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This paper proposes three efficient variants of Jacobi EPDiff PDE-LDDMM, where efficiency is achieved
through Semi-Lagrangian Runge-Kutta integration and the band-limited parameterization. During Gauss—
Newton—Krylov optimization, the method computes the gradient and the Hessian-vector product on the final
time sample, and transports these magnitudes towards the initial time using the adjoint Jacobi equations and
their incremental counterparts. Then, the optimization is performed on the initial time sample. The proposed
methods have effectively achieved a considerable reduction of the computational complexity at a competitive
accuracy. These variants constitute a contribution to the efficient computation of diffeomorphisms belonging

to geodesics, suitable for statistical shape analysis or the construction of transversal and longitudinal models
of shape variability using Principal Geodesic Analysis and Geodesic Regression in spaces of diffeomorphisms.

1. Introduction

In the last 20 years, Computational Anatomy has been established
as a powerful interdisciplinary field for the transversal and longitudinal
analysis of shape variability [1,2]. The discipline of Computational
Anatomy is based on Sir D’Arcy Thompson’s original ideas for explain-
ing the similarity of the anatomical shape of homologous species using
the transformations existing between the anatomical structures [3].
In Computational Anatomy, shape similarity is measured from the
diffeomorphic transformations estimated between the anatomies. The
Riemannian manifold of diffeomorphisms and its Lie group structure
provides a metric space where a generative model can be defined from
the tangent space for the analysis of shape variability from diffeo-
morphisms. This model has been useful to understand and quantify
different diseases from their effects in the shape of the affected or-
gans [4,5]. This particular approach has shown very promising results
in the characterization of brain degeneration in Alzheimer’s disease [6],
and it may extend its applications from medical imaging to various
domains in computer vision and computer graphics.

1.1. Diffeomorphisms, geodesics, and momentum conservation constrained
LDDMM

Diffeomorphisms are computed from the anatomical images using
diffeomorphic registration methods. There exists a vast literature on
diffeomorphic registration methods with differences in the variational
formulation of the problem, diffeomorphism parameterization, opti-
mization methods, and additional constraints [7,8]. Even the most
recent proposals based on deep-learning use these variational for-
mulations and the different diffeomorphism parameterizations in the
definition of the loss functions while optimization is approached using
training data in supervised or unsupervised ways [9-15]. Although
the differentiability and invertibility of the transformations constitute
crucial features for some Computational Anatomy applications, the
computation of diffeomorphisms belonging to geodesics is fundamental
for a mathematically correct approach to perform statistical shape
analysis [16] or to build transversal and longitudinal models of shape
variability using Principal Geodesic Analysis and Geodesic Regression
in spaces of diffeomorphisms [4,5].

From the different diffeomorphism parameterizations in the liter-
ature, pioneering Large Deformation Diffeomorphic Metric Mapping
(LDDMM) [17] was proposed from the minimization of a variational
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problem formulated on time-varying velocity field flows (i.e. non-
stationary parameterization). The critical points of the regularization
energy are critical points of the length functional with the additional
property of constant speed [17,18]. Provided that the image similarity
energy is zero at convergence (i.e. exact matching), the solution to the
LDDMM problem would be a geodesic. In practice, registration is usu-
ally an inexact matching problem. The solutions depart from belonging
to geodesic paths due to the underconstrained model used for time-
varying velocity fields and numerical errors inherent to the differences
of the images existing between individuals. Therefore, the simple non-
stationary parameterization for diffeomorphism representation does not
provide proper geodesic paths [17,19].

The original LDDMM variational formulation can be parameter-
ized in the initial velocity field under the Euler-Poincare differential
(EPDIff) equation [20] or the momentum conservation equation [21].
Both constraints have shown to be equivalent since the solutions of
the EPDiff equation have the momentum conservation property and
they allow the computation of geodesic paths of diffeomorphisms for
the inexact matching problem with geodesic shooting. To date, the
approaches based on the solution of the EPDIiff equation are preferable
for momentum conservation constrained LDDMM since derivations can
be performed in the tangent space avoiding more complicated algebraic
manipulations in the diffeomorphism manifold [19,20,22-25].

1.2. PDE-constrained LDDMM

An important branch of current research in diffeomorphic reg-
istration is focused on physically meaningful methods [26-30]. In
many clinical applications, deformations are known to follow bio-
physically constrained models. For example, normal cardiac motion is
incompressible [26]. This means that the Jacobian determinant of the
transformations is equal to one. The motion of some organs in the ab-
dominal cavity such as the liver or the kidneys is nearly incompressible.
Models of evolution of brain tumors undergo complicated biophysical
priors [31-33]. The expanding and contracting lung during respiration
follows a sliding motion in the boundary [27]. These applications
would be benefit from a specific biophysically constrained framework
for diffeomorphic registration.

PDE-constrained Large Deformation Diffeomorphic Metric Mapping
(PDE-LDDMM) has become relevant in the last decade for the computa-
tion of transformations under plausible physical models. In the original
proposal by Hart et al. the problem is modeled using a PDE-constrained
variational formulation based on the non-stationary parameterization
of diffeomorphisms [34]. The constrained optimization approach pro-
vides the versatility to impose different physical models to the com-
puted transformations by just adding the PDEs associated with the
problem as hard constraints. Thus, PDE-LDDMM can be formulated to
control the compressibility of the deformation map from incompressible
to nearly incompressible models and additional constraints have been
proposed to control the shear of the transformation [29].

In particular, the combination of Gauss—-Newton-Krylov for opti-
mization, with spectral methods for differentiation, and Runge-Kutta
schemes for PDE integration, proposed in Mang et al. works [28,29],
shows excellent numerical accuracy and a fast convergence rate. The
computational complexity of PDE-LDDMM methods due to the use of
RK schemes for PDE integration has been reduced thanks to the use
of Semi-Lagrangian Runge—Kutta (SL-RK) PDE integration [35-37], the
band-limited vector field parameterization [38,39], or the combination
of both [40]. With SL-RK schemes, the time sampling needed for sta-
bility is much smaller than the sampling typically needed with explicit
schemes, yielding to a considerable reduction of the computational
complexity of the problem [40]. The band-limited parameterization has
also shown an important reduction of the computational complexity of
different LDDMM problems with an affordable penalty on the accuracy
of the registration results [24,38,39]. However, these methods have
mostly been proposed with the stationary and non-stationary param-
eterization of diffeomorphisms, limiting their applicability to areas
where geodesics are not needed.
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1.3. Momentum conservation constrained PDE-LDDMM

The EPDiff equation can be imposed as a physical constraint in PDE-
LDDMM providing diffeomorphisms with the momentum conservation
property. Momentum conservation constrained (MCC) PDE-LDDMM
methods like [19,22,23,25] have been proposed for the tasks of diffeo-
morphic registration, geodesic regression, and registration uncertainty
quantification. These methods are based on the original ideas of Hart
et al. [34]. MCC PDE-LDDMM is formulated in the space of initial veloc-
ity fields and includes the EPDiff equation in the hard constraints of the
problem [41]. The EPDiff physical constraint imposes the momentum
conservation property and guarantees that the obtained diffeomor-
phisms belong to geodesic paths. Most MCC PDE-LDDMM methods use
gradient-descent in the optimization due to the complex dependence of
the energy functional on the initial velocity field [19,22,23].

Gauss-Newton-Krylov optimization has been successfully proposed
in Jacobi EPDiff PDE-LDDMM [25]. The gradient and the Hessian-
vector products are derived on the final time sample. These magnitudes
are transported backward using the adjoint and the incremental adjoint
Jacobi equations and used in the update of the initial velocity field. Ja-
cobi EPDiff PDE-LDDMM departs substantially from MCC PDE-LDDMM
methods [19,22,23] by:

+ The use of Gauss-Newton-Krylov optimization vs gradient de-
scent.

» The derivation on the final time sample vs the derivation on the
initial time sample.

+ The transport of gradient and Hessian-vector products toward the
initial time sample.

The idea of transporting the derivations on the final time sampling,
originally proposed in [24,42] for MCC LDDMM with gradient-descent
optimization, avoids the complex dependence on the initial velocity
field in the computations and increases the stability of the computations
through the iterations. Indeed, Jacobi EPDiff PDE-LDDMM has shown
to overpass Vialard et al. highly cited method [19] in the evaluation
performed with the NIREP database [25]. The major drawback of
Jacobi EPDiff PDE-LDDMM is the large memory load inherent to the
Gauss-Newton-Krylov PDE-LDDMM formulation and aggravated by
the large time-sampling needed for the stability of Runge-Kutta (RK)
integration in the solution of the PDEs.

1.4. Our proposal

The purpose of this article is to propose three efficient variants of
Jacobi EPDiff PDE-LDDMM methods with SL-RK integration and the
band-limited parameterization. The analogs of the three variants have
been previously proposed in [34,43] for PDE-LDDMM and gradient-
descent optimization and recently extended to Newton-Krylov opti-
mization in [39]. In this work, we provide the equations of the variants
in the framework of Gauss—-Newton-Krylov Jacobi EPDiff PDE-LDDMM
and derive the involved PDEs in Semi-Lagrangian form in the spatial
and the band-limited domains. Our proposal departs substantially from
Jacobi EPDiff PDE-LDDMM [25] by:

» The completion of Jacobi EPDiff PDE-LDDMM with the best-
performing PDE-LDDMM variants in [39].

» The derivation of the equations needed in the use of SL-RK
solvers.

+ The parameterization of the problem in the space of band-limited
vector fields.

