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Abstract
We classify nilpotent Lie algebras with complex structures of weakly non-nilpotent type in
real dimension eight, which is the lowest dimension where they arise. Our study, together
with previous results on strongly non-nilpotent structures, completes the classification of
8-dimensional nilpotent Lie algebras admitting complex structures of non-nilpotent type.
As an application, we identify those that support a pseudo-Kähler metric, thus providing
new counterexamples to a previous conjecture and an infinite family of (Ricci-flat) non-flat
neutral Calabi–Yau structures. Moreover, we arrive at the topological restriction b1(X) ≥ 3
for every pseudo-Kähler nilmanifold X with an invariant complex structure, up to complex
dimension four.

Keywords Nilpotent Lie algebra · Complex structure · Pseudo-Kähler structure · Neutral
Calabi–Yau metric

Mathematics Subject Classification Primary 17B30 · 53C15; Secondary 32Q99 · 53C50

1 Introduction

This paper provides another step towards a better understanding of nilmanifolds endowed
with invariant complex structures J . It is well known that these spaces constitute an important
class to explore many aspects of the geometry of compact complex non-Kähler manifolds.
Concretely, our first goal here is to classify the nilpotent Lie algebras of real dimension 8 that
support a complex structure J of a special type called weakly non-nilpotent, WnN for short
(see Definition 2.1 and Remark 2.2). This classification, together with the results on strongly
non-nilpotent complex structures obtained in [21], gives rise to a complete classification of
the 8-dimensional nilpotent Lie algebras admitting non-nilpotent J ’s. Therefore, our results
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reduce the problem of classifying nilpotent Lie algebras with complex structures in the
aforementioned dimension to the study of nilpotent complex structures.

Let us recall that the classification of complex structures on nilpotent Lie algebras of real
dimensions 4 and 6 is well understood. In dimension 4 there are only two complex structures
defined on two different nilpotent Lie algebras that give rise to the complex torus and the
Kodaira-Thurston manifold. In six dimensions, only 18 of the 34 non-isomorphic nilpotent
Lie algebras admit a complex structure [25], and the classification of complex structures up
to equivalence on each of these algebras is studied in [7] (see also [2, 28]). Every complex
structure J in real dimension 4 is nilpotent, whereas in dimension 6 it is either nilpotent or
strongly non-nilpotent; there do not exist WnN complex structures in dimension ≤ 6.

In real dimension 8 there areWnNcomplex structures [20]. These structures can be viewed
as a subclass of quasi-nilpotent complex structures J , which are defined by the condition
Z(g) ∩ J (Z(g)) �= {0}, where Z(g) denotes the center of the nilpotent Lie algebra g. Inside
this class, one can find well-known nilpotent complex structures, such as abelian or complex-
parallelizable, but also non-nilpotent ones. Since for any quasi-nilpotent complex structure
J there is a J -invariant subspace in the center Z(g), by [20, Section 2], every (g, J ) can be
constructed as a certain extension of a lower dimensional nilpotent Lie algebra endowed with
a complex structure.

In Sect. 2, after recalling the definitions and main properties of the different types of com-
plex structures on nilpotent Lie algebras, we focus our attention on quasi-nilpotent structures
J . We show in Proposition 2.7 that the equivalence relation for two such J ’s is inherited by
the induced complex structures J̃ ’s on the corresponding quotient algebras.

The previous result is applied toWnN structures in eight dimensions. Firstly, we construct
in Sect. 3.1 all the WnN complex structures by means of their complex structure equations.
Hence, after a careful reduction of the equations (see Propositions 3.3 and 3.4), we arrive
at the classification of WnN complex structures up to equivalence in Sect. 3.3. The final
classification result corresponds to Theorem 3.1.

In Sect. 4 we classify the 8-dimensional nilpotent Lie algebras that admit WnN complex
structures. It turns out that there are exactly 10 non-isomorphic algebras, four of them having
an infinite number of (non-equivalent) complex structures. Theorem 4.1 provides the classi-
fication of algebras, whereas Table 1 describes the moduli spaces ofWnN complex structures
on each one of the ten nilpotent Lie algebras. Furthermore, the algebras are all rational, so
they give rise to new complex nilmanifolds X with dimC X = 4.

Our second goal in this paper is to apply the classification results on WnN complex
structures J to the study of existence of pseudo-Kähler and neutral Calabi–Yau metrics on
the corresponding complex nilmanifolds X = (M, J ). Note that pseudo-Kähler Lie groups
can be used in the construction of Sasaki-Einstein solvmanifolds of indefinite signature [9].
In real dimension 4, the Lie algebras carrying a pseudo-Kähler structure are classified in [24].
For nilpotent Lie algebras of real dimension 6, the classification is given in [12]. However, a
classification in eight dimensions is not known.

It was conjectured in [12] that J must be nilpotent in the presence of a pseudo-Kähler
structure. Recently, a counterexample was given by the authors in eight dimensions [19],
which in addition admits (Ricci-flat) non-flat neutral Calabi-Yau metrics. Moreover, it was
used to prove that the pseudo-Kähler, neutral Kähler and neutral Calabi-Yau properties are not
stable under small deformations of the complex structure, in any complex dimension n > 2.
In Sect. 5 we identify all the non-nilpotent complex structures admitting a pseudo-Kähler
metric (see Theorem 5.1). We show that the counterexample in eight dimensions found in
[19] is unique in the class of strongly non-nilpotent complex structures. We also find an
infinite family of new counterexamples in the class of WnN complex structures.
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In Theorem 5.4 we prove that the families of pseudo-Kähler metrics obtained in The-
orem 5.1 provide new neutral Calabi-Yau metrics in eight dimensions that are (Ricci-flat)
non-flat. We recall here that many examples of neutral Calabi-Yau metrics in the literature
come from hypersymplectic structures [17]. Indeed, several constructions of such structures
on nilpotent Lie algebras have been obtained, as the 2-step examples (of Kodaira type) in
[15] or the 3-step examples given in [3] (see also [1]). The first 4-step nilpotent Lie algebra
with a hypersymplectic structure can be found in [5]. New 2-step nilpotent hypersymplec-
tic Lie algebras whose underlying complex structure is not abelian appear in [8]. Note that
the pseudo-Kähler Lie algebras whose underlying J is abelian can be inductively described
by a certain method of double extensions [4]. All the known hypersymplectic nilpotent Lie
algebras are, in particular, neutral Calabi-Yau (hence, also pseudo-Kähler). It is worthy to
mention that their underlying complex structures J are of nilpotent type.

In Proposition 5.5 we prove that the neutral Calabi-Yau structures constructed in Theo-
rem 5.4 do not come from a hypersymplectic structure.Moreover, we show that non-nilpotent
complex structures in real dimension 8 do not admit any complex symplectic form, thus
extending the non-existence result for strongly non-nilpotent complex structures given in [6,
Proposition 5.8].

It is well known that the existence of a (positive definite) Kähler metric on a compact com-
plex manifold imposes strong restrictions on the topology of the manifold. For nilmanifolds,
the only (positive definite) Kähler spaces are tori [16]. However, in the pseudo-Kähler setting
no topological obstruction is known, to our knowledge, on the compact complex manifold,
apart from those coming from the existence of a symplectic form. In Theorem 5.8 we arrive
at the topological restriction b1(X) ≥ 3 for every pseudo-Kähler nilmanifold X with an
invariant complex structure, up to complex dimension 4. This result suggests the existence
of a possibly more general topological obstruction, at least for nilmanifolds.

2 Complex structures on nilpotent Lie algebras

The aim of this section is to study invariant complex structures on nilmanifolds. As these
complex structures are determined by complex structures defined on the nilpotent Lie algebra
associated to the nilmanifold, we will mainly work at the Lie algebra level.

Let g be a real Lie algebra. The ascending central series {gk}k≥0 of g is defined as

g0 = {0} and gk = {X ∈ g | [X , g] ⊆ gk−1}, for k ≥ 1. (1)

Observe that g1 = Z(g) is, precisely, the center of g. If there is an integer k ≥ 1 such that gk =
g, the Lie algebra g is called nilpotent. The smallest integer s for which gs = g is called the
nilpotency step of g. If g is a nilpotent Lie algebra (NLA for short), the corresponding Lie
group G is also called nilpotent.

We recall that a nilmanifold �\G is a compact quotient of a connected, simply connected,
nilpotent Lie groupG by a lattice� ≤ G. Any basis of the Lie algebra g ofG generates a basis
of left-invariant vector fields on G that can be transferred to the nilmanifold �\G. Moreover,
given G, the existence of a lattice � making �\G a compact quotient is guaranteed by the
existence of a basis of g where the structure constants are rational numbers [22]. Thus, in
this sense one can identify a nilmanifold �\G with the structure equations of its Lie algebra,
namely,

dek =
∑

1≤i< j≤m

cki j e
i ∧ e j , 1 ≤ k ≤ m = dim g, (2)
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where {ek}k is a basis of the dual space g∗ of g. To describe a Lie algebra defined by (2)wewill
write g = (

∑
i< j c

1
i j ·i j, . . . ,

∑
i< j c

m
i j ·i j). For instance, h = (0, 0, 0, 2·13) means that h is a

4-dimensional Lie algebra with structure equations de1 = de2 = de3 = 0, de4 = 2 e1 ∧ e3.
Remember that the Lie bracket of any Lie algebra g can be recovered from (2) using the
well-known formula

dα(X , Y ) = −α([X , Y ]), ∀ α ∈ g∗, ∀ X , Y ∈ g. (3)

If G is a complex Lie group, then the nilmanifold �\G is a complex(-parallelizable)
manifold. However, one can also construct complex nilmanifolds using even-dimensional
real Lie groups admitting complex structures. In fact, in this paper we are interested in
finding invariant complex structures J on real nilmanifolds, which are those J ’s determined
by complex structures directly constructed on the Lie algebra g of G.

Recall that a complex structure J on a 2n-dimensional Lie algebra g is an endomorphism
J : g → g satisfying J 2 = −Id and the integrability condition

NJ (X , Y ) := [X , Y ] + J [J X , Y ] + J [X , JY ] − [J X , JY ] = 0,

for all X , Y ∈ g.

2.1 Different types of complex structures on NLAs

Let g be a nilpotent Lie algebra with a complex structure J . The terms gk in the ascending
central series (1) might not be invariant under J , as observed in [11]. For this reason, a new
series is introduced considering both the complex structure J and the structure of the Lie
algebra g. It is called the ascending J -compatible series {ak(J )}k of g, and it is defined as
follows:

{
a0(J ) = {0}, and

ak(J ) = {X ∈ g | [X , g] ⊆ ak−1(J ) and [J X , g] ⊆ ak−1(J )}, for k ≥ 1.

Observe that each ak(J ) ⊆ gk is a J -invariant ideal of g, so it has even dimension. Moreover,
a1(J ) is the largest J -invariant subspace contained in the center g1 of g.

The behaviour of the series {ak(J )}k determines different types of complex structures on
NLAs.

Definition 2.1 [11, 20] A complex structure J on a nilpotent Lie algebra g is called

i) strongly non-nilpotent, or SnN for short, if a1(J ) = {0};
ii) quasi-nilpotent, if a1(J ) �= {0}; moreover, J is called

a) nilpotent, if there exists an integer t > 0 such that at (J ) = g,
b) weakly non-nilpotent, orWnN for short, if there is an integer t > 0 satisfying at (J ) =

at+l(J ), for every l ≥ 1, and at (J ) �= g.

