2λ2

Ω χ̃xx,0(ω)
(D(ω) +D+(ω)) . (62)

Plugging this into Eqs. (59) and (60) we get

(ω − Ω)D(ω) = 1

− λ2χ̃xx,0(ω)

1 + ζ 2λ2

Ω χ̃xx,0(ω)
(D(ω) +D+(ω)) ,

(63)

(ω +Ω)D+(ω) =
λ2χ̃xx,0(ω)

1 + ζ 2λ2

Ω χ̃xx,0(ω)
(D(ω) +D+(ω)) .

(64)

We can now solve for D and D+ to get

D(ω) =
ω+ +Ω+ λ2 2ζ(ω++Ω)−Ω

Ω χ̃xx,0(ω)

ω2
+ − Ω2 + 2λ2 ζ(ω2

+−Ω2)+Ω2

Ω χ̃xx,0(ω)
, (65)

D+(ω) =
λ2χ̃xx,0(ω)

ω2
+ − Ω2 + 2λ2 ζ(ω2

+−Ω2)+Ω2

Ω χ̃xx,0(ω)
. (66)

Although not immediately obvious, Eq. (65) is precisely
the analytic continuation of Eq. (30). We prove this
relation in App. B.

2. Mean-field decoupling of the light-matter Hamiltonian

Let us consider the Hamiltonian in Eq. (1) with a
mean-field decoupling of the light-matter interaction and
P 2 terms. We expand Cx = ⟨Cx⟩ + δCx and a + a† =
⟨a+a†⟩+δ(a+a†) and neglect terms quadratic in fluctu-
ations, obtaining two decoupled Hamiltonians and some
constants: H = HMF

m +HMF
ph + cst. with

HMF
m = Hm + g⟨a+ a†⟩Cx + ζ

2g2

Ω
⟨Cx⟩Cx , (67)

HMF
ph = Ωa†a+ g(a+ a†)⟨Cx⟩ , (68)

cst. = −g⟨a+ a†⟩⟨Cx⟩ − ζ
g2

Ω
⟨Cx⟩2 . (69)

The mean-field photonic Hamiltonian HMF
ph can be diag-

onalized with a displacement, a = b− g/Ω⟨Cx⟩, yielding
HMF

ph = Ωb†b, a new constant −g2/Ω⟨Cx⟩2 and the rela-

tion ⟨a + a†⟩ = −2g/Ω⟨Cx⟩. Plucking this relation into
the mean-field matter Hamiltonian, HMF

m , and all the
constants gathered in the different steps yields precisely
the mean-field effective Hamiltonian, HMF

eff , of Eq. (43).
The constants are important for a potential variational
solution.

C. Comparing the two theories

In this section we have shown the equivalence between
two different approaches to address the linear response
regime of cavity QED materials. Although seemingly
very different, the path-integral in imaginary time and
the equation of motion in real time provide exact analyt-
ical results in the thermodynamic limit, N → ∞. The ef-
fect of the thermodynamic limit is clearly identified in the
path integral approach when the saddle point method is
invoked. Instead, with the equation of motion method it
requires an analysis of the scaling of the correlated parts
of higher-order correlation functions with N . On the
other hand, the equations-of-motion approach does not
require the auxiliary field of the Hubbard-Stratonovich
transformation, which allows us to interpret the steps
used to calculate its propagator W . We can see that the
auxiliary field φsp plays the same role as the mean-field
background in the equation of motion, which couples to
the fluctuations.
The two approaches cement the understanding that

mean-field approaches are exact in the thermodynamic
limit for Dicke-like models, even if matter interactions are
considered. Together, they paint the following picture.
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One can construct a hierarchy of light-matter correla-
tions: observables, response functions, three-point corre-
lators, etc.. Normally, this hierarchy is not closed, mean-
ing that n-point correlators depend on n+1-point corre-
lators, and so on, ad infinitum. This can be seen in our
equations-of-motion approach. In contrast, for Dicke-like
models of the form of Eq. (1) it seems that this hierar-
chy can be truncated at any order and still provide exact
results for that order of the hierarchy. In this paper we
have confirmed that this is the case for one- and two-
point correlators. One-point correlators (expected values
of a single light or matter observable) are computed from
the effective mean-field Hamiltonian of Eq. (43). Note
that at this level it seems like we are neglecting all light-
matter correlations, even two-point correlations. Then,
two-point correlations, which define linear-response the-
ory, are given by Eqs. (30), (39), (40) and (41) and de-
pend solely on bare two-point correlators, in particular
on those of the mean-field effective Hamiltonian. From
our path-integral approach, we see that this is simply a
consequence of the fact that each order of correlations
corresponds to a new term of the saddle point expan-
sion, and as such is a factor 1/N less significant than the
previous order [35]. In the thermodynamic limit every
order is completely independent of all higher orders in
the hierarchy.

As a caveat, note that this discussion only applies to
light-matter correlations. The material subsystem will
generally be an interacting many-body system on its own
where correlations can not be computed exactly with the
same mean-field philosophy. As such, even though we
have expressed the response functions of Dicke-like mod-
els in terms of the bare response functions of the cavity
and the mean-field effective Hamiltonian, computing the
latter will generally be a challenge itself. In the rest of
the paper and in Ref. [15] we study some cases in which
this can be done exactly as well.

This has been studied and exploited before at equilib-
rium [6–8, 28, 36], in the dynamics [34, 37] and in Refs.
[31, 38] and now here for the LRT. Beyond the LRT,
the equations-of-motion approach opens the possibility
of studying real-time dynamics.

Finally, the comparison between the two approaches is
not just an academic exercise. In many cases it can be
interesting to go beyond the N → ∞ limit. This would
be the case in topological systems, where boundaries play
an important role. In that case the two approaches of-
fer complementary methods incorporate finite-size cor-
rections. In the path integral approach, corrections are
computed by extending the saddle-point expansion to
higher orders, and thus relaxing W = W0 for the weaker
W−1 = W−1

0 + Π, where Π can be computed with
standard diagrammatic techniques in terms of fourth-
and higher-order matter response functions [31]. In the
equations-of-motion approach, corrections are introduced
by expanding the theory from two- to three- and higher-
order Green functions before invoking the mean-field fac-
toring of the correlators.

IV. INTEGER QUANTUM HALL EFFECT IN A
CAVITY

A. The Hamiltonian

To demonstrate the applicability of our theory, we will
use it to study the modification of the integer quantum
Hall effect. The matter system under consideration is a
two-dimensional electron gas subject to a perpendicular
classical magnetic field. This model has been used to
explain the breakdown of topological protection that un-
derlies the observed modifications of the quantum Hall
effect by coupling to a cavity [11, 39–41]. The Hamilto-
nian of the electron gas coupled to a single-mode cavity
reads

H =
∑
j

(pj − eAext(rj)− eA0(b+ b†))2

2m

+
∑
i>j

V (ri − rj) + Ωb†b .

(70)

Here ri, pi are respectively the position and momentum
operators of the i-th electron. Both the external classical
vector potential and the cavity’s vector potential point
along the x-direction: Aext(rj) = −Byjex and A0 =√
1/(2ϵ0V Ω)ex. The V and ϵ0 are respectively the cavity

mode volume and the dielectric constant. V (ri − rj) is
the Coulomb interaction between the electrons. After
some manipulations, we can write the Hamiltonian as

H =Hm − ωp√
N

(√
ωp

Ω
p̄x +

√
ωc

Ω
ȳ

)(
b+ b†

)
+Ωb†b+

ω2
p

4Ω

(
b+ b†

)2
,

(71)

where Hm is the bare (without cavity) electron gas
Hamiltonian

Hm =
∑
j

(pj − eAext(rj))
2

2m
+
∑
i>j

V (ri − rj) (72)

and p̄x and ȳ are adimensionalized collective operators

p̄x =
1√
2mωp

∑
j

px,j , (73)

ȳ =

√
mωc

2

∑
j

yj . (74)

We have defined the plasma frequency, ωp =
√

e2ρ/(mϵ0)
with ρ = N/V the density of electrons is the cavity, and
the cyclotron frequency ωc = eB/m. The photonic terms
of the Hamiltonian can be diagonalized with a Bogoli-
ubov transformation, which yields

H = Hm − ωp√
N

(√
ωp

ω̃
p̄x +

√
ωc

ω̃
ȳ

)(
a+ a†

)
+ ω̃a†a ,

(75)
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with ω̃2 = Ω2 + ω2
p. By identifying g = −ωp/

√
N and

Cx =
√
ωp/ω̃p̄x +

√
ωc/ω̃ȳ the Hamiltonian takes the

form of Eq. (1). Note that in this case there is no P 2

term, i.e. ζ = 0. In exchange, the elimination of the A2

term through the Bogoliubov transform renormalizes the
cavity frequency and light-matter coupling.