On the one hand, Jacobi EPDiff PDE-LDDMM [25] bridges the gap
between Vialard et al. [19], Sing et al. [22], and Mang et al. [28]
approaches for MCC PDE-LDDMM parameterized on the initial velocity
field. On the other hand, the huge computational complexity of PDE-
LDDMM has been substantially reduced using SL-RK integration and
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the band-limited parameterization [38-40]. This work closes the loop
among our previous works [25,38-40] by using SL-RK for PDE integra-
tion in Jacobi EPDiff PDE-LDDMM and formulating the problem in the
space of band-limited vector fields.

Our best-performing method may be used in extensive studies for
anatomical shape variability quantification [4], group wise comparison
studies [16], and transversal and longitudinal population modeling [4,
22,44]. Our framework allows adding specific biophysical constraints
to the variational problem. Therefore, these studies may be performed
with physically plausible transformations, increasing the realism of the
analysis. In addition, the derivation of the equations needed for the use
of SL-RK solvers may be included in recently proposed deep-learning
architectures for PDE-LDDMM and MCC PDE-LDDMM diffeomorphic
registration (e.g. https://mermaid.readthedocs.io).

1.5. Manuscript organization

In the following, Section 2 describes the methodological background
of LDDMM, MCC-LDDMM, PDE-LDDMM, and their band-limited ver-
sions. Section 3 presents our three proposed Jacobi EPDiff PDE-LDDMM
methods in the spatial and band-limited domains. Section 4 presents
the Semi-Lagrangian Runge-Kutta integration methods for the PDEs
arising in Jacobi EPDiff PDE-LDDMM. Section 5 enumerates the most
relevant implementation details. Section 6 shows the evaluation results
conducted in this work. Finally, Section 7 gathers the most remarkable
conclusions of our work.

2. Background on LDDMM methods

In this section, we briefly review the fundamental equations in-
volved in the different families of LDDMM methods: original LDDMM
proposed in Beg et al. [17], MCC-LDDMM proposed in Miller et al. and
Younes et al. [20,21], and PDE-LDDMM proposed in Hart et al. [34]
and extended in [39]. We provide the variational formulations and the
fundamental equations for computing diffeomorphisms from the dif-
ferent tangent space parameterizations in the spatial and band-limited
domains.

2.1. Spatial domain

Let 2 C RY be the image domain. Let Dif f(£2) be the LDDMM
Riemannian manifold of diffeomorphisms and V the tangent space at
the identity element. Dif f(£2) is a Lie group, and V is the corre-
sponding Lie algebra. Let 4 be the Laplacian operator. The Riemannian
metric of Dif f(£2) is defined from the scalar product in V, (v, w), =
(Lv,w)2, where L = (Id — ad)’,a > 0,s € N is the invertible self-
adjoint differential operator associated with the differential structure
of Dif f(£2). We denote with K to the inverse of operator L. Let I, and
1, be the source and the target images.

2.1.1. LDDMM

Large Deformation Diffeomorphic Metric Mapping [17] is formu-
lated in the space of time-varying smooth flows of velocity fields in V'
from the minimization of the variational problem

1

1 1 _

E@) = _/ (Lo, vy padt + = [ Tpo(@) ™ = 11112, (¢}
2 0 0'2 L

Given v, € L?([0,1],V), the diffeomorphism ((izf)’l is defined as the

solution at time 7 = 1 of the equation

0, = —v,0(p?)! )

with initial condition (qﬁg)‘l = id. The critical points of the length
functional fol llv |l dt are the critical points of the regularization en-
ergy since '/01<LU,,UI>L2dl = fol llo, |12 dt, and they are of constant
speed. Under exact matching, a minimizer of Eq. (1) should verify that
||Ioo(<j;l]’)‘l -1 ||2L2 = 0 and then it should provide a geodesic path
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on Dif f(£2) [17,19]. In practice, the minimization of Eq. (1) can be
seen as an approximation of the exact matching problem taking into
account possible inaccuracies in the estimation of I, from Iyo(¢] )~ due
to inherent differences between the images of different individuals. This
means that the image similarity term cannot be zero at convergence,
and, therefore, exact geodesics cannot be retrieved even after a large
number of gradient descent iterations.

The LDDMM variational problem can be also set for steady velocity
field flows [45], provided by the stationary parameterization of dif-
feomorphisms. In this case, the solutions do not belong to geodesic
paths due to the right-invariance of the metric in Dif f(£2). We need
the bi-invariance of the metric in order to have geodesics and one-
parameter subgroups identified as one. However, this family of methods
has become relevant due to their efficiency for applications where the
Dif f(£2)-metric minimizing property is not relevant for the clinical
application.

2.1.2. MCC-LDDMM

Momentum conservation constrained LDDMM [21] is formulated in
the space of initial velocity fields in V' from the minimization of the
energy functional
E(g) = 5(Log.00)2 + ~5 1100 @)™ = L1, @)

where the time-varying flow v, of (qbi')“ is computed from v, through
geodesic shooting.

The MCC constraint has shown to be equivalent to the EPDiff
equation [20,41]

a0, +adZ!u, =01in 2 x(0,1] 4

with initial condition v, where the operator ale wy is the transpose of
the adjoint operator

ad, w, = Dv, - w, — Dw, - v, %)
yielding the extended expression of the EPDiff
0,0, + K[(Dv,)" Lv,+ DLv, v, + Lv, V- v,] =0 (6)

where D denotes the Jacobian matrix operator, and V- the divergence.
In this case, the solutions of the MCC-LDDMM problem verify the
momentum conservation property and belong to geodesic paths.

2.1.3. PDE-LDDMM
PDE-constrained LDDMM [34] is formulated from the minimization
of the variational problem

1/ 1
E@v) = E/ (Lo, v) padt + = Im(1) = LI, %)
0 o
subject to the state equation
0,m(t) + Vm(t) - v, = 0 in Q2 x (0, 1], ®)

with initial condition m(0) = I, [28,34], or subject to the deformation
state equation

0,41 + D) - v, =0 in 2 x (0, 1], 9)

with initial condition ¢(0) = id [39,43]. These problems can be formu-
lated in the space of initial velocity fields in V' or related magnitudes
such as the scalar or vector momentum [19,22], where the EPDiff
equation can be naturally added in the constraint set.

2.2. Band-limited domain
Let @ € C“ be the discrete Fourier domain truncated with frequency

bounds K|, ..., K,;. We denote with V the space of discretized band-
limited vector fields in V' with these frequency bounds. The elements in
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V are represented in the Fourier domain as o : Q- O(ky, ... ky),

and in the spatial domain as 1(9) : 2 — RY,

LXg) = Z Z (ky, ... k

k=0  k4=0

z(ﬁ)(xl, . 27rik1x1 eZnikdxd. (10)

The application 1 : ¥ — V denotes the natural inclusion mapping of V
in V. The application z : ¥ — ¥ denotes the projection of V onto V.

V has a finite-dimensional Lie algebra structure using the truncated
convolution in the definition of the Lie bracket [24]. We denote with
Diff (.Q) to the finite-dimensional Rlemannlan manifold of diffeomor-
phisms on ¢ Q with corresponding Lie algebra V. The Riemannian metric
in Dif f(Q) is defined from the scalar product (7, WYy = (Lo, w)p,
where L denotes the projection of operator L in the truncated Fourier
domain.

2.2.1. BL-LDDMM
Band-limited LDDMM [24] is formulated in the space of band-
limited vector fields from the minimization of

1
L 1 ~. . 1 _
E©®) = 5/0 (Lo, B)pdt + = Hpo(@)) "0l an

where the diffeomorphism (qﬁi’)’l is defined from the solution at time
t=1of
0(p))™" = —u(B)o(@?) ™! (12)

with initial condition (¢(”))“ =id.

2.2.2. MCC BL-LDDMM

The band-limited version of MCC LDDMM is formulated in the space
of initial band-limited velocity fields in ¥ from the minimization of the
energy functional

E(dy) = _<LU0’ Bo)p2 + ||10°(¢ -1, “L2’ (13)
subject to the prolected EPDiff equation
3,0, +ad'; 0, =0in 2x (0,11, 14

where the expressions of the projection of operators ad and ad’ are
given by

ad, w, = Db, x b, — Dib, * B, @s)

ad’ ; 0, = K[(D0,)" * if, + Di, * B, + i, % V-5,], 16)
where x denotes the truncated convolution operator.

2.2.3. BL PDE-LDDMM

The band-limited parameterization can be extended to PDE-LDDMM
likewise LDDMM [38,39]. For BL PDE-LDDMM, the state and the
deformation state equations are given by

a,m(t) + Vm(t) - 1(v,) = 0 in 2 x (0, 1] an

0,i(1) + Dii(r) x 7, = B, in 2 x (0, 1], 18)

where ¢(r) = id — 1(#i), i.e. i represents the truncated Fourier transform
of a displacement field.

3. Jacobi EPDiff PDE-constrained LDDMM

In this section, we present our three proposed variants of Jacobi
EPDiff PDE-LDDMM methods. It should be noticed that the first variant
in the spatial domain was previously proposed in [25] combined with
Runge-Kutta integration. We start providing a complete description of
the method since the second and the third variants and their band-
limited versions are underpinned by this original method. As we will
see in the experimental section, the BL version of the second and third
variants combined with Semi-Lagrangian integration compete with this
original first variant in terms of accuracy and greatly overpass it in
terms of efficiency.
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3.1. Jacobi EPDiff PDE-LDDMM based on the state equation (Variant I)

3.1.1. Problem statement in the spatial domain

Jacobi EPDiff PDE-LDDMM was originally proposed in [25]. The
variational problem is given by the minimization of the energy func-
tional

E(vy) = —<LU0s vo)p2 + —Ilm(l) LY 19)
subject to the EPDiff and the state equation

90, +adf v, =0in 2% (0, 1] (20)
o,m(t) + Vm(t) - v, = 0 in 2 x (0, 1], 21)

with initial conditions v(0) = v, and m(0) = I, respectively.

