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Crystalline sheets (e.g., graphene and transition metal dichalcogenides) liberated from a substrate9

are a paradigm for materials at criticality, because flexural phonons can fluctuate into the third10

dimension. Although studies of static critical behaviors (e.g., the scale-dependent elastic constants)11

are plentiful, investigations of dynamics remain limited. Here, we use molecular dynamics to study12

the time dependence of the midpoint (the height center-of-mass) of doubly clamped nanoribbons,13

as prototypical graphene resonators, under a wide range of temperature and strain conditions. By14

treating the ribbon midpoint as a Brownian particle confined to a nonlinear potential (which assumes15

a double-well shape beyond the buckling transition), we formulate an effective theory describing the16

ribbon’s transition rate across the two wells and its oscillations inside a given well. We find that,17

for nanoribbbons compressed above the Euler buckling point and thermalized above a temperature18

at which the non-linear effects due to thermal fluctuations become significant, the exponential term19

(the ratio between energy barrier and temperature) depends only on the geometry, but not the20

temperature, unlike the usual Arrhenius behavior. Moreover, we find that the natural oscillation21

time for small strain shows a non-trivial scaling τo ∼ L z
0 T

−η/4, with L0 being the ribbon length,22

z = 2−η/2 being the dynamic critical exponent, η = 0.8 being the scaling exponent describing scale-23

dependent elastic constants, and T being the temperature. These unusual scale- and temperature-24

dependent dynamics thus exhibit dynamic criticality and could be exploited in the development of25

graphene-based nanoactuators.26

I. INTRODUCTION27

In the last decade there has been growing interest in28

utilizing mechanical instabilities in thin materials to de-29

sign smart materials with desired functionalities, from30

grasping [1, 2] and shape morphing [3, 4] to locomo-31

tion [5, 6]. Using membranes, such as thin sheets, as a32

building block (say an oscillator) for soft-robotic applica-33

tions is appealing because thin sheets are flexible and can34

be controlled with minimal and simple actuation. The35

buckling instability, which sets in for sufficiently large36

Föppl-von Kármán number vK = Y A
κ , where Y is the37

2D Young’s modulus, A is a characteristic ribbon area,38

and κ the bending rigidity, is an important mechanism39

for such actuation. This simple principle has been suc-40

cessfully applied to a wide range of materials and system41

sizes, ranging from meter-sized satellites to nanoactua-42

tors [1, 2, 5–10]. Very recently, there has been success43

in applying instability mechanisms to control actuator44

movements in low-noise environment, for example in a45

centimeter-sized buckling-sheet oscillator [5, 6]. It re-46

mains to be seen, however, if similar principles apply in47

a more noisy environment with, for example, strong ther-48

mal fluctuations.49

The mechanical response and energy dissipation of50
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micro- and nanoscale oscillators have long been stud-51

ied [11, 12]. Graphene and other 2D-materials-based52

nanoresonators, commonly in a double-clamped geome-53

try, have been studied extensively. They exhibit remark-54

able properties compared to their bulk counterparts, in-55

cluding tunability over a wide frequency range, kilo- to56

terahertz, and a very high quality factor [13–21]. Ex-57

citing though these features are, precise control of the58

thermal dynamics of these atomically thin materials re-59

mains a challenge and is crucial for building, say, soft60

robots [5, 6]. Nevertheless, nature has shown us that61

micro- to nanosized biological “robots,” such as kinesins62

and other molecular motors, do exist at biologically rel-63

evant temperatures.64

One of the main challenges in building 2D-materials-65

based robots or actuators is that height corrugations due66

to thermal fluctuations [22–24], impurities [25–27], or67

quenched disorder [28], alter the mechanics significantly68

at large distances—similar to how a wrinkled paper sheet69

can bear its own weight while a pristine sheet sags. In-70

deed the bending rigidity of a micron-sized graphene rib-71

bon has been observed experimentally to exhibit a strik-72

ing ∼ 4000-fold increase at room temperature relative to73

its zero-temperature value, demonstrating the non-trivial74

mechanics of nanomaterials [29]. Because the mechani-75

cal properties are scale-dependent, which may compli-76

cate dynamics, scaling up a micron-sized robot based on77

graphene nanoribbons or nanotubes requires new design78

principles. Moreover, while fundamental studies of elec-79

tronic, optical, and mechanical properties of graphene80

and other 2D materials are numerous [19, 30–33], there81
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is much less work focusing on the dynamical behavior82

