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Abstract  In this study we evaluate the performance 
of different constitutive biomechanical models, focus-
ing on their ability to reproduce the mechanical 
behavior of myocardial tissue under various deforma-
tion modes. Three constitutive models were analyzed 
assuming incompressible formulations: the invariant-
based formulation of the Costa model, the Holzapfel–
Ogden (HO) model, and its extended version (HOE). 
The study aimed to identify which model provides 
the best fit for different experimental data, including 
equibiaxial (EBx), true biaxial (TBx), simple triaxial 

shear (STS), and combined data sets (Equibiaxial + 
Shear, True biaxial + Shear). The results showed that 
the Costa model generally performed better when 
considering combined datasets, providing a good bal-
ance between fitting accuracy and parameter stability, 
while using the least number of parameters among 
the contrasted models. The HO model demonstrated 
reasonable fitting abilities but struggled with non-
equibiaxial conditions and clearly orthotropic simple 
shear datasets. The extended HOE model improved 
the fitting performance of the standard HO formu-
lation for more complex data, particularly in shear 
tests, but introduced additional complexity and a 
higher number of parameters. Therefore, our study 
highlights the importance of analyzing which vali-
dated constitutive formulation is able to adapt to the 
available experimental data, especially when mixed 
deformation modes are involved. While all the  three 
models tested performed adequately, the Costa model 
proved to be the most versatile, especially when deal-
ing with various experimental conditions, providing 
insights for future research on biomechanical mod-
eling of cardiac tissue.
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1  Introduction

The passive mechanical response of the myocar-
dium has been a significant focus of study over the 
past decades due to its critical role in cardiac func-
tionality [1, 2]. Consequently, numerous studies have 
been dedicated to the experimental characterization 
of its mechanical properties and the development of 
mathematical models capable of reproducing cardiac 
physiology.

Several experimental protocols have been fol-
lowed over the last decades. A prevalent approach is 
the analysis of biopsied cardiac tissue samples under 
pure deformation modes, aiming to preserve the tis-
sue as closely as possible to physiological conditions, 
referred to as in vitro testing. Early studies focused 
on uniaxial tests [3], but they were immediately fol-
lowed by planar equibiaxial tests (EBx) [4–6], to 
assess tissue anisotropy, and true biaxial characteriza-
tion (TBx) [7–13], to assess direction-dependent and 
cross-coupling effects. Later on, simple triaxial shear 
tests (STS) [14, 15] were introduced, to assess tissue 
orthotropy, as well as combinations of simple shear 
and true biaxial tests [16, 17] or even simple and 
pure triaxial shear testing [18, 19]. Apart from this 
in vitro characterization, several studies have focused 
on deriving in vivo properties from medical imaging 
[20–25].

In terms of constitutive modeling, the myocardium 
has consistently been described as a hyperelastic non-
linear material, considering several assumptions of 
anisotropy, consistent with its fibrous structure. Thus, 
several Strain Energy Density Functions (SEDFs) 
have been proposed. Early heart models assumed 
isotropic formulations [26, 27]. Subsequently, trans-
versely isotropic formulations [5, 27–31] emerged as 
the first to incorporate the anisotropic nature of the 
myocardium, although simplified by distinguishing 
only the direction of the myocyte fibers. However, 
it is well-known that myocardium presents a layered 
distribution of parallel myocyte ’sheets’ separated by 
extensive cleavage planes [32], defining three princi-
pal mechanical directions: the muscular fiber direc-
tion (F), the fiber-sheet direction (S), and the nor-
mal-to-fiber-sheet (N) direction. Hence, orthotropic 
models (considering different behaviors along the 
F-S-N axes) were introduced [33–37], being the one 
by Holzapfel & Ogden (HO) [37] and by Costa et al. 

[36] two of the most used . For a more comprehensive 
review, the reader is referred to [38].

The selection of a specific constitutive model is 
highly influenced by the type of input data consid-
ered. Studies based on in vivo data often use trans-
versely isotropic formulations [20–25], as the lim-
ited in vivo experimental data does not allow for a 
straightforward orthotropic characterization. Regard-
ing in vitro experimental data, comparative studies by 
Schmid et  al. [34, 35] focused on evaluating which 
models best reproduce the simple shear data obtained 
in [14] using various criteria, such as goodness of fit, 
determinability, and variability. They noticed relevant 
differences between the evaluated models, although 
most of them produced an adequate response. Later 
studies by Avazmohammadi et  al. [18] and Li et  al. 
[19] also analyzed the performance of the HO model 
[37] against a set of simple and pure shear data using 
different metrics, observing that extending the tradi-
tional HO formulation was necessary to achieve a bet-
ter fit. Nordsletten et al. [39] conducted a comparison 
between Costa’s and Holzapfel & Ogden’s formula-
tions and concluded that Costa’s has superior pre-
dictive capabilities when applied to non-equibiaxial 
biaxial stretching, but the HO model has better pre-
dictive ability for highly nonlinear responses. Finally, 
in a previous study [40], we also compared the fit-
ting and predictive capabilities of the Costa, HO, and 
extended HO models using a set of true biaxial and 
shear data, observing a good response in all models, 
though slightly superior for Costa’s.

However, in most in vitro data-based studies, the 
analysis of which model best suits their specific dataset 
is often overlooked, being the most common practice 
to directly selecting one of the most frequently used 
models. Furthermore, few studies have thoroughly 
analyzed the response of various models to different 
types of experimental data. The most notable work in 
this regard is probably the one by Schmid et al. [34, 
35]. However, these studies are relatively outdated 
and do not include some of the models most widely 
used today. Besides, they only evaluate the models’ 
response to the STS dataset presented by Dokos et al. 
[14]. The studies by Avazmohammadi et  al. [18, 19] 
continued this line of research by extending the analy-
sis to the HO model and even considering an extended 
formulation of such HO model (HOE). Nevertheless, 
they focused only on HO-derived formulations and 
were limited to simple and pure shear modes.
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In this study, we analyze the most common ortho-
tropic formulations available  nowadays, specifically 
those of Costa and HO, as well as the HOE formula-
tion presented in [19]. Our goal is to evaluate how 
each of  these models performs for different types of 
experimental data, using the most common in vitro test-
ing  methodologies found in the literature. To achieve 
this, we considered five sets of data, including exclu-
sively equibiaxial tests, true biaxial tests, simple shear 
tests, and two different combined datasets (equibiaxial 
+ simple shear and true biaxial + simple shear). We 
aim to determine which constitutive law is more suit-
able for these different experimental datasets and to 
assess whether the model selection should be adapted 
based on the available experimental data. To the best of 
our knowledge, no previous study has conducted such 
a comprehensive analysis of the response of different 
constitutive models to a variety of experimental data. 
We hope this work will guide future research in select-
ing the most appropriate material model for a specific 
study.

2 � Myocardium constitutive model

We consider the myocardial tissue as orthotropic, hyper-
elastic, and incompressible. To ensure an accurate repro-
duction of the experimental behavior, two widely used 
material models have been contrasted, the invariant-
based version of the Costa model [36] and the Holzapfel 
& Ogden (HO) model [37]. Following classic notation, 
we define the deformation of a certain body as the motion 
of its points from their reference configuration, Ω0 ⊂ ℝ

3 , 
to their current-state positions, Ωt ⊂ ℝ

3 . Hence, we 
define the relative motion of any point in the reference 
domain, X ∈ Ω0 , by its current coordinates x(X, t) . 
The deformation gradient is then defined as F = ∇xx , 
being its determinant  the Jacobian. of the deformation, 
J = det(F) > 0 ( J = 1 for incompressible materials). 
Finally, we consider  the strain being  described by the 
right Cauchy Green tensor, C = F

T
F . The stress–strain 

relationship in a hyperelastic material is given by the 
strain energy density function (SEDF), Ψ , represent-
ing the stored elastic energy per unit volume. Here, the 
SEDF will be expressed as a function of the invariants of 
C , defined as

(1)
I1 = C ∶ I, I2 = det(C)C−1 ∶ I, I3 = det(C) = J.

For an orthotropic material such as the myocardium, 
additional anisotropic pseudo-invariants along the 
microstructural directions (fiber-sheet-normal axes) 
are commonly used. These pseudo-invariants repre-
sent the squared stretch along these directions:

where ek ( k ∈ {f , s, n} ) denote the unitary vectors in 
each direction. Likewise, the coupling pseudo-invar-
iants between the microstructural directions, which 
measure the deviation from orthogonality of the fib-
ers under strain and have no role in volumetric defor-
mations are expressed as

Costa’s model [36] considers an orthotropic formu-
lation of the exponential Fung-type and is normally 
formulated in terms of the rotated Green Lagrange 
strain tensor. However, as presented by Nordsletten 
et al. [39], we can also obtain a right Cauchy Green 
strain tensor invariants-based formulation, which will 
be referred to here as Costa model

where RCosta = [ff , ss, nn, fs, fn, sn] and �kl denotes 
the Kronecker delta. The Costa model thus depends 
on a total of 7 parameters, an external scaling con-
stant, C , and 6 anisotropy parameters, bkl . The second 
Piola Kirchhoff stress tensor can be obtained from its 
expression in terms of the invariants as

where sym(X) = 1

2
(X + X

T ) represents the symmetric 
part of a given tensor. Finally, the first Piola Kirch-
hoff (PK1) and Cauchy stress tensors can be obtained 
through the standard weighted push forward opera-
tions ( P = J−1FS and � = J−1FSFT , respectively). 
For the HO model, the SDEF is characterized by the 
following expression

(2)
Iff = C ∶ ef ⊗ ef , Iss = C ∶ es ⊗ es, Inn = C ∶ en ⊗ en,

(3)
Ifs = C ∶ ef ⊗ es, Ifn = C ∶ ef ⊗ en, Isn = C ∶ es ⊗ en.

(4)

Ψ =
C

4
[exp(Q(�)) − 1] + p(J − 1),

Q(�) =
∑

kl∈RCosta

bkl(Ikl − �kl)
2
,

(5)S =
∑

kl∈R

2
𝜕Ψ

𝜕Ikl
sym(ek ⊗ el) + pJC−1,

(6)Ψ(C) = Ψiso(I1) +
∑

kl∈RHO

Ψkl(Ikl) + p(J − 1),
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where RHO = [ff , ss, fs] and

The HO model thus depends on a total of 8 param-
eters. Analogously to Eq. (5), the second Piola-Kirch-
hoff stress tensor is given by

Both the Costa and HO models have similar formu-
lations, presenting both pros and cons for parameter 
estimation. The main differences are (i) the Costa 
model strain-energy terms are coupled in a single 
exponential function, while the HO SEDF is pre-
sented as a sum of different exponentials; (ii) the 
Costa model also includes nn, fn and sn strain modes 
and (iii) the HO model includes an isotropic term 
which represents the stiffness of the extracellular 
matrix; (iv) HO formulations decouple additively the 
isotropic and non-isotropic contributions, while Costa 
does not include an isotropic term. Regarding (ii), Li 
et  al. [19] presented  an extended version of the HO 
model (HOE) which hypothesizes that the myocar-
dium exhibits further modes of coupling besides  the 
ones considered by the Ifs and includes the two other 
Ikl pseudo-invariants in Eq. (3). It should be men-
tioned that these additional terms were originally 
proposed by Holzapfel and Ogden [37] but they were 
ultimately excluded. With the addition of these terms 
Eqs. (10) and (11) result as

where now RHOE = [ff , ss, fs, fn, sn] . Li et  al. [19] 
stated that the inclusion of these additional terms 
improved the fitting and predictive capability of the 
HO model when applied to simple and pure shear 
strains. However, including the additional Ikl terms 
implies a significant increase in the number of 

(7)Ψiso(I1) =
a

2b
[exp(b(I1 − 3)) − 1],

(8)Ikl =
akl

2bkl
[exp(bkl(Ikl − �kl)

2) − 1].

(9)

S = 2
𝜕Ψiso

𝜕I1
I +

∑

kl∈RHO

2
𝜕Ψkl

𝜕Ikl
sym(ek ⊗ el) + pJC−1.

(10)Ψ(C) = Ψiso(I1) +
∑

kl∈RHOE

Ψkl(Ikl) + p(J − 1),

(11)

S = 2
𝜕Ψiso

𝜕I1
I +

∑

kl∈RHOE

2
𝜕Ψkl

𝜕Ikl
sym(ek ⊗ el) + pJC−1,

material parameters in the SEDF (8 parameters for 
HO versus 12 parameters for HOE).

