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Graded-division algebras are building blocks in the theory of finite-dimensional
associative algebras graded by a group G. If G is abelian, they can be described,
using a loop construction, in terms of central simple graded-division algebras.
On the other hand, given a finite abelian group G, any central simple G-graded-
division algebra over a field IF is determined, thanks to a result of Picco and Platzeck,
by its class in the (ordinary) Brauer group of F and the isomorphism class of a G-
Galois extension of F.
This connection is used to classify the simple G-Galois extensions of [F in terms
of a Galois field extension L /F with Galois group isomorphic to a quotient G/K
and an element in the quotient Z2(K,L*)/B2(K,TF*) subject to certain conditions.
Non-simple G-Galois extensions are induced from simple T-Galois extensions for
a subgroup T of G. We also classify finite-dimensional G-graded-division algebras
and, as an application, finite G-graded-division rings.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article
under the CC BY-NC-ND license
(http:/ /creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Division algebras and the Brauer group play a key role in the theory of finite-dimensional associative

algebras. Any finite-dimensional central simple associative algebra over a field F is isomorphic to a matrix

algebra Mat,, (D) over a central division algebra D or, in other words, the algebra Endp (V') of endomor-

phisms of a finite rank right D-module V. The Brauer group Br(F) is the group of equivalence classes

of finite-dimensional central simple algebras, with two such algebras being equivalent if they are isomor-
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phic to matrix algebras over the same division algebra. The equivalence class of A, which is an element of
Br(F), will be denoted by [A]. The multiplication in Br(F) is induced by the tensor product of F-algebras:
[A][B] = [A ®F B]. We are interested in the graded version of this theory.

Given a group G, a G-graded algebra over a field F is an algebra A endowed with a G-grading, i.e., a
geG‘Ag’ such that AgA, C Ay for all g, h € G. The subspaces A,
are called the homogeneous components of the grading I' (or of the graded algebra A), and the elements of

vector space decomposition I' : A = @

U gecAg are said to be homogeneous. The nonzero elements of A, are said to have degree g. The support
of I' (or of A) is the subset {g € G | Ay # 0} of G. A homomorphism of G-graded algebras A — B is an
algebra homomorphism ¢ : A — B such that ¢(Ay) C B, for all g € G. In particular, A and B are said to
be graded-isomorphic if there is an isomorphism of graded algebras A — B.

1.1. Graded-division algebras and the graded Brauer group

A G-graded (associative) algebra is said to be a graded-division algebra if all nonzero homogeneous
elements are invertible. The support is then a subgroup of G.

Graded-division algebras are key objects in the graded theory, as any finite-dimensional G-graded-central-
simple associative algebra A, i.e., a G-graded associative algebra A that is graded-central (Z(A)NA. =F1,
where e is the identity of G) and graded-simple (A has no proper graded ideals), is graded-isomorphic to
Endp (V) where D is a G-graded-central-division algebra and V' is a graded right D-module of finite rank.
The reader may consult the book [25] or Chapter 2 in our monograph [14], where this theory is used to
study gradings on finite-dimensional simple Lie algebras.

However, the definition of a “graded Brauer group” is not evident. For abelian G (for example, G = Z /2
in the case of the Brauer-Wall group), one possibility is to fix a bicharacter ¢ : G x G — F* and define
central simple algebras and (twisted) tensor products relative to ¢ (see [30,20]). Far-reaching generalizations
are obtained using algebras with an action and coaction of a Hopf algebra (see e.g. [9] and the references
therein). But here we will focus on the special case of trivial ¢. In this setting, the graded Brauer group
Brg(F) consists of the equivalence classes of finite-dimensional associative algebras that are central simple
and G-graded, with two such algebras A and B being equivalent if there is a central simple G-graded-division
algebra D and G-graded right D-modules V' and W such that A is graded-isomorphic to Endp (V) and B
to Endp (W). The class of A in Brg(F) will be denoted by [A]g. The multiplication in Brg(IF) is induced
by the standard tensor product: [A]¢[B]c = [A ®F B, where the homogeneous component (A @f B), is
defined to be the span of all elements ¢ ® b with a € Ag,, b € By,, and g1g2 = g.

Our motivation to consider this setting is explained in the next two subsections, but first we point out
that the group Brg(F) depends functorially on both F and G. As with the classical Brauer groups, any
embedding of fields F — K induces a homomorphism Brg(F) — Brg(K) by extension of scalars: the class of
A= @gEG Ay is sent to the class of A®F K = @geG Ay ®F K. Also, any group homomorphism a : G — H

induces a homomorphism Brg(F) — Brg (IF) by “push-forward” of grading: the class of A = @, . A is sent

geG
to the class of the same algebra, but equipped with the grading A = €,y An where A, = D e 1) Ag-

1.2. Loop algebra construction

Given an epimorphism of abelian groups 7 : G — G, the “push-forward” mentioned above turns any
G-graded algebra to a G-graded algebra by coarsening the grading. The loop algebra construction is the

right adjoint of this functor: it sends a G-graded algebra A = @geé Ajg to the G-graded algebra

Lr(A) = P An(y) ® g C ARF FG,
geG
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where the multiplication is as in A @ FG and the G-grading is given by the above direct sum. This
construction is well known in Lie theory, but it works for any variety of algebras: since the group algebra
F@G is commutative, the loop construction preserves (homogeneous) polynomial identities.

It is shown in [13], based on previous results in [5,1,4], that, for abelian G, any G-graded-central-simple
algebra (not necessarily associative or finite-dimensional) is graded-isomorphic to a cocycle-twisted loop
algebra of a central simple G-graded algebra, for a suitable quotient G of G. Thus, all graded-central-simple
algebras can be obtained, at least in principle, from gradings on central simple algebras. It is important
to point out that graded-simple algebras may be far from being simple, or even semisimple, as ungraded
algebras.

1.8. Gradings on Lie algebras and their representations

Let £ be a finite-dimensional semisimple Lie algebra over a field F of characteristic 0 and let V = V()
be a finite-dimensional irreducible representation of L = £ ®p F, where F is an algebraic closure of F and
A is the highest weight of V' relative to a Cartan subalgebra of L. A natural question is whether or not
V' descends to a representation of £, i.e., whether or not there exists a representation of £ that becomes
(isomorphic to) V after extension of scalars to F. A necessary condition is that A be invariant under the
x-action of the absolute Galois group Gal(F /F), as in [21, §27.A]. If this is the case, one can define the Tits
algebra Ay over F, with A\®pF ~ Endg(V), and a surjective homomorphism from the universal enveloping
algebra U (L) onto Ay that, after scalar extension, becomes the representation U(Lg) — Endg(V). Then V
descends to a representation of £ if and only if the class of Ay in the Brauer group Br(F) is trivial.

If Ly is graded by an abelian group G, a natural question is whether or not V' = V(\) admits a G-grading
that makes it a graded Lg-module. A necessary condition is that A be invariant under the action of the
dual group G = Hom(G,FX). If this is the case, one can define a G-grading on Endg(V') such that the
representation U(Ly) — Endg(V) is a homomorphism of graded algebras — see [15] and [16, Appendix].
Then V admits a G-grading if and only if the class of Endg(V) in the graded Brauer group Brg (F) is trivial.

Now suppose £ (and hence Lg) is graded by G, V = V()) admits a G-grading, and X is Gal(F/F)-
invariant. Then we get a G-grading on A, such that U(L) — Ay is a homomorphism of graded algebras,
and V descends to a graded £-module if and only if the class of Ay in the graded Brauer group Brg(F) is
trivial.

1.4. Classifications of graded-division algebras

There are two natural ways to classify graded-division algebras: up to isomorphism of graded algebras
or up to equivalence of graded algebras. If D and D’ are graded-division algebras with supports 7" and T”,
then D and D’ are equivalent if there exists an isomorphism of algebras D — D’ that maps D; to D;(t)
where o : T — T" is a group isomorphism.

If D is a graded-division algebra, then the identity component D, is a division algebra, the support
T is a subgroup of G, and D is graded-isomorphic to the crossed product of D, and T, for a suitable
action and 2-cocycle in Z*(T,DX), where DX is the group of invertible elements of D.. In principle, group
actions and cohomology can be used to classify the graded-division algebras with fixed D, and T. As
shown in [19], they are classified, up to graded-isomorphism, by the following data: (i) a homomorphism
o : T — Out(D,) C Out(DX) such that the corresponding obstruction in H*(T, Z(DX)) vanishes, and (ii)
with o already fixed (up to conjugation in Out(D,)), an orbit in H?(T, Z(DX)) under a certain twisted action
of Aut(D., o). In practice, however, even if all these homomorphisms and orbits can be found, it is still
difficult to construct the corresponding graded-division algebras explicitly and determine their properties.

The situation is more manageable if D, is the ground field F, which is the case if F is algebraically
closed and D is finite-dimensional. Then D is graded-isomorphic to the twisted group algebra F™T for
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some 2-cocycle 7: T x T — F* (with T acting trivially on F*), and F™T is graded-isomorphic to F™'T if
and only if [r] = [7'] in H?(T,F*). In particular, if G is abelian and F is algebraically closed then finite-
dimensional graded-division algebras are classified by pairs (T, 8) where T is a finite subgroup of G and
B :T xT — F* is an alternating bicharacter. Moreover, the graded-division algebra can be constructed
from this data explicitly; it is simple as an ungraded algebra if and only if 5 is nondegenerate (see [5,6] and
[14, Chapter 2]).

Over an arbitrary field F, the study of finite-dimensional graded-division algebras can be, in principle,
reduced to the case of twisted group algebras by means of extension of scalars to the field L = Z(D.), which
is a finite Galois extension of F, and then using Galois descent (see [3]). Over the field of real numbers,
an explicit classification up to isomorphism of finite-dimensional graded-division algebras with an abelian
grading group was given in [3] (see also [27] for the simple case). An explicit classification up to equivalence
was given for these algebras in [8] (see also [7,27] for the simple case).

1.5. Ezxact sequence of Picco-Platzeck

Given a finite abelian group G, Picco and Platzeck proved in [26] the existence of the following split short
exact sequence of abelian groups (see Theorem 2.2 in the next section):

1 — Br(F) - Brg(F) - Eg(F) — 1

where Eg(F) is the group of isomorphism classes of G-Galois extensions of F (Definition 2.1). This allows
us to classify finite-dimensional G-graded-division algebras in terms of (ungraded) division algebras and
G-Galois extensions, but it can also be used to understand the structure of these Galois extensions. We will
use both directions in this paper.

We note that the splitting of the above sequence is canonical: the embedding ¢ sends [A] € Br(F) to
[Ao]e € Brg(F), where Ag denotes the algebra A equipped with the trivial grading (i.e., A = A.), and the
“forgetful” map Brg(F) — Br(F), sending the class [A]g of a central simple G-graded algebra A to the
class [A] of A as an ungraded algebra, is a left inverse of ¢. (If we regard Br(IF) as Bry(F), these maps are
induced by the group homomorphisms 1 — G and G — 1.) In particular, ¢ gives a bijection between the
isomorphism classes of division G-gradings on matrix algebras over F (i.e., the G-gradings that turn the
said algebras into graded-division algebras) and the isomorphism classes of G-Galois extensions of F.

The paper is organized as follows. In Section 2, we review the definition of G-Galois extensions and the
exact sequence of Picco-Platzeck. In Section 3, we will show that, for a finite abelian group G, if D is a finite-
dimensional central simple G-graded-division algebra with support T', then the centralizer € = Centp (D.)
of the identity component D, is a simple T-Galois extension, and the opposite algebra of Indg (€) is a
G-Galois extension representing the image of [D]¢ under ¢ (Theorem 3.2).

The surjectivity of ¢ in the sequence of Picco-Platzek shows that any G-Galois extension is, up to
isomorphism, of the form Ind?(@) above. This is used in Section 4 to describe the structure of simple G-
Galois extensions (Theorem 4.4). They are determined by a Galois field extension L/F with Galois group
isomorphic to a quotient G/K and an element & € Z?(K,L*)/B?(K,F*), where K and ¢ satisfy certain
conditions (Corollary 4.5). In particular, we give an easy-to-use criterion (Corollary 4.9) to check if a finite-
dimensional F-algebra A, endowed with an action by automorphisms ¢ : G — Autp(A), is a G-Galois
extension of F. We also give an explicit description of the simple Galois extensions in terms of generators
and relations (Proposition 4.11).

Section 5 will make use of the results in Sections 3 and 4, together with the main results in [13], to
classify, for any abelian group G, all finite-dimensional G-graded-central-division algebras over a field F up
to graded-isomorphism (Theorem 5.5 and Corollary 5.6). Specializing to finite fields, we obtain an explicit
classification of finite G-graded-division rings (Theorem 5.14).
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Throughout, all algebras will be assumed unital, associative and finite-dimensional, unless stated other-
wise. For any n € N, we will denote by G,,) and G respectively, the kernel and image of the endomorphism
[n] of G that sends g — g™.

2. Galois extensions and the graded Brauer group

Given an action of a group G on an algebra € by automorphisms: G — Autp(C), sending g € G to the
automorphism ¢ — g¢-c of €, we will say that € is a G-algebra. The fixed subalgebra {c € C | g-c = ¢ Vg € G}
will be denoted by €¢. A homomorphism of G-algebras is a G-equivariant homomorphism of algebras, i.e.,
an algebra homomorphism ¢ : €; — €5 such that (g -¢) = g-¥(c) for all g € G and ¢ € C;.