of the collective atomic motions, e.g., membrane oscilla-83

tions [34, 35], and the dynamical critical exponents that84

relate time scales to length scales.85

As mechanical properties play an important role in de-86

termining the dynamics, such as underdamped or over-87

damped oscillations, we develop here a framework, mo-88

tivated by extensive molecular dynamics simulations, to89

analyze the dynamics of nanoribbons over a wide range90

of temperatures and strains. We focus specifically on91

doubly clamped ribbons as one of the most common ge-92

ometries for nanoelectromechanical systems (NEMS). In93

contrast to recent work [36], in which thermal effects are94

neglected while designing clamped resonators, we pro-95

pose a simple geometric tunability that exploits thermal96

fluctuations as a means of studying anharmonic effects97

and dynamics.98

We will demonstrate that the dynamics of nanoribbons99

has two distinct behaviors at and above the temperature100

at which the thermal renormalization of elastic constants101

sets in. In Sec. II we introduce a simple computational102

model of nanoribbons mimicking 2D materials such as103

graphene. We first show how the height fluctuations104

change with strain in Sec. III, demonstrating the scale-105

dependent mechanics with simulations. In Sec. IV, we106

propose an effective free energy of the strained nanorib-107

bon and present molecular dynamics results of the mo-108

tion of nanoribbons under various strain conditions. We109

then develop a phenomenological model treating the mid-110

point of a ribbon as a Brownian particle with damping111

confined in a nonlinear potential with both single and112

double wells to understand the dynamics of nanoribbons113

under compression (Sec. V) and stretching (Sec. VII). In114

each respective section we present molecular dynamics115

simulations checking our theoretical predictions.116

We find that the escape time of the midpoint, which117

characterizes the inverse of the ribbon flipping rate, of118

a compressed ribbon at sufficiently high temperatures is119

approximately temperature-independent and solely gov-120

erned by the geometry, unlike the usual Arrhenius be-121

havior. At sufficiently high temperatures, where renor-122

malization becomes important, the characteristic escape123

time scales with system size as τp ∼ L 4−η
0 , in the high-124

damping regime, and independent of system size in the125

low-damping regime, with η ≈ 0.8 the exponent con-126

trolling the scale-dependent bending rigidity and L0 the127

ribbon length. For a slightly stretched or relaxed ribbon128

we find that the natural oscillation time (oscillation time129

inside a minima) scales as τo ∼ L
(2−η/2)
0 T−η/4, which130

has no analog in standard mechanical resonators. In the131

language of dynamic critical phenomena [37], we have a132

dynamic critical exponent z = 2−η/2 for relaxed ribbons,133

and z = 1 for ribbon under tension, consistent with Van134

Hove, with no singularities in the transport coefficients.135

We conclude by discussing future prospects, including136

further investigation of the connection between the dy-137

namical critical exponent z and the static exponent η138

using finite-size scaling, as well as incorporating an at-139

tractive substrate in the numerical simulations to capture140

energy losses present in certain experiments.141

II. THE MODEL142

Similar to a number of previous studies [24, 38–41], we143

simulate ribbons discretized on a equilateral triangular144

lattice. The ribbon is comprised of Nx ×Ny = 100× 25145

nodes with rest (zero-temperature) length L0 ∼ 100a and146

widthW0 ∼ 20a. To model a doubly clamped ribbon, the147

nodes in the two rows at each end are held fixed. We use148

a standard coarse-grained model [38] to compute the to-149

tal energy of the ribbon. Each node is connected by a150

harmonic spring with a rest length of a. The bending en-151

ergy is computed using the dihedral interaction between152

the normals. The total energy is given by153

E =
k

2

∑
⟨i,j⟩

||ri − rj | − a|2 + κ̂
∑
⟨α,β⟩

(1− nα · nβ) (1)154

where k is the harmonic spring constant and κ̂ is the mi-155

croscopic bending rigidity. The first sum is over neigh-156

boring nodes and the second sum is over neighboring tri-157

angles. The continuum limit yields κ =
√
3κ̂/2 for the158

bare (zero-temperature) continuum bending rigidity and159

Y =
√
2k/3 for the bare continuum 2D Young’s modu-160

lus [38]. Following [24, 40], we set k = 1440κ̂/a2 so that161

the Föppl-von Kármán number vK = YW0L0/κ ∼ 106 is162

experimentally realistic. This coarse-grained model has163

been widely used to model atomically thin materials such164

as graphene and MoS2 and successfully captures mechan-165

ical and thermal response [24, 39, 41–44] consistent with166

those found in simulations with more sophisticated atom-167

istic potentials [22, 26, 45–49].168

The molecular dynamics (MD) simulations are per-169

formed with the HOOMD-blue package [50] within the170

NV T ensemble (fixed number of particles N , volume171

V and temperature T ) with an integration time step172

of dt = 0.001τMD, where τMD =
√
MD2/E is the MD173

unit of time and M,D, E are the fundamental units174

of mass, distance, and energy. For graphene param-175

eters, τMD ∼ 1 ps. Temperature is controlled every176

τT = 0.2τMD via the Nosé-Hoover thermostat [51]. For177

systems clamped at compressive strains below critical178

buckling, we run a total of 107 steps and discard 50%179

of the data for thermal equilibration. Above the criti-180

cal buckling the relaxation time increases significantly,181

and therefore we run a total of 108 steps and dis-182

card the first 20% of the data for thermal equilibration.183

Snapshots are taken every 10,000 steps or equivalently184

10τMD. HOOMD scripts and analysis codes used in this185

study are available at https://github.com/phanakata/186

statistical-mechanics-of-thin-materials/. All187

simulation data will be reported in natural MD units188

D = M = 1, kBT in units of κ̂ and time in τMD. Tem-189

perature is reported as the ratio of the ribbon width W0190

https://github.com/phanakata/statistical-mechanics-of-thin-materials/
https://github.com/phanakata/statistical-mechanics-of-thin-materials/
https://github.com/phanakata/statistical-mechanics-of-thin-materials/


3

to the thermal length [23] ℓth =
√

64π3κ2
0

3kBT Y0
, as explained191

below.192

To study ribbon dynamics over a wide temperature193

range we vary the ratio of temperature to microscopic194

bending rigidity kBT/κ̂ over a wide range, from 10−1
195

to 10−5, while keeping k = 1440κ̂/a2 and the preferred196

bond length constant at a = 1. Using graphene as a197

prototypical 2D material with κ̂ ∼ 1eV, the high tem-198

perature regime studied here is on the order of 1000K,199

which can be achieved in experiments [52]. Alternatively,200

one can soften the microscopic bending rigidity by remov-201

ing atoms (e.g., by introducing kirigami cuts [40, 47, 53])202

in order to lower the required temperature for observ-203

ing the renormalization effects. Strains ϵ are applied by204

clamping the two ends of the ribbon at different lengths205

Lϵ. We use non-periodic boundary conditions in both206

x and y directions. The non-clamped edges are free207

while the nodes at the clamped ends (x = ±L/2) are208

fixed. Thermal fluctuations lead to a reduced projected209

length of the unstrained ribbon, Lrelax, relative to the210

unstrained length at zero temperature L0. The relaxed211

length Lrelax is determined by the vanishing of the aver-212

age longitudinal stress ⟨σxx⟩ [41]. The compressive strain213

ϵ = (1−Lϵ/Lrelax) is measured relative to the unstrained214

ribbon with clamping at Lrelax. We performed simula-215

tions of ribbons clamped at different lengths and plot-216

ted the strain-strain curves to locate the zero-strain state217

(ϵ = 0).218

III. HEIGHT PROFILE OF DEFORMED219

RIBBONS220

Before discussing the dynamics of thermalized nanorib-221

bons, we first probe the effects of strains on static prop-222

erties. To lowest order in the height field h(x, y), in-plane223

displacement u(x, y) and their gradients, the elastic en-224

ergy of a membrane under a spatially uniform uniaxial225

compression along the x direction, σxx, can be written in226

the continuum limit as [22, 23]227

G[u, h] =
1

2

∫
dx dy

[
κ
(
∇2h

)2
+ 2µu2

ij + λu2
kk

]
228

−
∫

dx dy σxx(∂xux), (2)229

where uij ≈ (∂iuj + ∂jui)/2 + ∂ih∂jh is the nonlinear230

strain tensor, κ is the bare continuum bending rigidity231

and µ and λ are the Lamé coefficients. By tracing out232

the in-plane degrees of freedom, the effective free energy233

can be written in terms of out-of-plane flexural phonon234

deformation field h(x, y) [23]235

Geff [h] =

∫
dx dy

[
κ

2

(
∇2h

)2
+

Y

8

(
PT
ij (∂ih)(∂jh)

)2]
236

−
∫

dx dyσxx(∂xh)
2, (3)237
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FIG. 1. The height fluctuations ⟨|h(q)|2⟩ as a function
of wavevector q for a ribbon clamped at different strains,
both extensional (ϵ < 0) and compressional (ϵ > 0), ϵ =
[−0.3%,−0.2%, 0%,+0.2%,+0.6%]. h(q) is obtained from

the Fourier transform h(q) = 1
A0

∫
ei(qx x+qy y)h(x, y) dx dy,

where qx, qy are wavevectors and A0 = W0 × L0 is the area
of the unstrained (rest) ribbon at zero temperature. We use
a finite number of q modes ranging from |qmin| = π/L to
|qmax| = 2π/a, with an increment of ∆q = π/L, and set
qy = 0. Temperature is set at kBT = 0.05κ̂, which cor-
responds to W0/ℓth = 8.5, so thermal renormalizations are
strong. For stretched ribbons (ϵ < 0), ⟨|h(q)|2⟩ is propor-
tional to q−2 for a wide range of q. For unstrained (ϵ = 0)
and compressed ribbons (ϵ > ϵc, above the thermalized

Euler buckling threshold), ⟨|h(q)|2⟩ scales like q−(4−η) with
η ≈ 0.8. The black dashed line and the black dotted-dashed
line show q−(4−η) and q−2 scaling, respectively. The inset
shows q2⟨|h(q)|2⟩ versus q to more clearly bring out the q−2

dependence of stretched ribbons.

where Y = 4µ(µ + λ)/(2µ + λ) is the bare 2D Young’s238

modulus and PT
ij = δij − ∂i∂j/∇2 is the transverse pro-239

jection operator. Within the harmonic approximation,240

the spectrum of the height-height correlation function of241

a tensionless sheet is ⟨|h(q)|2⟩ = kBT/(A0κq
4), where242

A0 = L0 ×W0 is the undeformed sheet area, and h(q) ≡243

1
A0

∫
dx dy e−(qx x+qy y)h(x, y) is the Fourier transform of244

h(x, y). At low-temperature (kBT/κ ≪ 1) a perturba-245

tive calculation shows that the bending rigidity is renor-246

malized by thermal fluctuations in the form κ(q) =247

κ0 + Y0kBT
κ I(q), where q is the wavevector and I(q) is248

a momentum integral that scales as q−2 for q → 0 [54].249

The relative perturbative correction is of order one above250

a fundamental length scale ℓth ∼
√
κ/(Y kBT ) [54, 55].251

At and above ℓth thermal fluctuations lead to scale-252

dependent mechanical moduli and non-trivial departures253

from the expected zero-temperature mechanical behav-254

ior. Within a renormalization group treatment, the spec-255

trum of the height-height correlation function of a ribbon256

under uniaxial compression is given by [23]257
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⟨|h(q)|2⟩ = kBT

A0(κR(q)q4 − σxxq2x)
, (4)258

where σxx ≃ YRϵ is the positive compressive stress. The259

scale-dependent renormalized bending rigidity, κR(q),260

and 2D Young’s modulus, YR(q), are given by [23, 54]261

κR(q) ∼

{
κ if q ≫ qth
κ (q/qth)

−η
if q ≪ qth

(5)262

YR(q) ∼

{
Y if q ≫ qth
Y (q/qth)

