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Abstract

Singly-TASE operators for the numerical solution of stiff differential equations were proposed
by Calvoetal. in J.Sci. Comput. 2023 to reduce the computational cost of Runge—Kutta-TASE
(RKTASE) methods when the involved linear systems are solved by some LU factorization.
In this paper we propose a modification of these methods to improve the efficiency by
considering different TASE operators for each stage of the Runge—Kutta. We prove that
the resulting RKTASE methods are equivalent to W-methods (Steihaug and Wolfbrandt,
Mathematics of Computation,1979) and this allows us to obtain the order conditions of the
proposed Modified Singly-RKTASE (MSRKTASE) methods through the theory developed
for the W-methods. We construct new MSRKTASE methods of order two and three and
demonstrate their effectiveness through numerical experiments on both linear and nonlinear
stiff systems. The results show that the MSRKTASE schemes significantly enhance efficiency
and accuracy compared to previous Singly-RKTASE (SRKTASE) schemes.

Keywords Differential equations - Stiff problems - Runge—Kutta methods - Time-marching
methods - Singly-TASE operators

1 Introduction

Solving stiff initial value problems (IVPs) efficiently and accurately remains a significant
challenge in numerical analysis. Explicit Runge—Kutta (RK) method, face limitations when
applied to stiff systems due to their stability restrictions. To address these limitations, a new
class of time-advancing schemes for the numerical solution of stiff IVPs was proposed by
Bassenne, Fu, and Mani in [1]. They introduced the concept of TASE (Time-Accurate and
Stable Explicit) operators, designed to enhance the stability of explicit RK methods. In this
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approach, instead of solving the differential system
d d
EYU)ZFUJTHL Y (1)) = Yo € R (1)
they proposed to solve another (stabilized) [VP
d d
ZEUO%=TFUJK0L U) =Up =Yy € RY, 2

where T = T(Ar) € RY*? is a linear operator that may depend on the time step size
At > 0 and on F, so that if Ugrg (¢,) is the numerical approximation at #, of the solution
of Eq. (2) obtained by integrating it with an explicit RK method of order p, then it satisfies
Urk (to + A1) — Y (19 + A1) = O(APTD), ie., approximates the local solution of Eq. (1)
with order p, and also satisfies some stability requirements that are necessary for solving
stiff systems such as A- or L- stability. In this way, the introduction of the TASE operator
into the original governing Eq. (1) allows us to overcome the numerical stability restrictions
of explicit RK time-advancing methods for solving stiff systems.

In terms of the accuracy order of the numerical solution of Eq. (2), if the explicit RK
scheme has order p and if the TASE operator satisfies

T(At) =1 + 0(At?), 3)

it can be easily proved that the numerical solution of the stabilized system Eq. (2), Urk (),
provided by an explicit RK method of order p has at least order min(p, ¢). Some specific
schemes combining explicit p—stage RK methods with orders p < 4 and TASE operators
with the same order were derived in [1].

A more general family of TASE operators was derived in [2] by taking

p
T(At) =Y B;(I — At o; W)™, )
j=1

where W is an approximation to the Jacobian matrix of the vector field F at the current
integration step (t,, Urk (), aj > 0, j = 1, ..., p, are free real parameters, and 8; are
uniquely determined by the condition 7),(At) = I 4+ O(At”). The free parameters «; were
selected to improve the linear stability properties of an explicit RK method with order p
for the scaled equation Eq. (2). Further generalization of TASE operators were given in [3],
where complex coefficients were allowed in the operator, yet working in real arithmetic.

In the TASE operators described by Eq. (4), each evaluation of T involves the solution of
p linear systems with matrices (I — At a; W), j =1, ..., p.If these systems are to be solved
by some LU matrix factorization, it would be much more efficient if the o ; coefficients were
all equal, but this is not compatible with order p for the TASE operator.

To make the methods more efficient, Calvo et al. [4] developed a different family of TASE
operators, termed Singly-TASE operators, defined by

P
Tp(At) =Y B;(I — At a; W)~/ 5)
j=1

These operators lead to significant improvements in computational efficiency while main-
taining the stability and accuracy necessary for solving stiff problems.
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For an s—stage explicit RK method defined by the Butcher tableau

0
c2|azi i1

Ci :Za[j, i:2,...,S,
Cs|ds] Ag2 ... Ag 5—1 Jj=l

by by ... bs_1 b

the numerical solution of Eq. (2) by a Singly-RKTASE method is advanced from (¢, Ug) —
(t1 = to + At, Uy) by the formula

Uy =Uy+ At by K1+ ...+ bs K],
where K, j = 1,..., s are computed recursively from the formulas

Ky =T F(t, Uo),

Ky =T F(tyg + cpAt, Uy + At a1 Ky),
. (6)

Ko =T F(to+ a1, Up+ At T} agKj ).