3 � Experimental characterization of porcine tissue

We compared the three selected constitutive laws 
against our recent in vitro experimental dataset [17]. 
Briefly, porcine left ventricular biopsy specimens were 
obtained from 13 white pigs (Sus scrofa domesticus) 
of 18–22 weeks of age (weight between 55–65  kg). 
All experiments complied with the regulations of the 
local animal welfare committee for the care and use 
of experimental animals and were approved by local 
authorities (Ethics Committee on Animal Experimen-
tation, CEAEA, of the University of Zaragoza). All 
animal procedures conformed to the guidelines from 
Directive 2010/63/EU of the European Parliament 
on the protection of animals used for scientific pur-
poses. Biaxial and triaxial shear tests were conducted 
according to the protocols presented in [14, 16]. For 
biaxial testing, 25×25 mm parallel-to-the-epicardium 
slices were obtained at different wall thickness levels. 
Samples were cut alongside the local main-fiber and 
cross-fiber directions, corresponding to the FN plane 
according to the LeGrice FSN coordinate system. Five 
different loading ratios were applied between MFD 
and CFD (1(CFD):1(MFD), 1:0.75, 1:0.5, 0.75:1, and 
0.5:1). For shear testing, 4  mm cubic samples were 
also aligned with the FSN axis, obtaining 6 different 
shear modes (FN-FS-SF-SN-NF-NS) [14]. Both tests 
were performed at various strain levels under quasi-
static conditions to neglect viscoelastic effects.

Specifically, we utilized the preconditioned biaxial 
data at the last applied extension level (20%) and the 
preconditioned positive shear data at the last exten-
sion level (50%). The medial zone was selected as the 
reference area due to a higher fiber alignment, which 
can be considered locally homogeneous, compared to 
the apical zone. This facilitates an objective charac-
terization of the mechanical response following the 
orthotropic directions of the tissue, which are funda-
mental to the selected constitutive myocardial mod-
els. A more detailed description of the experimental 
procedures is given in [17], and the complete experi-
mental dataset is available at [41]. Figure 1 summa-
rizes the experimental conditions and main results.
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3.1 � In vitro tests analytical solution

Here we describe the full procedure to obtain the 
Costa, HO, and HOE constitutive laws analytical 
solution, both for the selected TBx and STS tests.

3.1.1 � Biaxial extension tests

Considering a biaxial extension test in ef  and en as 
shown in Fig. 1a, we can define the deformation gra-
dient tensor, F , for an incompressible material as

where �f  , �s and �n are the respective elongation in 
the LeGrice directions F, S and N. Then, as described 
above, we can define the right Cauchy-Green tensor, 
C , as

According to Eq. 5 we can write the PK2 tensor, S , as

The Cauchy stress tensor can be obtained by 
� = J−1FSFT , resulting in

Then, p is assessed by imposing the stress-free bound-
ary condition �ss = 0 . The PK1 tensor ( P = FS ) is 

(12)F =

⎛

⎜

⎜

⎝

�f 0 0

0 �s 0

0 0 �n

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

�f 0 0

0
1

�f �n
0

0 0 �n

⎞

⎟

⎟

⎟

⎠

,

(13)C =

⎛

⎜

⎜

⎜

⎝

�2
f

0 0

0
1

�2
f
�2
n

0

0 0 �2
n

⎞

⎟

⎟

⎟

⎠

.

(14)

� =

⎛

⎜

⎜

⎜

⎜

⎝

2
�Ψ

�Iff
amp;

�Ψ

�Ifs
amp;

�Ψ

�Ifn
�Ψ

�Ifs
amp;2

�Ψ

�Iss
amp;

�Ψ

�Isn
�Ψ

�Ifn
amp;

�Ψ

�Isn
amp;2

�Ψ

�Inn

⎞

⎟

⎟

⎟

⎟

⎠

+ pJ�−1

=

⎛

⎜

⎜

⎜

⎜

⎝

2
�Ψ

�Iff
+

p

�2
f

amp;
�Ψ

�Ifs
amp;

�Ψ

�Ifn
�Ψ

�Ifs
amp;2

�Ψ

�Iss
+ p�2

f
�2
n

amp;
�Ψ

�Isn
�Ψ

�Ifn
amp;

�Ψ

�Isn
amp;2

�Ψ

�Inn
+

p

�2
n

⎞

⎟

⎟

⎟

⎟

⎠

.

(15)

� =

⎛

⎜

⎜

⎜

⎜

⎝

2�2
f
⋅

�Ψ

�Iff
+ p

1

�n
⋅

�Ψ

�Ifs
�f�n ⋅

�Ψ

�Ifn
1

�n
⋅

�Ψ

�Ifs

2

�2
f
�2
n

⋅

�Ψ

�Iss
+ p

1

�f
⋅

�Ψ

�Isn

�f�n ⋅
�Ψ

�Ifn

1

�f
⋅

�Ψ

�Isn
2�2

n
⋅

�Ψ

�Inn
+ p

⎞

⎟

⎟

⎟

⎟

⎠

.

also determined as it will be implemented at the mini-
mization process. The final expressions for Pff  and 
Pnn are

where

Repeating this analytical development for HO, we 
arrive to:

Lastly, since the differences between HO and HOE 
arise from the inclusion of the coupling pseudo-invar-
iants Ifn and Isn , the analytical expressions of Pff  and 
Pnn remain unchanged, as they only involve hydro-
static terms. Therefore, PHOE

ff
= PHO

ff
 and PHOE

nn
= PHO

nn

.

(16)

PCosta
ff

=

⎡

⎢

⎢

⎢

⎢

⎣

bff (�
2
f
− 1) − bss

�

1

�2
f
�2
n

− 1

�

�4
f
�2
n

⎤

⎥

⎥

⎥

⎥

⎦

C ⋅ �f ⋅ e
QBx

(17)

PCosta
nn

=

⎡

⎢

⎢

⎢

⎢

⎣

bnn(�
2
n
− 1) − bss

�

1

�2
f
�2
n

− 1

�

�2
f
�4
n

⎤

⎥

⎥

⎥

⎥

⎦

C ⋅ �n ⋅ e
QBx

(18)
eQBx = e

⎛

⎜

⎜

⎝

bff

�

�2
f
−1

�2

+bss

�

1

�2
f
�2n

−1

�2

+bnn(�2n−1)
2
⎞

⎟

⎟

⎠

(19)

PHO
ff

=
a

�3
f
�2
n

(�4
f
�2
n
− 1) ⋅ e

⎛

⎜

⎜

⎝

b

�

�4
f
�2n+�

2
f
�4n−3�

2
f
�2n+1

�2
f
�2n

�2
⎞

⎟

⎟

⎠

+ 2aff ⋅ �f (�
2
f
− 1) ⋅ e

�

bff

�

�2
f
−1

�2
�

+
2ass

�5
f
�4
n

(�2
f
�2
n
− 1) ⋅ e

⎛

⎜

⎜

⎝

bss

�

1

�2
f
�2n

−1

�2
⎞

⎟

⎟

⎠

(20)

PHO
nn

=
a

�2
f
�3
n

(�2
f
�4
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f
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2
f
�4n−3�
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3.1.2 � Simple triaxial shear test

Depending on the shear direction concerning the differ-
ent tissue’s orthotropy orientations, there are a total of 
6 different simple shear stress configurations as stated 
by Dokos et al. [14]. Following the notation presented 
in [37], we consider as FS mode the shear stress in the 
FS plane where the loading direction is the S-direction, 
and so for the resting 5 configurations. Then, consid-
ering a sample orientation as displayed in Fig. 1a, we 
define the deformation gradient, F , for all the shearing 
configurations as

Analogously to the process described for the biaxial 
conditions, for the Costa formulation, we reach the 

(21)

FFS =

⎛

⎜

⎜

⎝

1 0 0

� 1 0

0 0 1

⎞

⎟

⎟

⎠

, FFN =

⎛

⎜

⎜

⎝

1 0 0

0 1 0

� 0 1

⎞

⎟

⎟

⎠

, FSF =

⎛

⎜

⎜

⎝

1 � 0

0 1 0

0 0 1

⎞

⎟

⎟

⎠

,

FSN =

⎛

⎜

⎜

⎝

1 0 0

0 1 0

0 � 1

⎞

⎟

⎟

⎠

, FNF =

⎛

⎜

⎜

⎝

1 0 �

0 1 0

0 0 1

⎞

⎟

⎟

⎠

, FNS =

⎛

⎜

⎜

⎝

1 0 0

0 1 �

0 0 1

⎞

⎟

⎟

⎠

.

following expressions for the PK1 terms for the shear 
tests

(22)PCosta
fs

=

(

�2 ⋅ bff +
bfs

2

)

⋅ � ⋅ C ⋅ e(bff ⋅�
4+bfs⋅�

2).

(23)PCosta
fn

=

(

�2 ⋅ bff +
bfn

2

)

⋅ � ⋅ C ⋅ e(bff ⋅�
4+bfn⋅�

2).

(24)PCosta
sf

=

(

�2 ⋅ bss +
bfs

2

)

⋅ � ⋅ C ⋅ e(bss⋅�
4+bfs⋅�

2),

(25)PCosta
sn

=

(

�2 ⋅ bss +
bsn

2

)

⋅ � ⋅ C ⋅ e(bss⋅�
4+bsn⋅�

2),

(26)PCosta
nf

=

(

�2 ⋅ bnn +
bfn

2

)

⋅ � ⋅ C ⋅ e(bnn⋅�
4+bfn⋅�

2),

(27)PCosta
ns

=

(

�2 ⋅ bnn +
bsn

2

)

⋅ � ⋅ C ⋅ e(bnn⋅�
4+bsn⋅�

2),

Fig. 1   Considered in 
vitro experiments protocol 
summary. a Scheme of the 
sample obtention procedure. 
Biaxial and triaxial shear 
samples were obtained 
and aligned with the FSN 
directions. b Considered 
biaxial extension tests mean 
results at 20% of deforma-
tion. Solid lines correspond 
to MFD and dotted lines 
to CFD. Legend ratios are 
referred to as CFD:MFD. c 
Considered simple triaxial 
shear results at 50% of 
shear strain
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Similarly for the HO model, we obtain:

And for HOE:

(28)

PHO
fs

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2aff ⋅ �3 ⋅ exp(bff ⋅ �4) + afs ⋅ � ⋅ exp(bfs ⋅ �
2),

(29)
PHO
fn

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2aff ⋅ �3 ⋅ exp(bff ⋅ �4),

(30)

PHO
sf

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2ass ⋅ �
3
⋅ exp(bss ⋅ �

4) + afs ⋅ � ⋅ exp(bfs ⋅ �
2),

(31)
PHO
sn

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2ass ⋅ �
3
⋅ exp(bss ⋅ �

4)

(32)PHO
nf

= PHO
ns

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2).

(33)

PHOE
fs

= PHO
fs

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2aff ⋅ �3 ⋅ exp(bff ⋅ �4) + afs ⋅ � ⋅ exp(bfs ⋅ �
2),

(34)

PHOE
fn

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2aff ⋅ �3 ⋅ exp(bff ⋅ �4) +
afn ⋅ bfs

bfn
⋅ � ⋅ exp(bfs ⋅ �

2),

(35)

PHOE
sf

= PHO
SF

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2ass ⋅ �
3
⋅ exp(bss ⋅ �

4) + afs ⋅ � ⋅ exp(bfs ⋅ �
2),

(36)

PHOE
sn

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)+

+ 2ass ⋅ �
3
⋅ exp(bss ⋅ �

4) +
asn ⋅ bsn

bfs
⋅ � ⋅ exp(bsn ⋅ �

2),

(37)

PHOE
nf

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2)

+
afn ⋅ bfs

bfn
⋅ � ⋅ exp(bfs ⋅ �

2),

It should be noted that the HO model does not dif-
ferentiate between the NF and NS modes (Eq. 32), as 
it only considers Ifs , resulting in identical analytical 
expressions for the N- modes. On the other hand, the 
HOE model does provide distinct analytical expres-
sions for the 6 shear configurations, although the FS 
and SF modes coincide with the standard HO model 
(Eqs. 33 and 35).

4 � Parameter sensitivity analysis

After describing the experimental and mathemati-
cal framework, we conducted a sensitivity analysis 
of the material parameters for every model. We aim 
to analyze, for each of the deformation modes con-
sidered, the impact of each parameter in the selected 
formulations. This helps to determine which param-
eters are more influential in each of these modes. As 
explained in the previous section, we will examine 
the biaxial conditions as well as the six configurations 
of the simple triaxial shear tests. We have performed 
two different types of sensitivity analysis, a local one 
focused on the parameter values that reproduce the 
experimental in vitro response presented in [40] and a 
global sensitivity analysis using Sobol indexes.