B. Current and optical conductivity

In the quantum Hall effect [42, 43], one is typically
interested in computing the longitudinal and transverse
conductivities. The optical conductivity tensor can be
computed with the Kubo formalism in terms of the cur-
rent response functions

σrs(ω) =
i

ω+

[
e2ρ2D
m

δrs +
Gr

Jr,Js
(ω)

A

]
, (76)

where ω+ = ω + iδ, A and ρ2D are the area and sur-
face density of the two-dimensional electron gas, δ is the
broadening parameter, δrs is the Kronecker delta and Jr,s
are the current operators in the r and s directions, with
r, s ∈ {x, y} [44, 45]. We will now compute Gr

Jr,Js
us-

ing the theory outlined in Sec. III, i.e. we will express

Gr
Jr,Js

in terms of the response functions of the bare elec-

tron gas, Gr0
Jr,Js

.
The current operator is given by

J = e
∑
j

vj

=
e

m

∑
j

(
pj − eAext(rj)− eA0(b+ b†)

)
.

(77)

Then, after some manipulation, we can express

Jx =

√
2e2ω̃

m

(
Cx + γ(a+ a†)

)
, (78)

Jy =

√
2e2ω̃

m
Cy , (79)

with γ = −
√
Nωp/(2ω̃) and Cy =

√
ωp/ω̃p̄y. Here√

2mωpp̄y =
∑

j py,j . Meaning that we need to compute

Gr
Jx,Jx

=
2e2ω̃

m
Gr

Cx+γ(a+a†),Cx+γ(a+a†) , (80)

Gr
Jx,Jy

=
2e2ω̃

m
Gr

Cx+γ(a+a†),Cy
, (81)

Gr
Jy,Jy

=
2e2ω̃

m
Gr

Cy,Cy
. (82)

Following App. C, these are given by

Gr
Jx,Jy

(ω) =

(
1 +

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)
Gr,0

Jx,Jy
(ω)

1− Vind(ω)
m

2e2ω̃NGr,0
Jx,Jx

(ω)
, (83)

Gr
Jx,Jx

(ω) =

(
1 +

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)2 Gr,0
Jx,Jx

(ω)

1− Vind(ω)
m

2e2ω̃NGr,0
Jx,Jx

(ω)
+

Ne2

m

(ωp

ω̃

)2 ω̃

2
Ds

0(ω) , (84)

Gr
Jy,Jy

(ω) =
Gr,0

Jy,Jy
(ω) + Vind(ω)

m
2e2ω̃N

(
Gr,0

Jx,Jy
(ω)Gr,0

Jy,Jx
(ω)−Gr,0

Jx,Jx
(ω)Gr,0

Jy,Jy
(ω)
)

1− Vind(ω)
m

2e2ω̃NGr,0
Jx,Jx

(ω)
. (85)

Obtaining explicit expressions for the current response
functions is now just a matter of computing the current
response functions of the bare electron gas, Gr,0

Jr,Js
. We

refer to the later as bare current response functions and
we compute them in the next section.

C. Computing the bare current response functions

To study the bare 2D electron gas we lean on the rea-
soning laid out in Ref. [41]. There, they study the same
2D electron gas subject to a perpendicular classical mag-
netic field and coupled to a cavity (70). They show that
the cavity only couples to the center-of-mass coordinates.

Furthermore, they show that the center-of-mass and rel-
ative coordinate sectors of the Hamiltonian commute.
This essentially splits the problem into two, the prob-
lem of the relative coordinates unmodified by the cavity,
and the problem of the center or mass coupled to the
cavity. Note from Eqs. (78) and (79) that the currents
also only depend on center-of-mass coordinates. Most
importantly, the Coulomb interaction between electrons
only depends on the relative coordinates. In summary,
the full problem of a 2D electron gas coupled to a cav-
ity can be broken into the problem of the relative coor-
dinates, subject to Coulomb interactions but decoupled
from the cavity, and the problem of an independent cen-
ter of mass coordinate, which couples to the cavity and
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is solely responsible for the conduction properties of the
electron gas. Consequently, in order to compute bare
current response functions, we only need to study the
center-of-mass sector of the matter Hamiltonian

Hcm
m =

(P − eAext(R))
2

2m
, (86)

with
√
NR =

∑
j rj and

√
NP =

∑
j pj the center-of-

mass position and momentum operators. This is just the
Hamiltonian of a single electron under a classical mag-
netic field, the prototipical example of Landau quanti-
zation [46][Chap. 1]. The eigenstates of the system are
separable, into plane waves in the X direction and eigen-
states of a displaced harmonic oscillator of frequency ωc

along the Y direction

Hcm
m |KX , n⟩ = ωc

(
c†c+

1

2

)
|KX , n⟩

= ωc

(
n+

1

2

)
|KX , n⟩ ,

(87)

With PX |KX , n⟩ = KX |KX , n⟩. Here

V =

√
1

2ωc

(
c+ c†

)
, (88)

PV = i

√
ωc

2

(
c† − c

)
, (89)

and V =
√
m(Y + KX l2c), PV = PY /

√
m, with lc =√

1/(eB).
From the definition in Eq. (77) (ignoring the contribu-

tion from the cavity to get the bare current) we can see
that the current only depends on center-of-mass coordi-
nates

J =
√
N

e

m
(P − eAext(R)) . (90)

After some manipulation, we can express

Jx =
eωc√
2m

(
1

ωc
√
m
(PX −KX) +

1
√
ωc

(c+ c†)

)
, (91)

Jy = i
e
√
ωc√
2m

(
c† − c

)
, (92)

and the matrix elements

⟨K ′
X , n|Jx|KX ,m⟩ = δKX ,K′

X

e
√
ωc√
2m

(
√
m+ 1δn,m+1

+
√
mδn,m−1) ,

(93)

⟨K ′
X , n|Jy|KX ,m⟩ = δKX ,K′

X
i
e
√
ωc√
2m

(
√
m+ 1δn,m+1

−
√
mδn,m−1) .

(94)

This shows that the current operators are diagonal with
respect to the plane waves along the X direction, such

that the spectral decomposition of the current response
functions can be written simply as a sum over eigenstates
of the harmonic oscillator along the Y direction. At zero
temperature, this reads

Gr,0
Jr,Js

(ω) =
∑
n

(
⟨0|Jr|n⟩⟨n|Js|0⟩
ω+ + E0 − En

− ⟨n|Jr|0⟩⟨0|Js|n⟩
ω+ + En − E0

)
.

(95)
Note that ω+ = ω + iδ, with δ a broadening parameter.
From Eqs. (93), (94) and (95) we obtain the bare current
response functions

Gr,0
Jx,Jx

(ω) = Gr,0
Jy,Jy

(ω)

= −Ne2ωc

m

1

2

(
1

ω+ + ωc
− 1

ω+ − ωc

) , (96)

Gr,0
Jx,Jy

(ω) =
Ne2ωc

m

i

2

(
1

ω+ + ωc
+

1

ω+ − ωc

)
, (97)

Gr,0
Jy,Jx

(ω) = −Ne2ωc

m

i

2

(
1

ω+ + ωc
+

1

ω+ − ωc

)
. (98)

D. Closed expressions for the current response
functions

Substituting Eqs. (96), (97), (98) and Vind(ω) =
ω2
pD

s
0(ω), with Ds

0(ω) the analytic continuation of
Ds

0(ωm)|iωm→ω+ (C5), into Eqs. (C11), (C12) and (C13)
yields, after some manipulation,

Gr
Jx,Jy

(ω) = i
Ne2

m

ωcω+

(
ω2
+ − Ω2

)(
ω2
+ − ω̃2

) (
ω2
+ − ω2

c

)
− ω2

pω
2
c

, (99)

Gr
Jx,Jx

(ω) =
Ne2

m

(ω2
c + ω2

p)
(
ω2
+ − Ω2ω2

c

ω2
c+ω2

p

)
(
ω2
+ − ω̃2

) (
ω2
+ − ω2

c

)
− ω2

pω
2
c

,

(100)

Gr
Jy,Jy

(ω) =
Ne2

m

ω2
c

(
ω2
+ − Ω2

)(
ω2
+ − ω̃2

) (
ω2
+ − ω2

c

)
− ω2

pω
2
c

.

