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We investigate the time modulation of weak nuclear decays as a method to probe axion dark matter.
To this end, we develop a theoretical framework to compute the θ dependence of weak nuclear decays,
including electron capture and β decay, which enables us to predict the time variation of weak radioactivity
in response to an oscillating axion dark matter background. As an application, we recast old datasets, from
the weak nuclear decays of 40K and 137Cs taken at the underground Gran Sasso Laboratory, in order to
set constraints on the axion decay constant, specifically in the axion mass range from few 10−23 up to
10−19 eV. We finally propose a new measurement at the Gran Sasso Laboratory, based on the weak nuclear
decay of 40K via electron capture, in order to explore even shorter timescales, thus reaching sensitivities to
axion masses up to 10−9 eV.
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I. INTRODUCTION

The investigation of time-dependent nuclear decay rates
traces back to the origins of radioactivity research. Notably,
Maria Skłodowska-Curie’s Ph.D. thesis [1] described an
experiment conducted to compare the radioactivity of
uranium measured at midday and midnight, where no
significant variation was observed. In recent years, some
studies have reported small periodic modulations in the
decay rates of various nuclei at the per mille level, with
timescales ranging from days to months and even up to a
year (see [2] and references therein). However, other
researchers have challenged these findings, providing no
evidence for such effects [3–5].
To shed light on this debated phenomenon, a set of

precise γ-spectroscopy experiments were conducted at the
underground Gran Sasso Laboratory [6–9]. The unique
advantages of this facility, such as the rock overburden that
significantly reduces the cosmic muon and neutron fluxes,
allowed the authors of Refs. [6–9] to minimize external
influences. This suppression effectively eliminates the

contribution of cosmic ray flux variations, which typically
exhibit annual modulations with amplitudes of a few
percent [7]. Those measurements ultimately ruled out
modulations of the decay constants in several radioiso-
topes, such as 137Cs [6], 222Rn [7], 232Th [8], and 40K and
226Ra [9], with amplitudes exceeding a few parts per 105 for
periods between a few hours and a year.
The aforementioned limits on the time modulation

of radioisotope decay rates can also be employed to
derive stringent constraints on the time variation of funda-
mental constants of nature, potentially arising from under-
lying fundamental physics. A particularly motivated
framework is that of the quantum chromodynamics (QCD)
axion [10–13], which simultaneously addresses both the
strong CP problem and the dark matter puzzle [14–16].
For a review of recent experimental strategies for axion
detection, see, e.g., [17–19]. In particular, promoting the
QCD θ term to a time-varying axion field enables a model-
independent test of the axion-gluon coupling through the
oscillating electric dipole moment (EDM) of the neutron,
induced by the axion dark matter background [20–22].
Other approaches to set laboratory limits on the axion-
gluon coupling have been discussed, e.g., in Refs. [23–29].
Recently, the authors of Ref. [30] have proposed to look

for the time variation of the decay rate of certain radio-
isotopes, focusing on the θ dependence of β decay,
previously developed in [31]. This allowed them to set
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bounds on the axion coupling to gluons from tritium decay,
based on data taken at the European Commission’s Joint
Research Centre [4].
Following a similar approach, Ref. [32] developed a

theoretical framework to describe the θ dependence of α
decays, enabling predictions for the time variation of α
radioactivity induced by an oscillating axion dark matter
background. Focusing on the α-decay of 241Am, the authors
of Ref. [32] proposed and deployed a prototype experi-
ment, RadioAxion-α, deep underground at the Gran Sasso
Laboratory, collecting data since the summer of 2024.
In this work, we extend the aforementioned program by

investigating the θ dependence of weak nuclear decays,
focusing specifically on electron capture (EC) and β decay.
This analysis enables us to constrain the axion parameter
space by reinterpreting the datasets from Ref. [9] (40K
decay via EC, covering periods between six hours and
800 days) and Ref. [6] (137Cs β decay, covering periods
between six hours and one year). Additionally, we propose
a new measurement at the Gran Sasso Laboratory, based on
the weak nuclear decay of 40K via EC, in order to explore
timescales down to 1 μs.
This work is structured as follows. In Sec. II we

introduce the formalism needed to estimate the θ depend-
ence of nuclear quantities. Next, in Sec. III we provide a
general overview of weak nuclear decays, which allows us
to derive in Sec. IV the time modulation for EC and β
decay, induced by axion dark matter. In Sec. V we describe
the experimental setups of Refs. [6,9] and discuss the
inferred limits on the axion dark matter parameter space.
We then describe the future developments of the 40K
experiment and we finally conclude in Sec. VI, while
more technical details on the calculation of weak nuclear
decays are deferred to the Appendix.

II. θ DEPENDENCE OF MESONS, NUCLEONS,
AND NUCLEI

The QCD θ term is defined by the operator

Lθ ¼
g2s

32π2
θGa

μνG̃
aμν; ð2:1Þ

with the present constraint, jθj≲ 10−10, arising from the
nonobservation of the neutron EDM [33]. The smallness of
θ constitutes the so-called strong CP problem, which can
be solved by promoting the θ term to be a dynamical field,
θ → aðxÞ=fa, where aðxÞ is the axion field and fa the
axion decay constant. The axion field acquires a potential in
the background of QCD instantons and relaxes dynamically
to the CP-conserving minimum, thus explaining the
absence of CP violation in strong interactions [10–13].
In the following, we will be interested in the θ depend-

ence of nuclear quantities, anticipating the fact that we
will interpret θðtÞ as a time-varying background axion
field, related to the dark matter of the Universe [14–16].

The consequences of a nonzero θ in nuclear physics have
been previously investigated in Refs. [31,34], also in
connection with the idea of establishing an anthropic
bound on θ.
There are various ways in which the θ dependence can

manifest in nuclear physics, the most prominent is through
the pion mass [35,36]

M2
πðθÞ ¼ M2

π cos
θ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ε2 tan2

θ

2

r
; ð2:2Þ

with Mπ ¼ 139.57 MeV and ε ¼ ðmd −muÞ=ðmd þmuÞ.
The θ dependence of other low-lying resonances, including
σð550Þ, ρð770Þ, and ωð782Þ—which, along with the pion,
are responsible for the mediation of nuclear forces in the
one-boson-exchange approximation—has been deter-
mined based on ππ scattering data in Ref. [37]. The θ
dependence of the neutron-proton mass difference has
been instead determined from the next-to-leading order
chiral pion-nucleon Lagrangian and gives at lowest order
in the pion mass [31]