Optimization is performed by combining the method of Lagrange
multipliers with inexact Gauss-Newton-Krylov methods. The gradient
and the Hessian is computed from the augmented Lagrangian [25]. The
image similarity energy gradient is computed at 7 = 1 from

\& Elmg(vo) K (A1) - Vm(1)), (22)

where the adjoint variable equals A(1) = ——(m(l) — I)). At this point,
the gradient is integrated backward using the reduced adjoint Jacobi
equations

a,U, + ad; U,=0in Qx[0,1) 23)
9y, — ad,, w, + ad}, v, + U, = 0 in 2x [0, 1) 29
with initial conditions U(1) = Vo, Eimg(v0) and w(l) = 0 to obtain

Vi, E(vg) = vp + w(0). (25)

The second-order variations of the augmented Lagrangian yield the
incremental EPDiff and incremental state equations, needed for the
computation of the Hessian-vector product. Thus,

0,60, + ad}, v, +ad] 6v, = 0 in 2x (0, 1] (26)
t
0,6m(t) + Vém(t) - v, + Vm(1) - 6v, = 0 in 2 x (0,1] 27)

with initial conditions 6v(0) = 0 and ém(0) = 0. The Hessian-vector
product H, E((vy)dv, is computed from the Hessian-vector product at
t =1 of the image similarity energy

H, Eine(v)6vy = K(GA(1) - V(1)) + K(A(1) - Vém(1)), (28)

where 6A(1) = —Z%8m(1). Finally, H, E;,,(vy)dv, is integrated back-
ward using the reduced incremental adjoint Jacobi equations

0,6U, + ad;l)r U, +ad} 6U, =0 in 2x[0, 1) 29)

0,81, — ady,, w, - ad,, 5w, +ad},, v, +ad}, 5v,+6U, =0 in 2x[0,1) (30)

with initial conditions 6U(1) = H,, Eimg(09)60 and sw(1l) = 0 to obtain

HUOE(UO)5UO = 6vy + 6w(0). (€38)

The Gauss-Newton approximation drops K(A(1) - Vém(1)) from the
expression of H, Ei,, and the ad, and adl', terms from the incre-
mental adjoint Jacobl equation on Sw, yielding a definite positive
approximation. The minimization using a second-order inexact Gauss—
Newton—Krylov method yields to the update equation

USH = vy + eduy, (32)

where 6vj is computed from Conjugate Gradient on the system
H, E(W)dvy" = =V, E(up). (33

The backward integration of the gradient and the Hessian using
the Jacobi equations is the key feature of Jacobi EPDiff PDE-LDDMM
methods. With them, we avoid the complex dependence on the initial
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velocity field in the computations. We also avoid the numerical com-
putation of the adjoint equation and its incremental counterpart that
has been recently identified as a subtle problem in PDE-constrained
LDDMM [30].

3.1.2. Problem statement in the band-limited domain
Band-Limited Jacobi EPDiff PDE-LDDMM is given by the minimiza-
tion of the energy functional

E(@0) = (L0000} + =5 D) = LI 34)
subject to the band-limited EPDIiff and the state equation

3,0, +ad' 0, =0 in 3% (0,1] (35)
o,m(t) + Vm(t) - 1(5,) = 0 in 2 x (0, 1], (36)

with initial conditions #(0) = §, and m(0) = I,,, respectively. The image
similarity energy gradient is computed at ¢ = 1 from

Vs, Eimg(By) = K(x(A(1) - Vm(1))), 37)

which is integrated backward using the reduced band-limited adjoint
Jacobi equations

3,0, +ad'; U, =0 in 3 x[0,1) (38)
3y, — ady @, + ad’ 5 0, + U, = 0 in %[0, 1) (39)

to obtain V; E(5y) = & + (0).
The incremental band-limited EPDiff equation is given by

3,50, + ad’ 5 0, + ad 6,50, = 0 in 2 x (0, 11. (40)
The Gauss-Newton Hessian-vector product at + = 1 of the image
similarity energy is given by

Hy, Ejpyg(50)85, = K(z(64(1) - Vm(1))), (41)

which is integrated backward using the reduced incremental band-
limited adjoint Jacobi equations

3,80, + ad" 5, U + ad'5, 50, = 0 in 3 x [0, 1) (42)

0,808, — ad g5, 0, + ad’ 55, 0, + 30, = 0 in A x [0, 1) (43)
to obtain H; E(5)65, = 65 + 6(0).
The Gauss-Newton-Krylov update equation is given from

~n+l _ ~n ~n
oyt = 0 + €67, (44)

where 60 is computed from Conjugate Gradient on the system

Hy E@o0) = =V E(D)). (45)

3.2. Alternative Jacobi EPDiff PDE-LDDMM based on the state equation
(Variant II)

3.2.1. Problem statement in the spatial domain

The alternative version of Jacobi EPDiff PDE-LDDMM based on the
state equation arises from the observation that the state variable m can
be computed from

m(t) = Iyo(t), (46)
where ¢(7) is computed from
0,¢(1) + D) - v, =0 in 2 x (0, 1], (47)

with initial condition ¢(0) = id in Q [34]. With this approach, the
expression of the gradient V, Ej,,(vy) is computed from Eq. (22),

where the state variable is computed from Egs. (46) and (47) rather
than directly solving the state equation (Eq. (8)). The computation of
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the Hessian-vector product proceeds following Egs. (28) to (31) where
the incremental state variable §m is computed from

om(t) = VIgod(1) - 5¢(0), (48)
where 6¢ is computed from the first-order variation of Eq. (47)
0,6¢(t) + D6(1) - v, + Dp(1) - v(t) = 0 in 2% (0, 1], (49)

subject to §¢(0) = 0.

3.2.2. Problem statement in the band-limited domain

In the band-limited version of the problem, the state equation is
computed from m(r) = I op(r), where ¢(r) = id—1(ii(t)) and i is computed
from the band-limited deformation state equation (Eq. (18)). Likewise,
8(t) = VIyod(t) - 1(5i(t)).

3.3. Jacobi EPDiff PDE-LDDMM based on the deformation state equation
(Variant III)

3.3.1. Problem statement in the spatial domain

Jacobi EPDiff PDE-LDDMM based on the deformation state equation
is formulated from the minimization of Eq. (19) subject to the EPDiff
and the deformation state equation

9,0, +adf v, =0in 2% (0,1] (50)
0,(t) + D(t) - v, = 0 in 2 x (0, 1], (51)

with initial conditions v(0) = v, and ¢(0) = id, respectively.
For this PDE-constrained variational formulation, the image similar-
ity energy gradient is computed at ¢ = 1 from

Vi, Eimg () = K(D§(1) - p(1)), (52)

where the adjoint variable p(1) = —U—Zz(m(l) — I;) - Vm(1). Then,
Vo, Eimg(vg) is integrated backward using the reduced adjoint Jacobi
Egs. (23) and (24) to obtain VUO E(v,) similarly to original Jacobi EPDiff
PDE-LDDMM.

The incremental EPDiff and the incremental state equation corre-

spond with

9,60, + ady, v, +ad] sv, =0 in 2x (0, 1] (53)
1

0,6¢(1) + D8¢(1) - v, + DP(t) - 5v, = 0 in 2% (0, 1] (54

with initial conditions 60(0) = 0 and §¢(0) = 0.
The Gauss—Newton approximation of the Hessian-vector product of
the image similarity energy at r =1 is given by

Hvl Eimg(U0)5U0 = K(Dp(1)5p(1)), (55)

where 6p(1) is approximated by 8p(1) ~ —Zém(1) - Vm(1). The ex-
pression H, E,, is integrated backward using the reduced incremen-

tal adjoint Jacobi Egs. (29) and (30) to obtain the expression for
H, E(vy)6vp.

3.3.2. Problem statement in the band-limited domain

The band-limited version of Jacobi EPDiff PDE-LDDMM based on
the deformation state equation is formulated from the minimization
of Eq. (34) subject to the band-limited EPDiff and deformation state
equations (Egs. (18) and (35), respectively). The image similarity en-
ergy gradient is computed at 1 = 1 from

Vs, Eimg(Bg) = K(Dii(1) * (1)), (56)

where the adjoint variable (1) = ﬂ(—ﬁ(m(l)— I,)-Vm(1)). The gradient
551 Eine(Do) is integrated backward using the reduced band-limited
adjoint Jacobi Egs. (38) and (39) to obtain %0 E(9,) similarly to the
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band-limited versions of Jacobi EPDiff PDE-LDDMM based on the state
equation.

The Gauss—-Newton approximation of the Hessian-vector product of
the image similarity energy at t = 1 is given by

Hy, Ejpyg(50)85, = K(Di(1) x 65(1)), (57)

where 65(1) ~ ﬁ(—g—zzém(l)~Vm(l)). The expression ﬁﬁl Eimg is integrated
backward using the reduced band-limited incremental adjoint Jacobi
Egs. (42) and (43) to obtain the expression for }NIUOE(DO)MO.