(101)

These current response functions have poles at ω+ =
±Ω±, with Ω± the frequencies of the Landau polaritons

2Ω± = ω̃2 + ω2
c ±

√
(ω̃2 − ω2

c )
2 + 4ω2

cω
2
p . (102)

This is all in agreement with the Landau polaritons
and current response functions computed in Ref. [41].
There, they solve the system exactly, computing the en-
ergies and wavefunctions and subsequently the current
response functions from the spectral decomposition for-
mula. Therefore, the agreement serves as validation that
our effective theory correctly predicts the response func-
tions of a material coupled to a cavity. We also recover
the dc conductivities in the long-wavelength limit Ω → 0,
δ → 0 of Ref. [40].
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For completeness, let us write down the dc (ω → 0)
conductivities, which are tipically of interest when con-
sidering the quantum Hall effect,

σxy =
e2ν

h

ω2
c (Ω

2 + δ2)

(Ω2
− + δ2)(Ω2

+ + δ2)
, (103)

σxx = σD

1−
(ω2

c + ω2
p)
(

Ω2ω2
c

ω2
c+ω2

p
+ δ2

)
(Ω2

− + δ2)(Ω2
+ + δ2)

 , (104)

σyy = σD

(
1− ω2

c (Ω
2 + δ2)

(Ω2
− + δ2)(Ω2

+ + δ2)

)
. (105)

Note that σD = e2ρ2D/(mδ) is the Drude dc conductivity
and that in σxy we have introduced the Landau level
filling factor ν = ρ2Dh/(eB).
It is also interesting to consider the limit of vanishing

classical magnetic field ωc → 0, where the system is just
the bare electron gas coupled to a cavity. In this case,
we can see from Eqs. (99), (100) and (101) that only
Gr

Jx,Jx
is non-zero. This stems from the fact that all the

bare current response functions vanish in this limit, Cf.
Eqs (96), (97) and (98). Despite this, Gr

Jx,Jx
does not

vanish because it contains a term that depends solely
on the cavity, i.e. the cavity acts as a current channel
in the direction of the light-matter coupling independent
of whether the material is a conductor or not. This is
evidenced by Eq. (C9) where the last term solely depends
on the free photonic propagator. With this, the optical
conductivity reads

σxx(ω) = σD
iδ

ω+

(
1 +

ω2
p

ω2
+ − ω̃2

)
. (106)

This is in agreement with the optical conductivity of the
2D free electron gas computed in Ref. [21]. Once again,
there, they solve the system exactly, computing the en-
ergies and wavefunctions and subsequenctly the current
response functions.

V. SPIN MODELS IN A CAVITY

In this section we apply our LRT to a number of spin
models. We consider these models in the context of
magnetic systems, which couple to the magnetic field
of the cavity via the Zeeman coupling and as such do
not present a P 2 term [8, 28]. In the particular case
of the Dicke model, for the sake of completeness, we
will compare the cases with and without the P 2 term,
ζ = 0, 1, since it was historically proposed to describe
electric dipoles [47], in which case the P 2 term is neces-
sary to ensure gauge-invariance [48, 49]. Thus, with the
P 2 term the Dicke model describes electric dipoles and
without it it describes magnetic dipoles. Then, we will
proceed to consider the rest of the models without the
P 2 term, assuming that they describe magnetic dipoles.

FIG. 1. Cavity response, D, of the Dicke model as a function
of the collective coupling, λ, without the P 2 term, ζ = 0,
(a) and with the P 2 term, ζ = 1, (b). The dashed lines cor-
respond to the exact polaritons computed via bosonization.
The spins and cavity are resonant, ωz = Ω.

A. Dicke model

We apply now our LRT to the paradigmatic Dicke
model [47], for which Hm = ωz

2

∑
j σ

z
j and Cx =

∑
j σ

x
j .

Here the matter subsystem is just a collection of inde-
pendent emitters and the only interactions are those me-
diated by the cavity. Accordingly

HMF
eff =

ωz

2

∑
j

σz
j +

2λ2(ζ − 1)

Ω
mx

∑
j

σx
j −

λ2(ζ − 1)

Ω
m2

x

(107)
with mx = N−1⟨

∑
j σ

x
j ⟩. Note that for ζ = 1, i.e. in the

presence of a P 2 term, the effective term vanishes and
HMF

eff = Hm. In this case there is no phase transition, as
the effective Hamiltonian describes free spins, and mx =
0. For ζ = 0, Hamiltonian (107) is non-trivial and can
be solved variationally with respect to mx (See App. D
for details) obtaining, at zero temperature,

mx =

{
0 if λ2 ≤ 1

4ωzΩ ,√
1−

(
Ωωz

4λ2

)2
if λ2 > 1

4ωzΩ .
(108)

We see that for ζ = 0 the model exhibits a phase tran-
sition between a paramagnetic phase with mx = 0 and a
ferromagnetic phase (also termed superradiant when the
emphasis is put on the cavity) with mx ̸= 0. In any case,
the response function reads

χ̃xx,0(ω) = −ω2
z

ε2
2ε

ω2
+ − ε2

, (109)

with ε2 = ω2
z +

(
4λ2(1−ζ)

Ω mx

)2
. It depends on the value

of mx and thus on the phase.
The photonic propagator, D(ω), which exhibits poles

at the resonant frequencies of the hybrid system, is shown
in Fig. 1. In Fig. 1(a) we see that for ζ = 0 there is a
complete softening of the lower polariton at the critical
coupling λ2 = ωzΩ/4, signaling the phase transition. In
contrast, in Fig. 1(b) we see that for ζ = 1 the softening
is partial and no phase transition occurs.
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The exact polaritons can be obtained with a bosoniza-
tion of the Dicke model in the thermodynamic limit [See

App. E for details]. In the case of ζ = 0, which corre-
sponds to the standard Dicke model, these read [50]

2Ω2
± =

ω2
z +Ω2 ±

√
(ω2

z − Ω2)
2
+ 16λ2ωzΩ if λ2 ≤ 1

4ωzΩ ,

ω2
z/µ

2 +Ω2 ±
√
(ω2

z/µ
2 − Ω2)

2
+ 4ω2

zΩ
2 if λ2 > 1

4ωzΩ ,
(110)

with µ = ωzΩ/(4λ
2). In the case of ζ = 1, the same

analysis is possible, except in this case there is only a
paramagnetic phase due to the presence of the P 2 term.
In the bosonization, the P 2 term affecting the spin be-
comes an A2 term of the corresponding oscillator. It can
be eliminated with a Bogoliubov transform, yielding a
renormalized frequency ω̃2

z = ωz(ωz + 4λ2/Ω) and cou-

pling λ̃ = λ
(
1 + 4λ2/(ωzΩ)

)−1/4
. Then, the polaritons

are just those of the standard Dicke model in the nor-
mal phase (top case of Eq. (110)), with the substitution

ωz → ω̃z and λ → λ̃. For both ζ = 0 and ζ = 1 we
find perfect agreement between the exact Dicke polari-
tons and the poles of the propagator computed with our
linear response theory.

B. Longitudinal Dicke-LMG model

We consider now the Lipskin-Meshkov-Glick (LMG)
model with longitudinal coupling to the cavity as a
marginal generalization of the Dicke model. In contrast
with the Dicke model, this one incorporates intrinsic all-
to-all interactions in the matter subsystem [51, 52].

The full Hamiltonian reads

H =
ωz

2

∑
j

σz
j − J

N

∑
ij

σx
i σ

x
j

+Ωa†a+ g(a+ a†)
∑
j

σx
j .

(111)

Interestingly, the collective nature of the intrinsic inter-
action allows two alternative treatments within the lin-
ear response theory. The first option is to treat it like
we would any other intrinsic interaction: bundle it to-
gether with the field term to form the matter Hamilto-
nian, Hm = ωz

2

∑
j σ

z
j − J

N

∑
ij σ

x
i σ

x
j , and then follow the

linear response theory as described in Sec. III. The sec-
ond option exploits the collective nature of the intrinsic
interaction and treats this term not within Hm but ex-
plicitly within the linear response theory, analogously to
the P 2 term, as it is, in fact, just a negative P 2 term [Cf.
Eqs. (1) and (111)]. We will follow this second option
for its simplicity, since, as we show below, the resulting
HMF

eff corresponds to free spins and is identical in struc-
ture to the one from the Dicke model (107). Accordingly,

FIG. 2. Cavity response, D, of the LMG model with longi-
tudinal coupling to the cavity as a function of the collective
coupling, λ, for different values of the intrinsic interaction, J .
The dashed lines correspond to the exact polaritons computed
via bosonization. The top right insets show the magnetiza-
tion. The transverse field is set to ωz = Ω.

we have

Vind(ω) =
2λ2

Ω

Ω2

ω2 − Ω2
− 2J , (112)

and

HMF
eff =

ωz

2

∑
j

σz
j − 2Jeffmx

∑
j

σx
j + Jeffm

2
x , (113)

with mx = N−1⟨
∑

j σ
x
j ⟩ and Jeff = λ2

Ω + J . Solving the

Hamiltonian variationally with respect to mx (See App.
D for details) yields, at zero temperature,

mx =

0 if ωz ≥ 4Jeff ,√
1−

(
ωz

4Jeff

)2
if ωz < 4Jeff .

