H e A ey
N ew jo u r n a I of P h ys Ics Deutsche Physikalische Gesellschaft q) DPG I0P Institute of Physics @ Gt cenc

The open access journal at the forefront of physics

PAPER « OPEN ACCESS You may also like

. . . . - Tailoring cavity coupled plasmonic
Effect of polarimetric nonregularity on the spin of Subsizaits for SERS applaions
Jagathpriya L M, Jayakumar Pillanagrovi

three-dimensional polarization states and Shourya Dutta-Gupta

- The SAMI Galaxy Survey: Kinematics of
. X X ; X Stars and Gas in Brightest Group
To cite this article: José J Gil et al 2021 New J. Phys. 23 063059 Galaxies—The Role of Group Dynamics
Mojtaba Raouf, Rory Smith, Habib G.
Khosroshabhi et al.

- The theory of curves in differential
geometry from the viewpoint of the theory
of functions of a real variable
Yu G Reshetnyak

View the article online for updates and enhancements.

This content was downloaded from IP address 155.210.59.203 on 21/03/2025 at 12:56


https://doi.org/10.1088/1367-2630/abd9e5
/article/10.1088/1361-6528/acd4c7
/article/10.1088/1361-6528/acd4c7
/article/10.3847/1538-4357/abd47d
/article/10.3847/1538-4357/abd47d
/article/10.3847/1538-4357/abd47d
/article/10.1070/RM2005v060n06ABEH004286
/article/10.1070/RM2005v060n06ABEH004286
/article/10.1070/RM2005v060n06ABEH004286

10P Publishing

® CrossMark

OPEN ACCESS

RECEIVED
5 November 2020

REVISED
21 December 2020

ACCEPTED FOR PUBLICATION
8 January 2021

PUBLISHED
18 June 2021

Original content from
this work may be used
under the terms of the
Creative Commons

Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the
title of the work, journal
citation and DOL.

New J. Phys. 23 (2021) 063059 https://doi.org/10.1088/1367-2630/abd9e5

Published in partnership
with: Deutsche Physikalische
Gesellschaftand the Institute
of Physics

Deutsche Physikalische Gesellschaft @ DPG

New Journal of Physics

The open access journal at the forefront of physics 10P Institute of Physics

PAPER

Effect of polarimetric nonregularity on the spin
of three-dimensional polarization states

José J Gil"*

1

and Tero Setala’

Department of Applied Physics, University of Zaragoza, Pedro Cerbuna 12, 50009 Zaragoza, Spain
2 Institute of Photonics, University of Eastern Finland, P. O. Box 111, FI-80101 Joensuu, Finland

3 Photonics Laboratory, ETH Zurich, CH-8093 Zurich, Switzerland

* Author to whom any correspondence should be addressed.

, Ari T Friberg’, Andreas Norrman®’

E-mail: ppgil@unizar.es

Keywords: polarization, spin, nonregularity, characteristic decomposition, degree of circular polarization

Abstract

While the spin of two-dimensional polarization states admits a simple representation, its physical
interpretation for three-dimensional (3D) mixed polarization states requires a more involved
analysis. In this work, we address the spin structure of the electric field of a general 3D polarization
state by taking advantage of the characteristic decomposition and the recently introduced notion
of nonregularity associated with 3D states. We show that a nonregular polarization state
necessarily has an additional spin component due to the state’s genuinely 3D nature, and both the
orientation and magnitude of the spin are regulated by the degree of nonregularity. The results
provide new physical insight into partially polarized evanescent and tightly focused light fields in
which strong nonregular character has recently been demonstrated.

1. Introduction

The advances in nanotechnologies and near-field phenomena, in which light-matter interactions involve
exchanges of angular momentum mainly via electric transitions, require the best understanding of the spin
of the electric field of three-dimensional (3D) mixed polarization states, beyond the usual two-dimensional
(2D) representation of the spin of light. As usual in related works, we use the term genuine 3D polarization
state to refer to those states whose electric field vector at the point considered fluctuates in three orthogonal
spatial directions in any reference frame, while 2D polarization states are characterized by the fact that the
polarization ellipse fluctuates in a fixed plane. From a quantum point of view, polarization states are
necessarily genuine 3D states due to the uncertainties affecting the Stokes parameters [1]. For short time
intervals, the polarization ellipse classically remains stable, but usually the measurement time exceeds the
polarization time [2, 3] and the underlying randomness leads to fluctuations affecting, in general, both the
orientation and the shape of the polarization ellipse. Thus, even from a classical point of view, a complete
characterization and interpretation of polarization requires a 3D representation. This important area of
physics has therefore received a great deal of attention in recent years [4—12].