ΔmNðθÞ≡mnðθÞ −mpðθÞ ¼ −4c5ε
M4

π

M2
πðθÞ

; ð2:3Þ

where c5 ¼ ð−0.074� 0.006Þ GeV−1 is a low-energy
constant of the chiral Lagrangian.
A key role for the binding energy of heavy nuclei

is played by the σ and ω channels, via the contact
interactions [38]

Hstrong ⊃ GSðN̄NÞðN̄NÞ þ GVðN̄γμNÞðN̄γμNÞ; ð2:4Þ

which control, respectively, the scalar (attractive) and
vector (repulsive) part of the nucleon-nucleon interaction
[39,40]. To describe their θ dependence we employ the
following parametrization:

ηS ¼
GSðθÞ

GSðθ ¼ 0Þ ; ηV ¼ GVðθÞ
GVðθ ¼ 0Þ : ð2:5Þ

In Ref. [41] it was found that the pion mass dependence
of ω exchange leads to subleading corrections compared
to the effects related to the M2

π sensitivity of the scalar
channel. Hence, to a good approximation, we can take
ηV ¼ 1 and consider only the leading θ dependence in the
scalar channel, which is described by the following fit [34]
to Fig. 2 in [40]:

ηSðθÞ ¼ 1.4 − 0.4
M2

πðθÞ
M2

π
: ð2:6Þ

The binding energy (BE) for a heavy nucleus of mass
number A and atomic number Z can be described as a sum
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of contributions, each accounting for a different physical
effect, given by the semiempirical mass formula [42,43]

BE ¼ aVA − aSA2=3 − aC
ZðZ − 1Þ
A1=3 − aA

ðA − 2ZÞ2
A

þ aP
A1=2 δðA; ZÞ; ð2:7Þ

where δðA; ZÞ ¼ þ1ð−1Þ for even A with an even (odd)
value of Z, while it vanishes for odd A. The values of the
(positive-defined) coefficients are obtained at θ ¼ 0 from a
fit on the experimental data, see, e.g., Ref. [44]. These
terms represent, respectively,

(i) a volume contribution, hence proportional to the
mass number, given by aVA;

(ii) a negative surface contribution, roughly equivalent
to liquid surface tension, given by −aSA2=3;

(iii) a repelling Coulomb energy −aCZðZ − 1Þ=A1=3;
(iv) an asymmetry term which accounts for the Pauli

exclusion principle, since unequal numbers of
neutrons and protons imply filling higher energy
levels for one type of particle, which goes as
−aAðA − 2ZÞ2=A; and

(v) a pairing term, accounting for the tendency of proton
pairs and neutron pairs to occur, which scales as
A−1=2 and, hence, is typically negligible for large A
nuclei.

Based on the relativistic mean-field simulations of [38] for
two specific nuclei (16O and 208Pb), Ref. [40] extrapolated
the variation of the BE for a general heavy nucleus as
[keeping only the variation due to ηSðθÞ]

δBEðθÞ≡ BEðθÞ − BEðθ ¼ 0Þ
¼ ð120A − 97A2=3ÞðηSðθÞ − 1Þ MeV; ð2:8Þ

where the terms proportional to A and A2=3 represent the
volume and surface terms, in analogy to the semiempirical
mass formula in Eq. (2.7), which typically capture the
leading contribution to the BEs.
Note, however, that the energy released in weak nuclear

decays depends on the difference of BEs of nuclei with the
same mass number A, thus implying that the variation due
to Eq. (2.8) disappears in the difference between the initial
and final nuclear states. Subleading contributions from
the remaining terms in Eq. (2.8), which also depend on the
atomic number Z, might then become relevant, but no
estimate of their θ dependence has been performed so far,
at least for large-A nuclei which are the main focus of
the present work.1 Hence, we conservatively neglect the
latter contributions, and include the proton-neutron mass

difference in Eq. (2.3) as the main source of θ dependence
in weak nuclear decays.

III. OVERVIEW OF WEAK NUCLEAR DECAYS

As a preliminary ingredient to describe the θ dependence
of weak nuclear decays, we introduce in this section the
multipole expansion formalism within the context of semi-
leptonic weak processes like electron capture and β decay,
similarly to the approach taken in Ref. [46].

A. Nuclear states and weak interactions

We describe the weak interaction of a semileptonic
process through the Hamiltonian,

Hweak ¼ −
GFffiffiffi
2

p
Z

d3r⃗J μðr⃗Þjμðr⃗Þ; ð3:1Þ

where GF ¼ 1.1668 × 10−5 GeV−2 is the Fermi constant,
the nuclear current J μ ¼ ðJ 0; J⃗ Þ encodes quantum oper-
ators containing all the information of the nuclear matter
fields while jμ is the lepton weak current. At the lowest
order in the interaction picture, the nuclear matrix element
is given by

T fi ¼ hfjHweakjii ¼ −
GFffiffiffi
2

p hNfj
Z

d3r⃗J μðr⃗Þe−ik⃗·r⃗lμjNii;

ð3:2Þ

where k⃗ is the exchanged momentum and lμ ¼ ðlt; ⃗lÞ is the
fermionic current in momentum space, defined through

hfjjμðr⃗Þjiilept ¼ lμe−ik⃗·r⃗; ð3:3Þ

while jNii ¼ jJiMii and jNfi ¼ jJfMfi indicate the
nuclear matter initial and final states, as labeled by their
total angular momentum JiðfÞ and its projection MiðfÞ. In
the following, we want to compute the decay widths of
semileptonic processes in order to evaluate the impact of a
nonvanishing θ term. To perform the calculation, it will turn
out to be useful to expand the nuclear matrix elements in
terms of spherical tensor operators through a multipole
expansion.

