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Abstract

We classify nilpotent Lie algebras with complex structures of weakly non-nilpotent type in
real dimension eight, which is the lowest dimension where they arise. Our study, together
with previous results on strongly non-nilpotent structures, completes the classification of
8-dimensional nilpotent Lie algebras admitting complex structures of non-nilpotent type.
As an application, we identify those that support a pseudo-Kéhler metric, thus providing
new counterexamples to a previous conjecture and an infinite family of (Ricci-flat) non-flat
neutral Calabi—Yau structures. Moreover, we arrive at the topological restriction b1 (X) > 3
for every pseudo-Kihler nilmanifold X with an invariant complex structure, up to complex
dimension four.

Keywords Nilpotent Lie algebra - Complex structure - Pseudo-Kéhler structure - Neutral
Calabi—Yau metric
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1 Introduction

This paper provides another step towards a better understanding of nilmanifolds endowed
with invariant complex structures J. It is well known that these spaces constitute an important
class to explore many aspects of the geometry of compact complex non-Kéhler manifolds.
Concretely, our first goal here is to classify the nilpotent Lie algebras of real dimension 8 that
support a complex structure J of a special type called weakly non-nilpotent, WnN for short
(see Definition 2.1 and Remark 2.2). This classification, together with the results on strongly
non-nilpotent complex structures obtained in [21], gives rise to a complete classification of
the 8-dimensional nilpotent Lie algebras admitting non-nilpotent J’s. Therefore, our results
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reduce the problem of classifying nilpotent Lie algebras with complex structures in the
aforementioned dimension to the study of nilpotent complex structures.

Let us recall that the classification of complex structures on nilpotent Lie algebras of real
dimensions 4 and 6 is well understood. In dimension 4 there are only two complex structures
defined on two different nilpotent Lie algebras that give rise to the complex torus and the
Kodaira-Thurston manifold. In six dimensions, only 18 of the 34 non-isomorphic nilpotent
Lie algebras admit a complex structure [25], and the classification of complex structures up
to equivalence on each of these algebras is studied in [7] (see also [2, 28]). Every complex
structure J in real dimension 4 is nilpotent, whereas in dimension 6 it is either nilpotent or
strongly non-nilpotent; there do not exist WnN complex structures in dimension < 6.

Inreal dimension 8 there are WnN complex structures [20]. These structures can be viewed
as a subclass of quasi-nilpotent complex structures J, which are defined by the condition
Z(g) N J(Z(g)) # {0}, where Z(g) denotes the center of the nilpotent Lie algebra g. Inside
this class, one can find well-known nilpotent complex structures, such as abelian or complex-
parallelizable, but also non-nilpotent ones. Since for any quasi-nilpotent complex structure
J there is a J-invariant subspace in the center Z(g), by [20, Section 2], every (g, J) can be
constructed as a certain extension of a lower dimensional nilpotent Lie algebra endowed with
a complex structure.

In Sect. 2, after recalling the definitions and main properties of the different types of com-
plex structures on nilpotent Lie algebras, we focus our attention on quasi-nilpotent structures
J. We show in Proposition 2.7 that the equivalence relation for two such J’s is inherited by
the induced complex structures J’s on the corresponding quotient algebras.

The previous result is applied to WnN structures in eight dimensions. Firstly, we construct
in Sect.3.1 all the WnN complex structures by means of their complex structure equations.
Hence, after a careful reduction of the equations (see Propositions 3.3 and 3.4), we arrive
at the classification of WnN complex structures up to equivalence in Sect.3.3. The final
classification result corresponds to Theorem 3.1.

In Sect.4 we classify the 8-dimensional nilpotent Lie algebras that admit WnN complex
structures. It turns out that there are exactly 10 non-isomorphic algebras, four of them having
an infinite number of (non-equivalent) complex structures. Theorem 4.1 provides the classi-
fication of algebras, whereas Table 1 describes the moduli spaces of WnN complex structures
on each one of the ten nilpotent Lie algebras. Furthermore, the algebras are all rational, so
they give rise to new complex nilmanifolds X with dim¢ X = 4.

Our second goal in this paper is to apply the classification results on WnN complex
structures J to the study of existence of pseudo-Kihler and neutral Calabi—Yau metrics on
the corresponding complex nilmanifolds X = (M, J). Note that pseudo-Kéhler Lie groups
can be used in the construction of Sasaki-Einstein solvmanifolds of indefinite signature [9].
In real dimension 4, the Lie algebras carrying a pseudo-Kéhler structure are classified in [24].
For nilpotent Lie algebras of real dimension 6, the classification is given in [12]. However, a
classification in eight dimensions is not known.

It was conjectured in [12] that J must be nilpotent in the presence of a pseudo-Kihler
structure. Recently, a counterexample was given by the authors in eight dimensions [19],
which in addition admits (Ricci-flat) non-flat neutral Calabi-Yau metrics. Moreover, it was
used to prove that the pseudo-Kéhler, neutral Kihler and neutral Calabi-Yau properties are not
stable under small deformations of the complex structure, in any complex dimension n > 2.
In Sect.5 we identify all the non-nilpotent complex structures admitting a pseudo-Kéhler
metric (see Theorem 5.1). We show that the counterexample in eight dimensions found in
[19] is unique in the class of strongly non-nilpotent complex structures. We also find an
infinite family of new counterexamples in the class of WnN complex structures.
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In Theorem 5.4 we prove that the families of pseudo-Kihler metrics obtained in The-
orem 5.1 provide new neutral Calabi-Yau metrics in eight dimensions that are (Ricci-flat)
non-flat. We recall here that many examples of neutral Calabi-Yau metrics in the literature
come from hypersymplectic structures [17]. Indeed, several constructions of such structures
on nilpotent Lie algebras have been obtained, as the 2-step examples (of Kodaira type) in
[15] or the 3-step examples given in [3] (see also [1]). The first 4-step nilpotent Lie algebra
with a hypersymplectic structure can be found in [5]. New 2-step nilpotent hypersymplec-
tic Lie algebras whose underlying complex structure is not abelian appear in [8]. Note that
the pseudo-Kihler Lie algebras whose underlying J is abelian can be inductively described
by a certain method of double extensions [4]. All the known hypersymplectic nilpotent Lie
algebras are, in particular, neutral Calabi-Yau (hence, also pseudo-Kéhler). It is worthy to
mention that their underlying complex structures J are of nilpotent type.

In Proposition 5.5 we prove that the neutral Calabi-Yau structures constructed in Theo-
rem 5.4 do not come from a hypersymplectic structure. Moreover, we show that non-nilpotent
complex structures in real dimension 8 do not admit any complex symplectic form, thus
extending the non-existence result for strongly non-nilpotent complex structures given in [6,
Proposition 5.8].

It is well known that the existence of a (positive definite) Kidhler metric on a compact com-
plex manifold imposes strong restrictions on the topology of the manifold. For nilmanifolds,
the only (positive definite) Kihler spaces are tori [16]. However, in the pseudo-Kéhler setting
no topological obstruction is known, to our knowledge, on the compact complex manifold,
apart from those coming from the existence of a symplectic form. In Theorem 5.8 we arrive
at the topological restriction b1 (X) > 3 for every pseudo-Kéhler nilmanifold X with an
invariant complex structure, up to complex dimension 4. This result suggests the existence
of a possibly more general topological obstruction, at least for nilmanifolds.

2 Complex structures on nilpotent Lie algebras

The aim of this section is to study invariant complex structures on nilmanifolds. As these
complex structures are determined by complex structures defined on the nilpotent Lie algebra
associated to the nilmanifold, we will mainly work at the Lie algebra level.

Let g be a real Lie algebra. The ascending central series {gi}k>0 of g is defined as

go=1{0} and g ={Xeg|[X,g] S gk}, fork>1. (1)

Observe that g; = Z(g) is, precisely, the center of g. If there is an integer k > 1 such thatg; =
g, the Lie algebra g is called nilpotent. The smallest integer s for which g; = g is called the
nilpotency step of g. If g is a nilpotent Lie algebra (NLA for short), the corresponding Lie
group G is also called nilpotent.

We recall that a nilmanifold I'\ G is a compact quotient of a connected, simply connected,
nilpotent Lie group G by alattice I’ < G. Any basis of the Lie algebra g of G generates a basis
of left-invariant vector fields on G that can be transferred to the nilmanifold I'\ G. Moreover,
given G, the existence of a lattice I' making I"'\ G a compact quotient is guaranteed by the
existence of a basis of g where the structure constants are rational numbers [22]. Thus, in
this sense one can identify a nilmanifold I'\ G with the structure equations of its Lie algebra,
namely,

de* = Z cfje"/\ej, l <k <m=dimg, 2)
I<i<j<m
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where {¢¥} is a basis of the dual space g* of g. To describe a Lie algebra defined by (2) we will
write g = (Zi<j cilj-ij, e ij cf;?-ij). For instance, h = (0, 0, 0, 2-13) means that b is a
4-dimensional Lie algebra with structure equations de' = de? = de’ = 0,de* =2e' A&,
Remember that the Lie bracket of any Lie algebra g can be recovered from (2) using the

well-known formula
da(X,Y)=—a([X,Y]), Yaeg', VX,Y cg. 3)

If G is a complex Lie group, then the nilmanifold I'\G is a complex(-parallelizable)
manifold. However, one can also construct complex nilmanifolds using even-dimensional
real Lie groups admitting complex structures. In fact, in this paper we are interested in
finding invariant complex structures J on real nilmanifolds, which are those J’s determined
by complex structures directly constructed on the Lie algebra g of G.

Recall that a complex structure J on a 2n-dimensional Lie algebra g is an endomorphism
J: g — g satisfying J2 = —Id and the integrability condition

N;(X,Y) =[X, Y]+ JIJX, Y]+ J[X,JY]-[JX,JY]=0,

forall X,Y € g.