When dealing with monochromatic light, the concept of spin of the electric field is conventionally
derived from the helicity of photons, i.e. the projection of the intrinsic angular momentum on the
propagation axis [13]. As suggested by Poynting [14] and experimentally observed by Beth [15], the
intrinsic angular momentum of a fully polarized beam-like electromagnetic wave, at a given point in space,
is determined by the amount of circular polarization associated with the polarization state. Such an
intimate relation between intrinsic angular momentum and circular polarization is also known to hold in
the case of random light, both in 2D and in 3D, for which the degree of circular polarization is obtained
from the imaginary part of the corresponding polarization matrix [5].
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In this work, we analyze the structure of the spin (intrinsic angular momentum density vector) of a
quasimonochromatic electric field in a general 3D partially polarized state. We make use of the
characteristic decomposition [7], which is the 3D analogue of the traditional (unique) division of the 2D
polarization matrix into its polarized (pure) and unpolarized constituents. Besides the fully polarized and
unpolarized contributions, the characteristic decomposition contains a 3D partially polarized component.
We call it the discriminating component since it identifies whether the 3D polarization state is regular or
nonregular [16]. Both spin and nonregularity are intrinsic properties of the polarization state, with
nonregularity being a signature of the genuinely 3D character of the state [16—18]. We demonstrate that
unlike with 2D states, for which the spin originates solely from the pure component, for 3D polarization
states the spin may arise from the fully polarized component as well as from the discriminating component
and the latter contribution is specified by the state’s degree of nonregularity [17]. In other words, it is
shown, for the first time, that nonregularity involves a precise way to measure the features of 3D states with
respect to its spin.

While a number of works deal with the concept of spin of monochromatic fields and its transverse
features linked to the change of the polarization ellipse plane from point to point over a spatial region
[19-24], the present work is focused on the spin of the electric field of a 3D polarization state (thus
corresponding to a fixed point in space) and its essential and fundamental link to the recently introduced
notion of degree of nonregularity of such a state. The internal spin structure of nonregular polarization
states provides new physical insight into complex light fields in modern photonics applications involving
nonparaxial light fields. For instance, an evanescent wave created by a partially polarized or unpolarized
plane-wave field in total internal reflection is necessarily in a nonregular 3D polarization state [18]. In
addition, recent findings show that a tightly focused vectorial beam can exhibit strong nonregular character
in the focal region [25]. We emphasize that while the 3D polarization matrix could be decomposed in
several ways, the characteristic decomposition is unique for assessing the effect of nonregularity to the total
spin of a genuine 3D polarization state.

2. Concept of spin of a 3D polarization state

The polarization matrix R (also called coherency matrix) has the structure of a covariance matrix of the
zero-mean electric field components and fully determines the second-order polarization properties of a
random electromagnetic field at a fixed point in space [26]. Therefore, the electric spin of arbitrary
polarized light should be stated in terms of the elements of R. The general expression of R in terms of the
fluctuating analytic signals €, (), £,(¢), £3(t) representing the quasimonochromatic electric field
components (with respect to a given coordinate system XYZ) and defining the instantaneous 3D Jones vector
£ (t) = (e1(t),e2(t), 5(t))T [7] (T indicates transpose) is given by

(eil) (eigs)  (ee})
R=(e@el) = [ (02e]) (o) (e253) |- (1)
(e367)  (ese3)  (les)

Above, @ stands for the Kronecker product, superscript T represents conjugate transpose, and the brackets
() indicate time average over the measurement time [2, 3]. The intensity, defined as I = tr(R) with tr
denoting matrix trace, is invariant under changes of the Cartesian reference system and provides a measure
of the average power of the electric field of the electromagnetic wave at the point considered.

In the case of a pure (fully polarized) state, for which the field components are totally correlated, the
spin angular momentum is determined from the Stokes parameter s; describing circular polarization. Its
intensity-normalized version, $3 = s3 /I, a dimensionless physical quantity, is precisely the degree of circular
polarization [13, 26, 27]. For a pure state the spin vector is given by n, = Im(&* x ¢), where ¢ is the
(time-independent) 3D Jones vector of the associated electric field. Examples of this are strictly
monochromatic fields [19, 28, 29]. The magnitude of n, is the corresponding s3. For light in an arbitrary
mixed state, the electric-field spin vector n is obtained by averaging over time, and the related spin density
vector is given by

n Im(e*xeg) 1 (e3€3) — (e322) —1Im 3
n= 7 = f = T Im | — <€TE3> + <€§51> = — Im 73 , (2)
(e1€2) — {e3e1) —Im

where r;; (z] = 23,13, 12) are the off-diagonal elements of the polarization matrix R. The characteristics of
the pseudovector (or axial vector) n [5] follow from the fact that it is defined through a vector product.
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In this work we analyze the spin structure and its mathematical representation of such general 3D
partially polarized states. For this purpose, let us first elaborate a pure state and its representation by means
of the associated polarization matrix R,. The fact that the state is pure is fully characterized by the property
rank (Rp) = 1, so that the polarization ellipse related to R, is well defined and lies in a fixed plane IL.