3.4. General algorithms

Algorithm 1 presents the pseudocode for the spatial versions of
Variants I and II. Algorithm 2 presents the pseudocode for Variant III.
The pseudocode of the spatial versions of the three variants shares the
steps for obtaining V, Ein.(vy) from V, Ei..(vy) and H, Ei,.(v)évy
from H, Ej,,(v))év,. The computation of the gradient and the Hessian
at the + = 1 can be computed similarly to [39,40] by adding the
computations of v, and v, from the EPDiff and the incremental EPDiff
equations. The algorithms of the BL versions can be written analogously
taking into account the computations in the truncated Fourier domain
with the equations provided below in this section.

Algorithm 1. Jacobi EPDiff PDE-LDDMM. Variants I and IL
Data: I, I,, I’ €V, L, 6, ¢, PCG_its.
Results: v, € V, m(1) solutions of Eq. (19) subject to the EPDiff
and the state equation or m(r) = I o¢(r) from the deformation state
equation.
for n < 0 to convergence do
1) Compute v"*!(t) forward in time from Eq. (20) and v(0) = Ug.
2) Compute m"+!(1) forward in time from Eq. (21) and
m(0) = Iy (Variant I) or m(1) = Io¢p(1) (Variant II).
3) Compute "+!(1) = =5 (m"!(1) - I).
4) Compute V,, Eyy,(vg)™! from Eq. (22).
5) Compute U"+!(f) backward in time from Eq. (23) and
U(1) = V,, Eipg(vg)™!.
6) Compute w"+!(r) backward in time from Eq. (24) and
w(l) = 0.
7) Compute V,, Eyy,(v9)™! from Eq. (25).
8) Compute 5ug+1 from Eq. (33).
for k < 0 to PCG convergence or PCG_its do
8.1) Compute §v**!(¢) forward in time from Eq. (26) and
6v(0) = 0.
8.2) Compute §m**1(1) forward in time from Eq. (27) and
6m(0) = 0 (Variant I) or Eq. (48) (Variant II).
8.3) Compute §44*1(1) = = % 6m<+1(1).
8.4) Compute (H,, Eing(v)509)*! from Eq. (28).
8.5) Compute 6U**!(t) backward in time from Eq. (29) and
SU(1) = (H,, Eipg(09)500)<F!.
8.6) Compute 6w**!(f) backward in time from Eq. (30) and
ow(l) =0.
8.7) Compute (H,, Eing(v)509)*! from Eq. (31).
8.8) Compute 61}’5“ from PCG at iteration k + 1.
8.9) Check PCG convergence.
end
9) Compute ug” from Eq. (32).
10) Check algorithm convergence.
end
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Algorithm 2. Jacobi EPDiff PDE-LDDMM. Variant III.
Data: I, I,, " €V, L, 5, ¢, PCG._its.
Results: v, € V, m(1) solutions of Eq. (19) subject to the EPDiff
and the deformation state equation.
for n < 0 to convergence do
1) Compute v"*!(t) forward in time from Eq. (50) and v(0) = vg.
2) Compute ¢"+!(r) forward in time from Eq. (51) and ¢(0) = id.

3) Compute m"*1(1) from m(t) = Iog(t).
3) Compute p"*'(1) = —%(m"*l(l) — 1) - Vm(1).
4) Compute V,, E;,,(v9)"™" from Eq. (52).
5) Compute U"*!(f) backward in time from Eq. (23) and
U(1) = Vy, Eig(09)"*.
6) Compute w"*!(¢) backward in time from Eq. (24) and
w(l)=0.
7) Compute V,, Eimg(uo)”“ from Eq. (25).
8) Compute 61}8“ from Eq. (33).
for k < 0 to PCG convergence or PCG._its do
8.1) Compute 5v%*!(¢) forward in time from Eq. (53) and
50(0) = 0.
8.2) Compute 6¢**!(r) forward in time from Eq. (54) and
6¢p(0) = 0.
8.3) Compute 5p%+1(1) = —G%Sm’“"(l) S VmkL(1).
8.4) Compute (H,,, Eip,(0)805)**! from Eq. (28).
8.5) Compute 5U**+!(t) backward in time from Eq. (29) and
8U(1) = (H,, Eipg(0g)809) .
8.6) Compute sw**!(¢) backward in time from Eq. (30) and
sw(l) =0.
8.7) Compute (H,, Eip,(0)05)**! from Eq. (31).
8.8) Compute v from PCG at iteration k + 1.
8.9) Check PCG convergence.
end
9) Compute Ug“ from Eq. (32).
10) Check algorithm convergence.
end

4. Semi-Lagrangian Runge-Kutta PDE integration
4.1. Semi-Lagrangian Runge—Kutta methods in the spatial domain

Semi-Lagrangian (SL) integration methods allow solving the trans-
port equations of the general form

Du = f(u,v), (58)

where u : 2 x[0,1] - R? is a scalar or a vector function varying in
time, and

D,u=0u+ Du-v. (59

SL methods combine the most relevant properties of Eulerian and
Lagrangian schemes. On the one hand, SL methods involve following
the characteristic lines of the differential equation, in a similar way to
Lagrangian approaches. On the other hand, the equation is solved on
the regular grid, like Eulerian approaches. As a result, SL methods are
unconditionally stable as the Lagrangian schemes. This means that time
sampling can be selected according to accuracy considerations rather
than stability considerations. SL methods allow selecting a time sam-
pling usually much smaller than Eulerian methods yielding a sensible
reduction of the computational complexity.

SL schemes involve two steps. First, the departure points are com-
puted solving the characteristic equation

D, X(@) =v(t, X(1)), (60)

with initial condition X(0) = x. The direction of the time integration
can be forward or backward, depending on the direction of the time
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Table 1
Original PDEs involved in the different variants of Jacobi EPDiff PDE-LDDMM and
corresponding PDEs written in SL form.

Equation in original form Equation in SL form

0,0, +ad] v, =0 n.a.

0,60, + ad, v, +ad’ v, =0 D,év, = —ad}, v, — K((Dv,)" Lév, + L60,V - v,)
0,m(t) + Vm(t) - v, = 0 D,m(1) =0

0,6m(1) + Vom(t) - v, + Vm(r) - 50, =0 D,ém(t) = =Vm(1) - v,

0,p(t) + Dp(t) - v, = 0 D,d(t) =0

0,600(t) + DSp(t) - v, + Dp(t) - 60, = 0
U, +ad U, =0
0,w, - ad, w, +ad} v, + U, =0

D,5¢(t) = —Dg(t) - v,
D,U, = —-K(Dv)"LU, + LU,V - v,)
D,w, = Dv,w, — ad} v, - U,

0,6U, + ad;’“’ U, +ad} 8U, =0

D,8U, = —K((Dv,)" LU, + L6U,V - v,) — ad, U,
0,6w, — ad, 5w, + ad,, v, + 86U, =0

D,6w, = Dv,6w, — ad;wl v, = 8U;

integration of the transport equation. From the several methods pro-
posed in the literature for solving the characteristic equation, we use
the approach given by Mang and Biros in [35]

X, = x—6t-v, (61)
v, = voX,, (62)

Table 2
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X, = x=0.5 68t (v, +0). (63)

Second, the transport equation (Eq. (58)) is solved in the Eulerian
grid

Du(X (), 1) = fu(X(@), 1), v(t, X (1)) (64)

along the characteristic line X. The use of Runge-Kutta (RK) integra-
tion has been recently proposed in this step, yielding a higher-order
accurate Semi-Lagrangian Runge—Kutta (SL-RK) method [46].

To be able to apply SL or SL-RK integration, the differential equa-
tions need to be written in the shape of Eq. (64). For SL-RK integration,
the resulting right-hand side expression can be directly plugged into
an RK differential solver. The derivation of the equations needed in
Jacobi EPDiff PDE-LDDMM in SL form use the terms of the expansion
of the EPDiff equation and the adjoint action (see the derivation in the
Appendix). Table 1 gathers the expressions of the resulting differential
equations. It should be noticed that the EPDiff equation computes the
velocity field v needed to solve the characteristic equation. Therefore, it
cannot be solved using SL-RK schemes. We used a RK scheme similarly
to [25].

Original PDEs involved in the different variants of BL Jacobi EPDiff PDE-LDDMM and corresponding PDEs

written in SL form.

Equation in original form

Equation in SL form

5, =0

n.a.

~ —_— ~ o~ ~ ~ —_
D,85, = —ad, 5, — K(Do,))" * L5, + L5, % V-5,)

0,m(t) + Vm(t) - (5,) = 0

0,6m(t) + Vam(t) - 1(,) + Vm(1) - 1(65,) = 0
0,i(t) + Di(t) * 0, = D,

0,6a(t) + Dsi(t) * 0, + Da(r) % 65, = 80,

D,m(t) =0

D,sm(t) = =Vm(t) - 1(53,)
D,a(t) = o,

D, si(t) = 68, — Di(t) x 60,

~ —~F o
0,0,+ad, U, =0
O, — ady @, + ad, o, +0, =0

D,U, = —K(Do)" % LU, + LU, % V-5,)
5 ~

~ A ~ ~t ~
w, = Db, x b, — ad,l,’u, -U,

0,60, +ad,, U, +ad, 60, =0

0,610, — ad; 610, + ad,, b, + 60, =0

b1,

~ ~ ~ ~ o~ o~ o~ —~1
\ = —K((Do)" » 16U, + LsU, » V') - ad,, T,

~ —~ ~
®, = D&, % 6w, - ady, 0, - 80,

Table 3

List of the PDE-LDDMM methods compared in this work. The table gathers the name of the methods used in the experimental
section, the variant identifier, the integration scheme, and the publication where the method first appeared for the spatial
(SP) and the band-limited (BL) parameterization. In the table, St. stands for stationary, NSt. for non-stationary, and J. for
Jacobi. PDE-LDDMM refers to the original variant based on the state equation (Variant I), PDE-LDDMM st. eq. refers to the
alternative variant based on the state equation (Variant II), and PDE-LDDMM def. st. eq. refers to the variant based on the
deformation state equation (Variant III). It should be noticed that the works of Hart et al. and Polzin et al. use different
approaches for integration and optimization. They are added to the table since they inspired the later Gauss-Newton-Krylov

versions with RK integration.