2.1 Different types of complex structures on NLAs

Let g be a nilpotent Lie algebra with a complex structure J. The terms g in the ascending
central series (1) might not be invariant under J, as observed in [11]. For this reason, a new
series is introduced considering both the complex structure J and the structure of the Lie
algebra g. It is called the ascending J-compatible series {ay(J)}x of g, and it is defined as
follows:

ap(J) = {0}, and

(V) ={Xeg|lX, 9] C;-1(J)and [JX, g] C ax—1(J)}, fork > 1.
Observe that each ax(J) C g is a J-invariant ideal of g, so it has even dimension. Moreover,
a;(J) is the largest J-invariant subspace contained in the center g; of g.

The behaviour of the series {a;(J)}; determines different types of complex structures on
NLAs.

Definition 2.1 [11, 20] A complex structure J on a nilpotent Lie algebra g is called

i) strongly non-nilpotent, or SnN for short, if a;(J) = {0};
ii) quasi-nilpotent, if a;(J) # {0}; moreover, J is called

a) nilpotent, if there exists an integer # > 0 such that a,(J) = g,
b) weakly non-nilpotent, or WnN for short, if there is an integer ¢ > 0 satisfying a,(J) =
a;41(J), foreveryl > 1, and a;(J) # g.

Remark 2.2 Let C(g) be the set of complex structures J on a nilpotent Lie algebra g. From
the definitions, one has C(g) = QN(g) U SnMg) = Mg) UnM(g), and

OMg) = Mg) UWnMg), nN(g) = WnN(g) USnMag),

where ON(g), Mg), WnN(g), nN(g) and SnN(g) denote, respectively, the spaces of quasi-
nilpotent, nilpotent, WnN, non-nilpotent and SnN complex structures on g.
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We recall that every complex structure J on a 4-dimensional NLA g is of nilpotent type.
In dimension 6, a complex structure J is either nilpotent or strongly non-nilpotent. The first
examples of weakly non-nilpotent complex structures appear in real dimension 8 (see, for
instance, [20, Example 2.3]).

Let J be a quasi-nilpotent complex structure on a 2n-dimensional NLA g. Then, there
exists ¢ € N such that

O =a0(/)CTai(J) ... C ;1 (V) C ay(J) = ay44(J), forl > 1.
For any g > 1 such that a,(J) # g, we consider the quotient Lie algebra
8q = 9/ag(J), “
with the induced complex structure
J;(X):=JX, forall X € g,, 5)

where X and JX denote, respectively, the classes of X and JX in g,. The terms of the
compatible series of (gq, jq) and (g, J) are related as follows [10, Lemma 3]:

Lemma 2.3 [10] Let J be a quasi-nilpotent complex structure on g. Consider a non-trivial
term ay(J) of the ascending J-compatible series of g. Then, the ascending J,-compatible
series {al(fq)}l of the quotient Lie algebra g, with induced complex structure fq satisfies

a1 (Jg) = agi(J)/ag(J), foralll > 0.

Suppose now that J is weakly non-nilpotent. Then, one can choose g in Lemma 2.3 to
be the smallest integer ¢ where the ascending J-compatible series {ax(J)}x of g stabilizes,
namely, a;(J) = a,4;(J) for every [ > 1. Since

a(Jy) = ai41(J)/a,(J) = {0}, forevery ! >0,

the complex structure J; defined by (5) on the quotient Lie algebra § = g/a,(J) is
of strongly non-nilpotent type. Hence, 2n-dimensional NLAs with weakly non-nilpotent
complex structures are closely related to lower-dimensional NLAs admitting strongly non-
nilpotent complex structures. As six is the lowest dimension where SnN structures appear,
one immediately has the following result in real dimension 2n = 8:

Lemma 2.4 Let (g, J) be an 8-dimensional NLA with a weakly non-nilpotent complex struc-
ture. Let t be the smallest integer for which the ascending J-compatible series {ay(J)}r of g
satisfies {0} # a,(J) = a;41(J) # g, for everyl > 1. Then, (g, J~,) is a 6-dimensional NLA
with an SnN complex structure. In particular, one has dim a,(J) = 2 and thus a;(J) = a1 (J).

2.2 Equivalence of quasi-nilpotent complex structures

To classify a geometric structure, it is natural to introduce a notion of equivalence. In the
case of complex structures on Lie algebras, one has the following one:

Definition 2.5 Two complex structures J and J' defined, respectively, on the Lie algebras g
and g’ are said to be equivalent if there exists an isomorphism of Lie algebras f : g — ¢
satisfying foJ = J' o f.

We next show that the notion of equivalence behaves appropriately with respect to the
ascending J-compatible series.
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Lemma 2.6 Let (g, J) and (¢, J') be two NLAs with complex structures. If there is an equiv-
alence between J and J' due to f : g — ¢, then f(ax(J)) = ar(J'), for every k > 0.

Proof First, we will prove by induction that f (ak(J )) C ax(J') for every k > 0. Since this
is clear for &k = 0, let us suppose that it holds for k — 1. Then, for any homomorphism of Lie
algebras f : g — g such that f(ak_l(J)) C ax_1(J"), we have

flax()) ={fX) eg | [X,0] Ca—1(J)and [JX, g] C ax—1(J)}
c{fr&X ed | f(IX.g]) S fla—1(J) and f([JX,g]) C flax—1(J)}
S{rX ed I IfX), f@] S a—1(J)and [f(JX), f(@] S ax—1(J)}.

Now, as f is an isomorphism of Lie algebras satisfying foJ = J'o f, one gets that f(g) = ¢’
and thus

Fa) S {fX)ed [1f(X), 81 m—1(J) and [J'(f(X)), g1 € ax-1(J)} = & (J).
We now observe that the map f~!' : g/ — g is also an isomorphism of Lie algebras that

additionally satisfies f~! o J' = J o f~!. Thus, f~!(ax(J")) € ax(J) for every k > 0.
Applying f, we get ai(J') € f(ax(J)) and the statement of the lemma is proved. 0O

A direct consequence of the previous result is that two equivalent complex structures must
be of the same type, according to Definition 2.1. The next result shows that the notion of
equivalence also behaves appropriately with quotients, namely, it induces an equivalence
between the complex structures (5) defined on the corresponding quotient Lie algebras (4).

Proposition 2.7 Let (g, J) and (g, J') be two NLAs endowed with quasi-nilpotent complex
structures. Fix some k > 1 such that ay(J) # g, and consider the quotient Lie algebras
gk = g/ax(J) and §j, = ¢'/ar(J') with their respective induced complex structures Ji and
j,é If there is an isomorphism of Lie algebras f : g — g suchthat f oJ = J' o f, then the

map fi : gk — ﬁ}( given by
) = f(X),
for every X € @, defines an isomorphism of Lie algebras satisfying fi o Jy = J;g o fr.

Proof Let us denote by 7 : g — g and 7 : g’ — @, the natural projections. Observe that
the map fi : gx — @ is well-defined by Lemma 2.6, and the following diagram

g — ¢

|k

Sk

g —— 0,
is commutative. 5
_ Let us see first that fj is an homomorphism of Lie algebras. Indeed, note that for any
X,Y € gk, one can find X, Y € g such that X = mx(X) and Y = 7 (Y). Then, as 7y, n,i
and f are homomorphisms of Lie algebras, we have
fie((X. Y1g,) = fi(lme(X), me(N)]g,) = fu(me (X, Y1g)) = mi(f (X, Y1g))
=m (LX), FM)]g) = [} 0 HHX), (3 0 ()]

= [(fe o m)X), (fr om )], = [fe(X), fu )]

8i
o g
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Moreover, f is surjective. In fact, for each X’ € g;. take X' € g’ such that 7, (X') = X'
Since f is an isomorphism, X’ = f(X) for some X € g. Consequently, we get

X =m{(X") =7 (f(X) = fi(m(X)),

where ;. (X) € gk. To conclude that fk is an isomorphism, it suffices to observe that dim g; =
dim g, , due to Lemma 2.6.

Finally, to prove the relation fk oJy = JNk/ ) fk we will use the commutative diagram
above, together with the equalities

mpold =Jyomy, molJ =J o,

that come directly from (5). In particular, since f o J = J' o f, we necessarily have n,é o
(foJ)=m; o(J o f). The left-hand-side of this equality can be rewritten as

mpo(fold)=(mof)od =(from) ol = fio(mol)= fro(Jrom),
whereas the right-hand-side is
o (J o f)=(mpod)o f=(Jom)o f=Jiomof)=Jio(feom)
This implies the equality f; o Jy = i/é o fi on the quotient Lie algebra gy, as desired. O
Combining Lemma 2.4 and Proposition 2.7, one has the following:

Corollary 2.8 Let (g, J) and (g, J') be two 8-dimensional NLAs with weakly non-nilpotent
complex structures. If J and J' are equivalent, then the strongly non-nilpotent complex
structures J] and J induced, respectively, on the 6-dimensional Lie algebras g1 = g/a1(J)
and gy =g’ /a1 (J’ ) are equivalent.

3 Classification of weakly non-nilpotent complex structures in real
dimension 8

In this section we focus on real dimension 8, which is the lowest dimension where WnlN com-
plex structures arise. The main result is a classification of such structures up to equivalence,
in terms of their complex structure equations.

Recall that any almost complex structure J on g can be equivalently defined on the
complexified dual space g. = g* ® C by the choice of a direct sum decomposition

1,0 0,1
ng::gj @gj s

with gO' =g JO Indeed, J : g¢ — gC 1s defined by setting g J 0 as its i- eigenspace. In

greater detail, if {wk}” % is any basis of g s O then J is defined by taking the real J-adapted
basis {e*, Jek}k , of g* such that ek — i Jek := ¥, for 1 <k <n.
Observe that the bigraduation on g moves to the complexified exterior algebra

(/\ ) /\gc—/\ o’ea))= @ Ao 1=k=m,
pt+q=k

where A\T7 g* = A\ (gljo) @ A\? (g(}’l). It is well-known that the integrability condition
for J is equivalent to the (extended) differential d of g to satisfy

%) c /\iO ) /\IJl g". ©6)
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We will refer to the differentials of any basis {w* Vi of gb‘o as the complex structure
equations of (g, J), as those equations completely determine both the NLA g and the complex
structure J.

The following theorem provides a classification of WnN structures in eight dimensions,
up to equivalence.