4.1 � Local parameter sensitivity analysis

We started with an initial set of parameters for each 
model (Table 1), which were estimated from the biax-
ial and simple shear tests presented in [17], using the 
analytical expressions described above. Briefly, the 
parameters were derived through a least-squares min-
imization process using the fmincon function in Mat-
lab. For further details on this process, the reader is 
referred to [40] (specifically, the selected values cor-
respond to the IVT case in that study).

Then, similar to Gao et al. [24], we imposed a 10% 
variation on each parameter, both incrementally 
( C10+

i
 ) and decrementally ( C10−

i
 ). Subsequently, we 

calculated their associated Mean Squared Error 
(MSE) values and averaged them to determine the 

(38)

PHOE
ns

= ((�2 + 3) − �2)
a

3
⋅ � ⋅ exp(b ⋅ �2).

+
asn ⋅ bsn

bfs
⋅ � ⋅ exp(bsn ⋅ �

2).
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MSE values for each 10% parameter variation 
( MSE10

i
=

MSE(C
10+)

i
+MSE(C10−

i
)

2
 ). Finally, we analyzed 

the variations with respect to the initial MSE ( MSE0 ) 
to quantify the impact of the 10% parameter variation 
over the initial response ( ΔMSE =

MSE0−MSE10
i

MSE0

 ). This 
analysis was quantified for each deformation mode 
and each material model. We independently analyzed 
all parameters of each model, so only one was varied 
at a time. The MSE is defined as

where Npoints corresponds to the number of points 
evaluated in each curve, which was fixed to 100 in 
every term; Ptest and Pan represent the already men-
tioned experimental and analytical values of the PK1 
stress tensor for each strain mode, respectively; Ntests 
is the total amount of considered in vitro tests for the 
fitting process. Errors were normalized by the maxi-
mum experimental value for the biaxial and shear 
stresses.

Figure  2a–c shows the results of this parameter 
sensitivity analysis. For each deformation mode and 
each constitutive model, the ΔMSE variations of each 
parameter were computed and normalized from 0 to 
1, providing a more intuitive visualization. Therefore, 
a bigger area means that a specific parameter gener-
ated greater MSE increases than the others. To cor-
roborate that this is not a seed-dependent process, the 
entire study was repeated for different initial param-
eter values and the conclusions remained consistent.

Starting with the Costa model (Fig.  2a), we 
observe that several parameters significantly affected 
the response across all deformation modes. The 
parameter C was excluded from the analysis since, 

(39)MSE =
1

Ntests

Ntests
�

i=1

⎛

⎜

⎜

⎝

1

Npoints

Npoints
�

i=1

�

Ptest − Pan

max(Ptest)

�2⎞

⎟

⎟

⎠

,

being outside the exponential term (Eq.  4), it influ-
ences all deformation modes equally. In the biaxial 
modes, only bff  , bss , and bnn caused changes in MSE, 
which aligns with Eqs.  16 and 17. Interestingly, bss 
presents a great influence on biaxial conditions, 
although the S direction is not involved in the biax-
ial extension. This is easily explained by Eqs. 16 and 
17, as all bff  , bss , and bnn are involved in the biaxial 
PK1 terms. The influence of these three parameters is 
fairly balanced, as they all generate changes of simi-
lar magnitude, fluctuating individually for each load-
ing ratio and between MFD and CFD. Similarly, in 
the shear modes, the results depend on the parameters 
presented in Eqs. 22–27. In this case, the entire set of 
parameters appears, but the shear-related parameters 
( bfs , bfn , and bsn ) dominate the shear response, having 
much greater weight than the hydrostatic ones.

All this implies that Costa parameters are highly 
correlated and influence several deformation modes 
simultaneously. This coupling means that more infor-
mation is needed to accurately adjust their values, but 
the model will be more robust in complex deforma-
tion modes and may have higher predictive capacity.

In the case of the HO model (Fig.  2b), the indi-
vidual parameter effects are quite different. All modes 
are primarily dominated by the isotropic parameters 
(a and b), showing a much greater impact than the 
others in almost every loading condition. In the TBx 
tests, there is minimal influence of ass and bss (almost 
imperceptible in some modes) and moderate influ-
ence of aff  and bff  in the MFD direction. Regarding 
the shear modes, they are almost entirely dominated 
by the isotropic terms, except for the FS and SF 
modes where the parameters bfs and afs do have a sig-
nificant influence.

Overall, this model does not exhibit high correla-
tion, as, apart from the isotropic terms, the rest of 

Table 1   Initial mechanical 
parameter values at the 
parameter sensitivity 
analysis for the three 
selected constitutive models

Costa
C bff bss bnn bfs bfn bsn

1.884 2.723 1.650 1.320 3.874 2.734 2.964
HO
a b aff bff ass bss afs bfs

2.675 3.302 1.403 5.421 0.143 0.141 0.559 10.931
HOE
a b aff bff ass bss afs bfs afn bfn asn bsn

2.048 3.835 1.962 4.295 0.337 0.251 0.878 9.265 0.233 10.245 0.292 9.680



Meccanica	

Vol.: (0123456789)

the parameters are highly focused on specific defor-
mation modes ( aff -bff  in MFD and afs-bfs in FS-SF). 
However, this model includes parameters that do not 
influence the deformation modes considered in our 
study ( ass and bss ), adding unnecessary complexity 
to the minimization processes. Being the parameters 
more independent, they are easier to determine from 
fewer experimental data, especially if the datasets 
do not include evidently orthotropic data. However, 
it also implies that the robustness and predictive 
capacity of the model may be reduced.

Finally, the HOE model (Fig. 2c) shows almost iden-
tical results to HO in the biaxial modes, mainly domi-
nated by the isotropic parameters, though less evident 
in MFD. This makes sense as the difference between 
the two models lies in the shear terms. In the shear 
modes, significant differences are observed compared 
to HO, with HOE showing a more balanced response. 
In all cases, the parameter bfs has a significant influ-
ence, and each complementary set of tests (FS–SF, 
FN–NF, SN–NS) is individually influenced by the rest-
ing shear parameters. Therefore, this model is very ver-
satile in characterizing full sets of shear modes, as each 

Fig. 2   Sensitivity analysis of the individual parameter impact into the minimization process for the (a) Costa, (b) HO, and (c) HOE 
formulations
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mode is controlled by different parameters. However, 
this is achieved by introducing many parameters to the 
model, which penalizes the efficiency of their estima-
tion process.

To improve the fit of the biaxial modes compared to 
HO, the inclusion of the remaining term ( Inn ) could be 
considered, but this would increase even more the num-
ber of constants in HOE by 2 more, which is already 
high. This could be beneficial for specific studies 
requiring the characterization of very complex defor-
mation modes if enough fitting data is available.

These differences in the parameter sensitivity of 
each selected formulation are justified by the approach 
followed in each model to relate the deformations asso-
ciated with each strain mode. In Costa’s model, all 
modes are coupled within the same exponential term, 
achieving an inherent coupling between the microstruc-
tural directions. On the other hand, the HO model con-
siders each strain mode in separate terms, which 
neglects the interaction between the orthotropy direc-
tions in non-equibiaxial biaxial tests. This becomes 
even more evident if, for each model, the partial deriva-
tives of the SEDF are computed for every configuration 
( Ψij =

�Ψ

�Iij
 ). For the Costa model, they result in:

where

(40)ΨCosta
ff

=
C

2
bff (Iff − 1) ⋅ eQ,

(41)ΨCosta
ss

=
C

2
bss(Iss − 1) ⋅ eQ,

(42)ΨCosta
nn

=
C

2
bnn(Inn − 1) ⋅ eQ,

(43)ΨCosta
fs

= ΨCosta
sf

=
C

2
Ifsbfs ⋅ e

Q,

(44)ΨCosta
fn

= ΨCosta
nf

=
C

2
Ifnbfn ⋅ e

Q,

(45)ΨCosta
sn

= ΨCosta
ns

=
C

2
Isnbsn ⋅ e

Q,

(46)
eQ = exp

[

I2
fn
bfn + I2

fs
bfs + I2

sn
bsn + bff (Iff − 1)2+

bnn(Inn − 1)2 + bss(Iss − 1)2
]

.

These terms are generic for any deformation state and 
show which strain pseudo-invariants can potentially 
influence the deformation state in each direction, 
regardless of the boundary conditions. This again 
shows a significant coupling, as all the anisotropic 
pseudo-invariants appear in each deformation mode.

For the HO model, these expressions are:

Here, it is observed that each direction depends solely 
on its associated parameter, demonstrating low cou-
pling between directions. Additionally, since only the 
invariants Iff  , Iss , and Ifs are considered in its formu-
lation, the directional derivatives are zero for many 
terms. This means that, although the HO model can 
perfectly capture the interactions between the ortho-
tropic directions, its ability to represent the complex 
three-dimensional interaction of myocardial fib-
ers is slightly limited compared to the Costa model. 
To address this, the extension imposed in the HOE 
model leads to:

(47)ΨHO
ff

= aff (Iff − 1) exp
(

bff
(

Iff − 1
)2
)

,

(48)ΨHO
ss

= ass(Iss − 1) exp
(

bss
(

Iss − 1
)2
)

,

(49)ΨHO
fs

= ΨHO
sf

= afsIfs exp
(

bfsI
2
fs

)

,

(50)ΨHO
fn

= ΨHO
sn

= ΨHO
nf

= ΨHO
ns

= ΨHO
nn

= 0.

(51)ΨHOE
ff

= ΨHO
ff

,

(52)ΨHOE
ss

= ΨHO
ss

,

(53)ΨHOE
nn

= ΨHO
nn

= 0,

(54)ΨHOE
fs

= ΨHOE
sf

= ΨHO
fs

= ΨHO
sf

,

(55)ΨHOE
fn

=
afnbfs

bfn
Ifn exp

(

bfsI
2
fn

)

,

(56)ΨHOE
sn

=
asnbsn

bfs
Isn exp

(

bsnI
2
sn

)

.
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Here, most directional derivatives are retained, but 
thanks to the new terms ( Ifn and Isn ), greater versatil-
ity is achieved in the shear modes.

Therefore, the Costa model has demonstrated a 
more balanced response among its parameters in the 
sensitivity analysis, as all parameters show influence 
across the deformation modes analyzed. In contrast, 
certain parameters in the HO-based formulations 
exhibit limited influence on some of the studied 
modes ( ass and bss ). Nevertheless, it should be noted 
that this initial conclusion is highly dependent on the 
particular experimental dataset. Additionally, consid-
ering more coupled models, such as Costa, can pose 
a problem as it complicates the determination of their 
parameters due to their higher correlation. This issue 
can become more pronounced if an extensive experi-
mental dataset is unavailable, such as in vivo-based 
studies [22, 24].

4.2 � Global parameter sensitivity analysis

The local sensitivity analysis allowed us to analyze the 
direct influence of each individual parameter on the 
fitting of the experimental data for each deformation 
mode considered. However, this approach is limited to 
exploring the vicinity of a specific parameter set, which 
could bias the analysis due to that particular combina-
tion of parameters and may not be globally representa-
tive. To address this isssue, we also performed a global 
sensitivity analysis to examine the direct and indirect 
effects of parameters across a defined range, to contrast 
its results with the local study at the fitted point. Spe-
cifically, we employed Sobol indices [42], which are a 
well-known  global sensitivity metrics. Sobol indexes 
are based on decomposing the variance of a given func-
tion into contributions attributable to each individual 
input variable and their interactions, providing a com-
prehensive understanding of the model’s sensitivity 
across an entire input space.

Therefore, for  a function Y = f (X1,X2,… ,Xn) , 
where Xi are referred to the input variables, the total 
variance Var(Y) is decomposed into terms associated 
with the direct individual effects of each input varia-
ble (primary Sobol indices, Si ) and the effects associ-
ated with their interactions with other input variables 
(secondary Sobol indices, Sij ). Finally, the total-order 
Sobol index ((STi = Si + Sij ) represents the fraction of 
the overall response variance, Var(Y) , attributable to 

any joint parameter variations that include variations 
of Xi . To compute these indices, an input dataset is 
generated in which each variable varies within the 
defined range ( Xi ∈ [ai, bi] ) using methods such as 
Latin Hypercube Sampling or Sobol Sequences. The 
variations in the output function’s variance are then 
analyzed for each input variable.