Remark 2.2 Let C(g) be the set of complex structures J on a nilpotent Lie algebra g. From
the definitions, one has C(g) = QN(g) ∪̇SnN(g) = N(g) ∪̇ nN(g), and

QN(g) = N(g) ∪̇WnN(g), nN(g) = WnN(g) ∪̇SnN(g),

whereQN(g),N(g),WnN(g), nN(g) and SnN(g) denote, respectively, the spaces of quasi-
nilpotent, nilpotent, WnN, non-nilpotent and SnN complex structures on g.
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We recall that every complex structure J on a 4-dimensional NLA g is of nilpotent type.
In dimension 6, a complex structure J is either nilpotent or strongly non-nilpotent. The first
examples of weakly non-nilpotent complex structures appear in real dimension 8 (see, for
instance, [20, Example 2.3]).

Let J be a quasi-nilpotent complex structure on a 2n-dimensional NLA g. Then, there
exists t ∈ N such that

{0} = a0(J ) � a1(J ) � . . . � at−1(J ) � at (J ) = at+l(J ), for l ≥ 1.

For any q ≥ 1 such that aq(J ) �= g, we consider the quotient Lie algebra

g̃q = g/aq(J ), (4)

with the induced complex structure

J̃q(X̃) := J̃ X , for all X̃ ∈ g̃q , (5)

where X̃ and J̃ X denote, respectively, the classes of X and J X in g̃q . The terms of the
compatible series of (g̃q , J̃q) and (g, J ) are related as follows [10, Lemma 3]:

Lemma 2.3 [10] Let J be a quasi-nilpotent complex structure on g. Consider a non-trivial
term aq(J ) of the ascending J -compatible series of g. Then, the ascending J̃q -compatible
series {al( J̃q)}l of the quotient Lie algebra g̃q with induced complex structure J̃q satisfies

al( J̃q) ∼= aq+l(J )/aq(J ), for all l ≥ 0.

Suppose now that J is weakly non-nilpotent. Then, one can choose q in Lemma 2.3 to
be the smallest integer t where the ascending J -compatible series {ak(J )}k of g stabilizes,
namely, at (J ) = at+l(J ) for every l ≥ 1. Since

al( J̃t ) ∼= at+l(J )/at (J ) = {0}, for every l ≥ 0,

the complex structure J̃t defined by (5) on the quotient Lie algebra g̃t = g/at (J ) is
of strongly non-nilpotent type. Hence, 2n-dimensional NLAs with weakly non-nilpotent
complex structures are closely related to lower-dimensional NLAs admitting strongly non-
nilpotent complex structures. As six is the lowest dimension where SnN structures appear,
one immediately has the following result in real dimension 2n = 8:

Lemma 2.4 Let (g, J ) be an 8-dimensional NLA with a weakly non-nilpotent complex struc-
ture. Let t be the smallest integer for which the ascending J -compatible series {ak(J )}k of g
satisfies {0} �= at (J ) = at+l(J ) �= g, for every l ≥ 1. Then, (g̃t , J̃t ) is a 6-dimensional NLA
with an SnN complex structure. In particular, one has dim at (J ) = 2 and thus at (J ) = a1(J ).

2.2 Equivalence of quasi-nilpotent complex structures

To classify a geometric structure, it is natural to introduce a notion of equivalence. In the
case of complex structures on Lie algebras, one has the following one:

Definition 2.5 Two complex structures J and J ′ defined, respectively, on the Lie algebras g
and g′ are said to be equivalent if there exists an isomorphism of Lie algebras f : g → g′
satisfying f ◦ J = J ′ ◦ f .

We next show that the notion of equivalence behaves appropriately with respect to the
ascending J -compatible series.
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Lemma 2.6 Let (g, J ) and (g′, J ′) be two NLAs with complex structures. If there is an equiv-
alence between J and J ′ due to f : g → g′, then f

(
ak(J )

) = ak(J ′), for every k ≥ 0.

Proof First, we will prove by induction that f
(
ak(J )

) ⊆ ak(J ′) for every k ≥ 0. Since this
is clear for k = 0, let us suppose that it holds for k − 1. Then, for any homomorphism of Lie
algebras f : g → g′ such that f

(
ak−1(J )

) ⊆ ak−1(J ′), we have

f
(
ak(J )

) = {
f (X) ∈ g′ | [X , g] ⊆ ak−1(J ) and [J X , g] ⊆ ak−1(J )

}

⊆ {
f (X) ∈ g′ | f

([X , g]) ⊆ f (ak−1(J )) and f
([J X , g]) ⊆ f (ak−1(J ))

}

⊆ {
f (X) ∈ g′ | [ f (X), f (g)] ⊆ ak−1(J

′) and [ f (J X), f (g)] ⊆ ak−1(J
′)
}
.

Now, as f is an isomorphism of Lie algebras satisfying f ◦ J = J ′◦ f , one gets that f (g) = g′
and thus

f
(
ak(J )

) ⊆ {
f (X)∈ g′ | [ f (X), g′] ⊆ ak−1(J

′) and [J ′( f (X)
)
, g′] ⊆ ak−1(J

′)
} = ak(J

′).

We now observe that the map f −1 : g′ → g is also an isomorphism of Lie algebras that
additionally satisfies f −1 ◦ J ′ = J ◦ f −1. Thus, f −1

(
ak(J ′)

) ⊆ ak(J ) for every k ≥ 0.
Applying f , we get ak(J ′) ⊆ f

(
ak(J )

)
and the statement of the lemma is proved. ��

A direct consequence of the previous result is that two equivalent complex structures must
be of the same type, according to Definition 2.1. The next result shows that the notion of
equivalence also behaves appropriately with quotients, namely, it induces an equivalence
between the complex structures (5) defined on the corresponding quotient Lie algebras (4).

Proposition 2.7 Let (g, J ) and (g′, J ′) be two NLAs endowed with quasi-nilpotent complex
structures. Fix some k ≥ 1 such that ak(J ) �= g, and consider the quotient Lie algebras
g̃k = g/ak(J ) and g̃′

k = g′/ak(J ′) with their respective induced complex structures J̃k and
J̃ ′
k . If there is an isomorphism of Lie algebras f : g → g′ such that f ◦ J = J ′ ◦ f , then the

map f̃k : g̃k → g̃′
k given by

f̃k(X̃) := f̃ (X),

for every X̃ ∈ g̃k , defines an isomorphism of Lie algebras satisfying f̃k ◦ J̃k = J̃ ′
k ◦ f̃k .

Proof Let us denote by πk : g → g̃k and π ′
k : g′ → g̃′

k the natural projections. Observe that
the map f̃k : g̃k → g̃′

k is well-defined by Lemma 2.6, and the following diagram

g
f

πk

g′

π ′
k

g̃k
f̃k

g̃′
k

is commutative.
Let us see first that f̃k is an homomorphism of Lie algebras. Indeed, note that for any

X̃ , Ỹ ∈ g̃k , one can find X , Y ∈ g such that X̃ = πk(X) and Ỹ = πk(Y ). Then, as πk, π
′
k

and f are homomorphisms of Lie algebras, we have

f̃k
([X̃ , Ỹ ]g̃k

) = f̃k
([πk(X), πk(Y )]g̃k

) = f̃k
(
πk([X , Y ]g)

) = π ′
k

(
f ([X , Y ]g)

)

= π ′
k

([ f (X), f (Y )]g′
) = [

(π ′
k ◦ f )(X), (π ′

k ◦ f )(Y )
]
g̃′
k

= [
( f̃k ◦ πk)(X), ( f̃k ◦ πk)(Y )

]
g̃′
k

= [
f̃k(X̃), f̃k(Ỹ )

]
g̃′
k
.
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Moreover, f̃k is surjective. In fact, for each X̃ ′ ∈ g̃′
k , take X ′ ∈ g′ such that π ′

k(X
′) = X̃ ′.

Since f is an isomorphism, X ′ = f (X) for some X ∈ g. Consequently, we get

X̃ ′ = π ′
k(X

′) = π ′
k

(
f (X)

) = f̃k
(
πk(X)

)
,

whereπk(X) ∈ g̃k . To conclude that f̃k is an isomorphism, it suffices to observe that dim g̃k =
dim g̃′

k , due to Lemma 2.6.
Finally, to prove the relation f̃k ◦ J̃k = J̃ ′

k ◦ f̃k we will use the commutative diagram
above, together with the equalities

πk ◦ J = J̃k ◦ πk, π ′
k ◦ J ′ = J̃ ′

k ◦ π ′
k,

that come directly from (5). In particular, since f ◦ J = J ′ ◦ f , we necessarily have π ′
k ◦

( f ◦ J ) = π ′
k ◦ (J ′ ◦ f ). The left-hand-side of this equality can be rewritten as

π ′
k ◦ ( f ◦ J ) = (π ′

k ◦ f ) ◦ J = ( f̃k ◦ πk) ◦ J = f̃k ◦ (πk ◦ J ) = f̃k ◦ ( J̃k ◦ πk),

whereas the right-hand-side is

π ′
k ◦ (J ′ ◦ f ) = (π ′

k ◦ J ′) ◦ f = ( J̃ ′
k ◦ π ′

k) ◦ f = J̃ ′
k ◦ (π ′

k ◦ f ) = J̃ ′
k ◦ ( f̃k ◦ πk).

This implies the equality f̃k ◦ J̃k = J̃ ′
k ◦ f̃k on the quotient Lie algebra g̃k , as desired. ��

Combining Lemma 2.4 and Proposition 2.7, one has the following:

Corollary 2.8 Let (g, J ) and (g′, J ′) be two 8-dimensional NLAs with weakly non-nilpotent
complex structures. If J and J ′ are equivalent, then the strongly non-nilpotent complex
structures J̃1 and J̃ ′

1 induced, respectively, on the 6-dimensional Lie algebras g̃1 = g/a1(J )

and g̃′
1 = g′/a1(J ′) are equivalent.

3 Classification of weakly non-nilpotent complex structures in real
dimension 8

In this section we focus on real dimension 8, which is the lowest dimension whereWnN com-
plex structures arise. The main result is a classification of such structures up to equivalence,
in terms of their complex structure equations.

Recall that any almost complex structure J on g can be equivalently defined on the
complexified dual space g∗

C
= g∗ ⊗ C by the choice of a direct sum decomposition

g∗
C

= g1,0J ⊕ g0,1J ,

with g0,1J = g1,0J . Indeed, J : g∗
C

→ g∗
C
is defined by setting g1,0J as its i-eigenspace. In

greater detail, if {ωk}nk=1 is any basis of g1,0J , then J is defined by taking the real J -adapted
basis {ek, Jek}nk=1 of g

∗ such that ek − i Jek := ωk , for 1 ≤ k ≤ n.
Observe that the bigraduation on g∗

C
moves to the complexified exterior algebra

(∧k
g∗)

C

∼=
∧k

g∗
C

=
∧k (

g1,0J ⊕ g0,1J
) =

⊕

p+q=k

∧p,q

J
g∗, 1 ≤ k ≤ 2n,

where
∧p,q

J g∗ = ∧p (
g1,0J

) ⊗ ∧q (
g0,1J

)
. It is well-known that the integrability condition

for J is equivalent to the (extended) differential d of g to satisfy

d
(
g1,0J

) ⊆
∧2,0

J
g∗ ⊕∧1,1

J
g∗. (6)
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We will refer to the differentials of any basis {ωk}nk=1 of g1,0J as the complex structure
equations of (g, J ), as those equations completely determine both theNLA g and the complex
structure J .

The following theorem provides a classification of WnN structures in eight dimensions,
up to equivalence.