Theorem 3.1 Let g be an 8-dimensional NLA with a weakly non-nilpotent complex structure
J. Then, there is a basis of (1, 0)-forms {wF }£= | in terms of which the complex structure
equations of (g, J) are

do' =0,

do? = '3 + o

_ _ . @)
do’=ico''+isw'? —isw?,

do® :aa)m—}—Ba)lI +v(w23+288a)1§+w2§),

where the tuple (¢, 8, v, a, B) satisfies that ¢ € {0, 1}, § = £1 and (v, a, B) takes one of the
following values:

v=a=B=0;

v=a=0 B=1;

ve{0,1},a=1—v, and B € RZ%: moreover, B € {0, 1} when & = 0;

v=1,a e R>%and B € C; furthermore, when ¢ = 0 one has a = 1 and either B € R=°
orJmB > 0.

Furthermore, different values of (¢, §, v, a, B) provide non-equivalent complex structures.

The proof of this result consists of three steps, each contained in one of the following
subsections. In Sect. 3.1, we make use of Lemma 2.4 to find the complex structure equations
of every 8-dimensional NLA g with a weakly non-nilpotent complex structure J. Although
this initial set of equations provides every possible pair (g, J) in terms of some parameters,
different choices of these parameters might give rise to equivalent complex structures. For
this reason, in Sect. 3.2 we reduce the possible values of the parameters. Finally, in Sect.3.3
we prove that our reduction is optimal, in the sense that it provides a complete classification
of WnN structures on 8-dimensional NLAs up to equivalence.

3.1 Construction of WnN from SnN

The aim of this section is to parametrize all the 8-dimensional NLAs with weakly non-
nilpotent complex structures.

Let (g, J) be an 8-dimensional NLA with a WnN complex structure. As a consequence
of Lemma 2.4, we observe that g can be seen as a central extension of Lie algebras. Indeed,
one has the following short exact sequence

1

0——=a()"—=g g1 0,

where ¢ denotes the inclusion and 7 is the natural projection. We also recall that the subspace
a;(J) € Z(g) is 2-dimensional and J-invariant, whereas g; has a complex structure Ji
induced by J. This observation allows us to provide a first description of the pairs (g, J) in
terms of their complex structure equations.
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Proposition 3.2 Let J be a WnN complex structure on an 8-dimensional NLA g. Then, there
is a basis of (1, 0)-forms {771‘}2:1 in terms of which the complex structure equations of (g, J)
are

dn' =0,

dn? ="+ n1§

dn’ :isnli—i-iSnli—iBnﬂ,

dn4 — Al] n]Z 4 B'] 7711 4y (n23 128¢ 7713 4 7723)»

®)

where e,v € {0, 1}, § = %1, and A, B, € C.

Proof Since a;(J) is a 2-dimensional J-invariant ideal of g, we can take a basis {Z, Zk}i:]
for the complexified algebra gc, with each Z; of bidegree (1, 0) and such that

a(Ne = Za, Za), (1) = (Zx. Z1)1_,.

where Zk and ék (= Ek) are, respectively, the classes of Z; and Zi in (ﬁ 1)C‘ Moreover,
a1(J) € Z(g) implies that the bracket of g¢ can be expressed as

[Z4, Ulge = [Z4, Ulge = 0, forany U € gc = (Zk, Zi)i;,

- - _ 9
[V, Wlge = [V, Wlgpe +0(V, W), for V., W € b := (Z, Zk)]:z:l’ ®
for some C-bilinear map 6 : h x h — a;(J)c. Note that § must satisty the necessary
conditions to define both a Lie bracket (see [26, Sections 2 and 3]) and a well-defined
complex structure (see, for instance, [18, Theorem 2.8, Chapter IX]).
By Lemma 2.4, we know that (g, Ji 1) is a 6-dimensional NLA with an SnN complex
structure. Applying [28, Proposition 2.3] (see also [7]), we can choose {Z;, Z>, Z3} so that
{Zl, 22, 23} satisfy

(Z1, Z3) gy = (21, Z3) e = — 2o,

~ - ~ - ~ = ~ = (10)
[Z1, Z1l(ge = —ie(Z3s + Z3), [Z1, Z2)(g))c = —18(Z3 — Z3),
together with the corresponding conjugates, where ¢ € {0, 1} and 8§ = %1. Let {t¥ }ﬁz | be
the basis of (1, 0)-forms dual to {Zk};(‘:l. Then, by (9), (10) and the formula (3), extended
to the complexification, we have that the complex structure equations of (g, J) in this basis
become

drlzo, dt2=T13+‘L'l§, dT3=i8tlI+i3‘Eli—i5T21, e e€{0,1}, § ==1,

and _ - _
dt* = A 712 + A3 B4 Ar3 34 Bii ! + B;5 12 4 BB‘L']3

+ By 72! + B> 722 + By3 B + Bjj 73! + B35 732 + By ‘L'33,
for some A;j, B;s € C,with 1 <i < j <3andr,s € {1,2,3}, satisfying d>t* = 0. Note

that 27X = 0 holds for 1 < k < 3, so the Jacobi identity (which is equivalent to d> = 0) is
satisfied if and only if d27* = 0. Note also that the above equations agree with (6).
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We now compute
APt =i (8(A13 — Bi3) +6 (A3 + Byy)) T2 48 (As3 — Byy) 7'
+ (B3 + By +i € By3) T 4 (Byy —i 8 Byg) T2 — (Agz — Byy) 1!
— i (8Byj— & By3) T2 — (B3 + Byj — i€ Byg) T3 — (By; — i 8 Byy) 112
+ (Bys +i8By) T3 — i85 By3 1212 — (Bys +i 8 Byy) 120 — By 01
It is straightforward to check that d>t* = 0 is equivalent to the following conditions:
Byy = Byi = By = By3 =0, Byy = A,
and
Bz =A13+28¢eA3, B,j=—B;.
Therefore, the differential of T4 becomes
dt* = A 12 4 Alz By Aoz 3
+ Byi ! + B> 12 + (A3 +26¢eAp) 3 B> 2 + Aoz 3

We next distinguish two cases. Suppose first that A>3 = 0. One can then define a new
(1, 0)-basis for (g, J) as follows:

1 2

=1, =1 3

, 7)3 =17, n4=‘[4—A13‘L'2+i3Bl§T3.
It is easy to check that the complex structure equations in this case are (8) with A, = A2,
B, =B —¢dBj;andv =0.

We now suppose that A>3 # 0. The basis of (1, 0)-forms that gives the structure equa-
tions (8) for (g, J) is

1
=t 2= pP=qd n4=A—(r4—A13r2+ifSB]§r3),
23

with coefficients A, = A12/A23, By = (By7 — €8 Bj5)/Axz and v = L. O

The previous proposition provides, by construction, the complex structure equations of all
the existent 8-dimensional NLAs with WnN complex structures. However, different choices
of the parameters ¢, 8, v, A,, B, might give rise to equivalent complex structures, in the sense
of Definition 2.5.

3.2 Reduction of the complex structure equations

The aim here is to reduce the set of possible values that the parameters A;, B, € C in
Proposition 3.2 can take. To do so, we separately study the cases v = 0 and v = 1 in order
to define an appropriate (1, 0)-frame for (g, J).

Proposition 3.3 Ler (g, J) be an 8-dimensional NLA with a WnN complex structure given
by (8) with v = 0. Then, there is a (1, 0)-basis {a)k}ﬁz1 such that the structure equations of
(g, J) are (7) with § = 1, v = 0 and (g, a, B) one of the following:

i) a=B=0ande € {0, 1},

ii) a=0,B=1ande € {0, 1},
iii) a=1,Be€{0,1}andes =0,
iv) a=1, B €[0,00)and e = 1.
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Proof By hypothesis we have v = 0, so we need to focus on the rest of parameters that
appear in the complex structure equations (8), namely, ¢ € {0, 1}, 6 = £1,and A,, B, € C.
In particular, it suffices to distinguish three cases depending on the value of the pair (A, B;):
Ay, =B,=0,A, =0with B, #0,and A, # 0.

Let us first consider the case A, = B, = 0. By renaming the basis {r]}i:] as VU}L] one
directly gets part i) of the proposition.

Suppose now that the structure equations (8) satisfy v = 0, A;; = Oand B;, # 0. We define
of =npfforl <k <3andow* = - n A direct computation shows that the differentials
of these elements follow (7) with parameters given by ii).

Finally, let us assume that v = 0 and A, # 0 in (8). We write the complex numbers
A;, By in polar form, namely, A, = a e, B,, =be'f wherea > 0,b > 0, «, B €[0,2n).
One can then define
ol = 5 (B~ nl, W= o2 (B~ 2 o=}, o= lefi,ﬂ .

a

The structure equations in terms of this basis coincide with (7), with coefficients

b

v=0, a=1, B=->0.
a

If ¢ = 1, one directly gets iv). If ¢ = 0 and B,, = 0, one obtains part iii) of the statement
with B = 0. If ¢ = 0 and B, # 0, we get iii) with B = 1 after defining a new (1, 0)-basis
from {w* }2:1 as follows

then omitting the tildes. O

Proposition 3.4 Let (g, J) be an 8-dimensional NLA with a WnN complex structure given
by (8) with v = 1. Then, there is a (1, 0)-basis {wF }izl such that the structure equations of
(g, J) are (T) with § = 1, v = 1 and (g, a, B) one of the following:

i) a=0,Be{0,1}ande =0,
i) a=0, B €[0,00) and e = 1,
iii) a=1, B €[0,00) ande =0,
iv) a=1, BeCwithIJmB > 0ande =0,
v) a € (0,00), Be Cande = 1.

Proof As v = 1, we will focus on the remaining parameters involved in the structure equa-
tions (8), namely, ¢ € {0, 1}, § = £1, and A, B, € C. We distinguish four cases depending
on the value of the pair (4,,¢): Ay =¢ =0, A, =0withe =1, A, # O withe =0, and
Ay #Owithe = 1.