For this input dataset, the first-order indices Si are 
defined as the fraction of the total variance attributable 
to the variable Xi . According to the Saltelli formulation 
[43], this can be expressed as:

where Xi is the selected input variable and X∼i denotes 
the matrix of all input variables except Xi . The expec-
tation operator ( E(⋅) ) refers to the mean of the out-
put function, Y, taken over all possible values of X∼i 
while keeping Xi fixed. The outer variance, VXi

(⋅) , is 
taken over all possible values of Xi . The interpreta-
tion of this expression is that the primary indices, Si , 
quantify the fraction of the total variance attributable 
to the input variableXi . Similarly, STi can be expressed 
as:

In [43], it is stated that, in terms of the expected 
reduction of variance, the term VXi

(

E
X∼i

(Y|Xi)
)

 used 
in Si can be interpreted as the expected reduction in 
variance that would be obtained if Xi could be fixed. 
Similarly, the term VX∼i

(

E
Xi
(Y|X∼i)

)

 used in the sec-
ond expression can be interpreted as the expected 
reduction in variance that would be obtained if all 
factors but Xi could be fixed. Thus, the interpretation 
of the total-order indices, STi , is that they quantify 
the fraction of the total variance attributable to the 
variable Xi , including all its interactions with other 
variables.

In our case, the output functions for analyzing 
parameter sensitivity, as in the local study, are the 
analytical solutions developed in the previous sec-
tions for the 8 deformation modes considered (the 
MFD and CFD directions from the biaxial test 
and the 6 shear modes FS–FN–SF–SN–NS). For 
these functions, the input variables correspond to 
the constitutive  model’s parameters. We analyzed 

(57)Si =
VXi

(

E
X∼i

(Y|Xi)
)

Var(Y)
,

(58)STi = 1 −
VX∼i

(

E
Xi
(Y|X∼i)

)

Var(Y)
.
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datasets of 10,000 samples consisting of independ-
ent parameter combinations within the defined para-
metric variation range for each of the three material 
models. Specifically, three datasets were generated 
using Latin Hypercube Sampling, each with dimen-
sions 10000 × k , where k is the number of param-
eters for each model (7, 8, and 12 for Costa, HO, 
and HOE, respectively). To determine the variation 
range for each parameter, we used their maximum 
values presented in Appendix  A.4. Thus, the stud-
ied range spans for all parameters from 0 (as param-
eters cannot be negative) to twice the maximum 
value recorded across all experimental cases. Under 
these conditions, first-order Sobol indices and total 
Sobol indices were calculated for the 8 deformation 
modes.

Figure  3 presents the results obtained for the 
Costa model. The complete numerical values are 
included in Appendix A.4. The first-order indices 
( Si ) show a similar trend to that observed in the 
local sensitivity analysis, although slight differences 

are evident. The MFD mode is also clearly domi-
nated by the effect of bff  , while in the CFD mode, 
the effects are primarily distributed between bff  
and bss . This differs slightly from the local study, 
where the most influential parameters were bss 
and bnn . In the shear modes, the shear parameters 
make the most significant contributions across all 
modes. In this global analysis, the parameter C0 was 
not excluded, and its influence can be clearly seen. 
While the numerical value of its contribution varies 
across deformation modes (Appendix  A), its influ-
ence is comparable for all of them. As previously 
stated, this is because C0 multiplies the entire func-
tion and appears similarly in all deformation modes.

Therefore, the first-order indices show results 
with an overall trend similar to the local study, 
as they also reflect the individual effects of each 
parameter. Thus, the conclusions from the previous 
section remain valid. However, certain differences, 
such as those observed in the CFD mode, indicate 
the necessity of considering such global approaches 

Fig. 3   Calculated Sobol indexes for the Costa material model 
for the different deformation modes (a–h). Red bars indicate 
Sobol first order index values ( Si ), blue bars indicate Sobol 

secondary order index values ( Sij ), and green bars indicate 
Total Sobol index values ( STi)
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to avoid results biased by individual parameter val-
ues, which may not be globally representative.

Regarding parameter interactions ( Sij ), the values 
observed are comparable to the first-order indices, 
suggesting significant interactions between parame-
ters. In the biaxial modes, the secondary effects of the 
parameters (shown in blue) exceed the direct effects, 
indicating that the variability of the model is more 
influenced by interactions among several parameters 
than by their individual effects. This demonstrates 
strong correlations between them. In the shear modes, 
the interactions among dominant parameters are less 
significant than their individual effects but remain 
non-negligible. Overall, these results confirm again 
that, in the Costa model, there is substantial interac-
tion between parameters, confirming the coupling in 
its formulation.

On the other hand, Fig. 4 shows the results for the 
HO model. For the first-order indices in the biaxial 
modes (MFD and CFD), the trend is again similar to 
the local study, being completely dominated by the 

isotropic terms (a and b). This trend persists in the 
shear modes, except for FS and SF, where the param-
eters specific to these modes ( afs and bfs ) dominate the 
changes in variance, aligning with the previous sec-
tion. This once again confirms that the HO model is 
primarily dominated by the isotropic terms, which 
may make it inefficient for mixed deformation modes 
or datasets exhibiting significant orthotropy, requiring 
distinct mechanical responses in each direction.

Regarding the effects of parameter interac-
tions ( Sij ), these are much smaller than the direct 
effects ( Si ) for the HO model in nearly all deforma-
tion modes. This confirms a lower correlation and a 
weaker coupling of the HO model compared to Cos-
ta’s. Again, while this may make it easier to obtain 
objective parameters from limited data, it could 
also reduce its ability to predict mixed deformation 
modes, as previously mentioned.

Finally, Fig.  5 shows the results for the HOE 
model. The biaxial modes exhibit an identical trend 
to the HO model since, as mentioned earlier, the 

Fig. 4   Calculated Sobol indexes for the HO material model 
for the different deformation modes (a–h). Red bars indicate 
Sobol first order index values ( Si ), blue bars indicate Sobol 

secondary order index values ( Sij ), and green bars indicate 
Total Sobol index values ( STi
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formulation changes in the HOE model lie in the 
inclusion of additional shear terms. In the case of the 
shear modes, significant changes are observed due 
to the inclusion of these new shear terms. Similar to 
the local study, both the direct effects and the interac-
tion effects are dominated in each case by the shear 
parameters specific to each mode. It is worth not-
ing that the parameter bfs has a significant influence 
across all shear modes. The results for the secondary 
indices ( Sij ) indicate that, in the HOE model, there is 
also a significant interaction between parameters in 
the shear modes, with values far exceeding the first-
order indices in almost all modes, similar to the Costa 
model. Thus, the correlation of the new parameters 
added in this formulation of the HO model is greater 
than in the original version. The trends shown in the 
graphs in Fig. 5 are consistent with those observed in 
the local study.

The results of the global study using Sobol indices 
confirm the conclusions of the local study while add-
ing new relevant information for comparing different 

material models. The Costa model has once again 
demonstrated a more homogeneous distribution of 
variations in variance compared to the HO-type for-
mulations, which remain predominantly dominated by 
the isotropic parameters. Furthermore, the analysis of 
parameter secondary effects has shown that the Costa 
and HOE models exhibit greater interactions between 
parameters than the HO model, suggesting stronger 
coupling in their formulation. Therefore, although all 
three models adequately fit the biaxial and shear data-
sets considered, the Costa model appears to provide 
slightly superior performance and, if the input data is 
sufficiently robust, may offer greater predictive capa-
bility for mixed deformation modes.

5 � Constitutive law performance against different 
experimental inputs

The sensitivity analysis evidenced that the impact 
of each parameter across the three models differs 

Fig. 5   Calculated Sobol indexes for the HOE material model 
for the different deformation modes (a–h). Red bars indicate 
Sobol first order index values ( Si ), blue bars indicate Sobol 

secondary order index values ( Sij ), and green bars indicate 
Total Sobol index values ( STi)
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significantly. The Costa model exhibits strong param-
eter coupling, resulting in a balanced distribution 
across all deformation modes. In contrast, the HO and 
HOE models show a response predominantly influ-
enced by the isotropic component of their formula-
tions, with some parameters having localized impor-
tance in specific deformation modes. Between the 
two, the standard HO model shows limited versatil-
ity in capturing distinguished orthotropic behaviors, 
which is compensated in the HOE model, though at 
the cost of introducing 4 more parameters. However, 
these parameters tend to be more independent of each 
other than in Costa’s formulation, which may compli-
cate the determination of unique solutions in this lat-
ter case, if an adequately large experimental dataset is 
not available.

This confirms that the performance of these mod-
els in replicating experimental data, and consequently 
the selection for a numerical-experimental study, 
is influenced by the type of data considered. There-
fore, as stated above, we considered 5 different types 
of input data for the three selected models, based on 
the most common in vitro methodologies for myo-
cardium: (i) Equibiaxial tests [4–6]; (ii) True biaxial 
tests [7–13]; (iii) Simple triaxial shear tests [14, 15]; 
(iv) Combined Data 1 (CMB1): combining equibiax-
ial and shear results; (v) Combined Data 2 (CMB2): 
combining true biaxial and shear results [16, 17]. We 
aim to analyze how the three selected models perform 
with purely biaxial data (i and ii), purely shear (iii), 
or a combination of both (iv and v). In all cases, an 
inverse estimation of the mechanical parameters for 
each model was performed (see Sect.  4). The data 
not included in the fitting process were used to vali-
date the predictive and extrapolative power of the 
obtained parameters. For biaxial-only based cases 
(i and ii), STS tests could not be predicted, as the 

mechanical shear parameters could not be character-
ized (Eqs. 16–17 and Eqs. 19–20). Figure 6 provides 
a summary of the fitted and predicted data for each 
case.

Within these 5 groups, we selected data from 
individual experimental tests. Out of the 7 ani-
mals described in [17] for which medial data were 
acquired, we selected a total of 5 for our study, cor-
responding to those with a complete set of simple 
shear tests. For each of these 5 animals, in addition to 
the full shear dataset, we selected two sets of biaxial 
results, resulting in 10 data combinations across all 
groups analyzed. To evaluate each model’s response, 
we derived their mechanical parameter values for 
every individual dataset. These 10 datasets are suffi-
ciently comprehensive to encompass diverse mechan-
ical responses in terms of stiffness and orthotropy 
within the typical deviation range of the tissue. The 
data used have already been shown to be comparable 
to other experimental studies [17], such as those by 
Dokos [14] or Sommer [16]. Therefore, contrasting 
the results with such studies was not considered nec-
essary, as they are already covered by the 10 datasets 
analyzed.

Additionally, three different metrics were chosen 
to quantify the fitting accuracy. First, we considered 
the Mean Squared Error (MSE) between the selected 
normalized in vitro experiments and their analytical 
expressions for each strain mode as stated in Eq. 39. 
Second, the goodness of fitting was also assessed 
by the coefficient of determination, ( R2 ), which is 
defined as

(59)R2 = 1 −

∑N

i=1
(Yi − Ŷ)2

∑N

i=1
(Yi − Ȳ)2

,

Fig. 6   Considered experimental inputs in each case: Equibi-
axial dataset (EBx), True Biaxial dataset (TBx), Simple Triax-
ial Shear dataset (STS), Combined dataset 1 (CMB1): EBx + 

STS, and Combined dataset 2 (CMB2): TBx + STS. MFDi and 
CFDi correspond to each of the biaxial loading ratios explained 
above
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where Y  correspond to the reference experimen-
tal values, Ŷ  to the simulated values, Ȳ  to the mean 
experimental value and N to the number of consid-
ered points (n=100).

Although R2 and MSE are suitable for assessing 
the goodness of fit, they do not consider the number 
of parameters in each model. Besides achieving an 
accurate fit to the experimental response, is essential 
to minimize the number of considered parameters to 
avoid overfitting. Therefore, we also  considered the 
Akaike Information Criterion (AIC) [44] to account 
for the number of parameters used in each model. 
This criterion has already been used for statistical 
analysis in cardiac tissue characterization and simula-
tion studies [34, 35, 45–47]. The AIC penalizes mod-
els with more parameters, favoring those that provide 
a good fit with the fewest parameters, and is given by:

where MSE is the obtained mean squared error and 
k is the number of parameters each model uses (7, 8, 
and 12 for Costa, HO, and HOE, respectively).

Similar to the approach by Schmid et al. [34, 35], 
we also analyzed the variability of both the indi-
vidual values of the mechanical parameters and the 
three considered metrics across the individual sam-
ples in each case (n=10). To do this, we calculated 
their mean value (Mean) and standard deviation (SD) 
across all specimens and obtained the coefficient of 
variation ( ̄V  ) as

(60)AIC = 2k − 2 log(MSE),

(61)V̄ =
SD

Mean
.

5.1 � Biaxial‑based analysis

As described in Fig. 6, in the two cases based exclu-
sively on biaxial data (both equibiaxial and true 
biaxial), certain ratios were considered in the fitting 
process, while the remaining ones were used to vali-
date the predictive capacity. Simple triaxial shear data 
were not included in these studies.