ηu if q ≪ qth
(6)263

where η and ηu are scaling exponents and qth ≡ 2π/ℓth =264 √
3kBT Y0

16πκ2
0

is the wavevector below which renormaliza-265

tion becomes important [55]. Theoretical estimates [55–266

57] of the scaling exponents give η ≈ 0.8 − 0.85 and267

ηu ≈ 0.2−0.4, and have been confirmed by height-height268

correlation measurements in Monte Carlo [22, 39, 45, 58]269

and in molecular dynamics simulations [24, 26, 59], as270

well as more recently by stress-strain curve measure-271

ments [41, 43].272

Eq. 4 indicates that height fluctuations are suppressed273

when stretching (σxx < 0) is applied. For suffi-274

ciently large stretching |ϵ| ≫ κR/(YRq
2) the q−2 be-275

havior in ⟨|h(q)|2⟩ should dominate. Equivalently, for276

small wavevectors, q ≪
√

|ϵ|Y (q)/κR(q), ⟨|h(q)|2⟩ should277

switch from a q−(4−η) or q−4 dependence to a q−2 fall-278

off. Fig. 1 shows the spectrum of the height-height279

correlation ⟨|h(q)|2⟩ obtained from MD simulations as280

a function of wavevector q for five different strains,281

both compressional ϵ > 0 and extensional ϵ < 0, ϵ =282

[−0.3%,−0.2%, 0%,+0.2%,+0.6%]. Here we show a sys-283

tem at a sufficiently high temperature, kBT/κ̂ = 0.05284

(W0/ℓth = 8.5), where thermal fluctuations are signifi-285

cant. The thermalized critical Euler buckling strain for286

this particular system is ϵc = 0.05%. In the unstrained287

case, we see that ⟨|h(q)|2⟩ ∼ q−(4−η), with η ≈ 0.8, as288

expected [23, 43], for a wide range of q. For stretched rib-289

bons, in contrast, ⟨|h(q)|2⟩ scales more like q−2. This is290

better seen in the plot of q2⟨|h(q)|2⟩ in the inset of Fig. 1.291

While stretching (ϵ < 0) suppresses height fluctuations,292

sufficiently large compression drives buckling and conse-293

quently ⟨|h(q)|2⟩ of a compressed ribbon is elevated rel-294

ative to the unstrained case. These strain-induced mod-295

ifications of static properties have also been observed in296

the normal-normal correlation function of graphene un-297

der isotropic deformation [22].298

IV. MEAN-FIELD APPROXIMATION TO299

RIBBON MIDPOINT ENERGETICS300

We turn now to a simplified model of the dynamics of301

the ribbon center of mass, which is related to the fun-302

damental mode of a doubly clamped ribbon. We sim-303

plify by coarse-graining over the short-scale fluctuations304

Stretched ε=-0.4% 

Relaxed ε=0% 

Buckled ε=+0.6% 

(a)  

(b)  
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-0.5 0 0.5 1 1.5 2-0.04

-0.03

-0.02

-0.01

0

0.01

0.02

τo τo

τo

τe

Down state Up state

Stretched ε<0 Relaxed ε=0 Buckled ε>εc
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Relaxed  
ε=0 

Stretched  
ε<0 

Geff 

hCM 

FIG. 2. (a) Schematics of the mean-field Gibbs free energy
Geff as a function of height center-of-mass, hCM, for a rib-
bon under stretched, unstrained, and buckled conditions. In
each well the center of mass oscillates with a period of τo =

2π
√

M
keff , whereM is the ribbon mass, keff = d2Geff

dh2
CM

∣∣∣
hCM=h∗

CM

is the effective spring constant, and h∗
CM is the hCM where

Geff is at a minimum. (b) Representative configurations of a
ribbon corresponding to three different compressive strains:
ϵ = −0.4% (stretched), ϵ = 0% (unstrained), and ϵ = +0.6%
(buckled). Recall that the critical strain for compressive buck-
ling under these conditions is quite small, ϵc = 0.05%. The
color represents the z-position of a node scaled to the range
−2a to +2a. Positions are visualized using OVITO soft-
ware [60].

along the x and y directions. Specifically, we assume305

that the height profile is constant along the y direction306

in Fig. 2(b). For a ribbon of width W0, this approach307

effectively treats the ribbon as a one-dimensional object308

but with modified W0-dependent elastic constants. By309

integrating out the in-plane phonons, the effective Gibbs310

free energy becomes [41]311

Geff [h] =
κW0

2

∫ Lϵ/2

−Lϵ/2

dx

(
d2h

dx2

)2

+
YW0

2Lϵ

[∫ Lϵ/2

−Lϵ/2

dx
1

2

(
dh

dx

)2
]2

− F

2

∫ Lϵ/2

−Lϵ/2

dx

(
dh

dx

)2

dx+Gpre[∆L],

(7)312

where Lϵ is the projected ribbon length corresponding to313

the strain ϵ and Gpre is the total prestress elastic energy314

stored during compression before buckling. Gpre is inde-315

pendent of the ribbon height profile and can be dropped.316

Within the mean-field approximation, the ribbon height317

is assumed to be smooth over scales larger than the ther-318
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mal length ℓth and double-clamped boundary condition is319