In this paper, we propose a further modification of the Singly-RKTASE methods to enhance
efficiency, so that for the ith stage of the RK method we use a TASE operator defined by

,
Ti:Zﬂij (I—AtaW)™, a>0. )

j=1
The coefficients « > 0, r and B;;, j = 1,...,r must be determined so that the resulting

modified singly-RKTASE method

Ky =T F(t, Uo),
Ky =T, F(tg + coAt, Uy + At ar1 K1),

: 3)
s—1

K, =T, F(to-i—cht, Uy + At ijlast]) ,

Uy =Uy+ At[b1 K1+ ...+ byK]

has order p. Compared to Singly-RKTASE methods, instead of s coefficients 8; we have
sr coefficients f;;, providing more freedom to improve accuracy and stability properties.
Although we could take different r; for each stage, we have taken the same r for simplicity.
In order to get order p for the resulting MSRKTASE method, we can impose, as with Singly-
RKTASE methods, that all operators 7; in (7) have order p. However, this is only achieved
if r > p. For r = p the coefficients f;; are uniquely determined, resulting in a Singly-
RKTASE and if r > p we get more freedom in the coefficients, but at the price of increasing
the computational cost. Then, we will consider operators 7; with order ¢ < p. In this case,
only order min(gq, p) < p is guaranteed. Fortunately, we will see that if r = p it is possible
to get final order p with operators 7; with orders ¢ < p. This will be done by studying the
conditions that the methods’s coefficients must satisfy to achieve order p, using the order
theory of W-methods [5], following the ideas in [6].

The rest of the paper is organized as follows. In Section 2, we prove that modified Singly-
RKTASE methods are a particular case of W-methods. In Section 3, we derive the conditions
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that the coefficients f;; and o of the MSRKTASE must satisfy to have order p. In section
4 we develop MSRKTASE methods of orders 2 and 3 with optimal stability and accuracy
properties. Finally, in section 5, through numerical experiments, we show the effectiveness
of the newly developed methods, highlighting their potential for solving both linear and
nonlinear stiff systems with improved performance.

2 Connection Between Modified Singly-RKTASE and W-Methods

Given a matrix W (usually some approximation to the Jacobian matrix of the vector field
F(t, Y) at the current integration point (¢,, ¥,;)) a singly W-method [5] with § stages provides
an approximation to the solution of Eq. (1) at #,,41 = t, + h by the formulas

(I = haW)K1 = hf (Yy),
(I —haW)K; = hf (Y, + Y72\ @i Kj) + haW Y2\ 1K, i=2,....3
Yor1 = Yo+ Y0, biK;.

The coefficients of the method can be arranged in a Butcher tableau as

0
o 52 &21 121
cl|A|L .o
T |« ~la " ’
Cs |ds1 s=1 g1 - L5

On the other side, the product of the operator 7; in (7) by a vector v can be written as

wy = (I —haW) v,
wij=I—haW)lw;_y, j=2,....r
Tiv=Bihwr+...+ Birw,.

Then, the Eqgs. (7)(8) defining a Modified Singly-RKTASE scheme can be written as

(I — haW)Ky = hf (Ys),

(I —haW)K; = Kj-1, j=2,....r,
Ki=puki+...+pi- K,

(- haW)I?r(ifl)H =hf, + 23;11 aijKj), i=2,...,s,
(I —haW)Kri-1y1j = Krgoiyejm1, j=2,....1,