(114)

Like the Dicke model (for ζ = 0), the LMG model ex-
hibits a phase transition between a paramagnetic phase
with mx = 0 and a ferromagnetic phase with mx ̸= 0.
The response function reads (See App. D for details)

χ̃xx,0(ω) = −ω2
z

ε2
2ε

ω2
+ − ε2

, (115)

with ε2 = ω2
z + (4Jeffmx)

2
. It depends on the value of

mx and thus on the phase.
In Fig. 2 we show the photonic propagator, D(ω),

which exhibits poles at the resonant frequencies of the
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hybrid system, as a function of the collective coupling. In
Fig. 2(a), for J < ωz/4, the lower mode goes to zero at fi-
nite coupling, signaling the phase transition. The critical
point is displaced to a lower coupling, λ, with respect to
the Dicke model due to the synergy between the intrinsic
and effective interactions. In Fig. 2(b), for J > ωz/4 the
system is always on the ordered phase independently of
the value of λ. In both cases there is a splitting at zero
coupling, λ = 0, due to the intrinsic interactions. In Fig.

2 we also overlay the exact polaritons obtained with a
bosonization of the longitudinal Dicke-LMG model with
longitudinal coupling to the cavity in the thermodynamic
limit. It is is a generalization of the bosonization of the
Dicke model, developed in Ref. [50], to account for the
interaction term [See App. E for details]. It is also a
particular case of the polaritons obtained in Ref. [52]
for the anisotropic Dicke model with collective matter
interactions. The resulting LMG polaritons are

2Ω2
± =

ω̃2
z +Ω2 ±

√
(ω̃2

z − Ω2)
2
+ 16λ̃2ωzΩ if ωz ≥ 4Jeff ,

ω2
z/µ̃

2 − 4µ̃Jωz +Ω2 ±
√

(ω2
z/µ̃

2 − 4µ̃Jωz +Ω2)
2
+ 16λ2µ̃ωzΩ if ωz < 4Jeff ,

(116)

with ω̃2
z = ωz(ωz − 4J), λ̃ = λ(1 − 4J/ωz)

−1/4 and
µ̃ = ωz/(4Jeff). We find perfect agreement between the
exact LMG polaritons and the poles of the propagator
computed with our linear response theory.

This model describes recent experiments in rare earth
quantum Ising systems, such as LiHoF4 [26, 27]. These
experiments aim to observe how the lowest excitation
mode softens as it approaches the ferromagnetic transi-
tion. We can understand that Eq. (111) is equivalent to

a Dicke model where λ becomes
√
λ2 + JΩ. Therefore,

the softening of the mode can be viewed as the behavior
of the lower polariton in the Dicke model.

C. Transverse Dicke-LMG model

Thus far we have only considered models where the
intrinsic and cavity-mediated interactions are synergis-
tic, here we consider the transverse Dicke-LMG model:
an LMG model with transverse coupling to the cavity
[51, 52], named in analogy to the (transverse) Dicke-Ising
model [36, 53–58]. The full Hamiltonian reads

H =
ωx

2

∑
j

σx
j +

ωz

2

∑
j

σz
j − J

N

∑
ij

σz
i σ

z
j

+Ωa†a+ g
(
a+ a†

)∑
j

σx
j .

(117)

For vanishing longitudinal and transverse fields, ωz and
ωx respectively, the transverse Dicke-LMG model has a
Z2 × Z2 symmetry. The first symmetry corresponds to
a spin flip, σz

j → −σz
j , and in the bare LMG model it is

spontaneously broken in a second order phase transition
from a paramagnetic to a ferromagnetic phase. The sec-
ond symmetry corresponds to a simultaneous cavity-field
and spin flip, a → −a and σx

j → −σx
j , and in the bare

Dicke model it is spontaneously broken in a second order
phase transition from a normal to a superradiant phase.
As we show in the following, we find that the combina-

tion of the two symmetries gives rise to a first-order phase
transition in the transverse Dicke-LMG model between
two symmetry-broken phases: a ferromagnetic normal
phase for large J and a paramagnetic superradiant phase
for large λ2/Ω. Switching on the external field has the
effect of explicitly breaking the corresponding symme-
try, preventing the spontaneous symmetry breaking that
characterizes a phase transition. We find that if only
one external field is switched on, the phase transition is
demoted from first to second order. If the two external
fields are switched on, the phase transition is eliminated
completely.

In order to solve the model, we will consider the intrin-
sic collective interactions explicitly within the linear re-
sponse theory. However, unlike in the case of the longitu-
dinal Dicke-LMG model, in this case the cavity-mediated
and intrinsic interactions act on different axes, i.e. they
couple different collective operators: Cx =

∑
j σ

x
j and

Cz =
∑

j σ
z
j respectively. Accordingly, a slight gener-

alization of the linear response theory presented in Sec.
III is required as there are now two induced interaction
terms within the effective action

Vind,x(ω) =
2λ2

Ω

Ω2

ω2
+ − Ω2

, (118)

Vind,z(ω) = −2J . (119)

The system can be solved with the multimode generaliza-
tion of the linear response theory developed in App. A,
since from Eq. (A3) onward it is irrelevant whether the
different induced interaction terms all stem from actual
cavity modes or if some stem from cavity modes and oth-
ers from intrinsic collective interactions. The expression
for the photonic propagator remains unchanged, see Eq.
30, as it solely determined by the operator that couples
to the cavity. In contrast, matter correlators have new
contributions afforded by the new interaction channel,
Vind,z. We find
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χxx =
χ̃xx,0 + Vind,z det(χ̃0)

1 + Vind,xχ̃xx,0 + Vind,zχ̃zz,0 + Vind,xVind,z det(χ̃0)
, (120)

with (χ̃0)rs = χ̃rs,0. The mean-field effective Hamilto-
nian reads

HMF
eff =

ω̃x

2

∑
j

σx
j +

ω̃z

2

∑
j

σz
j+

Nλ2

Ω
m2

x+NJm2
z , (121)

with ω̃x = ωx − 4λ2

Ω mx and ω̃z = ωz − 4Jmz. Solving
variationaly with respect to mx and mz (See App. D for
details) allows us to compute the equilibrium values of
mx and mz numerically and subsequently the response
functions χ̃xx,0, χ̃xz,0, χ̃zx,0 and χ̃zz,0, which depend on
the values of mx and mz.
In Fig. 3 we show the photonic propagator, D(ω),

the matter response function, χzz(ω), (left inset) and the
magnetizations, mx and mz, (right inset) as functions of
the collective coupling, λ, in four different scenarios of
external fields values. The intrinsic interaction is set so
that at zero coupling the cavity and the spins are reso-
nant: 4J = Ω. In the case of vanishing ωx and ωz, Fig.
3(a), we observe a first order phase transition, evidenced
by the discontinuous behaviour in the order parameters
of the two ordered phases. The photonic propagator has
a pole that goes to zero at the critical point, signaling the
gap closing. We include χzz in the left inset for complete-
ness because the photonic propagator depends on χxx

[Cf. Eq. (30)] and the system becomes unresponsive to
probing along the x direction in the superradiant phase.
This is caused by the fact that the intrinsic interaction
is the only term in the Hamiltonian containing σz opera-
tors. Due to its collective nature, its effect is switched off
(mean-field behaviour) in the superradiant phase where
mz = 0 [Cf. Eq. (121)]. The system is then fully or-
dered along x and with no off-diagonal terms it becomes
unresponsive to probing with σx. Accordingly, in the su-
perradiant phase the photonic propagator only shows a
pole at the cavity frequency. To witness the other exci-
tation of the system we look at χzz which shows a pole
that emerges from zero at the critical point, signaling the
gap reopening. The combination of D and χzz provides a
complete picture of the excitations of the system. In Fig.
3(b) we see that switching on the transverse field, ωx,
eliminates the superradiant symmetry. The phase tran-
sition becomes of second order, with mz the sole order
parameter. Like in the previous case, the absence of non
mean-field terms containing σz in the Hamiltonian makes
the system unresponsive to σx in the superradiant phase.
Thus, we also include χzz to witness the gap reopening.
Alternatively, in Fig. 3(c) we see that switching on the
longitudinal field, ωz, eliminates the ferromagnetic sym-
metry. The phase transition becomes of second order,
with mx as the sole order parameter. In this case, the
presence of the longitudinal field endows the photonic
propagator with visibility of all the excitations, show-
casing the full gap closing and reopening at the critical