Theorem 3.1 Let g be an 8-dimensional NLA with a weakly non-nilpotent complex structure
J . Then, there is a basis of (1, 0)-forms {ωk}4k=1 in terms of which the complex structure
equations of (g, J ) are

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dω1 = 0,

dω2 = ω13 + ω13̄,

dω3 = i ε ω11̄ + i δ ω12̄ − i δ ω21̄,

dω4 = a ω12 + B ω11̄ + ν
(
ω23 + 2 δ ε ω13̄ + ω23̄),

(7)

where the tuple (ε, δ, ν, a, B) satisfies that ε ∈ {0, 1}, δ = ±1 and (ν, a, B) takes one of the
following values:

• ν = a = B = 0;
• ν = a = 0, B = 1;
• ν ∈ {0, 1}, a = 1 − ν, and B ∈ R

≥0; moreover, B ∈ {0, 1} when ε = 0;
• ν = 1, a ∈ R

>0 and B ∈ C; furthermore, when ε = 0 one has a = 1 and either B ∈ R
≥0

or Im B > 0.

Furthermore, different values of (ε, δ, ν, a, B) provide non-equivalent complex structures.

The proof of this result consists of three steps, each contained in one of the following
subsections. In Sect. 3.1, we make use of Lemma 2.4 to find the complex structure equations
of every 8-dimensional NLA g with a weakly non-nilpotent complex structure J . Although
this initial set of equations provides every possible pair (g, J ) in terms of some parameters,
different choices of these parameters might give rise to equivalent complex structures. For
this reason, in Sect. 3.2 we reduce the possible values of the parameters. Finally, in Sect. 3.3
we prove that our reduction is optimal, in the sense that it provides a complete classification
of WnN structures on 8-dimensional NLAs up to equivalence.

3.1 Construction ofWnN from SnN

The aim of this section is to parametrize all the 8-dimensional NLAs with weakly non-
nilpotent complex structures.

Let (g, J ) be an 8-dimensional NLA with a WnN complex structure. As a consequence
of Lemma 2.4, we observe that g can be seen as a central extension of Lie algebras. Indeed,
one has the following short exact sequence

0 a1(J )
ι

g
π1

g̃1 0,

where ι denotes the inclusion and π1 is the natural projection.We also recall that the subspace
a1(J ) ⊆ Z(g) is 2-dimensional and J -invariant, whereas g̃1 has a complex structure J̃1
induced by J . This observation allows us to provide a first description of the pairs (g, J ) in
terms of their complex structure equations.
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Proposition 3.2 Let J be a WnN complex structure on an 8-dimensional NLA g. Then, there
is a basis of (1, 0)-forms {ηk}4k=1 in terms of which the complex structure equations of (g, J )

are ⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dη1 = 0,

dη2 = η13 + η13̄,

dη3 = i ε η11̄ + i δ η12̄ − i δ η21̄,

dη4 = Aη η12 + Bη η11̄ + ν
(
η23 + 2 δ ε η13̄ + η23̄

)
,

(8)

where ε, ν ∈ {0, 1}, δ = ±1, and Aη, Bη ∈ C.

Proof Since a1(J ) is a 2-dimensional J -invariant ideal of g, we can take a basis {Zk, Z̄k}4k=1
for the complexified algebra gC, with each Zk of bidegree (1, 0) and such that

a1(J )C = 〈Z4, Z̄4〉,
(
g̃1

)
C

= 〈
Z̃k,

˜̄Zk
〉3
k=1,

where Z̃k and ˜̄Zk (= Z̃ k) are, respectively, the classes of Zk and Z̄k in
(
g̃1

)
C
. Moreover,

a1(J ) ⊆ Z(g) implies that the bracket of gC can be expressed as

[Z4,U ]gC = [Z̄4,U ]gC = 0, for any U ∈ gC = 〈Zk, Z̄k〉4k=1,

[V ,W ]gC = [Ṽ , W̃ ](g̃1)C + θ(V ,W ), for V ,W ∈ h := 〈Zk, Z̄k〉3k=1,
(9)

for some C-bilinear map θ : h × h → a1(J )C. Note that θ must satisfy the necessary
conditions to define both a Lie bracket (see [26, Sections 2 and 3]) and a well-defined
complex structure (see, for instance, [18, Theorem 2.8, Chapter IX]).

By Lemma 2.4, we know that (g̃1, J̃1) is a 6-dimensional NLA with an SnN complex
structure. Applying [28, Proposition 2.3] (see also [7]), we can choose {Z1, Z2, Z3} so that
{Z̃1, Z̃2, Z̃3} satisfy

[Z̃1, Z̃3](g̃1)C = [Z̃1, Z̃3](g̃1)C = −Z̃2,

[Z̃1, Z̃1](g̃1)C = −iε(Z̃3 + Z̃3), [Z̃1, Z̃2](g̃1)C = −iδ(Z̃3 − Z̃3),

(10)

together with the corresponding conjugates, where ε ∈ {0, 1} and δ = ±1. Let {τ k}4k=1 be
the basis of (1, 0)-forms dual to {Zk}4k=1. Then, by (9), (10) and the formula (3), extended
to the complexification, we have that the complex structure equations of (g, J ) in this basis
become

dτ 1 = 0, dτ 2 = τ 13 + τ 13̄, dτ 3 = i ε τ 11̄ + i δ τ 12̄ − i δ τ 21̄, ε ∈ {0, 1}, δ = ±1,

and
dτ 4 = A12 τ 12 + A13 τ 13 + A23 τ 23 + B11̄ τ 11̄ + B12̄ τ 12̄ + B13̄ τ 13̄

+ B21̄ τ 21̄ + B22̄ τ 22̄ + B23̄ τ 23̄ + B31̄ τ 31̄ + B32̄ τ 32̄ + B33̄ τ 33̄,

for some Ai j , Brs̄ ∈ C, with 1 ≤ i < j ≤ 3 and r , s ∈ {1, 2, 3}, satisfying d2τ 4 = 0. Note
that d2τ k = 0 holds for 1 ≤ k ≤ 3, so the Jacobi identity (which is equivalent to d2 = 0) is
satisfied if and only if d2τ 4 = 0. Note also that the above equations agree with (6).
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We now compute

d2τ 4 = i
(
δ (A13 − B13̄) + ε (A23 + B23̄)

)
τ 121̄ + i δ (A23 − B23̄) τ 122̄

+ (B12̄ + B21̄ + i ε B33̄) τ 131̄ + (B22̄ − i δ B33̄) τ 132̄ − (A23 − B23̄) τ 133̄

− i (δ B31̄ − ε B32̄) τ 11̄2̄ − (B12̄ + B21̄ − i ε B33̄) τ 11̄3̄ − (B22̄ − i δ B33̄) τ 12̄3̄

+ (B22̄ + i δ B33̄) τ 231̄ − i δ B32̄ τ 21̄2̄ − (B22̄ + i δ B33̄) τ 21̄3̄ − B32̄ τ 31̄3̄.

It is straightforward to check that d2τ 4 = 0 is equivalent to the following conditions:

B22̄ = B31̄ = B32̄ = B33̄ = 0, B23̄ = A23,

and

B13̄ = A13 + 2 δ ε A23, B21̄ = −B12̄.

Therefore, the differential of τ 4 becomes

dτ 4 = A12 τ 12 + A13 τ 13 + A23 τ 23

+ B11̄ τ 11̄ + B12̄ τ 12̄ + (A13 + 2 δ ε A23) τ 13̄ − B12̄ τ 21̄ + A23 τ 23̄.

We next distinguish two cases. Suppose first that A23 = 0. One can then define a new
(1, 0)-basis for (g, J ) as follows:

η1 = τ 1, η2 = τ 2, η3 = τ 3, η4 = τ 4 − A13 τ 2 + i δ B12̄ τ 3.

It is easy to check that the complex structure equations in this case are (8) with Aη = A12,
Bη = B11̄ − ε δ B12̄ and ν = 0.

We now suppose that A23 �= 0. The basis of (1, 0)-forms that gives the structure equa-
tions (8) for (g, J ) is

η1 = τ 1, η2 = τ 2, η3 = τ 3, η4 = 1

A23
(τ 4 − A13 τ 2 + i δ B12̄ τ 3),

with coefficients Aη = A12/A23, Bη = (B11̄ − ε δ B12̄)/A23 and ν = 1. ��
The previous proposition provides, by construction, the complex structure equations of all

the existent 8-dimensional NLAs with WnN complex structures. However, different choices
of the parameters ε, δ, ν, Aη, Bη might give rise to equivalent complex structures, in the sense
of Definition 2.5.

3.2 Reduction of the complex structure equations

The aim here is to reduce the set of possible values that the parameters Aη, Bη ∈ C in
Proposition 3.2 can take. To do so, we separately study the cases ν = 0 and ν = 1 in order
to define an appropriate (1, 0)-frame for (g, J ).

Proposition 3.3 Let (g, J ) be an 8-dimensional NLA with a WnN complex structure given
by (8) with ν = 0. Then, there is a (1, 0)-basis {ωk}4k=1 such that the structure equations of
(g, J ) are (7) with δ = ±1, ν = 0 and (ε, a, B) one of the following:

i) a = B = 0 and ε ∈ {0, 1},
ii) a = 0, B = 1 and ε ∈ {0, 1},
iii) a = 1, B ∈ {0, 1} and ε = 0,
iv) a = 1, B ∈ [0,∞) and ε = 1.
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Proof By hypothesis we have ν = 0, so we need to focus on the rest of parameters that
appear in the complex structure equations (8), namely, ε ∈ {0, 1}, δ = ±1, and Aη, Bη ∈ C.
In particular, it suffices to distinguish three cases depending on the value of the pair (Aη, Bη):
Aη = Bη = 0, Aη = 0 with Bη �= 0, and Aη �= 0.

Let us first consider the case Aη = Bη = 0. By renaming the basis {η}4k=1 as {ω}4k=1 one
directly gets part i) of the proposition.

Suppose now that the structure equations (8) satisfy ν = 0, Aη = 0 and Bη �= 0.We define
ωk = ηk for 1 ≤ k ≤ 3 and ω4 = 1

Bη
η4. A direct computation shows that the differentials

of these elements follow (7) with parameters given by ii).
Finally, let us assume that ν = 0 and Aη �= 0 in (8). We write the complex numbers

Aη, Bη in polar form, namely, Aη = a eiα , Bη = b eiβ , where a > 0, b ≥ 0, α, β ∈ [0, 2π).
One can then define

ω1 = e− i
2 (β−α) η1, ω2 = e− i

2 (β−α) η2, ω3 = η3, ω4 = 1

a
e−iβ η4.

The structure equations in terms of this basis coincide with (7), with coefficients

ν = 0, a = 1, B = b

a
≥ 0.

If ε = 1, one directly gets iv). If ε = 0 and Bη = 0, one obtains part iii) of the statement
with B = 0. If ε = 0 and Bη �= 0, we get iii) with B = 1 after defining a new (1, 0)-basis
from {ωk}4k=1 as follows

ω̃1 = ω1, ω̃2 = a

b
ω2, ω̃3 = a

b
ω3, ω̃4 = a

b
ω4,

then omitting the tildes. ��
Proposition 3.4 Let (g, J ) be an 8-dimensional NLA with a WnN complex structure given
by (8) with ν = 1. Then, there is a (1, 0)-basis {ωk}4k=1 such that the structure equations of
(g, J ) are (7) with δ = ±1, ν = 1 and (ε, a, B) one of the following:

i) a = 0, B ∈ {0, 1} and ε = 0,
ii) a = 0, B ∈ [0,∞) and ε = 1,
iii) a = 1, B ∈ [0,∞) and ε = 0,
iv) a = 1, B ∈ C with Im B > 0 and ε = 0,
v) a ∈ (0,∞), B ∈ C and ε = 1.

Proof As ν = 1, we will focus on the remaining parameters involved in the structure equa-
tions (8), namely, ε ∈ {0, 1}, δ = ±1, and Aη, Bη ∈ C. We distinguish four cases depending
on the value of the pair (Aη, ε): Aη = ε = 0, Aη = 0 with ε = 1, Aη �= 0 with ε = 0, and
Aη �= 0 with ε = 1.