Method Variant Integration Publication (SP) Publication (BL)
St. PDE-LDDMM I RK Mang et al. [28] Hernandez [38]
St. PDE-LDDMM st. eq. I RK Hernandez [39] Hernandez [39]
St. PDE-LDDMM def. st. eq. il RK Hernandez [39] Hernandez [39]
St. PDE-LDDMM I SL-RK Mang et al. [35] Hernandez [40]
St. PDE-LDDMM st. eq. I SL-RK Hernandez [40] Hernandez [40]
St. PDE-LDDMM def. st. eq. 111 SL-RK Hernandez [40] Hernandez [40]
NSt. PDE-LDDMM I RK Hart et al. Mang et al. [28,34] Hernandez [38]
NSt. PDE-LDDMM, st. eq. 11 RK Hart et al. Hernandez [34,39] Hernandez [39]
NSt. PDE-LDDMM, def. st. eq. 11 RK Polzin et al. Hernandez [39,43] Hernandez [39]
NSt. PDE-LDDMM I SL-RK Hernandez [40] Hernandez [40]
NSt. PDE-LDDMM st. eq. il SL-RK Hernandez [40] Hernandez [40]
NSt. PDE-LDDMM def. st. eq. 111 SL-RK Hernandez [40] Hernandez [40]
J. EPDiff PDE-LDDMM 1 RK Hernandez [25] this work
J. EPDiff PDE-LDDMV, st, eq. I RK this work this work
J. EPDiff PDE-LDDMV, def. st. eq. 111 RK this work this work
J. EPDiff PDE-LDDMM 1 SL-RK this work this work
J. EPDiff PDE-LDDMM, st. eq. I SL-RK this work this work
J. EPDiff PDE-LDDMV, def. st. eq. 111 SL-RK this work this work
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Table 4

Mean and standard deviation of the relative image similarity error M SE,, given in %, the relative gradient magnitude ||g||
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and the minimum and maximum of the Jacobian

oo,rel?

determinant associated with the transformation ¢(1). For each method, the value of the time sampling n, is shown. For the SL-RK methods, the value of n, for the solution of the
EPDiff equation with RK integration is 30 for the spatial methods and 25 for the BL ones. Boldface highlights the best M SE,, values for each group of variants. FL stands for
Flux Limiter. (*) The n, selected for NSt. PDE-LDDMM, st. eq. with RK integration was due to a memory load greater than the GPU maximum capacity (24 GBS).

Method Variant Integration n, MSE, (%) 1g 1o rer min(J (¢(1))) max(J (¢(1)))
Vialard et al. [JCV 2011 - FL 10 37.91 + 2.40 0.29 + 0.05 0.27 + 0.23 1.63 + 0.15
Singh et al. ISBI 2013 - RK 30 21.97 + 4.14 0.15 + 0.08 0.14 + 0.07 3.18 + 0.95
Yang et al. MICCAI 2015 - RK 30 20.86 + 2.36 0.14 + 0.10 0.12 + 0.04 3.02 + 0.69
SP Zhang et al. IJCV 2018 - RK 30 20.92 + 2.05 0.04 + 0.02 0.20 + 0.03 2.57 + 0.29
St. PDE-LDDMM I RK 50 18.29 + 2.83 0.07 + 0.05 0.16 + 0.05 3.70 + 0.51
St. PDE-LDDMM st. eq. 1I RK 30 18.42 + 2.71 0.18 + 0.19 0.07 + 0.06 2,95 + 0.41
St. PDE-LDDMM def. st. eq. 111 RK 30 16.83 + 1.53 0.16 + 0.08 0.12 + 0.05 412 + 1.41
St. PDE-LDDMM I SL-RK 5 19.55 + 1.76 0.14 + 0.13 0.03 + 0.04 3.25 + 0.29
St. PDE-LDDMM st. eq. I SL-RK 5 18.34 + 1.68 0.23 + 0.21 0.03 + 0.04 3.46 + 0.69
St. PDE-LDDMM def. st. eq. 11 SL-RK 5 17.10 + 1.50 0.12 + 0.05 0.14 + 0.05 5.02 + 1.01
NSt. PDE-LDDMM I RK 50 22.68 + 5.49 0.26 + 0.12 0.16 + 0.05 3.38 + 0.90
NSt. PDE-LDDMM, st. eq. I RK 25* 29.92 + 2.41 0.32 + 0.10 0.11 + 0.07 2,93 + 0.78
NSt. PDE-LDDMM, def. st. eq. I RK 30 16.10 + 1.70 0.20 + 0.08 0.09 + 0.03 4.55 + 0.69
NSt. PDE-LDDMM I SL-RK 5 22.44 + 6.26 0.51 + 0.18 0.02 + 0.02 3.96 + 0.65
NSt. PDE-LDDMM st. eq. I SL-RK 5 21.82 + 2.51 0.49 + 0.19 0.01 + 0.02 4.20 + 0.94
NSt. PDE-LDDMM def. st. eq. 11l SL-RK 5 16.86 + 1.91 0.13 + 0.04 0.09 + 0.02 7.35 + 2.63
J. EPDiff PDE-LDDMM I RK 30 19.45 + 2.39 0.16 + 0.09 0.10 + 0.05 3.09 + 0.85
J. EPDIff PDE-LDDMM, st. eq. i RK 30 18.46 + 2.29 0.15 + 0.13 0.10 + 0.06 3.15 + 1.01
J. EPDIff PDE-LDDMM, def. st. eq. I RK 30 21.26 + 3.38 0.23 + 0.08 0.13 + 0.05 2.47 + 0.40
J. EPDiff PDE-LDDMM I SL-RK 5 27.97 + 2.43 0.68 + 0.40 0.21 + 0.07 291 + 0.61
J. EPDIff PDE-LDDMM, st. eq. I SL-RK 5 16.52 + 2.49 0.25 + 0.17 0.11 + 0.05 5.28 + 1.52
J. EPDIff PDE-LDDMM, def. st. eq. I SL-RK 5 18.21 + 2.52 0.28 + 0.17 0.13 + 0.06 4.57 + 1.32
BL Zhang et al. IJCV 2018 32x - RK 25 21.28 + 2.07 0.01 + 0.00 0.14 + 0.02 2,51 + 0.19
BL Zhang et al. LJCV 2018 40x - RK 25 20.84 + 2.03 0.01 + 0.00 0.14 + 0.02 2.51 + 0.19
BL Zhang et al. IJCV 2018 64x - RK 25 20.56 + 2.00 0.01 + 0.00 0.13 + 0.03 2,52 + 0.17
BL St. PDE-LDDMM 40x ! RK 25 20.99 + 2.59 0.04 + 0.03 0.21 + 0.04 3.32 + 0.41
BL St. PDE-LDDMM st. eq. 32x I RK 25 18.53 + 1.71 0.02 + 0.01 0.11 + 0.07 3.10 + 0.35
BL St. PDE-LDDMM def. st. eq. 32x 111 RK 25 17.32 + 1.68 0.03 + 0.01 0.13 + 0.05 3.76 = 0.49
BL St. PDE-LDDMM 40x 1 SL-RK 5 20.41 + 1.89 0.02 + 0.00 0.32 + 0.02 9.65 + 4.77
BL St. PDE-LDDMM st. eq. 32x I SL-RK 5 19.89 + 1.76 0.01 + 0.00 0.29 + 0.03 7.94 + 2.81
BL St. PDE-LDDMM def. st. eq. 32x 111 SL-RK 5 17.77 + 1.66 0.04 + 0.01 0.21 + 0.03 8.23 + 3.24
BL NSt. PDE-LDDMM 40x I RK 25 29.30 + 3.50 0.21 + 0.08 0.24 + 0.05 2.25 + 0.51
BL NSt. PDE-LDDMM, st. eq. 32x 1II RK 25 29.21 + 3.96 0.24 + 0.11 0.15 + 0.06 2.71 + 0.48
BL NSt. PDE-LDDMM, def. st. eq. 32x 111 RK 25 15.68 + 1.52 0.04 + 0.01 0.09 + 0.04 4.77 = 0.78
BL NSt. PDE-LDDMM 40x I SL-RK 5 19.14 + 2.06 0.11 + 0.05 0.01 + 0.07 5.25 + 0.80
BL NSt. PDE-LDDMM st. eq. 32x 1I SL-RK 5 20.49 + 1.75 0.17 + 0.15 0.07 + 0.03 4.51 + 0.61
BL NSt. PDE-LDDMM def. st. eq. 32x 111 SL-RK 5 16.80 + 1.57 0.07 + 0.03 0.09 + 0.03 7.37 £ 1.43
BL J. EPDIff PDE-LDDMM 32x I RK 25 26.95 + 2.52 0.15 + 0.07 0.23 + 0.05 2.60 + 0.70
BL J. EPDiff PDE-LDDMM, st. eq. 32x 1I RK 25 19.55 + 1.85 0.09 + 0.03 0.12 + 0.06 3.40 = 0.73
BL J. EPDiff PDE-LDDMM, def. st. eq. 32x 111 RK 25 22.56 + 2.94 0.09 + 0.03 0.17 + 0.05 2.64 + 0.36
BL J. EPDiff PDE-LDDMM 40x I RK 25 26.97 + 3.07 0.15 + 0.08 0.23 + 0.05 2.61 + 0.88
BL J. EPDiff PDE-LDDMM, st. eq. 40x I RK 25 19.17 + 2.19 0.09 + 0.04 0.13 + 0.05 3.35 + 0.46
BL J. EPDiff PDE-LDDMM, def. st. eq. 40x 111 RK 25 22.43 + 3.00 0.08 + 0.03 0.17 + 0.05 2.57 + 0.40
BL J. EPDiff PDE-LDDMM 64x I RK 25 26.52 + 2.94 0.14 + 0.07 0.23 + 0.05 2.41 + 0.38
BL J. EPDiff PDE-LDDMM, st. eq. 64x I RK 25 19.59 + 2.41 0.09 + 0.06 0.14 + 0.05 3.10 = 0.63
BL J. EPDIff PDE-LDDMM, def. st. eq. 64x 1 RK 25 22.27 + 3.05 0.08 + 0.03 0.16 + 0.04 2.50 + 0.40
BL J. EPDiff PDE-LDDMM 32x I SL-RK 5 25.45 + 2.16 0.10 + 0.04 0.25 + 0.05 5.30 + 1.26
BL J. EPDiff PDE-LDDMM, st. eq. 32x I SL-RK 5 17.55 + 1.83 0.08 + 0.03 0.18 + 0.05 14.54 + 11.69
BL J. EPDIff PDE-LDDMM, def. st. eq. 32x 11 SL-RK 5 19.46 + 2.61 0.13 + 0.15 0.20 + 0.06 9.77 + 5.43
BL J. EPDiff PDE-LDDMM 40x I SL-RK 5 25.25 + 2.21 0.10 + 0.03 0.25 + 0.05 5.47 = 1.67
BL J. EPDiff PDE-LDDMM, st. eq. 40x I SL-RK 5 17.01 + 1.87 0.09 + 0.04 0.19 + 0.05 12.90 + 9.79
BL J. EPDIff PDE-LDDMM, def. st. eq. 40x I SL-RK 5 18.76 + 2.82 0.09 + 0.03 0.20 + 0.06 8.98 + 4.14
BL J. EPDiff PDE-LDDMM 64x I SL-RK 5 25.25 + 2.50 0.11 + 0.04 0.25 + 0.06 5.06 + 1.23
BL J. EPDIff PDE-LDDMM, st. eq. 64x I SL-RK 5 16.65 + 2.11 0.11 + 0.06 0.18 + 0.07 11.34 + 6.11
BL J. EPDIff PDE-LDDMM, def. st. eq. 64x I SL-RK 5 18.45 + 2.83 0.12 + 0.06 0.19 + 0.06 7.92 + 2.28
4.2. Semi-Lagrangian Runge—Kutta methods in the band-limited domain where i : Q@ x[0,1] > C¢ is a time-varying scalar or vector function
defined in the band-limited domain, and
D,ii = 0,ii + Dii * o. (66)
Semi-Lagrangian integration also allows solving band-limited trans- . . .
. In this case, the departure points are computed solving the charac-
port equations of the general form teristic equation
D,ii = f(@,?), (65) D, X (1) = u(@(1, X(1))), 67)
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Table 5
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Computational complexity. GPU peak memory usage and mean and standard deviation of the computation time. Experiments