FIG. 3. Cavity response, D, of the Dicke-LMG model (LMG
model with transverse coupling to the cavity) as a function of
the collective coupling, λ, for different values of the longitudi-
nal and transverse fields, ωz and ωx respectively. The top left
insets show the matter response χzz. The dashed lines cor-
respond to the exact polaritons computed via bosonization.
The top right insets show the magnetizations. The intrinsic
interaction is set to 4J = Ω.

point. Finally in Fig. 3(d) we switch on both the lon-
gitudinal and transverse fields. All symmetries are now
explicitely broken and the phase transition gives way to
a smooth crossover of mz and mx dominant regimes for
small and large λ respectively. The gap remains finite at
all times.
In Fig. 3 we also overlay the exact polaritons obtained

with a bosonization of the transverse Dicke-LMG model
in the thermodynamic limit. It is a generalization of the
bosonization in Refs. [50, 52][See App. E for details].
In contrast with previous examples, the resulting polari-
tons do not have a closed expression for ωx ̸= 0 because
the superradiant symmetry is explicitely broken in this
case. Nevertheless, we find perfect agreement between
the exact polaritons and the poles of the photonic and
matter response functions computed with our linear re-
sponse theory.

D. Heisenberg ferromagnet coupled to a cavity

We finish the section by commenting on the paradig-
matic Heisenberg model. In particular we consider a fer-
romagnetic Heisenberg model on a 3D lattice, such that
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the model is ordered below a critical temperature,

Hm = −J
∑
⟨ij⟩

σiσj +
ωz

2

∑
j

σz
j . (122)

Here
∑

⟨ij⟩ is the sum over nearest-neighbor pairs. The

ground state of the model corresponds to a symmetry
broken ferromagnetic state. For vanishing field, ωz = 0,
the spins will be magnetized in a random direction of
space, spontaneously breaking the SO(3) symmetry of
the model. The addition of a field demotes the symmetry
to SO(2) in the plane perpendicular to the field, setting
the magnetization direction along the field. It also opens
a gap between the spin-wave band and the ground state,
such that the zero momentum spin-wave has an energy
gap with respect to the ground state of ωz. The coupling
to a cavity in a direction perpendicular to the classical
field will demote the remaining SO(2) symmetry to Z2

in the cavity field direction. The cavity coupling, Cx =∑
j σ

x
j , will compete with the classical field in setting

the magnetization direction. The corresponding effective
Hamiltonian reads

HMF
eff =

ωz

2

∑
j

σz
j − J

∑
⟨ij⟩

σiσj

− 2λ2

Ω
mx

∑
j

σx
j +

λ2

Ω
m2

x

(123)

If we assume that the model is ordered, the interaction
term contributes an energy −Jz with z the coordination
number, independently of the value of mx. Thus, the
variational Hamiltonian is equivalent to that of a Dicke
model [Cf. Sec. VA.]. The behaviour of the magnetiza-
tion, mx, is also inherited from the Dicke model. For a
subcritical coupling, λ <

√
ωzΩ/2, the model is ordered

along z. When the coupling reaches the critical point,
the magnetization starts to turn towards the x axis in a
second order phase transition.

The response function χ̃xx,0 corresponds to the exci-
tation of the zero-momentum magnon, with a pole at
ω2 = ω2

z +(4λ2mx/Ω)
2. Therefore, our LRT predicts the

formation of polaritons of this zero-momentum magnon
with frequencies given by Eq. 110, following the physics
of the Dicke model.

VI. CONCLUSIONS

In this paper, we have presented a linear response the-
ory for materials collectively coupled to a cavity. We have
employed two different approaches. The first relies on a
path integral formulation of the partition function and a
saddle point expansion of the partition function that is
truncated exactly in the thermodynamic limit. The sec-
ond is more direct and relies on formulating the equations
of motion for the response functions. These are truncated
to second order in light-matter fluctuations and solved,
yielding equivalent expressions for the response functions

to the first approach. This provides a posteriori valida-
tion for the truncation of the equations of motion, which
confirms the validity of a mean-field decoupling of the
light-matter interaction in cavity QED materials. We ob-
tain exact expressions for the response functions of the
hybrid system in terms of the bare response functions of
the cavity and the material.
The theory has been demonstrated in several systems,

showcasing its applicability. In the Quantum Hall effect
we have recovered the optical response and Landau po-
laritons computed previously in Refs. [40, 41]. In mag-
netic systems, we have started from the non-interacting
Dicke model and progressively complicated the model by
adding collective intrinsic interactions to yield the lon-
gitudinal Dicke-LMG model and then changing the cav-
ity coupling direction to induce a competition between
intrinsic and light-matter interactions in the transverse
Dicke-LMG model. Finally, we have explored the effect
of the cavity in an ordered Heisenberg ferromagnet. Our
predictions have been validated against other analytical
results.
Even if the focus of the paper has been the linear

response theory, the study of the different spin models
has provided some interesting independent physical in-
sights. In particular that first order phase transitions
arise in hybrid systems with competing orders, such as
the transverse Dicke-LMG model. In this sense, our re-
sults also point to the fact that the robustness of this first
order phase transition depends on the nature of the in-
trinsic material interactions. A transverse field demotes
the phase transition to second order for the transverse
Dicke-LMG model (collective interactions) but not for
for the (transverse) Dicke-Ising model (nearest-neighbor
interactions) [15, 36, 53, 58]. We underline that this has
been witnessed through the lens of the photonic response,
which is relevant for its experimental implications. Cav-
ity transmission is a common probing mechanism for
magnetic materials inductively coupled to a cavity [59–
63].
Although not explored here, the computation of finite-

size corrections is possible. In the path-integral approach
this would be achieved by considering higher order terms
in the saddle-point expansion. Alternatively, one could
truncate the equations of motion at higher order, to in-
clude three- or higher-order correlators [64–66]. This
would be relevant in the study of topological systems,
where boundary effects are crucial [67–69]. Also, real
time dynamics could be easily studied with the frame-
work of the equations of motion [37, 70].
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Appendix A: Linear response theory for a
multimode cavity

Consider the Hamiltonian for a material coupled col-
lectively to a multimode cavity

H =Hm +
∑
k

Ωka
†
kak

+
∑
k

gk

(
ak + a†k

)
Ck + ζ

∑
k

g2k
Ωk

C2
k .

(A1)

The corresponding action reads

S =Sm +
∑
k

∫
τ

āk(τ)(∂τ − Ωk)ak(τ)

+
∑
k

gk

∫
τ

(ak(τ) + āk(τ))Ck(τ)

+ ζ
∑
k

g2k
Ωk

∫
τ

C2
k(τ) .

(A2)

After partial integration over the cavity field, the induced
action reads

Sind =
1

2

∑
k

∫
τ,τ ′

Ck(τ)
1

N
Vind,k(τ − τ ′)Ck(τ

′) , (A3)

with

Vind,k(ωm) = 2λ2
k

Ω2
k(ζ − 1) + ζω2

m

Ωk(ω2
m +Ω2

k)
. (A4)

The induced interaction can be decoupled with a
Hubbard-Stratonovich transformation that introduces an
auxiliary scalar field for each mode, φk:

e−Sind =
1

Zφ

∮
φ

e−
1
2N

∑
k

∫
τ,τ′ φk(τ)V

−1
ind,k(τ−τ ′)φk(τ

′)−i
∑

k

∫
τ
φk(τ)Ck(τ) . (A5)

We define the propagator of the auxiliary fields as

Wkp(τ) = ⟨φk(τ)φp(0)⟩c . (A6)

The generating functional for bare connected correla-
tion functions of the matter coupling operators, Ck, is
G0
m[ξk] = −N−1 logZm[ξk] with

Zm[ξk] =

∮
c

e−(Sm+i
∑

k

∫
τ
ξk(τ)Ck(τ)) , (A7)

such that

δ

δξk1
(τ1)

· · · δ

δξkn
(τn)

G0
m[ξk]

∣∣∣
ξk=0

=

= − (−i)n

N
⟨Ck1

(τ1) · · ·Ckn
(τn)⟩cm

≡ χ
(n)
k1...kn,0

(τ1, . . . , τn) .

