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Abstract

In this paper we analyse when every element of X® Y attains its projective norm. We
prove that this is the case if X is the dual of a subspace of a predual of an £ (/) space and
Y is I-complemented in its bidual under approximation property assumptions. This
result allows us to provide some new examples where X is a Lipschitz-free space. We
also prove that the set of norm-attaining elements is dense in X @n Y if, for instance,
X = Li(n) and Y is any Banach space, or if X has the metric w-property and Y is a
dual space with the RNP.

Keywords Banach spaces - Projective tensor product - Projective norm-attainment -
Norm-attaining operators.

Mathematics Subject Classification 46B04 - 46B20 - 46B28

1 Introduction

The study of norm-attaining functions has produced a vast literature in Banach space
theory during the last 60 years in many different contexts (e.g. for bounded linear
operators [1, 5, 22, 23], for bounded bilinear mappings [2, 8] or for Lipschitz function
spaces [7, 17, 20]).
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Very recently, motivated by finding a suitable notion of norm-attainment on nuclear
operators, a notion of norm-attainment for elements in a projective tensor product of
two Banach spaces was introduced in [12] (see Sect. 2.2 for background). Namely,
givenz € X@n Y, itis said that z attains its projective norm (thatis, z € NA, (X@n Y))
if there exist sequences (x,), C X, and (y,), C Y such that

o0 o
2= % ®yu and izl =Y lIxall llynll-
n=1

n=1

In other words, z attains its projective norm if the infimum in the definition of the
projective norm is actually a minimum. After that, new results have appeared in the
literature in [10, 11, 25]. We collect here the main results in this line:

1. NA (X ®xY )y=X ®,Y if X and Y are finite-dimensional [12, Proposition 3.5],
X = £1(1) for some set I and Y is any space [12, Proposition 3.6],if X = Y isa
complex Hilbert space (based on a diagonalization argument) [12, Proposition 3.8]
and if X is a finite-dimensional polyhedral Banach space and Y is any dual Banach
space [10, Theorem 4.1].

2. NA;(X®,;Y) is dense in X®, Y if X has the metric 7-property and Y either is
uniformly convex or it has the metric -property [12, Theorem 4.8], if X is a
polyhedral Banach space with the metric 7 -property and Y is a dual Banach space
[10, Theorem 4.2] or if X and Y are dual spaces with the RNP and either X* or Y*
has the approximation property [10, Corollary 4.6].

3. There are Banach spaces X and Y such that NA, (X@n Y) is not dense in X®,Y
[12, Theorem 5.1] (in particular, in such space there are non norm-attaining tensors
which are expressible as finite sum of elementary tensors).

4. X®,Y\NA, (X®,Y)isdenseif X = ¢o(I) and Y is a Hilbert space [25, Theorem
3.1]. In particular, it is possible that both NA; (X®, Y) and its complement are
simultaneously dense in X®, ¥ (go back to item 2 above).

After this list, it is clear that most of the existing results concern the density of
NA, (X @n Y), but the phenomenon of when NA ; (X @n Y)=X @n Y (in other words,
when every element of X® Y attains its projective norm) is quite unknown. The main
aim of the results of Sect.3 is to shed light on this phenomenon. As the main result
of this section, we prove in Theorem 3.4 that if X is a subspace of an £; predual (i.e.
X C Z for a Banach space Z such that Z* = £ (/) holds isometrically) and Y is dual
Banach space, then NA (X*®;Y) = X*®, Y if either X* or ¥ has the approximation
property.

In the search of necessary conditions, we prove in Corollary 3.14 that if X is
a separable Banach space such that NA (X *R.Y*) = X*®,Y* holds for every
Banach space Y then By = co(exp(Byx=)). For proving that we adapt a necessary
condition for Lindentrauss property A exhibited in [22, Theorem 2]. Moreover, we
prove in Theorem 3.15 a criterion in order to get that the set of the elements that do not
attain their projective norm is norming for the dual (and in particular this set is big),
showing explicit examples where this criterion applies in Example 3.17. In particular,
we obtain examples of Banach spaces X and Y such that NA; (X®;Y) is dense in
X@,,Y and Bxg y =co({z € Sxg, v 2 ¢ NA; (X@n Y)}) (see Remark 3.19).
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In Sect.4 we obtain new results on density of NA; (X®, Y). We prove in Corol-
lary 4.3 that NA, (X@n Y) is dense in X®,Y if X = Li(n) and Y is any Banach
space, if X is an Li-predual and Y is 1-complemented in Y** and if X has the metric
m-property and Y is an RNP dual Banach space.

Remark 1.1 In [12], the concept of nuclear operator which attains its nuclear norm
is considered, and a detailed treatment is done (see [12, Section 2.3] for the (well-
known) connection between nuclear operators and projective tensor products under
approximation property assumptions). All the results in the paper have a translation in
the context of nuclear operators. However, we are not going to write them explicitly
to avoid extra notation, duplicity of results, and technicalities which may make harder
to understand the ideas behind the proofs.

2 Notation and preliminary results

For simplicity we will consider real Banach spaces. We denote by By and Sx the
closed unit ball and the unit sphere, respectively, of the Banach space X. We denote
by L(X, Y) the Banach space of all bounded linear operators from X into Y. If Y = R,
then £(X, R) is denoted by X*, the topological dual space of X. We denote F (X, Y)
the space of finite-rank operators from X into Y.