Suppose that Aη = ε = 0. If one also has Bη = 0 in (8), part i) of the statement with
B = 0 is directly attained by simply renaming the basis. If Bη �= 0, we write Bη = b eiβ ,
with b > 0 and β ∈ [0, 2π), and define

ω1 = e−iβ η1, ω2 = 1√
b
e−iβ η2, ω3 = 1√

b
η3, ω4 = 1

b
e−iβ η4.

This new basis satisfies (7) with parameters given by i) with B = 1.
We now assume Aη = 0 and ε = 1 in (8). Writing Bη = b eiβ as before, we can set the

new basis of (1, 0)-forms as

ω1 = e−i β η1, ω2 = e−i β η2, ω3 = η3, ω4 = e−i β η4.
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The structure equations of (g, J ) in terms of this basis satisfy ii).
Let us suppose that the structure equations (8) with ν = 1 have Aη �= 0 and ε = 0. Then,

we can write Aη = a eiα with a > 0 and α ∈ [0, 2π). We consider two cases depending on
the vanishing of the imaginary part of Bη eiα .

Firstly, if Im (Bη eiα) = 0 then the basis

ω1 = eiα η1, ω2 = eiα

a
η2, ω3 = 1

a
η3, ω4 = eiα

a2
η4,

reduces the structure equations to (7) with coefficients ν = a = 1, B = 1
a2

Bη eiα , and
ε = 0. In particular, observe that B ∈ R. If B ∈ [0,∞), one directly gets part iii) of the
statement. Otherwise, one can further apply the change of basis ω̃k = −ωk , for k = 1, 3, 4,
and ω̃2 = ω2 to get again iii) by simply omitting the tildes.

Secondly, if Im (Bη eiα) �= 0, then we set σ = 1 when Im (Bη eiα) > 0, and σ = −1
otherwise. If we consider the basis

ω1 = σ eiα η1, ω2 = 1

a
eiα η2, ω3 = σ

a
η3, ω4 = σ

a2
eiα η4,

then the corresponding structure equations are (7) with coefficients

ν = 1, a = 1, B = 1

σ a2
Bη e

iα, ε = 0.

Observe that these parameters satisfy iv).
Finally, we consider the values Aη �= 0 and ε = 1 in (8)with ν = 1. If wewrite Aη = a eiα

as before and then set

ω1 = eiα η1, ω2 = eiα η2, ω3 = η3, ω4 = eiα η4,

part v) of the statement is attained. ��
Observe that the combination of Propositions 3.3 and 3.4 provides the first part of Theo-

rem 3.1. It remains to prove the non-equivalence statement.

3.3 Classification of complex structures up to equivalence

We here complete the proof of Theorem 3.1, thus showing that the reduction of parameters
accomplished in the previous section is optimal (in the sense that it is not possible to find
new equivalences among the corresponding complex structures).

Let (g, J ) and (g′, J ′) be two 8-dimensional NLAs with WnN complex structures. Due to
the results in Sect. 3.2, there are (1, 0)-frames {ωk}4k=1 for (g, J ) and {ω′ k}4k=1 for (g′, J ′) in
terms of which the complex structure equations of (g, J ) and (g′, J ′) are given by (7) with
parameters (ε, δ, ν, a, B) and (ε′, δ′, ν′, a′, B ′), respectively. Recall that the values of these
tuples must follow Proposition 3.3 or Proposition 3.4. A direct consequence of Corollary 2.8
is the following one:

Corollary 3.5 In the conditions above, if the complex structures are equivalent, then ε′ = ε

and δ′ = δ.

Proof We note first that from the complex structure equations (7), their conjugates, and
formula (3), one computes

Z(g) =
{

〈Z4 + Z̄4, i (Z4 − Z̄4)〉, if ε = ν = 1,

〈i (Z3 − Z̄3), Z4 + Z̄4, i (Z4 − Z̄4)〉, if εν = 0,
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where {Zk, Z̄k}4k=1 is the dual basis of {ωk, ωk̄}4k=1. Therefore, any 8-dimensional NLA g

with a WnN complex structure J given by (7) satisfies a1(J ) = 〈Z4 + Z̄4, i (Z4 − Z̄4)〉.
By Corollary 2.8, the induced SnN complex structures J̃1 and J̃ ′

1 on the respective 6-
dimensional quotient Lie algebras g̃1 and g̃′

1 are equivalent. Moreover, the complex structure
equations of (g̃1, J̃1) and (g̃′

1, J̃
′
1) are determined by the brackets in (10) with parameters

(ε, δ) and (ε′, δ′), respectively. These precisely correspond to the first three equations in (7).
Now, by [7] (see also [28, Proposition 2.3]), one has that J̃1 and J̃ ′

1 are equivalent if and only
if (ε, δ) = (ε′, δ′). ��

In what follows, we will study the equivalence between J and J ′ from the complexified
viewpoint. In other words, the isomorphism f : g → g′ in Definition 2.5 induces an iso-
morphism between dual spaces f ∗ : g′ ∗ → g∗ such that f ∗ ◦ J ′ = J ◦ f ∗, where J and
J ′ still denote the endomorphisms defined on the dual algebras. This in turn gives a C-linear
isomorphism

F : g′ 1,0
J ′ → g1,0J with d ◦ F = F ◦ d. (11)

In fact, J and J ′ are equivalent if and only if (11) is satisfied. Note that the differential d on
the left-hand-side of the equality in (11) corresponds to the Chevalley-Eilenberg differential
of g, whereas that on the right-hand-side is that of g′. They are both denoted by d for the seek
of simplicity.

Now, any C-linear isomorphism F : g′ 1,0
J ′ → g1,0J is determined by a matrix � =

(λij )1≤i, j≤4 ∈ GL(4, C) such that

F
(
ω′ i ) =

4∑

j=1

λij ω
j , for 1 ≤ i ≤ 4, (12)

and the condition d ◦ F = F ◦ d is equivalent to
[
d
(
F(ω′ i )

) − F(dω′ i )
]
rs = 0 = [

d
(
F(ω′ i )

) − F(dω′ i )
]
r s̄ , (13)

for any 1 ≤ i ≤ 4 and 1 ≤ r , s ≤ 4, where
[
d
(
F(ω′ i )

)− F(dω′ i )
]
rs denotes the coefficient

of ωrs in the expression d
(
F(ω′ i )

) − F(dω′ i ) (similarly for the coefficient of ωr s̄).
The purpose of the following lemmas is to check that the existence of any F defined

as above yields (ε, δ, ν, a, B) = (ε′, δ′, ν′, a′, B ′), thus showing the non-equivalence of
complex structures determined by different sets of parameters. The next result allows to
simplify the expression (12).

Lemma 3.6 The forms F(ω′ i ) ∈ g1,0J satisfy the following conditions:

F(ω′ 1) ∧ ω1 = 0, F(ω′ 2) ∧ ω12 = 0, F(ω′ 3) ∧ ω3 = 0, F(ω′ 4) ∧ ω124 = 0.

In particular, the matrix � = (λij )1≤i, j≤4 that determines F is triangular, so

�4
k=1λ

k
k = det� �= 0.

Proof Due to Corollary 3.5, the tuples (ε, δ, ν, a, B) and (ε′, δ′, ν′, a′, B ′) that determine
g1,0J and g′ 1,0

J ′ satisfy ε′ = ε and δ′ = δ. A direct computation of the condition (13) for i = 1
gives λ12 = λ13 = 0. Moreover, the condition (13) for i = 2 implies that

0 = [
d
(
F(ω′ 2)

) − F(dω′ 2)
]
4k̄ = λ14 λ̄3k, for k = 1, 2, 3, 4.
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As the matrix � = (λij )1≤i, j≤4 is non-singular, one necessarily has λ14 = 0. This gives

F(ω′ 1) ∧ ω1 = 0. Note that λ11 �= 0 to ensure � ∈ GL(4, C).
Now, we analyze the condition (13) for i = 2, 3 considering that λ1k = 0 for k = 2, 3, 4.

We first observe that

0 = [
d
(
F(ω′ 2)

) − F(dω′ 2)
]
21̄ = −i δλ23,

0 = [
d
(
F(ω′ 3)

) − F(dω′ 3)
]
41̄ = i δλ24λ̄

1
1.

As δ ∈ {−1, 1} and λ11 �= 0, one immediately has F(ω′ 2) ∧ ω12 = 0. Moreover, one can
check that

0 = [
d
(
F(ω′ 2)

) − F(dω′ 2)
]
14 = −λ11λ

3
4,

0 = [
d
(
F(ω′ 2)

) − F(dω′ 2)
]
11̄ = −λ11λ̄

3
1 + i ε λ23 + B λ24 = −λ11λ̄

3
1,

0 = [
d
(
F(ω′ 2)

) − F(dω′ 2)
]
12̄ = −λ11λ̄

3
2 + i δ λ23 = −λ11λ̄

3
2,

from where we conclude that F(ω′ 3) ∧ ω3 = 0. The last condition in the statement comes
directly when we annihilate

[
d
(
F(ω′ 4)

) − F(dω′ 4)
]
12̄. ��

We are now able to describe any isomorphism between (g, J ) and (g′, J ′).

Lemma 3.7 The complex structures J and J ′ are equivalent if and only if the isomorphism
F : g′ 1,0

J ′ → g1,0J given by (12) satisfies the conditions in Lemma 3.6 together with

λ11 = eiθ , λ22 = λ eiθ , λ33 = λ,

ε (1 − λ) = 0, Im (eiθ λ̄21) = 0, λ ei θ λ42 − ν λ21λ
4
4 = 0,

where θ ∈ [0, 2π) and λ ∈ R
∗. Moreover, the parameters that determine J and J ′ are related

as follows:

ε′ = ε, δ′ = δ, a′ = a λ44

(λ11)
2 λ33

, B ′ = B λ44, ν′ = ν λ44

λ11 (λ33)
2
.

Proof Wefirst observe that the equalities ε′ = ε and δ′ = δ come directly fromCorollary 3.5.
We also recall that ε ∈ {0, 1} and δ ∈ {−1, 1}.

One can check that the conditions for F given in Lemma 3.6 imply that (13) holds for
i = 1. We now compute

[
d
(
F(ω′ 2)

) − F(dω′ 2)
]
13 = λ22 − λ11 λ33,[

d
(
F(ω′ 2)

) − F(dω′ 2)
]
13̄ = −λ11 λ̄33 + λ22,[

d
(
F(ω′ 3)

) − F(dω′ 3)
]
21̄ = i δ (λ22 λ̄11 − λ33).

All these expressions must be equal to zero, so from the first one we get λ22 = λ11λ
3
3, and

replacing this value in the other two we have

λ11 (λ33 − λ̄33) = 0, |λ11|2 − 1 = 0.

Since λkk �= 0 for every 1 ≤ k ≤ 4 due to Lemma 3.6, one necessarily has λ33 = λ ∈ R
∗.

Moreover, |λ11| = 1. One can check that these equalities ensure the condition (13) for i = 2,
whereas for i = 3 it is equivalent to

0 = [
d
(
F(ω′ 3)

) − F(dω′ 3)
]
11̄ = i

(
ε λ − ε − δ(λ11λ̄

2
1 − λ̄11λ

2
1)

)

= 2 δ Im (λ11λ̄
2
1) + i ε (λ − 1).
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The imaginary part of this expression gives the condition ε (1 − λ) = 0 in the statement
of this lemma. Moreover, since |λ11| = 1 we can write λ11 = ei θ for θ ∈ [0, 2π), and then
the real part of the expression above provides the equation Im (eiθ λ̄21) = 0. The remaining
equalities of the statement come from the condition (13) applied to i = 4. More precisely,
ν′, a′ and B ′ can be solved from

0 = [
d
(
F(ω′ 4)

) − F(dω′ 4)
]
12 = −a′ (λ11)2λ33 + a λ44,

0 = [
d
(
F(ω′ 4)

) − F(dω′ 4)
]
23 = −ν′ λ11 (λ33)

2 + ν λ44,

0 = [
d
(
F(ω′ 4)

) − F(dω′ 4)
]
11̄ = −B ′ + B λ44.

