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Abstract
Singly-TASEoperators for the numerical solution of stiff differential equationswere proposed
byCalvo et al. in J.Sci. Comput. 2023 to reduce the computational cost ofRunge–Kutta-TASE
(RKTASE) methods when the involved linear systems are solved by some LU factorization.
In this paper we propose a modification of these methods to improve the efficiency by
considering different TASE operators for each stage of the Runge–Kutta. We prove that
the resulting RKTASE methods are equivalent to W -methods (Steihaug and Wolfbrandt,
Mathematics of Computation,1979) and this allows us to obtain the order conditions of the
proposed Modified Singly-RKTASE (MSRKTASE) methods through the theory developed
for the W -methods. We construct new MSRKTASE methods of order two and three and
demonstrate their effectiveness through numerical experiments on both linear and nonlinear
stiff systems. The results show that theMSRKTASE schemes significantly enhance efficiency
and accuracy compared to previous Singly-RKTASE (SRKTASE) schemes.

Keywords Differential equations · Stiff problems · Runge–Kutta methods · Time-marching
methods · Singly-TASE operators

1 Introduction

Solving stiff initial value problems (IVPs) efficiently and accurately remains a significant
challenge in numerical analysis. Explicit Runge–Kutta (RK) method, face limitations when
applied to stiff systems due to their stability restrictions. To address these limitations, a new
class of time-advancing schemes for the numerical solution of stiff IVPs was proposed by
Bassenne, Fu, and Mani in [1]. They introduced the concept of TASE (Time-Accurate and
Stable Explicit) operators, designed to enhance the stability of explicit RK methods. In this
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approach, instead of solving the differential system

d

dt
Y (t) = F(t, Y (t)), Y (t0) = Y0 ∈ R

d . (1)

they proposed to solve another (stabilized) IVP

d

dt
U (t) = T F(t,U (t)), U (t0) = U0 ≡ Y0 ∈ R

d , (2)

where T = T (Δt) ∈ R
d×d is a linear operator that may depend on the time step size

Δt > 0 and on F , so that if URK (tn) is the numerical approximation at tn of the solution
of Eq. (2) obtained by integrating it with an explicit RK method of order p, then it satisfies
URK (t0 + Δt) − Y (t0 + Δt) = O(Δt p+1), i.e., approximates the local solution of Eq. (1)
with order p, and also satisfies some stability requirements that are necessary for solving
stiff systems such as A- or L- stability. In this way, the introduction of the TASE operator
into the original governing Eq. (1) allows us to overcome the numerical stability restrictions
of explicit RK time-advancing methods for solving stiff systems.

In terms of the accuracy order of the numerical solution of Eq. (2), if the explicit RK
scheme has order p and if the TASE operator satisfies

T (Δt) = I + O(Δtq), (3)

it can be easily proved that the numerical solution of the stabilized system Eq. (2),URK (tn),
provided by an explicit RK method of order p has at least order min(p, q). Some specific
schemes combining explicit p–stage RK methods with orders p ≤ 4 and TASE operators
with the same order were derived in [1].

A more general family of TASE operators was derived in [2] by taking

T (Δt) =
p∑

j=1

β j (I − Δt α jW )−1, (4)

where W is an approximation to the Jacobian matrix of the vector field F at the current
integration step (tn,URK (tn)), α j > 0, j = 1, . . . , p, are free real parameters, and β j are
uniquely determined by the condition Tp(Δt) = I + O(Δt p). The free parameters α j were
selected to improve the linear stability properties of an explicit RK method with order p
for the scaled equation Eq. (2). Further generalization of TASE operators were given in [3],
where complex coefficients were allowed in the operator, yet working in real arithmetic.

In the TASE operators described by Eq. (4), each evaluation of T involves the solution of
p linear systemswithmatrices (I −Δt α jW ), j = 1, . . . , p. If these systems are to be solved
by some LU matrix factorization, it would be much more efficient if the α j coefficients were
all equal, but this is not compatible with order p for the TASE operator.