2.1 Tensor product spaces

The projective tensor product of X and ¥, denoted by X®, Y, is the completion of
the algebraic tensor product X ® Y endowed with the norm

k k
Izl == 1inf 3> " xalllyall :2=D %0 @ yn

n=1 n=1

where the infimum is taken over all such representations of z. The reason for taking
completion is that X ® ¥ endowed with the projective norm is complete if and only
if either X or Y is finite dimensional (see [26, P.43, Exercises 2.4 and 2.5]).

It is well known that ||x ® y||; = ||x]||ly]l for every x € X, y € Y, and that the
closed unit ball of X® Y is the closed convex hull of the set By ® By = x®y:xe€
Bx,y € By}. Throughout the paper, we will use of both facts without any explicit
reference.

Observe that the action of an operator G: X —> Y™ as a linear functional on
X®, Y is given by

k k
G (an ® y,,> =D G Om).
n=1

n=1
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for every Zﬁ:l Xp ® yo € X ® Y. This action establishes a linear isometry from
L(X,Y*) onto (X®Y)* (see e.g. [26, Theorem 2.9]). All along this paper we will
use the isometric identification (X®,Y)* = L£(X, Y*) without any explicit mention.

Furthermore, given two bounded operators 7: X — Z and S: Y — W, we
can define an operator 7 ® S': X®Y —> Z&@, W by the action (T ® S)(x ® y) :=
Tx)®S(y)forx € Xandy € Y. Itfollows that |7 ® S|| = ||T||||S||. Moreover, it is
known that if 7', S are bounded projections then so is 7 ® S. Consequently, if Z € X
is a 1-complemented subspace, then Z®, Y is a 1-complemented subspace of X®, ¥
in the natural way (see [26, Proposition 2.4] for details).

Recall that a Banach space X has the approximation property (AP, for short) if there
isanet (Sy)y in F (X, X) suchthat | Sy (x)—x|| — Oforevery x € X.If wealsorequire
that || S¢ || < 1 holds for every «, we say that X has the metric approximation property
(MAP, for short). In the above condition, if S, is additionally a projection, we say that
X has the metric mw-property. Equivalently, X has the metric w-property if given ¢ > 0
and {x1,...,x,} € Sx, we can find a finite dimensional 1-complemented subspace
M C X such that foreachi € {1, ..., n} there exists x{ € M with ||x,~ — xlf || < & (see
the proof of this equivalence just after [12, Definition 4.7]).

Recall that given two Banach spaces X and Y, the injective tensor product of X
and Y, denoted by X® Y, is the completion of X ® Y under the norm given by

n
lulle = sup § 1 () y* (i)l 1 x* € Sy, ¥ € Sy=

i=1

where u = Z?:l X; ® y; (see [26, Chapter 3] for background). Every u € X ®.Y can
be viewed as an operator T, : X* — Y which is weak™-to-weakly continuous. Under
this point of view, the norm on the injective tensor product is nothing but the operator
norm.

As well as happen with the projective tensor product, given two bounded operators
T:X — ZandS: Y — W, wecandefine an operator 7 ® S : X@SY — Z@SW
by the action (T ® S)(x ® y) := T(x) ® S(y) forx € X and y € Y. It follows that
IT ® S| = |IT|IS]l. However, this time we get that if T, S are linear isometries then
T ® S is also a linear isometry (c.f. e.g. [26, Proposition 3.2]). This fact is commonly
known as “the injective tensor product respects subspaces”.

It is known that, given two Banach spaces X and Y, we have (XQY)* = X*Q,Y*
if either X* or Y* has the Radon-Nikodym Property (RNP, for short) and either X* or
Y* has the approximation property (AP) [26, Theorem 5.33].

2.2 Projective norm attainment

One consequence of the isometric identification £1 (1 YR X = £,(1, X) is [26, Propo-
sition 2.8], which establishes that, given two Banach spaces X and Y, then for every
7€ X®,Y and every ¢ > 0, there exist sequences (x,), in X and (y,), in Y with
2= 2, X; ® y, (where the above convergence is in the norm topology of X R=Y)

W Birkhauser
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and such that ||zllx < > 02, Ixalllyall < lizllx + &. Consequently, it follows that

o0 o o0
Izl = inf !Z I l1yall = > xalllyall < 00,2 =" x4 ® yu

n=1 n=l1 n=1

where the infimum is taken over all of the possible representations of z as limit of a
series in the above form.

According to [12, Definition 2.1], an element z € X @,,Y is said to attain its
projective norm if the above infimum is actually a minimum, that is, if there exist
sequences (x,), in X and (y,), in Y such that |z|] = Z;il Xz lynll and z =
fozl X ® yn. We denote NA ; (X ® Y) the set of those z which attain their projective
norm. Similarly, an operator T € L(X, Y) is said to attain its norm if there is x € Sx
such that ||T (x)|| = ||T||. We denote by NA(X, Y) the set of those norm-attaining
operators.

Observe that for all z € NA,; (X@,, Y) we can write 7 = qu’ozl AnXn ® yn, where
Xn € Sx,yn € Sy forevery n € Nand A, € RT satisfy Z;ozl An = ||z]|. In such
case, given any T € L(X,Y*) = (X®;Y)* such that T(z) = |z|| and |T| = 1,
a convexity argument implies that 7 (x,)(y,) = [T (x,)|| = |IT|| = 1 for every
n € N. In particular, T attains its norm. Indeed, as it is done in [12, Corollary 3.11],
if NA, (X®,Y) = X®,Y then NA(X, Y*) is dense in £(X, Y*).