(A8)

In the following we will denote χ
(2)
kp,0 ≡ χkp,0. With this,

after partial integration over the matter degrees of free-
dom, we can write

Z =

∮
φk

e−Nf [φk] , (A9)

with

f [φk] =
1

2

∑
k

∫
τ,τ ′

φk(τ)V
−1
ind,k(τ − τ ′)φk(τ

′) + G0
m[φk] .

(A10)

Like in the single-mode case, we apply a saddle-point ap-
proximation for large N . This requires that the number
of modes, M , be finite, i.e. that limN→∞ M/N → 0.
Otherwise higher order terms in the saddle-point expan-
sion might not actually be negligible. The condition that
the functional derivatives of f with respect to φk vanish

φk,sp(ωm) = − i

N
Vind,k(ωm)⟨Ck(ωm)⟩φk,sp

(A11)

formally defines φk,sp. Assuming a constant solution for
φk,sp, we find

φk,sp = − i

N
Vind,k(ωm = 0)⟨Ck⟩φk,sp

. (A12)

This tells us that φk,sp is self-consistently proportional to
⟨Cx⟩φk,sp

, i.e. to the expectation value of Ck for the bare

matter subject to fields iφk,sp = 1
N Vind,k(ωm = 0)⟨Ck⟩.

This is precisely the self-consistent condition that arises
from computing ⟨Ck⟩ from the mean-field Hamiltonian

HMF
eff =Hm +

∑
k

2λ2
k(ζ − 1)

NΩk
⟨Ck⟩Ck

−
∑
k

λ2
k(ζ − 1)

NΩk
⟨Ck⟩2 .

(A13)
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This is the mean-field theory of the effective Hamiltonian
that arises from taking the static limit in Vind,k in the
effective action [8].

Expanding f around the saddle-point yields

(NW0)
−1
kp = δkpV

−1
ind,k + χ̃kp,0 , (A14)

with

χ̃kp,0(τ1, τ2) =
δ

δφk,sp(τ1)

δ

δφp,sp(τ2)
G0
m

=
1

N
⟨Ck(τ)Cp(τ

′)⟩cφk,sp
.

(A15)

For N → ∞ one can safely truncate the saddle-point
expansion to second order, which implies that W = W0.

We can now obtain relations between the auxiliary field
propagator, Wkp, the photonic propagator, Dk, and mat-
ter response functions. Let us define the generating func-
tional for photonic connected correlators by introducing a
complex fields in Eq. (A2): Gph[ηk, η̄k] = − logZ[ηk, η̄k],
with

Z[ηk, η̄k] =

∮
ak,āk,c

e−(S+
∑

k

∫
τ
(ak(τ)η̄k(τ)+āk(τ)ηk(τ)) .

(A16)

After partial integration of the cavity fields, this yields

Z[ηk, η̄k] =

∮
c

exp−
(
Sm + ζ

∑
k

g2k
Ωk

∫
τ

C2
k(τ)

+
∑
k

∫
τ,τ ′

m̄k(τ)Dk(τ − τ ′)mk(τ)
)
,

(A17)

with mk(τ) = ηk(τ) + gkCk(τ). With this

Dk(ωm) = Dk,0(ωm)− λ2
kDk,0(ωm)χkk(ωm)Dk,0(ωm) .

(A18)
Likewise, we can define the generating functional for mat-
ter connected correlators: Gm[ξk] = −N−1 logZ[ξk] with

Z[ξk] =

∮
c,φk

e−(Seff+i
∑

k

∫
τ
ξk(τ)Ck(τ)) . (A19)

After partial integration over the cavity fields, this yields

Z[ξk] =

∮
φk

e−Nf [φk,ξk] , (A20)

with

f [φk, ξk] =

1

2

∑
k

∫
τ,τ ′

φk(τ)V
−1
ind,k(τ − τ ′)φk(τ

′) + G0
m[φk + ξk] .

(A21)
Then, a second order expansion of f [φk, ξk] around the
saddle point yields

f [φk, ξk]− f [φk,sp, 0] =
1

2

∑
k,p

∫
τ,τ ′

(
δφk(τ)(NW )−1

kp (τ − τ ′)δφp(τ
′) + ξk(τ)χ̃kp,0(τ − τ ′)ξp(τ

′)

+ δφk(τ)χ̃kp,0(τ − τ ′)ξp(τ
′) + ξk(τ)χ̃kp,0(τ − τ ′)δφp(τ)

)
.

(A22)

The functional integral over the auxiliary-field displacements δφk is just an M -dimensional Gaussian integral that we
can perform, yielding

Gm[ξk] = cst.+
1

2

∑
k,p

∫
τ,τ ′

ξk(τ)

χ̃kp,0(τ − τ ′)−
∑
k′,p′

∫
u,v

χ̃kk′,0(τ − u)NWk′p′(u− v)χ̃p′p,0(v − τ ′)

 ξp(τ
′) . (A23)

With this

χkp(ωm) = χ̃kp,0(ωm)−
∑
k′,p′

χ̃kk′,0(ωm)NWk′p′(ωm)χ̃p′p,0(ωm) . (A24)

Note that obtaining final expressions for χkp(ωm) requires inverting the matrix (NW )−1 that is defined in Eq. (A14).

Appendix B: Equivalence between the photonic
propagator in the path-integral and the

equations-of-motion formulations

In the equations-of-motion formulation, the photonic
propagator is given by Eq. (65). Here, we show that

after some manipulations, this expression is equivalent
to Eqs. (30) and (39) obtained from the path-integral
formulation.
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First we rewrite Eq. (65) as

D(ω) =
D0(ω) + λ2 2ζ(ω++Ω)−Ω

Ω(ω2
+−Ω2)

χ̃xx,0(ω)

1 + 2λ2 ζ(ω2
+−Ω2)+Ω2

Ω(ω2
+−Ω2)

χ̃xx,0(ω)
(B1)

Then, we note that

2λ2 ζ(ω
2
+ − Ω2) + Ω2

Ω
= Vind(ω) , (B2)

and similarly

λ2 2ζ(ω+ +Ω)− Ω

Ω
= D0(ω)

(
Vind(ω)− λ2D0(ω)

)
.

(B3)
With this

D(ω) =
D0(ω) +D0(ω)

(
Vind(ω)− λ2D0(ω)

)
χ̃xx,0(ω)

1 + Vind(ω)χ̃xx,0

=
D0(ω) (1 + Vind(ω)χ̃xx,0(ω))− λ2D2

0(ω)

1 + Vind(ω)χ̃xx,0

= D0(ω)− λ2D0(ω)
χ̃xx,0(ω)

1 + Vind(ω)χ̃xx,0(ω)
D0(ω) ,

(B4)

which is precisely the analytic continuation iωm → ω+ of
the combination of Eqs. (30) and (39).

Appendix C: Implicit expressions for the current
response functions in the quantum Hall effect

a. Computing mixed light-matter correlations

To compute the mixed Green functions of Eqs. (80),
(81) and (82) following our section III, we formulate the
following generating functional for mixed connected cor-
relators: Gmix[η, ξx, ξy] = − logZ[η, ξx, ξy], with

Z[η, ξx, ξy] =

∮
a,ā,c

exp−
(
S +

∫
τ

η(τ)(a(τ) + ā(τ))

+
∑
r

∫
τ

ξr(τ)Cr(τ)
)
.

(C1)

After partial integration of the cavity fields, this yields

Z[η, ξx, ξy] =

∮
c

exp−
(
Sm +

∫
τ,τ ′

m(τ)D0(τ − τ ′)m(τ)

+
∑
r

∫
τ

ξr(τ)Cr(τ)
)
,

(C2)

with m(τ) = η(τ) + gCx(τ). With this

Gt
γ(a+a†),Cr

(τ − τ ′) = −γ
δ

δη(τ)

δ

δξr(τ ′)
Gmix[η, ξx, ξy]

= γ

∫
u

Ds
0(τ − u)Ngχxr(u− τ ′) ,

(C3)
or in Matsubara frequency space

Gt
γ(a+a†),Cr

(ωm) = −γDs
0(ωm)Ngχxr(ωm) . (C4)

Here Ds
0(τ) = D0(τ) + D0(−τ) is the symmetrized free

photon propagator

Ds
0(ωm) =

1

iωm − ω̃
− 1

iωm + ω̃
. (C5)

Likewise

Gt
Cx,γ(a+a†)(ωm) = −γDs

0(ωm)Ngχxx(ωm) (C6)

and

Gt
γ(a+a†),γ(a+a†)(ωm) =γ2Ds

0(ωm)

− γ2Ds
0(ωm)λ2χxx(ωm)Ds

0(ωm) .