run in an NVidia Titan RTX with 24 GBS of video memory.

Method Integration VRAM (MBS) total time (s)
Singh et al. ISBI 2013 RK 13333 877.97 + 252.20
Yang et al. MICCAI 2015 RK 16423 1945.99 + 261.55
SP Zhang et al. IJCV 2018 RK 9641 1215.45 + 179.07
St. PDE-LDDMM RK 10311 2281.40 + 378.56
St. PDE-LDDMM st. eq. RK 17229 877.85 + 176.03
St. PDE-LDDMM def. st. eq. RK 15321 1298.50 + 151.19
St. PDE-LDDMM SL-RK 3901 118.29 + 4.77

St. PDE-LDDMM st. eq. SL-RK 6267 139.91 + 22.06
St. PDE-LDDMM def. st. eq. SL-RK 5935 221.01 + 2.40
NSt. PDE-LDDMM RK 14913 3443.17 + 932.45
NSt. PDE-LDDMM, st. eq. RK 20635 816.79 + 480.61
NSt. PDE-LDDMM, def. st. eq. RK 19065 2222.04 + 369.96
NSt. PDE-LDDMM SL-RK 11155 191.96 + 45.53
NSt. PDE-LDDMM st. eq. SL-RK 12429 214.09 + 48.54
NSt. PDE-LDDMM def. st. eq. SL-RK 12065 355.47 + 4.38

J. EPDiff PDE-LDDMM RK 14603 2590.56 + 489.39
J. EPDiff PDE-LDDMM, st. eq. RK 18027 2766.46 + 609.31
J. EPDiff PDE-LDDMV, def. st. eq. RK 18079 2934.80 + 121.20
J. EPDiff PDE-LDDMM SL-RK 13801 337.88 + 126.20
J. EPDiff PDE-LDDMM, st. eq. SL-RK 14477 490.79 + 90.80
J. EPDiff PDE-LDDMV, def. st. eq. SL-RK 14659 540.99 + 84.97
BL Zhang et al. IJCV 2018 32x RK 1345 229.40 + 0.25

BL St. PDE-LDDMM 40x RK 5709 312.45 + 5.22

BL St. PDE-LDDMM st. eq. 32x RK 4743 315.00 + 2.73

BL St. PDE-LDDMM def. st. eq. 32x RK 1819 377.56 + 4.26

BL St. PDE-LDDMM 40x SL-RK 2685 68.66 + 1.32

BL St. PDE-LDDMM st. eq. 32x SL-RK 2877 80.76 + 0.35

BL St. PDE-LDDMM def. st. eq. 32x SL-RK 2365 116.99 + 1.04

BL NSt. PDE-LDDMM 40x RK 6657 825.15 + 19.93
BL NSt. PDE-LDDMM, st. eq. 32x RK 4789 535.52 + 279.65
BL NSt. PDE-LDDMM, def. st. eq. 32x RK 1863 905.48 + 25.13
BL NSt. PDE-LDDMM 40x SL-RK 6131 158.79 + 15.29
BL NSt. PDE-LDDMM st. eq. 32x SL-RK 6171 159.49 + 20.59
BL NSt. PDE-LDDMM def. st. eq. 32x SL-RK 5577 249.60 + 10.85
BL J. EPDiff PDE-LDDMM 32x RK 3241 540.83 + 7.14

BL J. EPDiff PDE-LDDMM, st. eq. 32x RK 1903 439.81 + 5.11

BL J. EPDiff PDE-LDDMM, def. st. eq. 32x RK 1879 488.74 + 7.61

BL J. EPDiff PDE-LDDMM 32x SL-RK 3219 172.04 + 3.53

BL J. EPDiff PDE-LDDMM, st. eq. 32x SL-RK 3027 197.15 + 3.10

BL J. EPDiff PDE-LDDMM, def. st. eq. 32x SL-RK 3001 199.72 + 4.58

with initial condition X(0) = x. The band-limited transport equation is
solved in the Eulerian grid

D,a(X(0),1) = f@X @), 1), ot, X(1))). (68)

The differential equations written in the shape of Eq. (68) and needed
for the application of SL schemes can be obtained by projecting the
equations obtained for the problem in the spatial domain to the band-
limited domain. Table 2 gathers the expressions of these differential
equations.

5. Implementation details

In this work, the methods are regularized with L = (Id — a4)® and
the regularization parameters ¢ = 1.0, a = 0.0025, and s = 2 in a
unit-domain discretization of the image domain £ [17]. These values
were previously selected as optimal in [25]. Gauss—Newton-Krylov
optimization is run a maximum of 10 iterations and a maximum of 5 CG
iterations. These parameters were selected as optimal in our previous
works [25,38,40]. Gradient-Descent optimization of the benchmark
MCC methods is run a maximum of 50 iterations for a fair comparison.
We use the stopping conditions proposed in [28].

The BL PDE-LDDMM experiments were performed with band sizes
of 40 x 40 x 40 for original BL PDE-LDDMM, and 32 x 32 x 32 for BL

PDE-LDDMM based on the state and on the deformation state equations.
This selection was found as optimal for each method in our previous
work [38,39]. The BL EPDiff PDE-LDDMM experiments were performed
with band sizes ranging from 32 x 32 x 32 to 64 x 64 x 64.

For PDE integration, the computation of differentials is approached
using Fourier spectral methods as an alternative to commonly used fi-
nite difference approximations [47]. Spectral differentiation was intro-
duced in diffeomorphic registration literature in [28]. The RK method
used in this work is Bogacki-Shampine Runge-Kutta of order 3. The
solutions are computed at the Chebyshev-Gauss-Lobatto discretization
of the temporal domain [0, 1]. For SL-RK integration, the size of the
time sampling n, was selected equal to 5 for all the methods. For
RK integration, n, was selected from 25 to 50, depending on stability
issues. The Courant-Friedrichs-Lewy (CFL) condition was monitored to
this end during the testing phase of our work. Table 4 in the Results
section details the specific value of n, used for each method. Since v, is
computed in the RK domain, a time sampling of v, is needed for SL-RK
integration. In this work, we use a piecewise time sampling. In addition,
we use cubic interpolation for the estimation of the velocity field at
points that do not belong to the Eulerian grid, as suggested in [35].