Suppose that A, = ¢ = 0. If one also has B;, = 0 in (8), part i) of the statement with
B = 0 is directly attained by simply renaming the basis. If B, # 0, we write B, = b ep,
with b > 0 and 8 € [0, 277), and define

1 _ =i 1 oL ip o 3_ 13 a_ 1 _ip a4

w =e n,w—\/[;e n,w—\/[;n,w—be n".
This new basis satisfies (7) with parameters given by i) with B = 1.

We now assume A, = 0 and ¢ = 1 in (8). Writing B, = b ¢'# as before, we can set the
new basis of (1, 0)-forms as

o =Byl =P =0t ot =Byt
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The structure equations of (g, J) in terms of this basis satisfy ii).

Let us suppose that the structure equations (8) with v = 1 have A, # 0 and ¢ = 0. Then,
we can write A, = ae'® witha > 0 and a € [0, 27). We consider two cases depending on
the vanishing of the imaginary part of B, e'“.

Firstly, if Jm (B), ¢'*) = 0 then the basis

. eiot 1 eia
o' =y, W= W= w4=7'74»
a a a
reduces the structure equations to (7) with coefficients v = a = 1, B = a% By €' and
¢ = 0. In particular, observe that B € R. If B € [0, 00), one directly gets part iii) of the

statement. Otherwise, one can further apply the change of basis o = —k, fork = 1,3, 4,
and @* = w? to get again iii) by simply omitting the tildes.
Secondly, if Jm (B, e'®) # 0, then we set 0 = 1 when Jm (B, ¢'®*) > 0, and 0 = —1
otherwise. If we consider the basis
o =odiyl, W=yt o = gn3’ ot = %emn4’
a a a

then the corresponding structure equations are (7) with coefficients
1 ia
v=1, a=1 B=—=B,e", &=0.

Observe that these parameters satisfy iv).
Finally, we consider the values A, # Oande = 1in (8) withv = 1. If we write A;, = a e'*
as before and then set

wl — ¢l nl, wZ . 772’ w3 — n3’ w4 — ¢l n4,

part v) of the statement is attained. O

Observe that the combination of Propositions 3.3 and 3.4 provides the first part of Theo-
rem 3.1. It remains to prove the non-equivalence statement.

3.3 Classification of complex structures up to equivalence

We here complete the proof of Theorem 3.1, thus showing that the reduction of parameters
accomplished in the previous section is optimal (in the sense that it is not possible to find
new equivalences among the corresponding complex structures).

Let (g, J) and (g’, J') be two 8-dimensional NLAs with WnN complex structures. Due to
the results in Sect. 3.2, there are (1, 0)-frames {&*}7_, for (g, J) and {o'¥}¢_, for (g/, J') in
terms of which the complex structure equations of (g, J) and (g’, J') are given by (7) with
parameters (g, 8, v, a, B) and (¢, 8',V, a’, B'), respectively. Recall that the values of these
tuples must follow Proposition 3.3 or Proposition 3.4. A direct consequence of Corollary 2.8
is the following one:

Corollary 3.5 In the conditions above, if the complex structures are equivalent, then ' = &
and §' = 6.

Proof We note first that from the complex structure equations (7), their conjugates, and
formula (3), one computes
(Zs+ Zs, i (Zs — Zy)), ife =v =1,

Z(g) = { . 5 = S
(i (Z3 — Z3), Zy+ Z4, i (Z4 — Zy)), ifev =0,
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where {Z, Zk}i:] is the dual basis of {wF, o* }22 |- Therefore, any 8-dimensional NLA g
with a WnN complex structure J given by (7) satisfies a;(J) = (Z4 + Za, i (Zs — 24)).
By Corollary 2.8, the induced SnN complex structures J; and J~1’ on the respective 6-
dimensional quotient Lie algebras §; and g} are equivalent. Moreover, the complex structure
equations of (g, f1) and (f;/l, J 1/ ) are determined by the brackets in (10) with parameters
(¢, 8) and (¢', §'), respectively. These precisely correspond to the first three equations in (7).
Now, by [7] (see also [28, Proposition 2.3]), one has that J 1 and J 1’ are equivalent if and only
if (¢,8) = (¢/, ). O

In what follows, we will study the equivalence between J and J’ from the complexified
viewpoint. In other words, the isomorphism f : g — g’ in Definition 2.5 induces an iso-
morphism between dual spaces f* : g’* — g* such that f* o J' = J o f*, where J and
J' still denote the endomorphisms defined on the dual algebras. This in turn gives a C-linear
isomorphism o
/ ’

Fig)?— g5 with do F = Fod. (11)

In fact, J and J' are equivalent if and only if (11) is satisfied. Note that the differential d on
the left-hand-side of the equality in (11) corresponds to the Chevalley-Eilenberg differential
of g, whereas that on the right-hand-side is that of g’. They are both denoted by d for the seek
of simplicity.

'Now, any C-linear isomorphism F : g/J],’O — glj’o is determined by a matrix A =
()Jj)lfi,jg € GL(4, C) such that

4
Fo) =) Aol forl<i<4, (12)
j=1

and the condition d o F = F o d is equivalent to

[d(F(&')) — Fdw')], =0=[d(F(") - Fdo'")]

rs rs’

(13)

forany I <i <4and1 <r,s <4, where [d(F (') — F(d')], denotes the coefficient
of " in the expression d(F (')) — F(dw'") (similarly for the coefficient of o).

The purpose of the following lemmas is to check that the existence of any F defined
as above yields (¢,8,v,a, B) = (¢/,8,Vv',a’, B'), thus showing the non-equivalence of
complex structures determined by different sets of parameters. The next result allows to
simplify the expression (12).

Lemma 3.6 The forms F(w'') € 95’0 satisfy the following conditions:
F@hro' =0, F@HAr0?=0, FW)r’=0, F@*)ro*=0.
In particular, the matrix A = (A;)l <i,j<4 that determines F is triangular, so
TT{_ A} = det A #0.

Proof Due to Corollary 3.5, the tuples (s, 8, v, a, B) and (¢',8',V', a’, B’) that determine
g]j’o and g/Jl,'O satisfy ¢’ = ¢ and 8’ = §. A direct computation of the condition (13) fori = 1
gives )\% = )L% = 0. Moreover, the condition (13) for i = 2 implies that

0=[d(F(?) - Fdw'?)],; =}, fork=1,2,3,4.
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As the matrix A = ()\i,')lsi,j§4 is non-singular, one necessarily has A}‘ = 0. This gives

F(@'" A @' = 0. Note that A} # 0 to ensure A € GL(4, C).
Now, we analyze the condition (13) for i = 2, 3 considering that )»,i =0fork=2,3,4.
We first observe that

0=[d(F(@?) - Fdw'?)],; = —i 823,
0=[d(F(@?) — Fdw?)],; =i6A3A].

As § € {—1,1} and )»% # 0, one immediately has F(@'?) A o' = 0. Moreover, one can
check that

[d(F(@'?) — Fdo'?)],, = —A{A3.
[d(F(@?) = Fdw'®)]; = —AMA] +ierd + Baj = —alA],
[d(F(@'?) — Fdw'?)];5 = —MA3 +i823 = —A]3,

0

0

0= 12

from where we conclude that F(«'3) A @® = 0. The last condition in the statement comes

directly when we annihilate [d (F (o' 4)) — F(do' 4)] 15 O
We are now able to describe any isomorphism between (g, J) and (g’, J').

Lemma 3.7 The complex structures J and J' are equivalent if and only if the isomorphism
1o, glj’o given by (12) satisfies the conditions in Lemma 3.6 together with

F: g9,
M=e? A=ae? A3=a,
e(1—2) =0, JmE?2) =0, re%25—vilai=o0,
where 0 € [0, 21) and ). € R*. Moreover, the parameters that determine J and J' are related
as follows:

4 4
=g §=56 a/:A B/:B)»j Vv = vy
(hH2a3 A(x)z

Proof We first observe that the equalities ¢’ = ¢ and 8’ = § come directly from Corollary 3.5.
We also recall that ¢ € {0, 1} and § € {—1, 1}.

One can check that the conditions for F given in Lemma 3.6 imply that (13) holds for
i = 1. We now compute

[d(F (@) — F(do'?)],; =23 — A{ A3,

[d(F (') = Fldo'?)] 5=~ A3 + 23,

[d(F(@'?) — F(do'?)],; =i 8 (A3 4] — A3).
All these expressions must be equal to zero, so from the first one we get A% = A}kg, and
replacing this value in the other two we have

MO3-2H =0, RP-1=0.

Since Ai # 0 for every 1 < k < 4 due to Lemma 3.6, one necessarily has Ag =i € R*.
Moreover, |A} | = 1. One can check that these equalities ensure the condition (13) fori = 2,
whereas for i = 3 it is equivalent to

0=[d(F(@?) - Fdw?)];=i(eh—e—80A] —A{A])
=28Tm () +ie(r - 1),
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The imaginary part of this expression gives the condition ¢ (1 — 1) = 0 in the statement
of this lemma. Moreover, since |A}| = 1 we can write Ai =¢'? for 6 € [0, 2m), and then
the real part of the expression above provides the equation Jm (&'’ )_\%) = 0. The remaining
equalities of the statement come from the condition (13) applied to i = 4. More precisely,
V', a’ and B’ can be solved from

0=[d(F('%) - Fdw'"],, = —a' (A})*A3 +aAj,
0=[d(F@™") = Fdo'"],; = —v' A1 03> + v A,
0=[d(F™")—Fdo'"],; =—B'+ BAj.

Then, (13) for i = 4 is equivalent to
1
0=[d(F(?") - Fdw'"],, = T OAbAs—vaad),
1

1
0=[d(F@") - Fdw'"];; = T (AAfA3 —vafad —28ev (1 —A)A]AY).
1
Observe that the first equation gives the remaining condition in the statement of the lemma.
The second one is trivially satisfied due to the aforementioned first equation together with
the condition (1 — 1) = 0. m]

We now make use of this result to classify, up to equivalence, weakly non-nilpotent
complex structures in dimension 8.

Proposition 3.8 Distinct choices of parameters (¢, 8, v, a, B) in Propositions 3.3 and 3.4
provide non-equivalent complex structures.