B. Multipole expansion

Spherical operators OJM are irreducible tensor operators
which satisfy the Wigner-Eckart theorem [47],

hJfMfjOJ;−MjJiMii ¼
ð−1ÞJi−Miffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

p CJ;−M
Jf;Mf ;Ji;−Mi

hJfjjOJjjJii:

ð3:4Þ

1In the context of the β decay of low-A nuclei like tritium,
Ref. [30] introduced the θ dependence of the BEs relying on the
explicit calculation of Ref. [31] for A ≤ 4 systems, also based on
the numerical results of Ref. [45].
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The reduced matrix element hJfjjOJjjJii contains all the
physical information of the operator while its behavior
under rotation is completely set by the Clebsh-Gordan
coefficient CJ;−M

Jf;Mf ;Ji;−Mi
. We define the spherical operators2

MJM ¼
Z

d3r⃗jJðkrÞYJMðr̂ÞJ 0ðr⃗Þ; ð3:5Þ

LJM ¼ i
k

Z
d3r⃗ ∇⃗½jJðkrÞYJMðr̂Þ� · J⃗ ðr⃗Þ; ð3:6Þ

T el
JM ¼ 1

k

Z
d3r⃗ ∇⃗×½jJðkrÞYJJMðr̂Þ� · J⃗ ðr⃗Þ; ð3:7Þ

T mag
JM ¼

Z
d3r⃗½jJðkrÞYJJMðr̂Þ� · J⃗ ðr⃗Þ; ð3:8Þ

where r ¼ jr⃗j, k ¼ jk⃗j and expand the nuclear matrix
elements as a sum of reduced matrix elements of spherical
operators. We also introduce the notation

lz ≡ êz · ⃗l and l�≡ ∓ êx � iêyffiffiffi
2

p · ⃗l; ð3:9Þ

where êx;y;z is an orthonormal tridimensional basis such

that êz ¼ k⃗=k. In the case of interest, one finds

T fi ¼
X
J≥0;
jMj≤J

ð−iÞJ
ffiffiffiffiffiffi
4π

p
CJ;−M
Jf;Mf ;Ji;−Mi

hNfjj½ltMJ − lzLJ�jjNiiDðJÞ
−M;0ðϕ; θ; βÞ

−
X
J≥1;
jMj≤J;
λ¼�1

ð−iÞJ
ffiffiffiffiffiffi
2π

p
lλC

J;−M
Jf;Mf ;Ji;−Mi

hNfjj½T el
J þ λT mag

J �jjNiiDðJÞ
−M;−λðϕ; θ; βÞ; ð3:10Þ

where the indices J andM denote the total angular momentum of the weak lepton current and its projection. The rotationD
matrices (defined as in Ref. [47]) play the role of the wave function, whose modulus squared gives the probability to have
the exchanged momentum k⃗ along the ðϕ; θÞ direction, with β defining a rotation along this direction.
By explicit calculation, the squared amplitude with a sum over the nuclear polarizations gives

1

2Ji þ 1

X
MfMi

jhfjHweakjiij2 ¼
G2

F

2

4π

2Ji þ 1

�X
J≥0

½ltl�t jhNfjjMJjjNiij2 þ lzl�z jhNfjjLJjjNiij2�

−
X
J≥0

½2Reðltl�zhNfjjMJjjNiihNfjjLJjjNii�Þ�

þ
X
J≥1

�
1

2
ð⃗l · ⃗l� − lzl�zÞðjhNfjjT el

J jjNiij2 þ jhNfjjT mag
J jjNiij2Þ

�

−
X
J≥1

½ið⃗l × ⃗l� · êzÞReðhNfjjT el
J jjNiihNfjjT mag

J jjNii�Þ�
�
: ð3:11Þ

This is a general result and holds for any semileptonic
nuclear processes. In addition to lowest-order perturbation
theory in the weak coupling constant GF, it assumes only
the existence of a local weak nuclear current operator and
that the initial and final nuclear states are eigenstates of
angular momentum [43].

C. Selection rules

The angular momentum conservation law, encoded in the
Clebsh-Gordan coefficient of Eq. (3.4), states that the

matrix element of the spherical operators vanishes unless
the following conditions are satisfied:

jJf − Jij ≤ J ≤ Jf þ Ji;

M ¼ Mi −Mf: ð3:12Þ
Moreover, an additional selection rule comes from the
requirement of parity conservation. Under parity the
spherical operators we introduced transform as

MJM → πJ ð−1ÞJþ1MJM; ð3:13Þ

LJM → πJ ð−1ÞJþ1LJM; ð3:14Þ

T el
JM → πJ ð−1ÞJþ1T el

JM; ð3:15Þ

2YJM, jJðxÞ, and YJlMðr̂Þ are respectively the spherical
harmonics, the vector Bessel functions, and the vector spherical
harmonics; see, e.g., [47]. Explicit expressions in the long
wavelength approximation are provided in the Appendix.
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T mag
JM → πJ ð−1ÞJT mag

JM ; ð3:16Þ

where πJ is the nuclear current parity. Then parity con-
servation enforces hNfjOJMjNii¼0 unless Δπ≡πiπf¼πO
for any of the operators.

D. Semileptonic processes

While Eq. (3.11) holds for a generic semileptonic
process, the actual expression of the lepton current lμ

and the total decay width depend on the particular process.
Here we are interested in the electron capture and in the β
decay processes.

1. Electron capture

This process takes place when a nucleus absorbs an
electron lying on the lowest atomic orbital and decays
emitting a neutrino, explicitly

e− þ NiðA; ZÞ → NfðA; Z − 1Þ þ ν: ð3:17Þ

The weak lepton current is then given by

lμ ¼ ūðpνÞγμð1 − γ5ÞuðpeÞ
ψ1sðr⃗Þ
ψ p⃗e

ðr⃗Þ ; ð3:18Þ

where we divided by the free wave function ψ p⃗e
ðr⃗Þ ¼ eip⃗e·r⃗

and multiplied by the orbital wave function ψ1sðr⃗Þ to take
into account the fact that the initial electron is in a bound
state. However, the nucleus has actually a finite extent
and its radius is typically much smaller than the Bohr
radius. This means that only the wave function near the
origin contributes to the matrix element in Eq. (3.2), i.e.,
we can approximate

ψ1sðr⃗Þ ≈ ψ1sð0Þ ¼
1ffiffiffi
π

p ðZαQEDmeÞ3=2: ð3:19Þ

The energy conservation condition reads

me − E1s þmi ¼ mf þ Eν; ð3:20Þ

where the orbital binding energy E1s ∼OðZ2 × 10 eVÞ is
typically negligible, as well as the electron momentum.
Thus, the unpolarized total decay width for the electron
capture process is given by [43]

ΓEC ¼ G2
FE

2
ν

2π

4π

2Ji þ 1

�X
J≥0

jhNfjjMJ − LJjjNiij2

þ
X
J≥1

jhNfjjT el
J − T mag

J jjNiij2
�
jψ1sð0Þj2: ð3:21Þ

2. β decay

The β decay nuclear process is given by

NiðA;ZÞ→
�
NfðA;Z−1Þþeþþν for βþdecay;

NfðA;Zþ1Þþe−þ ν̄ for β−decay;
ð3:22Þ

with the following weak lepton current:

lμ ¼
�
ūðpνÞγμð1 − γ5ÞvðpeÞ for βþdecay;