Ki = B Ki-1yr1 + ...+ BirKri,

Yig1r =Yn + Z}vzl biK;.
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Taking into account that fj = 1@-4 + ho WI?,-, we have
(I — haW)Ky = hf (Yy),
(I —haW)Kj = hf (V) +haW I K1, j=2,...,r,
Ki=Buki+...+ Bk,
(I = haW)Kpi-1y11 = hf Yy + X' aijK)), i=2.....5,
(I —haW)Kr-ny4j = hf (Vo + X725 aijK )+
haW le;ll E,(i_1)+1_1, Jj=2,...,r1,
Ki = Bl Kr—1y+1 + ...+ Bir Ko,
Yor1 =Y+, biKi.
and this leads to
(I —haW)Ki = hf (Yy),
(I —haW)K; = hf (V) +haW Y12 K1 j=2,....r,
(I — haW)Kyi—1y+j = hf Yy + Z_i,;ll aij Yoy BitKri—1y+ )+
haW le:_l] I?r(iq)ﬂ—l, i=2,...,8, j=2,...,r,
Yoi1 =Yu+ Y01 bi Y0y BuKe-1y1)-
This is just an W-method with § = sr stages whose vector b and matrices A, L are given
by
Ly
L= . eER™. A= . € RS
L, Agp -+ As5-1 0
b=b1Bi1s - b1Birs s bsBsts - bsBsr)T
with
? 0 Bjr --- Bijr
Ly=1.. . eR™, Aj=a;| e R,
1 1'0 Bj1 --- Bjr
This equivalence allows us to analyze the order of Modified Singly-RKTASE methods

through the order conditions of W-methods. Also, the absolute stability can be studied through
the W-methods. The stability function of a W-method is given by [5, 7]

R =1+z0"U-zA+ )™ 1
and the limit of this function when z goes to infinity is given by
lim Rz) =1-b"(A+1'L ©9)
7—>00
We will use this to develop Modified Singly-RKTASE methods. Recall that
— A method is called A-stable if |I§(z)| <1forallRez <0;
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Table 1 Order conditions for W-methods up to order 4

br1=1

bre=1/2 b'ri=o0

bTe2 =13 bTAc=1/6 bTr21=o0 bTAr = bTrA1=o0

bTe3 =1/4 bTAe-&=1/8 bTr31=o0 bTAr1 = bTrAri=o0

bT A2 =1/12 bT A2 =1/24 pTr2A1=0 bTA%2r1=o0 bTAri1=o0
Tri’21=0 Tré? =0 bT((Ar1)-8) =0

Table 2 Order conditions for a Rosenbrock method (W = 9 f/dy) up to order 4

T1=1

Pr(r+A1=1/2
bre2 =173 BT (r + A)?1=1/6
bTed =174 bTA(r+A)1)-¢=1/8 b (r + A)é? =1/12 BT (I + A*1=1/24

— A method is said to be L-stable if it is A-stable and Ié(oo) =0;

— A method is called A(0)-stable if |I§(z)| < 1 for all z such that arg(—z) < 6, that is,
its stability region contains the left hand region of the complex plane with angle 6. If in
addition R(o0) = 0, it is called L(6)-stable.

3 Order Conditions

Denoting I' = (I + L) € RS and 1 = 1,....,hl ¢ RS, the order conditions for a
W-method are given in Table 1 (see e.g. [5, 7]).
In the case the operator W is exactly the Jacobian matrix, W = 9 f/0y(t,, ¥y)

(Rosenbrock-Wanner methods [8]), many elementary differentials become the same and
the order conditions reduce to those in Table 2.

Let us analyze the order conditions for a Modified Singly-RKTASE scheme expressed as
its equivalent W-method. We can take without losing generality

Bi1+...+Br=1, i=1,...,s (10)

because this is equivalent to re-scale the coefficients b, A of the underlying RK method.
First, the order conditions that do not involve the matrix I" reduce to the order conditions
associated to the undelying RK method. For example, hT1 = bi+...+bs,or bTAé =bT Ac
which lead to the corresponding equations of the RK method.
On the other hand, the form of the matrix L introduces some incompatibility between
some of the order conditions leading to the next theorem.

Theorem 1 A Modified Singly-RKTASE method can not have order r + 1.

Proof Since the matrix I" is a block diagonal matrix with blocks «(I, + L,), it is clear
that (I" — al)” = (a¢L)” = 0 because L, is strictly lower triangular with dimension r.
Then, (I" — «al)"1 = 0. If the method had order r + 1, by the order conditions it should be
bT(I' — al)"1 = o which is not zero if & # 0. O
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With this result, a Modified Singly-RKTASE method with order p must have necessarily
r > p-

4 Modified Singly-RKTASE Methods with Orders 2 and 3
4.1 Methods withs = 2, r = 2 and order 2

There exists a family of Runge—Kutta schemes with two stages and order two that depend on
one coefficient ¢, given by
1
a =c3, by=-—, by=1-bs.
2¢o

Since b7 Ac = 0 for any ¢, the associated order condition of order three does not depend on
¢ and the other one vanishes for ¢, = 2/3. So, we will take this value of c;.