2.3 Lipschitz functions and Lipschitz-free spaces

Given a metric space (M, d), B(x, r) denotes the closed ball in M centered at x € M
with radius r. A metric space M is said to be proper if every closed ball of M is
compact.

We will denote by Lipy(M, X) (or simply Lipy(M) if X = R) the space of all
X-valued Lipschitz functions on M which vanish at a designated origin 0 € M. We
will consider the norm in Lip, (M, X) given by the best Lipschitz constant, denoted
| - | L. We denote by & the canonical isometric embedding of M into Lip,(M)*, which
is given by (f,d8(x)) = f(x) for x € M and f € Lipy(M). The space F(M) is
defined as F(M) = span{§(x) : x € M}. It is well known that F(M)* = Lipy(M)
isometrically. For more information about Lipschitz-free spaces see [3].

In Sect.3 we will be interested in spaces F (M) which are indeed dual Banach
spaces. We will collect here a pair of known results in the literature which will be of
particular interest for our purposes. Let us introduce a bit more of notation.

A function f: M — Ris said to be locally flat if lim, ,_, W = 0 for

every p € M, and it is said to be flat at infinity if lim, o || fs\B(0,r)| = 0. The
space of little Lipschitz functions lipy(M) is made up of those functions in Lipy(M)
which are both locally flat and flat at infinity.

In case M is compact, it is well-known and easy to check that lip,(#) coincides
with the subspace of Lipy(M) of those functions that are uniformly locally flat, that

) Birkhauser
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is,
1ip0(M)={f:M—>R:‘v’s>0§|6>0:0<d(x,y)<8$wge}.
X,y

Also, given a topology t in M, we denote
lip, (M) :={f € lipg(M) : f is T-continuous}.

Let us finally collect the promised results on the duality of Lipschitz-free spaces.
Theorem 2.1 Let (M, d) be a separable metric space.

(a) If M is countable and proper then lipy(M)* = F (M) isometrically [9, Theorem
2.1], see also [4, Theorem 3.2].

(b) If M is bounded and there exists a compact topology T on M satisfying that, for
everyx,y € M and ¢ > 0, there exists [ € lip, (M) with | f|| < 1 and f(x) —
f() >d(x,y) — e, thenlip,(M)* = F(M) isometrically [21, Theorem 6.2].

The hypotheses in (b) are satisfied in the case that (M, d) is a uniformly discrete
separable bounded metric space and there is a compact Hausdorff topology T on M
such that d is T-lower semi-continuous [16, Corollary 3.9].

3 Projective tensor products where every tensor attains its norm

In this section we will deepen in the study of the phenomenon of when NA ; (X @n Y)=
X®zY holds.

To begin with, the following easy observation allows us to get rid of the assumption
of duality in many results due to the well-known fact that every dual Banach space is
I-complemented in its bidual [14, p. 221].

Lemma 3.1 Let X, Y be Banach spaces such that NA(X®,Y) = X®, Y. Assume
that Z C Y is a 1-complemented subspace. Then, NA(X@,, 7)) =X®,Z.

Proof Take z € X@,TZ. Considering z in X@,TY = NA(X@H Y), we can find
sequences (un), € X and (v,), C Y satisfying

o o
2= u,®vy and |zlixg,y = Y _ lunllval.

n=1 n=1

Since there exists a projection P: Y — Z with |P|| = 1, we can consider the
projection Id ® P from X ®Y onto X®,, Z. Therefore, we have the following new
representation for z in X®, Z:

2=(d®P)2) =) uy® P(vy) € X8 Z.

n=1

W Birkhauser
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Furthermore, we have that

o0 o0
D NunlIP@)I <Y lualllvall = lzlixg, v = Izlx8, 2,
n=1

n=1

since Z is 1-complemented in Y. Thus, we conclude that ||z] x5,z =
3% lunlll P(va)ll and z € NA(X®y Z). o

As a consequence, we get the following result. It represents an improvement over
[10, Theorem 4.1], where NA (X@n Y)= X@n Y was proved in the case case when
X is a finite dimensional polyhedral Banach space and Y is any dual Banach space.

Corollary 3.2 Let X be a finite dimensional Banach space whose unit ball is a polytope.
IfY is a Banach space which is 1-complemented in Y** then NA; (X®zY) = XQ, Y.

Proof Observe that NA,; (X®,Y*™*) = X®, Y™ by [10, Theorem 4.1]. Since Y is
1-complemented in Y**, Lemma 3.1 applies. O

Next we aim to provide a general condition guaranteeing that every tensor attains
its projective norm that extends at once [12, Proposition 3.6] and [10, Theorem 4.1].

In order to do so, we present here a result of independent interest. This result is a
slight improvement of the well-known fact that the adjoint of a linear isometry between
Banach spaces is a quotient operator. Moreover, this result is well known for specialists
on proximinality on Banach spaces, but we prefer to include a proof for the sake of
completeness.

Lemma3.3 Let X, Y be normed spaces and T : X — Y a linear isometry. Then, the
operator T*: Y* — X* is a quotient operator. In fact, given x* € X*, there exists
y* € Y* such that T*(y*) = x* and ||y*|| = ||x*||.

Proof Fixx* € X*.Let¢: T(X) — R be the functional defined by ¢ (T (x)) = x™(x)

forevery x € X.Since T is alinear isometry, it is clear that ¢ is linear and ||| = ||x*||.
By Hahn-Banach theorem, there exists y* € Y*, a linear extension of ¢ such that

Iy*Il = Nl = llx*]I.
Therefore, we have that
T*(")(x) =y (T(x) = ¢(T(x)) =x"(x), Vx € X.
Thus, T*(y*) = x™*. O

Now we present the following result, which is one of the main theorems in this
paper, which will allow us to extend considerably the class of examples of Banach
spaces X and Y such that NA, (X®,Y) = X®, Y.