The experiments were run on a computer equipped with one NVidia
Titan RTX with 24 GBS of video memory and an Intel Core i7 with 64
GBS of DDR3 RAM. The codes were developed in the GPU with Matlab
2017a and Cuda 8.0. Since Matlab lacks a 3D GPU cubic interpolator,
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Fig. 1. Evaluation of MCC PDE-LDDMM methods. Volume overlap obtained by the registration methods measured in terms of the DSC. Box and whisker plots show the distribution
of the DSC values averaged over the 32 NIREP manual segmentations. The whiskers indicate the minimum and maximum of the DSC values. The horizontal black lines indicate

the first and third quartiles of ANTS-SSD method.

we implemented in a Cuda MEX file the GPU cubic interpolator with
prefiltering proposed in [48].

6. Results

In this section, we evaluate the performance of our proposed vari-
ants of Jacobi EPDiff PDE-LDDMM formulated in the spatial and BL
domains with SL-RK integration. In addition, we compare the compu-
tational efficiency achieved by SL-RK integration with respect to RK
integration and by the BL parameterization with respect to the spatial
parameterization.

As a benchmark for the evaluation, we include the results of:

+ SyN diffeomorphic registration with L2-based image similarity
(ANTS-SSD) [49].

+ PDE-LDDMM [29,35,38,39].

* Vialard et al. EPDiff
(Vialard IJCV 2011) [19].

+» The spatial and BL versions of Zhang and Fletcher method (Zhang

IJCV 2018) [24,42].

The EPDiff PDE-LDDMM methods in Singh et al. and

Yang et al. [22,23] (Singh ISBI 2013 and Yang MICCAI 2015).

Although the method in Yang et al. is for registration uncertainty

estimation, the equations can be used for diffeomorphic regis-

tration. The adapted method was provided in [25] and it can

be seen as a version of Singh et al. with Gauss-Newton—Krylov

optimization.

+ The Jacobi EPDiff PDE-LDDMM method with RK integration pro-
posed in [25].

PDE-LDDMM method

Table 3 details the PDE-LDDMM methods compared in this work.

The experiments have been conducted on the Non-Rigid Image Reg-
istration Evaluation Project database (NIREP) [50]. This database has
been extensively used in the evaluation of registration methods [51].
Indeed, NIREP is the dataset of choice for the evaluation of the most
recently proposed PDE-LDDMM methods [25,29,38]. Due to the large
computational requirements of the benchmark methods, we have used a
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subsampled version of NIREP with volumes of size 180 x 210 x 180. As
a preprocessing step, the images were affinely registered to a common
template before non-rigid registration using the algorithms available
in ITK (www.itk.org). The first subject was registered to every other
subject in the database, yielding 15 registrations for each method.

6.1. Quantitative results

Table 4 shows, averaged by the number of experiments, the rela-
tive image similarity error, the relative gradient magnitude, and the
minimum and maximum of the Jacobian determinant obtained after
registration for the benchmark and the proposed methods. The image
similarity error is measured in terms of the L> Mean Squared Error
relative to the first iteration M SE,,, = [lm(1) — I ||;2/Il1y — Il ;2. The
relative gradient corresponds with ||g|lo, o) = IV, E@)l oo/ IV E@O)|l o
for the methods formulated in the space of time-varying or stationary
velocity fields, llglle s = ||VU0E(US)||°°/||VUOE(Ug)HOO for the meth-
ods formulated in the space of initial velocity fields, and ||gllo s =
IV EG) o/ IV E@)lo OF Igllcares = 1V EGDIlo/ 11V, E@lo for
the BL parameterization.

6.1.1. Results of the spatial methods

Our proposed variants II and III of Jacobi EPDiff PDE-LDDMM
overpassed all the benchmark MCC methods in terms of the obtained
MSE,,. From the benchmark PDE-LDDMM methods, the best per-
forming variant in terms of M SE,,, was Variant III. In contrast, from
the proposed Jacobi EPDiff PDE-LDDMM methods, the best performing
variant turned out to be Variant II. The mean M SE,, value of the
best performing Jacobi EPDiff PDE-LDDMM method was 16.52%. This
quantity is close to the 16.10% obtained by the best benchmark PDE-
LDDMM method. For variants II and III Jacobi EPDiff PDE-LDDMM
SL-RK improved the performance of RK integration. The ||g||, ., values
showed an acceptable convergence behavior, except in three cases.
All the methods provided diffeomorphic solutions for the selected
parameters (min(J(¢(1)) > 0).
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Fig. 2. Comparison of spatial and band-limited PDE-LDDMM methods with Jacobi EPDiff PDE-LDDMM.

6.1.2. Results of the BL methods

The M SE,, values obtained by the BL methods were close to the
values obtained by the corresponding spatial methods. The selection
of the dimension of the BL domain did not impact much the achieved
MSE,, value. As happened with the methods in the spatial domain,
our proposed variants II and III of BL Jacobi EPDiff PDE-LDDMM
also overpassed all the benchmark MCC methods. The best performing
variants were Variant III for the BL PDE-LDDMM benchmark methods,
and Variant II for BL Jacobi EPDiff PDE-LDDMM. The mean M SE

rel
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value of the best performing BL Jacobi EPDiff PDE-LDDMM method
was 16.65%. This quantity is in the same order as the best performing
PDE-LDDMM benchmark method in both the spatial and BL domains.
The improvement of SL-RK integration with respect to RK shown for the
spatial methods was also consistent with the BL methods. The ||g|ls e/

values also showed an acceptable convergence behavior in all cases and

all the BL methods provided diffeomorphic solutions.
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Fig. 3. Comparison of spatial vs band-limited PDE-LDDMM methods and Jacobi EPDiff PDE-LDDMM.

target (I1)

source (Ip)

Fig. 4. Sagittal view of the source and target images of the results shown in Section 6.3, and color wheel used for the vector fields representation.

6.2. Evaluation

The evaluation of the proposed methods and the comparison with
the benchmarks have been performed similarly to [25,39]. The evalu-
ation is based on the accuracy of the registration results for template-
based segmentation of sufficiently small and localized labeled regions,
a criterion extensively used in the evaluation of registration meth-
ods [51-53]. We use the manual segmentations provided with the
NIREP database as a gold standard. Dice Similarity Coefficient (DSC)
is selected as the performance metric. Given .S and T two segmented
structures, DSC is defined as

DSC(S,T)=2Vol(SNT)/(Vol(S) + Vol(T)). (69)

This metric provides the value of 1 if S and T exactly overlap and
gradually decreases towards 0 depending on the overlap of the two
volumes. In this work, the DSC is computed between the warped and
the corresponding manual target segmentations. As a lower bound
baseline, the average DSC value before deformable registration is equal
to 43.75%.

It should be noticed that some works have reported DSC values
ranging from 75% to 80% in this dataset [36]. However, the computa-
tion of the DSC values has been performed in the total brain volume
without having into account the registration accuracy obtained in
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each particular subregion. Our approach for computing the DSC values
follows the recommendations used in the state of the art of non-rigid
registration evaluation [51-53]. Our results should be not compared
with a benchmark of 75% or 80% but with the results obtained by
a well-established diffeomorphic registration method. For example,
the average DSC value achieved by SyN diffeomorphic registration
with L2?-based image similarity (ANTS-SSD) equals to 55.59% in this
dataset [25,49]. We have selected this value as a benchmark of good
registration accuracy for methods with L2-based image similarity.

Figs. 1 and 2 show the statistical distribution of the DSCs obtained
after the registration across the 32 segmented structures. The results
have been grouped into three different categories of the LDDMM-Verse:
MCC methods, PDE-LDDMM methods, and BL PDE-LDDMM methods.
In addition, Fig. 3 compares the performance of the spatial vs the BL
methods for the family of PDE-LDDMM methods.

6.2.1. Evaluation of the MCC methods

From the results of the benchmark MCC methods in Fig. 1, it is
remarkable the poor performance of Vialard et al. method. Singh ISBI
2013 and Yang MICCAI 2015 methods performed similarly. The first
method is nearly a gradient-descent version of the second method.
Zhang et al. performed similarly to BL Zhang et al. for the selected BL
sizes.
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vo

Fig. 5. Jacobi EPDiff PDE-LDDMM methods. Sagittal view of the warped sources, the intensity differences, and the initial velocity fields after registration.

The best performing MCC method was our proposed Jacobi EPDiff
PDE-LDDMM st. (Variant II) with SL-RK integration. In fact, Variant
II and Variant III in the spatial domain with SL-RK integration out-
performed the benchmark MCC methods. Variant I and Variant II of
Jacobi EPDiff PDE-LDDMM with RK integration stayed in a competitive
position.

Regarding the BL versions of Jacobi EPDiff PDE-LDDMM,, the use of
the BL parameterization degraded the performance of RK integration
under ANTS-SSD baseline. However, the performance of BL Jacobi
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EPDiff PDE-LDDMM st. and st. def. (variants II and III) with SL-RK
integration was similar to the best benchmark MCC methods.

6.2.2. Evaluation of the PDE-LDDMM methods

Among the PDE-LDDMM methods in Fig. 2, only NSt. PDE-LDDMM
st. (Variant II) with RK integration and Jacobi EPDiff PDE-LDDMM
(Variant I) with SL integration underperformed ANTS-SSD. The DSC
results corroborated that PDE-LDDMM st. def. (Variant III) was the
best performing method among the benchmark PDE-LDDMM methods
and that PDE-LDDMM st. (Variant II) was the best performing method
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Fig. 6. BL Jacobi EPDiff PDE-LDDMM methods. Sagittal view of the warped sources, the intensity differences, and the initial velocity fields after registration.

among the proposed Jacobi EPDiff PDE-LDDMM methods, as happened
with the M SE,, results.