For the sake of clarity, let us now consider the simpler mathematical expression for R, with respect to its
intrinsic coordinate system XoYoZo [26], which is defined such that the axes Xo and Y determine the plane
IT and they coincide with the directions of the major and minor axes of the polarization ellipse, respectively,
while the axis Zg is orthogonal to plane II, see figure 1. The most general form of the intrinsic polarization
matrix of a pure state is [26]

So+8  —is3 0
R0 = 2 is3 S5—35 0], (3)
0 0 0

where 5o, 51, 53 are the intensity-normalized 2D intrinsic Stokes parameters of the pure state [30]. Recall, in
passing, that the 3D Stokes parameters also exist and are customarily defined as the (real) expansion
coefficients when R is expressed in terms of the eight Gell-Mann matrices and the identity matrix

[5, 6, 11, 31-35]. In addition, through a specific rotation of the reference system (the one that diagonalizes
the real part of R) a complete set of six meaningful 3D intrinsic Stokes parameters emerge [26, 30]. These
quantities have direct physical interpretations as the intensity of the state, the degree of linear polarization,
the degree of directionality (a measure of the stability of the fluctuating plane containing the polarization
ellipse), and the three components of the spin vector of the state with respect to its intrinsic reference
frame.

Concerning the intrinsic representation of a pure state in equation (3), note that since the axis Xo has
been taken along the major axis of the polarization ellipse, the state R,y exhibits zero azimuth and therefore
5, = 0. We also remark that, in general, 5, and 5, depend on the reference frame but the parameters §y and 53
do not. Observe that the lack of symmetry of R,o is due to its imaginary off-diagonal elements, which carry
the entire information on the chirality of the pure polarization state. Therefore, the spin density vector no
of the state R, is given by np = (0,0, 33)T. As before, here the term density refers to the
intensity-normalized spin vector of R,o. The magnitude of ng is [fip| = |33 and its direction coincides with
that of the Zy axis, with positive s3 > 0 (negative s3 < 0) sign for right-handed (left-handed) polarization
ellipses.

When an arbitrary reference coordinate system XYZ is considered, the polarization matrix R, of the
pure state is given by a similarity orthogonal transformation R, = QRPOQT, with QT = Q 7!, detQ = +1
(see figure 1). The real and imaginary parts of the polarization density matrix ﬁp = R, /I transform
independently [5] in the following manner

ﬁp = Reﬁp+ilmﬁp,

S+&% 0 0
Ref{szE 0 %-%& 0]Q~
0 0 0 (4)
A L [0 % 0 [0 s
ImR, =Q= [ 0 0 QT:E 0 —i |,
0 0 0 —, om0

where Re ﬁp is a symmetric real valued matrix (thus with zero spin), while the skew-symmetric matrix
Im ﬁp contains exclusively the information on the spin density vector of the state by means of its three
components with respect to XYZ. Comparing with equation (2), the spin density vector of R, is found to be
n = (g, 1y, 713) 7 with magnitude |3;], while the spin vector is n = In. The explicit expression for Q in terms
of three angles that determine the corresponding rotation from XoYoZp to XYZ can be found in [36].

The incoherent composition, at a given point O in space, of a set of pure polarization states Ry;
(i=1,...,N) whose polarization ellipses lie in different respective planes (namely II, IT, ... , see figure 2),
requires that all states are represented with respect to a common 3D reference frame XYZ. The resulting
polarization matrix R (referenced with respect to XYZ) is given by the sum of the polarization matrices of
the pure components, so that such a sum can be performed separately for the corresponding real and
imaginary parts, that is,

N
ReR = ReRy, (5)

i=1
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Figure 1. Representation of the polarization ellipse of a pure state with respect to its intrinsic coordinate system XoYoZo and
with respect to an arbitrary frame XYZ. The plane XY, contains the polarization ellipse, while the spin density vector lies along
the Z axis.

Figure 2. Two pure states that have their respective polarization ellipses lying in different planes IT and II are incoherently
superposed at a point O. The calculation of the polarization matrix of the mixed state in an arbitrary Cartesian reference system
XYZ is given by the sum of the polarization matrices of the components, all of them represented with respect to the common
system XYZ.

N N
0 —Z 13 Z Ma;
N N i=1 =l
ImR =% ImRy=_ | > ny 0 =) mi|. (6)
i=1 i:]}] N i=1
—Z i Z mi 0
i=1 i=1

Consequently, n(R) = > n (Ry;), showing that, from a classical point of view, the spin vector of a partially
polarized 3D state is the vector sum of spin vectors of its pure polarization components. Note that, since the
constituent states can have different intensities, we here add the spin vectors and not the spin density
vectors. We also remark that Im R in equation (6) can at once be expressed in terms of the second-order
moments of the fluctuating electric field components via equation (1).