To make the methods more efficient, Calvo et al. [4] developed a different family of TASE
operators, termed Singly-TASE operators, defined by

Tp(Δt) =
p∑

j=1

β j (I − Δt α jW )− j . (5)

These operators lead to significant improvements in computational efficiency while main-
taining the stability and accuracy necessary for solving stiff problems.
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For an s–stage explicit RK method defined by the Butcher tableau

0
c2 a21
...

cs as1 as2 . . . as,s−1

b1 b2 . . . bs−1 bs

ci =
i−1∑

j=1

ai j , i = 2, . . . , s,

the numerical solution of Eq. (2) by a Singly-RKTASEmethod is advanced from (t0,U0) →
(t1 = t0 + Δt,U1) by the formula

U1 = U0 + Δt [b1 K1 + . . . + bs Ks] ,

where K j , j = 1, . . . , s are computed recursively from the formulas

K1 = T F(t0,U0),

K2 = T F(t0 + c2Δt,U0 + Δt a21K1),
...

Ks = T F
(
t0 + csΔt,U0 + Δt

∑s−1
j=1 as j K j

)
.

(6)

In this paper,wepropose a furthermodificationof theSingly-RKTASEmethods to enhance
efficiency, so that for the ith stage of the RK method we use a TASE operator defined by

Ti =
r∑

j=1

βi j (I − Δt αW )− j , α > 0. (7)

The coefficients α > 0, r and βi j , j = 1, . . . , r must be determined so that the resulting
modified singly-RKTASE method

K1 = T1 F(t0,U0),

K2 = T2 F(t0 + c2Δt,U0 + Δt a21K1),
...

Ks = Ts F
(
t0 + csΔt,U0 + Δt

∑s−1
j=1 as j K j

)
,

U1 = U0 + Δt[b1K1 + . . . + bsKs]

(8)

has order p. Compared to Singly-RKTASE methods, instead of s coefficients βi we have
sr coefficients βi j , providing more freedom to improve accuracy and stability properties.
Although we could take different ri for each stage, we have taken the same r for simplicity.
In order to get order p for the resulting MSRKTASEmethod, we can impose, as with Singly-
RKTASE methods, that all operators Ti in (7) have order p. However, this is only achieved
if r ≥ p. For r = p the coefficients βi j are uniquely determined, resulting in a Singly-
RKTASE and if r > p we get more freedom in the coefficients, but at the price of increasing
the computational cost. Then, we will consider operators Ti with order q < p. In this case,
only order min(q, p) < p is guaranteed. Fortunately, we will see that if r = p it is possible
to get final order p with operators Ti with orders q < p. This will be done by studying the
conditions that the methods’s coefficients must satisfy to achieve order p, using the order
theory of W -methods [5], following the ideas in [6].

The rest of the paper is organized as follows. In Section 2, we prove that modified Singly-
RKTASEmethods are a particular case ofW -methods. In Section 3, we derive the conditions
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that the coefficients βi j and α of the MSRKTASE must satisfy to have order p. In section
4 we develop MSRKTASE methods of orders 2 and 3 with optimal stability and accuracy
properties. Finally, in section 5, through numerical experiments, we show the effectiveness
of the newly developed methods, highlighting their potential for solving both linear and
nonlinear stiff systems with improved performance.

2 Connection BetweenModified Singly-RKTASE andW-Methods

Given a matrix W (usually some approximation to the Jacobian matrix of the vector field
F(t, Y ) at the current integration point (tn, Yn)) a singlyW -method [5] with ŝ stages provides
an approximation to the solution of Eq. (1) at tn+1 = tn + h by the formulas

(I − hαW )K̂1 = h f (Yn),

(I − hαW )K̂i = h f (Yn + ∑i−1
j=1 âi j K̂ j ) + hαW

∑i−1
j=1 li j K̂ j , i = 2, . . . , ŝ

Yn+1 = Yn + ∑ŝ
i=1 b̂i K̂i .

The coefficients of the method can be arranged in a Butcher tableau as

ĉ Â L

b̂T α
=

0
ĉ2 â21 l21
...

. . .
...

. . .

ĉŝ âŝ1 . . . âŝ,ŝ−1 lŝ1 . . . lŝ,ŝ−1

b̂1 . . . b̂ŝ−1 b̂ŝ α

On the other side, the product of the operator Ti in (7) by a vector v can be written as

w1 = (I − hαW )−1v,

w j = (I − hαW )−1w j−1, j = 2, . . . , r

Tiv = βi1w1 + . . . + βirwr .