Proof Let (g, J) and (g’, J') be nilpotent Lie algebras with WnN complex structures given
by (7) with parameters (¢, 8, v, a, B) and (¢, 8’, V', a’, B'), respectively. Note that any F
providing an equivalence between J and J' satisfies Lemma 3.7. Since v, v’ € {0, 1}, we
first observe that the relation v/ = v Aj / (Ai (A%)z) naturally gives v/ = v. As a consequence,
we can separately study the cases v = v/ = 0 and v = v/ = 1. In other words, the complex
structures in Proposition 3.3 are not equivalent to those in Proposition 3.4.

Letv =" = 0. Since §' = § and &’ = ¢ by Lemma 3.7, we essentially need to focus on
(a, B) and (a’, B") and check that (¢’, B') = (a, B) if the complex structures are equivalent.
We will make use of the relations between these parameters provided in Lemma 3.7, namely,

4
’ LZ)\4

_ ’r_ 4
= G B = Bl (14)

Recall that the possible values of (¢,8,v = 0,a, B), (¢ =¢,8 =8,V =0,d, B') are
listed in Proposition 3.3. In particular, one has a, a’ € {0, 1}, so two cases arise: if a = 0,
then (14) immediately gives @’ = 0; if a = 1 then @’ # 0, as by Lemma 3.6 one has
szl)\ﬁ = det A # 0, so the only possibility is having ' = 1. Consequently, we can
conclude that a = @’. Similarly, one can prove that B = 0 always implies B’ = 0,and B = 1
implies B’ = 1 when eithera = a’ =0ora = a’ = 1, ¢ = ¢ = 0. Therefore, we just need
to focus on the case a = 1, B € (0, o0) and ¢ = 1. Since @’ = a = 1, we see from (14) that
kj = (k{)z )»_%, where

A = e, with6 €[0,27), A} =1,
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by Lemma 3.7. Therefore, B’ = B ¢*? = B(cos(20) + i sin(20)). As B’ is a real number,
one has that 0 € {0, /2, w,37/2}. Hence, B’ = +B. By Proposition 3.3 we know that
B’ has to be a non-negative number, so B’ = B. This concludes the proof for the case
v=1v =0.

Suppose now that v = v/ = 1. By Lemma 3.7, we have § = § and ¢/ = ¢, but also
)Lﬁ = )\% (A%)z to ensure the condition v/ = v = 1. As a consequence, the relations between
(a’, B") and (a, B) become

3
ad = ‘1;{3 B =B, (15)

where )»}, A% satisfy the conditions in Lemma 3.7, in particular
A =€ with0 €[0,27), A3 =AreR* &(l—1) =0.

Moreover, recall that the possible values of (¢,8,v = 1,a, B), (¢/ = ¢,8 = §,v =
1,d’, B’) are listed in Proposition 3.4. In particular, let us remark that a, a” are non-negative
real numbers, so we need & = 0 or 6 = 7, namely, A{ = +1. Hence, (15) becomes

a =4air, B'=+B2A* wheree(l—21)=0. (16)

Wenote thatife = ¢ = 1,thenA = l andthusa’ = +a, B’ = &+ B, wherea, a’ € [0, 00)
due to Proposition 3.4. We now observe the following: if a = 0, then ' = 0 and by
Proposition 3.4 one has B, B’ € [0,00), so B = B; if a # 0, then also @’ # 0 and
a,a’ € (0, 00), which requires ¢’ = a and B’ = B.

Let us now suppose that ¢ = ¢ = 0. We first notice that, as a consequence of Proposi-
tion 3.4, we can assume a, a’ € {0, 1}. It is then clear from (16) that a’ = a. In particular,
ifa = 0thena’ = 0and, as B, B' € {0, 1}, one can conclude that either B = B’ = 0 or
B =1, B’ = £42 # 0, which implies B = B = 1.Ifa = 1 thena’ = +1 # 0,504’ = 1
and A = 1. As a consequence, we get B = £ B. Note that B’ is a real number if and only if
B is, so the complex structures given by the case iii) of Proposition 3.4 are not equivalent to
those given by the case iv). Moreover, case iii) requires that B, B’ € [0, 00) so the equality
B’ = +B holds if and only if B’ = B. Finally, if the two complex structures are given by
the case iv) of Proposition 3.4, then JmB, JmB’ > 0 and the condition B’ = +B can only
be satisfied when the plus sign is taken in the expression of B’, namely, B’ = B. ]

4 Classification of 8-dimensional nilpotent Lie algebras with WnN
complex structures

The aim of this section is to classify the 8-dimensional NLAs that admit WnN complex
structures. We first identify the real NLAs associated to the complex structure equations
given in Theorem 3.1. Then, we show that these Lie algebras are not isomorphic. The final
result is the following one:

Theorem 4.1 Let g be an 8-dimensional NLA. There is a WnN complex structure on g if and
only if g is isomorphic to one (and only one) of the following Lie algebras:

f1=1(0, 0,0, 12, 23, 14 - 35, 0, 0),
f2 =10, 0, 12, 13, 23, 14425, 0, 0),
f3=1(0, 0, 0, 12, 13, 23, 15426, 0),
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7 =(0,0,y-12, 13, 14, 23, 26, 16+ 24),
£l =(0,0,0,13,23, 34, 212435, 14425),

f6e = (0, 0, 12, 13, 23, 14 425, 16 + 35, 26 — 34),
f7 =100, 0,0, 13, 23, 14 + 25, 2- 14 + 34, 15 + 24 4 35),
fs = (0, 0, 12, 13, 23, 14 +25, 2- 14 — 26 + 34, 15+ 16 + 24 + 35),

where y € {0, 1}.

Letus recall that every 8-dimensional NLA g with a WnN complex structure is determined
by the complex structure equations (7), where the set of parameters (e, §, v, a, B) satisfies
Theorem 3.1 (see also Propositions 3.3 and 3.4). In Table 1 we define explicit real bases
(e }1§= | that allow to arrive directly from the complex structure equations to the real Lie
algebras listed in Theorem 4.1, depending on the value of the tuple (e, §, v, a, B). In this table,
we simply write (g, v, a, B) instead of (¢, 8, v, a, B), because one always has 6 € {—1, 1}.
We observe that the value v = 0 gives rise to the Lie algebras {1, 2, {3, and Z in Theorem 4.1,
whereas v = 1 provides the Lie algebras fg, f6, f7, and fg, where y € {0, 1}. Moreover, one
can go the other way round, in the sense that Table 1 allows to construct the whole space of
WnN complex structures on each Lie algebra up to equivalence.

Remark 4.2 When v = a = B = 0 in (7), there is a product of a 6-dimensional NLA with
an SnN complex structure and the 2-dimensional Abelian Lie algebra. Hence, we follow the
proof of [28, Proposition 2.4] to define the corresponding real basis {ek},sj:] in Table 1. In
particular, note that

fi =ho xR%, 2 =bhj x R?,

where by = (0, 0, 0, 12, 23, 14 — 35) and b;% = (0, 0, 12, 13, 23, 14 + 25). We also
notice that f; and f, are, together with f3, the only decomposable Lie algebras in Theorem 4.1.

Remark 4.3 There are two sets of complex parameters (e, 8, v, a, B) in Table 1 whose under-
lying Lie algebra is f», namely, (1, 1, 0, 0, 0) and (1, £1, 0, 0, 1). The former corresponds
to the WnN structures on f, = [j;% x R? that are products of complex structures on [j;% and
R2. The latter provides totally new complex structures on the direct product b;% x R? = f,.

Remark 4.4 Recall that the complex parameter § provides two non-equivalent complex struc-
tures for § = —1 and § = 1. Consequently, each of the Lie algebras {1, f3, fg, and fé admits
exactly two non-equivalent WnN complex structures, and the Lie algebras f» and fg have
four. In contrast, there is an infinite number of non-equivalent WnN complex structures on
f1» fo» f7 and fs.

To finish the proof of Theorem 4.1 one has to check that the Lie algebras f1, f2, ..., fg are
pairwise non-isomorphic. The following invariants will be specially useful for this purpose:

e Ascending type: it is the s-tuple (my,...,my) associated to the ascending central
series (1) of an s-step NLA g, defined by m; = dim g, fork =1,...,s.

e Descending type: similar to the above, but making use of the descending central series
{g¥}k=1 of g instead, which is given by g = g and g* = [g¢~!, g], fork > 1.

e Betti numbers by : they correspond to the dimensions of the Chevalley-Eilenberg coho-
mology groups of the Lie algebra g, namely,

Ker{d : Al gr — N\FF! g}
Im{d : /\k7l g+ — /\k g}

H*(g) = , 0<k<dimg.
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Table 1 Real nilpotent Lie algebras and complex structures

(e,v,a, B) Real basis {e¥}8_, NLA

wl:el—ie3, w3:%e2+2i866,

4_ 7 8 i

0,0,0,0)
w :e4+i65, w” =e' —ie°.

o! =4(e1+ie2), wd=e3+2i68e0,

(1,0,0,0) o
wzzﬁ(e4+ies), wt=el —ie.

0,00, 1) ol =elt+i, =20 +4ise)), f
, U, U, 3
=4 +ied), w*=2(8—ic.