implemented. These two conditions can be approximated320

by a profile h(x) = hM

2

[
1 + cos

(
2πx
Lϵ

)]
. Upon using this321

height as an ansatz we obtain the effective Gibbs free322

energy from Eq. 7 [41]323

Geff [hM] =
π2YW0

4Lϵ
(ϵc − ϵ)h2

M +
π4YW0

32L3
ϵ

h4
M, (8)324

where ϵc = 4π2κ
Y L2

ϵc

is the critical strain for Euler buckling325

and Lϵc the associated projected length. Although this326

energy resembles the Landau theory of a critical point,327

note that ϵc (the analog of a critical temperature) de-328

pends on the system size. For ϵ > ϵc, there are two329

stable minima at hM = ± 2Lϵc

π

√
ϵ− 4κπ2

Y L2
ϵc

and one un-330

stable point at hM = 0, whereas for ϵ ≤ ϵc there is331

one stable minimum at hM = 0 (see Fig. 2(a)). To re-332

late this result to simulations, we use the center-of-mass333

midpoint hCM = 1
N

∑
i zi as a measure of the aggre-334

gate collective motion of all nodes. This simplification335

effectively treats the ribbon as a Brownian particle con-336

fined to a nonlinear potential. Henceforth we will write337

Eq. 8 and other derived quantities in terms of hCM using338

h2
CM ≡

(
1
Lϵ

∫ Lϵ/2

−Lϵ/2
h dx

)2

= 1
4h

2
M [41].339

Eq. 8 reveals that when ϵ ≪ ϵc the non-linearity340

can be neglected, and for small height deflections, hCM341

is expected to oscillate in a harmonic potential with342

a period τo = 2π/ωo, where we expect ωo is related343

to the total ribbon mass M by ωo =
√
keff/M and344

keff = d2Geff

dh2
CM

∣∣∣
hCM=h∗

CM

, where h∗
CM is the minimum345

shown on the right side of Fig. 2(a). From MD simula-346

tions, we indeed find that the hCM of a ribbon stretched347

at ϵ = [−0.2%,−0.3%] oscillates with a sinusoidal-like348

function around zero, as shown in Fig. 3(a). For the un-349

strained case, shown in Fig. 3(b), the oscillation appears350

to have a larger amplitude with a longer and irregular351

period compared to that of the stretched case.352

For large compressions, ϵ = [+0.2%,+0.6%], well353

above the critical buckling threshold ϵc = 0.05% of this354

particular system, the ribbon buckles out of the plane355

with an amplitude much larger than the unstrained and356

stretched cases (see Fig. 2(b)). It can be seen from357

Fig. 3(c) that hCM(t) of a buckled ribbon behaves like358

a two level system, and stays buckled either above or359

below the plane of zero-height with an amplitude much360

larger than the stretched/unstrained case for a long pe-361

riod of time before it flips to the opposite side (moves362

to the other minima of a double-well potential). Simi-363

lar thermally-assisted barrier crossings are also observed364

in single-clamped ribbons [61]. This characteristic time,365

which we will call the escape time (or residence time)366

τe, increases with increasing compression (see Fig. 3(c)).367

Notice also that when the ribbon stays within a local368

minimum, it oscillates with a much shorter time scale τo369

than the escape time τe, and with a smaller fluctuation370

amplitude (∼ 0.5a) relative to the buckling amplitude371

(∼ 2a).372

To summarize, the ribbon oscillates around a single373

minimum under stretched and unstrained conditions. Be-374

yond the buckling point, however, the ribbon switches375

between two minima with an escape time τe much larger376

than the oscillation period inside the wells. By build-377

ing on these observations and on our mean-field Gibbs378

free energy Eq. 8, we will now develop a framework that379

treats the ribbon midpoint as a Brownian particle con-380

fined in a double-well potential of which the strength of381

the quadratic term is controlled by the external strain382

(schematically shown in Fig. 2). In the next two sections,383

we develop a phenomenological theory of the dynamics in384

the limit of large compression and large stretching energy385

to explain these observations.386387

V. COMPRESSED RIBBON DYNAMICS388

In this section we focus on the dynamics of ribbons389

under compression above the Euler buckling point. We390

model the transition from the buckled up state to the391

down state as a rare event of a transition process over392

some energy barrier Ebarrier. We begin by discussing the393

thermally activated transition process of a system in a394

double-well potential. We then compare the molecular395

dynamics results with the theoretical predictions [62, 63].396

A. Escape time estimated from transition state397

theory398

The problem of escaping a barrier in a noisy environ-399

ment, such as a thermal bath, has been studied exten-400

sively since the late 1800s, when the well-known Arrhe-401

nius form for the escape rate was first formulated based402

on experimental data [64]403

R = ν0e
−Ea/kBT , (9)404

where ν0 is a prefactor related to an escape frequency405

and Ea denotes the activation energy. Soon after, sev-406

eral theories, summarized in Ref. [63], were developed,407

including Kramers’ seminal work [65] on incorporating408

coupling of particles to the heath bath (frictional force),409

which is missing in the Arrhenius formula. Kramers used410

a microscopic model of, say, a particle in a nonlinear411

double-well potential governed by Langevin equations, to412

formulate the transition rate. The transition rate in the413

intermediate-to-high damping regime is given by [62, 65]414

R =

[(
γ2

4M2
+ ω2

b

)1/2

− γ

2M

]
ωo

2πωb
exp

[
−Ebarrier

kBT

]
,

(10)415

where Ebarrier is the energy barrier, γ is the damping co-416

efficient, ωo ≡ (U ′′(xmin)/M)1/2 is the angular frequency417

in the metastable minimum, ωb ≡ (|U ′′(xb)|/M)1/2 is the418
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εc
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FIG. 3. Midpoint trajectory hCM(t) of a ribbon under (a)
stretched ϵ = [−0.3%,−0.2%], (b) unstrained ϵ = 0%, and (c)
buckled ϵ = [+0.2%,+0.6%] conditions at a fixed W0/ℓth =
8.5 (kBT = 0.05κ̂). The time t is in units of the MD time unit
τMD. For clarity the time domain is chosen differently in (c).
For stretched ribbons (a) hCM oscillates rapidly about the zero
plane with small amplitude. For unstrained ribbons (b) the
oscillation period increases and is irregular. Well beyond the
thermalized Euler buckling point ribbons stay buckled either
above or below the zero-plane for many oscillations before
switching to the other local minimum (up to down state and
vice versa). In (c) we see a dramatic increase in residence time
with increasing compressive strain. In a local minimum, hCM

fluctuates with a shorter period and with a smaller amplitude
relative to the transition (fluctuation over a barrier) dynam-
ics, indicating that hCM oscillates inside the local minimum
for many periods before escaping over the potential barrier.

angular frequency at the transition (unstable local max-419

imum), M is the particle mass, and U ′′(x) is the second420

derivative of a conservative potential U(x). Given that421

the dynamics of the collective motion, characterized by422

hCM(t), of the buckled ribbon and the effective free en-423

ergy, with both harmonic and quartic terms, is similar424

to escape over a barrier, we will first calculate the en-425

ergy barrier and then discuss the behavior in different426

temperature regimes.427

Since we work with relatively small strains, we assume428

a compressible stress σxx ≃ Y ϵ. We define a reduced429

additional compressive strain relative to critical buck-430

ling as δ ≡ ϵ−ϵc
ϵc

. In our previous work we found that431

the Gibbs free energy can be used to predict thermal-432

ized Euler buckling provided that we use the thermally433

renormalized elastic constants YR = Y (W0/ℓth)
−ηu and434

κR = κ(W0/ℓth)
η whenever W0/ℓth ≫ 1 [41]. Following435

the same approach, we use renormalized elastic constants436

to calculate Ebarrier, the temperature-dependent critical437

buckling ϵc = 4π2κR/(YRL
2
ϵc), and the maximum height438

hM =
2Lϵc

π

√
δ × ϵc. By inserting these renormalized val-439

ues into Eq. 10, we obtain the escape time τe ≡ R−1
440

τe = τp exp

[
8π4W0κ

2
Rδ

2

YRL3
ϵckBT

]
. (11)441

Here we introduce a prefactor time scale τp =442 {[(
γ2

4M2 + ω2
b

)1/2

− γ
2M

]
ωo

2πωb

}−1

, which is the inverse443

of the prefactor in Eq. 10. Note that to insure infre-444

quent transitions, Ebarrier/kBT ≫ 1 must be satisfied445

so that we obtain a separation of time scale condition446

τe ∝ exp[Ebarrier/kBT ] ≫ τo, τb, with τo ≡ 2π/ωo and447

τb ≡ 2π/ωb, being the characteristic times at the bottom448

of the well and at the saddle point, respectively. On us-449

ing the energy functional with the renormalized elastic450

parameters (Eqs. 5, 6 and 8) we can directly calculate451

the renormalized τo and τb, in terms of the areal mass452

density ρ, the ribbon length and the renormalized bend-453

ing rigidity κR,454

τRo = L2
0

√
ρ

4π2κRδ
, τRb = L2

0

√
ρ

2π2κRδ
. (12)455

Note that both these times diverge as δ → 0. Here456

we use Lϵ ≈ L0, as we are working with systems with457

large Föppl-von Kármán number vK number, and M =458

ρW0L0. Our numerical simulations confirm that Lϵc is459

approximately L0 and weakly dependent on T as long as460

L0 is smaller than the persistence length ℓp = 2κW0

kBT (see461

Appendix B). Note that when ℓp ≪ L0, the ribbon will462

behave like a 1D polymer [23]. In the low-temperature463

regime κR ≃ κ, we recover the L2
0 dependence of the oscil-464

lation period τo, a well-known result for doubly clamped465

beams [66, 67].466

Upon inserting κR = κ(W0/ℓth)
η into Eq. 12 to de-467

scribe the important intermediate temperature regime,468

we find τRo , τRb ∝ Lz
0 with z = 2−η/2. To the best of our469

knowledge, these deviations in the exponent away from470

the classical result have not been systematically inves-471

tigated in experiments τo ∝ L2
0 scaling in Ref. [13] and472

τo ∝ L0 in Ref. [15]–conclusions which bracket our result473

z = 2 − η/2 ≃ 1.6, presumably due to relatively larger474

error bars–nor in numerical simulations. We shall inves-475

tigate the exponent z and the power law scaling with T476

numerically in Sec. VII.477
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B. Escape time in different temperature regimes478

We first focus on the exponential term, which domi-479

nates the behavior for large δ. For convenience in our480

analysis, we write the term involving κ2/Y in terms of481

ℓ2th. In the classical low-temperature regime ℓth ≫ W0482

we use the bare elastic constants to obtain483

τe = τp exp

[
3πδ2

8

(
W0

Lϵc

)3 (
ℓth
W0

)2
]
. (13)484

In this regime the ratio between the energy barrier and485

the thermal energy depends on the cube of the aspect486

ratioW0/Lϵc and the square of ℓth/W0, yielding the usual487

Arrhenius-like behavior τe ∝ exp[Ebarrier/kBT ].488

In the high-temperature regime, however, we use the489

renormalized elastic constants κ = κ(W0/ℓth)
η, Y =490

Y (W0/ℓth)
−ηu , as well as the scaling relation 2η + ηu =491

2 [56], to obtain the escape time:492

τe = τp exp

[
3πδ2

8

(
W0

Lϵc

)3
]
. (14)493

Remarkably, and unlike the usual Arrhenius behavior,494

the exponential term in this case does not depend on495

temperature, but instead depends solely on the geometry,496

specifically as the cube of the aspect ratio.497

Now according to Eq. 10, the prefactor time τp depends498

on the temperature and strain: τp ≈ 2πγ
Mωoωb

for γ/M ≫499

ωb and τp ≈ M
γ

kBT
Ebarrier

for γ/M ≪ ωb. (Note that one500

cannot simply take the limit γ/M ≪ ωb in Eq. 10 to501

get the very low damping regime result. Kramers used a502

different formulation for this very low damping case [62,503

63, 65].)504

Turning now to the scaling with system size, tempera-505

ture, and relative compression, we find that in the high-506

damping regime ( γ
M ≫ ωb) the prefactor scales as:507

τp ∝

{
L 4
0 δ

−1 if W0/ℓth ≪ 1

L 4−η
0 δ−1T−η/2 ∼ L 3.2

0 δ−1T−0.4 if W0/ℓth ≫ 1.