(C7)

With these we obtain, after analytic continuation iωm →
ω+ = ω + iδ,

Gr
Jx,Jy

(ω) = −N
2e2ω̃

m
(1 + γgDs

0(ω))χxy(ω) ,

= −N
2e2ω̃

m

(
1 +

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)
χxy(ω) ,

(C8)

and similarly
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Gr
Jx,Jx

(ω) = −N
2e2ω̃

m

((
1 +

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)2

χxx(ω)−
1

2ω̃

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)
, (C9)

Gr
Jy,Jy

(ω) = −N
2e2ω̃

m
χyy(ω) . (C10)

We can relate χxx, χxy and χyy to χ̃xx,0, χ̃xy,0 and χ̃yy,0 through Eqs. (39) and (41), obtaining

Gr
Jx,Jy

(ω) =

(
1 +

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)
G̃r,0

Jx,Jy
(ω)

1− Vind(ω)
m

2e2ω̃N G̃r,0
Jx,Jx

(ω)
, (C11)

with G̃r,0
Jr,Js

= −Nχ̃rs,0. Likewise

Gr
Jx,Jx

(ω) =

(
1 +

(ωp

ω̃

)2 ω̃

2
Ds

0(ω)

)2 G̃r,0
Jx,Jx

(ω)

1− Vind(ω)
m

2e2ω̃N G̃r,0
Jx,Jx

(ω)
+

Ne2

m

(ωp

ω̃

)2 ω̃

2
Ds

0(ω) , (C12)

Gr
Jy,Jy

(ω) =
G̃r,0

Jy,Jy
(ω) + Vind(ω)

m
2e2ω̃N

(
G̃r,0

Jx,Jy
(ω)G̃r,0

Jy,Jx
(ω)− G̃r,0

Jx,Jx
(ω)G̃r,0

Jy,Jy
(ω)
)

1− Vind(ω)
m

2e2ω̃N G̃r,0
Jx,Jx

(ω)
. (C13)

We will now show that χ̃rs,0 = χrs,0 and thus G̃r,0
Jr,Js

=

Gr,0
Jr,Js

.

b. Proof that χ̃rs,0 = χrs,0

From Eqs. (43) and (75) we see that the mean-field
effective Hamiltonian of the electron gas is given by

HMF
eff =

∑
j

(
pj +mωcyjex

)2
2m

+
∑
i>j

V (ri − rj)

− 2
ω2
p

ω̃2
⟨px +mωcy⟩

∑
j

pj,x +mωcyj
2m

+ cst. ,

(C14)

with ⟨px + mωcy⟩ = ⟨pj,x + mωcyj⟩ ∀j. Completing
squares yields

HMF
eff =

∑
j

1

2m

(
pj,x +mωcyj −

ω2
p

ω̃2
⟨px +mωcy⟩

)2

+
∑
j

p2j,y
2m

+
∑
i>j

V (ri − rj) + cst. .

(C15)

We can see now that

pj,x +mωcyj −
ω2
p

ω̃2
⟨px +mωcy⟩ ∝ [xj , H

MF
eff ] (C16)

and since ⟨[xj , H
MF
eff ]⟩ = 0 we have

⟨px +mωcy⟩

(
1−

ω2
p

Ω2 + ω2
p

)
= 0 , (C17)

which implies that ⟨px+mωcy⟩ = 0 and thus HMF
eff = Hm

and χ̃rs,0 = χrs,0. This is a no go theorem, implying
that the equilibrium properties of the electron gas are not
modified by the cavity. Despite this, the linear response
properties are modified, as we show in the following.
This implies that G̃r,0

Jr,Js
= Gr,0

Jr,Js
. With this, Equa-

tions (C11), (C12) and (C13) turn into Eqs. (83), (84)
and (85) and provide us with an implicit expression of the
current response functions of the electron gas coupled to
a cavity in terms of the current response functions of the
bare electron gas. This culminates the application of our
linear response theory.

Appendix D: A spin subject to variational fields

1. Spectrum and response functions of a free spin

Let us consider the following free spin model

H =
ωx

2
σx +

ωz

2
σz . (D1)

It is diagonalized by a rotation that defines spin operators
along new directions

σ′
z =

ωz

ϵ
σz −

ωx

ϵ
σx , (D2)

σ′
x =

ωx

ϵ
σz +

ωz

ϵ
σx , (D3)

where ϵ2 = ω2
x + ω2

z . With these, the Hamiltonian reads

H =
ϵ

2
σ′
z , (D4)

with ground-state energy E0 = −ϵ/2.
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We compute the response functions from their spectral
decomposition, which, at zero temperature, reads

χrs(ω) = −
∑
n

(
⟨0|σr|n⟩⟨n|σs|0⟩
ω+ + E0 − En

− ⟨n|σr|0⟩⟨0|σs|n⟩
ω+ + En − E0

)
,

(D5)
where the sum is over the eigenstates of the system. With
the matrix elements

⟨n|σx|0⟩ = −ωx

ϵ
, (D6)

⟨n|σz|0⟩ =
ωz

ϵ
, (D7)

we obtain

χxx(ω) = −ω2
z

ϵ2
2ϵ

ω2
+ − ϵ2

, (D8)

χxz(ω) = χzx(ω) = −ωxωz

ϵ2
2ϵ

ω2
+ − ϵ2

, (D9)

χzz(ω) = −ω2
x

ϵ2
2ϵ

ω2
+ − ϵ2

. (D10)

2. Considering variational fields

There will be situations in which we arrive to a free spin
model like the one defined in Eq. (D1) from a mean field
approximation. As a result we will have a Hamiltonian
of the form

H(mx,mz) =
ω̃x

2
σx +

ω̃z

2
σz +∆(mx,mz) , (D11)

where now the fields, ω̃x and ω̃z depend on mean-field
parameters mr∈{x,z} = ⟨σr⟩ and there is a constant en-
ergy term that also depends on the variational parame-
ters. The Hamiltonian can be diagonalized as explained
in the previous section, and the ground state energy and
response functions are now functions of mx and mz. In
particular, E0(mx,mz) = −ϵ(mx,mz)/2 + ∆(mx,mz),
with ϵ2 = ω̃2

x + ω̃2
z . The values of mx and mz are deter-

mined variationaly from a minimization of E0(mx,mz).
Depending on the particular problem, this can be done
analytically or numerically.

Appendix E: Bosonization of Dicke-LMG models

In Ref. [50] the ground-state sector of the Dicke model
is solved exactly in the thermodynamic limit. A Holstein-
Primakov transformation is used to bosonize the collec-
tive spin representing the N two-level atoms of the Dicke
model. The resulting model is that of two coupled quan-
tum harmonic oscillators and can be diagonalized with a
Bogoliubov transformation to obtain the normal modes
of the system. These are the polaritons of the Dicke
model. To describe the superradiant (symmetry-broken)
phase of the Dicke model, a displacement is introduced in

the two oscillators prior to invoking the thermodynamic
limit, to account for their finite occupation at equilib-
rium. Here we extend this technique to the longitudinal
and transverse Dicke-LMG models considered in Sec. V.
Similar extensions have been developed in Ref. [52].

1. Longitudinal Dicke-LMG model

The ground-state sector of the Hamiltonian of the lon-
gitudinal Dicke-LMG model [See Eq. (111)] can be writ-
ten in terms of maximum-total-spin operators as

H = ωzSz −
J

N
(S+ + S−)

2
+Ωa†a

+
λ√
N

(S+ + S−)
(
a+ a†

)
,

(E1)

with Sz, S+, S− spin S = N/2 operators. The Holstein-
Primakov transformation provides a mapping between
bosonic annihilation and creation operators and spin op-
erators

Sz = b†b−N , (E2)

S+ =
√
Nb†

√
1− b†b

N
, (E3)

S− =
√
N

√
1− b†b

N
b , (E4)

with [b, b†] = 1. Ignoring constants, the resulting bosonic
Hamiltonian reads

H = ωzb
†b− J

(
b†
√

1− b†b

N
+

√
1− b†b

N
b

)2

+Ωa†a+ λ

(
b†
√
1− b†b

N
+

√
1− b†b

N
b

)(
a+ a†

)
.