Then, (13) for i = 4 is equivalent to

0 = [
d
(
F(ω′ 4)

) − F(dω′ 4)
]
13 = 1

λ λ11
(λ λ11 λ42 − ν λ21 λ44),

0 = [
d
(
F(ω′ 4)

) − F(dω′ 4)
]
13̄ = 1

λ λ11

(
λ λ11 λ42 − ν λ21 λ44 − 2 δ ε ν (1 − λ) λ11 λ44

)
.

Observe that the first equation gives the remaining condition in the statement of the lemma.
The second one is trivially satisfied due to the aforementioned first equation together with
the condition ε(1 − λ) = 0. ��

We now make use of this result to classify, up to equivalence, weakly non-nilpotent
complex structures in dimension 8.

Proposition 3.8 Distinct choices of parameters (ε, δ, ν, a, B) in Propositions 3.3 and 3.4
provide non-equivalent complex structures.

Proof Let (g, J ) and (g′, J ′) be nilpotent Lie algebras with WnN complex structures given
by (7) with parameters (ε, δ, ν, a, B) and (ε′, δ′, ν′, a′, B ′), respectively. Note that any F
providing an equivalence between J and J ′ satisfies Lemma 3.7. Since ν, ν′ ∈ {0, 1}, we
first observe that the relation ν′ = ν λ44/(λ

1
1 (λ33)

2) naturally gives ν′ = ν. As a consequence,
we can separately study the cases ν = ν′ = 0 and ν = ν′ = 1. In other words, the complex
structures in Proposition 3.3 are not equivalent to those in Proposition 3.4.

Let ν = ν′ = 0. Since δ′ = δ and ε′ = ε by Lemma 3.7, we essentially need to focus on
(a, B) and (a′, B ′) and check that (a′, B ′) = (a, B) if the complex structures are equivalent.
We will make use of the relations between these parameters provided in Lemma 3.7, namely,

a′ = a λ44

(λ11)
2 λ33

, B ′ = B λ44. (14)

Recall that the possible values of (ε, δ, ν = 0, a, B), (ε′ = ε, δ′ = δ, ν′ = 0, a′, B ′) are
listed in Proposition 3.3. In particular, one has a, a′ ∈ {0, 1}, so two cases arise: if a = 0,
then (14) immediately gives a′ = 0; if a = 1 then a′ �= 0, as by Lemma 3.6 one has
�4

k=1λ
k
k = det� �= 0, so the only possibility is having a′ = 1. Consequently, we can

conclude that a = a′. Similarly, one can prove that B = 0 always implies B ′ = 0, and B = 1
implies B ′ = 1 when either a = a′ = 0 or a = a′ = 1, ε = ε′ = 0. Therefore, we just need
to focus on the case a = 1, B ∈ (0,∞) and ε = 1. Since a′ = a = 1, we see from (14) that
λ44 = (λ11)

2 λ33, where

λ11 = eiθ , with θ ∈ [0, 2π), λ33 = 1,
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by Lemma 3.7. Therefore, B ′ = B e2iθ = B
(
cos(2θ) + i sin(2θ)

)
. As B ′ is a real number,

one has that θ ∈ {0, π/2, π, 3π/2}. Hence, B ′ = ±B. By Proposition 3.3 we know that
B ′ has to be a non-negative number, so B ′ = B. This concludes the proof for the case
ν = ν′ = 0.

Suppose now that ν = ν′ = 1. By Lemma 3.7, we have δ′ = δ and ε′ = ε, but also
λ44 = λ11(λ

3
3)

2 to ensure the condition ν′ = ν = 1. As a consequence, the relations between
(a′, B ′) and (a, B) become

a′ = a λ33

λ11
, B ′ = B λ11(λ

3
3)

2, (15)

where λ11, λ
3
3 satisfy the conditions in Lemma 3.7, in particular

λ11 = eiθ , with θ ∈ [0, 2π), λ33 = λ ∈ R
∗, ε (1 − λ) = 0.

Moreover, recall that the possible values of (ε, δ, ν = 1, a, B), (ε′ = ε, δ′ = δ, ν′ =
1, a′, B ′) are listed in Proposition 3.4. In particular, let us remark that a, a′ are non-negative
real numbers, so we need θ = 0 or θ = π , namely, λ11 = ±1. Hence, (15) becomes

a′ = ± a λ, B ′ = ± B λ2, where ε (1 − λ) = 0. (16)

We note that if ε = ε′ = 1, thenλ = 1 and thus a′ = ± a, B ′ = ± B, where a, a′ ∈ [0,∞)

due to Proposition 3.4. We now observe the following: if a = 0, then a′ = 0 and by
Proposition 3.4 one has B, B ′ ∈ [0,∞), so B ′ = B; if a �= 0, then also a′ �= 0 and
a, a′ ∈ (0,∞), which requires a′ = a and B ′ = B.

Let us now suppose that ε = ε′ = 0. We first notice that, as a consequence of Proposi-
tion 3.4, we can assume a, a′ ∈ {0, 1}. It is then clear from (16) that a′ = a. In particular,
if a = 0 then a′ = 0 and, as B, B ′ ∈ {0, 1}, one can conclude that either B = B ′ = 0 or
B = 1, B ′ = ±λ2 �= 0, which implies B ′ = B = 1. If a = 1 then a′ = ±λ �= 0, so a′ = 1
and λ = ±1. As a consequence, we get B ′ = ±B. Note that B ′ is a real number if and only if
B is, so the complex structures given by the case iii) of Proposition 3.4 are not equivalent to
those given by the case iv). Moreover, case iii) requires that B, B ′ ∈ [0,∞) so the equality
B ′ = ±B holds if and only if B ′ = B. Finally, if the two complex structures are given by
the case iv) of Proposition 3.4, then ImB, ImB ′ > 0 and the condition B ′ = ±B can only
be satisfied when the plus sign is taken in the expression of B ′, namely, B ′ = B. ��

4 Classification of 8-dimensional nilpotent Lie algebras withWnN
complex structures

The aim of this section is to classify the 8-dimensional NLAs that admit WnN complex
structures. We first identify the real NLAs associated to the complex structure equations
given in Theorem 3.1. Then, we show that these Lie algebras are not isomorphic. The final
result is the following one:

Theorem 4.1 Let g be an 8-dimensional NLA. There is a WnN complex structure on g if and
only if g is isomorphic to one (and only one) of the following Lie algebras:

f1 = (0, 0, 0, 12, 23, 14 − 35, 0, 0),

f2 = (0, 0, 12, 13, 23, 14 + 25, 0, 0),

f3 = (0, 0, 0, 12, 13, 23, 15 + 26, 0),
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f
γ
4 = (0, 0, γ · 12, 13, 14, 23, 26, 16 + 24),

f
γ

5 = (0, 0, 0, 13, 23, 34,
γ

2
· 12 + 35, 14 + 25),

f6 = (0, 0, 12, 13, 23, 14 + 25, 16 + 35, 26 − 34),

f7 = (0, 0, 0, 13, 23, 14 + 25, 2 · 14 + 34, 15 + 24 + 35),

f8 = (0, 0, 12, 13, 23, 14 + 25, 2 · 14 − 26 + 34, 15 + 16 + 24 + 35),

where γ ∈ {0, 1}.
Let us recall that every 8-dimensional NLA gwith aWnN complex structure is determined

by the complex structure equations (7), where the set of parameters (ε, δ, ν, a, B) satisfies
Theorem 3.1 (see also Propositions 3.3 and 3.4). In Table 1 we define explicit real bases
{ek}8k=1 that allow to arrive directly from the complex structure equations to the real Lie
algebras listed in Theorem4.1, depending on the value of the tuple (ε, δ, ν, a, B). In this table,
we simply write (ε, ν, a, B) instead of (ε, δ, ν, a, B), because one always has δ ∈ {−1, 1}.
We observe that the value ν = 0 gives rise to the Lie algebras f1, f2, f3, and f

γ
4 in Theorem 4.1,

whereas ν = 1 provides the Lie algebras fγ5 , f6, f7, and f8, where γ ∈ {0, 1}. Moreover, one
can go the other way round, in the sense that Table 1 allows to construct the whole space of
WnN complex structures on each Lie algebra up to equivalence.

Remark 4.2 When ν = a = B = 0 in (7), there is a product of a 6-dimensional NLA with
an SnN complex structure and the 2-dimensional Abelian Lie algebra. Hence, we follow the
proof of [28, Proposition 2.4] to define the corresponding real basis {ek}8k=1 in Table 1. In
particular, note that

f1 = h−
19 × R

2, f2 = h+
26 × R

2,

where h−
19 = (0, 0, 0, 12, 23, 14 − 35) and h+

26 = (0, 0, 12, 13, 23, 14 + 25). We also
notice that f1 and f2 are, together with f3, the only decomposable Lie algebras in Theorem 4.1.

Remark 4.3 There are two sets of complex parameters (ε, δ, ν, a, B) in Table 1 whose under-
lying Lie algebra is f2, namely, (1,±1, 0, 0, 0) and (1,±1, 0, 0, 1). The former corresponds
to the WnN structures on f2 = h+

26 × R
2 that are products of complex structures on h+

26 and
R
2. The latter provides totally new complex structures on the direct product h+

26 × R
2 = f2.

Remark 4.4 Recall that the complex parameter δ provides two non-equivalent complex struc-
tures for δ = −1 and δ = 1. Consequently, each of the Lie algebras f1, f3, f05, and f15 admits
exactly two non-equivalent WnN complex structures, and the Lie algebras f2 and f04 have
four. In contrast, there is an infinite number of non-equivalent WnN complex structures on
f14, f6, f7 and f8.

To finish the proof of Theorem 4.1 one has to check that the Lie algebras f1, f2, . . . , f8 are
pairwise non-isomorphic. The following invariants will be specially useful for this purpose:

• Ascending type: it is the s-tuple (m1, . . . ,ms) associated to the ascending central
series (1) of an s-step NLA g, defined by mk = dim gk , for k = 1, . . . , s.

• Descending type: similar to the above, but making use of the descending central series
{gk}k≥1 of g instead, which is given by g0 = g and gk = [gk−1, g], for k ≥ 1.