Then, the Eqs. (7)(8) defining a Modified Singly-RKTASE scheme can be written as

(I − hαW )K̂1 = h f (Yn),

(I − hαW )K̂ j = K̂ j−1, j = 2, . . . , r ,

K1 = β11 K̂1 + . . . + β1r K̂r ,

(I − hαW )K̂r(i−1)+1 = h f (Yn + ∑i−1
j=1 ai j K j ), i = 2, . . . , s,

(I − hαW )K̂r(i−1)+ j = K̂r(i−1)+ j−1, j = 2, . . . , r ,

Ki = βi1 K̂r(i−1)+1 + . . . + βir K̂ri ,

Yn+1 = Yn + ∑s
i=1 bi Ki .
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Taking into account that K̂ j = K̂ j−1 + hαW K̂ j , we have

(I − hαW )K̂1 = h f (Yn),

(I − hαW )K̂ j = h f (Yn) + hαW
∑ j−1

l=1 K̂l , j = 2, . . . , r ,

K1 = β11 K̂1 + . . . + β1r K̂r ,

(I − hαW )K̂r(i−1)+1 = h f (Yn + ∑i−1
j=1 ai j K j ), i = 2, . . . , s,

(I − hαW )K̂r(i−1)+ j = h f (Yn + ∑i−1
j=1 ai j K j )+

hαW
∑ j−1

l=1 K̂r(i−1)+l−1, j = 2, . . . , r ,

Ki = βi1 K̂r(i−1)+1 + . . . + βir K̂ri ,

Yn+1 = Yn + ∑s
i=1 bi Ki .

and this leads to

(I − hαW )K̂1 = h f (Yn),

(I − hαW )K̂ j = h f (Yn) + hαW
∑ j−1

l=1 K̂l , j = 2, . . . , r ,

(I − hαW )K̂r(i−1)+ j = h f (Yn + ∑i−1
j=1 ai j

∑r
l=1 β jl K̂r(i−1)+ j )+

hαW
∑ j−1

l=1 K̂r(i−1)+l−1, i = 2, . . . , s, j = 2, . . . , r ,

Yn+1 = Yn + ∑s
i=1 bi

∑r
l=1 βil K̂r(i−1)+ j .

This is just an W -method with ŝ = sr stages whose vector b̂ and matrices Â, L are given
by

L =
⎛

⎜⎝
Lr

. . .

Lr

⎞

⎟⎠ ∈ R
rs×rs, Â =

⎛

⎜⎜⎜⎝

0
A21 0
...

As1 · · · As,s−1 0

⎞

⎟⎟⎟⎠ ∈ R
rs×rs,

b̂ = (b1β11, . . . , b1β1r , . . . , bsβs1, . . . , bsβsr )
T ,

with

Lr =

⎛

⎜⎜⎜⎝

0
1 0
...

. . .
. . .

1 · · · 1 0

⎞

⎟⎟⎟⎠ ∈ R
r×r , Ai j = ai j

⎛

⎜⎝
β j1 . . . β jr
...

β j1 . . . β jr

⎞

⎟⎠ ∈ R
r×r .

This equivalence allows us to analyze the order of Modified Singly-RKTASE methods
through the order conditions ofW -methods.Also, the absolute stability can be studied through
the W -methods. The stability function of a W -method is given by [5, 7]

R̂(z) = 1 + zb̂T (I − z( Â + Γ ))−11

and the limit of this function when z goes to infinity is given by

lim
z→∞ R̂(z) = 1 − b̂T ( Â + Γ )−11. (9)

We will use this to develop Modified Singly-RKTASE methods. Recall that

– A method is called A-stable if |R̂(z)| ≤ 1 for all Re z ≤ 0;
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Table 1 Order conditions for W -methods up to order 4