Definition 2.1. Let G be a finite group. A G-Galois extension of F is a finite-dimensional unital G-algebra
€ over F such that the action of G on € is faithful, C“ = F1, and the following equivalent conditions hold:

(a) The homomorphism

® : C#FG — Endg (C)

cg (z — c(g-a:))

is an isomorphism.
(b) The linear map

C®r € — Maps(G, C)
a®b — (gl—>a(g-b))

is bijective.

The definition of commutative Galois extensions seems to have appeared for the first time in [2] using
condition (a), where C#FG denotes the smash product (recalled below), which in this case is the same as
the skew group ring of G with coeflicients in €. Galois extensions that are not necessarily commutative were
introduced in [10, Definition 4.5] using condition (b), and indicating that it is equivalent to condition (a).

Note that condition (b) shows immediately that if C is a G-Galois extension, then so is its opposite
algebra C°P, i.e., the algebra with the same underlying vector space as C, but with multiplication z.y := yzx.

Galois extensions of an algebraically closed field F were classified in [12] using a method developed (for
a different purpose) in [24].

In what follows, the ground field F will be arbitrary, but G will be assumed abelian, unless indicated
otherwise.

We denote by [C]¢-a1g the isomorphism class of a G-algebra C. Let E¢(F) be the following set:
E¢(F) = {[Clg-aig | C is a G-Galois extension of F}.

Given two G-Galois extensions of IF, €; and €y, the tensor product €; ®p Cq is naturally a (G x G)-Galois
extension. Let H = {(g,97') | g € G}. Since G is abelian, H is a subgroup of G x G, and the fixed subalgebra
(C1 ®F C2)H is a G-Galois extension, using the isomorphism G ~ (G x G)/H, g~ (g9,1)H = (1,9)H. This
defines an abelian group structure on Eg(F). The identity element is the class of (FG)* ~ Maps(G,F),
where G acts as follows: (g - f)(h) = f(hg) for g,h € G and f € Maps(G,F).

Recall the graded Brauer group Brg(F) and the embedding ¢ : Br(F) — Brg(F) from Subsections 1.1 and
1.5. We are now going to define a homomorphism ¢ : Brg(F) — Eg(F) to complete the short exact sequence
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of Picco-Platzeck. Although it is not stated like this in [26], ¢ and its right inverse ¥ : Eq(F) — Brg(F) are
given in terms of smash products, which we briefly recall (see e.g. [29, Chapter VII] or [23, Chapter 4]).

Consider a unital algebra A and a Hopf algebra H over F' (which are not necessarily finite-dimensional),
and suppose A is an H-module algebra via a linear map H Qp A — A, h ® a — h - a, which means that
hi - (he-a) = (h1hg)-aand 1-a =a for all hy,hy € H and a € A, and

h-(a1a2) = > (b - a1)(hez) - az) and h- 1= e(h)1

for all h € H and ay,a; € A, where the comultiplication of 3 is A(h) = > h1)y ® h(2) (using Sweedler’s
notation) and the counit is €. Under these conditions, the smash product A#JH is the algebra defined on
the vector space A ®p H by setting

(a®h)(b®k) = Za(h(l) +b) @ heyk

for all a,b € A and h,k € H. Both A~ A® 1 and H ~ 1 ® H are subalgebras of A#XH and, for simplicity,
we will write ah for the element a ® h in A#JH.

For example, if an arbitrary group G acts on A by automorphisms, then A is a module algebra over the
group algebra FG. The smash product A#FG consists of the formal sums ) gec @79, with a? € A for all
g € G and only a finite number of a9 being nonzero, and the multiplication is determined by ga = (g - a)g
for all a € A and g € G. Moreover, A#FG is naturally G-graded with (A#IFG)Q = Ag for any g € G.

Dually, if G is a finite group, consider the dual Hopf algebra (FG)* of the group algebra FG. Then
(FG)* = @ e Feg, where €5 : h = 545 (Kronecker’s delta). The elements ¢, are orthogonal idempotents,
and the comultiplication is given by A(eg) = >, cq €gn—1 Qep. [f A = ®96G Ag is a unital G-graded algebra,
then A is an (FG)*-module algebra with the following action: for any element a = _ . a4, with a4 € Ay,
we set €, - a = ag, i.e., the action of €, is the projection onto the homogeneous component of degree g.
The smash product A#(FG)* consists of the formal sums > a%€y, with a € A for all g € G, and the
multiplication is determined by

(aeg)(ben) = (abgh‘ 1 ) €n

foralla,b € Aand g,h € G, where b= >, _, bx, b € Aj. Moreover, G acts on A#(FG)* by automorphisms
as follows:

g - (aep) := aepg—

for all g,h € G and a € A.

The following result is valid for all finite abelian groups G and unital commutative rings [, but we will
restrict ourselves to the case of fields.

Theorem 2.2 ([26, Section 1]). The mapping C([A]G) = [Cent g4 FG)- (A)|G-alg is a well-defined group ho-
momorphism, and

1 — Br(F) - Brg(F) - Eg(F) — 1 (2.1)
is a split exact sequence. O

Remark 2.3. The G-algebra denoted by AFE in [26] is isomorphic to the smash product A#(FG)* by means
of aey + aey—1 fora € Aand g € G.
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For a G-graded algebra A, we will denote I'(A) := Cent g4 ra)-(A), so that, if A is central simple,
(([Ale) = [[(A)]G-alg in (2.1). There is an alternative construction of I'(A), which is valid for any strongly
graded A, but we will restrict ourselves to the following special case. Assume that, for every g € G, the
homogeneous component A, contains an invertible element, say, uy. (In other words, A is isomorphic to a
crossed product of A, and G, as Ay = A.ug for all g € G.) Consider the graded subalgebra € = Cent 4 (A.).
For any g € G, the inner automorphism Intu, : z — ugmu;1 preserves A, and hence also €. Moreover, its
restriction to € does not depend on the choice of the invertible element u, € Ay, because any other such
element has the form aug, with invertible a € A, and (Inta)|e = ide. Therefore, there is a well-defined
group homomorphism

o : G — Autp(C)

g — (Intug)|e for any invertible homogeneous u, of degree g.

As usual, we will write g - ¢ for the image of ¢ € € under o.

Lemma 2.4. Let G be a finite abelian group and A be a G-graded algebra such that, for every g € G, the
homogeneous component A, contains an invertible element. Then Centquwq)-(A) is antiisomorphic to
Cent4(Ae) as a G-algebra.

Proof. First we compute Cent 44 e« (A). Let = deG a9ey, where a?9 € A for all g € G. For any by, € Ay,
we have

xbh = (Z ageg)bh = Z(agbh)eh-1g,

geG geG

bpxr = Z brafeg,

geG

so, equating the coefficients of ¢,, we obtain: € Cent 44 Fa)-(A) if and only if
a9y, = bpa? Vg, h e G, b, € Ap. (2.3)

With h = e, this equation gives a9 € € := Cent 4 (A.). With invertible by, and g = e, it gives a” = bhaeb,:1 =
h - a®, for any h € G. Conversely, if a9 = g - ¢ where ¢ € C, then (2.3) holds. Indeed, we have b, = auy, for
some a € A, 50 bpa? = (h-a9)by, = (h-(g-c))bn = ((hg) - ¢)by, = a"9by,. Therefore, we obtain:

Cent g4 Fa)-(A) = {Z(g “C)eg | c € (3}.
geG

Define a linear isomorphism

w :C— Centﬂ#(]F(;)*(A)

c Z(g - C)eg.

geG

We claim that ¢ is an antiisomorphism of algebras, i.e., ¥(c)i(d) = 1¥(dec) for all ¢,d € €. Since € is a
graded subalgebra of A, we may assume that d € Ay for some k£ € G. Then
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wleppld) = (3 (g-0e) (3o (b den)
geG heG

= > (9-)0gn1 k(b d)en
g,heG

=Y ((kh)-c)(h-d)er, =Y _(h-d)(h-c)en because of (2.3)
heG heG

=Y (b~ (de))en = tp(do),
heG

as claimed.
Finally, the action of G on A#(FG)* is given by h - (aey) = aegp-1. For ¢ € C and h € G, we compute:

W(h-c) = ((gh) - )eg = D (9~ Jegn-r = h-1(e),

geG geG

so ¢ is G-equivariant. O

Remark 2.5. This result can be considered a special case of [11, Proposition 3.4], but we included a proof
for completeness and also because showing that the G-algebra denoted by (GA)# in [11] is, in the setting
of [26], antiisomorphic to Cent 44 Fq)- (A), requires computations similar to the above.

The fact that ¢ in (2.1) is surjective follows from [26, Lemma 5], but there is a minor mistake in its proof.
The next result gives the correct statement.

Lemma 2.6. Let G be a finite abelian group and C be a G-Galois extension of F. Then the algebras
Cent(cxra)#Fae)- (CHFG) and C are isomorphic as G-algebras.

Proof. Denote A = C#FG. Clearly, A satisfies the hypothesis of Lemma 2.4 (we can take u, = g), so
Cent 44 Fc)- (A) is antiisomorphic to Cent 4 (Ac) as a G-algebra. On the other hand, we can identify A with
Endp(€) as in condition (a) of Definition 2.1, i.e., an element cg € A is identified with the map x — ¢(g- ).
Then the identity component A, = € is identified with Le, and Centy(A.) with Centgna,(e)(Le) = Re,
where Le (respectively, Re) denotes the subspace of Endy(C) spanned by the operators L. (respectively,
R.) of left (respectively, right) multiplication by elements ¢ € €. Finally, the G-action on A, given by
g-a = gag™!, corresponds to the natural G-action on Endg(C): (g- f)(x) = g- (f(g~'-2)) for all g € G,
f € Endp(C) and « € C. One easily checks that g - R. = Ry.. for all ¢ € €. Therefore, the mapping ¢ — R.
is an antiisomorphism € — Re as G-algebras. O

Remark 2.7. In [26, Lemma 5] it is incorrectly asserted that the centralizer Cent(ec4ra)#Fa)- (CHIFG) is
isomorphic to the opposite algebra C°P. The problem lies in the fact that u; - v; is computed instead of
(u-v)1 (in the notation in [26]).

As a consequence of Lemma 2.6, the map

9 Eg(F) — BI‘GaF)
[G]G—alg = [G#FG]Gv
is a right inverse of {. Note that, since the algebra C#FG is isomorphic to Endp(C), its class in Br(FF) is

trivial, which means that J([C]g.alg) is in the kernel of the “forgetful” map ¢ : Brg(F) — Br(F). It follows
that ¢ is an isomorphism E¢(F) ~ ker ¢.
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Corollary 2.8. Let G be a finite abelian group. Then the map

Bre(F) —s Br(F) x Eg(F)
Ale = ([A], [I'(A)lc-alg)

is a group isomorphism, and its inverse is the map

Br(F) x Eg(F) — Bre(F)
([B], [€lg-aig) — [B ®@F (C#FG)]a,

where the G-grading on B @p (CH#FG) is given by
(B @r (C#FG)), = B @r (Cg).

3. From graded-division algebras to Galois extensions

Let D = D,
express the G-Galois extension I'(D) = Centpyrg)-(D) in simpler terms. First we will assume that the

Dy be a central simple graded-division algebra over F. Our aim in this section is to

support of D is the entire G, i.e., Dy # 0 for all g € G. Then we have a G-action on € := Centp (D.) given
by (2.2).

Proposition 3.1. Let G be a finite abelian group and let D be a central simple G-graded-division algebra with
support G. Then T'(D) is a simple algebra, and it is antiisomorphic to Centp(D.) as a G-algebra.

Proof. Since D satisfies the hypothesis of Lemma 2.4, T'(D) is antiisomorphic to € = Centp(D,) as a G-
algebra. The fact that € is simple follows from the Double Centralizer Theorem (see e.g. [28, §8.5]), because
D is central simple, and D, is a division algebra (hence simple). O

Our next step is to suppress the condition on G being the support of D. Denote the support of D by T
(a subgroup of G). Again, let € = Centp(D.). Then we have a T-action on C, and Proposition 3.1 shows
that € is a T-Galois extension of F. Consider the vector space

Ind$ (€) := Homp(FG, €),
which can be identified with the algebra of T-equivariant maps:

{f:G=C|f(tg)=t-f(g) VteT}.

Define pointwise multiplication on Ind$ (€): (f1f2)(g) = f1(g)f2(g) for all g € G.
As an algebra, Ind$ (@) is isomorphic to the Cartesian product of [G : T copies of €. There is a natural
action of G on Ind%(€) by automorphisms, given by

(9 f)(h) = f(hg)
for g,h € G and f € Ind%(@).

Theorem 3.2. Let G be a finite abelian group and let D be a central simple G-graded-division algebra with
support T. Then T(D) is antiisomorphic to Ind$(C) as a G-algebra, where @ = Centy (D) is a simple
T-Galois extension of .
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Proof. Take a transversal {¢1 = e€,92,...,9m} of T in G, so that G is the disjoint union G =
TgUTgoU -+ UTg,,. Then we have

m

DH(FG)" = @(@ @etgi)

i=1 teT

and, for each i = 1,...,m, J; := @, Deyy, is an ideal of D#(FG)* because e,d; = diey—14 for all g € G,
teT,d, €Dy, and t~1g is in the coset T'g. Each J; is naturally isomorphic to J; = Dicr Der =~ DH(FT)*
by means of the map

detgj — dEt .