(10,0, 1) ol =eltied, o) =2(+4i8e0), f
U, U, 2

=4t +ied), wt=20T—ie3+ied).
w]:el+iez,
(0,0,1,B € {0,1}) ?=202e* +2i0 +iB(1—¢e)é?), p
(1,0,1, B e R=9) 0 =2(3+4i8(5 +eT)), 4
w4=4(e5—e7+i(e8—sge3)).
(0,1,0, B €{0,1)) ol =el+ie?, W= +4ised, 58
1,0, B €{0,
a)2=2(e4+ie5), w4=74(66+ie7). 3
w]:el+iez,
2 __ 4 25
(1,1,0, B € R=0) @ =4l +ien, i
W} =23 +4ised),

ot =168 —ie)+45(* +ied)—2iBe.
ol = —(e! +ie?),
-0 wzz—(e4—28el+ie5),
0,1,1, B e R=Y) 5 1 3 6 f7
®’ = (5€ +2ide"),
CU4=(87—66)+ZB(€4—2B€1)+i88.

ol =—-2by (! +ie?),
2 _ 1, b 2 4 . 1,1 5
=4p 202 - by(Lel —
©0.1.1.9m B > 0) w 2(ble + 35 e —bye +tiby5e e)),
B=b +iby w3 =by (€3 +16i8b3 %), f7
by >0

ot = —8by(bi(br e + B 2 —by ety —bE(SS—eb + &)
—i b% %64 + es)).
ol =% @' +ie?),

3
o =5 +ied),
(1,1,a>0,BeC) ) 2 8
w3:%(e3+i8“7e6),
5

: ) 2 3 .
w4:g—4( 7—e6+1e8)——’”8363—8?—6(e4+1e5).

e Number n,;: maximum number of linearly independent decomposable d-exact 2-forms
a,ie.a =dy = By A B for some By, o, ¥ € g*.

Since the Lie algebras in Theorem 4.1 are discrete, the invariants above can be calculated
using an appropriate mathematical software. We provide their values in Table 2.
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Table 2 Some invariants of the NLAs listed in Theorem 4.1

NLA Ascending type Descending type by by b3 by ng
f1 (3,5,8) 8,3, 1) 5 12 19 22 2
2 (3,5,6,8) (8,4,3,1) 4 9 16 20 3
f3 (3,5,8) 8.4, 1) 4 10 18 22 3
fg (3,5,8) (8,5,3) 3 7 13 16 4
let (3,5,6,8) 8,6,5,3) 2 6 13 16 5
fg (3,5,8) (8,5,3) 3 7 14 18 4
fl (3.5.8) (8.5.3) 3 7 14 18 3
fe (2,3,5,6,8) 8,6,5,3,2) 2 3 6 8 3
f7 (3,5,8) (8,5,3) 3 7 13 16 3
g (2,3,5,6,8) 8,6,5,3,2) 2 3 6 8 3

A direct consequence of Table 2 is that most of the NLAs listed in Theorem 4.1 are not
isomorphic. Indeed, the only exceptions are the NLAs f¢ and fg, for which all the previous
invariants coincide. Therefore, to complete the proof of Theorem 4.1 we need to show the
following:

Lemma 4.5 The Lie algebras fe and g are not isomorphic.

Proof Letus show that the number of functionally independent generalized Casimir operators
is different for the NLAs fg and fs.

Let g be a Lie algebra of dimension m defined, in terms of some basis {x;};"_,, by the Lie
brackets [x;, x;] = Zk | c X for 1 <i < j < m. The vectors

X = Z c]{in—, 1<k <m,
“ 0x;
i,j=1

generate a basis of the coadjoint representation of g. If we consider the matrix Cgy constructed
by rows from the coefficients of these vectors, the number of functionally independent gen-
eralized Casimir operators, denoted by n;(g), can be computed as n; (g) = m —rank Cy (see
[27] for further details).

We first use (3) to find the Lie brackets of f from the structure equations of this algebra

given in Theorem 4.1. Then, from the expressions of the vectors X Ly X g, one finds

0 —x3 —x4 —X¢ 0 —x7 0 O

X3 0 —X5 0 —x¢ —xg 0 O

X4 X5 0 xg  —Xx7 0 0 0

C X6 0 —Xg 0 0 0O 0 0

=10 x x» 0 0 0 00

X7 X8 0 0 0 0O 0 0

0 0 0 0 0 0o 0 0

0 0 0 0 0 0O 0 0
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Proceeding similarly for the Lie algebra fg, we get the matrix

0 —x3 —x4 —(x¢+2x7) —xg —xg 0 O

X3 0 —X5 —Xg —x6 x7 0 O

X4 X5 0 —Xx7 —Xg 0 0 0

Ci. — X6 + 2 x7 X8 X7 0 0 0 0 0
fs X3 X6 X3 0 0 0 00
X3 —Xx7 0 0 0 0 0 0

0 0 0 0 0 0O 0 0

0 0 0 0 0 0O 0 0

One can now check that the rank of Cj, is equal to 4, whereas that of Cj, is equal to 6.
Consequently, nj(fg) = 4 # 2 = nj(fg) and these two NLAs cannot be isomorphic. O

This completes the proof of Theorem 4.1. Observe that all the NLAs we have found
have rational coefficients. This guarantees the existence of a lattice I in the corresponding 8-
dimensional real Lie group G, thus making (I"\ G, J) a complex nilmanifold with an invariant
complex structure (of WnN type).

Remark 4.6 The 8-dimensional NLAs with b; = 2 that admit complex structures have been
recently classified in [23]. Such classification can be recovered from Theorem 4.1 and previ-
ous results on complex structures of SnN type obtained in [21]. In fact, the condition b; = 2
implies that the complex structure J is necessarily non-nilpotent by [11, Proposition 15].
Now, if J is WnN then the NLA is isomorphic to f}‘, fe or fg by Theorem 4.1, whereas if J
is SnN then the NLA is isomorphic to 9(1)2 or g%z (see [21, Theorem 1.1]).

We also observe that the relation between the aforementioned Lie algebras and those given
in [23] is as follows: f} = £(2,4), fe = n (5), fs = n] (5)1, g9, = b and g}, = b;.

5 Pseudo-Kahler and neutral Calabi-Yau structures

In this section we study the existence of pseudo-Kéhler and neutral Calabi—Yau structures
on complex nilmanifolds (M = I'\G, J) endowed with non-nilpotent complex structures.
We prove that the 8-dimensional counterexample found in [19] to a conjecture in [12] is
unique in the class of SnN complex structures. However, we find an infinite number of new
counterexamples in the class of weakly non-nilpotent complex structures. These provide,
in addition, a new infinite family of examples of (Ricci-flat) non-flat neutral Calabi-Yau
structures in real dimension 8 that do not come from a hypersymplectic structure, as they are
not complex symplectic manifolds. We finish the section providing a topological obstruction
that any pseudo-Kéhler nilmanifold with an invariant complex structure satisfies when its
real dimension is less than or equal to 8.

We first recall some general definitions. Let X = (M, J) be a complex manifold of
complex dimension n. A pseudo-Kdhler structure on X is a pseudo-Riemannian metric g
that satisfies the following two conditions:

e g is compatible with J,i.e. g(JU, JV) = g(U, V) for any vector fields U, V on M

e J is parallel with respect to the Levi-Civita connection V of g,i.e. VJ = 0.

The latter condition is equivalent to the 2-form

FU,V)=¢gWU,JV)
being closed. Thus, any pseudo-Kéhler manifold is, in particular, a symplectic manifold. The

signature of g is of the form (2k, 2n — 2k), for 0 < k < n.
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When the complex dimension of the manifold is even, namely, n = 2m, there are some
special classes of pseudo-Kihler structures:

e A neutral Kiihler structure is a pseudo-Kéhler metric g with signature (2m, 2m).

e A neutral Calabi-Yau structure is a neutral Kahler structure g with a nowhere vanishing
form @ of bidegree (2m, 0) with respect to J satisfying V& = 0, where V is the Levi-
Civita connection of the metric g. This type of manifolds are Ricci-flat.

We observe that many neutral Calabi- Yau manifolds arise from the so-called hypersymplectic
structures, introduced by Hitchin in [17] (see also [13]). We do not recall the definition here,
but we will use the fact that any hypersymplectic structure has a complex symplectic structure
Q. This is a closed (2, 0)-form 2 satisfying the non-degeneration condition ™ # 0.

From now on, we will focus on nilmanifolds M = I'\ G endowed with invariant complex
structures J. Suppose that the complex nilmanifold X = (M, J) of complex dimension n
has an invariant pseudo-Kéhler metric g with 2-form F. By [25], there always exists a closed
(non-zero) invariant form ® on M of bidegree (n, 0) with respectto J,so V& = 0. Therefore,
any invariant pseudo-Kéhler metric F on a complex nilmanifold X is Ricci-flat (see [14]).

In [12], it is conjectured that the existence of a pseudo-Kéhler metric on a complex
nilmanifold X = (M, J) implies the nilpotency of the complex structure J, in the sense
of Definition 2.1. This holds true up to dimension n = 3 [12], but a counterexample is
given by the authors in [19]. We next show that the counterexample in [19] is unique in the
class of strongly non-nilpotent complex structures. Nonetheless, we find an infinite family
of new counterexamples in the class of weakly non-nilpotent complex structures. Indeed,
the following theorem provides the classification of non-nilpotent complex structures in real
dimension eight admitting (invariant or not) pseudo-Kihler metrics.

Theorem 5.1 Let M be an 8-dimensional nilmanifold endowed with an invariant non-
nilpotent complex structure J. Denote by g the Lie algebra associated to M. There exists a
pseudo-Kdhler structure on X = (M, J) if and only if there is a (1, 0)-basis {wk}2=1 for
(g, J) where the structure equations are one of the following:

i) If J is weakly non-nilpotent,

do' =0, do* ="+, do’=is@"? - o), -
do* = ao'? + 0 + Boll + 02,

where § = 1 and a = O with B € {0, 1}, a = 1 with B € R20 ora = 1with B € C
satisfying Jm B > 0. Moreover, any invariant pseudo-Kdhler metric on X = (M, J)
with fundamental form F satisfies

F:iuw“—isa)zz—iSrw33+va)12—vw21+ia8(r—is)a)l3

+ia8(r+is)a)3i—i—(r—l—is)a)]z‘—(r—is)wﬁ,

wherer,s,u,v € Randrs # 0.
ii) If J is strongly non-nilpotent,
do' =0, do’ =0 +0% do’=0?+0'? -,

do* =i —io.

Moreover; the fundamental form F of any invariant pseudo-Kdihler metricon X = (M, J)
is

F:irw“—}—isw44+uw12—uw21+vwl3—va)31—sa)23+sw32,
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wherer,s,u,v € Randrs # 0.