3. Characteristic components of a 3D polarization state

To gain insight into the structure of the spin of a general 3D partially polarized state and especially to
connect the spin to the nonregularity of the state, let us next consider some useful properties of the
polarization matrix R, which can always be expressed by means of its characteristic decomposition [7, 8]

R:I[Plﬁp‘i‘(Pz_P])f{m'i_(l_PZ)liu—3D:|) (7)
R, = Udiag(1,0,0)U" = &, @ i, (8)
o 1. T N
R, = EUdlag(l,l,O)U =3 (u1 ®@u) + ®u2), )
R 1
R,_sp = 31' (10)
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The notations in these expressions should be interpreted as follows: U is the unitary matrix that
diagonalizes R, u; (the columns of U, taken in decreasing order of their respective eigenvalues) are the unit
eigenvectors of R = R/I (i.e. the 3D Jones vectors of the polarization eigenstates), and I is the 3x 3 identity
matrix. In addition, P; and P, are the so-called indices of polarimetric purity (IPP) [4, 37], defined in terms
of the eigenvalues of R as

Pi=XA—\, (11)

P, =1—3\;. (12)

Because of the normalization, the eigenvalues add up to one, M+ X+ =1,and they are taken in
decreasing order, )\1 > )\2 > )\3 > 0, whereby the IPP satisfy 0 < P; < P, < 1. The matrices Rp and Ru 3D
represent pure and 3D unpolarized states, respectively, whereas R, is the discriminating component (see
below).

Concerning the physical parameters associated with R that are invariant under rotations of the
coordinate system, the quantitative information on the structure of polarimetric randomness of R expressed
by the IPP above is complemented by the qualitative information provided by the three components of purity
of R (hereafter CP), two of which are the degree of linear polarization P; and the degree of directionality P,.
These are specified in terms of the nonnegative eigenvalues a; > a, > as of Re R as [26]

Pr=a; — a, (13)

Py=1—3a;. (14)

The third CP, the degree of circular polarization P., on the other hand is specified by Im R. It is explicitly
given by the absolute value |fi| of the spin density vector i of the state R [26] [see also equations (2) and
(4)], which is directly linked to the Frobenius norm ||[ImR|[, of ImR, i.e.

P. = [a] = V2| ImR|,. (15)

Although it may appear natural, it is quite remarkable that the physical equality of P, and || holds not only
for the conventional 2D states but also for general 3D mixed polarization states.

4. Discriminating component and nonregularity

A state R is said to be regular when P, = P, or when the discriminating component R,, in equation (7)
represents a 2D unpolarized state (i.e. a state whose electric field evolves fully randomly in a fixed plane)
[16]. When P, = P, holds, the only characteristic components of R in equat1on (7) are Rp and R,_;p and
all polarimetric anisotropies [38] are concentrated in the pure component R In general, 3D states are
nonregular and a measure of the distance to regularity is given by the degree of nonregularity Py of R [17].
This quantity can be defined in terms of the IPP of R and the absolute value |n,,| of the spin density vector

n,, ofﬁm as [17]
Py = (P, — P) (1—\/1—4ﬁm2>. (16)

Observe that nonregularity (Py > 0) entails the simultaneous conditions P, # P; and |A,,| # 0. In
particular, the link in equation (16) between the degree of nonregularity of R and the spin of R,, indicates
that, provided P, # P;, a 3D polarization state is nonregular if the discriminating component has nonzero
spin and vice versa. In addition, with fixed IPP Py increases with increasing magnitude of the spin of R,,,.

Notice also that the degree of nonregularity Py, of the discriminating state is Py, = 1 — /1 — 4 |fi,,|*
[17], so that Py = (P, — P1) Pnm- The fact that the discriminating component of a nonregular polarization
state necessarily carries spin is an important result of this work. The contribution of this spin to the total
spin of the state will be analyzed in section 6.

While ﬁp and R,_3p of the characteristic decomposition in equation (7) represent respectively a pure
state and a fully random state, i.e. a 3D unpolarized state, the interpretation of the discriminating
component R,, is more involved. In fact, in general, the planes containing the polarization ellipses of the
eigenstates @, and u,, which constitute R,,, do not coincide, and consequently R R,, is not a real matrix and
corresponds to a 3D partially polarlzed state [16, 17]. For the particular case that R,, is real, necessarily

= diag (1, 1,0) /2, whereupon R,, represents a 2D unpolarized state and therefore R,, lacks spin.
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Figure 3. Representation of a family of pairs of orthogonal eigenstates (11}, t1;) of a discriminating state, with respective spin
density vectors i, and fi,. All eigenstates are realized in a common point in space, but have been separated for the sake of clarity.

5. Spin of a nonregular polarization state

As indicated above, for regular states satisfying P, > P, the discriminating component takes the form of a
2D unpolarized state R,, = R, ,p [16]. According to equation (9), the fixed plane where the polarization
ellipse of R,_,p evolves fully randomly coincides with the plane of the polarization ellipse of the pure
characteristic component ﬁp (it is easy to prove that otherwise the characteristic decomposition takes a
different form where the discriminating component is nonregular). Since ﬁu—ZD and ﬁu_3D lack spin, the
spin density vector f of a regular state is proportional to the spin density vector f, of the pure component
R, ie. f = P .