The only remaining condition for a Modified Singly-RKTASE with s = r = 2 to achieve
order 2 is bT I'l = 0 which is satisfied for

P =—(4+ B12)/3,

and 811 = 1 — B12, B21 = 1 — B2 according to (10). The limit of the stability function when
z approaches infinity for the case of our Modified Singly-RKTASE method of order two is
given by

7+ 120 — 6a% + 6B12 + B3,
602 ’

R(c0) = Jim R =1-b"A+Ir)1=-

There are two values of 81, that make Ié(oo) = 0. The one that yields better results in terms
of stability and accuracy is

B2 = =3+ 16 — 120 + 602.

There is only one free parameter « left, which we will use to maximize the stability region
and minimize the error coefficients. The 2-norm of the error coefficients of order 3 is given
by

A N U PO 1/2
Cy = [(bTAé —1/6)> + BT 12 + BT Ar? + (bTFAl)z]
The corresponding norm when W = F’ is
Dy = b7 (I + A1 —-1/6).

The method is A-stable (and therefore L-stable) if « € [0.3117,3.257] and C3 and D3
increase monotonically when « increases, so the smallest value of « is more convenient. A
good value of the parameter is « = 32/100. With this value, we obtain an L-stable method
of order 2, which we will name MSRKTASE2. The error coefficients are given in Table 3.
For comparison, we also include in this Table the error coefficients of the Singly-RKTASE
of order 2 obtained in [4], named SRKTASE2. As we can see, the new method achieves
L-stability (SRKTASE2 has Ii’(oo) = 1/2) and error coefficients that are about 20 times
smaller (40 times smaller in the case where W = f7).

We could have used the parameter 815 to obtain smaller error coefficients without imposing
the condition R(oco) = 0. For example we could nullify the coefficient D3 (order three for
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Table 3 Properties of the proposed methods

Method p o Cp Dy Cpt1 Dy 0 R(c0)
SRKTASE2 2 2 0 0 4.0035  4.1667  90° 0.5
MSRKTASE2 2 0.32 0 0 02129  0.1012  90° 0
SRKTASE3 3 1.8868 0 0 6.7171 6.6753  88.99° 0
MSRKTASE3a 3 0.54 0 0 0.1817 02288  88.23° 0
MSRKTASE3b 3 0.56 0 0 03968  0.0035  50.38° 0
ROW3b 32) 04358 01779 0 0.2802  0.0765  90° 0
SDIRK3 3 0.4359 0 0.0366  0.0366  90° 0

the case W = f”) but in this case, we only achieve reasonable stability regions for large
values of o and C3 becomes very large (greater than one hundred).
The coefficients of the obtained method, MSRKTASE?2, are given in the Appendix.

4.2 Methods withs = 3, r = 3 and Order 3

There exist a family of Runge—Kutta schemes with three stages and order three, defined by
the coefficients

c3(cp —¢3) 2 —3c3 2—3c
= bh=——"— bi=———, b =1-by—b3,
c2(3c2 —2) 6c2(c2 — c3) 6c3(c3 — c2)

depending on two free parameters ¢, and ¢3 with ¢ # ¢3 and ¢2 # 2/3.

The remaining conditions for a Modified Singly-RKTASE with s = r = 3 to achieve
order 3 form the set of four equations brr1 = 0, bpTr21 = 0, bTAI'l = 0, bTri1 =0
which can be solved for the parameters 812, 813, 823 and 833 (811, B21 and B3 are obtained
from (10)), resulting in:

c3(=2 + 3¢3) oz — 3c3(6¢3 + B32) + 2c2(9¢3 + B3)
(c2 — 3)(2 — 3c3 + c2(—=3 + 6¢3))
e3(=2 +3c3)(1 + B22) — 3¢5 (1 +4c3 + B32) + 2¢2(1 + 6¢5 + B)
2(c2 — ¢3)(2 — 3¢5 + c2(=3 + 6¢3))

’

B2 =

Bz =—

1
B3 = 5(—1 — B2),

1
B33 = 5(_1 = B32),

depending on the parameters ¢y, c3, f22 and B3y. Note that in this family of methods of
order three, « is also a free parameter. Imposing 832 = B2> = B12 we obtain the third order
Singly-RKTASE methods obtained in [4].