As in the proof of Lemma 2.4, let z = 3, a%¢; € D#(FG)*. Then, by (2.3), we have z € I'(D) =
Centpu e« (D) if and only if

atgbt = thL‘q Vg € G, teT, by € Dy.

This forces a9 € € and a9 = bya9b; ! for any 0 # b, € Dy, i.e., a'¥ =t-a9 for all g € G and t € T. Therefore,
I'(D) is the subalgebra

(D) = {Z(Z(t . agi)etgi) | a9 ... a9 € G} ,
i=1 teT
which is a direct sum of ideals: I'(D) =T(D); & - - - & (D), where
I(D); == {Z(t C)erg, | c € e} = T(D) N J;.
teT

Al T'(D); are isomorphic to I'(D)1, which is isomorphic to C°P by Proposition 3.1.
Define an injective linear map

¥ : Ind$(€) — D#(FG)*
[ Z f(9)eq-

geG

Note that, for f € Ind%(€), we have f(tg;) =t - f(g;), so

m

w(f) =Y (Dot Fla)ew.).
i=1 teT
Therefore, the image of ¥ is precisely I'(D). For any h € G, we have
U(h )= 3 (h Do)y =D Flahleg =h- (3 flgh)egn) = h- (1),

geG geG geG

so ¥ is G-equivariant.
Finally, ¥ is the composition of the algebra isomorphism

Ind%(€) — ex - xe
f H(f(gl)»"wf(gm))v
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and of the antiisomorphism (Proposition 3.1)

Cx " x@ —T(D)=T(D);®---BT(D)m

(c1yeoyCm) — (Z(t S C1)€tgys - - s Z(t . cm)et9m>,

teT teT

so W : Ind$ (C) — I'(D) is an antiisomorphism of G-algebras. 0O

On I'(D), there is not only a G-action, but also a G-grading, coming from the G-grading on €: f € Ind%(€)
is homogeneous of degree h € G if f(g) € €}, for all g € G. The grading on € can be defined intrinsically by

Cr={ac€|ab=(h-baVbeC}. (3.1)

Remark 3.3. This is an instance of the so-called Miyashita-Ulbrich action defined in the context of Hopf-
Galois extensions (see e.g. [23, Chapter 8]), in this case of the Hopf algebra (FG)* on a G-Galois extension
A of F: this is the action A ® (FG)* — A, sending a ® ¢ — a +— ¢, characterized by the property
ab =3 cq(g-b)(a ~— €) for all a,b € A (cf. [17, Lemma 3.4]). Another instance of Miyashita-Ulbrich
action is the T-action on € = Centp (D, ), associated to D as a Hopf-Galois extension of D..

For any finite abelian groups H C G, the surjectivity of ¢ in Theorem 2.2 (applied to H), together with
Theorem 3.2 and the natural isomorphism Ind$ ~ Ind% o Ind% | imply that the functor Ind% sends H-Galois
extensions to G-Galois extensions (cf. [12, Proposition 3.2]). We can say more: the group homomorphisms
¢ = (¢ in Theorem 2.2 form a natural transformation of functors Brg(F) — Eg(F) with respect to
monomorphisms of finite abelian groups.

Remark 3.4. This allows us to extend Theorem 2.2 to arbitrary abelian groups. The definition of Brg(F) in
Subsection 1.1 does not require that G be finite, but the support of any finite-dimensional G-graded-division
algebra is a finite subgroup of G, hence Brg(FF) can be identified with the direct limit of the groups Bry (F)
over all finite subgroups H of G ordered by inclusion. Clearly, ¢« = it is then identified with the direct
limit of the group homomorphisms tgr. We define Eg(F) to be the direct limit of the groups Eg(F) and
(e to be the direct limit of the group homomorphisms (g over the same ordered set. Thus we obtain the
short exact sequence (2.1) for an arbitrary abelian group G, with a splitting given by the “forgetful” map
Brg(F) — Br(F).

We will now investigate the relationship between D and € = Centp (D.), and the structure of the latter.
These results will be used in the next section, but are also of independent interest.

Recall that, given a group K, a field IL and a 2-cocycle 7 € Z?(K,L*) (with trivial action of K on L*),
the twisted group algebra L™K is the L-algebra with basis {X} | ¥ € K} and multiplication given by

Xy Xioy = 7(k1, k2) Xy ks

for any ki, ke € K. L7 K is naturally K-graded, and the graded-isomorphism class is determined by the class
of 7 in the second cohomology group: [r] € H? (K,L*). Any graded-division algebra over . with support K
and 1-dimensional homogeneous components is, up to a graded isomorphism, a twisted group algebra L™ K.

We list some facts from [3], which are easy to verify and hold in a more general setting than what we
have here:

Proposition 3.5 (/3, Section 2]). Let G be a finite group, and let D = @ . Dy be a graded-division ring
with support G. Assume that D is finite-dimensional over the field F := Z(D) N D,. Denote L := Z(D,),
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K :={k € G| DN Centp(L) # 0},
Dk = @jck Dk, and C := Centp(D.). Then the following assertions hold:

(i) K is a normal subgroup of G and Centp (L) = Dk
(ii) The eatension IL/F is a Galois field extension, and the mapping

¢ : G — Auty(L) = Gal(L/F) (32)
g — (Intug)|r, for any 0 # u, € D, .

1s a well-defined surjective group homomorphism with kernel K.

(iii) € is a graded subalgebra of D with support K and C. = L, hence graded-isomorphic to the twisted
group algebra L™K for some T € Z*(K,L*).

(iv) Dk ~D. @ C. O

Corollary 3.6. Under the hypotheses of Proposition 3.5, assume further that D is simple and Z(D) = F.
Then € is simple with Z(C) =L and the order | K| is a square.

Proof. As in the proof of Proposition 3.1, we can apply the Double Centralizer Theorem to the simple
subalgebra D, of the central simple algebra D, so € = Centp(D.) is simple, and Z(€) = €N Centp(C) =
CN D, =L. Since € is a central simple L-algebra, |K| = dimp, € is a square. O

Recall that the G-action on € is defined by the group homomorphism ¢ : G — Autp(C), g — oy,
given by (2.2). Comparing with (3.2), we see that 7, is the restriction of o, to L, so o4 is a d4-semilinear
automorphism of € as an L-algebra: o4(lc) = a4(l)og(c) for alll € L and ¢ € C.

Proposition 3.7. Under the hypotheses of Proposition 3.5, assume further that G is abelian. Fizing a nonzero
element Xy in each homogeneous component Cy, we identify C with LK = @, LXy. For any k € K
and g € G, define the element fr(g) € L™ by

0g(Xk) = fr(9) Xk (3.3)

Then we have the following:

(i) For any k € K, fi.: G — L* is a 1-cocycle: f € Z"'(G,L*).

(ii) Replacing the element Xy, by X; =Xy, | € L™, changes fy to the cohomologous 1-cocycle f;, = (dl) f,
where dl : G — L* s the 1-coboundary g — 4(1)I= . In particular, the class [fi] of fi in the
cohomology group H' (G, LX) = Z*(G,1L*)/B*(G,L*) does not depend on the choice of X

(iii) The alternating bicharacter §: K x K — L™ given by

Bk, ko) = 7(ki, ko) 7 (Ko, k1)~
takes values in F* | depends only on the class [1] € H2(K,ILX), and satisfies
filg) = Blg,k) Vk,g€K. (3.4)
(iv) For any ki, ks € K,

fhsz = d(T(kl’kQ))fklkz' (35)
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(v) The map

f: K — HYG,L>)

3.6
k= [fi] 30

is a group homomorphism whose kernel is the support of the graded subalgebra Z(D).
(vi) The following are equivalent: (a) D is central simple over F, (b) C is central simple over L, and (c)
is nondegenerate.

Proof. (i) For any g1,92 € G and k € K, we have:

fk(glg2)Xk = 0g192 (Xk) =0g (092 (Xk)) =0g (fk(QQ)X’f) = 6{]1 (fk(QQ))fk(gl)Xka

50 fi(g192) = fr(g1) Ggy (fr(g2)), which means f € Z'(G,L*).

(ii) For any g € G, we have:
fr(@) Xy, = 04(Xp) = 04(1X5) = 04(1) fi(9) Xk = dU(9)Lfr(9) Xk = dU(g) fi(9) Xk

so f;. = (dl) fx.

(iii) For any k1, ke € K, we have Xy, Xy, = B(k1, k2) Xk, Xk, , which implies that 8 does not depend on
the choice of the elements Xy, k € K, and is an alternating bicharacter. In view of (2.2), the fact that
(Int X)Xy, = B(g, k) Xk, for all g,k € K, implies (3.4). Since (-, k) is the restriction of the 1-cocycle fj to
the subgroup K, it must take values in L = F (see (3.9) below). This is also easy to show directly:

Ug(Xk1Xk2) = fkl(g)fk2<g)Xk1Xk2 = fkl <g>fk2(g)ﬁ(k1ﬂ kQ)szXkl

must be equal to

Og (6(k1a kQ)XkZXkl) =0y (ﬁ(klv k2))fk2 (g)fkl (g)szan

so [(k1, k) is fixed by a4, for any g € G.
(iv) For any g € G and kq,kq € K,

OQ<X’€1X/€2) =0y (T(k17 k2)Xk1k2) = 69 (T(kl’ k2))fk1k2 (g)Xklkz

must be equal to

09(Xp,)og(Xny) = (frr (9)Xky) (o (9) Xko) = frer (9) Fro (9)T (K1, K2) Xy ey

o (3.5) holds.

(v) Since (3.5) implies [fx, k] = [f,][fko], We see that the mapping (3.6) is a group homomorphism. Since
Z(D) C Z(€), the support of Z(D) is contained in K. For k € K, we have [fx] = 1 if and only if there is
an element | € L* such that f; = dl. By part (ii), for the element X} = 7' X}, we have f] = (dl)~! fx, so
the condition f; = dl is equivalent to f}(g) = 1 for all g € G, and this latter, in view of (2.2) and (3.3), is
equivalent X; € Z(D).

(vi) Since G is abelian, Z(€) and Z(D) are graded subalgebras. By [1, Lemma 4.2.2], a G-graded-simple
algebra is simple if and only if its center is a field. Hence, for € and D, centrality implies simplicity. It is
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clear that 8(k, K) =1 if and only if X} € Z(C), so (b) and (c) are equivalent. By Corollary 3.6, (a) implies
(b). Conversely, suppose Z(€) = L. Since the elements of Z(D) must centralize D, we have Z(D) C Z(C),
so Z(D) C L. But now (3.2) implies that Z(D) C LY so Z(D)=F. 0O

Corollary 3.8. If D is central simple over F, then F contains the primitive roots of unity of degree exp(K),
the exponent of the finite abelian group K, and K is isomorphic to A x A for some finite abelian group A.

Proof. Since 5: K x K — F* in this case is nondegenerate, it induces a group monomorphism from K to
the group Hom (K, F*) of characters of K with values in F*. In particular, |[Hom(K,F*)| > |K]|. Since K
is a finite direct product of finite cyclic groups, we always have [Hom(K,F*)| < | K|, and the equality holds
if and only if F* contains a primitive root of unity of degree exp(K).

Moreover, since f3 is alternating, K admits a “symplectic basis” (see e.g. [14, 2,§2]), i.e., a generating set
of the form ay, by, ..., am,, b, with the order of both a; and b; equal to some n; > 2,7 =1,...,m, such that

K = {a1) X (b1) X -+ X {am) X (bp), (3.7)
and S(a;, b;) = ¢, with ¢; a primitive root of unity of degree n;, while 8(a;,b;) = 1 for ¢ # j and S(a,, a]) =
B(b;,b;) =1 for all 4, 5. In particular, K is the direct product of two isomorphic subgroups: (ai,...,am)
and <b17...7bm>. O

To get more precise information, we recall the inflation-restriction exact sequence (coming from the
Lyndon-Hochschild-Serre spectral sequence [22, IX, (10.6)]):

1 — HY(G/K, (L)%) 25 71 (G, 1L%) X% HY (K, 1L*) /K .
L5 12 (G/K, (L)%) 25 12(@, L) '

Since K acts trivially on L*, H' (G/K, (L*)K) = H'(G/K,L*), which is trivial by Hilbert’s Theorem 90.
On the other hand, since G is abelian, we have

H'(K,L*)9K =0 (K, L)% = H' (K, (L*)Y) = H'(K,F*) = Hom(K,F*),
and hence the restriction map:

res : H'(G,L*) — Hom(K,F>)
b = 9k

is a well-defined group monomorphism.

Corollary 3.9. The homomorphisms f in (3.6) and res in (3.9) fit in the commutative diagram
H' (G, LX) —5 Hom(K,F*

\ TB (3.10)

where ﬂ is induced by the bicharacter B as follows:

Bk B( k). (3.11)
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If D is central simple over ¥, then all homomorphisms in this diagram are isomorphisms, and o is an
isomorphism from G onto the group of automorphisms of C as a K-graded algebra over F.

Proof. The commutativity of the diagram is clear from (3.4), and res is injective. If D is central simple,
then f is also injective, so |K| < [H'(G,L*)| < [Hom(K,F*)|, but [Hom(K,F*)| < |K|, so we must have
K| = [H'(G,L*)| = [Hom(K,F*)|.