ūðpeÞγμð1 − γ5ÞvðpνÞ for β−decay:
ð3:23Þ

The energy conservation condition reads

mi ¼ mf þ Ee þ Eν; ð3:24Þ

and we introduce the notation

ve ≡ jp⃗ej
Ee

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
e

E2
e

s
; cos θe ≡ k⃗ · p⃗e

jk⃗jjp⃗ej
;

cos θν ≡ k⃗ · p⃗ν

jk⃗jjp⃗νj
; ð3:25Þ

from which

cosθeν≡ p⃗ν · p⃗e

jp⃗νjjp⃗ej
¼ cosθe cosθνþsinθe sinθν cosðϕe−ϕνÞ; ð3:26Þ

k ¼ jp⃗e þ p⃗νj

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
ν þ E2

e −m2
e þ 2Eν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
e −m2

e

q
cos θeν

r
; ð3:27Þ

where ϕe and ϕν are defined as the azimuthal angles of the
charged and neutral lepton momentum in a system where k⃗
is along the z axis. Thus, the unpolarized differential decay
width is found to be [43]
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dΓβ� ¼ G2
F

2π3
veE2

eðmi −mf − EeÞ2dEe
dΩe

4π

dΩν

4π

4π

2Ji þ 1

�X
J≥0

½ð1þ ve cos θeνÞjhNfjjMJjjNiij2�

þ
X
J≥0

½ð1 − ve cos θeν þ 2ve cos θe cos θνÞjhNfjjLJjjNiij2�

−
X
J≥0

½2ðcos θν þ ve cos θeÞReðhNfjjMJjjNiihNfjjLJjjNii�Þ�

þ
X
J≥1

½ð1 − ve cos θe cos θνÞðjhNfjjT el
J jjNiij2 þ jhNfjjT mag

J jjNiij2Þ�

∓ X
J≥1

½ðcos θν − ve cos θeÞReðhNfjjT el
J jjNiihNfjjT mag

J jjNii�Þ�
�
FðZ; EeÞ; ð3:28Þ

where dΩeðνÞ ¼ dϕeðνÞd cos θeðνÞ while FðZ; EeÞ is a form
factor that takes into account that in the final state the
charged lepton and the nucleus are electromagnetically
interacting. An approximate treatment of the Coulomb
interaction is obtained by multiplying the decay width by
the ratio of the Coulomb and free squared wave function at
r⃗ ≈ 0, since the nuclear radius is much smaller than the
lepton wavelength, which is given by [43]

FðZ; EeÞ≡
����ψ p⃗e

ð0ÞCoul
ψ p⃗e

ð0Þ
����2 ¼ 2πξ

e2πξ − 1
; ð3:29Þ

with ξ ¼ �ZαQED=ve for the β�-decay.

IV. TIME MODULATION OF WEAK
NUCLEAR DECAYS

With the results of Sec. II and the formalism developed
in Sec. III, we will now proceed to derive the theoretical
sensitivity of the weak nuclear decays of interest to a time-
varying θ term.
Assuming an oscillating axion dark matter field from

misalignment [14–16], the time dependence of the θ angle
can be approximated as θðtÞ ≈ θ0 cosðmatÞ, where we
neglected nonrelativistic corrections to the axion dispersion
relation, and

θ0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
2ρDM

p
mafa

; ð4:1Þ

in terms of ρDM ≈ 0.45 GeV=cm3. For a standard QCD
axion, one has

mafa ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
mumd

p
mu þmd

mπfπ ¼ ð76 MeVÞ2; ð4:2Þ

corresponding to θ0 ¼ 5.5 × 10−19. In the following,
we will treat ma and fa as independent parameters and
discuss the sensitivity of weak decay observables in the
ðma; 1=faÞ plane.

Following Refs. [30,32], we introduce the observable

IðtÞ≡ ΓweakðθðtÞÞ − hΓweaki
hΓweaki

; ð4:3Þ

where hΓweaki denotes a time average. Given that the main θ
dependence in Eqs. (2.3) and (2.6) arises through the pion
mass, we expect that ΓweakðθÞ is analytic in θ2 and admits
the Taylor expansion,

ΓweakðθÞ ≈ Γweakð0Þ þ Γ̊weakð0Þθ2; ð4:4Þ

where we introduced the derivative symbol, f̊ ≡ df=dθ2.
Since θ2 ≪ 1, Eq. (4.4) does provide an excellent approxi-
mation to the full θ dependence. Using hcos2ðmatÞi ¼ 1=2
and expanding at the first nontrivial order in θ0, we find

IðtÞ ≈ 1

2

Γ̊weakð0Þ
Γweakð0Þ

θ20 cosð2matÞ

¼ 3.4 × 10−4 cosð2matÞ
�

ρDM
0.45 GeV=cm3

	

×

�
10−16 eV

ma

	
2
�
108 GeV

fa

	
2
�
Γ̊weakð0Þ
Γweakð0Þ

	
: ð4:5Þ

Note that the main θ dependence arises from the following:
(i) the masses of the nuclei, i.e., the kinetic energy

released to the leptons in the final state; and
(ii) the reduced nuclear matrix elements hNfjjOjjNii.

The calculation of the latter is a difficult task that lies
beyond the scope of this work. However, the θ dependence
of the released kinetic energy captures the leading-order
effects we are investigating, particularly in scenarios where
the effect is small, making the decay width highly sensitive
to even minor variations in the phase space. Therefore, in
the following analysis, we will disregard the θ dependence
of the reduced nuclear matrix elements.
In the subsequent subsections, we will specialize the

general formulas derived above to two cases of interest:
the 40K decay via EC and the 137Cs β decay. These cases
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will enable us to reinterpret existing datasets, respectively
from Refs. [6,9], in order to set constraints on the axion
dark matter parameter space.

A. 40K electron capture decay

The nucleus of 40K decays to the first excited state of
argon 40Ar⋆, through electron capture, the 10.31(4)% of the
time [48,49]. The latter then decays to the ground state
while emitting a photon with energy 1460.820(5) keV. The
quantum numbers of the initial and final nuclear state are
respectively Jπii ¼ 4− and J

πf
f ¼ 2þ, thus the selection rules

discussed in Sec. III C enforce the restriction 2 ≤ J ≤ 6 on
the multipole sum and yields Δπ ¼ −1. Note that the
leading contribution to the decay width is given by the term
with the lowest allowed value of J, as the contributions
roughly scale as ∼ðkrÞ2J. Hence, we will only consider
J ¼ 2 in the sum of Eq. (3.21). From parity conservation,
see the discussion after Eq. (3.16), it follows that the axial
terms of the weak nuclear current contribute only to MJ,
LJ, T el

J , while the vector ones contribute only to T mag
J .