The free parameters can be selected to maximize the stability region and to minimize the
coefficients of the leading term of the local error. For these methods of order three, it is also
satisfied that
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and the other error coefficients of the term of order four are

Cy=bTA%% — 124 =b" A%c — 1/24 = —1/24,

Cir = 86T (A¢- &) — 1)/24 = (8bT (Ac - ¢) — 1)/24 = (4¢3 — 3)/72,

Cuz = (1267 A% — 1) /24 = (12bT Ac* — 1)/24 = (2¢, — 1)/24,

Cus = (40783 — 1)/24 = @bT 3 — 1)/24 = 2((c2(2 — 3¢3) + 2¢3) — 3)/72,

Cys5 = bTAr%1
o2 —2p22+6¢3 (3+/322)—3C§(3+/322)+2/332 +9C§(3+532) —3c2(6—B22+2c3(3+P22)+3B32))
12(cp —c3)(2—3c3+c2(—3+6¢3))
o2 (=2B22 + 33 + B22) +2B32 — 3¢23 + B32))
12(cz — ¢3) '
Cy=bTr*1=0° (11)

B

Cy6 = bTr2e=

If we solve b7 I'2¢ = 0 and b7 AI'*1 = 0 for B2 and B3> we obtain the method in [4],
independent of the values of ¢, and c3.

The first four equations in (11) depend only on ¢, and ¢3 and can not be satisfied simulta-
neously. The 2-norm of these four equations reaches its minimum value at ¢c; = 0.496188,
c3 = 0.764887, very close to ¢ = 1/2, ¢3 = 3/4 for which

(2467 A%c — 1) 4 (127 Ac? — 1)2 + (87 (Ac - ¢) — 1) + (4bT 3 — 1)2)/?
24
/145
= —— ~0.041811
288
From now on, we will take ¢c; = 1/2 and ¢3 = 3/4. Thus, we have three coefficients

o, B2, B32 to minimize the error coefficients and maximize the stability region.
The limit of the stability function of this method as z approaches infinity is given by

ap + ajo — 288a2 + 9603
9603

)

lim Rx)=1-bTA+I) 1=
7—>00

with
ag = — (=3 + B22) (=3 + B32)(33 + 3B + 4B32),
ar = —6(—45 + 1282 + B3).

There are two values of f3; (as functions of « and 57 ) that make R (00) = 0. We will select
one of these values and use the coefficients o and 8, to minimize the error coefficients and
maximize the L(6)-stability angle.

The 2-norm of the error coefficients is given by

Cy=(CH+---+Ci)'V2

Minimizing this norm is equivalent to minimizing (the other coefficients are constant) CZS +
Cf6 + Cf7. A good compromise between large 6 and small Cy4 is obtained for « = 0.54,
which yields B2 = —6.1 and B3, = —2.75034, resulting in a method, that we will name
MSRKTASE3a, with stability angle and error coefficients given in Table 3. The coefficients
of this method are given, with 32 digits, in the Appendix.

@ Springer



3 Page100f 15 Journal of Scientific Computing (2025) 103:3

—— SRKTASES3 (88.99) —— MSRKTASE3a (88.23)
----- MSRKTASE3b (50.38)

4F T =
Imz r \

20¢ K e ] ol Tl >_.~ ]
10} : ] —
‘\ 0y <
' v 0 2 Rez
0 Re z 3 =4
-10f : S 2 e > |
-20f ] /
. . . . . “4bco Ol d
-20 -10 0 10 20 30 -1.5 -1.0 -05 0.0 0.5 1.0 1.5

Fig. 1 Boundary of the stability regions of the new methods (left). On the right, a zoom of the boundary near
the origin

Alternatively, we can minimize the 2-norm of the coefficients of the leading term in the
case that W is exactly the Jacobian matrix,

Dy = (D}, +---+ DiH'V2.

This is equivalent to minimize |D4j| = bT r + 4)31 — 1/24 (the other coefficients are
constant). This error coefficient can be vanished when

B2 = -3 + 8a.