In the case of nonregular states, the discriminating component R,, exhibits nonzero amounts of linear
polarization and spin [17]. The spin density vector n of the state R is thus composed as

= Pif, + (Py — P)) B, (17)

B, = (A, + 1) /2, (18)

where 1, and n, are the respective spin density vectors associated with the 3D Jones eigenvectors i; = 1,
and uy. It is remarkable that the overall spin is composed of only the spins of the two first spectral
components u; and ,. Equation (17) expresses the main point of this work, i.e. that the total spin of a 3D
polarization state, in general, has two contributions: one due to the pure polarization component and
another due to the nonregular discriminating component. For regular polarization states, only the pure
component may have spin.

To analyze the possible physical configurations of the spin structure, we will first consider the case of an
isolated discriminating state R,,, and then we will compose the overall spin density vector from those of the
components ﬁp and R,,,. For a discriminating state, the spin density vector equals one half of the sum of the
spin density vectors of the two eigenstates #; and 0, i.e. n,, = (y + ny) /2 (with @; = 6,). Note that since
the vectors n; and n, have a common origin, they determine a well defined plane. The relative geometric
configuration of any pair of orthonormal polarization states has been studied in [39], showing that the
magnitude of n, varies in a continuous manner from |f,| = |f;| down to A, | = 0. In the former case,

n, = —n; and the planes of the polarization ellipses of the Jones eigenstates ii; and u, coincide, whereas in
the latter situation u, represents a linearly polarized state whose electric field vibrates along a direction
normal to the plane of the polarization ellipse of ;.

Thus, in general, the planes of the polarization ellipses of the eigenstates @, and 1w, are different and only
coincide in the case of regular states. Figure 3 illustrates this property by means of an example of a
representative family of pairs (11, i1;) of orthogonal polarization states. The relative orientations of the
planes containing the polarization ellipses are indicated, while the relative angle of the directions of the
respective spin density vectors varies accordingly. For simplicity, the example case is represented with
respect to the intrinsic reference frame of the eigenstate ;. As indicated above, if i, = —n,, then R,, is
regular, and the degree of nonregularity Py increases for increasing values of the angle between 1, and n,.
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Table 1. Composition of the spin density vectors fi, = fi, and f,, of the pure and discriminating characteristic components,
respectively, for increasing values of the degree on nonregularity Py = (P, — P;) Py, (R and NR stand for regular and nonregular
states).

i, (0<[d,|<[|/2) i (A=P@,+(P,—P)h,)
R
n =0 "’/2 ﬁ]/Z Z, n=Pn, z,
’ n,=0 : " >
PNm =0 ml - =0
NR
n #0 n]/_‘_Z Zs
P, >0
NR
n, =0 n /2 Z
P, >0 n,/2 \ f
NR )
A, %0 /2 2z,
P, >0 n,/2«..., n,
NR
f, =0 /2 z
PNm >0 ﬁ2/2 ..... ﬁm
NR
n, =0 TII/hZ Z,
n,/2 R
Py, >0 o/ .
NR i, =0 | ﬁm=f5/2 7
PNm:1 | %

Observe that, the smaller the ellipticity angle of u,, the larger the angle between n; and n, and the bigger
the degree of nonregularity of R. Therefore, a state R is nonregular if and only if n,,, # 0 (that is nh; # —n,),
showing that the concept of nonregularity is intimately related to the spin properties as noted earlier.

In accordance with the representations of figure 3, the spin density vector n,, of a discriminating state is
illustrated in the left column of table 1 as a composition of those of the two Jones eigenstates @1; and u,
generating R,,.. The overall spin density vector 1 is composed of f1; and n,, as indicated in equation (17)
and it is represented in the right column of table 1 in accordance with the cases represented in the left
column for n,,. For given values of the IPP (P; and P;), the absolute value |fi| of the spin of the state R takes
its minimal value || = P |[f;| when R is regular (Py = 0). The spin magnitude increases monotonically for
increasing values of Py (hence of Py;,) up to a maximal value |a| = (P, 4+ P;)|n;| /2 that is achieved when
Py = 1.

6. Conclusions

The spin of general 3D polarization states (i.e. states for which the local electric field fluctuates in three
orthogonal spatial directions in any frame) was revisited and its nature and properties were analyzed on the
basis of the characteristic decomposition and the degree of nonregularity. The characteristic decomposition
of the polarization matrix expresses the state in terms of an incoherent combination of three specific states,
namely the pure component, the discriminating component, and the 3D unpolarized component. The
relevance of using such a decomposition for the present analysis derives from the fact that it provides a
unique view to the structure of polarimetric purity of 3D polarization states [16]. More specifically, the
degree of nonregularity, which is in essence determined by the physical nature of the discriminating
component, affects the direction and magnitude of the spin of the entire state.