To prove the assertion about o, suppose o, = ide for some g € G. Then o, = idy,, so g € K. But for
g € K, we have 04(X) = (g, k)X, for all k € K. Hence 3(g, K) =1, so g = e by the nondegeneracy of 5.
Now, every automorphism of € as a graded algebra over L is given by a character: Xy — x(k)X} for some
x € Hom(K,L*). But F contains a primitive root of unity of degree exp(X), so Hom(K,L*) = Hom(K,F*).
Since B : K — Hom(K,F*), sending k — 3(k, ), is an isomorphism, we conclude that o maps K onto the
automorphism group of € as a K-graded algebra over LL. It remains to recall that & maps G onto Gal(LL/FF),
and all o4-semilinear automorphisms are compositions of one of them with linear automorphisms. 0O

Remark 3.10. Commutative diagram (3.10) shows more: the kernel of f is equal to the radical of 5 (i.e., the
kernel of (), which implies that Z(€) ~ L @ Z(D) as graded algebras over L.

4. Simple abelian Galois extensions

Let G be a finite abelian group. It follows from Theorems 2.2 and 3.2 that any G-Galois extension of I is
isomorphic to an algebra of the form Ind%(€) where € = Centq (D,) and D = @D, cc Dy is a central simple
G-graded-division algebra with support 7.

This section is devoted to studying the simple G-Galois extensions of [, i.e., the G-algebras of the form

C = Centp (D),

where D is a central simple graded-division algebra with support T'= G. We continue using notation from
the previous section. In particular, L/F is a Galois field extension and ¢ : G — Gal(L/F) is a surjective
homomorphism with kernel K. The ground field F contains the primitive roots of unity of order exp(K).

4.1. A structure theorem

First we take a closer look at equation (3.5). Consider the short exact sequence
1— BYG, L") — Z'(G,L*) — HY(G, LX) — 1, (4.1)

of abelian groups, which we will temporarily denote by B!, Z' and H' for brevity. The group B = {dl :
g a7 |1 € L*} lies in the short exact sequence

1—F* —L* -4 B 1,
which is isomorphic to the short exact sequence
™

1 —F* —L* —L*/F*—1,

where 7 is the natural homomorphism, by means of the maps idpx, idpx, and 1 : B! — L* JF* sending
dl — IF*.
Hence, (4.1) induces the following long exact sequence:

1 — Hom(K,L* /F*) — Hom(K,Z") — Hom(K,H') % Ext(K,L*/F*) — ---
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For any abelian groups A and B, we may identify Ext(A, B) with the symmetric cohomology group
Hsym(/h B) =172 (A, B)/B*(A, B), where Z2 (A, B) is the subgroup of symmetric 2-cocycles of A with

sym sym
values in B (with trivial action of A on B). Under this identification, the connecting homomorphism ¢ above
becomes [22, III, Lemma 1.2 and Theorem 9.1] the homomorphism

§ : Hom(K,H'(G,L*)) — HZ, (K, L*/F*) (< H*(K,L* /F*)) (4.2)

sym

that takes any homomorphism f : K — H'(G,L*), k — [fi], to the class of the (symmetric) 2-cocycle
no~: K x K — L*/F* where the 2-cocycle v : K x K — B'(G,IL*) is defined by the equation fg, fr, =

V(K1 k2) fis s
Then (3.5) tells us that v(k1, k2) = d(7(k1, k2)), so

(m o) (ki k2) = 7(k1, ko)F* (4.3)
by definition of the isomorphism n : BY(G,L*) — L*/F*. Therefore, the homomorphism f : K —

H'(G,1L*) and the class [r] € H*(K,L*) are related as follows: 6(f) = m.(([7]), where T, : [r] = [T o 7] is
the homomorphism

T s H2(K,L*) — H?(K,L*/F*) (4.4)

induced by the natural homomorphism 7 : L* — L*/F*. We have proved one direction of the following
result:

Lemma 4.1. For a group homomorphism f : K — H'(G,L*) and a 2-cocycle T € ZQ(K,]LX), the equation

8(f) = (1) (4.5)

holds if and only if there are 1-cocycles f, € Z'(G, LX), for all k € K, such that f(k) = [fi] and (3.5)
holds: fk'l fk2 = d(T(kl, kZ))fkle'

Proof. For the remaining direction, suppose that (4.5) holds and pick, for each k£ € K, some element
fr € ZY(G,L*) such that f(k) = [fi]. As above, 6(f) = [y o 4] where ~ is defined by the equation

fiey fes = v(k1, k2) fr,k,- Hence, (4.5) means that (4.3) holds up to a coboundary in B*(K,L*/F*), i.e.,
there exist elements [ € L%, for all k € K, such that

(U Uiy U5 T ) (0 ) (e o) = (ke o) F <

Applying 7! to both sides and plugging in the definition of 7, we obtain:

Al Ui Ui o) o Fra By = A(7 (R B2)).
Hence, with f; := (dlx) fr, we have f(k) = [f;] and f; fi, = d(T(kl,k‘g))‘f}/ﬂk?, as required. O

Lemma 4.2. Assume that the map res in (3.9) is bijective. Then, for any alternating bicharacter 8 : K x
K — L%, there exists a 2-cocycle T € Z*(K,IL*) such that (4.5) holds for f := res™*of} and B(k1,ks) =
7(ky1, ko) (ke, k1)~ for all ki, ky € K. Moreover, for any 1-cocycles fi, € Z*(G,1L*) with f(k) = [fx] for all
k € K, the 2-cocycle T can be chosen to satisfy (3.5).
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Proof. Denote by alt the map sending a 2-cocycle 7 to the alternating bicharacter given by (ki,ks) —
7(k1, k2)7(ke, k1) ~t. As already mentioned, the result depends only on the class [7], so we obtain a homo-
morphism H?(K,L*) — Hom(K A K,L*), which we also denote by alt. It is well known that the sequence

alt

1 — HZ, (K, L*) — H*(K,L*) 25 Hom(K A K,L*) — 1
is exact. Here is a proof for completeness: if we write K as a direct product of cyclic subgroups generated by
ai,.-.,a.;, then, for any alternating bicharacter 8 : Kx K — L., we can define a bicharacter 7 : K x K — L*
by

B(ai,aj) 1f’L<.]7
m(@na) = if 7>

Since the action is trivial, any bicharacter is a 2-cocycle, and clearly alt(7) = . Thus we obtain a homo-
morphism Hom (K A K,L*) — H?*(K,LL*) that is a right inverse of alt. (In fact, we can put any abelian
group B with trivial action of K in place of L*, and the splitting is even natural in B.)

Now, given f3, pick a 2-cocycle 7y € Z*(K,L*) such that alt(ry) = 8, and consider a 2-cocycle vy €
7*(K,L* /F*) with [y] = §(f)m.([0])~" in H*(K,L*/F*). Since F* contains a primitive root of unity of
degree exp(K), 0 takes values in F*| so « is a symmetric 2-cocycle. But sz
and there is no higher Ext for abelian groups, so the following sequence is exact:

= can be interpreted as Ext,

1 — Hom(K,L*/F*) — H2,,,(K,F*) — HZ,,, (K, L) & HZ | (K,L*/F*) = 1, (4.6)
where we have used the fact that Hom(K,F*) — Hom(K,LL*) is an isomorphism. Therefore, we can find a
2-cocycle a € Zsym(K, L) such that m.([a]) = [7]. Then 7 := 7« satisfies (4.5) and alt(7) = 3, as required.

Finally, given 1-cocycles fi with f(k) = [fx], we can find elements [, € L™ as in the proof of Lemma 4.1
and use them to modify 7 rather than fj: the 2-cocycle 7/ (k1, ko) := 7(k1, kg)l,;ll,;zllkm will satisty fi, fr, =

d(7/(k1, k2)) fryks for all ky, ks € K, and alt(7') = 5. O

Remark 4.3. The exact sequence (4.6) also shows that, for a given 3, not all 2-cocycles 7 € Z*(K,L*)
with alt(7) = B will satisfy (4.5), unless H2 (K, IL*/F*) happens to be trivial. The classes of 2-cocycles

sym

satisfying (4.5) form a coset of the image of HZ (K, F*) in H*(K,L*).

sym

Theorem 4.4. Let G be a finite abelian group and let F be a field.

(1) Any simple G-Galois extension of F is isomorphic (as a G-algebra) to a twisted group algebra L™K for
a subgroup K of G, a Galois field extension L/F with Gal(IL/F) isomorphic to G/K, and a 2-cocycle
7€ Z3(K,L*) such that the following conditions hold:

(i) With respect to the G-action o : G — Gal(IL/IF) given by the identification G/K ~ Gal(IL/F), we
have [H* (G, LX)| = |K| or, equivalently, F contains a primitive root of unity of degree exp(K) and
the monomorphism res in (3.9) is surjective (hence bijective);

(ii) The alternating bicharacter B(ky,ke) = 7(kyi, ka)7(ko,k1)~t, whose values are automatically in
F* by the previous condition, is nondegenerate (so B in (3.11) is bijective);

(ili) The isomorphism f :=res~'of satisfies 6(f) = 7. ([7]), where § and 7. are as in (4.2) and (4.4).
The G-action on L™K is given by 0 : G — Autp (L7 K) as follows:

oy(1X:) = 5,(1) fu(9)Xr VgeG ke K, €L, (4.7)

where fr € Z'(G, L) is a representative of f(k) € H(G,L*).
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(2) Conversely, given K, 1L and 7 satisfying the above conditions, the twisted group algebra L™K becomes
a simple G-Galois extension of F if we define the G-action by (4.7) where the representatives fi, are
chosen (by Lemma 4.1) so that fi, fr, = d(7’(k:17 k‘g))fklk2 for all ki, ks € K.

Proof. (1) This has already been proved: see Proposition 3.7, its corollaries, and Lemma 4.1.

(2) Let A = L"K, with K, L, and 7 satisfying conditions (i), (ii), and (iii). The nondegeneracy of
shows that Z(A) = L. Now, A is naturally K-graded, and as such it is a graded-division algebra, so we can
apply [1, Lemma 4.2.2], as in the proof of part (vi) of Proposition 3.7, to conclude that A is simple.

For any k € K, we have fj € Zl(G, L*) and hence the computation in the proof of part (i) of Proposi-
tion 3.7 shows that o4, 4, = 04,04,. Also, since fi, fr, = d(7(k1,k2)) fryk, for all ki, ks € K, the computation
in the proof of part (iv) of that result shows that o, is an automorphism of A for any g € G. Thus,
we have a well-defined G-action on A. Note that if ¢ € K then the automorphism o, is L-linear and
04(X1) = B(g, k) X because fi|x = S(k) = B(-, k) by definition of f.

We have to prove that A% = F and that the algebra map ® : A#FG — Endp(A) sending ag + (b —
aoy(b)) is an isomorphism.

The action of G on A leaves the components of the K-grading invariant, hence in order to compute
A€, it is sufficient to consider homogeneous elements. Let [ € L* and k € K such that [X; € A%, The
computation in the proof of part (ii) of Proposition 3.7 shows that, for all g € G, 04(IX%) = (d)(9) fx(9)! Xk,
hence fr = (dl)~! and, since f is injective, k = e and f. = (dl)~'. But all automorphisms o, must send
the identity element 14 = 7(e,e) "' X, to itself, so f. = d(7(e,e)). It follows that IF* = 7(e,e)"'F*, and
hence [ X, € F*14.

Finally, consider the group A, of nonzero homogeneous elements of A (for the natural K-grading). For
any g € GG, consider the map:

Xg : Ag — L*
a = og(a)at.

For k € K and 0 # a € A, we have o4(a) € Ar = La, so x, is well defined. (Explicitly, x,(IX%) =
(d1)(g) fi(g) for any g € G.) Moreover, x4(ab) = o4(ab)(ab)™" = o4(a)(oy(b)b )a™" = x4(a)x,(b), so
Xg is a character. For any elements g; # g2 in G, let us check that x4, # X4, Clearly, this is equivalent
to o4, # 0g,, 50 we have to show that the G-action is faithful: o, # idg for all g # e. If ¢ ¢ K, then
already 0,1, # idp,. But if e # g € K, then 04(Xy) = B(g, k) Xk, so 04 # id4 because 8(g, K) # 1 by the
nondegeneracy of 3.

Now, the K-grading on A induces a K-grading on A#FG and on Endp(A), and ® is a homomorphism
of K-graded algebras. Since dimp (A#FG) = |G|? = dimp Endp (A), it suffices to prove that ® is injective.
To this end, suppose X € ker ® is homogeneous of degree k € K. Then X = dec(ngk)gv with [, € L for
all g € G, and we get 0 = (X)) = @(Xk)CI)(deGlgg). Since X, is invertible, we get 0 = @(deGlgg) =
> gec lgog. Hence, for any a € AZ, we have 0 = (deglgag(a))a_l = > yec lgXg(a). By the linear
independence of characters, we conclude that I; =0 forall g€ G,s0 X =0. O

4.2. Classification up to isomorphism

We can now obtain a classification of simple G-Galois extensions of [, but first we need to introduce
some notation. Fix an algebraic closure F of F. Then every finite field extension of F is isomorphic, over F,
to a subfield of IF. It follows that, for every pair (I, ), where L is a finite abelian Galois field extension of
F and 6 : G — Gal(L/F) is a group homomorphism, there is a unique isomorphic pair (L’,8') with L’ C F.
Here isomorphism is understood in the sense of G-algebras over [F: there exists an algebra isomorphism
¢ : L — I’ such that 8 = ¢ 0,09~ forall g € G.
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Consider the set 3p(G) of pairs (L, 8) where

(1) L CF is a finite Galois extension of F;
(2)  : G — Gal(IL/F) is a surjective group homomorphism such that, for K := ker#, the following
conditions hold:

(i) K admits a nondegenerate alternating bicharacter with values in F* or, equivalently, K is iso-
morphic to A x A for some abelian group A and F contains a primitive root of unity of degree
exp(K);

(ii) Every character K — F* can be extended to a 1-cocycle G — L* or, equivalently, the “transgres-
sion” map p : Hom(K,F*) — H?(G/K,L*) in the exact sequence (3.8) is trivial.