302
Now, the remaining coefficient o can be used to minimizing 8 and C4. Unfortunately, when
o decreases C4 decreases but 0 increases. A good compromise between both quantities is
obtained when o = 0.56, which yields 82> = 0.417075 and B3p = —8.03347, resulting in a
method, that we will name MSRKTASE3b, with stability angle and error coefficients given
in Table 3. The coefficients of this method, with 32 digits, are given in the Appendix.

In Fig. 1 we plot the boundary of the stability regions of the proposed methods. The
method with minimal D4 is shown in red-dashed, the method with minimal Cy4 in red-solid,
and the method from [4] in blue.

We can see from these results that the new method MSRKTASE3a, has similar stability
properties to the method of order 3 in [4], but has about 35 times smaller error coefficients.
The new method is expected to provide more accurate approximations than the one in [4].
The other method, MSRKTASE3b, also has much smaller error coefficients, although the
stability angle is smaller. Nonetheless, its stability region is not significantly worse.

5 Numerical Experiments

To evaluate the performance of the new methods, we considered two test problems and
integrated them using the two new methods, MSRKTASE3a and MSRKTASE3b. For compar-
ison, we also used the method proposed in [4] (SRKTASE3) to demonstrate the improvements
of these new modified singly-RKTASE methods over the previous singly-RKTASE methods.
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Fig. 2 Efficiency plot for -
Diffusion problem W=afloy(t,y,) _e_MF;};L/;iESSEa
—#e MSRKTASEb
ROW3b
10—5 L —3- SDIRK3
—
<]
W
;\“\‘
10710} TR
0 1 2 3
CPU time

Additionally, to benchmark the performance of the new methods against other known Runge—
Kutta methods for stiff problems, we integrated the problems with a Singly-Diagonally
Implicit RK method of order 3 (SDIRK3), proposed in [9, 10], that uses s=4 stages, and
also with the W-method ROW3b with s=3, order 2 but order 3 when W = F’, proposed by
Gonzalez-Pinto and coworkers in [11]. The norm of the coefficients of the leading term of
the local error of these methods is given in Table 3. Since the SDIRK3 method is implicit, we
used a simplified Newton method to solve the stage equations, approximating the Jacobian
matrix with the matrix W used in the TASE operators.

For each method and problem, we computed the CPU time required for solving it and the
2-norm of the global error at the end of the integration interval. These data points allowed us
to plot the global error (in logarithmic scale) against the CPU time, resulting in an efficiency
plot.

Problem 1: (taken from [1] and [2]) The 1D diffusion of a scalar function y = y(x, t), with
a time dependent source term
2

% = % +0.1sin(/50), y(x,0) =1—cos(x)!?!, -7 <x<m, 1€]0,6].
The solution y = y(x, ¢) is assumed to be 27 -periodic in x. For the spatial discretization, we
used fourth-order centered difference schemes with a grid resolution of N = 512, assuming
periodic boundary conditions. The real part of the eigenvalues of the Jacobian matrix of the
semi-discrete problem ranges from —3.5 x 10 to 2.79 x 1073,

The efficiency plot of the methods for this problem is depicted in Fig. 2.

Since for this problem the operator I — At aW is constant, just one LU factorization
is needed and the number of triangular linear systems solved is relevant for the total com-
putational cost. The method MSRKTASE3b is as efficient as SDIRK3. MSRKTASE3b has
higher computational cost per step (9 linear systems) than SDIRK3 (4 linear systems, since
the problem is linear), but MSRKTASE3b has an error coefficient about ten times smaller
than SDIRK3, resulting globally in similar efficiency. MSRKTASE3a is less efficient due
to is larger error coefficient, and is clearly more efficient than SRKTASE3. On the other
hand, ROW3b is the most efficient. This is due to its computational cost. ROW3b has an
error coefficient larger than the ones of SDIRK3 and MSRKTASE3b but it requires only the
solution of 3 linear systems per step.