Within the approximations discussed in the Appendix, one
gets from Eqs. (A2), (A5), and (A9)

M2 ≈ 0; ð4:6Þ

L2 ≈ −
i
15

kFA

XA
j¼1

T̂−σ⃗j · ∇⃗½r2Y2Mðr̂Þ�r⃗¼r⃗j ; ð4:7Þ

T el
2 ≈

ffiffiffi
3

2

r
L2; ð4:8Þ

while from Eq. (A8)

T mag
2 ¼ i

15

ffiffiffi
3

2

r
k2

2mN

XA
j¼1

T̂−

�
ðF1 þ 2mNF2Þσ⃗j

þ 2

3
F1ðr⃗j × p⃗jÞ

�
· ∇⃗½r2Y2Mðr̂Þ�r⃗¼r⃗j ; ð4:9Þ

where k ¼ Eν. Experimentally [48,49], the neutrino energy
and 40K half-time are respectively Eν ≈ 43.58ð6Þ keV
and T1=2ð40KÞ ¼ 1.266ð4Þ × 109 yr. Note that the contri-
bution from the vector term is suppressed by a factor
Eν=mN ∼ 5 × 10−5, so it can be safely neglected.
Discarding the experimental uncertainties, which are at
the level of per mille, we can extract the value of the nuclear
matrix element,

����h40Ar⋆jjXA
j¼1

T̂−σ⃗j · ∇⃗½r2Y2Mðr̂Þ�r⃗¼r⃗j jj40Ki
���� ≈ 0.1R40;

ð4:10Þ

where RA ≡ 1.3 fmA1=3 is the approximate radius for a
nucleus with A nucleons [43].

From energy conservation, Eq. (3.20), one has Eν ¼
mi −mf þ � � �, where the ellipses denote leptonic quan-
tities which, to a good approximation, do not depend
from θ. Hence, the θ dependence of the neutrino energy
can be expressed as

EνðθÞ ¼ Eνð0Þ þ ½mi −mf�ðθÞ − ½mi −mf�ð0Þ
¼ Eνð0Þ − ðΔmNðθÞ − ΔmNð0ÞÞ

¼ Eνð0Þ þ 4c5εM2
π

�
M2

π

M2
πðθÞ

− 1

�
; ð4:11Þ

where in the second step the variation of the nuclear
BEs from Eq. (2.8) cancel out in the difference between
initial and final nuclei, as it depends only on A which is
unchanged in weak decays [cf. discussion below Eq. (2.8)],
and in the last step we used Eq. (2.3). Finally, since

ΓEC ∝ E4
ν; ð4:12Þ

it follows that

Γ̊ECð0Þ
ΓECð0Þ

¼ 4
E̊νð0Þ
Eνð0Þ

≈ 18.8: ð4:13Þ

B. 137Cs β decay

The nucleus of 137Cs, whose half-time is T1=2ð137CsÞ ¼
30.018ð22Þ yr, decays to the second excited state of barium
137Ba⋆⋆ through β− decay, 94.57(26)%of the times [50]. The
latter then decays to the ground state while emitting a photon
with energy 661.657ð3Þ keV. The quantum numbers of the
initial and final nuclear state are respectively Jπii ¼ 7=2− and
J
πf
f ¼ 11=2þ, while the kinetic energy released in thedecay is

Q≡mi−mf−me¼513.97ð17Þ keV [48,50]. As in the case
of 40K electron capture, one finds the lowest allowed multi-
pole and the parity change to be J ¼ 2 andΔπ ¼ −1, thuswe
can rely on the same results of Eqs. (4.6)–(4.9) with
k ¼ jp⃗ν þ p⃗ej. The decay width is then obtained by numeri-
cally integratingEq. (3.28),where againwe can safely neglect
the contribution from the vector term of the nuclear current,
i.e., from T mag

2 . Neglecting the small experimental uncer-
tainty, we can extract the value of the nuclear matrix element����h137Ba⋆⋆jjXA

j¼1

T̂−σ⃗j · ∇⃗½r2Y2Mðr̂Þ�r⃗¼r⃗j jj137Csi
���� ≈ 0.97R137:

ð4:14Þ
Using a similar reasoning as that which led to Eq. (4.11), the
θ-dependence of the Q value is found to be

QðθÞ ¼ Qð0Þ þ ðΔmNðθÞ − ΔmNð0ÞÞ

¼ Qð0Þ þ 4c5εM2
π

�
1 −

M2
π

M2
πðθÞ

�
; ð4:15Þ
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where, again, the variation of the nuclear BEs cancels out in
the difference. Finally, upon numerical integration, we obtain

Γ̊β−ð0Þ
Γβ−ð0Þ

≈ −2.13: ð4:16Þ

V. UNDERGROUND WEAK NUCLEAR
DECAY EXPERIMENTS

In the past 15 years, several γ-spectroscopy experiments
have been made in the underground Gran Sasso Laboratory
(LNGS), to search for a possible time dependence of the
decay constant of a few nuclei. In this section, we briefly
describe two of those experiments, based on 40K [9] and
137Cs [6], we discuss the obtained results in the framework
of axion dark matter searches, and finally present a new
experimental setup currently under development.
We recall here the main advantage of the underground

environment, which is to suppress the varying background
due to cosmic rays. Specifically, the muon and neutron
fluxes are respectively suppressed by 6 and 3 orders of
magnitude, compared to their levels at the Earth’s surface,
significantly reducing background noise and enhancing the
precision of sensitive measurements.

A. The 40K experiment

The 40K experiment started in September 2015 and ended
in November 2017 [9]. A four liters 4” × 4” × 16” NaI
crystal detects the 1461 keV γ ray due to the electron capture
decay of 40K to the excited state of 40Ar. The sourcewasmade

by about 9.6 kg of potassium bicarbonate powder (KHCO3,
corresponding to 3.8 kg of natural potassium, 0.0117% of
which is 40K),meltedwith2.4 kgofparaffinegrains contained
inside a stainless steel box placed around the NaI detector [9],
whose light is detected by a photomultiplier. Finally, the
signals from the photomultiplier were processed by an Ortec
digiBASE, a 14-pin photomultiplier base connected to the
photomultiplier itself. The whole setup was then shielded by
at least 10 cm of lead and housed in a dedicated container
placed in front of Hall B of the LNGS.
The intrinsic background, i.e., shielded setup without the

KHCO3 salt, has been measured during a period of 12 days.
Thanks to the underground environment and to the detector
shielding, it was rather low, down to about 6.4 Hz above
15 keV, to be compared to the source rate of about 2770 Hz.
Spectra were stored once per hour.
Figure 1 shows the measured rate of the source averaged

over one day as a function of time. A time modulation has
been searched for by applying the Fourier transform
method to the residuals, i.e., the difference between the
measured rate and the expected one, for a period of
oscillation up to 250 days. For longer periods, the mini-
mization of the chi-squared fit of the residuals was done
with a cosine function of time. In short, modulations with
amplitude larger than 6.8 × 10−6 (2σ) have been excluded
for periods between six hours and 800 days.