) Birkhauser
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Theorem 3.4 Let Z be an Asplund space (i.e. Z* has the RNP), X be a subspace of Z
and Y be any Banach space such that NA(Z*®Y*) = Z*® Y*. If either X* or Y*
has the AP, then NA(X*®,Y*) = X*®, Y*.

In particular, the above holds if Z is a Banach space and Z* = £1(I) isometrically,
where I is an arbitrary set.

Proof Leti: X — Z be the isometric embedding and Id: Y — Y be the identity
operator. Since the injective tensor product respect subspaces, | ® Id: X®.Y —
7Z®.Y isalinear isometry [26, Proposition 3.2]. Now, take z € (XR:Y)* = X*Q,Y*
(this identification follows by [26, Theorem 5.33] because X* has the RNP since Z*
has the RNP). So, by Lemma 3.3 the operator (i @ Id)* = i* @ Id*: Z*®,Y* —
X*®, Y* is a quotient operator and there is some u € Z*®, Y* with |u| = |z|| and
i*® Id*(u) = z. Since NA; (Z*®- Y*) = Z*® Y* [12, Proposition 3.6 (b)] we can
find sequences (z)}), € Z* and (y;}), € Y™ such that

o0 o
w=7 zi@y; and ful = Izl
n=1 n=1
Therefore, denoting x;; = i*(z}) for every n € N, we have that

2= (@ Id)w) =Y (" ® 1d*)(z; ® y})

n=1

WK

o
() @ 1d*(y)) = Zx;f vy
n=1

n=1

and, since ||i*|| < 1, we obtain

e e]

o0
2l < Dl < Y lzx iyl = lull = 2]l
n=1

n=1
Thus, z € NA; (X*®7Y™). o
An application of Lemma 3.1 and the above theorem yields the following result:

Corollary 3.5 Let Z be an Asplund space, X be a subspace of Z and Y be any Banach
space which is 1-complemented in Y** and such that NA(Z*®zY) = Z*Q@Y. If
either X* or Y** has the AP, then NA(X*®,Y) = X*®,Y.

In particular, the above holds if Z is a Banach space and Z* = £ (1) isometrically,
where I is an arbitrary set.

Before exhibiting new examples of spaces where all the elements attain their pro-

jective norm, it is pertinent to explain how Theorem 3.4 generalises [10, Theorem 4.1]
(the generalisation of [12, Proposition 3.6] is evident).

W Birkhauser
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Remark 3.6 If X is a finite-dimensional Banach space whose unit ball is a polytope,
then By is a finite intersection of halfspaces and so it is a polytope too. Consequently,

Bx+ = co({f1, ..., fu}), where f1, ..., f, are the extreme points of Bx+. Now the
mapping
X — e

x — (fix), ..., fux))

is a linear into isometry since ||x|| = sup{|x*(x)| : x € Bx+} = max{|fij(x)| : i €
{1,...,n}}forx € X.

A well-known example of Banach space Z satisfying Z* = £(I) is C(K) where
K is a scattered compact topological space [ 14, Theorem 14.24]. Hence the following
result holds.

Corollary 3.7 Let X be a subspace of C(K), where K is a compact Hausdorff scattered
space, and Y be any Banach space which is 1-complemented in Y**. If X* has the AP
then NA(X*®,Y) = X*®, Y.

The following example shows that the hypothesis of K being scattered cannot be
removed in Corollary 3.7. Moreover, note that C(T)*®, R? is a dual space, therefore
the w*-compactness of the ball is not enough to ensure that every tensor attains its
norm.

Example 3.8 We are going to see that
NA (C(T)'8xR?) # C(T)' &R,
where T stands for the unit circle of the euclidean space R?. Firstly, endow T with the

Haar measure and define ¢: L1(T) — C(T)*, such that for f € L(T) the functional
¢ (f) is given by

6(F)(g) = fT () f(1) di, forevery g € C(T).

It can be easily seen that ¢ is a linear into isometry. Indeed, to prove the last part, it
suffices to check that ¢ is an isometry on C(T), since

raraa Al

C(T) " = L(T).
Furthermore, let us show that its image is precisely the space of absolutely continuous
measures with respect to the Haar measure.

Given any measure v absolutely continuous with respect to the Haar measure, the
Radon-Nikodym theorem ensures the existence of f;, € L1(T) such that

v(A) = / fo(@) dt = / xa(@®) fu() dt, forevery A C T pw-measurable.
A T

) Birkhauser
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Then, approximating x4 by elements of C(T) and identifying C(T)* with M(T),
the space of measures defined on T, it follows that v = ¢(f,,). Conversely, given
f € L1(T) we can define the following measure on T:

vr(A) = lim / gn() f(t) dt, forevery A C T w-measurable,
n—oo T

some A it can be seen that v (A) = 0. Thus, v is absolutely continuous with respect
to u and the identification ¢ (f) = vy holds.

Thanks to [19, Section 7.1.6, Theorem 1], any measure v € M (T) admits a unique
decomposition v = vy + vy where f € L(T). It follows that P : M(T) — L;(T)
defined by

where (g,), € C(T) is a sequence converging to x4 in L{(T). So, if u(A) = 0 for

P(v) = P(uf+vy) = f, foreveryv e M(T),

is linear (by the uniqueness of the decomposition) and continuous. Finally, it is easy
to check that P o ¢ = Idy,(T), so P is a projection with || P|| = 1.