b̂T 1 = 1

b̂T ĉ = 1/2 b̂T Γ 1 = 0

b̂T ĉ2 = 1/3 b̂T Âĉ = 1/6 b̂T Γ 21 = 0 b̂T ÂΓ 1 = 0 b̂T Γ Â1 = 0

b̂T ĉ3 = 1/4 b̂T ( Âĉ · ĉ) = 1/8 b̂T Γ 31 = 0 b̂T ÂΓ 21 = 0 b̂T Γ ÂΓ 1 = 0

b̂T Âĉ2 = 1/12 b̂T Â2 ĉ = 1/24 bT Γ 2 Â1 = 0 b̂T Â2Γ 1 = 0 b̂T ÂΓ Â1 = 0

b̂T Γ Â21 = 0 b̂T Γ ĉ2 = 0 b̂T (( ÂΓ 1) · ĉ) = 0

Table 2 Order conditions for a Rosenbrock method (W = ∂ f /∂ y) up to order 4

b̂T 1 = 1

b̂T (Γ + Â)1 = 1/2

b̂T ĉ2 = 1/3 b̂T (Γ + Â)21 = 1/6

b̂T ĉ3 = 1/4 b̂T ( Â(Γ + Â)1) · ĉ = 1/8 b̂T (Γ + Â)ĉ2 = 1/12 b̂T (Γ + Â)31 = 1/24

– A method is said to be L-stable if it is A-stable and R̂(∞) = 0;
– A method is called A(θ)-stable if |R̂(z)| < 1 for all z such that arg(−z) ≤ θ , that is,

its stability region contains the left hand region of the complex plane with angle θ . If in
addition R̂(∞) = 0, it is called L(θ)-stable.

3 Order Conditions

Denoting Γ = α(I + L) ∈ R
ŝ×ŝ , and 1 = (1, . . . , 1)T ∈ R

ŝ , the order conditions for a
W -method are given in Table 1 (see e.g. [5, 7]).

In the case the operator W is exactly the Jacobian matrix, W = ∂ f /∂ y(tn, Yn)
(Rosenbrock-Wanner methods [8]), many elementary differentials become the same and
the order conditions reduce to those in Table 2.

Let us analyze the order conditions for a Modified Singly-RKTASE scheme expressed as
its equivalent W -method. We can take without losing generality

βi1 + . . . + βir = 1, i = 1, . . . , s (10)

because this is equivalent to re-scale the coefficients b, A of the underlying RK method.
First, the order conditions that do not involve the matrix Γ reduce to the order conditions

associated to the undelying RKmethod. For example, b̂T 1 = b1+ . . .+bs , or b̂T Âĉ = bT Ac
which lead to the corresponding equations of the RK method.

On the other hand, the form of the matrix L introduces some incompatibility between
some of the order conditions leading to the next theorem.

Theorem 1 A Modified Singly-RKTASE method can not have order r + 1.

Proof Since the matrix Γ is a block diagonal matrix with blocks α(Ir + Lr ), it is clear
that (Γ − α I )r = (αL)r = 0 because Lr is strictly lower triangular with dimension r .
Then, (Γ − α I )r1 = 0. If the method had order r + 1, by the order conditions it should be
b̂T (Γ − α I )r1 = αr which is not zero if α �= 0. 	
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With this result, a Modified Singly-RKTASE method with order p must have necessarily
r ≥ p.

4 Modified Singly-RKTASEMethods with Orders 2 and 3

4.1 Methods with s = 2, r = 2 and order 2

There exists a family of Runge–Kutta schemes with two stages and order two that depend on
one coefficient c2 given by

a21 = c2, b2 = 1

2c2
, b1 = 1 − b2.

Since bT Ac = 0 for any c2, the associated order condition of order three does not depend on
c2 and the other one vanishes for c2 = 2/3. So, we will take this value of c2.

The only remaining condition for a Modified Singly-RKTASE with s = r = 2 to achieve
order 2 is b̂TΓ 1 = 0 which is satisfied for

β22 = −(4 + β12)/3,

and β11 = 1−β12, β21 = 1−β22 according to (10). The limit of the stability function when
z approaches infinity for the case of our Modified Singly-RKTASE method of order two is
given by

R̂(∞) = lim
z→∞ R̂(z) = 1 − b̂T ( Â + Γ )−11 = −−7 + 12α − 6α2 + 6β12 + β2

12

6α2 .

There are two values of β12 that make R̂(∞) = 0. The one that yields better results in terms
of stability and accuracy is

β12 = −3 +
√
16 − 12α + 6α2.

There is only one free parameter α left, which we will use to maximize the stability region
and minimize the error coefficients. The 2-norm of the error coefficients of order 3 is given
by

C3 =
[
(b̂T Âĉ − 1/6)2 + (b̂TΓ 21)2 + (b̂T ÂΓ 1)2 + (b̂TΓ Â1)2

]1/2
.