B. The 137Cs experiment

This 137Cs experiment took place from June 2011 to
January 2012 [6]. The setup was installed in the low
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FIG. 1. The measured rate of the 40K source averaged over 1 day as function of time. The yellow shaded area corresponds to a 10−4

uncertainty, the two red lines are at �10−3 from the average.
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background facility STELLA (SubTErranean Low Level
Assay) of the LNGS. The source consisted in a 3.0 kBq
137Cs standard one with Cs embedded in a plastic disk of 1”
diameter and 1=8” thick. The detector was an Ortec High
Purity germanium with 96% efficiency, powered by a high
voltage power supply connected to the electricity network
through an isolation transformer. The source was firmly
fixed to the copper end cap of the detector in order to
suppress variations in the source-detector relative posi-
tions. The germanium was surrounded by at least 5 cm of
copper followed by 25 cm of lead to suppress the
laboratory gamma ray background. Finally, the shielding
and detector were housed in a plastic box, which was
flushed with nitrogen at slight overpressure and worked
as an antiradon shield.
The signal from the detector preamplifier went first to

an amplifier where it was shaped with a 6 μs shaping
time, and then to a multichannel analyzer (Easy-MCA 8k
Ortec). In order to minimize the noise, the electronics
modules were powered through an insulation transformer.
The intrinsic background, i.e., shielded detector without
the 137Cs source, has been measured during a period of
70 days. As expected, it was very low, down to about
40 counts/h above the 7 keV threshold, and it added less
than 0.01 Hz to the source rate of about 700 Hz. The dead
time, provided by the MCA, smoothly changed from the
initial value of 5.1% as a consequence of the decreased
activity of the 137Cs source.
Spectra were stored every hour, except during the liquid

nitrogen refilling of the detector. These interruptions
occurred 2 times a week and lasted less than two hours.

Figure 2 shows the measured rate of the source averaged
over one day as a function of time. A time modulation has
been searched for by applying the same method as in the
study of 40K decay. Briefly, modulations with amplitude
larger than 9.6 × 10−5 (2σ) have been excluded for periods
between six hours and one year.

C. Impact on axion dark matter searches

The previously obtained limits on the oscillation ampli-
tude can be translated on the axion dark matter parameter
space, employing the theoretical predictions for the 40K and
137Cs experiments, respectively in Eqs. (4.2) and (4.13)—
see also Eq. (4.5). Finding no statistically significant excess
in both experiments, we exclude axion decay constants
below 1.0 × 1014–3.2 × 1010 GeV (at 2σ) for axion masses
in the 3.0 × 10−23–9.6 × 10−20 eV range. The results of our
analysis are reported in Fig. 3. For comparison, we also
display laboratory limits from EDM searches [23–26,29],
radio-frequency atomic transitions [27], molecular clocks
[28], and tritium decay [30], as well the model-independent
SN 1987A bound [51],3 finite-density-induced bounds
from the solar core and white dwarfs [53,54], neutron
stars cooling [55,56], gravitational waves [53,57], black

 694

 696

 698

 700

 702

 704

 200  250  300  350

C
ou

nt
s/

se
c

Days since June 6th, 2011

FIG. 2. The measured rate of the 137Cs source averaged over one day as a function of time. The yellow shaded area corresponds to a
2 × 10−4 uncertainty, the two red lines are at �10−3 from the average. The first points correspond to the first week of data taking, when
the setup was stabilizing, and they are not considered in the analysis.

3See also Refs. [20,52] for a weaker SN 1987A bound
stemming from the model-independent axion-nucleon EDM
coupling. Note that for 1=fa ≳ 3.3 × 10−4 GeV−1 (above the
horizontal dashed line in Fig. 3) axions enter the trapping regime
and the cooling bound from SN 1987A does not apply [52].
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hole superradiance [58–63], and other cosmological
probes [64,65].
The yellow, QCD axion line stems from the relationship

in Eq. (4.2), but it remains beyond the reach of the
techniques proposed here. The standard ma–fa relation
can however be modified in such a way that the axion mass
is suppressed for fixed fa through a symmetry principle
[67–70]. This can be achieved by employing N mirror
copies of the SM, endowed with a ZN symmetry, under
which SMk → SMkþ1ðmod N Þ and the axion acting non-
linearly: a → aþ 2πk=N , with k ¼ 0;…;N − 1. It can be
shown [67,68] that this results in the axion mass being
exponentially suppressed as zN =2, with z ¼ mu=md ≈ 0.5,
compared to the usual axion mass. Additionally, a modified
version of the misalignment mechanism can still support
the possibility of axion dark matter [69].

D. Future prospects

We have seen in Sec. IV that the 40K EC decay is more
sensitive to an oscillating dark matter background than
137Cs β decay. Because of this, we decided to prepare a
new experiment with a much improved setup for 40K only.
In particular, we will have a more efficient shielding by
adding 5 cm of OFHC copper between the source box and
the lead (to suppress the γ rays due to the bremsstrahlung
from the β decay of the 210Bi nuclei inside lead) and we will
change the data acquisition, by introducing an event-by-
event acquisition with 160 ns time resolution and monitor

the time evolution with a Rb clock. In this way, it will be
possible to study much shorter timescales, reaching down
to 1 μs, instead of six hours as with the old 40K setup. As a
consequence, we will probe axion masses up to the
10−9 eV region, with an expected sensitivity (2σ) of
4 × 10−6, as displayed in the yellow cross-hatched area
in Fig. 3. We are planning to start running the new
experiment in summer 2025, with the setup housed in
the container we have in front of Hall B in the Gran
Sasso Laboratory.
There is an additional reason which makes the study of