By Lemma 4.2 and Theorem 4.4, 35 (G) is a set of representatives for the isomorphism classes of the
centers of simple G-Galois extensions of F. We note that (ii) is satisfied if every character K — F* extends
to a character G — F* (for example, if F contains a primitive root of unity of degree exp(G) or if K is a
direct summand of G), but this condition is not necessary (see Example 4.8(c)).

For every pair (L, 0) € 3r(G), fix an extension of every character K — F* to a 1-cocycle G — L* and
denote by Z(L, ) the resulting subset of Z' (G, L*); it is a transversal for the subgroup B* (G, L*) ~ L* /F *.

Let Tp(G) be the set of triples (IL, 8, &) where (L, ) € 3r(G) and

(3) ¢ = TB*(K,F*) e Z7Z*K,L*)/B*(K,F*) such that the alternating bicharacter [(ki,ks) :=
7(k1, k)7 (ka, k1), which depends only on the class [r] = 7B?(K,L*) in H?(K,L*), is nondegen-
erate, and the following equation holds: fi, fr, = d(’l’(kl, kg))fkle for all k1,ky € K, where fj is the
unique element of Z(L, #) such that fi|x = B(-, k).

Let € be a simple G-Galois extension of F. Recall that € has a natural G-grading defined by (3.1) (the
“Miyashita-Ulbrich grading”, see Remark 3.3). The support K of this grading is the kernel of the G-action
on the center of €, and € is a graded-division algebra with €, = Z(C). In particular, the nondegenerate
alternating bicharacter S on K with values in F* is an invariant of C: S(k1,ks) = clcgcflcg L for any
nonzero c¢; € Cg,, ¢2 € Cp,, k1, k2 € K.

We define ¥(C) € Tr(G) to be the following triple (L, 0, §):

(1) L is the unique subfield of F that is isomorphic to Z(€) over FF;

(2) 0 is the unique homomorphism G — Gal(L/F) such that (L, ) is isomorphic to (Z(C),5) where
04 = 0g4|z(c) and o, € Autp(C) is the action of g € G on C;

(3) € := 7B*(K,F*) where K = kera, 7(ky, k) := L*I(XlebX,;le), t: L — Z(@) is an isomorphism
over IF, and X}, € € are nonzero elements chosen in such a way that o,(Xy) = ¢(fx(9)) Xk, where fi is
the unique element of Z(L, #) such that fi|x = B(, k).

¥(C) is well defined. Indeed, the triple (I, 6, &) satisfies all required conditions by Proposition 3.7 and its
corollaries. In particular, part (ii) of Proposition 3.7 shows that the elements X as above exist and are
unique up to factors in F*, so the 2-cocycle (k1,ks) — XlekQijcz with values in Z(@) is determined
up to a coboundary in B*(K,F*), and part (iv) shows that fi, fi, = d(7(k1,k2)) fuyk, for all ki, ko € K.
Finally, different choices of the isomorphism ¢ : L. — Z(€) produce the same coset £. Indeed, any two such
isomorphisms ¢ and ¢/ differ by an element of Gal(IL/F), so we can write ¢’ = ¢ o 8}, for some h € G thanks
to the surjectivity of 6. It follows that if the elements X} (k € K) are chosen using ¢ then the elements
on(Xy) are an allowable choice for ¢/
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og(on(Xk)) = on(og(Xk)) = on((fr(9)) Xr)
((fe(9)on(Xk) = t(0n(fr(9)))on(Xk)
(9)) )

W (TR (X Xk, X 1))
;1(9h(fl(Xk1Xk2Xk_llk2))) = 7(ky1, ko).

Corollary 4.5. Let G be a finite abelian group and F a field. Denote by E;mple(G) the set of isomorphism
classes of simple G-Galois extensions of F. Then the mapping E]b;mple(G) — TR (G) sending [Clg.alg — V(C)
s a bijection.

Proof. Let € and €’ be simple G-Galois extensions of F. Denote ¥(€) = (L, 6,&), ¥(€') = (L', 0, ¢’), and
similarly for other parameters.

If ¢~ ¢, then K = K', § =" and (L, 0) ~ (I, ¢'), hence, by construction, (L,8) = (L’,6') and fi = f,
for all k¥ € K. Consider an isomorphism v : € — C’. As we have seen, the isomorphisms ¢ : L. — Z(€) and
/' : L — Z(€C) may be chosen arbitrarily, so we pick some ¢ and set ¢/ := 1) ov. It follows that if the elements
Xk (k € K) are chosen using ¢ then the elements 1(X}) are an allowable choice for ¢/:

ol (1(Xy)) = ¥(0g(Xp)) = ¥ (e(fr(9)) Xk)
= (u(fr(9)) V(X)) = ¢ (fr(9))V(X),

for all g € G and k € K, and these elements give

T/(kh k2> = (L/)_l (¢(Xk1)¢<sz)¢(Xk1kz)_1)
= (T (X Xia X 1)) = T(ka, k2).

We have shown that ¥(€C) = ¥(€’), so our mapping is well defined.

Conversely, suppose that ¥(€) = ¥(C’). Replacing € and €’ by isomorphic copies, we may assume that
L =2Z€) =Z(€) and § = ¢ = ¢’. Choose elements X, and X}, (k € K) using ¢ = ¢/ = idy,. Since 7
and 7' differ by an element of B*(K,F*), there exist elements A\, € F* (k € K) such that 7/(ky, ko) =
)\k1>\k2)\];11k27'(k1, ko). It is easy to verify that the mapping € — €’ sending ), o Xk = > pck Mo X
is an isomorphism of G-algebras.

The surjectivity of ¥ follows from part (2) of Theorem 4.4. O

It is convenient to define a specific G-algebra in the isomorphism class ¥=1(LL, 6, €):

Definition 4.6. Given a triple (L, 6,€) € Tp(G), let T be a representative of the coset £. Denote by C(L, 6, 7)
the following simple G-Galois extension of F: as an algebra, it is L™ K, with K := ker 6, and the action of
G given by g- (IXy) = 04(1) fr(g) Xk, where f, is the unique element of Z(IL, #) such that fi|x = 5(-, k). By
abuse of notation, we will sometimes write C(LL, 6, £) instead of C(L, 8, 7).

For a pair (L,0) € 3r(G) and a nondegenerate alternating bicharacter 5 : K x K — F*, there exists a
2—cocycle T € Z2(K,LX) that satisfies ﬂ(kl, kg) = To(kl, kQ)TQ(kQ, k1)71 and fk1fk2 = d(To(kl, kz))fkle for
all k1, ks € K (Lemma 4.2). Then all other such 2-cocycles have the form 7 = roar where a € Zf,ym(K, F>),

since the kernel of d : L™ — BI(G,LX) is F*. Therefore, the isomorphism classes of simple G-Galois
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extensions of F whose center is isomorphic to (L,6) and commutation relations are given by f§ are in
bijection with H,,, (K, F*) ~ Ext(K,F*).

Remark 4.7. We can assign to each simple G-Galois extension C of F an easier invariant W(€), which is
obtained from ¥(C) by replacing the third component of the triple by its image in H2(K ,L*). However,
this is not a complete invariant, in general. It classifies simple G-Galois extensions up to the following
equivalence relation: € ~ €’ if there exists an isomorphism of G-graded algebras v : € — €' that re-
stricts to an isomorphism of G-algebras Z(C) — Z(€'). For an element (L,0,£) € Tp(G), the set of
isomorphism classes of simple Galois extensions of F that are equivalent to C(L,6,¢) in this sense is
in bijection with the triples (IL,0,¢’) where & belongs to the coset of & with respect to the subgroup
(ZQ(K,]FX)OB2(K, ]LX))/Bz(K, F*) of Z?(K,IL*)/B?(K,F*). This subgroup is the kernel of the homomor-
phism Hsym(K7 F*) — H2 _(K,L*) in the exact sequence (4.6), so it is equal to the image of the connecting

homomorphism Hom(K,I[}:X/IFX) — Hgym(K, F*) and therefore isomorphic to Hom (K, L* /F*). Actually,
this latter group acts simply transitively on the above set of isomorphism classes as follows: given a simple
G-Galois extension € of F and a homomorphism A : K — B'(G,L*) ~ L*/F*, we define €y to be the
algebra C with the modified G-action o : G — Autp(€) given by o7 (¢) := Ar(g)og(c) for all ¢ € €, k € K.
In other words, o, = 0, ()0 Where k) : G — K is defined by B(rx(g), k) = Ar(g) for all k € K. Since
homomorphisms G — F* are precisely the 1-cocycles with values in F*, and a 1-cocycle is a coboundary if
and only if it has trivial restriction to K, we conclude that ) is a homomorphism with trivial restriction

to K, and the mapping A — k) yields an isomorphism Hom(K,L* /F*) — Hom(G/K, K).
Examples 4.8. The following are special cases of simple G-Galois extensions of F:

(a) Galois field extensions L of F with Gal(L/F) ~ G: these correspond to the case K = 1.

(b) Central simple graded-division algebras over F with support G and 1-dimensional homogeneous compo-
nents: these correspond to the case K = G and are parametrized by the elements of H? (G,F*) such that
the corresponding alternating bicharacter G x G — F* is nondegenerate. If [F is algebraically closed,
these are the only simple G-Galois extensions, and they are parametrized by nondegenerate alternating
bicharacters.

(c) Suppose Br(FF) is trivial (for example, F is finite). Then, for any subgroup K admitting a nondegenerate
alternating bicharacter and any Galois field extension L with Gal(L/F) ~ G/K, every central simple
graded-division algebra over IL with support K and 1-dimensional homogeneous components admits a G-
action that makes it a G-Galois extension of F (with the given underlying grading). Up to isomorphism,
these actions are parametrized by the set Aut(G/K) x Hom(K,L*/F*) (see Remark 4.7). All simple
G-Galois extensions have this form.

(d) Suppose F is real closed (for example, F = R). Then K must be 2-elementary of even rank, and it
follows from the classification of central simple graded-division algebras [7,27] (and can also be shown
by considering 1-cocycles) that G must be 2-elementary in order for simple G-Galois extensions to exist.
This condition is also sufficient.

Among the G-algebras, G-Galois extensions of I can be characterized as follows:

Corollary 4.9. Let G be a finite abelian group and F a field. Let A be an algebra over F endowed with a
G-action o : G — Autg(A). Then the G-algebra A is a G-Galois extension of F if and only if the following
conditions hold:

(1) dimp A = |G];
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(2) L := Z(A) is a G/K-Galois extension of F where K is the kernel of the homomorphism ¢ : G —
Aut]p(]L), g UQ‘L,'

(3) F contains a primitive root of unity of degree exp(K);

(4) For every x € K := Hom(K,F*), the eigenspace

Ay i ={a e A|ok(a) =x(k)a Vk € K}
contains an invertible element.

Proof. First we consider the special case where L is a field. If A is a G-Galois extension of F, then Theo-
rem 4.4 shows that conditions (1) through (4) are satisfied, since in this case Ay =LX;_,( .

Conversely, assume that these conditions hold. By condition (2), L is a Galois field extension of F
with Gal(L/F) ~ G/K. Condition (3) shows that the commuting L-linear operators o (k € K) can be

simultaneously diagonalized, hence A = @ Ay is a K -grading on A as an LL-algebra. By condition (4),

xeK
we can pick an invertible element u, € A, for each x € K. Since |K| = | K| by condition (3), the subspace
@D, e Luy has F-dimension |K|dimp L = |G|, which is equal to dimg A by condition (1). We conclude
that A, = Lu, for all x € I/(\', so Ais a IA{—graded—diviSion algebra, and A® = (L14)¢ = F1g4. It is clear
that the action of G on A is faithful, so the argument at the end of the proof of part (2) of Theorem 4.4
(with K playing the role of K) shows that A is a G-Galois extension of FF.

The general case reduces to the special case that we have considered using the functor Indg LA~
Indg (€) for a subgroup T of G and a T-algebra € then, as a T-algebra, A is isomorphic to the direct
product of [G : T] copies of € and Z(A) ~ Ind$ (Z(€)) is isomorphic to the direct product of [G : T] copies
of Z(C). It follows that conditions (1) through (4) hold for A if and only if they hold for € (with T playing
the role of G).

If A is a G-Galois extension of F then we know that A ~ Ind$ (@) for a simple T-Galois extension €,
and conditions (1) through (4) hold for € by the special case considered above. Conversely, let A be a
G-algebra satisfying these conditions. By condition (2), L ~ Indgﬁg (K) for some Galois field extension K of
F, with Gal(K/F) ~ T/K, where T/K is the stabilizer (under the G/K-action) of a primitive idempotent
¢ of L. The primitive idempotents of I give a decomposition of A into a direct sum of ideals, which are
permuted transitively by G. A standard argument then shows that A ~ Ind%(€) for € := eA. Since €
satisfies conditions (1) through (4), it is a T-Galois extension of F by the special case above. O

Remark 4.10. For a simple G-Galois extension A of F as in Corollary 4.9, the canonical K-grading is given
as follows. Pick 0 # u, € A, and define

B ) = uyupuy 'yt Yy, v € K.