The corresponding norm when W = F ′ is

D3 =
∣∣∣b̂T (Γ + Â)21 − 1/6

∣∣∣ .

The method is A-stable (and therefore L-stable) if α ∈ [0.3117, 3.257] and C3 and D3

increase monotonically when α increases, so the smallest value of α is more convenient. A
good value of the parameter is α = 32/100. With this value, we obtain an L-stable method
of order 2, which we will name MSRKTASE2. The error coefficients are given in Table 3.
For comparison, we also include in this Table the error coefficients of the Singly-RKTASE
of order 2 obtained in [4], named SRKTASE2. As we can see, the new method achieves
L-stability (SRKTASE2 has R̂(∞) = 1/2) and error coefficients that are about 20 times
smaller (40 times smaller in the case where W = f ′).

We could have used the parameterβ12 to obtain smaller error coefficientswithout imposing
the condition R(∞) = 0. For example we could nullify the coefficient D3 (order three for
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Table 3 Properties of the proposed methods

Method p α Cp Dp Cp+1 Dp+1 θ R̂(∞)

SRKTASE2 2 2 0 0 4.0035 4.1667 90◦ 0.5

MSRKTASE2 2 0.32 0 0 0.2129 0.1012 90◦ 0

SRKTASE3 3 1.8868 0 0 6.7171 6.6753 88.99◦ 0

MSRKTASE3a 3 0.54 0 0 0.1817 0.2288 88.23◦ 0

MSRKTASE3b 3 0.56 0 0 0.3968 0.0035 50.38◦ 0

ROW3b 3(2) 0.4358 0.1779 0 0.2802 0.0765 90◦ 0

SDIRK3 3 0.4359 0 0 0.0366 0.0366 90◦ 0

the case W = f ′) but in this case, we only achieve reasonable stability regions for large
values of α and C3 becomes very large (greater than one hundred).

The coefficients of the obtained method, MSRKTASE2, are given in the Appendix.

4.2 Methods with s = 3, r = 3 and Order 3

There exist a family of Runge–Kutta schemes with three stages and order three, defined by
the coefficients

a32 = c3(c2 − c3)

c2(3c2 − 2)
, b2 = 2 − 3c3

6c2(c2 − c3)
, b3 = 2 − 3c2

6c3(c3 − c2)
, b1 = 1 − b2 − b3,

depending on two free parameters c2 and c3 with c2 �= c3 and c2 �= 2/3.
The remaining conditions for a Modified Singly-RKTASE with s = r = 3 to achieve

order 3 form the set of four equations b̂TΓ 1 = 0, b̂TΓ 21 = 0, b̂T ÂΓ 1 = 0, b̂TΓ Â1 = 0
which can be solved for the parameters β12, β13, β23 and β33 (β11, β21 and β31 are obtained
from (10)), resulting in:

β12 = c3(−2 + 3c3)β22 − 3c22(6c3 + β32) + 2c2(9c23 + β32)

(c2 − c3)(2 − 3c3 + c2(−3 + 6c3))
,

β13 = −c3(−2 + 3c3)(1 + β22) − 3c22(1 + 4c3 + β32) + 2c2(1 + 6c23 + β32)

2(c2 − c3)(2 − 3c3 + c2(−3 + 6c3))

β23 = 1

2
(−1 − β22),

β33 = 1

2
(−1 − β32),

depending on the parameters c2, c3, β22 and β32. Note that in this family of methods of
order three, α is also a free parameter. Imposing β32 = β22 = β12 we obtain the third order
Singly-RKTASE methods obtained in [4].

The free parameters can be selected to maximize the stability region and to minimize the
coefficients of the leading term of the local error. For these methods of order three, it is also
satisfied that

b̂T ÂΓ Â1 = 0, b̂T Â2Γ 1 = 0, b̂TΓ Â21 = 0,

b̂TΓ ÂΓ 1 = 0, b̂TΓ ĉ2 = 0, b̂T ( ÂΓ 1) · ĉ = 0,
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and the other error coefficients of the term of order four are