Now, Example 3.12(a) in [12] shows that there exists an element in L (T)®,R>
which does not attain its projective norm. By Lemma 3.1, the same holds for
C(T)*®,R2.

In what follows we will show some new examples where Corollary 3.7 applies. To
this end, we will see that certain spaces of Lipschitz functions embed into C(K) for
a scattered K.

Proposition 3.9 Let M be a countable proper metric space. Then, there exist a count-
able compact set K and a linear into isometry ¢ : lipg(M) — C(K).

Proof Let K = (M?\A)U {oo} be the Alexandroff compactification of M?\ A, which
is indeed a countable compact set. We define ¢ : lipg(M) — C(K) as follows:

F@O=FO) 4. _
(N = { T»y if 2= () € MA\A

if 7 = 00.

Since f is flat at infinity, for every ¢ > 0, we can find r > 0 such that %’;M <e¢
if x ¢ B(O,r)ory ¢ B(0,r). Furthermore, since f is locally flat, it is fmiformly
locally flat on B(0, r), thus there exists 0 < § < r such that % < & whenever
0 <d(x,y) < 8. The set ’

L={(x,y) € M\A:x,y € B,r),d(x, y) > 8}

is compact, so its complement K\ L is an open neighbourhood of co with ¢ (f)(z)| <
¢ for every z € K\ L. This shows that ¢ (f) € C(K) so ¢ is well defined, and clearly

W Birkhauser
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it is also linear. Finally, ¢ is an into isometry since

¢ (Nlloo = supllp (@) = z € (MP\A) U {oo}}

:mm{ﬁﬂiiigﬂ:(ny)eM%A}=uﬂu
d(x,y)

holds, and the proof is finished. O

Proposition 3.10 Let (M, d) be a countable metric space, and T be some topology
such that (M, t) is compact. Suppose that d is t-lower semicontinuous and V =
{dx,y) : (x,y) € MZ} C Rg is a compact set. Then, there exists a countable
compact set K and a linear into isometry ¢ : lip, (M) — C(K).

Proof The proof is a slight modification of the one of Theorem 6.2 in [21]. Notice
first that V is countable, and (M, 1) x (M, 1) x V is a countable compact space.
Furthermore, let (x,,, yn, t,)» be a sequence on (M, t) x (M, t) x V converging to
(x, v, 1), and satisfying d(x,, y,) < t, for every n € N. Since d is t-1.s.c., we have

d(x,y) <liminf d(x,, y,) < liminf#, =1,
n— 00 n—oo

so (x, y, 1) is also in
K:={(xy,t): (M, t) x (M,t) xV :d(x,y) <t}

Thus, K is a closed set within (M, t) x (M, t) x V, which means K is compact and
countable.
Now, we define ¢ : lip, (M) — C(K) by

fO-fO)
LO-SO) i 4 £ 0

¢UMLyJ)={ ol

Firstly, we have

SO - f&) —fODI
t = d(x,y) 1—0

’

where the limit is due to the fact that f € lip, (M). Thus, ¢ ( f) is continuous and ¢ is
well defined. Moreover, ¢ is clearly linear and

¢ (Plloo = sup{l@(f)(x, . )| = (x,y.1) € K}

=sup{w D (x,y. 1) €K, r;éo}

B {vu)—fwn
=Ssup| —F——"—

: 2 _
Gy Ly eM \A} =Iflz.
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since the third equality follows since + > d(x,y) for (x,y,tr) € K, and
(x,y,d(x,y)) € K. This proves that ¢ is an isometry. O

A combination of Theorem 2.1 together with Propositions 3.9 and 3.10 yields the
following result on projective norm-attainment.

Corollary3.11 Let M be a complete metric space. Then NA(F(M)®,Y) =
F(M)RY for any Banach space Y which is 1-complemented in Y** if M satisfies
one of the following conditions:

(a) M is countable and proper.

(b) M is uniformly discrete, countable, and there is a compact Hausdorf{f topology ©
on M such that d is T-lower semicontinuous, and V. = {d(x, y) : (x,y) € M?} C
Rg‘ is a compact set.

Proof In (a), we have the duality F (M) = lipy(M)*, and F (M) has the approximation
property [9, Theorem 2.6], whereas in (b) we have F (M) = lip,(M)* and F (M) has
the approximation property [21, Theorem 4.4]. Now, the result follows from Propo-
sitions 3.9 and 3.10, Corollary 3.7, and the fact that any compact countable space is
scattered. O

Now let us show an example where the above Corollary applies.

Example 3.12 There are metric spaces M for which (b) in Corollary 3.11 applies and
which are not isometrically isomorphic to £;. Indeed, define M := {0} U {x,, : n €
N} U {z} whose distances are defined as d(x;, x,,;,) = d(x,,0) = d(x,, z) = 1 holds
forevery n,m € N, n = m and d(0, z) = 2.

First we claim that 7 (M) is not isometrically isomorphic to £;. Indeed, an applica-
tion of [24, Theorem 4.3] implies that the element @ € Sr(m) is a point of Fréchet
differentiability of the norm of F(M). However, it is a well-known fact that the norm
of £1 is nowhere Fréchet differentiable (see for example [13, Examples 1.1.6, c)]).
Consequently, £1 and F (M) cannot be isometrically isomorphic.