(E5)
To allow for the description of both a normal and a
symmetry-broken phase, in which the bosonic degrees
of freedom acquire macroscopic occupations, we displace
the bosonic operators as

a† → c† +
√
α , (E6)

b† → d† −
√
β . (E7)

with α and β real parameters whose value we will deter-
mine later but which are assumed to scale as N . This
is equivalent to assuming that in the symmetry broken
phases the two modes acquire a macroscopic occupation.
With these displacements and ignoring constants, the
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Hamiltonian becomes

H = ωz

(
d†d−

√
β(d+ d†)

)
− J

k

N

(
d†
√
ξ +

√
ξd− 2

√
β
√
ξ
)2

+Ω
(
c†c+

√
α(c+ c†)

)
+ λ

√
k

N

(
d†
√
ξ +

√
ξd− 2

√
β
√

ξ
) (

c+ d† + 2
√
α
)
,

(E8)
with √

ξ =

√
1− d†d−

√
β(d+ d†)

k
, (E9)

and k = N − β. Taking the thermodynamic limit by
expanding the square root

√
ξ and setting terms with

overall powers of N in the denominator to zero we obtain

H =

{
ωz +

2λ

k

√
αβk

2j
+ 4J

β

N

}
d†d

+

{
λ

2k2

√
αβk

N
(2k + β) + J

k

N

(
4β

k
− 1

)}(
d+ d†

)2
+Ωc†c+

2λ

k

√
k

N

(
N

2
− β

)(
d+ d†

) (
c+ c†

)
+

{
4λ

k

√
αk

N

(
N

2
− β

)
− ωz

√
β

+
8J

√
β

N

(
N

2
− β

)}(
d+ d†

)
+

{
2λ

√
βk

N
− Ω

√
α

}(
c+ c†

)
(E10)

To eliminate the linear terms we impose

2λ

√
βk

N
− Ω

√
α = 0 , (E11)

4λ

k

√
αk

N

(
N

2
− β

)
− ωz

√
β +

8J

N

(
N

2
− β

)√
β .

(E12)

These equations admit a trivial solution
√
α =

√
β = 0,

which corresponds to the normal phase, and a non-trivial
solution for ωz < Jeff

√
α =

λ

Ω

√
N(1− µ̃2) , (E13)√

β =

√
N

2
(1− µ̃) , (E14)

with µ̃ = ωz/(4Jeff) and Jeff = J + λ2/Ω, which corre-
sponds to the symmetry-broken phase. Accordingly, the
Hamiltonian in the normal phase reads

H = ωzd
†d− J

(
d+ d†

)2
+Ωc†c+ λ

(
d+ d†

) (
c+ c†

)
,

(E15)

and in the symmetry-broken phase

H =
ωz

2µ̃
(1 + µ̃)d†d+ λµ̃

√
2

1 + µ̃

(
d+ d†

) (
c+ c†

)
+Ωc†c+

{
ωz

(1− µ̃)(3 + µ̃)

8µ̃(1 + µ̃)
− 2J

µ̃2

1 + µ̃

}(
d+ d†

)2
.

(E16)
These can be diagonalized with a Bogoliubov transfor-
mation to obtain the polaritons of Eq. (116).

2. Transverse Dicke-LMG model

Here we will apply the same method to obtain the po-
laritons of the transverse Dicke-LMG model. To avoid
repetition, we will present the main equations and we
will discuss only the differences between the two models.

The ground-state sector of the Hamiltonian of the
transverse Dicke-LMG model [See Eq. (111)] can be writ-
ten in terms of maximum-total-spin operators as

H = ωzSz +
ωx

2
(S+ + S−)−

4J

N
S2
z +Ωa†a

+
λ√
N

(S+ + S−)
(
a+ a†

)
,

(E17)

After the Holstein-Primakov trasnformation, the Hamil-
tonian reads

H = ωzb
†b− 4J

N

(
b†b− N

2

)2

+Ωa†a

+
ωx

√
N

2

(
b†
√
1− b†b

N
+

√
1− b†b

N
b

)

+ λ

(
b†
√

1− b†b

N
+

√
1− b†b

N
b

)(
a+ a†

)
.

(E18)

Once again, we introduce the displacements of Eqs. (E6)
and (E7), which yield

H = ωz

(
d†d−

√
β(d+ d†)

)
+Ω

(
c†c+

√
α(c+ c†)

)
+

ωx

2

√
k
(
d†
√
ξ +

√
ξd− 2

√
β
√
ξ
)

− 4J

N

(
d†d−

√
β(d+ d†) + β − N

2

)2

+ λ

√
k

N

(
d†
√
ξ +

√
ξd− 2

√
β
√
ξ
) (

c+ d† + 2
√
α
)
.

(E19)
Here we take the thermodynamic limit by expanding the
square root

√
ξ and the square in the first term of the

second line and neglecting terms with overall powers of
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N in the denominator, obtaining

H =

{
ωz +

2λ

k

√
αβk

2j
+

8J

N

(
N

2
− β

)}
d†d

+

{
λ

2k2

√
αβk

N
(2k + β)− 4J

β

N

}(
d+ d†

)2
+Ωc†c+

2λ

k

√
k

N

(
N

2
− β

)(
d+ d†

) (
c+ c†

)
+

{
4λ

k

√
αk

N

(
N

2
− β

)
− ωz

√
β

− 8J
√
β

N

(
N

2
− β

)
+

ωx√
k

(
N

2
− β

)}(
d+ d†

)
+

{
2λ

√
βk

N
− Ω

√
α

}(
c+ c†

)

(E20)

To eliminate the linear terms we impose

2λ

√
βk

N
− Ω

√
α = 0 , (E21)

4λ

k

√
αk

N

(
N

2
− β

)
− ωz

√
β

− 8J
√
β

N

(
N

2
− β

)
+

ωx√
k

(
N

2
− β

)
= 0 .

(E22)

In this case, since we are considering a finite longitudi-
nal field ωx the symmetry is always explicitly broken,
so there is no spontaneous symmetry breaking. Accord-
ingly, there is no trivial solution, and in general Eqs.
(E21) and (E22) do not have an analytical solution. Nev-
ertheless, they can be solved numerically, and the result-
ing Hamiltonian can be diagonalized with a Bogoliubov
transform to obtain the polaritons that we show in Fig.
3.

For the sake of completeness, let us solve analytically
the case of ωx = 0. In this case, Eqs. (E21) and (E22)
admit a trivial solution

√
α =

√
β = 0, which corresponds

to the normal phase, and a non-trivial solution for ωz <
4(λ2/Ω−J) with the same expression for

√
α and

√
β as

in Eqs. (E13) and (E14) but now with

µ̃ =
ωz

4
(
λ2

Ω − J
) , (E23)

which corresponds to the symmetry-broken phase. The
difference in the value of µ̃ between this (transverse)
case and the longitudinal case showcases the fact that
in the longitudinal case there is a synergy between the
intrinsic and cavity-mediated interactions whereas in this
(transverse) case there is a competition. Accordingly, the
Hamiltonian in the normal phase reads

H = ω̃zd
†d+Ωc†c+ λ

(
d+ d†

) (
c+ c†

)
, (E24)

with ω̃z = ωz + 4J , and in the symmetry-broken phase

H = (1 + µ̃)

(
ωz

2µ̃
+ 2J

)
d†d+Ωc†c

+ λµ̃

√
2

1 + µ̃

(
d+ d†

) (
c+ c†

)
+

{
ωz

(1− µ̃)(3 + µ̃)

8µ̃(1 + µ̃)
− J

(1− µ̃)(1 + 3µ̃)

2(1 + µ̃)

}(
d+ d†

)2
.

(E25)
These can be diagonalized with a Bogoliubov transfor-
mation to obtain the polaritons. In the normal phase,
the Hamiltonian is that of a Dicke model with a bare
spin energy ω̃z. Thus, the polaritons are the same as
for the normal phase in Eq. (110) with the substitution
ωz → ω̃z. In the symmetry-broken phase, the polaritons
can be written formally as

2Ω2
± = ω2

A + 4ωAωB +Ω2

±
√

(ω2
A + 4ωAωB − Ω2)

2
+ 16ωAω2

CΩ ,
(E26)

with

ωA = (1 + µ̃)

(
ωz

2µ̃
+ 2J

)
, (E27)

ωB = ωz
(1− µ̃)(3 + µ̃)

8µ̃(1 + µ̃)
− J

(1− µ̃)(1 + 3µ̃)

2(1 + µ̃)
, (E28)

ωC = λµ̃

√
2

1 + µ̃
. (E29)
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