C41 ≡ b̂T Â2ĉ − 1/24 = bT A2c − 1/24 = −1/24,

C42 ≡ (8b̂T ( Âĉ · ĉ) − 1)/24 = (8bT (Ac · c) − 1)/24 = (4c3 − 3)/72,

C43 ≡ (12b̂T Âĉ2 − 1)/24 = (12bT Ac2 − 1)/24 = (2c2 − 1)/24,

C44 ≡ (4b̂T ĉ3 − 1)/24 = (4bT c3 − 1)/24 = (2((c2(2 − 3c3) + 2c3) − 3)/72,

C45 ≡ b̂T ÂΓ 21

= α2
−2β22+6c3(3+β22)−3c23(3+β22)+2β32+9c22(3+β32)−3c2(6−β22+2c3(3+β22)+3β32))

12(c2−c3)(2−3c3+c2(−3+6c3))
,

C46 ≡ b̂T Γ 2ĉ = α2
(−2β22 + 3c3(3 + β22) + 2β32 − 3c2(3 + β32))

12(c2 − c3)
,

C47 ≡ b̂T Γ 31 = α3. (11)

If we solve b̂TΓ 2ĉ = 0 and b̂T ÂΓ 21 = 0 for β22 and β32 we obtain the method in [4],
independent of the values of c2 and c3.

The first four equations in (11) depend only on c2 and c3 and can not be satisfied simulta-
neously. The 2-norm of these four equations reaches its minimum value at c2 = 0.496188,
c3 = 0.764887, very close to c2 = 1/2, c3 = 3/4 for which

(
(24bT A2c − 1)2 + (12bT Ac2 − 1)2 + (8bT (Ac · c) − 1)2 + (4bT c3 − 1)2

)1/2

24

=
√
145

288
� 0.041811

From now on, we will take c2 = 1/2 and c3 = 3/4. Thus, we have three coefficients
α, β22, β32 to minimize the error coefficients and maximize the stability region.

The limit of the stability function of this method as z approaches infinity is given by

lim
z→∞ R̂(z) = 1 − b̂T ( Â + Γ )−11 = a0 + a1α − 288α2 + 96α3

96α3 ,

with

a0 = −(−3 + β22)(−3 + β32)(33 + 3β22 + 4β32),

a1 = −6(−45 + 12β22 + β2
22).

There are two values of β32 (as functions of α and β22) that make R̂(∞) = 0. We will select
one of these values and use the coefficients α and β22 to minimize the error coefficients and
maximize the L(θ)-stability angle.

The 2-norm of the error coefficients is given by

C4 = (C2
41 + · · · + C2

47)
1/2.

Minimizing this norm is equivalent to minimizing (the other coefficients are constant) C2
45 +

C2
46 + C2

47. A good compromise between large θ and small C4 is obtained for α = 0.54,
which yields β22 = −6.1 and β32 = −2.75034, resulting in a method, that we will name
MSRKTASE3a, with stability angle and error coefficients given in Table 3. The coefficients
of this method are given, with 32 digits, in the Appendix.
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Fig. 1 Boundary of the stability regions of the new methods (left). On the right, a zoom of the boundary near
the origin

Alternatively, we can minimize the 2-norm of the coefficients of the leading term in the
case that W is exactly the Jacobian matrix,

D4 = (D2
41 + · · · + D2

45)
1/2.

This is equivalent to minimize |D41| = b̂T (Γ + Â)31 − 1/24 (the other coefficients are
constant). This error coefficient can be vanished when

β22 = −3 − 1

3α2 + 8α.

Now, the remaining coefficient α can be used to minimizing θ and C4. Unfortunately, when
α decreases C4 decreases but θ increases. A good compromise between both quantities is
obtained when α = 0.56, which yields β22 = 0.417075 and β32 = −8.03347, resulting in a
method, that we will name MSRKTASE3b, with stability angle and error coefficients given
in Table 3. The coefficients of this method, with 32 digits, are given in the Appendix.

In Fig. 1 we plot the boundary of the stability regions of the proposed methods. The
method with minimal D4 is shown in red-dashed, the method with minimal C4 in red-solid,
and the method from [4] in blue.

We can see from these results that the new method MSRKTASE3a, has similar stability
properties to the method of order 3 in [4], but has about 35 times smaller error coefficients.
The new method is expected to provide more accurate approximations than the one in [4].
The other method, MSRKTASE3b, also has much smaller error coefficients, although the
stability angle is smaller. Nonetheless, its stability region is not significantly worse.