Problem 2: The 1D Burgers’ equation written in the conservative form

ay 9%y d (y 2
ar  ax?  dx

E)’ Y, 0)=1—cos()!Y, —x<x<m 1el0,6]
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10° 10°

—O— SRKTASE3 —6— SRKTASES
W=0 flo Y(tnyyn) —0—MSRKTASEa * W=9 f/0 Y(tovyo) —O—MSRKTASEa
—#- MSRKTASEb —A- MSRKTASEb

ROW3b
—O- SDIRK3

ROW3b
—0- SDIRK3

Error
Error

10°

0 5 10 15 20 25 0 1 2 3
CPU time CPU time

Fig. 3 Efficiency plot for Burger’s problem integrated with W the Jacobian matrix evaluated at every step
(left) and W the Jacobian matrix evaluated just at the initial time step (right)

Fig.4 Efficiency plot for 10° |
Burger’s problem integrated with I
W equal to the matrix of |
I
|

—6— SRKTASE3
W 0fl0y(tyy,) |<—msrrtasea
0’70
—#- MSRKTASEb
ROW3b
—3~ SDIRK3

diffusion term

Error

CPU time

The solution y = y(x, t) is assumed to be 2 -periodic in x. For the spatial discretization, a
fourth-order centered difference scheme with grid resolution of N = 512 has been taken.

The real part of the eigenvalues of the Jacobian matrix of the semi-discrete problem ranges
from —3.5 x 10° t0 2.6 x 107°.

We integrated Burger’s problem using the four methods with three different options for the
matrix W. Firstly, the Jacobian matrix is evaluated at every time stepand W = 9 f(#,, y,)/9y.
With this option, the LU matrix factorization had to be computed at every step, increasing the
computational cost. Secondly, the Jacobian matrix was evaluated only at the initial time step
and W = 9 f (t, y0) /9y, requiring only one LU factorization and considerably reducing the
CPU time. However, this could affect the accuracy in the case of TASE or W-methods, or
the number of iterations required to solve the non linear system in the case of the SDIRK
method. Finally, W was taken as the linear part of the semi-discrete differential equation (the
matrix of the diffusion term). The computational cost is similar to the second option, but the
accuracy could be lower. This option provided insight into the methods behaviour when W
poorly approximates the Jacobian matrix.

Figures 3 and 4 show the efficiency plots for Burger’s problem integrated with these three
options. As shown in the Figures, evaluating the Jacobian matrix only at the initial step
reduces the CPU time but increases the global error for the TASE-based and W-methods,
where the local error depends on W and is smaller when it coincides with the Jacobian matrix.
For the SDIRK3 method, the error does no vary significantly with different W, but solving
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the nonlinear system requires more iterations when the Jacobian matrix is less accurately
approximated, thereby increasing the computational cost.

MSRKTASE3a exhibited stability issues with the two largest time steps when W is not
the Jacobian matrix at every step, likely due to a high sensitivity of the stability function to
parameter changes. MSRKTASE3D also showed stability problems with the largest time step
size and the poorest approximation of the Jacobian matrix. Further research is being carried
out in this regard.

Concerning the efficiency of the methods, when the Jacobian matrix is evaluated at every
step, SDIRK3 is the most efficient, followed by ROW3b, MSRKTASE3b and then by MSRK-
TASE3a. SRKTASES3 is the least efficient due to its larger error coefficients. When the
Jacobian matrix is evaluated only at the initial point, ROW3b is the most efficient, MSRK-
TASE3a and MSRKTASE3b are more efficient than the other two while SRKTASE3 remains
the least efficient. Finally, when the matrix W is the matrix of the diffusion term, ROW3b is
the most efficient for large time steps, MSRKTASE3a is more efficient for small time steps,
where it has no stability problems, due to the relevance of the error coefficient C4. MSRK-
TASE3b remains more efficient than SDIRK3 and SRKTASE3 is also more efficient than
SDIRK3 except for the smallest time step. The solution of the nonlinear equations makes
SDIRK3 less efficient.

6 Conclusions

We presented a modification of the Singly-RKTASE methods for the numerical solution
of stiff differential equations by taking different TASE operators for each stage of the
RK method. We proved that these methods are equivalent to W-methods which enabled
us to derive the order conditions when the TASE operators have order smaller than the
order p of the Runge—Kutta scheme. For the case where p = 3 we obtained Modi-
fied Singly-RKTASE methods that significantly reduce the error coefficients compared to
Singly-RKTASE methods, while maintaining stability.

Numerical experiments on both linear and nonlinear stiff systems demonstrate that the
modified Singly-RKTASE methods provide significant improvements in accuracy and com-
putational efficiency over the original Singly-RKTASE schemes, making them competitive
with other methods such as Diagonally Implicit RK methods.