• Betti numbers bk : they correspond to the dimensions of the Chevalley-Eilenberg coho-
mology groups of the Lie algebra g, namely,

Hk(g) = Ker
{
d : ∧k g∗ → ∧k+1 g∗}

Im
{
d : ∧k−1 g∗ → ∧k g∗} , 0 ≤ k ≤ dim g.
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Table 1 Real nilpotent Lie algebras and complex structures

(ε, ν, a, B) Real basis {ek }8k=1 NLA

(0, 0, 0, 0)
ω1 = e1 − i e3, ω3 = 1

2 e2 + 2 i δ e6,

ω2 = e4 + i e5, ω4 = e7 − i e8.
f1

(1, 0, 0, 0)
ω1 =

√
2
2 (e1 + i e2), ω3 = e3 + 2 i δ e6,

ω2 = √
2 (e4 + i e5), ω4 = e7 − i e8.

f2

(0, 0, 0, 1)
ω1 = e1 + i e2, ω3 = 2 (e3 + 4 i δ e7),

ω2 = 4 (e5 + i e6), ω4 = 2 (e8 − i e4).
f3

(1, 0, 0, 1)
ω1 = e1 + i e2, ω3 = 2 (e3 + 4 i δ e6),

ω2 = 4 (e4 + i e5), ω4 = 2 (e7 − i e3 + i e8).
f2

(0, 0, 1, B ∈ {0, 1})
(1, 0, 1, B ∈ R

≥0)

ω1 = e1 + i e2,

ω2 = 2
(
2 e4 + 2 i e6 + i B (1 − ε) e2

)
,

ω3 = 2
(
e3 + 4 i δ (e5 + e7)

)
,

ω4 = 4
(
e5 − e7 + i (e8 − ε B

2 e3)
)
.

f ε4

(0, 1, 0, B ∈ {0, 1}) ω1 = e1 + i e2, ω3 = e3 + 4 i δ e8,

ω2 = 2 (e4 + i e5), ω4 = −4 (e6 + i e7).
f B5

(1, 1, 0, B ∈ R
≥0)

ω1 = e1 + i e2,

ω2 = 4 (e4 + i e5),

ω3 = 2 (e3 + 4 i δ e6),

ω4 = 16 (e8 − i e7) + 4 δ (e4 + i e5) − 2 i B e3.

f6

(0, 1, 1, B ∈ R
≥0)

ω1 = −(e1 + i e2),

ω2 = −(e4 − 2 B e1 + i e5),

ω3 = ( 12 e3 + 2 i δ e6),

ω4 = (e7 − e6) + 2 B(e4 − 2 B e1) + i e8.

f7

(0, 1, 1,Im B > 0)
B = b1 + i b2
b2 > 0

ω1 = −2 b2 (e1 + i e2),

ω2 = 4 b2
(
b1 e

1 + b2
2 e2 − b2 e

4 + i b2(
1
2 e1 − e5)

)
,

ω3 = b2 (e3 + 16 i δ b22 e
6),

ω4 = −8 b2
(
b1(b1 e

1 + b2
2 e2 − b2 e

4) − b22(
1
2 e

5−e6 + e7)

−i b22 ( 12 e
4 + e8)

)
.

f7

(1, 1, a > 0, B ∈ C)

ω1 = − a
4 (e1 + i e2),

ω2 = − a3
16 (e4 + i e5),

ω3 = a2
8

(
e3 + i δ a2

4 e6
)
,

ω4 = a5
64 (e7 − e6 + i e8) − i a2 B

8 e3 − δ a3
16 (e4 + i e5).

f8

• Number nd : maximum number of linearly independent decomposable d-exact 2-forms
α, i.e. α = dγ = β1 ∧ β2 for some β1, β2, γ ∈ g∗.

Since the Lie algebras in Theorem 4.1 are discrete, the invariants above can be calculated
using an appropriate mathematical software. We provide their values in Table 2.
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Table 2 Some invariants of the NLAs listed in Theorem 4.1

NLA Ascending type Descending type b1 b2 b3 b4 nd

f1 (3, 5, 8) (8, 3, 1) 5 12 19 22 2

f2 (3, 5, 6, 8) (8, 4, 3, 1) 4 9 16 20 3

f3 (3, 5, 8) (8, 4, 1) 4 10 18 22 3

f04 (3, 5, 8) (8, 5, 3) 3 7 13 16 4

f14 (3, 5, 6, 8) (8, 6, 5, 3) 2 6 13 16 5

f05 (3, 5, 8) (8, 5, 3) 3 7 14 18 4

f15 (3, 5, 8) (8, 5, 3) 3 7 14 18 3

f6 (2, 3, 5, 6, 8) (8, 6, 5, 3, 2) 2 3 6 8 3

f7 (3, 5, 8) (8, 5, 3) 3 7 13 16 3

f8 (2, 3, 5, 6, 8) (8, 6, 5, 3, 2) 2 3 6 8 3

A direct consequence of Table 2 is that most of the NLAs listed in Theorem 4.1 are not
isomorphic. Indeed, the only exceptions are the NLAs f6 and f8, for which all the previous
invariants coincide. Therefore, to complete the proof of Theorem 4.1 we need to show the
following:

Lemma 4.5 The Lie algebras f6 and f8 are not isomorphic.

Proof Let us show that the number of functionally independent generalizedCasimir operators
is different for the NLAs f6 and f8.

Let g be a Lie algebra of dimension m defined, in terms of some basis {xk}mk=1, by the Lie
brackets [xi , x j ] = ∑m

k=1 c
k
i j xk , for 1 ≤ i < j ≤ m. The vectors

X̂k =
m∑

i, j=1

c jki x j
∂

∂xi
, 1 ≤ k ≤ m,

generate a basis of the coadjoint representation of g. If we consider the matrixCg constructed
by rows from the coefficients of these vectors, the number of functionally independent gen-
eralized Casimir operators, denoted by nI (g), can be computed as nI (g) = m− rankCg (see
[27] for further details).

We first use (3) to find the Lie brackets of f6 from the structure equations of this algebra
given in Theorem 4.1. Then, from the expressions of the vectors X̂1, . . . , X̂8, one finds

Cf6 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −x3 −x4 −x6 0 −x7 0 0
x3 0 −x5 0 −x6 −x8 0 0
x4 x5 0 x8 −x7 0 0 0
x6 0 −x8 0 0 0 0 0
0 x6 x7 0 0 0 0 0
x7 x8 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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Proceeding similarly for the Lie algebra f8, we get the matrix

Cf8 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −x3 −x4 −(x6 + 2 x7) −x8 −x8 0 0
x3 0 −x5 −x8 −x6 x7 0 0
x4 x5 0 −x7 −x8 0 0 0

x6 + 2 x7 x8 x7 0 0 0 0 0
x8 x6 x8 0 0 0 0 0
x8 −x7 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

One can now check that the rank of Cf6 is equal to 4, whereas that of Cf8 is equal to 6.
Consequently, nI (f6) = 4 �= 2 = nI (f8) and these two NLAs cannot be isomorphic. ��

This completes the proof of Theorem 4.1. Observe that all the NLAs we have found
have rational coefficients. This guarantees the existence of a lattice � in the corresponding 8-
dimensional real Lie groupG, thusmaking (�\G, J ) a complex nilmanifoldwith an invariant
complex structure (of WnN type).

Remark 4.6 The 8-dimensional NLAs with b1 = 2 that admit complex structures have been
recently classified in [23]. Such classification can be recovered from Theorem 4.1 and previ-
ous results on complex structures of SnN type obtained in [21]. In fact, the condition b1 = 2
implies that the complex structure J is necessarily non-nilpotent by [11, Proposition 15].
Now, if J is WnN then the NLA is isomorphic to f14, f6 or f8 by Theorem 4.1, whereas if J
is SnN then the NLA is isomorphic to g012 or g

1
12 (see [21, Theorem 1.1]).

We also observe that the relation between the aforementioned Lie algebras and those given
in [23] is as follows: f14

∼= L(2, 4), f6 ∼= n+
1 (5), f8 ∼= n+

1 (5)1, g012
∼= b0 and g112

∼= b1.

5 Pseudo-Kähler and neutral Calabi–Yau structures

In this section we study the existence of pseudo-Kähler and neutral Calabi–Yau structures
on complex nilmanifolds (M = �\G, J ) endowed with non-nilpotent complex structures.
We prove that the 8-dimensional counterexample found in [19] to a conjecture in [12] is
unique in the class of SnN complex structures. However, we find an infinite number of new
counterexamples in the class of weakly non-nilpotent complex structures. These provide,
in addition, a new infinite family of examples of (Ricci-flat) non-flat neutral Calabi-Yau
structures in real dimension 8 that do not come from a hypersymplectic structure, as they are
not complex symplectic manifolds. We finish the section providing a topological obstruction
that any pseudo-Kähler nilmanifold with an invariant complex structure satisfies when its
real dimension is less than or equal to 8.

We first recall some general definitions. Let X = (M, J ) be a complex manifold of
complex dimension n. A pseudo-Kähler structure on X is a pseudo-Riemannian metric g
that satisfies the following two conditions:

• g is compatible with J , i.e. g(JU , JV ) = g(U , V ) for any vector fields U , V on M ;
• J is parallel with respect to the Levi-Civita connection ∇ of g, i.e. ∇ J = 0.
The latter condition is equivalent to the 2-form

F(U , V ) = g(U , JV )

being closed. Thus, any pseudo-Kähler manifold is, in particular, a symplectic manifold. The
signature of g is of the form (2k, 2n − 2k), for 0 ≤ k ≤ n.
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When the complex dimension of the manifold is even, namely, n = 2m, there are some
special classes of pseudo-Kähler structures:

• A neutral Kähler structure is a pseudo-Kähler metric g with signature (2m, 2m).
• A neutral Calabi-Yau structure is a neutral Kähler structure g with a nowhere vanishing

form � of bidegree (2m, 0) with respect to J satisfying ∇� = 0, where ∇ is the Levi-
Civita connection of the metric g. This type of manifolds are Ricci-flat.

We observe thatmany neutral Calabi-Yaumanifolds arise from the so-called hypersymplectic
structures, introduced by Hitchin in [17] (see also [13]). We do not recall the definition here,
but we will use the fact that any hypersymplectic structure has a complex symplectic structure
�. This is a closed (2, 0)-form � satisfying the non-degeneration condition �m �= 0.

From now on, we will focus on nilmanifolds M = �\G endowed with invariant complex
structures J . Suppose that the complex nilmanifold X = (M, J ) of complex dimension n
has an invariant pseudo-Kähler metric g with 2-form F . By [25], there always exists a closed
(non-zero) invariant form� onM of bidegree (n, 0)with respect to J , so∇� = 0. Therefore,
any invariant pseudo-Kähler metric F on a complex nilmanifold X is Ricci-flat (see [14]).

In [12], it is conjectured that the existence of a pseudo-Kähler metric on a complex
nilmanifold X = (M, J ) implies the nilpotency of the complex structure J , in the sense
of Definition 2.1. This holds true up to dimension n = 3 [12], but a counterexample is
given by the authors in [19]. We next show that the counterexample in [19] is unique in the
class of strongly non-nilpotent complex structures. Nonetheless, we find an infinite family
of new counterexamples in the class of weakly non-nilpotent complex structures. Indeed,
the following theorem provides the classification of non-nilpotent complex structures in real
dimension eight admitting (invariant or not) pseudo-Kähler metrics.

Theorem 5.1 Let M be an 8-dimensional nilmanifold endowed with an invariant non-
nilpotent complex structure J . Denote by g the Lie algebra associated to M. There exists a
pseudo-Kähler structure on X = (M, J ) if and only if there is a (1, 0)-basis {ωk}4k=1 for
(g, J ) where the structure equations are one of the following:

i) If J is weakly non-nilpotent,

dω1 = 0, dω2 = ω13 + ω13̄, dω3 = iδ (ω12̄ − ω21̄),

dω4 = a ω12 + ω23 + B ω11̄ + ω23̄,
(17)

where δ = ±1 and a = 0 with B ∈ {0, 1}, a = 1 with B ∈ R
≥0, or a = 1 with B ∈ C

satisfying Im B > 0. Moreover, any invariant pseudo-Kähler metric on X = (M, J )

with fundamental form F satisfies

F = i u ω11̄ − i s ω22̄ − i δ r ω33̄ + v ω12̄ − v ω21̄ + i a δ(r − i s) ω13̄

+ i a δ(r + i s) ω31̄ + (r + i s) ω14̄ − (r − i s) ω41̄,

where r , s, u, v ∈ R and rs �= 0.
ii) If J is strongly non-nilpotent,

dω1 = 0, dω2 = ω14 + ω14̄, dω3 = ω12 + ω12̄ − ω21̄,

dω4 = i ω13̄ − i ω31̄.