5 Numerical Experiments

To evaluate the performance of the new methods, we considered two test problems and
integrated themusing the twonewmethods,MSRKTASE3a andMSRKTASE3b. For compar-
ison,we also used themethod proposed in [4] (SRKTASE3) to demonstrate the improvements
of these newmodified singly-RKTASEmethods over the previous singly-RKTASEmethods.
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Fig. 2 Efficiency plot for
Diffusion problem

Additionally, to benchmark the performance of the newmethods against other knownRunge–
Kutta methods for stiff problems, we integrated the problems with a Singly-Diagonally
Implicit RK method of order 3 (SDIRK3), proposed in [9, 10], that uses s=4 stages, and
also with the W-method ROW3b with s=3, order 2 but order 3 when W = F ′, proposed by
Gonzalez-Pinto and coworkers in [11]. The norm of the coefficients of the leading term of
the local error of these methods is given in Table 3. Since the SDIRK3 method is implicit, we
used a simplified Newton method to solve the stage equations, approximating the Jacobian
matrix with the matrix W used in the TASE operators.

For each method and problem, we computed the CPU time required for solving it and the
2-norm of the global error at the end of the integration interval. These data points allowed us
to plot the global error (in logarithmic scale) against the CPU time, resulting in an efficiency
plot.
Problem 1: (taken from [1] and [2]) The 1D diffusion of a scalar function y = y(x, t), with
a time dependent source term

∂ y

∂t
= ∂2y

∂x2
+ 0.1 sin(t/50), y(x, 0) = 1 − cos(x)101, −π ≤ x ≤ π, t ∈ [0, 6].

The solution y = y(x, t) is assumed to be 2π -periodic in x . For the spatial discretization, we
used fourth-order centered difference schemes with a grid resolution of N = 512, assuming
periodic boundary conditions. The real part of the eigenvalues of the Jacobian matrix of the
semi-discrete problem ranges from −3.5 × 104 to 2.79 × 10−5.

The efficiency plot of the methods for this problem is depicted in Fig. 2.
Since for this problem the operator I − Δt αW is constant, just one LU factorization

is needed and the number of triangular linear systems solved is relevant for the total com-
putational cost. The method MSRKTASE3b is as efficient as SDIRK3. MSRKTASE3b has
higher computational cost per step (9 linear systems) than SDIRK3 (4 linear systems, since
the problem is linear), but MSRKTASE3b has an error coefficient about ten times smaller
than SDIRK3, resulting globally in similar efficiency. MSRKTASE3a is less efficient due
to is larger error coefficient, and is clearly more efficient than SRKTASE3. On the other
hand, ROW3b is the most efficient. This is due to its computational cost. ROW3b has an
error coefficient larger than the ones of SDIRK3 and MSRKTASE3b but it requires only the
solution of 3 linear systems per step.
Problem 2: The 1D Burgers’ equation written in the conservative form

∂ y

∂t
= 0.1

∂2y

∂x2
− ∂

∂x

( y

2

)2
, y(x, 0) = 1 − cos(x)101, −π ≤ x ≤ π, t ∈ [0, 6].
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Fig. 3 Efficiency plot for Burger’s problem integrated with W the Jacobian matrix evaluated at every step
(left) and W the Jacobian matrix evaluated just at the initial time step (right)

Fig. 4 Efficiency plot for
Burger’s problem integrated with
W equal to the matrix of
diffusion term

The solution y = y(x, t) is assumed to be 2π -periodic in x . For the spatial discretization, a
fourth-order centered difference scheme with grid resolution of N = 512 has been taken.

The real part of the eigenvalues of the Jacobianmatrix of the semi-discrete problem ranges
from −3.5 × 103 to 2.6 × 10−6.

We integrated Burger’s problem using the four methods with three different options for the
matrixW . Firstly, the Jacobianmatrix is evaluated at every time step andW = ∂ f (tn, yn)/∂ y.
With this option, the LU matrix factorization had to be computed at every step, increasing the
computational cost. Secondly, the Jacobian matrix was evaluated only at the initial time step
andW = ∂ f (t0, y0)/∂ y, requiring only one LU factorization and considerably reducing the
CPU time. However, this could affect the accuracy in the case of TASE or W -methods, or
the number of iterations required to solve the non linear system in the case of the SDIRK
method. Finally,W was taken as the linear part of the semi-discrete differential equation (the
matrix of the diffusion term). The computational cost is similar to the second option, but the
accuracy could be lower. This option provided insight into the methods behaviour when W
poorly approximates the Jacobian matrix.