Proof First, we recall that the existence of a pseudo-Kéhler structure on (M, J) is equivalent
to the existence of an invariant one (see [ 19, Proposition 2.1]). This is due to Nomizu’s theorem
for the de Rham cohomology of nilmanifolds together with the well-known symmetrization
process, which implies that any closed k-form « on a nilmanifold is cohomologous to the
invariant k-form & obtained by symmetrization on M. More precisely, since J is invariant,
if there exists a pseudo-Kéhler structure F' on (M, J), then [F 1 = [F] m the second de
Rham cohomology group HdR(M R) and [F?] = [F]? # 0. Hence, F is an invariant
non-degenerate real (1,1)-form which is closed, i.e. an invariant pseudo-Kéhler structure on
M, J).

Let g be the NLA underlying M. Let F be any real (1, 1)-form on (g, J). If {a)k}izl is a
(1,0)-basis for (g, J), then any pseudo-Kihler structure F can be written as

F = szkka)kk—l— Z xklw —xk[-a)[k), (18)

1<k<l<4

for some coefficients x;; € R and x;; € C. Note that F is closed if and only if 0 F = 0. We
can now make use of the structure equations of non-nilpotent complex structures in dimension
eight to compute d F.

We start with weakly non-nilpotent complex structures, which are parametrized by (7) in
Theorem 3.1 with the tuple (¢, 8, v, a, B) taking the possible values specified in that theorem.
From the condition 0 F = 0 it is straightforward to see that x,5 = x,;5 = x33 = 0, together
with the equalities

vy =0, axy; =0, Bx,; =0.

Hence, two cases can be distinguished depending on the vanishing of the triple (v, a, B):

o If (v,a, B) = (0,0,0), then (g, J) is the product of a 6-dimensional NLA endowed with
a SnN complex structure and a complex torus. We have

0F = —idx3 a)121 + (x5 — X5 —€x3 )a) + (i x93 + 8x33) o + (i x5 — 8x33) a)23i.
If the form F is closed then x5 = 0 and x,5 = x33 = 0 (recall that § = &1 and x;; € R),
but this implies F* = 0. Thus, there are no pseudo-Kihler structures in this case.

o If (v,a, B) # (0,0, 0), then x,;5 = 0 and one gets

OF = —(aX;+idx;3) 0 + (x]i R — & (g3 — 208 xp) @
+( x5 +v x5 + 8x33) o'+ (i x5 — VX3 —8x33) a)231
F4 = —24xy5 133 [x 312 0! 241234,
The closedness of F implies x5 = i ad X3, X,3 = —vIm(x;3) and x;3 = —v 6 Re(xy),

because x,5, x33 € R. Since v = 0 gives x,5 = x33 = 0, and thus F* = 0, we next assume
v = 1 and choose PRe(x7), Im(x;3) # 0 in order to have x,3, x33 # 0. Furthermore, to
ensure the condition d F' = 0 one also needs

0:2i3m(x12) — & (x33 — 26 XM)
=2i (Im(x3) 4+ €8 Im(x,3)) + 38 Re(x,3).

Since we have chosen Re(x ;) # 0, the only possible pseudo-Kéhler structures arise when
¢ = 0. With this choice, it suffices to take Jm(x5) = 0 to have 9 F = 0. This proves part i)
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of the statement of the theorem. We simply observe that the values of a and B come directly
from Theorem 3.1, due to the conditions ¢ =0 and v = 1.

It remains to study those complex structures of SnN type, which are classified into two
families in [21, Theorem 3.3]. The first family is given by

do!' =0,
do? =ew
dw’ :a)14—|—a)l‘_‘—|—aa)2I +i88ba)li,
do* =ive'l —I—ba)22 —l—i(S(a)15 —a)SI),

11
Family I: ’

where § = +1, ¢, v € {0, 1}, and (a, b) € R? — {(0, 0)} with a > 0.
A direct calculation shows that 9 F = 0 implies x5 = x,35 = Xx,3 = x33 = 0. With this
choice, we obtain:

. 121 . 132 - 141
0OF=—ie(x)3 +bdx3)0 " —iaxyzzw "+ (X3 —X3— VX5 0
(i X35 + 85,9 @' —ebdxy3 07 —ibxyg 0?4 (1 x33 — 8 xy5) 0,
4 _ _ o e 12 Cla 12y 12341234
F7 =24 x,7 (x17 X3 X33 — X33 [X317 — xp30x 39 @ .

Since x33 and x,3 are real numbers, one has thati x35+68 x,3 = Oifand only if x33 = x5 = 0.
However, this yields F* = 0, contradicting the non-degeneracy condition. Therefore, there
are no pseudo-Kihler structures for SnN complex structures in Family 1.

The SnN complex structures in the second family are parametrized by

do' =0,

do? = o' + o?

do’ = aa)” +a(w12 +w‘§ _wzi) +iu(a)24+w2‘_‘),
do* =ivo'l — p,a)Zz +ib(w'?—o?) +i (-,

Family II:

where a, b € R, and ¢, , v € {0, 1} with (g, u) # (0,0) and uv = 0.

Calculating the condition d F = 0 from the previous structure equations, we directly get
X3 = X33 = 0, together with the equalities & x33 = 0 and 1 x33 = 0. Since (g, u) # (0, 0)
we have x33 = 0. Now, the conditions x,; = x33 = x33 = O imply x,; = 0 and x,5 = —x,3.
In this way, the (2, 1)-form d F reduces to

OF =(axy +& (x5 —53) 0 = (Vg — (3 —53) 0!

+i (x5 —ibxy5 — x3) o' 4 (x93 +ibxyg — mxg3) o 430 M X435 »**,

4 _ Y ) ol iy (i Fr  Fo s 12341234
F ——24x44(x11x4z‘+x22|x13| —1x44(x12x13—x12x13))w :

Itis clear that if © = 1, then x,3 = 0 and the non-degeneracy condition fails. Hence, u = 0,
which in addition implies ¢ = 1. Observe that now d F = 0 holds if and only if
ax;+2iTmxz) =0, vxy—2iImx;3) =0, xp5+ibxy;=0.

Since x,3, x,3 are real numbers, with x,3 # 0, we get thata = b = v = 0 and Jm(x5) =
Jm(xy3) = x,5 = 0. In this case, the form F* is given by

4 312341234

F =—24x11x4ia) ,

so it suffices to impose the extra condition x;7 # 0 to get pseudo-Kihler structures. This
leads to part ii) of the theorem.
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This finishes the study of pseudo-Kéhler geometry on those 8-dimensional NLAs endowed
with non-nilpotent complex structures, thus attaining the desired result. O

In the following, we prove that all the invariant pseudo-Kéhler metrics obtained in Theo-
rem 5.1 are non-flat (recall that they always are Ricci-flat).

Proposition 5.2 Let X = (M, J) be a pseudo-Kiihler nilmanifold with dim¢c X = 4 and an
invariant non-nilpotent J. Every invariant pseudo-Kdahler metric on X is non-flat.

Proof Recall that the structure equations of each X = (M, J) appear in Theorem 5.1. If
the complex structure J is SnN, the result can be found in [19, Proposition 3.4]. Thus, we
need to prove the statement for WnN complex structures, namely, those given by case i) in
Theorem 5.1.

We first note that the pseudo-Riemannian metric g can be recovered from its fundamental
form Fby g(Z, W) = F(JZ, W), where Z, W are any complex vector fields on the complex
nilmanifold X. Since the pseudo-Kéhler structures under consideration are invariant, the
(complexified) Koszul formula for the Levi-Civita connection V of the metric g reduces to

28(VyV, W) =g([U, V], W) —g(lV. WL U) + g(IW., UL V),

for invariant complex vector fields U, V, W on X.

Now, since the structure (J, g) is pseudo-Kihler, we have VJ = 0, which is equivalent to
the condition Vi (J V) — J(Vy V) = 0, for any complex vector fields U, V on X. Therefore,
if V has type (1,0) then J(VyV) = Vy(JV) = i (VyV), that is to say, ViV is also a
vector field of bidegree (1,0). In particular, if {Z; }4 denotes the basis of complex vector
fields of bidegree (1,0) dual to the basis {w/ )} j—1»0ne has that Vi Z; has type (1, 0) for every
1 < j < 4. Moreover, by complex conjugatlon it suffices to compute Vz,Zjand V7 Z; for
1<j,k<4

To prove the result we need the following derivations, which can be obtained by direct
calculation from Theorem 5.1 i):

ir irv
VZIZZ = —i6 Z3, V2,23 = ——Zp + ———— Zy, (19)
s s(r —1is)
and
Vz,Z, =0, Vz,Z, =0, Vz4 Z, =0. (20)

Let R be the curvature tensor of the pseudo-Kahler metric, i.e.
RWU,V,W.T) =g(VuVyW — VyVyW — Vi W, T),

for U, V, W, T complex vector fields on X. Taking into account the observations above,
by complex conjugation and using the symmetries of the curvature tensor, one has that the
metric g is non-flat if and only if R(Z;, Z;, Zy, Zl) # 0 for some i, j, k, [. We next show
that R(Z1, Z1, Z2, Z») is not zero.

From the complex equations (17), we get [Z1, Z 11=—-BZ4+ B Z4. Therefore, from
(19)-(20) it follows that

R(Z1, Z1, 22, Z2) = §(V72,V3,Z2 = V3 V2,22 = Vig, 7122, Z2)
= g(VZIVZl Zy — VZIVZI Z)+BVgz,Zy — B Vz422, 22)
= —i g(VZ,Z3, Z)

=—is(— *g(zz, Z) + 8(Z4, 7))

irv
s(r —is)
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= —5r #0,

where the last equality comes from the fact that g(Za, Zy) = i F(Zy,Z3) = s and
8(Z4,Zy) =i F(Z4, Z») = 0, according to the description of F in Theorem 5.1 1). O

In the following result we study the existence of neutral Calabi-Yau metrics on 8-
dimensional nilmanifolds with non-nilpotent complex structures. Recall that a neutral
Calabi-Yau structure is, in particular, pseudo-Kihler.

Proposition 5.3 All the complex nilmanifolds X = (M, J) given in Theorem 5.1 admit
neutral Calabi—Yau structures.