Jacobi EPDiff PDE-LDDMM (Variant I) with SL-RK integration per-
formed slightly under the corresponding method with RK integration.
A similar observation can be drawn from St. PDE-LDDMM (Variant
I) with SL-RK and RK integration. Therefore, it seems that for the
original PDE-LDDMM formulation [29,35], the accuracy provided by
SL-RK integration is lower than with explicit schemes. On the contrary,
Jacobi EPDiff PDE-LDDMM st. and st. def. (variants II and III) with SL-
RK integration slightly outperformed their corresponding variant with
RK integration.
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The stationary methods and NSt. PDE-LDDMM st. def. (Variant IIT)
outperformed Jacobi EPDiff PDE-LDDMM. This may be due to the
EPDiff-constraint imposes a more restrictive physical model in the space
of solutions and, in consequence, the performance obtained within
this evaluation framework is slightly degraded compared with under-
constrained LDDMM methods. However, EPDiff constrained methods
are preferable in Computational Anatomy applications since they pro-
vide true geodesic solutions while NSt. PDE-LDDMM provides ap-
proximated geodesic solutions and St. PDE-LDDMM provides solutions
belonging to one-parameter subgroups, not geodesics.
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Fig. 7. Proposed Jacobi EPDiff PDE-LDDMM methods. Sagittal view of the velocity field flow v, computed from v, after registration.

6.2.3. Evaluation of the BL PDE-LDDMM methods

It can be appreciated in Fig. 3 that the performance of the best
performing benchmark PDE-LDDMM methods (variants II and III) was
slightly degraded with the use of the BL parameterization, while the use
of the BL parameterization in Jacobi PDE-LDDMM with RK integration
degraded their performance under ANTS-SSD. For variants II and III of
BL Jacobi PDE-LDDMM with SL-RK integration, the degradation due to
the BL parameterization was admissible, yielding an acceptable perfor-
mance comparable to ANTS-SSD, competitive with the best benchmark
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MCC methods, and slightly under the best performing spatial Jacobi
EPDiff PDE-LDDMM methods.

6.3. Qualitative results

For a qualitative assessment of the proposed registration methods,
we show the registration results obtained by our proposed methods
in a selected experiment representative of a difficult deformable reg-
istration problem. Fig. 4 shows the source and target images. Figs. 5
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and 6 show the warped images, the difference between the warped
and the target images after registration and the initial velocity field.
There is no appreciable difference between the warped images and
the differences of RK and SL-RK integration for the alternative Jacobi
EPDiff PDE-LDDMM methods based on the state and the deformation
state equations (variants II and III). However, these variants outperform
original Jacobi EPDiff PDE-LDDMM (Variant I) in the case of SL-RK
integration. This result is in agreement with the M SE,,; results shown
in the quantitative experiments and the DSC values in the evaluation
results. A similar visual assessment can be performed for the BL Jacobi
EPDiff PDE-LDDMM methods. Fig. 7 shows the velocity field flow v,
computed from v, using the EPDiff-equation for Jacobi EPDiff PDE-
LDDMM methods with SL-RK integration. It can be appreciated that
original Jacobi EPDiff PDE-LDDMM is not able to capture as low-level
details as the two alternative variants. This is the reason for their
improved performance.

6.4. Computational complexity

Table 5 shows the computational complexity of the methods at
the resolution level of 180 x 210 x 180. From the spatial methods,
only Zhang IJCV 2018 and St. PDE-LDDMM with SL-RK integration
would fit in a GPU with less than 10 GBS. The BL parameterization
achieved a considerable memory reduction over spatial-based methods.
For the spatial methods, SL-RK integration achieved a substantial mem-
ory reduction over RK integration. In contrast, the BL methods with
SL-RK integration did not show an effective memory reduction over
RK integration in some cases. This is because of the need for storing
the departure points X(r) needed for SL integration. Regarding the
computational time, our proposed BL J. EPDiff PDE-LDDMM methods
significantly outperformed all the MCC benchmark methods, even BL
Zhang IJCV 2018, which uses gradient-descent optimization.

7. Conclusions

In this work, we have proposed three efficient variants of PDE-
constrained LDDMM formulated in the space of initial velocity fields
under the EPDiff momentum conservation constraint. The proposed
methods start from previously proposed Jacobi EPDiff PDE-LDDMM
method [25] and are formulated with the best variational formulations
in [34,39,43]. In our methods, the gradient and the Hessian-vector
products are computed in the space of final velocity fields and trans-
ported to the space of initial velocity fields using the adjoint Jacobi
equations and their incremental counterparts. Efficiency is achieved
through Semi-Lagrangian Runge-Kutta PDE integration and the band-
limited parameterization. We have derived the equations for Semi-
Lagrangian Runge-Kutta integration using the terms of the expansion
of the EPDiff equation and the adjoint action to write the left-hand side
of the equations in Semi-Lagrangian form both in the spatial and the
BL domains.

The proposed methods have been compared with the most relevant
MCC methods in the state of the art and the previously proposed PDE-
LDDMM methods most related to our work. The evaluation has shown
that the variants of Jacobi EPDiff PDE-LDDMM based on the state and
the deformation state equations with SL-RK integration significantly
outperform the benchmark MCC methods. It is remarkable that, for the
parameterization in the spatial domain, the performance of our best
performing proposed methods is similar to PDE-LDDMM [28] despite
the restriction in the degrees of freedom imposed by the momen-
tum conservation constraint. For the BL parameterization, our best-
proposed methods have performed slightly under the best-performing
BL PDE-LDDMM methods, with an acceptable performance comparable
to ANTS-SSD and competitive with the best benchmark MCC methods.

Thanks to the proposed SL-RK integration and BL parameterization,
the memory of the proposed methods has been considerably reduced
to a memory usage that allows running our methods completely in
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the VRAM of commodity GPUs (< 4GBS). Also, the computation time
requirements are significantly lower than the time required by Runge-
Kutta integration methods. Overall, memory requirements were much
lower than spatial MCC benchmark methods and time requirements
were even smaller than Zhang et al. BL MCC benchmark, an MCC
method outstanding by its efficiency [24].

From these results, Jacobi EPDiff PDE-LDDMM based on the state
equation (the second variant) would be our recommendation for Com-
putational Anatomy applications requiring geodesics. This selection is
in contrast to the one driven for PDE-LDDMM in [39,40], where the
method based on the deformation state equation (the third variant) was
selected due to its best performance.

In future work, we will study the performance of our most accurate
variants of Jacobi EPDiff PDE-LDDMM in the efficient construction of
physically meaningful transversal and longitudinal models of shape
variability for Computational Anatomy applications. An interesting
application to start from could be cardiac motion analysis with nearly
incompressible geodesics. In addition, we will investigate whether our
proposed Jacobi EPDiff PDE-LDDMM yields any advantage in the di-
agnosis and prognosis of Alzheimer’s disease with the deep network
architecture of Spasov et al. [54] as obtained with the third variant of
stationary PDE-LDDMM in [55].
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Appendix

To apply SL-RK integration, the differential equations involved in
the different variants of Jacobi EPDiff PDE-LDDMM need to be writ-
ten in the shape of Eq. (64). This appendix gathers the derivation
of the PDEs for the methods formulated in the spatial domain. The
derivation of the PDEs in the band-limited domain can be obtained
straightforwardly. The resulting equations are gathered in Tables 1 and
2.

EPDiff equation and incremental counterpart

The EPDiff equation computes the velocity field v, needed to solve
the characteristic equation. Therefore, it cannot be solved using SL-RK
schemes. The incremental EPDiff equation can be written in the form

o,Lév, + ad(’;vy Lo, + (Dv)T Lév, + D(Lév,)v, + L6v,V - v, = 0 (70)

using the expansion of the EPDiff equation (Eq. (6)). Grouping the first
and fourth terms into D,Lé§v,, moving the remaining terms to the right
hand side, and applying K yield

D,év, = —adgul v, — K(Dv)" Lév, + Lév,V - v,). (71)
State and deformation state equations and incremental counterparts

The state and the deformation state equations are already written in
the form of Eq. (64). For the incremental counterparts, it is enough to
group the first and second terms into D,ém(r) and D,5¢(t), respectively,
and move the remaining term to the right-hand side, yielding

D,6m(t) = =Vm(t) - 5v,D,;5(t) = —Dg(t) - 6v,. (72)
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Adjoint Jacobi equations
The U-Adjoint Jacobi equation can be written in the form

0,LU, + (Dv)T LU, + D(LU,)v, + LU,V - v, =0 (73)

using the expansion of the EPDiff equation (Eq. (6)). Grouping the first
and third terms into D,LU,, moving the remaining terms to the right
hand side, and applying K we get

D,U, = —K((Dv,)T LU, + LU,V - v,). 74
The w-Adjoint Jacobi equation can be written in the form
0,w; — Dv,w, + Dw,v, + ad;Lr v,+U, =0 (75)

using the expression of the adjoint action. Grouping the first and third
terms into D,w, and moving the remaining terms to the right hand side,
we get

D,w,; = Dv,w, — ad;x v, —U,. (76)
Incremental adjoint Jacobi equations

The sU-Adjoint Jacobi equation can be derived similarly to the U-
Adjoint Jacobi equation since both equations differ in the term ad;Ut U,.

Thus,
D,sU, = —K((Dv,)" LU, + L5U,V - v,) — ad;rul U, 77)

Likewise, the sw-Adjoint Jacobi equation can be driven similarly to
the w-Adjoint Jacobi equation, yielding

+
D,6w, = Dv, 6w, — ”dsw, v; — 86U, =0. (78)
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