This is an alternating bicharacter, independent of the choice of the elements u,. It takes values in F by
condition (3) and is nondegenerate since Z(A) = L. Hence /3 gives an isomorphism K — K: for any k € K,
we define (k) to be the unique character y such that 3(x, ) = A(k) for all A € K. We use ¢ to convert
the I/(\'—grading on A to a K-grading: A = @, cx Cx where Cj, := A, ). We can also use ¢ to transport B
to K, i.e., we define 8 : K x K — F* by

B(h, k) = Blp(h), (k) = p(k)(h) Vh,k € K.

It follows that, for any b € Ck, we have o (b) = p(k)(h)b = B(h, k)b = uw(h)bu;(lh), so op(b)a = ab for all
a € Cp, and b € A. Therefore, the grading A = @, i Cy satisfies (3.1). (Also, ¢ = 8)
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4.8. Construction with generators and relations

For a fixed (L, ) € 3r(G), the simple Galois extensions C(L,, T) as in Definition 4.6 can be explicitly
described by means of generators and relations. Write K := ker# as a direct product of cyclic subgroups
generated by ay, ..., am,. Then the twisted group algebra L™ K is generated over L by the elements X; := X,,,
which satisfy the following relations:

Xin = ﬁinin and Xf(ai) = ,uz-l,

where 3;; := B(ai,a;) € F*, u; € L, and o(g) denotes the order of a group element g. It is clear that these
relations are defining. Therefore, we can forget about the 2-cocycle 7 and express everything in terms of the
bicharacter 8 and the scalars y;, i = 1,..., m. By definition of C(L, 8, 7), the G-action on the generators is
given by

04(Xi) = fa,(9)Xs Vg € G, (4.8)

where f,, is the fixed extension of the character 8(-,a;) : K — F* to a 1-cocycle G — L*. Since ag(Xf(ai)) =
04(X:)°@) | we have

Og(1i) = fa(9)“Ipi Vg €G. (4.9)
In other words, du; = gf‘“), i=1,...,m.
Conversely, suppose § : K x K — F* is an alternating nondegenerate bicharacter and p1, ..., u, are

elements of X satisfying (4.9). We note that, since f := res™! of3 is a homomorphism K — H'(G,L%), the

1-cocycles fgf“i) are coboundaries, so such u; always exist. Denote

C(L,6, B, 1) = algy (X1, ..., Xm | X;X; = Bi; X;X; and X2 = p,1). (4.10)

It is easy to see that assigning degree a; to the generator X; makes C(LL, 0, 5, 1) a graded-division algebra over
L with support K and 1-dimensional homogeneous components (see e.g. [3, Proposition 3.2]). Moreover, the
center is IL since § is nondegenerate. If we pull the L-vector space structure on € := C(LL, 0, 5, u) back along
an isomorphism ¥ : L. — IL from Gal(IL/F), the resulting algebra €% has the same generators X1, ..., X,,,
but the relations change: instead of y;, we will have ¢»~*(p;) (while 3;; € F* stay the same). From (4.9)
it follows that (4.8) defines an isomorphism of L-algebras o : el e or, equivalently, a 6,-semilinear
automorphism of €. Moreover, since fq, : G — L* is a 1-cocycle, the mapping g — o4 is a homomorphism
G — Autyp(C). Thus C(LL, §, 8, i) becomes a G-algebra (over F). Since the homogeneous components are the
eigenspaces for the action of the subgroup K, Corollary 4.9 tells us that C(L, 6, 3, 1) is a G-Galois extension
of F.

Proposition 4.11. The G-algebras C(L, 0, 5, 1) and C(L,0, ', 1) are isomorphic if and only if 8’ = 5 and
ph € ()@l for alli =1,...,m.

Proof. Denote the algebras C(L, 0, 8, 1) and C(L,0, 5, 1’) by € and €', and their generators (over L) by
X; and X! (i = 1,...,m), respectively. If 8’ = 8 and u} = ,u,-/\;)(ai) for some \; € F*, then the mapping
X;— )\i_lXZf defines an LL-linear isomorphism € — €', which is obviously G-equivariant.

Conversely, suppose there is an isomorphism 1 : € — €’ as G-algebras over F. Since G is abelian, each
automorphism oy, of € is G-equivariant. Since oy, is 0p,-semilinear and 6 : G — Gal(L/F) is surjective, we
can replace ¥ by 1 ooy, for a suitable h € G and assume that 1 is L-linear. From the commutation relations
it follows that 3;; = f3;; for all i, j, hence 8’ = 3. Since 1) is G-equivariant, in particular, it is an isomorphism
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of K-graded algebras, so ¥(X;) = ;X for some [; € L*. But considering the G-action on the generators,
we get

fas (LX) = U(fai (9)Xi) = (g - Xi) = g (Xi) = g- (LiX]) = 04(1i) fa, (9) X7,
s0 O4(1;) = 1; for all g € G and hence [; € F*. Finally,

piler = d(pile) = (X)) = (X)) = 1209 (x1)°@) = 17l 1,

K]
which implies p € p;(IF>)le(@)l g

If § is fixed, we can use a set of generators of K adapted to [, namely, a “symplectic basis”
a1,b1,...,Qm, by as in (3.7). Then the generators X; := X,, and Y; := X, of C(IL, 6, 83, u) satisfy the
following defining relations:

X" =i, Y = v, XoY = GYi X,
XZ‘XJ' = XjXZ‘, Y;Y} = Y;Y;, and XZY} = Y}X, for ¢ 7é j,

where n; = o(a;) = o(b;) and ¢; = B(a;,b;) is a primitive root of unity of degree n; (which can be chosen
arbitrarily at the expense of changing the “symplectic basis”). This implies that C(L, 8, 8, u) is a tensor
product of symbol algebras (see e.g. [21, p. 27]):

C(L, 8,8, 1) ~ (11,1)¢cy,L OL - QL (ams Vim )¢ L (4.11)

As seen above, the parameters p; and v; have to satisfy du; = f7/ and dy; = fgL in order to make
C(L,0, 5, 1) a G-Galois extension of F.

5. Graded-division algebras

Let G be an abelian group. In this section, we classify G-graded-division algebras in terms of simpler
objects.

5.1. Central simple case

Let D be a central simple G-graded-division algebra over F and let T" be the support of D. Then D
represents the class [D]r in Brp(F) and also the class [D]g in Brg(F). These classes correspond to each
other under the canonical embedding of Bryp(F) into Brg(F) (cf. Remark 3.4).

If [D] = 1 in Br(F), then applying Corollary 2.8 with T playing the role of G, we get [D]r = [['(D)#F T,
and I'(D) ~ €°P by Proposition 3.1 where C = Centp(D.) with the action of T given by equation (2.2)
(Miyashita-Ulbrich action). Hence there is a T-graded right D-module V' such that CP#FT is isomorphic,
as a T-graded algebra, to Endp (V). Therefore, D is graded-isomorphic to the algebra E((‘f"P#]FT)E'7 where
F is any primitive idempotent of the identity component (GOP#]FT)P = €°P. By Corollary 4.5 (again, with
T playing the role of G), € ~ C(L, 6,&) as a T-algebra (Definition 46)7 so it has the form (4.11). Thus, to
recover D from € explicitly, one needs to find a primitive idempotent in a tensor product of symbol algebras
over L, which is difficult in general.

If [D] = [A] in Br(F), for a central (ungraded) division algebra A (unique up to isomorphism), then
Corollary 2.8 gives [D]r = [A ®F (CP#FT)]r, and hence D is recovered, up to graded isomorphism, as
E(A QF (GOP#IFT))E, where E is any primitive idempotent of (A QF (GOP#]FT))E = A Qp C°P.

In particular, Corollary 2.8 and Proposition 3.1 give the following isomorphism criterion:
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Corollary 5.1. Let G be an abelian group and let D and D’ be finite-dimensional G-graded-division algebras
with supports T and T'. Assume that D and D’ are central simple over F. Then D and D’ are isomorphic
as G-graded algebras if and only if the following conditions are satisfied:

(i) T=T1;
(ii) Centn (D) and Centp/ (D) are isomorphic as T-algebras;
(iii) [D] =[D'] in Br(F). O

Remark 5.2. There is another division algebra associated to D, namely, the identity component D, which
represents an element in Br(L) since . = Z(D,). This element can be recovered from A and € as follows.
We have A ®p (COP#FT) ~ Endp (V) for a T-graded right D-module V. Since T is the support of D, V is
isomorphic to the direct sum of copies of D or, in other words, F* @ D for some k. Hence A ®p (CPHFT) ~
Maty(F) ®p D, where the first factor has trivial grading. Looking at the identity components, we obtain
A ®p C°P ~ Maty(F) ®F D.. Since € and D, are L-algebras, this can be rewritten as (A ®p L) ®p, C°P ~
Matg (L) ®r, De, so

[De] = [A @ L][€]7! in Br(L).
A stronger result follows from [3, Theorem 2.3]:
[D ®F Llg = [Dele [€)¢ in Brg(L).
5.2. General case

Any G-graded-simple algebra A is G-graded-central if considered as an algebra over the field Z(A),.
Hence we may restrict to G-graded-division algebras that are graded-central over F. These may be reduced
to the central simple case, considered in Corollary 5.1, using a cocycle-twisted version of the loop algebra
construction introduced in [13, §5].

Any 2-cocycle v : G x G — F* (with trivial action of G on F*) can be used to twist the multiplication
of a G-graded algebra A as follows:

zxy:=7(g1,02)1y Vo € Agy,y € Agy, 91,92 € G

We will denote by A the vector space A equipped with this new multiplication and the original G-grading.
The isomorphism class of the G-graded algebra A" depends only on the class [y] € H*(G,F*).
If the support of A is contained in a subgroup H of G, then the twist of A as a G-graded algebra by
a 2-cocycle in ZQ(G,FX) is the same as the twist of A as an H-graded algebra by the restriction of this
2-cocycle to H. A crucial fact is that the set of graded-isomorphism classes of the twists of A by symmetric
2-cocycles does not depend on whether we regard A as G-graded or H-graded. The reason is that any
symmetric 2-cocycle on H can be extended to a symmetric 2-cocycle on G. Indeed, using once again the
identification of nym and Ext for abelian groups, we have the following exact sequence:
1 — Hom(G/H,F*) — Hom(G,F*) — Hom(H,F*)
. (5.1)
2 inf 112 res 112
— Hsym(G/H,IFX) — Hsym(G,]FX) — Hsym(H,IFX) — 1.
This fact was used in [13] as follows. If A is a G-graded-central-simple algebra (not necessarily finite-
dimensional) and H is the support of the induced grading on the center(=centroid) Z(A), then Z(A) is, up

to isomorphism, a twisted group algebra FYH for some 7 € nym(H ,FX), so it can be “untwisted” by 771
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We can find v € nym (G,F*) whose restriction to H is 4, and hence the center of A7 is isomorphic to the
group algebra F H. Following [1], we let 7 : G — G := G/H be the natural homomorphism and consider a
central image A of A" induced by an algebra homomorphism from the center to F. By [13, Theorem 5.2],
A is a central simple G-graded algebra, and A is isomorphic, as a G-graded algebra, to the y-twist LY (fl)
of the loop algebra L. (A) (see Subsection 1.2). Conversely, for any central simple G-graded algebra B and
any v € Zgym(G,]FX), the cocycle-twisted loop algebra LY(B) is a G-graded-central-simple algebra, with
LY(B) and LY (B') being isomorphic as G-graded algebras if and only if there exists o € Zgym (G,F*) such
that [y/] = inf([a]71)[y] in nym(G,]FX) and B’ ~ B® as G-graded algebras. The first condition determines
[a] up to a factor in the image of the connecting homomorphism Hom(H,F*) — nym (G,F*) in (5.1), so
we still have the freedom to twist B by the elements of this image to satisfy the second condition (cf. [13,
Corollary 5.5]).

We apply this procedure to obtain G-graded-central-division algebras from central simple G-graded-
division algebras. The following result describes the effect of a cocycle twist on the latter in terms of the
centralizer of the identity component (which carries a natural action of the support of the grading) and the
class in Br(F).

Lemma 5.3. Let D be a central simple G-graded-division algebra with support T and let o € Zzym(T,FX).
Then the centralizer of the identity component in D” is the graded vector space C := Cent@(ﬁé) with the
same T-action but with multiplication twisted by the restriction of a to the support K of C. Moreover, if
« is the inflation of some o' € nym(T/?,IFX) then [D"] € Br(F) is the product of [D] and the element

corresponding to the image of [o'] under the homomorphism H*(T /K, F*) — H*(T/K,LL*) induced by the
inclusion of F into L := Z(Dg), which is a Galois field extension of F with Gal(L/F) ~T/K.

Proof. Since the 2-cocycle a is symmetric, the a-twist of multiplication on D does not affect commutation
relations between homogeneous elements, so the first assertion is clear.