10P Publishing

New J. Phys. 23 (2021) 063059 JJGil et al

The 3D unpolarized component is fully isotropic from a polarimetric point of view and therefore lacks
spin, while each of the two remaining components can exhibit nonzero spin. In the limiting case of regular
states, the discriminating component vanishes or corresponds to a 2D unpolarized state, thus lacking spin,
so that the overall spin is determined exclusively by that of the pure component. For the general case of
nonregular states, the discriminating component necessarily exhibits nonzero spin, and therefore the spin of
the whole state is given as a vector composition of those of the pure and discriminating components.
Consequently, the direction of the overall spin generally does not coincide with that of the pure component,
but it is influenced by the value of the degree of nonregularity. This peculiar feature shows that the
discriminating component plays a key role for understanding the structure of the spin of 3D polarization
states. In particular, the nonregularity determined by the discriminating component is intimately linked to
spin, as emphasized by the finding that for fixed IPP the magnitude of spin is smallest for a regular state and
largest for a maximally nonregular state (i.e. with the highest degree of nonregularity). The results can find
applications in assessing the spin of nonparaxial light such as partially polarized evanescent and tightly
focused fields where strong nonregular characteristics have recently been demonstrated.

Data availability statement

All data that support the findings of this study are included within the article (and any supplementary files).

Acknowledgments

Authors are supported by the Jane and Aatos Erkko Foundation; Academy of Finland (310511, 308393,
320166); Joensuu University Foundation; University of Eastern Finland (930350, 931726).

ORCID iDs

José ] Gil © https://orcid.org/0000-0003-1740-2244
Andreas Norrman & https://orcid.org/0000-0002-1428-5225

References

[1] Luis A 2005 Quantum polarization for three-dimensional fields via Stokes operators Phys. Rev. A 71 023810
[2] Voipio T, Setala T, Shevchenko A and Friberg A T 2010 Polarization dynamics and polarization time of random
three-dimensional electromagnetic fields Phys. Rev. A 82 063807
[3] Shevchenko A, Roussey M, Friberg A T and Setald T 2017 Polarization time of unpolarized light Optica 4 64—70
[4] GilJ]J, Correas ] M, Melero P A and Ferreira C 2004 Generalized polarization algebra Monog. Sem. Mat. G. Galdeano 31 161-7
[5] Dennis M R 2004 Geometric interpretation of the three-dimensional coherence matrix for nonparaxial polarization J. Opt. A:
Pure Appl. Opt. 6 S26-31
[6] Luis A 2005 Degree of polarization for three-dimensional fields as a distance between correlation matrices Opt. Commun. 253
10-4
[7] GilJ] 2007 Polarimetric characterization of light and media Eur. Phys. J.: Appl. Phys. 40 1-47
[8] GilJJ and San José 12010 3D polarimetric purity Opt. Commun. 283 4430—4
[9] Petruccelli ] C, Moore N J and Alonso M A 2010 Two methods for modeling the propagation of the coherence and polarization
properties of nonparaxial fields Opt. Commun. 283 4457—66
[10] Azzam RM A 2011 Three-dimensional polarization states of monochromatic light fields J. Opt. Soc. Am. A 28 2279-83
[11] Sheppard CJ R 2011 Partial polarization in three dimensions J. Opt. Soc. Am. A 28 2655-9
[12] Aufén ] M and Nieto-Vesperinas M 2013 On two definitions of the three-dimensional degree of polarization in the near field of
statistically homogeneous partially coherent sources Opt. Lett. 38 58—60
[13] Berestetskii V B, Lifshitz E M and Pitaevskii L P 1982 Quantum Electrodynamics 2nd edn (Oxford: Pergamon)
[14] Poynting ] H 1909 The wave-motion of a revolving shaft, and a suggestion as to the angular momentum in a beam of circularly
polarised light Proc. R. Soc. A 82 5607
[15] Beth R A 1936 Mechanical detection and measurement of the angular momentum of light Phys. Rev. 50 115-25
[16] Gil]]J, Friberg A T, Setald T and San José I 2017 Structure of polarimetric purity of three-dimensional polarization states Phys.
Rev. A 95 053856
[17] Gil]]J, Norrman A, Friberg A T and Setala T 2018 Nonregularity of three-dimensional polarization states Opt. Lett. 43 4611—4
[18] Norrman A, Gil J ], Friberg A T and Setald T 2019 Polarimetric nonregularity of evanescent waves Opt. Lett. 44 215—8

[19] Bliokh K'Y, Bekshaev A Y and Nori F 2014 Extraordinary momentum and spin in evanescent waves Nat. Commun. 5 1-8
[20] Bliokh K'Y, Smirnova D and Nori F 2015 Quantum spin Hall effect of light Science 348 144851
[21] Aiello A, Banzer P, Neugebauer M and Leuchs G 2015 From transverse angular momentum to photonic wheels Nat. Photon. 9

789-95

[22] Van Mechelen T and Jacob Z 2016 Universal spin-momentum locking of evanescent waves Optica 3 118—26