Appendix

Coefficients of MSRKTASE2

ay) =c=2/3 o =32/100

by =3/4 by =1/4

Bi1 = (100 — 44/499) /25 B1o = (=75 + 44/499) /25
Ba1 = (100 + 4+/499) /75 Bay = (—25 — 44/499)/75
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Coefficients of MSRKTASE3a

ay=c=1/2 oa =054
az1 =0 ax =3/4
by =2/9 by =3/9 by = 4/9

B11=0.92466320178194297434672863058714
B12=1.1506735964361140513065427388257
B13=-1.0753367982180570256532713694129

Bo1 = 4.55 B = —6.1 Boz = 2.55
B31=2.8751683991090285128266356847064
Boo=-2.7503367982180570256532713694129
B33=10.87516839910902851282663568470643

Coefficients of MSRKTASE3b

amr=c=1/2a =056

az;1 =0 axp =3/4

by =2/9 by =3/9 by =4/9

B11 = 0.52933603459112005443704838153687
B2 = 1.9413279308177598911259032369263
B13 = —1.4706639654088799455629516184631
P21 = 1.2914625850340136054421768707483
B2 = 0.41707482993197278911564625850340
B2z = —0.70853741496598639455782312925170
B31 = 5.5167350439289297686998431561703
Br» = —8.0334700878578595373996863123407
B33 = 3.5167350439289297686998431561703

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature. This
work was supported by project PID2022-141385NB-100 of Ministerio de Ciencia e Innovacién of Spain.

Data Availibility No data has been used in the research of this paper.

Declarations

Conflict of interest The authors declare that they have no Conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Journal of Scientific Computing (2025) 103:3 Page 15 of 15 3

References

Bassenne, M., Fu, L., Mani, A.: Time-accurate and highly-stable explicit operators for stiff differential
equations. J. Comput. Phys. 424, 109847 (2021)

Calvo, M., Montijano, J.I., Rdndez, L.: A note on the stability of time-accurate and highly-stable explicit
operators for stiff differential equations. J. Comput. Phys. 436, 110316 (2021)

Aceto, L., Conte, D., Pagano, G.: On a generalization of time-accurate and highly-stable explicit operators
for stiff problems. Appl. Numer. Math. 200, 2-17 (2024)

Calvo, M., Fu, L., Montijano, J.I., Rdndez, L.: Singly TASE operators for the numerical solution of stiff
differential equations by explicit Runge-Kutta schemes. J. Sci. Comput. 96, 17 (2023)

Steihaug, T., Wolfbrandt, A.: An attempt to avoid exact Jacobian and nonlinear equations in the numerical
solution of stiff differential equations. Math. Comput. 33, 521-534 (1979)

Conte, D., Gonzalez-Pinto, S., Hernandez-Abreu, D., Pagano, G.: On approximate matrix factorization
and TASE W-methods for the time integration of parabolic partial differential equations. J. Sci. Comput.
100, 1-28 (2024)

Wanner, G., Hairer, E.: Solving Ordinary Differential Equations II. Springer, Berlin (1996)

Rosenbrock, H.H.: Some general implicit processes for the numerical solution of differential equations.
Comput. J. 5, 329-330 (1963)

Kennedy, C.A., Carpenter, M.H.: Diagonally implicit Runge-Kutta methods for ordinary differential
equations: a review. NASA/TM-2016-219173 NASA Langley Research Center, 1-162 (2016)

Kennedy, C.A., Carpenter, M.H.: Diagonally implicit Runge-Kutta methods for stiff ODEs. Appl.
Numerical Math. 146, 221-244 (2019)

. Gonzélez-Pinto, S., Herndndez-Abreu, D., Pérez-Rodriguez, S., Weiner, R.: A family of three-stage third

order AMF-Wmethods for the time integration of advection diffusion reaction PDEs. Appl. Math. Comput.
274, 56-584 (2016)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Modified Singly-Runge–Kutta-TASE Methods for the Numerical Solution of Stiff Differential Equations
	Abstract
	1 Introduction
	2 Connection Between Modified Singly-RKTASE and W-Methods
	3 Order Conditions
	4 Modified Singly-RKTASE Methods with Orders 2 and 3 
	4.1 Methods with s=2, r=2 and order 2
	4.2 Methods with s=3, r=3 and Order 3

	5 Numerical Experiments
	6 Conclusions
	Appendix
	Coefficients of MSRKTASE2
	Coefficients of MSRKTASE3a
	Coefficients of MSRKTASE3b

	References