On the other hand, let us prove that there exists a topology on M which satisfies
the assumptions of (b) in Corollary 3.11. In order to do so, we declare all the points
of M to be discrete points with the exception of the point x;. For x;, we define the
following family of sets

Un = {xk’k 2 n}

to be a neighbourhood basis for the point xi. It is immediate that the above defines
a compact topology on M, and that the set {d(x, y) : (x,y) € M? =1{0,1,2}isa
compact set.

Finally, let us prove that d: (M, 7)> —> R is lower semicontinuous. In order to
do so, select a convergent net {(xg, ys)} — (x,y) in (M, 7)2, and let us prove that
d(x,y) < liminf d(xy, ys). Clearly we may assume x # y, so x; # ys eventually
and thus lim inf d(x;, ys) > 1. Therefore, the only case where the inequality may not
hold is when d(x, y) = 2, that s, {x, y} = {0, z}. But 0 and z are isolated in (M, 1),
so in that case {xs, ys} = {0, z} eventually. Thus d(x, y) = liminf d(x;, ys) and we
are done.
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As far as we are concerned, the only known example of Banach space satisfying
NA,(X®,Y) = X®, Y forevery Banach space Y is X = £; (1) [12, Proposition 3.6].
In the following result we investigate the above condition in the search for a necessary
condition. Keeping in mind that, if a Banach space X satisfies that NA; (X @n Y) =
X®, Y for every Banach space Y then NA(X, Y*) is dense in L(X, Y*) for every Y (
[12, Corollary 3.11]), we conclude that X must enjoy a kind of Lindenstrauss property
A for operators taking value on dual spaces. Because of that, we will make use of the
ideas of [22, Theorem 2] to obtain the following result.

Theorem 3.13 Let X be a separable Banach space. Assume that NA(X™*, Y™) is dense
in L(X*, Y*) for every Banach space Y. Then Bx+ = co(exp Bxx).

Proof Suppose that Bx+ # co(exp Bx+). By Hahn-Banach theorem and observing
that exp Bx+ is symmetric, we can find some ¢ € Sx++ and 0 < § < 1 such that

lp(x*) <1 -8, Vx* € expByx-.

Since X is separable, X* admits a dual renorming |[|-|| such that [|x*|| < [lx*| for
every x* € X* and (X*, ||-|) is locally uniformly rotund [13, Theorem I1.2.6.(i)].
Defining Y = X @; R, it follows that Y* = X* @, R. Given M > % we consider the
operator V: X* — Y* with V (x*):=(x*, Mp(x*)) for each x* € X*. Then, V is an
isomorphism (into) and

IV =M, |V(x*)| <M —1foreach x* € exp By

It is easy to see thatif G € L(X™*,Y*) and |G — V| < n, forn = 2||v I then G is

also an isomorphism (into). Therefore, since NA(X*, Y*) is dense in L(X*, Y*), we
can take G € L(X™*, Y*) with |G — V| < m1n{2, } and such that G(xg) = |G|
for some x; € Sx+.

Now, we claim that the functional xa‘ is exposed in By=. Indeed, by Hahn-Banach
theorem, there is y** € Sy« such that y**(G(xj)) = |G ||. Then, we define

**OG

=2 7 Sy,
[y o Gl

and we are going to prove that z exposes x;. Suppose that there is another v* € Sy«
such that z(v*) = 1. Therefore, y**(G (v*)) = ||G|| and

|G + GH| = y*™ (GG + y*(G*) = Gl + |Gl
= |G|+ |G .

Noticing that Y* is strictly convex, we conclude G(x;) = G(v*). Finally, xj = v*
because G is injective. This proves the claim, that is, xg € exp Bx>.
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Finally, we have that

1> ||Ve)| = |Ga)| —1G=VI=IGI-1G -V
> VI =21G-V|>M-1,

which is a contradiction. Thus, it must be By+ = co(exp Bx+). O

As we have mentioned above, if a Banach space X satisfies that
NA, (X®:Y) = X®Y then NA(X, Y*) mustbe densein £L(X, Y*) [12, Corollary
3.11]. Hence, the following is a direct consequence of Theorem 3.13.

Corollary 3.14 Let X be a separable Banach space. Assume that
NA(X*®7Y) = X*® Y for any Banach space Y. Then Bx+ = co(exp Bx+).

In [12, Corollary 3.11] it is proved that a necessary condition to get that
X®;Y\NA,(X®:Y) # ¥ is to require that NA(X, Y*) is not dense in £(X, Y*).
We will end the section by showing that the connection between the size of the sets
X®:Y\NA;(X®,Y)and L(X, Y*)\ NA(X, Y*) goes beyond and, if we require the
non-density of span(NA (X, Y*)), we get that X®, Y\ NA; (X®; Y) not only is non-
empty but also it is large enough to generate the unit ball of Byg_y by taking closed
convex hull.

Let us start with a result of theoretical nature which establishes a sufficient condition
in order to X®, Y\ NA, (X®, Y) be norming for L(X, Y*).

Theorem 3.15 Let X, Y be Banach spaces satisfying that the set Z :=
NA(X, Y*) — NA(X, Y*) is not dense in L(X, Y™). Then,

Byg.y =c0({z € X®-Y\NAL (X®-Y) : |z] < 1}).