Moreover, the fundamental form F of any invariant pseudo-Kählermetric on X = (M, J )

is
F = i r ω11̄ + i s ω44̄ + u ω12̄ − u ω21̄ + v ω13̄ − v ω31̄ − s ω23̄ + s ω32̄,
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where r , s, u, v ∈ R and rs �= 0.

Proof First, we recall that the existence of a pseudo-Kähler structure on (M, J ) is equivalent
to the existence of an invariant one (see [19, Proposition 2.1]). This is due toNomizu’s theorem
for the de Rham cohomology of nilmanifolds together with the well-known symmetrization
process, which implies that any closed k-form α on a nilmanifold is cohomologous to the
invariant k-form α̃ obtained by symmetrization on M . More precisely, since J is invariant,
if there exists a pseudo-Kähler structure F on (M, J ), then [F̃] = [F] in the second de
Rham cohomology group H2

dR(M; R) and [F̃3] = [F]3 �= 0. Hence, F̃ is an invariant
non-degenerate real (1,1)-form which is closed, i.e. an invariant pseudo-Kähler structure on
(M, J ).

Let g be the NLA underlying M . Let F be any real (1, 1)-form on (g, J ). If {ωk}4k=1 is a
(1,0)-basis for (g, J ), then any pseudo-Kähler structure F can be written as

F =
4∑

k=1

i xkk̄ ωkk̄ +
∑

1≤k<l≤4

(
xkl̄ ω

kl̄ − x̄kl̄ ω
lk̄), (18)

for some coefficients xkk̄ ∈ R and xkl̄ ∈ C. Note that F is closed if and only if ∂F = 0. We
can nowmake use of the structure equations of non-nilpotent complex structures in dimension
eight to compute ∂F .

We start with weakly non-nilpotent complex structures, which are parametrized by (7) in
Theorem 3.1 with the tuple (ε, δ, ν, a, B) taking the possible values specified in that theorem.
From the condition ∂F = 0 it is straightforward to see that x23̄ = x24̄ = x34̄ = 0, together
with the equalities

ν x44̄ = 0, a x44̄ = 0, B x44̄ = 0.

Hence, two cases can be distinguished depending on the vanishing of the triple (ν, a, B):
• If (ν, a, B) = (0, 0, 0), then (g, J ) is the product of a 6-dimensional NLA endowed with
a SnN complex structure and a complex torus. We have

∂F = −iδ x13̄ ω121̄ + (x12̄ − x̄12̄ − ε x33̄) ω131̄ + (i x22̄ + δx33̄) ω132̄ + (i x22̄ − δx33̄) ω231̄.

If the form F is closed then x13̄ = 0 and x22̄ = x33̄ = 0 (recall that δ = ±1 and xkk̄ ∈ R),
but this implies F4 = 0. Thus, there are no pseudo-Kähler structures in this case.
• If (ν, a, B) �= (0, 0, 0), then x44̄ = 0 and one gets

∂F = −(a x̄14̄ + iδ x13̄) ω121̄ + (
x12̄ − x̄12̄ − ε (x33̄ − 2 νδ x14̄)

)
ω131̄

+(i x22̄ + ν x14̄ + δx33̄) ω132̄ + (i x22̄ − ν x̄14̄ − δ x33̄) ω231̄,

F4 = −24 x22̄ x33̄ |x14̄|2 ω12341̄2̄3̄4̄.

The closedness of F implies x13̄ = i aδ x̄14̄, x22̄ = −ν Im(x14̄) and x33̄ = −ν δRe(x14̄),
because x22̄, x33̄ ∈ R. Since ν = 0 gives x22̄ = x33̄ = 0, and thus F4 = 0, we next assume
ν = 1 and choose Re(x14̄), Im(x14̄) �= 0 in order to have x22̄, x33̄ �= 0. Furthermore, to
ensure the condition ∂F = 0 one also needs

0=2 i Im(x12̄) − ε (x33̄ − 2δ x14̄)

=2 i
(
Im(x12̄) + ε δ Im(x14̄)

) + 3 ε δRe(x14̄).

Since we have chosen Re(x14̄) �= 0, the only possible pseudo-Kähler structures arise when
ε = 0. With this choice, it suffices to take Im(x12̄) = 0 to have ∂F = 0. This proves part i)
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of the statement of the theorem. We simply observe that the values of a and B come directly
from Theorem 3.1, due to the conditions ε = 0 and ν = 1.

It remains to study those complex structures of SnN type, which are classified into two
families in [21, Theorem 3.3]. The first family is given by

Family I:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dω1 = 0,

dω2 = ε ω11̄,

dω3 = ω14 + ω14̄ + a ω21̄ + i δ ε bω12̄,

dω4 = i ν ω11̄ + bω22̄ + i δ (ω13̄ − ω31̄),

where δ = ±1, ε, ν ∈ {0, 1}, and (a, b) ∈ R
2 − {(0, 0)} with a ≥ 0.

A direct calculation shows that ∂F = 0 implies x14̄ = x23̄ = x24̄ = x34̄ = 0. With this
choice, we obtain:

∂F =−i ε (x22̄ + b δ x13̄) ω121̄ − i a x33̄ ω132̄ + (x13̄ − x̄13̄ − ν x44̄) ω141̄

+(i x33̄ + δ x44̄) ω143̄ − ε b δ x33̄ ω231̄ − i b x44̄ ω242̄ + (i x33̄ − δ x44̄) ω341̄,

F4 =24 x44̄ (x11̄ x22̄ x33̄ − x33̄ |x12̄|2 − x22̄|x13̄|2) ω12341̄2̄3̄4̄.

Since x33̄ and x44̄ are real numbers, one has that i x33̄+δ x44̄ = 0 if and only if x33̄ = x44̄ = 0.
However, this yields F4 = 0, contradicting the non-degeneracy condition. Therefore, there
are no pseudo-Kähler structures for SnN complex structures in Family I.

The SnN complex structures in the second family are parametrized by

Family II:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dω1 = 0,

dω2 = ω14 + ω14̄,

dω3 = a ω11̄ + ε (ω12 + ω12̄ − ω21̄) + i μ (ω24 + ω24̄),

dω4 = i ν ω11̄ − μω22̄ + i b (ω12̄ − ω21̄) + i (ω13̄ − ω31̄),

where a, b ∈ R, and ε, μ, ν ∈ {0, 1} with (ε, μ) �= (0, 0) and μν = 0.
Calculating the condition ∂F = 0 from the previous structure equations, we directly get

x24̄ = x34̄ = 0, together with the equalities ε x33̄ = 0 and μ x33̄ = 0. Since (ε, μ) �= (0, 0)
we have x33̄ = 0. Now, the conditions x24̄ = x33̄ = x34̄ = 0 imply x14̄ = 0 and x23̄ = −x44̄.
In this way, the (2, 1)-form ∂F reduces to

∂F = (
a x44̄ + ε (x13̄ − x̄13̄)

)
ω121̄ − (

ν x44̄ − (x12̄ − x̄12̄)
)
ω141̄

+i (x22̄ − i b x44̄ − μ x13̄) ω142̄ + i (x22̄ + i b x44̄ − μ x̄13̄) ω241̄ + 3 i μ x44̄ ω242̄,

F4 =−24 x44̄

(
x11̄ x

2
44̄

+ x22̄ |x13̄|2 − i x44̄ (x12̄ x̄13̄ − x̄12̄ x13̄)
)

ω12341̄2̄3̄4̄.

It is clear that if μ = 1, then x44̄ = 0 and the non-degeneracy condition fails. Hence, μ = 0,
which in addition implies ε = 1. Observe that now ∂F = 0 holds if and only if

a x44̄ + 2 i Im(x13̄) = 0, ν x44̄ − 2 i Im(x12̄) = 0, x22̄ + i b x44̄ = 0.

Since x22̄, x44̄ are real numbers, with x44̄ �= 0, we get that a = b = ν = 0 and Im(x12̄) =
Im(x13̄) = x22̄ = 0. In this case, the form F4 is given by

F4 = −24 x11̄ x
3
44̄

ω12341̄2̄3̄4̄,

so it suffices to impose the extra condition x11̄ �= 0 to get pseudo-Kähler structures. This
leads to part ii) of the theorem.
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This finishes the study of pseudo-Kähler geometry on those 8-dimensionalNLAs endowed
with non-nilpotent complex structures, thus attaining the desired result. ��

In the following, we prove that all the invariant pseudo-Kähler metrics obtained in Theo-
rem 5.1 are non-flat (recall that they always are Ricci-flat).

Proposition 5.2 Let X = (M, J ) be a pseudo-Kähler nilmanifold with dimC X = 4 and an
invariant non-nilpotent J . Every invariant pseudo-Kähler metric on X is non-flat.

Proof Recall that the structure equations of each X = (M, J ) appear in Theorem 5.1. If
the complex structure J is SnN, the result can be found in [19, Proposition 3.4]. Thus, we
need to prove the statement for WnN complex structures, namely, those given by case i) in
Theorem 5.1.

We first note that the pseudo-Riemannian metric g can be recovered from its fundamental
form F by g(Z ,W ) = F(J Z ,W ), where Z ,W are any complex vector fields on the complex
nilmanifold X . Since the pseudo-Kähler structures under consideration are invariant, the
(complexified) Koszul formula for the Levi-Civita connection ∇ of the metric g reduces to

2g(∇UV ,W ) = g([U , V ],W ) − g([V ,W ],U ) + g([W ,U ], V ),

for invariant complex vector fields U , V ,W on X .
Now, since the structure (J , g) is pseudo-Kähler, we have∇ J = 0, which is equivalent to

the condition∇U (JV )− J (∇UV ) = 0, for any complex vector fieldsU , V on X . Therefore,
if V has type (1,0) then J (∇UV ) = ∇U (JV ) = i (∇UV ), that is to say, ∇UV is also a
vector field of bidegree (1,0). In particular, if {Z j }4j=1 denotes the basis of complex vector

fields of bidegree (1,0) dual to the basis {ω j }4j=1, one has that∇U Z j has type (1, 0) for every
1 ≤ j ≤ 4. Moreover, by complex conjugation, it suffices to compute ∇Zk Z j and ∇Zk

Z j for
1 ≤ j, k ≤ 4.

To prove the result we need the following derivations, which can be obtained by direct
calculation from Theorem 5.1 i):

∇Z̄1
Z2 = −iδ Z3, ∇Z1 Z3 = − ir

s
Z2 + irv

s(r − is)
Z4, (19)

and
∇Z1 Z2 = 0, ∇Z4 Z2 = 0, ∇Z̄4

Z2 = 0. (20)

Let R be the curvature tensor of the pseudo-Kähler metric, i.e.

R(U , V ,W , T ) = g
(∇U∇VW − ∇V∇UW − ∇[U ,V ]W , T

)
,

for U , V ,W , T complex vector fields on X . Taking into account the observations above,
by complex conjugation and using the symmetries of the curvature tensor, one has that the
metric g is non-flat if and only if R(Zi , Z̄ j , Zk, Z̄l) �= 0 for some i, j, k, l. We next show
that R(Z1, Z̄1, Z2, Z̄2) is not zero.