Figure 7 shows the average values of all metrics 
analyzed across all specimens (n=10) for the equibi-
axial and true biaxial cases. The numerical values 
are summarized in Table 2. All the results through-
out this study have been included in the Appendix. 
The results are similar across the three constitu-
tive models, with some slight  differences. In both 
experimental cases, the fitting  goodness achieved 
by all models is comparable (MSE and R2 , see 
Fig. 7b, c–f, g). All of them provide a highly accu-
rate fit to the data, although with a better fit in the 
equibiaxial-based scenario ( R2 >0.995 for equibi-
axial and R2 >0.96 for true biaxial) since only one 
biaxial mode was included in the parameter obten-
tion process in that case. For the predicted data, 
while a sufficiently accurate response was obtained 
in the equibiaxial-based case ( R2 >0.92), the pre-
dictive capacity improves significantly in the true-
biaxial-based approach when non-equibiaxial data 
are included in the parameter determination process. 
The MSE values are also consistent with the trends 
observed in R2 . Therefore, no appreciable variations 
are observed between the three models in terms of 
fitting quality (MSE and R2).

However, although the fitting goodness achieved is 
similar, it is important to note that the Costa model 

Table 2   Costa, HO & HOE performance summary for biaxial-
based data (equibiaxial and true biaxial). max(V̄) is the maxi-
mum variability recorded in the parameter values for the 10 

individual datasets. f and p sub-indexes correspond to fitting 
and prediction results, respectively

max(V̄) MSEf Msep R2

f
R2

p
AICf AICp

EBx
Costa 0.37 0.07 ± 0.12 0.44 ± 0.27 0.995 ± 0.01 0.92 ± 0.09 14.87 ± 2.64 9.93 ± 1.16
HO 1.03 0.01 ± 0.01 0.46 ± 0.41 0.999 ± 0.01 0.92 ± 0.11 21.11 ± 1.58 14.15 ± 1.56
HOE 1.06 0.01 ± 0.01 0.46 ± 0.41 0.999 ± 0.01 0.92 ± 0.11 21.11 ± 1.58 14.15 ± 1.56
TBx
Costa 0.42 0.31 ± 0.25 0.25 ± 0.26 0.96 ± 0.05 0.97 ± 0.02 10.82 ± 1.41 11.35 ± 1.49
HO 0.63 0.26 ± 0.20 0.20 ± 0.18 0.96 ± 0.06 0.98 ± 0.02 15.23 ± 1.52 15.81 ± 1.57
HOE 0.63 0.26 ± 0.20 0.20 ± 0.18 0.96 ± 0.06 0.98 ± 0.02 15.23 ± 1.52 15.81 ± 1.57
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uses only 4 parameters in the biaxial expressions, 
while the HO and HOE models use up to 6 param-
eters (see Sect. 3.1). Thus, the Costa model achieves 
an equivalent fitting goodness with two fewer param-
eters. This is quantified by the AIC (see Fig. 7d–h), 
as the Costa model shows lower AIC value (see the 
last two columns of Table  2). Finally, when analyz-
ing the variability in the numerical values of each 
model parameters, we observe that the Costa model is 
slightly more stable than the other two, as the maxi-
mum recorded variations ( max(V̄) ) are smaller in 
both equibiaxial-based and true-biaxial-based cases 
(see the first column of Table 2). This suggests that 
the Costa model is more stable in the presence of 
small variations in the input data [18].

Therefore, the results demonstrate that when 
purely biaxial experimental data is considered, all 
three models offer acceptable fits. Despite the higher 
coupling between the Costa model parameters, it also 
delivers a comparable response to HO and HOE mod-
els, even in cases where a limited amount of experi-
mental data is available (such as the equibiaxial-based 
case). On the other hand, the HO-type models have 
also shown their ability to adequately fit and predict 
both equibiaxial and non-equibiaxial data, which was 
questioned in [39] when handling non-equibiaxial 
datasets. Overall, this suggests that any of the three 
models is suitable for this type of input data. How-
ever, the Costa model is slightly superior when con-
sidering the model stability ( max(V̄) ) and the number 
of parameters (AIC). Nevertheless, we would not sug-
gest using only biaxial data, as it does not allow for 
a complete three-dimensional characterization, nor a 
complete fitting of all the parameters in each model. 
Therefore, the inclusion of three-dimensional data, 
such as those from simple shear tests, is essential.

5.2 � Shear‑based analysis

We continued our analysis by evaluating the response 
of all models to purely shear data (STS). This time, 
all shear data were included in the parameter obten-
tion process, and we attempted to predict the true 
biaxial response from these data (Fig. 6).

Figure  8a–d shows the average values for all the 
metrics analyzed, while Table 3 contains the numeri-
cal values. Once again, the results are similar for all 
three models. All of them provide a good fit to the 
shear data, with R2 values of 0.96 for Costa and HOE, 
and 0.94 for HO. However, when examining the indi-
vidual fitting curves shown in Fig. 10, it becomes evi-
dent that the HO presents less accuracy in some of the 
shear modes compared to Costa or HOE, as it lacks 
parameters influencing these modes (Fig. 2). For the 
predicted data, none of the models can correctly pre-
dict the biaxial response based solely on shear data 
(Fig.  9), with the Costa model showing the greatest 
error. As a result, the recorded MSE values are sig-
nificantly higher, and in fact, in Fig. 8b, the plotting 
scale had to be adjusted to display the values. There-
fore, these results suggest that to accurately predict 
the tissue’s response in both deformation modes they 
should be combined. Given that both shear and biax-
ial stresses occur during ventricular expansion and 
contraction [16, 37, 48], we believe that  it is crucial 
to consider both deformations simultaneously. This 
combined approach has already been experimentally 
applied in previous studies [16, 17].

In shear modes, the Costa model uses all of its 7 
mechanical parameters, the HO model 8, and the 
HOE model 12 (see Sect. 3.1). Thus, the AIC values 
achieved by the HO and Costa models are similar, 
while the HOE model is higher due to having sig-
nificantly more fitting parameters (see the last two 

Fig. 7   Summary of the 
global contrasted metrics 
for biaxial-based cases 
(EBx and TBx). max(V̄  ) 
stands for the maximum 
variability coefficient in the 
mechanical parameters of 
each model. In all plots, the 
red color corresponds to the 
Costa model, blue to the 
HO one, and green to the 
HOE one
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columns of Table 3). It is important to note that the 
AIC is formulated for low MSE values (around 0-1), 
so while the prediction AIC values may appear very 
low in all cases, these particular results are not valid.

Regarding the variability of the mechanical param-
eters, all models show similar stability, with the HO 
model being slightly more stable than the others in 
this case (see the first column of Table 3).

Therefore, if the input data are exclusively shear-
based, all three models show similar fitting capa-
bilities and stability, without any of them being sig-
nificantly better than the others. Compared to the 
biaxial-based cases, the HO and HOE models have 
improved their performance relative to the Costa 
when fitting the simple shear datasets, showing 

greater stability in their parameter estimation and bet-
ter predictive ability for biaxial responses (although 
none of the three are sufficiently accurate in this 
regard). This makes sense as these models were 
developed based on the experimental data of Dokos 
et  al. [14], so their performance is better suited to 
these conditions [37]. However, as mentioned earlier, 
we believe that it is necessary to consider both types 
of data simultaneously to obtain robust mechanical 
parameters.

It is also worth noting that, when considering the 
number of parameters (AIC), the HOE model shows 
worse fitting performance than the other two. There-
fore, the HOE approach should only be considered in 
cases where the standard HO model is not sufficiently 

Table 3   Costa, HO & HOE performance summary for simple-shear-based data (STS). max(V̄) is the maximum variability recorded 
in the parameter values for the 10 individual datasets.

f and p sub-indexes correspond to fitting and prediction results, respectively

max(V̄) MSEf MSEp * (x103) R2

f
R2

p
AICf AICp

Costa 0.92 0.24 ± 0.28 6.04 ± 7.82 0.96 ± 0.03 0.01 ± 0.007 18.34 ± 2.70 1.35 ± 6.96
HO 0.85 0.29 ± 0.19 1.45 ± 0.59 0.94 ± 0.04 0.009 ± 0.003 19.13 ± 1.97 1.58 ± 0.75
HOE 1.15 0.23 ± 0.19 1.07 ± 0.27 0.96 ± 0.02 0.008 ± 0.005 27.70 ± 2.02 10.11 ± 0.52

Fig. 8   Summary of the global contrasted metrics for shear-
based (STS) and combined (CMB1 and CMB2) cases. max(V̄  ) 
stands for the maximum variability coefficient in the mechani-

cal parameters of each model. In all plots, the red color cor-
responds to the Costa model, blue to the HO one, and green to 
the HOE one
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accurate for the given data. Nonetheless, as Li et al. 
[19] indicated, if additional deformation modes such 
as pure shear are considered, the standard HO model 
may not be robust enough to capture the experimental 
response. In such cases, the HOE model may be an 
interesting alternative.

5.3 � Combined analysis

Finally, we analyzed cases where biaxial and shear 
data are combined. We considered two combinations 
where all the shear data are included in the parameter 
obtention process along with either the equibiaxial 
ratio data (CMB1) or the complete true biaxial data 
(CMB2). In both cases, only part of the biaxial test 
ratios are predicted (see Fig. 6).

Once again, Fig.  8e–l shows the average results 
for both cases, and Table  4 contains their numeri-
cal values. For the CMB1 results, the Costa model 
shows the best performance in both fitting and pre-
diction, followed by HOE and HO (columns 2–5 of 
Table  4). Notably, the Costa model demonstrates to 
have notably better prediction capacity compared to 
the other two (8f, g), reinforcing its superior ability 
to predict non-equibiaxial data [39]. Importantly, by 
including the equibiaxial data, the errors in predict-
ing biaxial data are drastically reduced compared 
to the shear-based only case (8b), with errors now 
being of the same order for both fitting and predic-
tion. However, the fitting error increases slightly 
compared to the shear-based case, although the val-
ues remain reasonable.

In the CMB2 case, where non-equibiaxial data 
curves are included in the parameter fitting process, 
the quality of the fit and the errors improve com-
pared to CMB1 (8j, k). In this scenario, the HOE 
and Costa models perform quite similarly, while 
the HO model is slightly less accurate, particularly 
in the fitted data (e.g., looking at the R2 values in 
Table  4). Again, although the fitting  goodness is 
comparable for the three models, when considering 
the number of parameters with the AIC  index, the 
Costa and HO models have similar values, while the 
HOE one has a higher AIC error both in CMB1 and 
CMB2.

In terms of parameter stability, the combined cases 
once again reveal pronounced differences between the 
Costa model and the HO-type ones. This confirms 
that in the presence of biaxial data, HO-type models 

show greater instability in their parameter values 
compared to Costa’s.

Therefore, the results from the combined groups 
have shown that all three models are capable of 
simultaneously reproducing biaxial and shear data 
with acceptable accuracy. In all cases, average R2 val-
ues around 0.9 (at minimum) were obtained, except 
for the HO model when only equibiaxial data were 
included (CMB1). We also demonstrated that, includ-
ing biaxial data, significantly improves the predictive 
capacity compared to the shear-based only case, even 
in CMB1. The HOE model shows notable improve-
ments over the HO model in both fitting and pre-
diction capacity, though at the cost of 4 additional 
parameters. On the other hand, the Costa model dem-
onstrates the best performance, achieving the highest 
accuracy with respect to the experimental data, using 
the fewest number of parameters, and exhibiting the 
greatest stability in the mechanical parameters values.

5.4 � On the specific material model selection

We also evaluated the response of the three compared 
models to several types of in vitro experimental data, 
aiming to identify which one offers a better response 
for each type of data considered. We compared cases 
based solely on biaxial data, solely on shear data, and 
two combinations of both. We observed that using 
only biaxial data is insufficient, as it does not allow 
for the characterization of all the mechanical param-
eters that appear  in the constitutive models, while 
using only shear data does not enable accurate predic-
tion of biaxial conditions. Therefore, we concluded 
that combined datasets are necessary to ensure a 
robust parameter estimation for the type of deforma-
tions happening in the cardiac cycle.