The second assertion can be proved using a variation of the classical argument (see e.g. [18, The-
orem 4.4.3]) showing that multiplication in H*(T/K,IL*) corresponds to multiplication in Br(F). The

algebra A := (L#F(T/f))a/ represents the element of Br(IF) corresponding to o' and the algebra

A= (L#F (T/F))(O/)_1 represents the inverse of this element. Let A be a central division algebra that
represents [D]. Then A ®p (€ #FT) ~ Maty(F) @p D for some k, where the first factor has trivial grading
(Remark 5.2). Therefore, it is sufficient to show that the algebra B := (@OP#FT)" represents the same class
as A in Br(F). Consider € := A @p B. Since L#1 is a subalgebra of A isomorphic to L and éOp#l is a
subalgebra of B isomorphic to 601)7 the algebra & contains

LerL = P Le,
p€eGal(LL/F)

where €, are orthogonal idempotents satisfying (o1 ® @2)(e,) = -1 for all 1,92 € Gal(L/F). In

€
P2PP1
particular, € := €;q is a central idempotent of the subalgebra (L#1) ®p (GOP#I), in which it generates an

ideal isomorphic to @Op, and we have
e((1#F(T/K)) @ (1#FT))e = &85,

where S is the span of all elements of the form (1#tK) ® (1#t), t € T. But when we multiply two such

elements in &, the values of the cocycles (o)~ and a cancel out, so S is a subalgebra of & isomorphic to

FT. It follows that

e€e ~ CP#FT ~ Endp (€™),
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hence the class of € in Br(IF) is trivial, proving the result. O

In terms of the isomorphism Bry(F) — Br(F) x Ex(F) as in Corollary 2.8, sending [D]7 to
(D1, [EOP]T_aIg), Lemma 5.3 says that twisting D by « has the following effect on the image of [D]z:
the second component is twisted by res(a) and, if @ = inf(a’), the first component is multiplied by the
image of [@’] in Br(F).

By Corollary 4.5, the isomorphism classes of simple T-Galois extensions of F are parametrized by the set
Tr(T), with a triple (L, 0, 7B*(K,F*)) € Tp(T) corresponding to the isomorphism class of the T-algebra
€(L,0,7) = LK as in Definition 4.6 (with T playing the role of G and K := ker#). Clearly, twisting
€(LL,0,7) by a symmetric 2-cocycle K x K — F* multiplies 7 by this cocycle, hence the isomorphism
classes of these twists are parametrized by a coset of the subgroup szm (K,F*) in Z*(K,L*)/B*(K,F*).
As explained after Definition 4.6, the elements of such a coset represent the isomorphism classes of simple
T-Galois extensions of F whose center is isomorphic to (IL,#) and commutation relations are given by a
fixed nondegenerate alternating bicharacter §: K x K — F*. Thus, nym (K,F*) acts simply transitively
on these isomorphism classes by the twist of multiplication. Moreover, up to isomorphism and symmetric
cocycle twist, the simple T-Galois extensions of IF are classified by the triples (L, 8, 3).

Now, for any G-graded-central-division algebra D with support 7" and support of the center H, we have
D ~ L7 (D) where D is a central simple G-graded-division algebra with support T := T'/ H. Moreover, D can
be replaced by any of its symmetric cocycle twists at the expense of changing . In view of Lemma 5.3, the
simple T-Galois extension of F corresponding to D can be replaced by any of its symmetric cocycle twists.
Therefore, it makes sense to fix, for any triple (L, 6, 3), a 2-cocycle 7o € Z*(K,L*) that satisfies §(k1, ko) =
7'0(1;:1,152)7'0(1_62,1_61)_1 and f; fr, = d(To(lz:l, l_fg))fEIEQ for all ki, ke € K (which exists by Lemma 4.2 and
can be obtained explicitly using generators a; and scalars u; as in Definition 5.4 below). Then we let
C:= C(L,0,7p) as in Definition 4.6 and, for any central division algebra A over I, let D(T,L, 6, 8, A) be a
central simple graded-division algebra whose isomorphism class corresponds to the pair ([A}, [@Op]ialg) €
Br(F) x Ex(F). We will now give a more explicit construction of such an algebra:

Definition 5.4. For any finite subgroup 7 of G and any (LL,0) € 3p(T), write K := kerf as a direct
product of cyclic subgroups generated by ai,...,a,. Then, for any nondegenerate alternating bicharacter
B: K x K — F*, fix scalars p; € L* satisfying du; = fg(a) and define a #-semilinear T-action on the
algebra € := C(IL, 0, 3, 1) as in (4.10), i.e.,

C=alg (X1,..., Xm | X;X; = B(a;,a;) X, X; and X% = 1),

by setting ¢ - X; = fa,(f)X; for all £ € T. Finally, for any finite-dimensional central division algebra A over
F, pick a primitive idempotent E € A @F C © and define

D(T,L,0,5,A) := E(A @p (C"#FT))E = P E(A @ (€ #1))E.
teT

This is a central simple G-graded-division algebra (with support T'), whose graded-isomorphism class does
not depend on E, but depends on our (fixed) choice of generators a; and scalars p;, i = 1,...,m.

Theorem 5.5. Let G be an abelian group and let F be a field.

(1) If H is a finite subgroup of G, 7 : G — G := G/H is the natural homomorphism, D is a finite-
dimensional central simple G-graded-division algebra over F, and v : G x G — F* is a symmetric

2-cocycle (with trivial action of G on F* ), then LY (D) is a finite-dimensional G-graded-central-division
algebra over .
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(2) If D is a finite-dimensional G-graded-central-division algebra over F, T is the support of D, and H is
the support of the center of D, then D is graded-isomorphic to some LY (D) where ™ and y are as above
and D = ‘D(T/H,IL,H,B, A) is a central simple G-graded-division algebra as in Definition 5./.

(3) Two algebras L) (D(T/H,L,H,B,A)) and Ljrl,(@(T’/H',L’,G',B',A')) as above are graded-isomorphic
if and only if the following conditions hold:

() T=T,H=H,L=L,0=0,5=73;
(ii) There exists & € nym(T/K F*), where K := n~(ker ), such that
o res([y']) = nf([a] ) res(]) in B2, (T,F%);
e The class [A'] in Br(F) is the product of [A] and the image of [&] under the homomorphism
Sym(T/K F*) — H*(T/K,L*) induced by the inclusion F — L, where H?(T /K, LX) is re-

garded as a subgroup of Br(F) using the identification T/K ~ Gal(IL/F) via 6.

Proof. (1) is clear from [13, Theorem 5.2] and (2) has already been proved.

To prove (3), let D = D(T/H,L,6,3,A) and D = D(T'/H', 1,0, 5', A"). First note that conditions
T =T and H = H' are necessary for LY (D) and Ljr: (@/) to be graded-isomorphic, so we may consider
these algebras as T-graded and apply [13, Theorem 5.2] with T' playing the role of G. Then the remaining
condition for graded 1somorphlsm is the existence of o € Zsym(T, F>) such that res([y']) = inf([a] ™) res([7])

in H2 (T, F *) and D ~ D" as T-graded algebras, where T := T/H. We have already seen that D ~ D"

sym _ _ _
implies L’ =L, #’ = 0 and ' = . Moreover, the restriction of « to K := K/H must give the trivial element

of szm(K F ), since the graded-division algebras in Definition 5.4 were constructed from representatives

of orbits for the free action of Hsym(K ,FF*) on the isomorphism classes of simple T-Galois extensions of F.

Now, since Hsym( ,F>) is a functor, we have the following commutative diagram:

(T/K,F*) 2y g2 (T, F*) 2= 02 _(K,F*) —— 1

sym sym

J- [ [

T/K,F*) 2y g2 (T, F*) ==, 02 (K, F*) —— 1

sym sym

sym

sym(

where the rows are exact because they are the second halves of sequences similar to (5.1). Hence we have
[a] = inf([a']) for some o € nym(T/F,]FX) Let & be the element of nym (T/K,F*) corresponding to «'.
Then, in view of the above diagram, equation res([y]) = inf([a]™1) res([7]) in nym(T,]F X) is equivalent to
the first part of (ii), while, in view of Corollary 5.1 and Lemma 5.3, condition D ~ D" is equivalent to the

second part of (ii). O

Corollary 5.6. The set of isomorphism classes of finite-dimensional G-graded-central-division algebras over
F is in bijection with the following set of septuples (T, H,1L, 0, 3,6, [n]):

e H <T are finite subgroups of G;

e L is a finite Galois extension of F contained in F and 0 is an epimorphism T/H — Gal(L/F) such that
[HY(T/H,L*)| = |K/H| where K/H is the kernel of @ (so 0 yields an isomorphism T/K — Gal(L/F));

« (3 is a nondegenerate alternating bicharacter on K/H with values in F*;

e 0 is a coset in Br(F) of the image of Hom(K,F*) under the composition of the connecting homo-
morphism Hom(K,F*) — H2 _(T/K,F*) and the homomorphism HZ (T/K,F*) — H*(T/K,L*)

sym sym
induced by the inclusion F — IL;
e NE Zsym(K,]FX).
Proof. In the notation of Theorem 5.5, we let  be the coset containing [A] and let n be the restriction of

~ to K. Observe that part (3) gives us a lot of freedom in the choice of 7 for a given D. Indeed, v and ~/
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satisfy the first part of condition (ii) for some & if and only if resi ([v]) = resk ([7']), which means that we
can replace vy by an arbitrary extension of 7. So we fix, for each subgroup K of G, a set-theoretic section

fx cHE (K, F*) — H2 (G, F)

sym sym

of the restriction homomorphism and stipulate that « for realizing D as LY(D) be chosen according to
this section: [y] = &k (resk([7])). Under this stipulation, & in condition (ii) must belong to the kernel of
inf : nym(T/K, F*) — nym(T, F*), which is the image of the connecting homomorphism above. O

The parameters corresponding to the isomorphism class of a graded-central-division algebra D in Corol-
lary 5.6 have the following meaning: T is the support of D, H is the support of Z(D), L ~ Z(D.), 0 is
induced by the epimorphism ¢ : T' — Gal(L/F) (see Proposition 3.5, with T playing the role of G), K
is the kernel of & and the support of € := Centp(D,), and f§ is induced by the alternating bicharacter
B : K x K — F* defined by the commutation relations in € (see Proposition 3.7). The meaning of § and
[n] is less direct and depends on the choices we made in Definition 5.4 and the proof of Corollary 5.6: n is a
symmetric 2-cocycle such that € ~ L (€) where C := €(L, 6, 8, 1), and § is the coset containing the element
[D] € Br(F) where D is a central image of D7 and [] = &x ([n]).

Finally, we note that all data in Corollary 5.6 involving symmetric 2-cocycles can be computed ex-
plicitly. For the connecting homomorphism Hom(K,F*) — HZ _(T/K,F*), take a set-theoretic section

sym

sk : T/K — T of the natural homomorphism 7' — T/ K and, for any A € Hom(K,F*), define

ax(z1,x2) 1= )\(sﬂ(xl)sﬂ(xg)sH(xlwg)*l) Vay, 20 € T/K.

Then the class [a)] € Hgym(T/K,IFX) is the image of A under the connecting homomorphism [22, III,
Lemma 1.4 and Theorem 9.1].

As to symmetric 2-cocycles K x K — F* and their extensions, they can be found using the short exact
sequence 1 — FX - F " — FX/]FX — 1 as an injective resolution of F*. Hence nym

to the quotient of Hom(K,F /F*) by the image of Hom(K,F ). Under this isomorphism, the coset of
x:K— FX/IFX corresponds to the class of the following symmetric 2-cocycle:

(K,F*) is isomorphic

(k1 k2) = sp (x(k1))sE (x(k2))sE (x(k1k2)) ™" Vk1, ks € K, (5.2)

where sy is a set-theoretic section of the natural homomorphism F* — FX/IFX. Extending x to a homo-
morphism y : G — FX/IFX, we obtain an extension vy := 7y of the 2-cocycle 7,.

Remark 5.7. We can realize L) (D) as an F-form of the G-graded algebra L,(D) @ F as follows. Setting
zq == s¥(X(9)) € F* for all g € G, we have

LY(D) ~ @ Dy ® g ® 2, C D @p FG,
geG

where we have identified FG ®@f F with FG. (Cf. [13, Proposition 3.5(iii)].)
5.3. Finite graded-division rings

As an application of the method developed in this section, we can classify finite graded-division rings. Let
D =B, cc Dy be a finite graded-division ring where G is an abelian group. Then D can be considered as a
graded algebra over the finite field F := Z(D).. When viewed in this way, D is a finite-dimensional graded-
central-division algebra, so Theorem 5.5 applies. Our classification will be up to graded-isomorphism, so we
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will fix G. Clearly, we can also fix the isomorphism class of F and consider finite-dimensional graded-central-
division algebras over F. Note, however, that two such objects D and D’ may be isomorphic as graded rings
without being isomorphic as graded F-algebras. More precisely, D is isomorphic to D’ as a graded ring if
and only if there exists an automorphism 1 of F such that D¥ (the result of pulling scalar multiplication
back along 1) is isomorphic to D’ as a graded F-algebra.

It will be sometimes convenient to assume that G is the support of the grading, hence finite. Since F is also
finite, there is a number of simplifications. First, Br(F) is trivial and, hence, the mapping D +— Centp (D.)
yields a bijection between the isomorphism classes of central simple graded-division [F-algebras with support
G and the isomorphism classes of simple G-Galois extensions of F. (In terms of Corollary 5.6, the parameter
0 is trivial.) Second, the multiplicative groups of finite fields and the Galois groups of their finite extensions
are cyclic, which allows explicit computations.