(15)

508

Here we use η ≈ 0.8 and assume some fixed aspect ratio509

W0/L0, with W0 ≃ L0, and a fixed ribbon density. With510

the same assumptions, we can obtain the prefactor time511

scale τp ≈ M
γ

kBT
Ebarrier

at very low damping:512

τp ∝

{
L 2
0 δ

−2T if W0/ℓth ≪ 1

δ−2 if W0/ℓth ≫ 1.
(16)513

Thus, apart from the case of low damping and weak (sub-514

dominant) renormalization, τp shows either weak or no515

temperature-dependent behavior.516

Note that we expect Kramers’ result to be valid when517

energy barrier is larger than the thermal energy kBT .518

By taking the log of the escape time τe (either Eq. 14 or519

Eq.13), we see that the δ2 term (from the energy barrier)520

dominates the log δ term (from τp) for large δ. In the next521

section, we assume that τp is independent of δ for fitting522

the extracted escape time τe to either the high tempera-523

ture result Eq. 14 or the low temperature result Eq. 13.524

Since the exponential term dominates for large δ and τp is525

weakly dependent on T for the set of parameters used in526

our simulations, our analysis suggests that the rather in-527

triguing result that the escape time is controlled only by528

the geometry when W0/ℓth ≫ 1. In the low-temperature529

regime, however, we recover the usual Arrhenius behavior530

with geometry-dependent energy barrier.531

VI. MOLECULAR DYNAMICS RESULTS OF532

COMPRESSED RIBBONS533

We now turn to molecular dynamics data to test our534

thermally renormalized stochastic model of a double well535

potential, beyond the buckling transition. We will use536

relaxation times extracted from the autocorrelation func-537

tion τAC to approximate the escape time τe. Specifically,538

we calculate the discrete autocorrelation function of the539

average ribbon height hCM to quantify ribbon dynamics540

AhCM
(tj) =

1

(n− j)σ2

n−j∑
i=1

[hCM(ti+ tj)−µ][hCM(ti)−µ],

(17)541

where n is the number of observations in a single simu-542

lation run. The time offset is tj = j ×∆t and the sum is543

over a set of times ti = i×∆t with i = 1, n−j. Here and µ544

and σ2 are the mean and variance of hCM, respectively.545

In our simulation we choose ∆t = 10τMD. Given that546

successive jumps between the up and down states occur547

at random intervals (see Fig. 3(c)), we expect AhCM(t) to548

decay exponentially in time for sufficiently long time t549

AhCM(t) ∝ exp[−t/τAC], (18)550

where τAC is the autocorrelation time. We average551

AhCM
(t) over 10 independent runs and fit the data to552

an exponential function to extract τAC. While in prac-553

tice τAC may capture more than escape-over-a-barrier dy-554

namics (the longest relaxation time), we expect τAC will555

be dominated by the escape time τe, provided we run our556

simulations long enough to capture at least several rare557

flipping events; otherwise τAC will be on the order of the558

short-scale relaxation time inside the well. In App. C we559

use a different phenomenological theory to extract τe by560

filtering the up and down states; we still conclude that561

τe robustly increases with compression and temperature562

following Eqs. 13 and 14, at low and high temperature,563

respectively.564

Fig. 4(a) shows the rapid increase in τe with increas-565

ing compression at a set of temperatures with W0/ℓth =566

[24, 17, 12, 8.5, 0.3, 0.2]. At high temperatures (W0/ℓth >567

5) and sufficiently large δ2 we see that the slopes, the568
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FIG. 4. (a) Semi-log plot of average escape time, τe, in
units of the bare oscillation period at zero strain τo =
L2

0

√
ρ

2π2κ
, as a function of the square of the relative com-

pression, δ2 ≡
(

ϵ−ϵc
ϵc

)2

, at different temperatures such that

W0/ℓth = [24, 17, 12, 8.5, 0.3, 0.2]. Error bars were calculated
using the jackknife method [68]. For large enough compres-
sion (δ2 >∼ 50), so that Ebarrier ≫ kBT , and W0/ℓth > 5, we

see similar slopes approaching 3π
8

(
W0
L0

)3

, shown as a black

dashed line. For small values of W0/ℓth < 0.5, in contrast, the
slopes are higher. (b) Rescaled escape time, ln(τe/τp), where
τp is a fitted prefactor time (inverse attempt frequency), as

a function of 3πδ2

8

(
W0
Lϵc

)3

Θ[T ], where we use Θ[T ] = 1 for

W0/ℓth > 5 and Θ[T ] = (ℓth/W0)
2 for W0/ℓth < 0.5. The

black dashed-dotted line shows the y = x line, indicating
that the data, after appropriate rescaling, agree well with the
theoretical prediction. Note that in plot (b) τp is the only
adjustable fitting parameter. Inset shows a log-log plot of τp
as a function W0/ℓth.

coefficients in the exponent, are close to 3π2

8

(
W0

L0

)3

.569

Remarkably, this high-temperature result indeed indi-570

cates the temperature-independent ratio of the activa-571

tion energy to the thermal energy discussed in the pre-572

vious section. The slopes in the low-temperature regime573

(W0/ℓth <∼ 0.5), in contrast, increase systematically as574

the temperature drops. These two very different behav-575

iors are consistent with our earlier analyses based on a576

thermally renormalized double-well potential for the rib-577

bon height. To further test our theoretical predictions,578

we fit the high-temperature data (W0/ℓth > 5) to Eq. 14579

and the low-temperature data (W0/ℓth < 0.5) to Eq. 13580

using only τp as an adjustable fitting parameter. As we581

discussed in the previous section, here we assume that582

τp is independent of δ as the exponential of δ2 domi-583

nates for large δ. By rescaling τe with τp and δ2 with the584

appropriate temperature and geometrical terms, we are585

able to collapse all data onto a single curve, as shown in586

Fig. 4(b).587

The inset to Fig. 4(b) shows a log-log plot of the fitted588

prefactor time τp as a function of W0/ℓth. We see that,589

apart from the lowest temperatures, τp depends weakly590

on W0/ℓth. Fitting only the four high temperature data591

points (W0/ℓth > 5) we find τp = constant × T 0.03.592

This suggests that our data are better described by the593

low-damping case (see Eqs. 15 and 16). Kalmykov et594

al. provided an exact solution of the correlation time595

of a Brownian particle in a double-well potential involv-596

ing special functions [62, 69]. The approximate prefac-597

tor of [62, 69], however, still scales as 1/Ebarrier ∝ δ−2,598

which is still the same as the Kramers’ very low damping599

regime result. Our data in the small δ regime however600

do not show such behavior and we do not expect our601

phenomenological model based on Kramers’ result would602

work for Ebarrier ≪ kBT . Although a more refined theo-603

retical treatment for the prefactor of the escape time of604

the center-of-mass motion of a double-clamped ribbon is605

beyond the scope of our current work, we hope to inves-606

tigate the geometrical and temperature dependencies of607

this prefactor in the future.608

VII. STRETCHED AND UNSTRAINED609

RIBBON610

We now turn to the dynamics of a ribbon in the regime611

away from the threshold compressive force needed to pro-612

duce the Euler buckling transition, which includes both613

the stretched and the unstrained cases. Again we ap-614

proximate the center-of-mass dynamics of the ribbon as615

a Brownian particle confined in a potential. We first dis-616

cuss some key results, such as the analytical solution to617

the positional autocorrelation function within the Brow-618

nian particle approximation. The complete derivations of619

the solution of a Brownian particle in a harmonic poten-620

tial can be found in Refs [62, 70], and for completeness621

we provide key results in the App. A.622

In the limit of small deflection amplitude, and espe-623

cially in the large-stretching limit (so that the curvature624

at the parabolic minimum as a function of hCM is large),625

we can neglect the fourth order term in the potential,626

retaining only the harmonic term. With this simplifica-627

tion, the equations of motions for the ribbon midpoint628



9

become linear,629

dhCM

dt
= v630

dv

dt
= − γ

M
v − ω2

ohCM +
1

M
ξ(t), (19)631

where ωo = (keff/M)1/2 is the natural frequency, keff =632

2π2YRW0|ϵ−ϵc|
Lϵ

is the effective spring constant, M is the633

mass, and γ is the damping coefficient. The random force634

ξ(t) is a Gaussian process with zero mean and δ-function635

concentrated correlation function. One can solve the636

Langevin equations in frequency space and obtain the637

autocorrelation function of hCM by inverse Fourier trans-638

forming the spectral density of the midpoint dynamics639

ShCM
∝ |hCM(ω)|2. The time autocorrelation function of640

hCM for the model of Eq. 19 is given by641

AhCM
(t) = ⟨hCM(t′)hCM(t′ + t)⟩642

=
kBT

Mω2
o

e−
γ

2M t

[
cosωDt+

γ

2MωD
sinωDt

]
,

(20)