Proof We will show first that NA(X, Y*) is nowhere dense in £(X, Y*). To this end,
let G € NA(X, Y*) and ¢ > 0, and take U € NA(X, Y*) with

IG—U| <=
2

Now let T € L(X,Y™) be such that d(T,Z) > 0 and ||T| = 1, and set V :=
U + %T. We have |G — V|| < e. Also, given any W € NA(X, Y*), we have that
U,W e NA(X, Y*) and we infer that

W —-U
e/2

&
v —wi = H(U—W)+§TH -

¢ —7|>tar.z)>0
2 2

since UJ;’V € Z since the set Z is clearly closed under scalar multiplication
operator. Consequently we have that V is an operator with |G — V|| < & and
d(V,NA(X,Y*)) > 0. This shows that NA(X, Y*) C L(X, Y*)\NA(X, Y*), so
indeed we have

L(X,Y") C L(X,Y\NA(X, Y*).
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Now, write A := {z € X®,Y\NA,(X®:Y) : |lz|| < 1}. In order to prove that
Bxg,y ‘= C0(A) we need to check, by Hahn-Banach theorem, that

|G|l = supG(z) VG € L(X,Y™).

z€eA

To this end, let G € L£(X,Y*) with |G| = 1 and ¢ > 0, and let us find z € A
with G(z) > 1 — ¢. By the first part of the proof, there is V: X — Y™* such that
8:=d(V,NA(X,Y*)) >0and |G- V| < %. By Bishop—Phelps theorem, we can
find § € £(X, Y*)and z € Sxg_y with S(z) = || S||, such that ||V — S| < min{%, 7.
Thus, d(S, NA(X, Y*)) > §/2 > 0. Since S does not attain its norm as operator we
derive that z ¢ NA, (X ®»Y). On the other hand, we get

G =28 =G =SI=ISI—-1G =Sl
Z G =216 =Sl =21=201G=V[+V =S

>1—g,

which completes the proof. O

Before providing examples where the above result applies, it is important to address
the following remark regarding the assumptions made.

Remark 3.16 The denseness of NA(X, Y*) — NA(X, Y*) may happen frequently.
Indeed, it is known that if NA(X, Y'*) is a residual set (i.e. if it contains a G5 dense
set) then L(X,Y™) = NA(X, Y*™) — NA(X, Y*) (c.f. e.g. [18, Proposition 1.7]). A
big class of examples of Banach spaces X and Y for which NA (X, Y*) is residual is
exhibited in [18]. This turns out to happen, for instance, if X has the RNP or property
a and Y is any Banach space [18, Proposition 1.1 and Lemma 1.2].

This shows in particular that, in order to apply Theorem 3.15, we must first avoid
such kind of hypotheses.

Now we can find examples where the above theorem applies.

Example 3.17 Let Y be a Banach space such that Y* is asymptotically midpoint uni-
formly convex (AMUC) and satisfies one of the following conditions:

e Y* has a normalized, symmetric basic sequence which is not equivalent to the unit
vector basis in £1,
e Y* has a normalized sequence with upper p-estimates for some 1 < p < oo.

In the proof of [15, Theorem A] it is proved that there exists a Banach space X
(indeed, a predual of a Lorentz sequence space d..(w)) with a Schauder basis {e, } with
the following properties:

1. NA(X,Y*) CV:={G € L(X,Y*) : lim, |G(e,)| = 0} [15, Proposition 3]. In
particular, V contains NA(X, Y*) — NA(X, Y*) since V is a vector space.

2. There exists T € Sg(x,y) such that | T(e,)|| = 1 holds for every n € N [15,
Propositions 4 and 6]. In particular d(7', V) > 1.
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In particular, under the conditions exposed above, Theorem 3.15 applies.
We thank Miguel Martin for letting us know about the existence of the paper [15].

Remark 3.18 In [12, Example 3.12, c)] it is proved that there exists a Banach space
G for which there are elements in G@TE p» 1 < p < oo which do not attain their
projective norms. Indeed, the space G is precisely the predual of a Lorentz sequence
space dy(w). Observe that Example 3.17 applies for ¥ = £, /f\rom where we deduce
that, for the space X described in Example 3.17, the set X®, Y\ NA, (X®:Y) is
norming for the dual.

Observe that, since X has a monotone Schauder basis, both X and Y have the metric
w-property, so in particular NA; (X® Y) is dense in X®, Y.

Remark 3.19 In [25, Section 3] it is proved that if X is a Banach space with the metric
7 -property whose norm depends upon finitely many coordinates and Y is a Hilbert
space, then both NA; (X®,Y) and X®; Y\ NA, (X®, Y) are dense sets in X& Y.

As far as we are concerned, the above result in [25] is the first (and the single)
example of projective tensor product where NA, and its complement are both big
sets.

Observe that Example 3.17 enlarges the class of examples where such behaviour
happens. Indeed, the Banach space X described in Example 3.17 not only has the
metric w-property but also a monotone Schauder basis. Hence, if we take Y as in
Example 3.17 with the metric m-property, we get that NA ; (X @n Y)isdensein X @n Y
and Byg y =C0({z € Sxg,y : 2 ¢ NAZ(X&zY)}).

4 Denseness of norm attaining tensors

In this section we aim to obtain new results about density of the set of tensors that attain
its projective norm. These new results will be achieved in two different directions: on
the one hand, Theorem 4.2 below will establish density on X ®,, ¥ making assumptions
only on one of the factors (say X); on the other hand, from an application of Lemma4-.1,
which will allow us to replace assumptions of ¥ being a dual space with the assumption
that Y is 1-complemented in its bidual.