The Costa model demonstrated a slightly superior 
response across all analyzed modes, offering compa-
rable fits (albeit slightly lower) for purely biaxial and 
purely shear data compared to HO-type models. Fur-
thermore, that model provides better fits in combined 
datasets, especially in terms of predictive capac-
ity, at least for the deformation modes considered in 
our study. Additionally, this model showed superior 
stability in parameter estimation compared to the 
HO-type models, although the three  models consid-
ered were sufficiently stable. Finally, when consider-
ing the number of parameters (AIC), it becomes evi-
dent that the Costa model offers a better response, as 
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it requires fewer parameters to achieve similar or even 
better fits. However, all three models have proven 
accuracy, robustness, and stability enough to fit the 
various datasets satisfactorily, making all of  them 
valid options for  modelling in vitro data inputs. 
Therefore, the Costa model offers a better response, 
especially when biaxial data are included. However, 
it is important to note that these conclusions highly 
depend on the input data type. The model selection 
may differ if other data types, such as pure shear data 
[18, 19], or in vivo data [22, 24] are included.

Another point to consider is that Costa’s mechani-
cal parameters are more strongly coupled than those 
of the HO-type models (see Sect.  4). While this 
greater coupling may lead to better performance, it 
can also complicate the determination of a unique 
solution in the inverse fitting problem [24, 40]. There-
fore, in cases where experimental data are limited or 
where mechanical properties inference is less direct, 
as in in vivo-based studies, HO-type models with 
more independent parameters may be more useful.

Between the HO and HOE models, we observed 
that the inclusion of extra terms in the HOE model 
significantly improves its performance in several 

cases. However, the final total number of parameters 
is considerable, so care must be taken to avoid overfit-
ting. The HOE model shows advantages in some of 
the shear modes, as its response in biaxial modes is 
equivalent  to HO one. Therefore, we would mainly 
recommend its use in studies involving clearly ortho-
tropic responses, where the shear modes differ signifi-
cantly from one to another. In cases where the behav-
ior is closer to a transversely isotropic behavior, the 
inclusion of the extra terms in the HOE model does 
not offer obvious advantages.

It is also worth noting the growing number of stud-
ies focusing on a different approach based on data-
driven models rather than on the optimization or 
selection of "expert models" tailored to each study. 
In cardiovascular modeling, multiple studies have 
already been conducted in this direction [49–51], 
which show promising results that can be a major step 
forward in modeling cardiac physiology in the future. 
However, there still  are numerous studies [52–55] 
based on these "expert models" that provide signifi-
cant insights to cardiac physiology as well. Moreover, 
data-driven approaches require much more experi-
mental data than model-based ones. These experi-
mental results are not available on many occasions, 
especially when they are difficult and expensive to get 
as happens in biological tissue modeling. Hence, we 
believe that, at present, both approaches are necessary 
and deliver valuable findings to the scientific commu-
nity. Nonetheless, data-driven models should not be 
overlooked.

Fig. 9   TBx experimental data fit for the 5 considered cases 
for a representative specimen. In each case, the fitted data that 
were included in the parameter obtention process are plotted in 
solid lines, while the predicted data are plotted in dotted lines 
and have been marked (*) in the plot title. MFDi and CFDi cor-
respond to each of the biaxial loading ratios explained above. 
In all plots, red lines correspond to Costa, blue ones to HO, 
and green ones to HOE

◂

Table 4   Costa, HO & HOE performance summary for combined data (CMB1 and CMB2). max(V̄) is the maximum variability 
recorded in the parameter values for the 10 individual datasets.

 f and p sub-indexes correspond to fitting and prediction results, respectively

max(V̄) MSEf MSEp R2

f
R2

p
AICf AICp

CMB1: STS + EBx
Costa 0.42 0.56 ± 0.28 0.57 ± 0.31 0.95 ± 0.01 0.92 ± 0.06 15.37 ± 0.95 15.42 ± 1.13
HO 0.89 1.21 ± 0.63 2.71 ± 1.60 0.83 ± 0.09 0.62 ± 0.34 15.83 ± 0.98 14.27 ± 1.06
HOE 1.00 0.73 ± 0.29 2.02 ± 0.88 0.95 ± 0.03 0.72 ± 0.20 24.77 ± 0.79 22.78 ± 0.91
CMB2: STS + TBx
Costa 0.40 0.43 ± 0.19 0.23 ± 0.18 0.94 ± 0.02 0.98 ± 0.02 15.85 ± 0.89 17.44 ± 1.47
HO 1.09 0.70 ± 0.49 0.34 ± 0.28 0.88 ± 0.11 0.96 ± 0.03 17.13 ± 1.36 18.66 ± 1.42
HOE 1.44 0.48 ± 0.25 0.32 ± 0.27 0.95 ± 0.01 0.97 ± 0.02 25.70 ± 1.02 26.75 ± 1.34
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6 � Conclusions

We have  conducted an extensive study on the 
response of three of the most widely used ortho-
tropic constitutive models for myocardial tis-
sue  (Costa, HO, and HOE) to evaluate their fitting 
and predictive capabilities across five dataset types, 
which consisted of different combinations of biax-
ial and shear experimental data from porcine biop-
sied LV myocardial tissue. Our study shows that, 
although all models are valid, Costa’s formulation 
presents slight advantages for all the cases consid-
ered compared to the HO-type models, as it offers 
slightly more accurate fits of the experimental data 
while using fewer parameters in its formulation.
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A Appendix

We include the complete results for all the cases 
compared throughout the article for the three mate-
rial models studied. In each case, the individual val-
ues of the mechanical parameters for each material 
are presented, as well as the three metrics analyzed 
(MSE, R2 , and AIC) for both the fitted and predicted 
data. For all these variables, and for the five cases, the 
average values for all specimens (n=10), their stand-
ard deviation, and their variability coefficient are 
provided.

A.1 Costa model complete results

See Tables 5, 6, 7, 8, 9.

Fig. 10   Shear experimental data fit for the 5 considered cases 
for a representative specimen. In each case, the fitted data that 
were included in the parameter obtention process are plotted in 
solid lines. In all plots, red lines correspond to Costa, blue ones 
to HO, and green ones to HOE

◂

Table 5   Costa Individual 
fits (EBx)

C0 bff bss bnn bfs bfn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 3.38 1.44 1.31 0.66 – – – 0.12 0.82 0.98 0.68 12.30 8.40
D2 1.58 2.42 2.17 1.30 – – – 0.02 0.27 1.00 0.97 15.74 10.65
D3 1.68 2.42 2.04 1.19 – – – 0.01 0.26 1.00 0.98 16.72 10.67
D4 2.19 2.05 1.86 1.69 – – – 0.05 0.27 1.00 0.98 14.17 10.62
D5 1.45 3.62 1.41 1.27 – – – 0.04 0.40 1.00 0.95 14.43 9.83
D6 1.78 2.85 2.31 0.82 – – – 0.02 0.40 1.00 0.96 16.02 9.83
D7 1.61 4.28 0.72 0.65 – – – 0.40 0.81 0.98 0.86 9.82 8.43
D8 1.13 3.82 1.58 0.94 – – – 0.01 0.23 1.00 0.93 18.27 10.97
D9 1.89 2.58 1.61 1.20 – – – 0.01 0.17 1.00 0.98 18.03 11.50
D10 1.08 3.08 2.78 1.70 – – – 0.08 0.82 1.00 0.94 13.16 8.39
Mean 1.78 2.86 1.78 1.14 – – – 0.07 0.44 1.00 0.92 14.87 9.93
SD 0.65 0.86 0.59 0.38 – – – 0.12 0.27 0.01 0.09 2.64 1.16
V̄ 0.37 0.30 0.33 0.33 – – – 1.62 0.60 0.01 0.10 0.18 0.12
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Table 6   Costa Individual 
fits (TBx)

C0 bff bss bnn bfs bfn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 2.06 2.03 0.99 0.90 – – – 0.42 0.12 0.84 0.96 9.73 12.30
D2 2.14 2.37 1.49 1.36 – – – 0.15 0.12 0.98 0.99 11.77 12.24
D3 2.47 2.28 1.34 1.22 – – – 0.12 0.09 0.99 0.99 12.27 12.82
D4 2.56 1.98 1.72 1.57 – – – 0.21 0.16 0.99 0.99 11.12 11.72
D5 2.00 3.36 1.19 1.08 – - – 0.20 0.22 0.96 0.97 11.21 11.04
D6 3.61 2.45 1.01 0.92 – – – 0.25 0.22 0.98 0.98 10.80 11.05
D7 5.16 2.11 0.48 0.43 – – – 0.88 0.93 0.92 0.92 8.26 8.15
D8 2.17 3.05 0.91 0.83 – – – 0.19 0.20 0.95 0.97 11.36 11.19
D9 2.58 2.38 1.24 1.13 – – – 0.10 0.08 0.99 0.99 12.68 13.16
D10 1.24 3.21 2.15 1.96 – – – 0.60 0.40 0.95 0.98 9.01 9.84
Mean 2.60 2.52 1.25 1.14 – – – 0.31 0.25 0.96 0.97 10.82 11.35
SD 1.08 0.50 0.46 0.42 – – – 0.25 0.26 0.05 0.02 1.41 1.49
V̄ 0.42 0.20 0.37 0.37 – – – 0.81 1.01 0.05 0.02 0.13 0.13

Table 7   Costa Individual 
fits (STS)

C0 bff bss bnn bfs bfn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 3.86 6.44 4.17 1.84 1.06 0.23 1.29 0.30 10827.82 0.90 0.010 16.41 -4.58
D2 3.86 6.44 4.17 1.84 1.06 0.23 1.29 0.30 11034.17 0.90 0.011 16.41 -4.62
D3 3.24 8.59 3.65 1.20 1.12 1.02 1.85 0.04 17457.16 0.99 0.003 20.69 -5.54
D4 3.24 8.59 3.65 1.20 1.12 1.02 1.85 0.04 19237.76 0.99 0.011 20.69 -5.73
D5 2.47 4.62 3.47 0.23 2.80 2.13 1.64 0.10 208.51 0.98 0.011 18.51 3.32
D6 2.47 4.62 3.47 0.23 2.80 2.13 1.64 0.10 199.52 0.98 0.013 18.51 3.41
D7 0.95 5.77 0.28 0.27 6.27 5.28 5.22 0.74 1.94 0.95 0.018 14.61 12.68
D8 0.95 5.77 0.28 0.27 6.27 5.28 5.22 0.74 1.83 0.95 0.003 14.61 12.79
D9 3.67 5.20 2.65 0.85 1.61 1.35 1.64 0.02 752.77 0.98 0.001 21.46 0.75
D10 3.67 5.20 2.65 0.85 1.61 1.35 1.64 0.02 660.60 0.98 0.009 21.46 1.01
Mean 2.84 6.12 2.85 0.88 2.57 2.00 2.33 0.24 6038.21 0.96 0.01 18.34 1.35
SD 1.12 1.45 1.45 0.64 2.06 1.84 1.53 0.28 7819.67 0.03 0.005 2.70 6.96
V̄ 0.39 0.24 0.51 0.73 0.80 0.92 0.66 1.17 1.30 0.04 0.581 0.15 5.16

Table 8   Costa Individual 
fits (CMB1: EBx + STS)

C0 bff bss bnn bfs bfn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 1.39 2.27 2.16 0.88 4.52 1.68 3.92 0.40 0.38 0.95 0.87 15.86 15.94
D2 0.93 3.01 2.82 1.37 5.42 2.22 4.79 0.39 0.52 0.97 0.95 15.87 15.32
D3 1.58 3.32 1.33 1.26 3.45 2.23 3.49 0.81 0.44 0.94 0.95 14.41 15.66
D4 1.85 2.89 1.60 1.52 3.04 1.88 3.07 1.15 1.14 0.92 0.95 13.72 13.73
D5 1.55 2.99 2.85 0.37 4.30 3.06 2.43 0.34 0.45 0.95 0.91 16.18 15.61
D6 1.95 2.80 2.67 0.41 3.77 2.61 2.04 0.34 0.46 0.97 0.97 16.15 15.57
D7 1.08 5.09 0.80 0.77 5.87 4.93 4.73 0.78 0.91 0.96 0.77 14.51 14.19
D8 1.01 4.45 1.16 1.11 6.04 5.12 4.81 0.60 0.27 0.96 0.95 15.01 16.65
D9 2.01 2.70 1.67 0.95 3.37 2.35 2.83 0.25 0.19 0.97 0.99 16.74 17.36
D10 1.89 3.08 1.91 1.26 3.42 2.37 2.88 0.52 0.91 0.95 0.92 15.29 14.19
Mean 1.52 3.26 1.90 0.99 4.32 2.85 3.50 0.56 0.57 0.95 0.92 15.37 15.42
SD 0.41 0.85 0.72 0.39 1.11 1.21 1.02 0.28 0.31 0.01 0.06 0.95 1.13
V̄ 0.27 0.26 0.38 0.39 0.26 0.42 0.29 0.50 0.55 0.02 0.07 0.06 0.07