643

where the natural frequency is renormalized by damping644

is defined as ωD =
√
ω2
o − γ2/(4M2). Thus AhCM

(t) is645

an oscillating function with an exponential decay enve-646

lope. The damping time τdamp ≡ 2M
γ that appears in647

the exponential prefactor provides a phenomenological648

description of dissipation in the system.649

A. Molecular dynamics results650

We now present measurements of time autocorrelation651

function AhCM
(t) of hCM(t) from the simulations of a652

doubly clamped ribbon. Fig. 5 shows the average AhCM
653

after thermodynamic equilibrium is reached as a function654

of time t for stretched, unstrained, and compressed rib-655

bons at one representative temperature W0

ℓth
= 8.5 such656

that thermal fluctuations renormalize the bending rigid-657

ity; similar results are found for other parameter choices.658

For the stretched case AhCM
oscillates rapidly but decays659

rather slowly, whereas for the unstrained case AhCM
oscil-660

lates at a lower frequency but decays much faster. When661

the ribbon is compressed well above the critical buckling662

threshold, on the other hand, AhCM
displays a purely ex-663

ponential decay. These findings are consistent with the664

dynamics of hCM(t) itself shown earlier in Fig. 3.665

We next calculate the ribbon resonant frequency ωo666

from the parameters ωD and τdamp extracted by fitting667

the data to Eq. 20. Fig. 6(a) shows ωo/ωo as a function of668

the relative compression δ = ϵ−ϵc
ϵc

, where ωo ≡ 1
L2

0

√
8π4κ
ρ669

is the bare natural frequency of the unstrained ribbon670

without thermal fluctuations (T = 0, δ = −1). The671

increase of ωo with increasing tension is consistent with672

experiments in graphene resonators [13, 15]. Notice that,673

as expected, ωo/ωo ≃ 1 for the two lowest tempera-674
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εc
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FIG. 5. Autocorrelation of the midpoint AhCM as a func-
tion of time t for (a) stretched, ϵ = −2%, (b) unstrained,
ϵ = 0%, and (c) compressed ribbon, ϵ = +2%. The last strain
is above the buckling threshold, ϵc = 0.05% for our parame-
ter choices. Here the system is thermalized at W0/ℓth = 8.5,
so thermal renormalization of the elastic parameters is im-
portant. The circles represent MD data and the black line
represents the fitted line. For the stretched and unstrained
cases AhCM show oscillatory plus exponentially decaying be-
havior, following Eq. 20. For the buckled case, in contrast,
AhCM shows only exponential decay.

tures (W0/ℓth < 0.5). In contrast, at high tempera-675

tures (W0/ℓth > 5) ωo increases relative to its zero-676

temperature value, indicating a stiffening of the bending677

rigidity. Based on the earlier analysis we can use the678

predicted renormalized natural frequency at zero strain679

ωR
o ≃ 1

L2
0

√
8π4κR

ρ to rescale the data. Rescaling ωo with680

its renormalized value ωR
o yields a better data collapse681

for not too large |δ|, as shown in Fig. 6(b). This strategy682

provides an oscillation measurement route to measuring683

the stiffening of bending rigidity, a complementary ap-684

proach to critical buckling measurements [41, 43].685

Because τdamp also increases with increasing tension,686

the quality factor of the oscillating ribbonQ = τdampωo/2687

increases with increasing tension. Our simulation data688

suggest that energy dissipation is reduced for a stretched689

ribbon, consistent with experimental results for double-690

clamped graphene [13, 15].691
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We also note that we employ the NVT ensemble with692

Nosé-Hoover thermostat [51, 71], which does not have a693

fixed damping like Langevin dynamics simulations [72].694

In the NVT ensemble a dynamical term, physically inter-695

preted as a friction, is changing during the approach to696

thermal equilibration. Once thermal equilibrium at a tar-697

get temperature is reached, the dynamical friction goes to698

a finite value and its rate of change vanishes. Given our699

MD simulations setup, the Brownian particle, embodied700

in our mean-field description of a thermalized ribbon, is701

effectively coupled to a thermal bath (thermostat). Con-702

sistent with theoretical and numerical investigations of a703

beam coupled to Nosé-Hoover thermostat by Louhgha-704

lam et al. [73] (see App. D), we anticipate an effective705

damping to occur due to coupling between the doubly706

clamped ribbon and the thermal bath. This prediction707

of energy loss, associated with the damping term, is con-708

sistent with our MD simulation results. We note that709

our current investigation uses a fixed value of damping710

term following well-studied coarse-grained simulations of711

graphene [26, 40, 41] that match well the typical 2D ex-712

periments. The applicability of our theoretical model in713

a much different damping regime would require further714

investigation.715716

VIII. CONCLUSIONS717

Molecular dynamics simulations of the dynamics of an718

ultra-thin doubly clamped nanoribbon oscillator reveal719

rich dynamical behavior. Unlike cantilever geometries, in720

which stresses relax automatically to produce relatively721

simple scale-dependent elastic behaviors [29], isometrical722

constraints [74] embodied in double-clamping can lead723

to an effective tension, a buckling transition and other724

intriguing phenomena. Thermal fluctuations render the725

long-wavelength bending rigidity and 2D Young’s mod-726

ulus temperature scale-dependent with important impli-727

cations for the motion of the center-of-mass height and728

the two-state nature of the ribbon. The escape time of729

a ribbon clamped beyond the onset of thermalized Euler730

buckling grows with increasing compression, as the sys-731

tem must sample two degenerate minima separated by an732

increasing barrier height. At high temperatures, where733

thermal fluctuations are significant, the energy barrier734

for bistable buckled ribbons increases linearly with tem-735

perature, thus leading to an approximately temperature-736

independent Boltzmann factor governing the transition737

rate. This compensation in the barrier crossing process738

leads to a transition time in this two-level system that739

depends only on geometry, in sharp distinction to the740

low-temperature regime where the escape time increases741

with the usual Arrhenius-like behavior, τe ∝ eEbarrier/kBT .742

For a stretched ribbon we find that the natural an-743

gular frequency ωo and the quality factor Q increases744

with increasing tension, consistent with experiments [13–745

15]. Our theoretical work indicates that in the high-746

temperature regime the oscillation period scales with747
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FIG. 6. (a) The average angular frequency ωo obtained from
MD simulations, normalized by its zero-temperature theoret-

ical value at zero strain ωo ≡ 1
L2

0

√
8π4κ

ρ
, as a function of

δ = ϵ−ϵc
ϵc

. In the low-temperature regime W0/ℓth < 0.5 and

at zero strain (δ = −1), ωo/ωo ≃ 1. In contrast, in the high-
temperature regime W0/ℓth > 5, ωo at zero strain appears to
increase relative to its bare value. (b) Renormalizing ωo with
its thermally renormalized value ωR

o at zero strain produces
a better collapse, suggesting that the stiffening in bending
rigidity is reflected in the dynamics. Log of damping time
τdamp/τo (c) and quality factor Q = τdampωo/2 (d) as a func-
tion δ. Both τdamp and Q grow with further stretching.