40K decay at shorter timescales appealing: the past obser-
vation of nonexponential EC decays of hydrogenlike 140Pr
and 142Pm at the ion storage ring accelerator facility of GSI
Darmstadt. At first, a modulation of about 20% amplitude
and 7 s period of the expected exponential decay curve was
observed for both of the nuclei [71]. Subsequently, a new
measurement of the 142Pm lifetime was compatible with a
purely exponential decay, with a possible modulation of, at
most, about 2% amplitude [72]. With our new 40K setup we
will be able to test the above-mentioned parameter space
region, in a different EC nuclear decay process, with about
4 orders of magnitude better sensitivity.
Regarding alternative choices of nuclei to be employed

in the experiment, nuclear processes with lowerQ-values—
i.e., lower kinetic energy released in the decay—generally
exhibit enhanced sensitivity to axion-induced effects. This
is because the derivative of the logarithmic weak decay rate

FIG. 3. Constraints on the axion dark matter coupling to gluons. The limits from past measurements are displayed for the 40K and 137Cs
experiments (yellow-shaded areas), together with the projected sensitivity of the future measurement of 40K EC decay (yellow cross-
hatched area). Limits from laboratory experiments and astrophysics are shown as well for comparison (see text for details). This figure
was adapted from [66].
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approximately scales inversely with the Q value, following
the relation Γ̊=Γ ∝ Q̊=Q ∝ ðMeV=QÞ. Notable examples
of nuclei with very low Q values include 187Re [β decay,
Q ¼ 2470.9ð13Þ eV [73]] and 163Ho [electron capture,
Q ¼ 2833� 30ðstatÞ � 15ðsystÞ eV [74]].4 These nuclei
could potentially enhance the differential rate, Γ̊=Γ, by an
order of magnitude compared to 40K and 137Cs.
The ultimate sensitivity of the present experiment is

limited by the number of detected events from the radio-
active source. Increasing, e.g., the source activity by a factor
of 10 would enhance the sensitivity on the axion decay
constant by a factor of 3. However, further improvements
would necessitate not only a more intense source but also
advancements in detection technology. A faster detector,
such as a lanthanum bromide crystal or a plastic scintillator,
combined with a significantly upgraded data acquisition
system, would be essential. Overall, with a setup similar
to ours but incorporating cutting-edge technologies, an
improvement in sensitivity on the axion decay constant of
up to 2 orders of magnitude could be achievable.

VI. CONCLUSIONS

In this work, we have investigated the time modulation
of weak nuclear decays as a novel method to explore axion
dark matter. By developing a theoretical framework to
compute the θ dependence of weak nuclear decays,
including electron capture and β decay, we have predicted
the time variation of weak radioactivity induced by an
oscillating axion dark matter background. Recasting
existing datasets on the weak nuclear decays of 40K [9]
and 137Cs [6], collected at the Gran Sasso Laboratory,
allowed us to set constraints on the axion decay constant in
the mass range of few 10−23 to 10−19 eV. Furthermore,
we proposed a new measurement based on 40K electron
capture, enabling the exploration of shorter oscillation
periods and axion masses up to 10−9 eV.
This study builds upon previous efforts, such as the

RadioAxion-α experiment based on α decay of 241Am [32],
and demonstrates the potential of underground laboratories
to provide competitive constraints on the axion parameter
space. While current sensitivities are moderately weaker
than, e.g., those of radio-frequency atomic transitions and
significantly weaker than EDM-based experiments (which
have the advantage of exhibiting a linear sensitivity to θ),
the approach presented in this work offers a better reach
compared to existing limits based on radioactivity, such as
tritium decay [30].

Future efforts will focus on two complementary exper-
imental programs. First, the continued data collection with
the 40K electron capture experiment at the Gran Sasso
Laboratory will enable the exploration of a wide range of
oscillation periods, from microseconds to few years,
providing competitive constraints on the axion parameter
space. Second, the ongoing RadioAxion-α experiment [32],
centered on the α decay of 241Am, will complement these
efforts by probing similar axion mass ranges with inde-
pendent nuclear decay channels. Together, these experi-
ments will leverage the unique underground environment to
refine our understanding of the θ dependence in nuclear
decays and strengthen the search for axion dark matter.
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APPENDIX: EVALUATION OF THE NUCLEAR
MATRIX ELEMENTS

In this appendix we provide a few details on the long
wavelength approximation and the nonrelativistic expan-
sion for nuclear operators employed in the calculation of
the nuclear matrix elements of the spherical operators
defined in Eqs. (3.5)–(3.8).

1. Long wavelength approximation

The nuclear radius is approximately given by
∼1.3 fmA

1
3 ¼ 6.1 × 10−3 MeV−1A

1
3 [43], which implies

that in all of the cases of interest the nucleus size is
significantly smaller than the wavelength associated with
the exchanged momentum k−1 ∼ ð1 MeVÞ−1. We can thus
expand the spherical Bessel function for small kr as

jJðkrÞ ≈
ðkrÞJ

ð2J þ 1Þ!! ; ðA1Þ

with higher-order corrections giving a contribution of order
ðkrÞ2 ∼ 10−3 with respect to the leading one for the cases

4Notably, 187Re and 163Ho were proposed as ideal nuclei for
direct neutrino mass searches with a sensitivity of Oð1Þ eV
[75,76]. Experiments were made with low-temperature micro-
calorimeters employing metallic rhenium absorbers [77] and a
measurement is currently being performed with low-temperature
micro-calorimeters implanted with 163Ho [78].
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of interest, which can therefore be neglected. For the
spherical operators MJM and LJM, the expressions of
Eqs. (3.5) and (3.6) then read

MJM ≈
kJ

ð2J þ 1Þ!!
Z

d3r⃗rJYJMJ 0ðr⃗Þ; ðA2Þ

LJM ≈
1

i
kJ−1

ð2J þ 1Þ!!
Z

d3r⃗rJYJM∇⃗ · J⃗ ðr⃗Þ: ðA3Þ

Note that in the case of a conserved current, i.e., ∂μJ μ ¼ 0,
a simplification would occur. Indeed, by assuming the
nuclear initial and final state to be eigenstates of the

nuclear Hamiltonian, the continuity equation ∇⃗ · J⃗ ¼
− ∂J 0

∂t ¼ −i½H;J 0� would yield

ðmi −mfÞhNfjjMJjjNii ¼ khNfjjLJjjNii; ðA4Þ

where mi;f are the nuclear masses. An exception to
Eq. (A3) occurs for the monopole case L00, since it
vanishes at this order. The first contribution thus arises
at the next order in the kr expansion and is given by