Meccanica	

Vol.: (0123456789)

A.2 HO model complete results

See Tables 10, 11, 12, 13, 14

Table 9   Costa Individual 
fits (CMB2: TBx + STS)

C0 bff bss bnn bfs bfn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 1.59 2.36 1.13 1.08 4.23 1.43 3.73 0.43 0.10 0.90 0.96 15.69 18.71
D2 1.86 2.61 1.55 1.47 3.76 1.10 3.26 0.33 0.08 0.96 0.99 16.19 19.12
D3 2.35 2.54 1.28 1.22 2.63 1.59 2.65 0.55 0.10 0.95 0.99 15.19 18.62
D4 2.56 2.21 1.59 1.51 2.39 1.38 2.39 0.71 0.30 0.95 0.99 14.68 16.40
D5 1.92 3.33 1.44 0.93 3.88 2.48 2.00 0.27 0.27 0.92 0.97 16.64 16.63
D6 2.91 2.59 1.48 0.81 3.01 1.81 1.41 0.27 0.20 0.94 0.98 16.63 17.25
D7 3.33 2.81 0.61 0.58 3.18 2.52 2.30 0.73 0.65 0.90 0.93 14.63 14.86
D8 1.73 3.46 1.00 0.95 4.65 3.83 3.52 0.47 0.14 0.93 0.98 15.52 17.94
D9 2.57 2.49 1.18 1.12 2.93 1.88 2.37 0.19 0.08 0.97 0.99 17.37 19.02
D10 1.51 3.25 1.82 1.74 3.98 2.68 3.29 0.38 0.40 0.96 0.98 15.92 15.83
Mean 2.23 2.76 1.31 1.14 3.46 2.07 2.69 0.43 0.23 0.94 0.98 15.85 17.44
SD 0.61 0.43 0.35 0.35 0.74 0.82 0.74 0.19 0.18 0.02 0.02 0.89 1.47
V̄ 0.27 0.16 0.27 0.31 0.21 0.40 0.27 0.43 0.79 0.03 0.02 0.06 0.08

Table 10   H O Individual 
fits (EBx)

a b aff bff ass bss afs bfs MSEf MSEp R2

f
R2

p
AICf AICp

D1 0.91 3.42 0.55 7.67 2.85 1.72 – – 0.01 0.74 1.00 0.73 20.43 12.60
D2 1.51 4.31 0.92 6.26 1.69 0.33 – – 0.01 0.24 1.00 0.98 21.20 14.87
D3 1.36 4.35 1.22 5.47 1.79 0.27 – – 0.00 0.23 1.00 0.98 22.78 14.93
D4 1.98 4.60 0.97 1.99 2.19 0.30 – – 0.01 0.77 1.00 0.95 21.52 12.53
D5 1.21 4.60 2.55 4.93 0.24 2.17 – – 0.01 0.20 1.00 0.98 21.98 15.24
D6 1.28 4.42 2.21 5.72 2.12 0.29 – – 0.02 0.18 1.00 0.98 19.84 15.40
D7 0.34 5.75 5.41 3.12 0.39 0.30 – – 0.01 1.43 1.00 0.68 21.25 11.28
D8 0.80 4.51 1.95 5.95 0.61 0.54 – – 0.01 0.18 1.00 0.98 20.75 15.48
D9 1.36 4.27 1.61 4.90 1.47 0.44 – – 0.00 0.16 1.00 0.98 23.53 15.73
D10 2.05 4.53 0.63 8.93 0.25 2.79 – – 0.05 0.48 1.00 0.97 17.84 13.48
Mean 1.28 4.48 1.80 5.49 1.36 0.92 – – 0.01 0.46 1.00 0.92 21.11 14.15
SD 0.52 0.56 1.43 2.00 0.93 0.94 – – 0.01 0.41 0.00 0.11 1.58 1.56
V̄ 0.40 0.13 0.80 0.36 0.68 1.03 – – 1.02 0.90 0.00 0.12 0.07 0.11
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Table 11   H O Individual 
fits (TBx)

a b aff bff ass bss afs bfs MSEf MSEp R2

f
R2

p
AICf AICp

D1 1.09 3.69 1.48 3.33 0.31 0.23 – – 0.36 0.14 0.79 0.94 14.03 15.95
D2 2.41 3.37 0.79 7.37 0.23 0.25 – – 0.14 0.09 1.00 0.99 15.96 16.89
D3 2.55 3.11 0.98 6.77 0.23 0.26 – – 0.10 0.07 0.99 0.98 16.54 17.43
D4 3.31 3.37 0.55 7.26 0.23 0.25 – – 0.51 0.34 0.98 0.99 13.35 14.16
D5 1.46 4.35 2.94 4.48 0.23 0.25 – – 0.14 0.16 0.98 0.99 15.97 15.72
D6 2.77 2.91 2.30 5.55 0.23 0.25 – – 0.10 0.12 0.99 0.99 16.55 16.22
D7 1.71 2.31 3.77 4.01 0.23 0.23 – – 0.64 0.66 0.94 0.94 12.91 12.84
D8 1.27 3.69 2.51 4.69 0.23 0.25 – – 0.13 0.15 0.98 0.99 16.05 15.78
D9 2.32 3.27 1.60 5.08 0.23 0.25 – – 0.08 0.04 0.99 0.99 17.08 18.22
D10 2.03 4.62 0.57 9.81 0.23 0.25 – – 0.39 0.24 0.98 0.99 13.90 14.86
Mean 2.09 3.47 1.75 5.84 0.24 0.25 – – 0.26 0.20 0.96 0.98 15.23 15.81
SD 0.71 0.67 1.10 1.96 0.02 0.01 – – 0.20 0.18 0.06 0.02 1.52 1.57
V̄ 0.34 0.19 0.63 0.34 0.10 0.03 – – 0.77 0.91 0.06 0.02 0.10 0.10

Table 12   H O Individual fits (STS)

a b aff bff ass bss afs bfs MSEf MSEp R2

f
R2

p
AICf AICp

D1 0.70 5.90 9.81 9.81 9.78 9.23 1.14 3.33 0.34 2485.61 0.95 0.019 18.15 0.36
D2 0.70 5.90 9.81 9.81 9.78 9.23 1.14 3.33 0.34 2446.81 0.95 0.015 18.15 0.39
D3 1.77 3.89 9.82 9.82 6.24 1.58 0.23 0.24 0.31 1111.85 0.87 0.012 18.35 1.97
D4 1.77 3.89 9.82 9.82 6.24 1.58 0.23 0.24 0.31 1223.45 0.87 0.015 18.35 1.78
D5 2.38 1.75 9.46 8.62 4.27 9.78 0.57 9.77 0.17 843.03 0.93 0.016 19.57 2.53
D6 2.38 1.75 9.46 8.62 4.27 9.78 0.57 9.77 0.17 827.15 0.93 0.010 19.57 2.56
D7 2.26 5.88 9.81 9.81 0.23 0.31 0.51 9.79 0.58 1219.46 0.95 0.004 17.07 1.79
D8 2.26 5.88 9.81 9.81 0.23 0.31 0.51 9.79 0.58 1291.94 0.95 0.014 17.07 1.67
D9 2.63 2.76 9.81 9.81 4.82 8.99 0.39 1.82 0.04 1586.48 0.99 0.012 22.51 1.26
D10 2.63 2.76 9.81 9.81 4.82 8.99 0.39 1.82 0.04 1427.23 0.99 0.005 22.51 1.47
Mean 1.95 4.04 9.74 9.57 5.07 5.98 0.57 4.99 0.29 1446.30 0.94 0.012 19.13 1.58
SD 0.72 1.75 0.15 0.50 3.26 4.36 0.32 4.25 0.19 585.50 0.04 0.005 1.97 0.75
V̄ 0.37 0.43 0.02 0.05 0.64 0.73 0.57 0.85 0.67 0.40 0.04 0.390 0.10 0.48

Table 13   H O Individual 
fits (CMB1: EBx + STS)

a b aff bff ass bss afs bfs MSEf MSEp R2

f
R2

p
AICf AICp

D1 1.17 3.44 3.01 0.24 3.16 0.23 1.08 9.10 0.71 2.05 0.84 0.09 16.67 14.56
D2 0.86 5.25 4.33 0.23 4.81 0.23 1.11 8.45 0.96 2.17 0.84 0.77 16.09 14.45
D3 1.95 3.63 5.60 0.23 0.56 0.24 0.69 5.89 1.07 1.32 0.81 0.84 15.86 15.44
D4 1.66 4.58 5.30 0.23 2.27 0.23 0.90 2.70 1.32 2.29 0.79 0.80 15.45 14.34
D5 1.99 3.22 6.67 0.81 1.35 0.24 0.84 9.72 0.93 2.31 0.88 0.81 16.15 14.33
D6 1.96 3.24 7.18 0.72 2.59 0.23 0.79 9.76 0.97 2.52 0.91 0.82 16.05 14.15
D7 3.47 0.74 9.81 0.26 0.23 0.23 1.00 9.82 2.35 6.73 0.64 0.34 14.29 12.19
D8 3.80 1.35 5.66 0.94 0.23 0.23 0.91 9.82 2.31 3.31 0.76 0.20 14.33 13.60
D9 2.76 2.90 4.74 0.24 0.27 0.25 0.55 8.91 0.46 0.97 0.92 0.88 17.54 16.06
D10 2.22 4.16 5.63 0.24 1.64 0.24 0.74 6.44 1.06 3.39 0.91 0.79 15.89 13.56
Mean 2.19 3.25 5.79 0.41 1.71 0.24 0.86 8.06 1.21 2.71 0.83 0.62 15.83 14.27
SD 0.93 1.37 1.83 0.29 1.52 0.01 0.18 2.35 0.63 1.60 0.09 0.34 0.98 1.06
V̄ 0.43 0.42 0.32 0.70 0.89 0.02 0.20 0.29 0.52 0.59 0.10 0.55 0.06 0.07
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A.3 HOE model complete results

See Tables 15, 16, 17, 18, 19.

Table 14   H O Individual 
fits (CMB2: TBx + STS)

a b aff bff ass bss afs bfs MSEf MSEp R2

f
R2

p
AICf AICp

D1 1.13 3.71 1.75 2.48 0.23 0.23 1.28 8.72 0.62 0.18 0.75 0.93 16.96 19.47
D2 0.88 5.53 1.44 5.13 2.50 0.23 1.35 8.06 0.52 0.17 0.95 0.99 17.29 19.53
D3 1.99 3.70 2.04 3.78 0.57 0.25 0.70 5.90 0.65 0.13 0.89 0.98 16.87 20.14
D4 1.63 4.89 2.37 1.81 1.98 0.23 1.01 2.36 0.96 0.67 0.89 0.97 16.08 16.80
D5 1.84 3.66 3.30 4.04 0.23 0.24 1.11 8.97 0.32 0.34 0.96 0.97 18.28 18.17
D6 1.96 3.48 3.09 4.44 1.41 0.24 0.99 9.32 0.30 0.22 0.96 0.98 18.44 19.04
D7 2.44 1.57 3.77 3.90 0.23 0.23 1.17 9.81 1.62 0.99 0.63 0.90 15.03 16.02
D8 2.01 2.62 2.41 4.72 0.23 0.23 1.19 9.79 1.46 0.34 0.93 0.93 15.24 18.15
D9 2.63 3.00 1.79 4.53 0.23 0.24 0.74 8.15 0.23 0.10 0.93 0.99 18.98 20.55
D10 2.22 4.31 0.63 9.65 0.23 0.25 0.99 6.33 0.34 0.26 0.92 0.99 18.13 18.72
Mean 1.87 3.65 2.26 4.45 0.78 0.24 1.05 7.74 0.70 0.34 0.88 0.96 17.13 18.66
SD 0.54 1.12 0.94 2.09 0.86 0.01 0.21 2.31 0.49 0.28 0.11 0.03 1.36 1.42
V̄ 0.29 0.31 0.42 0.47 1.09 0.03 0.20 0.30 0.70 0.83 0.12 0.03 0.08 0.08