ribbon size L0 and temperature T as τRo ∝ 1
ωR

o
∼748

L
(2−η/2)
0 T−η/4. This scaling with ribbon size L0 suggests749

that thermalized nanoribbons close to the buckling tran-750

sition, so that the ribbons are relaxed, behave as a system751

with a dynamical critical exponent of z = 2− η/2 = 1.6,752

assuming that the static critical exponent η is 0.8. Sev-753

eral experiments on doubly clamped graphene ribbons754

have shown either L2
0 [13] or L0 [15] scaling of the inverse755

of the natural frequency. These experimental results, of756

limited precision, bracket the exponent z = 1.6 found757

here. This scaling behavior could be tested by computa-758

tional and experimental work that systematically varies759

the system size whilst ensuring vanishing tension.760

In this context, we mention recent theoretical investi-761

gations of the dynamics of graphene with free and pinned762
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boundaries [35, 75], which is also motivated by exper-763

imental investigations [34]. Granato et al. argue that764

the time behavior of the mean-square displacement of765

height fluctuations, ⟨∆h(t)2⟩, at long and intermediate766

times, should not depend on the microscopic length [75].767

This argument, together with the scaling of elastic mem-768

branes, leads to ⟨∆h(t)2⟩ ∼ t
ζ

1+ζ with ζ = (1 − η/2) be-769

ing the roughening critical exponent, a static equilibrium770

quantity. Further dimensional analysis by Granato et al.771

suggests that the subdiffusive time scale of the mean-772

square displacement has the form τ ∼ L
2(1+ζ)
0 ∼ L4−η

0 .773

In a follow-up theoretical study of compressed graphene774

with pinned boundaries [75], Granato et al. found similar775

mirror buckling fluctuations to those found in molecular776

studies of graphene with an atomistic potential [34]. Our777

work concerns the dynamical exponent of different phys-778

ical quantities: (i) the characteristic oscillation time of779

the midpoint inside a minima τo ∼ L
2−η/2
0 and (ii) the780

characteristic prefactor time scale of the escape time with781

τp ∼ L 4−η
0 in the high-damping regime, with τp being in-782

dependent of system size in the low-damping regime.783

Our simulation results confirm that ωo increases with784

increasing temperature due to stiffening in bending rigid-785

ity, which is consistent with our theoretical model. Sev-786

eral experiments have shown that the natural angu-787

lar frequency ωo and the quality factor Q of graphene788

resonators indeed increases with decreasing tempera-789

ture [14, 15]. In contrast, other experiments on graphene790

resonators showed that the natural frequency increases791

with increasing temperature [52, 76]. Both sets of experi-792

ments conclude that frozen strains due to cooling/heating793

cycles could play an important role in altering the res-794

onant frequency. The strain, however, is not directly795

controlled in those experiments. Our simulations, in796

contrast, allow us to examine the temperature depen-797

dence of ωo while keeping the relative compression con-798

stant across different temperatures. We show that, for799

a fixed reduced stretching strain, ωo increases with tem-800

perature according to ωo ∼ T η/4, due to bending stiffen-801

ing above the temperature at which thermal renormal-802

ization effects take place. Another challenge requiring803

further study is the temperature-dependence of Q and804

ωo where the energy loss due to boundary effects, such805

as imperfect clamping and different thermal expansions806

across different materials which present in physical ex-807

periments [77, 78], is taken into account. Future investi-808

gations might include simulating a ribbon adhered to a809

substrate via an attractive microscopic potential as op-810

posed to the perfect clamping condition imposed in our811

current work.812

In summary, we have investigated the dynamics of813

the midpoint of doubly clamped nanoribbons at a wide814

range of temperatures. This work suggests that dynam-815

ical measurements may be used as an alternative way816

to study the unusual thermal renormalization of the un-817

derlying elastic constants. We hope that our work will818

encourage theoretical and experimental investigations of819

the non-trivial dynamical exponents of atomically thin820

ribbons of, e.g. graphene and MoS2. From a practi-821

cal standpoint, our findings are important for predicting822

the response of nanoactuators and non-linear mechanical823

nanoresonators operating at wide range of temperature824

and strain conditions.825
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FIG. 7. (a) Normalized spectral density ShCM(ω)/⟨x2
0⟩ as a

function of frequency ω and (b) correlation of position Cx(t)
as a function of time t for different values of γ/m.

In these Appendices we provide detailed derivations,847

supplementary molecular dynamics data, and a comple-848

mentary phenomenological theory describing the dynam-849

ics that are not included in the main text.850

Appendix A: Brownian particle in 1D harmonic851

potential852

We consider a Brownian particle of mass m allowed853

to move in the x direction and confined in a harmonic854

potential V (x) = kx2/2. This model is used to approx-855

imate the center of mass hCM of an unbuckled ribbon856

well below the threshold for the Euler buckling transi-857

tion, although the fourth order quartic term will lead to858

some corrections to the results in this Appendix (see our859

our coarse-grained Gibbs free energy). The equations of860

motions are given by861

dx

dt
= v (A1)862

dv

dt
= − γ

m
v − ω2

0x+
1

m
ξ(t), (A2)863

where ω2
0 = k/m defines the oscillator frequency associ-864

ated with the harmonic potential at x = hCM = 0 for865

the ribbon. The random force ξ(t) is a Gaussian process866

with zero mean and correlation function proportional to867

δ-function868

⟨ξ(t)⟩ = 0, ⟨ξ(t)ξ(t′)⟩ = 2γkBTδ(t− t′). (A3)869

Upon Fourier transforming the Langevin equa-870

tions(Eqs. A1 and A2) to the frequency domain871

− iωx(ω) = v(ω) (A4)872

− iωv(ω) = − γ

m
v(ω)− ω2

0x(ω) +
1

m
ξ(ω), (A5)873

and upon solving the equations above we obtain874

x(ω) =
1

m

ξ(ω)

ω2
0 − ω2 − i γ

mω
. (A6)875

It is useful to study the amplitude of x(t) in frequency876

space to understand the dynamics. A closely related877

and commonly measured quantity in signal processing878

and studies of Brownian motion is the spectral density879

Sx(ω) ∝ |x(ω)|2:880

Sx(ω) =
1

m

⟨|ξ(ω)|2⟩
|ω2

0 − ω2 − γ
m iω|2

(A7)881

=
2γkBT

m2
[
(ω2

0 − ω2)2 + γ2

m2ω2
] .882

From the equipartition theorem we expect ω2
0⟨x2

0⟩/2 =883

kBT/2. We can normalize Sx(ω) by inserting ⟨x2
0⟩ =884

kBT/(mω2
0). We plot Sx

kBT/(mω2
0)

(Eq. A8) as a function885

of ω for a fixed ω0 = 1 and different values of γ/m, kBT in886

Fig. 7(a). Similarly, by inverting the Fourier transform,887

we can calculate the position autocorrelation function888

Cx(t) =
1

2π

∫ ∞

−∞
dωe−iωtSx(ω) (A8)889

=
γkBT

πm2

∫ ∞

−∞
dωe−iωt 1[

(ω2
0 − ω2) + γ2

m2ω2
] (A9)890

=
kBT

mω2
0

e−
γ

2m t

[
cosω1t+

γ

2mω1
sinω1t

]
, (A10)891

where ω1 =
√
ω2
0 − γ2/(4m2) is the damped natural fre-892

quency. Cx(t) is an oscillating function with exponential893

decay. The solution for the x-autocorrelation functions894

Cx(t) for different values of γ/m are plotted in fig. 7(b).895

Appendix B: Temperature behavior of critical896

buckling length897

For a large vK number, the critical buckling strain898

ϵc ∝ κ/Y L2
0 is generally very small. Hence, the projected899

critical buckling length should be close to the undeformed900

zero-temperature (rest) length L0. From MD simulations901

we indeed find that Lϵc weakly depends on T as long as902

the ribbon length is smaller than the persistence length903

ℓp = 2κW0

kBT , as shown in Fig. 8.904
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FIG. 8. The projected length Lϵc at the critical buckling
strain as a function of W0/ℓth. Lϵc is weakly dependent on
temperature when L < ℓp.

Appendix C: Three-state model and residence time905

estimation906

In the main text we use Kramers’ result to describe the907

escape time. Here, we develop a three-state model as a908

complementary theory to describe the ribbon dynamics909

above the critical buckling. Suppose that we only have910

three possible states (Up, Down, and Flat) with energies911

E[±|hCM|] = −Ebarrier and E[0] = 0. The probability of912

being in a given state is proportional to the Boltzmann913

factor, and the probability of being in the up state is914

given by915

P (+hCM) =
exp[Ebarrier/kBT ]

1 + 2 exp[Ebarrier/kBT ]
. (C1)916

In simulations we can relate this probability to time as917 ∑
P (E) = 1 and

∑
τ(E)/T = 1 in the limit T → ∞.918

We can then estimate the ratio between the total time in919

the up- and down-states and the time in the flat state to920

be921

Rτ =

∑
τup + τdown∑

τflat
∝ 2 exp[Ebarrier/kBT ], (C2)922

where Ebarrier is given in the main text.923

In two different temperature regimes separated by924

thermal length ℓth, the time ratio Rτ is given by925

Rτ ∝

 exp
[
3πδ2

8
W0ℓ

2
th

L3
ϵc

]
if W0 ≪ ℓth,

exp
[
3πδ2

8
W 3

0

L3
ϵc

]
if W0 ≫ ℓth,

(C3)926

We first test this relation for systems with W0 > ℓth927

(semi-flexible regime). We expect log(
τup+τdown

τflat
) =928

slope × δ2 + c, where the slope is obtained from theory929
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FIG. 9. Midpoint hCM as a function of time in units of 10τMD

at a strain (a) above the buckling transition with δ = 6.8 and
(b) above but closer to the buckling transition with δ = 2.6.
Well above the buckling transition, the ribbon spends most of
its time in either the up or down state. In contrast, close to
the buckling point the ribbon transitions from the up to the
down state more frequently, and so spends its time in the up,
down, and flat state more equally. The system shown here is
thermalized at W0/ℓth ∼ 8.5.
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The slope is close to one, consistent with the theoretical pre-
diction.