From the complex equations (17), we get [Z1, Z̄1] = −B Z4 + B̄ Z̄4. Therefore, from
(19)-(20) it follows that

R(Z1, Z̄1, Z2, Z̄2) = g(∇Z1∇Z̄1
Z2 − ∇Z̄1

∇Z1 Z2 − ∇[Z1,Z̄1]Z2, Z̄2)

= g(∇Z1∇Z̄1
Z2 − ∇Z̄1

∇Z1 Z2 + B ∇Z4 Z2 − B̄ ∇Z̄4
Z2, Z̄2)

= −iδ g
(∇Z1 Z3, Z̄2

)

= −iδ
(− ir

s
g(Z2, Z̄2) + irv

s(r − is)
g(Z4, Z̄2)

)
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= −δ r �= 0,

where the last equality comes from the fact that g(Z2, Z̄2) = i F(Z2, Z̄2) = s and
g(Z4, Z̄2) = i F(Z4, Z̄2) = 0, according to the description of F in Theorem 5.1 i). ��

In the following result we study the existence of neutral Calabi-Yau metrics on 8-
dimensional nilmanifolds with non-nilpotent complex structures. Recall that a neutral
Calabi-Yau structure is, in particular, pseudo-Kähler.

Proposition 5.3 All the complex nilmanifolds X = (M, J ) given in Theorem 5.1 admit
neutral Calabi–Yau structures.

Proof Let us show that neutral Calabi-Yau structures exist for any non-nilpotent complex
structure in Theorem 5.1. Since the result for those complex structures in part ii) of the
theorem was proved in [19, Proposition 3.4], it suffices to study the case i). In particular,
we need to prove that every weakly non-nilpotent complex structure given by (17) has a
pseudo-Kähler metric of neutral signature (4, 4).

Let us consider the basis of real 1-forms {e1, . . . , e8} defined by e2k−1 + i e2k = ωk , for
1 ≤ k ≤ 4, where {ω1, . . . , ω4} is the basis of (1, 0)-forms in Theorem 5.1 satisfying the
complex structure equations (17). In terms of this real basis {e1, . . . , e8}, the corresponding
complex structure J and pseudo-Kähler metrics F are expressed as

Je1 = −e2, Je3 = −e4, Je5 = −e6, Je7 = −e8,

F = 2u e12 + 2v e13 + 2a δ s e15 + 2a δ r e16 + 2r e17 + 2s e18 + 2v e24 − 2a δ r e25

+ 2a δ s e26 − 2s e27 + 2r e28 − 2s e34 − 2δ r e56,

where r , s, u, v ∈ R with rs �= 0. By direct calculation, the pseudo-Riemannian metric
g(x, y) = F(J x, y) is given in terms of the real dual basis by the following matrix:

(gi j )i, j =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2u 0 0 −2v 2a δ r −2a δ s 2s −2r
0 2u 2v 0 2a δ s 2a δ r 2r 2s
0 2v −2s 0 0 0 0 0

−2v 0 0 −2s 0 0 0 0
2a δ r 2a δ s 0 0 −2δ r 0 0 0

−2a δ s 2a δ r 0 0 0 −2δ r 0 0
2s 2r 0 0 0 0 0 0

−2r 2s 0 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (21)

It is easy to see that there are metrics in the family (21) with neutral signature for any value
of the triple (δ, a, B) in the complex equations (17). For instance:
• If a = 0 and B ∈ {0, 1}, take u = v = 0. Then, the eigenvalues of the matrix (21) are

−2 s, −2
√
r2 + s2, 2

√
r2 + s2, −2 δ r ,

all with algebraic multiplicity two. It suffices to choose δ r s < 0 to find pseudo-Kähler
metrics with signature (4, 4).
• If a = 1 and either B ∈ R

≥0 or B ∈ C with Im B > 0, consider u = 1, v = 0. The leading
principal minors of (21), written in increasing order, are

2, 4, −8 s, 16 s2, −32 s2 (δ r + r2 + s2), 64s2
(
(r2 + s2)δ + r

)2
,

−128 δ r s2 (r2 + s2) (δ r + r2 + s2), 256 r2 s2 (r2 + s2)2.
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If we take s < 0 and δ r > 0, one can check there are exactly four changes of sign in the
previous sequence ofminors. Therefore, thematrix (21) has exactly four negative eigenvalues
and four positive ones, thus the signature of this metric is (4, 4).

Finally, since the (4, 0)-form � = ω1234 is parallel, we conclude that X has neutral
Calabi-Yau structures. ��

An interesting consequence of the previous results is that the families of pseudo-Kähler
metrics obtained in Theorem 5.1 provide new neutral Calabi–Yaumetrics in eight dimensions
that are not flat (although they all are Ricci-flat).

Theorem 5.4 Let X = (M, J ) be a pseudo-Kähler nilmanifold with dimC X = 4 and an
invariant non-nilpotent J . Then, X has neutral Calabi-Yau metrics that are Ricci-flat but not
flat.

Proof It is a direct consequence of Propositions 5.2 and 5.3. ��
Several constructions of hypersymplectic structures on nilpotent Lie algebras can be found

in recent literature. Examples of 2-step nilpotent Lie algebras (of Kodaira type) are given
in [15] and examples in the 3-step nilpotent case are obtained in [3]. The first 4-step nilpo-
tent Lie algebras with hypersymplectic structures are found in [5]. Other examples have
been constructed in [8] using semidirect products of Lie algebras. All these hypersymplectic
nilpotent Lie algebras are, in particular, neutral Calabi–Yau (hence, also pseudo-Kähler) and
it is worthy to remark that their underlying complex structures J are always of nilpotent type.

We next prove that the neutral Calabi-Yau structures constructed in Theorem 5.4 do not
come from hypersymplectic structures. Moreover, in the following result we show that non-
nilpotent complex structures in real dimension 8 do not admit any complex symplectic form,
thus extending the non-existence result given in [6, Proposition 5.8] for SnN complex struc-
tures.

Proposition 5.5 Let X = (M, J ) be a complex nilmanifold with dimC X = 4 and a non-
nilpotent complex structure J . Then, X does not admit any complex symplectic structure. In
particular, the non-flat neutral Calabi-Yau metrics constructed in Theorem 5.4 do not arise
from any hypersymplectic structure.

Proof Similarly to the argument given in the proof of Theorem 5.1, the existence of a complex
symplectic structure � on X = (M, J ) is equivalent to the existence of an invariant one (see
[6, Proposition 6.1]). In fact, since J is invariant, we get that �̃ is an invariant closed (2,0)-
form on X such that [�̃] = [�] in the second complexified de Rham cohomology group
H2
dR(X; C). Since X is compact, [�]2 �= 0 by Stokes theorem. Hence, [�̃2] = [�]2 �= 0, so

�̃ is non-degenerate and it is an invariant complex symplectic structure on X .
Therefore, it suffices to show the non-existence result for invariant complex symplectic

structures. This result is proved in [6, Proposition 5.8] for SnN complex structures. Hence,
we here focus on WnN complex structures. Recall that these are parametrized by (7) in
Theorem 3.1 with the tuple (ε, δ, ν, a, B) taking the possible values specified in that theorem.

Consider any invariant (2,0)-form �, i.e.,

� = α ω12 + β ω13 + γ ω14 + τ ω23 + θ ω24 + ξ ω34,

where α, β, γ, τ, θ, ξ ∈ C. Since �2 = 2(αξ − βθ + γ τ)ω1234, we have that �2 �= 0 if and
only if αξ − βθ + γ τ �= 0. Note that d� = 0 if and only if ∂� = 0 and ∂̄� = 0.

By (7), the (3,0)-form ∂� is given by

∂� = −(γ ν + aξ)ω123 + θω134,
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so ∂� = 0 is equivalent to γ ν + aξ = 0 and θ = 0. Taking into account these conditions,
we arrive at

∂ � = i(βδ + τε)ω121̄ + iτδ ω122̄ − γ ν ω123̄ + ξ B ω131̄ − (τ − 2ξδεν)ω133̄

− iξε ω141̄ − iξδ ω142̄ + ξν ω233̄ + iξδ ω241̄.

Therefore, if the (2,0)-form � is closed then τ = 0 = ξ , and one has �2 = 0, i.e. the form
is degenerate. Thus, there are no complex symplectic structures when J is non-nilpotent.

The statement about neutral Calabi-Yau structures comes from the fact that any hyper-
symplectic structure is, in particular, complex symplectic. ��

In view of Proposition 5.5, the following general question arises: Does the existence of a
complex symplectic structure imply the nilpotency of the complex structure J?

It is well-known that the existence of a (positive definite) Kähler metric on a compact
manifold imposes strong restrictions on the topology of the manifold. In the pseudo-Kähler
case, as far as we know, no topological obstruction is known on the compact complex mani-
fold, apart from those conditions coming from the existence of a symplectic structure on the
underlying real manifold. The following results suggest a possible restriction on the first Betti
number of pseudo-Kähler manifolds, at least for nilmanifolds with invariant complex struc-
tures. Another restriction seems to be provided on the step of nilpotency of the pseudo-Kähler
nilmanifolds.

Proposition 5.6 Let M be an 8-dimensional nilmanifold endowed with a non-nilpotent com-
plex structure J . If (M, J ) admits a pseudo-Kähler structure, then the NLA associated to M
is isomorphic to one of the following:

f
γ

5 = (0, 0, 0, 13, 23, 34,
γ

2
· 12 + 35, 14 + 25),

f7 = (0, 0, 0, 13, 23, 14 + 25, 2 · 14 + 34, 15 + 24 + 35),

g010 = (0, 0, 0, 13, 23, 14 + 25, 15 + 24, 16 + 27),

with γ ∈ {0, 1}. In particular, the nilmanifold M is either 3-step or 4-step nilpotent, and its
first Betti number is b1(M) = 3.

Proof From i) in Theorem 5.1 and Table 1, one can deduce that the NLAs associated to
the 8-dimensional nilmanifolds with a WnN complex structure that admit pseudo-Kähler
metrics are f05, f

1
5 and f7. Moreover, every WnN complex structure on these NLAs gives rise

to a pseudo-Kähler structure. The Lie algebra g010 is associated to the SnN complex structure
in Theorem 5.1 and it comes from [21]. We observe that this NLA has another SnN complex
structure (see [21, Table 5]) that does not admit pseudo-Kähler metrics.

By Nomizu’s Theorem, the de Rham cohomology H∗
dR(M; R) of the nilmanifold M can

be computed at the level of its underlying Lie algebra; in particular b1(M) = b1(g) = 3 for
g = f

γ

5 , f7, g
0
10. Finally, note that the step of nilpotency of the Lie algebras f

γ

5 and f7 is s = 3,
whereas for g010 we have s = 4 (see the ascending types of these NLAs in Table 2 and [21,
Table 5]). ��
Remark 5.7 There exist 8-dimensional nilmanifolds M endowedwith non-nilpotent complex
structures that are 5-step orwhose first Betti number is b1(M) = 2.Note also that the previous
result provides a necessary but not sufficient condition: the nilmanifoldswith aWnN complex
structure whose underlying NLA is f04 are 3-step and have first Betti number equal to 3, but
they are not pseudo-Kähler.
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In the next result we show that similar restrictions to those provided in Proposition 5.6
can be found for a larger class of complex nilmanifolds.

Theorem 5.8 Let M be a 2n-dimensional nilmanifold with 2 ≤ n ≤ 4 endowed with an
invariant complex structure J . If (M, J ) admits a pseudo-Kähler structure, then the nilman-
ifold is s-step with s ≤ n, and its first Betti number satisfies b1(M) ≥ 3.

Proof Recall that every invariant complex structure on a 4-dimensional nilmanifold is nilpo-
tent. In six dimensions, it is proved in [12] that pseudo-Kähler structures only exist when J
is nilpotent. Moreover, for any nilpotent complex structure we know by [11, Proposition 10
(iii)] that s ≤ n, and one also has b1(M) ≥ 3 by [11, Proposition 15]. Hence, it remains to
study the case when the complex structure J of an 8-dimensional pseudo-Kähler nilmanifold
is non-nilpotent. This is done in Proposition 5.6, so the proof is complete. ��
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