Note first that the proof of Lemma 3.1 also yields that if NA,(X RrY) is
dense in X®, Y then NA, (X A ) is dense in X ® Z. Indeed, if we consider
7€ X®Z € X®,Y and ¢ > 0 then, using the density of NA, (X®Y) we can find
7 € NAL(X®,Y) with ||z — Z/”X@gY < ¢. As in the proof of Lemma 3.Lwe can
prove that (Id ® P)(z') € NA;(X®; Z). On the other hand, since z € X®; Z we
derive z = (Id ® P)(z), so

lz—{d® P)(lxg,z =1UId® P)z—2lxs,z
<Hd ® Pllllz = Zlxg,r < e

Consequently, the following lemma also does hold.

Lemma4.1 Let X, Y be Banach spaces such that NA (X@;T Y) = X®, Y. Assume
that Z C Y is a 1-complemented subspace. Then, NA; (X®7Z) = X® Z.
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We will now prove the following abstract result, from which we will derive some
consequences (see Corollary 4.3).

Theorem 4.2 Let X,Y be Banach spaces. Suppose that for every ¢ > 0, n € N
and x1, ...,x, € X, there exists a finite dimensional subspace Z C X which is 1-
complemented in X and such that we can find x, € Z with || x; — x| < & for each

i=1,...,n. Assume that NA; (Z®,Y) = Z®, Y, for the previous Z. Then,
NA; (X®,Y) = X®,Y.

Proof Take z = Y7 x; ® yi € X®,Y, and ¢ > 0. We may assume ||y; || = 1 for
each i. By hypothesis, we can find Z C X as in the statement, for xp, ..., x, and
¢ = % ReEaII that, since Z is 1-complemented, we have |lul xg_y = llullzg,y for
eachu € Z®,Y.

We definez’ = Y1 x/®y;, which satisfies [|z—z'|| < Y_/_; |xi — x/|| llyill < 5.
Since 7/ € Z®zY = NA;(Z®:Y), there exists 2/ = Y ;o ux @ vk € Z&zY
such that |||l = Y72 lugllllvell and ||z" — 2”|| < §. Furthermore, since Z is 1-
complemented in X, we have that

o
" "
12" I xg,y = 12" 2@,y = D luxllllvell,
k=1

s0 7" € NA, (X®,Y). Moreover,

i / / Vi
lz— 2" Ixg,y < llz—2Zllxg,y + Iz — 2 lx&,v

s ¢
/ / "
=lz—Zlxg,yr t 12 — 2 llzg, v < §+§=€-

Thus, the density of NA, (X ®7Y)is proved. O
Now we will obtain some consequences of the above theorem.

Corollary 4.3 NA, (X®Y) is dense in X®5Y in the following cases:

(@) X = L1(w) for some measure u, and Y is any Banach space.

(b) X* = Li(n) andY is 1-complemented in Y**.

(¢) X has the metric mw-property and Y is a dual Banach space with the RNP.

(d) X has the metric w-property, Y is 1-complemented in Y** and Y** has the RNP.

Proof (a) Given f1, ..., fu € L1(n) and ¢ > 0, we can find disjoint measurable sets
Ay, ..., A, and numbers a;; € R such that the simple functions f/ = Z?:l aijXA;
satisfy ‘f,' - fi H < ¢ for each 7, and then the space Z = span{x4, : 1 < j < m}

is 1-complemented in Ll(,ti) (see Exall\nple 4.12.b) in [12]). Notice that Z = £7'
isometrically. Thus NA; (Z®,Y) = Z®, Y by [12, Proposition 3.6]. Now, the result
follows from Theorem 4.2.

(b) Given x1,...,x, € X and ¢ > 0, we can find a finite-dimensional subspace
Z C X with Z = {3 isometrically (and hence 1-complemented in X) and vectors
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x € Z with [xi —1; | < e [12, Example 4.12.c)]. Then By is a polytope and so
NA, (ZQ=Y) = ZQ:Y [10, Theorem 4.1], so Theorem 4.2 applies.

(c) Corollary 4.6 in [10] shows that NA, (Z®,Y) = Z®,Y for any finite-
dimensional space Z. Thus we may apply Theorem 4.2 since X is assumed to have
the metric -property.

(d) By (c) we observe that NA; (X®, Y**) is dense in X®,Y**; so the result
follows from Lemma 4.1. O

Remark 4.4 Observe that the assumptions on Y considered in (c) of Corollary 4.3 do
not imply the ones in (d). For instance, taking ¥ = £, it follows that Y is a dual
Banach space with the RNP but its bidual £7* = €7 fails the RNP, for instance, since
{0 contains an isometric copy of £.

On the other hand, we have not found any explicit example of Banach space X such
that X** has the RNP, there exists a bounded linear projection P: X** — X with
|P] < 1and X fails to be isometrically a dual Banach space.

Observe that, when trying to prove that a space is not a dual space, it is common to
show that it fails the RNP or that it is not 1-complemented in the bidual. Therefore,
since the example we are looking for must satisfy both of the mentioned properties,
we suspect that, in case it exists, it must be a complicated example, and so will be its
proof.

Moreover, observe that if we remove the condition that || P|| < 1 then such example
does exist: in [6, Theorem 1.1] it is proved that there exists an equivalent norm ||| - |||
on the predual of the James space J, such that (J, ||| - |||) fails to be isometric to any
dual Banach space, whereas the complementability in its bidual and the RNP on its
bidual survive because both conditions are stable by taking equivalent renormings.
The authors thank Ginés Lopez—Pérez for pointing them this result.

The above makes us think that such a space X should exist and, consequently, the
assumptions made on (d) should be independent of that of (c).
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