[23] Yermakov O'Y, Ovcharenko A I, Bogdanov A A, Iorsh IV, Bliokh K'Y and Kivshar Y S 2016 Spin control of light with hyperbolic
metasurfaces Phys. Rev. B 94 075446



https://orcid.org/0000-0003-1740-2244
https://orcid.org/0000-0003-1740-2244
https://orcid.org/0000-0002-1428-5225
https://orcid.org/0000-0002-1428-5225
https://doi.org/10.1103/physreva.71.023810
https://doi.org/10.1103/physreva.71.023810
https://doi.org/10.1103/physreva.82.063807
https://doi.org/10.1103/physreva.82.063807
https://doi.org/10.1364/optica.4.000064
https://doi.org/10.1364/optica.4.000064
https://doi.org/10.1364/optica.4.000064
https://doi.org/10.1364/optica.4.000064
https://doi.org/10.1088/1464-4258/6/3/005
https://doi.org/10.1088/1464-4258/6/3/005
https://doi.org/10.1088/1464-4258/6/3/005
https://doi.org/10.1088/1464-4258/6/3/005
https://doi.org/10.1016/j.optcom.2005.04.046
https://doi.org/10.1016/j.optcom.2005.04.046
https://doi.org/10.1016/j.optcom.2005.04.046
https://doi.org/10.1016/j.optcom.2005.04.046
https://doi.org/10.1051/epjap:2007153
https://doi.org/10.1051/epjap:2007153
https://doi.org/10.1051/epjap:2007153
https://doi.org/10.1051/epjap:2007153
https://doi.org/10.1016/j.optcom.2010.04.090
https://doi.org/10.1016/j.optcom.2010.04.090
https://doi.org/10.1016/j.optcom.2010.04.090
https://doi.org/10.1016/j.optcom.2010.04.090
https://doi.org/10.1016/j.optcom.2010.04.085
https://doi.org/10.1016/j.optcom.2010.04.085
https://doi.org/10.1016/j.optcom.2010.04.085
https://doi.org/10.1016/j.optcom.2010.04.085
https://doi.org/10.1364/josaa.28.002279
https://doi.org/10.1364/josaa.28.002279
https://doi.org/10.1364/josaa.28.002279
https://doi.org/10.1364/josaa.28.002279
https://doi.org/10.1364/josaa.28.002655
https://doi.org/10.1364/josaa.28.002655
https://doi.org/10.1364/josaa.28.002655
https://doi.org/10.1364/josaa.28.002655
https://doi.org/10.1364/ol.38.000058
https://doi.org/10.1364/ol.38.000058
https://doi.org/10.1364/ol.38.000058
https://doi.org/10.1364/ol.38.000058
https://doi.org/10.1098/rspa.1909.0060
https://doi.org/10.1098/rspa.1909.0060
https://doi.org/10.1098/rspa.1909.0060
https://doi.org/10.1098/rspa.1909.0060
https://doi.org/10.1103/physrev.50.115
https://doi.org/10.1103/physrev.50.115
https://doi.org/10.1103/physrev.50.115
https://doi.org/10.1103/physrev.50.115
https://doi.org/10.1103/physreva.95.053856
https://doi.org/10.1103/physreva.95.053856
https://doi.org/10.1364/ol.43.004611
https://doi.org/10.1364/ol.43.004611
https://doi.org/10.1364/ol.43.004611
https://doi.org/10.1364/ol.43.004611
https://doi.org/10.1364/ol.44.000215
https://doi.org/10.1364/ol.44.000215
https://doi.org/10.1364/ol.44.000215
https://doi.org/10.1364/ol.44.000215
https://doi.org/10.1038/ncomms4300
https://doi.org/10.1038/ncomms4300
https://doi.org/10.1038/ncomms4300
https://doi.org/10.1038/ncomms4300
https://doi.org/10.1126/science.aaa9519
https://doi.org/10.1126/science.aaa9519
https://doi.org/10.1126/science.aaa9519
https://doi.org/10.1126/science.aaa9519
https://doi.org/10.1038/nphoton.2015.203
https://doi.org/10.1038/nphoton.2015.203
https://doi.org/10.1038/nphoton.2015.203
https://doi.org/10.1038/nphoton.2015.203
https://doi.org/10.1364/optica.3.000118
https://doi.org/10.1364/optica.3.000118
https://doi.org/10.1364/optica.3.000118
https://doi.org/10.1364/optica.3.000118
https://doi.org/10.1103/physrevb.94.075446
https://doi.org/10.1103/physrevb.94.075446

10P Publishing

New J. Phys. 23 (2021) 063059 JJGil et al

Peng L, Duan L, Wang K, Gao F, Zhang L, Wang G, Yang Y, Chen H and Zhang S 2019 Transverse photon spin of bulk
electromagnetic waves in bianisotropic media Nat. Photon. 13 87882

Chen Y, Wang F, Dong Z, Cai Y, Norrman A, Gil ] J, Friberg A T and Setald T 2020 Polarimetric dimension and nonregularity of
tightly focused light beams Phys. Rev. A 101 053825