Proof Let us show that neutral Calabi-Yau structures exist for any non-nilpotent complex
structure in Theorem 5.1. Since the result for those complex structures in part ii) of the
theorem was proved in [19, Proposition 3.4], it suffices to study the case i). In particular,
we need to prove that every weakly non-nilpotent complex structure given by (17) has a
pseudo-Kéhler metric of neutral signature (4, 4).

Let us consider the basis of real 1-forms {el, e, eg} defined by ek ek = ok for
1 < k < 4, where {o!, ..., ®*) is the basis of (1, 0)-forms in Theorem 5.1 satisfying the
complex structure equations (17). In terms of this real basis {¢!, ..., €3}, the corresponding
complex structure J and pseudo-Kéhler metrics F are expressed as

Jel=—ez, Je3=—e4, J€5=—€6, Je7=—eg,
F=2ue?+2e3+2a8se® +2a8re'®+2re'” +2se'® +2ve* —2a8re?

+2a8s5e? —25e¥ +2r e —25@34—28r656,

where r, s, u,v € R with rs # 0. By direct calculation, the pseudo-Riemannian metric
g(x,y) = F(Jx,y) is given in terms of the real dual basis by the following matrix:

2u 0 0 —2v 2aér —2aés 2s —2r
0 2u 2v 0 2aés 2aér 2r 2s
0 2v —2s 0 0 0 0 0
—2v 0 0 —2s 0 0 0 0

@i =1 2457 2a6s 0 0 —26r 0 0 0 @D

—2aés 2adr 0 0 0 —28r 0 0
2s 2r 0 0 0 0 0 0
—2r 2s 0 0 0 0 0 0

It is easy to see that there are metrics in the family (21) with neutral signature for any value
of the triple (8, a, B) in the complex equations (17). For instance:
elfa =0and B € {0, 1}, take u = v = 0. Then, the eigenvalues of the matrix (21) are

25, V242 22452, 267,

all with algebraic multiplicity two. It suffices to choose §rs < 0 to find pseudo-Kéhler
metrics with signature (4, 4).
e Ifa = 1 and either B € RZ% or B € C with Jm B > 0, consideru = 1, v = 0. The leading
principal minors of (21), written in increasing order, are
2, 4, —8s, 165> —3252@r+r2+5D), 645202 +5D8+r),
—128587r s> (P2 4+ 2 (S r +r2 +52), 2561752 (r2 + 5%)%.
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If we take s < 0 and 6 r > 0, one can check there are exactly four changes of sign in the
previous sequence of minors. Therefore, the matrix (21) has exactly four negative eigenvalues
and four positive ones, thus the signature of this metric is (4, 4).

Finally, since the (4, 0)-form & = @' i parallel, we conclude that X has neutral
Calabi-Yau structures. O

An interesting consequence of the previous results is that the families of pseudo-Kihler
metrics obtained in Theorem 5.1 provide new neutral Calabi—Yau metrics in eight dimensions
that are not flat (although they all are Ricci-flat).

Theorem 5.4 Let X = (M, J) be a pseudo-Kdhler nilmanifold with dimc X = 4 and an
invariant non-nilpotent J. Then, X has neutral Calabi-Yau metrics that are Ricci-flat but not

flat.

Proof Tt is a direct consequence of Propositions 5.2 and 5.3. O

Several constructions of hypersymplectic structures on nilpotent Lie algebras can be found
in recent literature. Examples of 2-step nilpotent Lie algebras (of Kodaira type) are given
in [15] and examples in the 3-step nilpotent case are obtained in [3]. The first 4-step nilpo-
tent Lie algebras with hypersymplectic structures are found in [5]. Other examples have
been constructed in [8] using semidirect products of Lie algebras. All these hypersymplectic
nilpotent Lie algebras are, in particular, neutral Calabi—Yau (hence, also pseudo-Kéhler) and
itis worthy to remark that their underlying complex structures J are always of nilpotent type.

We next prove that the neutral Calabi-Yau structures constructed in Theorem 5.4 do not
come from hypersymplectic structures. Moreover, in the following result we show that non-
nilpotent complex structures in real dimension 8 do not admit any complex symplectic form,
thus extending the non-existence result given in [6, Proposition 5.8] for SnN complex struc-
tures.

Proposition 5.5 Let X = (M, J) be a complex nilmanifold with dim¢c X = 4 and a non-
nilpotent complex structure J. Then, X does not admit any complex symplectic structure. In
particular, the non-flat neutral Calabi-Yau metrics constructed in Theorem 5.4 do not arise
from any hypersymplectic structure.

Proof Similarly to the argument given in the proof of Theorem 5.1, the existence of a complex
symplectic structure 2 on X = (M, J) is equivalent to the existence of an invariant one (see
[6, Proposition 6.1]). In fact, since J is invariant, we get that Q is an invariant closed (2,0)-
form on X such that [Q2] = [€] in the second complexified de Rham cohomology group
EIdZR(X; C). Since X is compact, [Q)? # 0 by Stokes theorem. Hence, [S~22] = [Q]? # 0, so
2 is non-degenerate and it is an invariant complex symplectic structure on X.

Therefore, it suffices to show the non-existence result for invariant complex symplectic
structures. This result is proved in [6, Proposition 5.8] for SnN complex structures. Hence,
we here focus on WnN complex structures. Recall that these are parametrized by (7) in
Theorem 3.1 with the tuple (¢, §, v, a, B) taking the possible values specified in that theorem.

Consider any invariant (2,0)-form €, i.e.,

Q=0+ B0 +yo +10® +00™ +E0

where o, B, v, 7,0, & € C. Since Q% = 2(a — B0 + yT)w'?*, we have that Q2 # 0 if and
only if & — 6 + yt # 0. Note that d2 = 0 if and only if 32 = 0 and 92 = 0.
By (7), the (3,0)-form €2 is given by

IR = —(yv +af)w' > + 00",
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s0 92 = 0 is equivalent to yv + aé = 0 and # = 0. Taking into account these conditions,
we arrive at

Q= i(Bs+1e)w ! +itsw'? — pv'B 4B — (1 — 2£8e1)0! P
—igeo™ —its " 4 Ev 0?3 +iEs 0.

Therefore, if the (2,0)-form €2 is closed then t = 0 = &, and one has Q2 = 0, i.e. the form

is degenerate. Thus, there are no complex symplectic structures when J is non-nilpotent.
The statement about neutral Calabi-Yau structures comes from the fact that any hyper-

symplectic structure is, in particular, complex symplectic. O

In view of Proposition 5.5, the following general question arises: Does the existence of a
complex symplectic structure imply the nilpotency of the complex structure J?

It is well-known that the existence of a (positive definite) Kihler metric on a compact
manifold imposes strong restrictions on the topology of the manifold. In the pseudo-Kihler
case, as far as we know, no topological obstruction is known on the compact complex mani-
fold, apart from those conditions coming from the existence of a symplectic structure on the
underlying real manifold. The following results suggest a possible restriction on the first Betti
number of pseudo-Kiahler manifolds, at least for nilmanifolds with invariant complex struc-
tures. Another restriction seems to be provided on the step of nilpotency of the pseudo-Kéhler
nilmanifolds.

Proposition 5.6 Let M be an 8-dimensional nilmanifold endowed with a non-nilpotent com-
plex structure J. If (M, J) admits a pseudo-Kdihler structure, then the NLA associated to M
is isomorphic to one of the following:

f;/ = (0, 0, 0, 13, 23, 34, g <12 + 35, 14 + 25),

f7 = (0,0, 0, 13, 23, 14+ 25, 2- 14+ 34, 15+ 24 + 35),
9y = (0, 0, 0, 13, 23, 14425, 15+ 24, 16 +27),

with y € {0, 1}. In particular, the nilmanifold M is either 3-step or 4-step nilpotent, and its
first Betti number is by (M) = 3.

Proof From i) in Theorem 5.1 and Table 1, one can deduce that the NLAs associated to
the 8-dimensional nilmanifolds with a WnN complex structure that admit pseudo-Kihler
metrics are f(s), f; and f7. Moreover, every WnN complex structure on these NLAs gives rise
to a pseudo-Kihler structure. The Lie algebra 9(1)0 is associated to the SnN complex structure
in Theorem 5.1 and it comes from [21]. We observe that this NLA has another SnN complex
structure (see [21, Table 5]) that does not admit pseudo-Kéhler metrics.

By Nomizu’s Theorem, the de Rham cohomology Hj, (M; R) of the nilmanifold M can
be computed at the level of its underlying Lie algebra; in particular b1 (M) = b1 (g) = 3 for
g= fg, 7, 9(1]0- Finally, note that the step of nilpotency of the Lie algebras fg’ and f7is s = 3,
whereas for 9?0 we have s = 4 (see the ascending types of these NLAs in Table 2 and [21,
Table 5]). O

Remark 5.7 There exist 8-dimensional nilmanifolds M endowed with non-nilpotent complex
structures that are 5-step or whose first Betti number is b1 (M) = 2. Note also that the previous
result provides a necessary but not sufficient condition: the nilmanifolds with a WnN complex
structure whose underlying NLA is fg are 3-step and have first Betti number equal to 3, but
they are not pseudo-Kéihler.
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In the next result we show that similar restrictions to those provided in Proposition 5.6
can be found for a larger class of complex nilmanifolds.

Theorem 5.8 Let M be a 2n-dimensional nilmanifold with 2 < n < 4 endowed with an
invariant complex structure J. If (M, J) admits a pseudo-Kdhler structure, then the nilman-
ifold is s-step with s < n, and its first Betti number satisfies by (M) > 3.

Proof Recall that every invariant complex structure on a 4-dimensional nilmanifold is nilpo-
tent. In six dimensions, it is proved in [12] that pseudo-Kéhler structures only exist when J
is nilpotent. Moreover, for any nilpotent complex structure we know by [11, Proposition 10
(iii)] that s < n, and one also has b (M) > 3 by [11, Proposition 15]. Hence, it remains to
study the case when the complex structure J of an 8-dimensional pseudo-Kihler nilmanifold
is non-nilpotent. This is done in Proposition 5.6, so the proof is complete. O
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