Figures 3 and 4 show the efficiency plots for Burger’s problem integrated with these three
options. As shown in the Figures, evaluating the Jacobian matrix only at the initial step
reduces the CPU time but increases the global error for the TASE-based and W -methods,
where the local error depends onW and is smaller when it coincides with the Jacobianmatrix.
For the SDIRK3 method, the error does no vary significantly with different W , but solving
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the nonlinear system requires more iterations when the Jacobian matrix is less accurately
approximated, thereby increasing the computational cost.

MSRKTASE3a exhibited stability issues with the two largest time steps when W is not
the Jacobian matrix at every step, likely due to a high sensitivity of the stability function to
parameter changes. MSRKTASE3b also showed stability problems with the largest time step
size and the poorest approximation of the Jacobian matrix. Further research is being carried
out in this regard.

Concerning the efficiency of the methods, when the Jacobian matrix is evaluated at every
step, SDIRK3 is themost efficient, followed byROW3b,MSRKTASE3b and then byMSRK-
TASE3a. SRKTASE3 is the least efficient due to its larger error coefficients. When the
Jacobian matrix is evaluated only at the initial point, ROW3b is the most efficient, MSRK-
TASE3a andMSRKTASE3b are more efficient than the other two while SRKTASE3 remains
the least efficient. Finally, when the matrix W is the matrix of the diffusion term, ROW3b is
the most efficient for large time steps, MSRKTASE3a is more efficient for small time steps,
where it has no stability problems, due to the relevance of the error coefficient C4. MSRK-
TASE3b remains more efficient than SDIRK3 and SRKTASE3 is also more efficient than
SDIRK3 except for the smallest time step. The solution of the nonlinear equations makes
SDIRK3 less efficient.

6 Conclusions

We presented a modification of the Singly-RKTASE methods for the numerical solution
of stiff differential equations by taking different TASE operators for each stage of the
RK method. We proved that these methods are equivalent to W -methods which enabled
us to derive the order conditions when the TASE operators have order smaller than the
order p of the Runge–Kutta scheme. For the case where p = 3 we obtained Modi-
fied Singly-RKTASE methods that significantly reduce the error coefficients compared to
Singly-RKTASE methods, while maintaining stability.

Numerical experiments on both linear and nonlinear stiff systems demonstrate that the
modified Singly-RKTASE methods provide significant improvements in accuracy and com-
putational efficiency over the original Singly-RKTASE schemes, making them competitive
with other methods such as Diagonally Implicit RK methods.

Appendix

Coefficients of MSRKTASE2

a21 = c2 = 2/3 α = 32/100

b1 = 3/4 b2 = 1/4

β11 = (100 − 4
√
499)/25 β12 = (−75 + 4

√
499)/25

β21 = (100 + 4
√
499)/75 β22 = (−25 − 4

√
499)/75
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Coefficients of MSRKTASE3a

a21 = c2 = 1/2 α = 0.54

a31 = 0 a32 = 3/4

b1 = 2/9 b2 = 3/9 b3 = 4/9

β11= 0.92466320178194297434672863058714

β12= 1.1506735964361140513065427388257

β13= -1.0753367982180570256532713694129

β21 = 4.55 β22 = −6.1 β23 = 2.55

β31= 2.8751683991090285128266356847064

β22= -2.7503367982180570256532713694129

β33= 0.87516839910902851282663568470643

Coefficients of MSRKTASE3b

a21 = c2 = 1/2 α = 0.56

a31 = 0 a32 = 3/4

b1 = 2/9 b2 = 3/9 b3 = 4/9

β11 = 0.52933603459112005443704838153687

β12 = 1.9413279308177598911259032369263

β13 = −1.4706639654088799455629516184631

β21 = 1.2914625850340136054421768707483

β22 = 0.41707482993197278911564625850340

β23 = −0.70853741496598639455782312925170

β31 = 5.5167350439289297686998431561703

β22 = −8.0334700878578595373996863123407

β33 = 3.5167350439289297686998431561703
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