14(
W0

Lϵc

)3
3π
8 ∼ 0.01. To extract τ we use a height thresh-930

old hc = hmax/3 and define an up- or down-state when-931

ever |hCM| > hc. Fig. 9 shows the midpoint hCM as a932

function time for a ribbon well above the buckling tran-933

sition and close to the buckling transition. Well above934

the buckling transition, the ribbon spends most of its935

time in either the up or down state. Close to the buck-936

ling transition, in contrast, the ribbon switches from the937

up to the down state more frequently, and so the rib-938

bon spends its time in the up, down, and flat state more939

equally. Fig. 10 shows the time ratio Rτ =
∑

τup+τdown∑
τflat

940

as a function of 3πδ2/8(W0/ℓth)
3. Close to the buckling941

transition
τup+τdown

τflat
∼ 2, which suggests that all three942

states are equally probable. Since Ebarrier = 0 at the943

transition, all three states are equally probable. From944

simulations we find that the slope is close to the an-945

alytical prediction. Note we could model the buckling946

problem as two states only (Up, Down). One can com-947

pute the cumulative probability distribution of the res-948

idence times and calculate the integrated survival time949

as a measure of the escape time. As shown in Ref. [79],950

the integrated survival time τsurv is proportional to the951

autocorrelation time (τAC ∼ 0.5τsurv) as the autocorre-952

lation time is related to the slowest mode of interest.953

This three-state model is used as a complementary theory954

showing how the activation energy becomes renormalized955

for W0/ℓth ≫ 1, with the advantage that no prefactor is956

needed.957

Appendix D: Nosé-Hoover Beam Theory958

In the main text we developed a mean-field model959

that treats the many connecting nodes of a ribbon as960

a one-dimensional problem. This problem is equivalent961

to beam theory, however, with renormalized elastic con-962

stants. Our molecular dynamics simulations were carried963

in a canonical (NVT) ensemble where number of particles964

N , volume V and temperature T are fixed. Within this965

ensemble we used the Nosé-Hoover thermostat [51, 71]966

implemented in HOOMD-blue [50]. Thus, we need to add967

a thermal bath to our mean-field model in order to ex-968

plain the observed quantities, such as height oscillations.969

In this appendix we provide derivations of the equation970

of motion for a beam coupled to a thermal bath, first de-971

rived in Ref [73]. Note that here we followed the notation972

in Ref [73].973

In a microcanonical (NVE) ensemble number of par-974

ticles N , volume V and energy are conserved. The La-975

grangian, the difference between the kinetic and the po-976

tential energy, of a beam in the absence of an external977

force is given by978

Lbeam =

∫ [
1

2
ρAḣ2 − 1

2
EI(h′′)2

]
dx, (D1)979

where ρ is the density, h(x) is the height deflection, A980

is the beam cross section, EI is the bending stiffness,981

h′ = ∂h/∂x and ḣ = ∂h/∂t. Note that the quartic982

term is not included, unlike our mean field model for983

a clamped ribbon. Using the Euler-Lagrange equation984

resulting from Eq. D1, we obtain the equation for un-985

damped motion of a beam in the NVE-ensemble986

− ∂

∂t

(
∂Lbeam

∂ḣ

)
+

∂2

∂x2

(
Lbeam

∂h′′

)
= 0 (D2)987

⇒ ρAḧ+
∂2

∂x2
EIh′′ = 0. (D3)988

In a canonical ensemble the system, which in this case989

is the beam, is in contact with a thermal bath with a990

reference temperature Tref . The extended Lagrangian is991

L = Lbeam+Lbath. In the Nosé-Hoover thermostat, a fic-992

titious massQ > 0 of dimensionML2 and its velocity ζ of993

dimension time−1 are introduced [51, 71]. The bath po-994

tential energy is RTref ln(s), with s being the generalized995

coordinate and R the product of the Boltzmann constant996

and the number of degrees-of-freedom. The generalized997

coordinate s and the velocity ζ are related by998

ζ =
ds

dτ
s =

dτ

dt
, (D4)999

where ζ determines the heat exchange between the beam1000

and the bath and s is the stretch in time between the1001

time of the beam, t, and the time of the bath τ . The1002

bath Lagrangian is1003

Lbath =
Q

2
ζ2 −RTref ln(s). (D5)1004

Before moving further we first relate the time derivatives1005

∂s

∂t
= ζs (D6)1006

ḣ = s
∂h

∂τ
(D7)1007

ḧ = s
∂

∂τ

(
s
∂h

∂τ

)
= s2

∂2h

∂τ2
+ sζ

∂h

∂τ
(D8)1008

By change of variables we can write the extended La-1009

grangian in the extended time scale s1010

L =

∫ L

0

[
ρAs2

2

(
∂h

∂τ

)2

− EI

2

(
∂2h

∂x2

)2
]
dx+

Qζ2

2
−RTref ln(s).

(D9)1011

As earlier, we obtain the equation of motion by using1012

Euler-Lagrange equation1013

− ∂

∂τ

(
∂L

∂(∂h/dτ)

)
+

∂2

∂x2

(
L
∂h′′

)
= 0 (D10)1014

⇒ ρA

(
s2

∂2h

∂τ2
+ 2ζs

∂h

∂τ

)
+

∂2

∂x2
EIh′′ = 0. (D11)1015

We can use Eqs. D6, D7 and D8 to rewrite the equation1016
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of motion in the real time (t)1017

ρAḧ+ ρAζḣ+
∂2

∂x2
EIh′′ = 0. (D12)1018

Notice that this is similar to the undamped case Eq. D31019

but now we have a new damping term ∝ ζḣ, which is1020

similar to the friction term in Langevin dynamics. Using1021

the Euler-Lagrange equation we obtain the equation for1022

the evolution of ζ:1023

ζ̇ =
d

dt

(
∂ ln(s)

∂t

)
=

RTref

Q

(
T (t)

Tref
− 1

)
. (D13)1024

As T/Tref → 1 the friction term ζ tends to a constant,1025

indicating equilibrium.1026

In summary, we have shown that coupling a beam to1027

a thermal bath results in an effective damping. The con-1028

sequences of the mean-field theory with coupling to the1029

bath is consistent with our simulation, given that we use1030

Nosé-Hoover thermostat for the NVT molecular dynam-1031

ics simulations. This damping (energy loss) is observed1032

in our simulation data, which is characterized by a de-1033

caying oscillation of the positional correlation function in1034

the stretched ribbon case and in a purely decaying behav-1035

ior of the positional correlation function for the buckled1036

case.1037
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man, and K. Bertoldi, Nature 592, 545 (2021).1065

[11] V. B. Braginsky, V. Mitrofanov, V. I. Panov, and1066

C. Eller, Systems With Small Dissipation (University of1067

Chicago Press, 1985).1068

[12] M. Dykman, Fluctuating nonlinear oscillators: from1069

nanomechanics to quantum superconducting circuits (Ox-1070

ford University Press, 2012).1071

[13] J. S. Bunch, A. M. Van Der Zande, S. S. Verbridge, I. W.1072

Frank, D. M. Tanenbaum, J. M. Parpia, H. G. Craighead,1073

and P. L. McEuen, Science 315, 490 (2007).1074

[14] A. M. v. d. Zande, R. A. Barton, J. S. Alden, C. S.1075

Ruiz-Vargas, W. S. Whitney, P. H. Pham, J. Park, J. M.1076

Parpia, H. G. Craighead, and P. L. McEuen, Nano letters1077

10, 4869 (2010).1078

[15] C. Chen, S. Rosenblatt, K. I. Bolotin, W. Kalb, P. Kim,1079

I. Kymissis, H. L. Stormer, T. F. Heinz, and J. Hone,1080

Nature nanotechnology 4, 861 (2009).1081

[16] B. Alemán, M. Rousseas, Y. Yang, W. Regan, M. Crom-1082

mie, F. Wang, and A. Zettl, physica status solidi (RRL)–1083

Rapid Research Letters 7, 1064 (2013).1084

[17] C. Chena, D. H. Zanette, D. A. C. S. Shaw,1085
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