Denote the characteristic of F by p and let GF(p®) be an algebraic closure of the prime field GF(p).
(It can be constructed as a direct limit of the fields GF(p*), k € N, hence our notation.) We may assume
that GF(p) CF C GF(p>). It is well known and easy to prove that the multiplicative group GF(p>)* is
isomorphic to a subgroup of the unit circle U C C, namely, the direct sum of Uy over all primes g # p,

where Uy~ denotes the group of all complex roots of unity of degrees ¢*, k € N. We will fix such an
271
=
Thus, wy is a primitive N-th root of unity in GF(p™) and we have w, = wnyq for any d | N. It follows

isomorphism and, for any N € N with pt N, let wy be the element of GF(p®)* corresponding to exp

that the multiplicative group F* is generated by wpx|, which we will abbreviate as wr.

Denote by ¢ the Frobenius automorphism of GF(p>): ¢(z) = aP. By abuse of notation, we will use the
same letter for the restrictions of ¢ to finite subfields of GF(p°°). Thus, for any such subfield . containing
IF, the Galois group Gal(IL/F) is generated by ¢ where |F| = p°. It follows that the norm Ny, 5 : L — F is

= ¢[L"F*] Hence the mapping w]]f — w]i (0 < j < |F*]) is a set-theoretic section of the

given by Np/r(z)
group epimorphism Np,/p : L* — F*.

The above information gives us an explicit description of the set 3p(G): it is in bijection with the cosets
C' of the subgroups K < G satisfying the following conditions: G/K is a cyclic group generated by C,
K ~ A x A for some abelian group A, and exp(K) divides |[F*| = p¢ — 1. Indeed, L is determined by the
degree n:=[L:F] =[G : K] and 0 : G — Gal(L/F) is determined by its kernel K and the stipulation that
it maps the elements of C to ¢°. Next, we have to fix an extension of every character A : K — F* to a
1-cocycle G — L*. These extensions exist because Br(IL) = 1 and hence the “transgression” map is trivial.

Explicitly, they are given by the following lemma, whose proof is left to the reader:

Lemma 5.8. Suppose 0(tg) = ¢° and A € Hom(K,F*). Then the extensions of A to 1-cocycles G — L* are
as follows: for any po € L™ satisfying Ny k(o) = A(tg), there exists a unique extension that sends to to
Ho- O

For any coset C' of K that generates G/K, we fix a representative to = to(C). Then we extend every
A € Hom(K,F*) as in Lemma 5.8 with ug := w]i where A\(t§) = w% and 0 < j < |F*|. Thus, given
a nondegenerate alternating bicharacter § : K x K — F*, the extension f; of the character 5(-, k) is
determined by the condition fx(to(C)) = wic’[’(k) where, for any k € K, we define jo g(k) by

B(to(C)™, k) = wi®*™ and 0 < jeo (k) < [F*]. (5.3)

This determines the objects C(L, 0, 7) as in Definition 4.6. Explicitly, we can construct them in terms of
generators and relations (4.10) if we write K as a direct product of cyclic subgroups and fix their generators:

Proposition 5.9. Let G be a finite abelian group and let F = GF(p©). Then the simple G-Galois extensions
of F are classified as follows: for any coset C of a subgroup K < G such that C generates G/K and
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any nondegenerate alternating bicharacter B : K x K — F*, there are exactly |K| isomorphism classes.
Moreover, if we write K = {a1) X - -+ X {am), the following are representatives of these isomorphism classes:

6(81, ceey Sm) = alg]L<X1, e ,Xm | XZX] = B(CLZ‘, aj)Xin and X;(ai) = ul($1)1>,

where each s; is an integer in the interval 0 < s; < o(a;), L is the field extension of F of degree n = [G : K]
contained in the algebraic closure GF(p™), the elements of the coset C7 act on L as ¢,

wi(s;) := wi(ai)jc’ﬁ(ai)/mxlw];” with jo g : K — Z>o defined by (5.3),
and the (semilinear) G-action on C(s1,...,8m) s defined by g- X; = fo,(9)X; forallg e G, i=1,...,m.

Proof. Recall that the elements p; € L* in (4.10) are subject to the condition du; = fg('“). Since 1-

coboundaries are trivial on K, it is sufficient to check it for g = to(C), which is ©®(u;)u; * = w]oL(ai)jC'B(ai).
Writing y1; = wf’, this equation becomes |F*|y; = o(a;)jc,s(a;) (mod |[L*|). Since B(to(C)", a;)°@) = 1,
we have o(a;)jc,g(a;) =0 (mod |F*|), so the set of all possible values of y; is given by

o(ai)jc,pa:)

| + [L* : F*]s; where s; € Z.

Yi =

L

This gives the desired expression for p; because wy,

since the group (F*)l°(@)] is generated by w;(ai), O

CE] wr. The result now follows from Proposition 4.11

This result also gives a classification of central simple graded-division algebras over F with support G: for

each C(s1,...,Sn) as in Proposition 5.9, there is a unique (up to graded-isomorphism) such graded-division
algebra D(s1, ..., sp,) for which the centralizer of the identity component is isomorphic to C(s1,...,Sm) as
a G-algebra. Since all the G-algebras C(sy, ..., s,;,) are symmetric cocycle twists of each other, the same is

true for the G-graded algebras D(sy,. .., $m) by Lemma 5.3. So, we can take D(0,...,0) as a “base point”
and denote it by D(G, C, 8) (cf. Definition 5.4). Specializing Corollary 5.6, we obtain:

Corollary 5.10. Let G be an abelian group and let F = GF(p®). The set of isomorphism classes of finite-
dimensional G-graded-central-division algebras over F is in bijection with the following set of quintuples

(T, H,C,B3,[n):

o H < T are finite subgroups of G;

o Cis a coset of a subgroup K of T such that H < K and C generates T/K ;
e [ is a nondegenerate alternating bicharacter on K/H with values in F*;

o« neZ? (K,F).

sym

Moreover, LY(D(T/H,C/H, 3)) is a representative of the isomorphism class with parameters (T, H, C, 3, [n]),

2
sym

where 7w : G — G/H is the natural homomorphism and v € 72, (G,F*) is any extension of n. O

To address the problem of isomorphism as graded rings, we will use the following:
Lemma 5.11. If ¢ € Aut(F) then the graded F-algebra D(G, C’,B)iﬁ1 is isomorphic to a symmetric cocycle

twist of D(G, C,¢ o B). Moreover, if o 8 = then D(G,C, ﬂ)w_l is isomorphic to D(G,C, ) as a graded
F-algebra.
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Proof. Denote D = D(G, C, B). Since the centralizer of the identity component in D is € := €(0,...,0) as
in Proposition 5.9, the centralizer of the identity component in DY s v So, it suffices to consider the
latter. By construction, € is an L-algebra with a semilinear G-action. Extending 1 to an automorphism
of L, we can pull the L-vector space structure back along 1!, which makes ¥ an L-algebra with a
semilinear G-action of the same kind as € since 1) commutes with the elements of Gal(IL/F). Now, €¥"" has
the same generators X1, ..., X,,, but the relations change: 5(a;, a;) is replaced by ¢ (5(ai, a;)) and p;(0) is
replaced by 1 (u;(0)). This proves the first assertion.

For the second assertion, let Fy be the subfield of F generated by the values of 3 or, in other words, by
Wexp(K)- Then 1o f = B if and only if ¢ is a power of ¢° where [Fo| = p®. So, it suffices to consider the
case 1) = . The G-action on the generators of €% is given by g- X; = 1( fa; (9))X; (with multiplication
by scalars taken in € '1). Since 1 o 8 = 8, we have 1(fa,(g)) = fa.(g) for g € K, but for ty = to(C), we
have (f,,(to)) = @[J(w]{i) = w]lﬁeoji = wgox 13 fa: (to) where j; := jo g(a;). From the definition of j; and the
fact that ¢ o 8 = f8 it follows that p®j; = j; (mod |F*]), so |F*| is a divisor of |F;|j;. Taking the elements

—|F |/ IF > ‘
X! ::le o 13:/] lXi,z:L...,m,

as the new generators of Gw_l, we get g+ X! = fo,(9)X] for all g € G. Also,

o(a; —o(a;)|Fg |g:/|F* —o(a;)|Fg |5:/|F* “00(a;)ji/|F*
(X1)01a) (oG I ) ol R L I ot FX1 _ )

(2

It follows that C¥ ' ~C as a G-algebra over F. 0O

Lemma 5.11 allows us to classify the graded-central-division F-algebras in Corollary 5.10 up to isomor-
phism of graded rings. Indeed, for any G/H-graded algebra A, the loop algebra L,(A) can be seen as a
graded subalgebra of the group ring AG (with the G-grading defined by declaring Ag to be the homogeneous
component of degree g), so L(A)Y ~ L, (ﬁw) for any 1 € Aut(F). Also, for any G-graded algebra A and
any v € Z*(G,F*), we have (fl"Y)IV1 = (A¢71)¢°7. Therefore, using the notation of Corollary 5.10, we ob-
tain, for any ¢ € Aut(F), LY(D(T/H,C/H, )" " ~ LY (D(T/H,C/H, o B)) for some v € 72, (G, F*)

sym

that has the same restriction to H (but not necessarily to K) as ¢ o «. Moreover, if ¢ o § = ( then
Ly(D(T/H,C/H.())*"" ~ LL*V(D(T/H,C/H.P)).

It is well known that Ext(G,Z/NZ) is naturally isomorphic to the dual group of G[yj, which gives

2
sym

us the group HZ . (G,F*) since F* is cyclic. In fact, symmetric 2-cocycles representing the elements of

nym (G,F*) can be constructed explicitly. For any N € N with p{ N, it is convenient to define the map
[1/N]: GF(p™)* — GF(p>)*, w}; — wng where 0 < j < M.

As the notation suggests, this is a set-theoretic section of the epimorphism [N] : GF(p™)* — GF(p™>)*,
so we will denote the image of  under [1/N] by 2'/V.

Lemma 5.12. Let G be an abelian group, F = GF(p®) and N = p® — 1. Then there is a natural iso-
morphism Hom(Gnp, F*) ~ Hgym(G,]FX) constructed as follows: given a character x : Giny — F*, if

X € Hom(G, GF (p>)*) is an extension of x then

~ ~ ~ —1
Ye(g1,92) = X(g1) "V x(g2) N (X(9192)"N) " Vagr1,92 € G

is a symmetric 2-cocycle G x G — F* whose class 5] € nym

(G,F*) depends only on x, and the mapping
X — [vz] is the desired isomorphism.
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Proof. Let F = GF(p™). Using the exact sequence 1 — F* — F* M F* > 1asan injective resolution
of F* we obtain the isomorphism

Hom(G,F )/ Hom (G, F )N — HZ (G, F¥),
explicitly given by a formula similar to (5.2), with [1/N] playing the role of sp. Now, applying the exact
functor Hom( - ,FX) to the exact sequence 1 — G|y] — G ﬂ G, we obtain the isomorphism

Hom(G,F )/ Hom(G,F )V — Hom(G[N],FX) = Hom(Gn), F*)
induced by the restriction of characters from G to G|n}. The result follows. O

Using Lemma 5.12 and Remark 5.7, representatives of the isomorphism classes of graded-central-division
algebras over F in Corollary 5.10 can be constructed explicitly. For the purpose of classification up to
isomorphism of graded rings, we also fix orbit representatives for bicharacters:

Definition 5.13. Let F = GF(p®). For any finite subgroups H < K < T of G such that T/K is cyclic
and K := K/H admits nondegenerate alternating bicharacters with values in F* (ie., K ~ A x A for
some abelian group A and exp(K) divides [F*|), fix a representative By(0) for any Aut(FF)-orbit of these
bicharacters and also fix elements a1, ...,a, € K such that K = (@) x --+ x (@y,). Finally, for any coset
C of K in T that generates T/K, fix an element #,(C) in the coset C' := C/H of KinT :=T/H. Let
n = [T : K] and define a T-action on L := GF(p®") by letting the elements of C” act as ¢®/. Then, for

any nondegenerate alternating bicharacter 3: K x K — F*_ let \; = B(to(C)", a;) and define a semilinear
T-action on

= %
€= algy (X1,..., Xm | XiX; = B(as,a;)X;X; and X% = \JFF17°00 1y

by setting t- X; = fa,(t)X; for all £ € T, where fs, : T — L* is the unique 1-cocycle that restricts to 3(-, ;)

1
on K and satisfies fa,(fo(C)) = A="/F*1 Pick a primitive idempotent E € € and define a T-graded
F-algebra

D = E(C"#FT)E = (P D; where D;E (€™ #1)E.
teT
Finally, for any character x : Kjpx|) — F*, pick an extension X : T — GF(p>)* and define the following
G-graded F-algebra with support 7"

D =P D) @ X(H) ¥t € D @ GF(p™)T,
teT

where 7 : T — T is the natural homomorphism. This is a graded-central-division algebra over F, whose
graded-isomorphism class does not depend on the choice of E or y, but depends on our (fixed) choice
of the generators a; and coset representative to(C). By abuse of notation, we will denote this object by

Q(}FaTa Ha Ca O, X) if B = BO(O)
We can now summarize our classification:

Theorem 5.14. Let G be an abelian group. Every finite G-graded-division ring is graded-isomorphic to
some D(F,T,H,C,0,x) as in Definition 5.15. Moreover, D(F,T,H,C,0,x) and D(F",T',H',C", O, x)
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are graded-isomorphic if and only if F' =F, T' =T, H =H,C' =C, O =0, and X' = 1 o x for some
¢ € Gal(F /Fg), where Fy is the subfield of F generated by the values of the bicharacters in O. O
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