L00 ≈
ik
6

Z
d3r⃗r2Y00∇⃗ · J⃗ ðr⃗Þ: ðA5Þ

The second order expansion would be also needed for the
M00 monopole expression in the case of a conserved
current. This is due to the fact that in this case the integral
over space of J 0ðr⃗Þ defines the generator Q of the
symmetry associated with it. Then, with jii and jfi being
orthogonal eigenstates of the Hamiltonian, one has
hfjQjii ∝ hfjii ¼ 0. It follows that the first contribution
to the operator M00 is given in this case by

M00 ≈ −
k2

6

Z
d3r⃗r2Y00J 0ðr⃗Þ: ðA6Þ

Let us now consider the operators T el
JM and T mag

JM of
Eqs. (3.7) and (3.8). By using the identity

LYJM ¼ −iðr⃗ × ∇!ÞYJM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ

p
YJJM; ðA7Þ

they can be rewritten at the first order in the kr expansion
as [43]

T mag
JM ≈

ikJ

ð2J þ 1Þ!!

ffiffiffiffiffiffiffiffiffiffiffi
J þ 1

J

r Z
d3r⃗

�
μ⃗rotðr⃗Þ þ

1

J þ 1
r⃗ × J⃗irrðr⃗Þ

�
· ∇!ðrJYJMÞ; ðA8Þ

T el
JM ≈

1

i
kJ−1

ð2J þ 1Þ!!

ffiffiffiffiffiffiffiffiffiffiffi
J þ 1

J

r Z
d3r⃗

�
∇⃗ · J⃗irrðr⃗Þ þ

k2

J þ 1
∇⃗ · ½r⃗ × μ⃗rotðr⃗Þ�

�
rJYJM; ðA9Þ

where the vector current has been split into an irrotational field J⃗ irr and a solenoidal field ∇!× μ⃗ as J⃗ ¼ J⃗ irr þ ∇!× μ⃗rot in
virtue of the Helmholtz’s theorem. For a conserved current, the matrix element expression of T el

J can be simplified to

hNfjT el
JMjNii ≈ hNfj

kJ

ð2J þ 1Þ!!

ffiffiffiffiffiffiffiffiffiffiffi
J þ 1

J

r Z
d3r⃗

�
mi −mf

k
rJYJMJ 0ðr⃗Þ − ik

J þ 1
μ⃗rotðr⃗Þ · ½r⃗ × ∇!ðrJYJMÞ�

�
jNii; ðA10Þ

again by using the continuity equation. The second term is
typically subdominant with respect to the first one, so the
latter equation reduces to [43]

hNfjT el
JMjNii ≈

ffiffiffiffiffiffiffiffiffiffiffi
J þ 1

J

r
mi −mf

k
hNfjMJMjNii: ðA11Þ

2. Nonrelativistic expansion for nuclear operators

At the level of quarks, the weak current is given by

J μ ¼ q̄γμð1 − γ5ÞT̂�q; ðA12Þ

where T̂þ (T̂−) is the raising (lowering) operator of the
approximate SUð2Þ isospin symmetry acting on the doublet

q ¼ ðu dÞT of up and down quarks. The nucleon-nucleon
matrix element of the quark current is then

hp0σ0ρ0jJ μð0Þjpσρi
¼ ūðp0; σ0Þ½F1γμ þ F2σμνkν þ iFSkμ

− FAγμγ5 − FPγ5kμ − FTσμνγ5kν�½T̂��ρ0ρuðp; σÞ;
ðA13Þ

where the nucleon states are labeled through their momen-
tum pð0Þ, spin σð0Þ, and isospin ρð0Þ quantum numbers.
The conserved vector current hypothesis and the CP
symmetry enforces FS ¼ FT ¼ 0. In the k → 0
regime, the values of the nonvanishing form factors are
F1 ¼ 1, 2mNF2 ¼ 3.706, and FA ¼ 1.27 [43], while the
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Goldberger-Treiman relation yields

FP ¼ −
2mNFA

kμkμ −m2
π
≈
2mNFA

m2
π

: ðA14Þ

Through statistical considerations [79], the maximal kinetic
energy Ec per nucleon in the nucleus is estimated to be
around 30 MeV, implying that a nucleus can be then
modeled as a quantum mechanical system of nonrelativistic
pointlike nucleons. One can then take the nonrelativistic
limit of a nuclear operator and write it in first quantization
formalism. The nuclear operator is given by

Oðr⃗Þ ¼
XA
i¼1

Ôð1Þ
i ðr⃗ − r⃗iÞ; ðA15Þ

with the single particle operator Ôð1Þ
i ðr⃗ − r⃗iÞ ∝ δðr⃗ − r⃗iÞ in

the nucleon pointlike approximation. We want to match the
expression of Eq. (A15) with its relativistic counterpart,
where the nucleons are described in terms of quantum
fields pðxÞ and nðxÞ and the nucleon operators are bilinears
in pðxÞ and nðxÞ. In the case of the weak nuclear current
J μðr⃗Þ, one gets [43]

J 0ðr⃗Þ ¼ ρðr⃗Þ − ρ5ðr⃗Þ −
1

i
½H;ϕðr⃗Þ�; ðA16Þ

J⃗ ðr⃗Þ ¼ V⃗ðr⃗Þ þ ∇⃗ × μ⃗ðr⃗Þ − A⃗ðr⃗Þ − ∇⃗ϕðr⃗Þ; ðA17Þ
with

ρðr⃗Þ ¼ F1

XA
j¼1

T̂�δðr⃗ − r⃗jÞ; ðA18Þ

ρ5ðr⃗Þ ¼
FA

2mN

XA
j¼1

T̂�fσ⃗j · p⃗j; δðr⃗ − r⃗jÞg; ðA19Þ

V⃗ðr⃗Þ ¼ F1

2mN

XA
j¼1

T̂�fp⃗j; δðr⃗ − r⃗jÞg; ðA20Þ

μ⃗ðr⃗Þ ¼ F1 þ 2mNF2

2mN

XA
j¼1

T̂�σ⃗jδðr⃗ − r⃗jÞ; ðA21Þ

A⃗ðr⃗Þ ¼ FA

XA
j¼1

T̂�σ⃗jδðr⃗ − r⃗jÞ; ðA22Þ

ϕðr⃗Þ ¼ FP

2mN

XA
j¼1

T̂�σ⃗j · ∇⃗½δðr⃗ − r⃗jÞ�: ðA23Þ

The last operator induces contributions that are suppressed
by a factor ðk=mπÞ2, so it can be safely neglected.
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