Gil J J 2014 Interpretation of the coherency matrix for three-dimensional polarization states Phys. Rev. A 90 043858

GilJ J 2016 Components of purity of a three-dimensional polarization state J. Opt. Soc. Am. A 33 403

Berry M V and Dennis M R 2001 Polarization singularities in isotropic random vector waves Proc. R. Soc. A 457 14155

Bauer T, Neugebauer M, Leuchs G and Banzer P 2016 Optical polarization Mébius strips and points of purely transverse spin
density Phys. Rev. Lett. 117 013601

GilJ J 2015 Intrinsic Stokes parameters of 3D and 2D polarization states J. Eur. Opt. Soc. RP 10 15054

Barakat R 1977 Degree of polarization and the principal idempotents of the coherency matrix Opt. Commun. 23 147-50
Carozzi T, Karlsson R and Bergman J 2000 Parameters characterizing electromagnetic wave polarization Phys. Rev. E 61 2024-8
Setild T, Kaivola M and Friberg A T 2002 Degree of polarization in near fields of thermal sources: effects of surface waves Phys.
Rev. Lett. 88 123902

Setala T, Shevchenko A, Kaivola M and Friberg A T 2002 Degree of polarization for optical near fields Phys. Rev. E 66 016615
Sheppard CJ R 2014 Jones and Stokes parameters for polarization in three dimensions Phys. Rev. A 90 023809

Gil ] J 2018 Parametrization of 33 unitary matrices based on polarization algebra Eur. Phys. J. Plus 133 206

San José IT'and GilJ J 2011 Invariant indices of polarimetric purity: generalized indices of purity for n x n covariance matrices
Opt. Commun. 284 38—47

Gil] J, Norrman A, Friberg A T and Setéld T 2019 Intensity and spin anisotropy of three-dimensional polarization states Opt.
Lett. 44 3578-81

GilJ ], Setala T, San Jose I, Norrman A and Friberg A T 2019 Sets of orthogonal three-dimensional polarization states and their
physical interpretation Phys. Rev. A 100 033824



https://doi.org/10.1038/s41566-019-0521-4
https://doi.org/10.1038/s41566-019-0521-4
https://doi.org/10.1038/s41566-019-0521-4
https://doi.org/10.1038/s41566-019-0521-4
https://doi.org/10.1103/physreva.101.053825
https://doi.org/10.1103/physreva.101.053825
https://doi.org/10.1103/physreva.90.043858
https://doi.org/10.1103/physreva.90.043858
https://doi.org/10.1364/josaa.33.000040
https://doi.org/10.1364/josaa.33.000040
https://doi.org/10.1364/josaa.33.000040
https://doi.org/10.1364/josaa.33.000040
https://doi.org/10.1098/rspa.2000.0660
https://doi.org/10.1098/rspa.2000.0660
https://doi.org/10.1098/rspa.2000.0660
https://doi.org/10.1098/rspa.2000.0660
https://doi.org/10.1103/physrevlett.117.013601
https://doi.org/10.1103/physrevlett.117.013601
https://doi.org/10.2971/jeos.2015.15054
https://doi.org/10.2971/jeos.2015.15054
https://doi.org/10.1016/0030-4018(77)90292-9
https://doi.org/10.1016/0030-4018(77)90292-9
https://doi.org/10.1016/0030-4018(77)90292-9
https://doi.org/10.1016/0030-4018(77)90292-9
https://doi.org/10.1103/physreve.61.2024
https://doi.org/10.1103/physreve.61.2024
https://doi.org/10.1103/physreve.61.2024
https://doi.org/10.1103/physreve.61.2024
https://doi.org/10.1103/physrevlett.88.123902
https://doi.org/10.1103/physrevlett.88.123902
https://doi.org/10.1103/physreve.66.016615
https://doi.org/10.1103/physreve.66.016615
https://doi.org/10.1103/physreva.90.023809
https://doi.org/10.1103/physreva.90.023809
https://doi.org/10.1140/epjp/i2018-12032-0
https://doi.org/10.1140/epjp/i2018-12032-0
https://doi.org/10.1016/j.optcom.2010.08.077
https://doi.org/10.1016/j.optcom.2010.08.077
https://doi.org/10.1016/j.optcom.2010.08.077
https://doi.org/10.1016/j.optcom.2010.08.077
https://doi.org/10.1364/ol.44.003578
https://doi.org/10.1364/ol.44.003578
https://doi.org/10.1364/ol.44.003578
https://doi.org/10.1364/ol.44.003578
https://doi.org/10.1103/physreva.100.033824
https://doi.org/10.1103/physreva.100.033824

	Effect of polarimetric nonregularity on the spin of three-dimensional polarization states
	1.  Introduction
	2.  Concept of spin of a 3D polarization state
	3.  Characteristic components of a 3D polarization state
	4.  Discriminating component and nonregularity
	5.  Spin of a nonregular polarization state
	6.  Conclusions
	Data availability statement
	Acknowledgments
	ORCID iDs
	References