Table 15   HOE Individual fits (EBx)

a b aff bff ass bss afs bfs afn bfn asn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 0.78 3.63 0.55 7.67 2.95 1.95 – – – – – – 0.01 0.74 1.00 0.73 20.42 12.60
D2 1.51 4.31 0.92 6.26 1.69 0.31 – – – – – – 0.01 0.24 1.00 0.98 21.20 14.88
D3 1.34 4.36 1.22 5.47 1.80 0.37 – – – – – – 0.00 0.23 1.00 0.98 22.76 14.92
D4 1.98 4.60 0.97 1.99 2.19 0.30 – – – – – – 0.01 0.77 1.00 0.95 21.52 12.53
D5 1.22 4.58 2.55 4.93 0.24 1.53 – – – – – – 0.01 0.20 1.00 0.98 21.97 15.24
D6 1.28 4.43 2.21 5.72 2.12 0.29 – – – – – – 0.02 0.18 1.00 0.98 19.84 15.40
D7 0.34 5.75 5.41 3.12 0.39 0.30 – – – – – – 0.01 1.43 1.00 0.68 21.25 11.28
D8 0.80 4.52 1.95 5.95 0.61 0.61 – – – – – – 0.01 0.18 1.00 0.98 20.75 15.48
D9 1.36 4.27 1.61 4.90 1.47 0.44 – – – – – – 0.00 0.16 1.00 0.98 23.53 15.73
D10 2.04 4.53 0.63 8.93 0.25 3.16 – – – – – – 0.05 0.48 1.00 0.97 17.84 13.47
Mean 1.26 4.50 1.80 5.49 1.37 0.93 – – – – – – 0.01 0.46 1.00 0.92 21.11 14.15
SD 0.53 0.52 1.43 2.00 0.95 0.98 – – – – – – 0.01 0.41 0.00 0.11 1.58 1.56
V̄ 0.42 0.12 0.80 0.36 0.69 1.06 – – – – – – 1.02 0.90 0.00 0.12 0.07 0.11
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Table 16   HOE Individual fits (TBx)

a b aff bff ass bss afs bfs afn bfn asn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 1.09 3.69 1.48 3.33 0.31 0.23 - – – – – – 0.36 0.14 0.79 0.94 14.03 15.95
D2 2.42 3.37 0.79 7.37 0.23 0.25 - – – – – – 0.14 0.09 1.00 0.99 15.96 16.89
D3 2.55 3.11 0.98 6.77 0.23 0.25 - – – – – – 0.10 0.07 0.99 0.98 16.54 17.43
D4 3.31 3.37 0.55 7.26 0.23 0.25 - – – – – – 0.51 0.34 0.98 0.99 13.35 14.16
D5 1.45 4.35 2.94 4.48 0.23 0.31 - – – – – – 0.14 0.16 0.98 0.99 15.97 15.72
D6 2.77 2.91 2.30 5.55 0.23 0.25 - – – – – – 0.10 0.12 0.99 0.99 16.55 16.22
D7 1.71 2.31 3.77 4.01 0.23 0.24 - – – – – – 0.64 0.66 0.94 0.94 12.91 12.84
D8 1.27 3.69 2.51 4.69 0.23 0.25 - – – – – – 0.13 0.15 0.98 0.99 16.05 15.78
D9 2.32 3.27 1.60 5.08 0.23 0.25 - – – – – – 0.08 0.04 0.99 0.99 17.08 18.22
D10 2.03 4.62 0.57 9.82 0.23 0.23 - – – – – – 0.39 0.24 0.98 0.99 13.90 14.86
Mean 2.09 3.47 1.75 5.84 0.24 0.25 - – – – – – 0.26 0.20 0.96 0.98 15.23 15.81
SD 0.71 0.67 1.10 1.96 0.03 0.02 - – – – – – 0.20 0.18 0.06 0.02 1.52 1.57

V̄ 0.34 0.19 0.63 0.34 0.10 0.08 - – – – – – 0.77 0.91 0.06 0.02 0.10 0.10

Table 17   HOE Individual fits (STS)

a b aff bff ass bss afs bfs afn bfn asn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 0.24 2.70 9.81 8.14 3.75 9.73 1.48 6.67 0.44 7.04 1.35 7.13 0.22 748.85 0.94 0.011 27.04 10.76
D2 0.24 2.70 9.81 8.14 3.75 9.73 1.48 6.67 0.44 7.04 1.35 7.13 0.22 701.94 0.94 0.008 27.04 10.89
D3 0.32 7.50 9.82 9.82 3.05 8.33 2.48 1.01 7.69 5.27 0.32 5.34 0.22 1216.94 0.97 0.007 27.04 9.79
D4 0.32 7.50 9.82 9.82 3.05 8.33 2.48 1.01 7.69 5.27 0.32 5.34 0.22 1332.55 0.97 0.017 27.04 9.61
D5 2.38 1.03 8.32 9.13 4.85 9.78 0.78 8.76 0.24 9.55 0.29 0.29 0.11 888.81 0.98 0.019 28.33 10.42
D6 2.38 1.03 8.32 9.13 4.85 9.78 0.78 8.76 0.24 9.55 0.29 0.29 0.11 872.76 0.98 0.013 28.33 10.46
D7 2.02 3.61 9.81 9.81 0.23 0.31 0.95 9.78 0.39 8.08 0.44 9.64 0.56 1020.76 0.95 0.017 25.15 10.14
D8 2.02 3.61 9.81 9.81 0.23 0.31 0.95 9.78 0.39 8.08 0.44 9.64 0.56 1087.70 0.95 0.018 25.15 10.02
D9 0.25 9.32 9.80 9.79 3.78 9.39 3.38 0.53 5.85 1.34 1.35 1.16 0.03 1503.09 0.99 0.001 30.97 9.37
D10 0.25 9.32 9.80 9.79 3.78 9.39 3.38 0.53 5.85 1.34 1.35 1.16 0.03 1343.79 0.99 0.011 30.97 9.59
Mean 1.04 4.83 9.51 9.34 3.14 7.51 1.82 5.35 2.92 6.26 0.75 4.71 0.23 1071.72 0.96 0.012 27.70 10.11
SD 1.01 3.26 0.63 0.69 1.65 3.83 1.04 4.08 3.37 2.98 0.52 3.73 0.19 272.05 0.02 0.006 2.02 0.52

V̄ 0.97 0.67 0.07 0.07 0.53 0.51 0.57 0.76 1.15 0.48 0.69 0.79 0.83 0.25 0.02 0.473 0.07 0.05

Table 18   HOE Individual fits (CMB1: EBx + STS)

a b aff bff ass bss afs bfs afn bfn asn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 0.44 4.89 3.50 0.23 2.60 2.42 1.63 7.82 0.24 9.32 1.26 7.71 0.41 1.63 0.97 0.32 25.80 23.02
D2 0.38 6.62 5.17 0.23 1.63 4.68 1.75 7.08 0.23 9.72 1.29 7.29 0.52 1.28 0.97 0.84 25.30 23.50
D3 0.24 7.13 6.35 0.23 1.20 6.16 2.60 3.11 2.90 6.76 0.96 5.78 0.96 1.56 0.92 0.78 24.09 23.11
D4 0.24 7.42 6.11 0.23 1.08 8.46 2.64 2.99 3.03 6.74 0.94 5.70 1.35 2.89 0.89 0.76 23.40 21.88
D5 0.23 7.79 6.70 0.83 3.80 0.24 3.82 3.46 3.11 6.10 9.78 0.67 0.63 2.11 0.94 0.80 24.93 22.51
D6 0.23 7.80 7.13 0.77 4.93 0.34 3.76 3.32 3.41 6.30 9.78 0.63 0.67 2.28 0.95 0.79 24.81 22.35
D7 0.32 5.93 9.27 0.77 0.23 0.30 2.49 7.09 1.66 6.91 2.33 5.84 0.71 3.38 0.96 0.38 24.68 21.56
D8 0.74 4.80 5.98 1.19 0.23 0.30 2.14 7.56 1.39 7.38 1.82 6.27 0.89 0.94 0.96 0.88 24.23 24.13
D9 0.23 7.30 5.64 0.23 1.78 4.74 3.33 3.30 3.60 6.48 3.02 2.93 0.37 1.03 0.95 0.87 25.99 23.95
D10 0.23 8.35 6.49 0.23 1.54 6.54 3.43 2.88 4.10 6.38 3.11 2.56 0.81 3.08 0.95 0.80 24.43 21.75
Mean 0.33 6.80 6.23 0.50 1.90 3.42 2.76 4.86 2.37 7.21 3.43 4.54 0.73 2.02 0.95 0.72 24.77 22.78
SD 0.16 1.23 1.47 0.36 1.50 3.09 0.80 2.19 1.39 1.27 3.44 2.62 0.29 0.88 0.03 0.20 0.79 0.91
V̄ 0.49 0.18 0.24 0.73 0.79 0.90 0.29 0.45 0.59 0.18 1.00 0.58 0.40 0.43 0.03 0.28 0.03 0.04
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A.4 Global sensitivity analysis Sobol indexes results

See Tables 20, 21, 22, 23, 24, 25, 26, 27, 28.

Table 19   HOE Individual fits (CMB2: TBx + STS)

a b aff bff ass bss afs bfs afn bfn asn bsn MSEf MSEp R2

f
R2

p
AICf AICp

D1 0.54 5.30 1.89 2.33 1.02 0.23 2.01 6.88 0.23 9.80 1.07 7.80 0.40 0.19 0.95 0.93 25.83 27.29
D2 0.52 6.04 1.63 4.81 1.76 4.51 2.23 6.14 0.23 9.80 0.97 7.54 0.38 0.21 0.97 0.99 25.92 27.15
D3 1.54 4.10 2.20 3.62 0.92 2.19 1.36 3.44 0.23 9.76 0.24 8.47 0.60 0.16 0.95 0.99 25.01 27.73
D4 1.29 5.23 2.64 1.57 1.85 2.28 1.47 1.99 0.23 9.68 0.23 6.61 0.98 0.80 0.93 0.97 24.05 24.45
D5 0.53 5.48 3.40 4.01 0.86 7.22 3.59 4.22 2.03 6.22 9.74 0.71 0.25 0.22 0.94 0.98 26.77 26.99
D6 1.70 3.71 2.91 4.74 1.86 0.25 1.55 7.27 0.27 7.40 0.42 0.31 0.25 0.20 0.94 0.98 26.81 27.20
D7 1.67 2.36 4.19 3.56 0.23 0.25 1.44 9.17 0.85 8.51 0.89 8.49 0.79 0.84 0.95 0.93 24.48 24.35
D8 1.23 3.75 2.94 4.06 0.23 0.26 1.76 8.30 1.12 8.15 1.24 7.24 0.57 0.20 0.97 0.98 25.13 27.24
D9 2.08 3.50 2.35 3.57 0.33 0.29 1.33 5.83 0.23 9.76 0.98 4.57 0.21 0.10 0.97 0.99 27.08 28.54
D10 1.79 4.75 0.87 8.42 0.24 6.01 1.71 4.26 0.23 9.76 6.03 0.87 0.39 0.28 0.95 0.99 25.90 26.55
Mean 1.29 4.42 2.50 4.07 0.93 2.35 1.85 5.75 0.57 8.89 2.18 5.26 0.48 0.32 0.95 0.97 25.70 26.75
SD 0.58 1.13 0.94 1.82 0.69 2.66 0.68 2.26 0.60 1.27 3.15 3.38 0.25 0.27 0.01 0.02 1.02 1.34
V̄ 0.45 0.25 0.38 0.45 0.74 1.13 0.37 0.39 1.07 0.14 1.44 0.64 0.52 0.83 0.02 0.02 0.04 0.05

Table 20   Costa model 
first order Sobol indexes 
( Si ), results are indicated in 
percentages

C0 bff bss bnn bfs bfn bsn

MFD 7.23 30.72 16.98 0.79 – – –
CFD 7.44 16.40 20.13 3.13 - – -
FS 11.33 8.74 – – 50.16 – –
FN 14.16 12.56 – – – 45.97 –
SF 12.16 – 3.16 – 55.78 – –
SN 14.10 - 6.04 – - - 52.51
NF 15.54 – – 1.07 - 64.73 -
NS 15.17 – – 0.61 – – 57.55

Table 21   Costa model 
secondary order Sobol 
indexes ( Sij ), results are 
indicated in percentages

C0 bff bss bnn bfs bfn bsn

MFD 24.73 43.14 30.14 4.46 - – –
CFD 22.76 33.68 38.14 12.66 – – –
FS 20.59 15.99 – – 28.08 – -
FN 21.75 15.94 – – – 25.42 –
SF 22.26 – 6.55 – 24.57 – –
SN 21.64 – 5.77 – – – 24.47
NF 21.57 – – 1.07 – 19.81 –
NS 19.38 – – 1.55 – – 20.94
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Table 22   Costa model 
Sobol Total indexes ( STi ), 
results are indicated in 
percentages

C0 bff bss bnn bfs bfn bsn

MFD 31.96 73.86 47.12 5.26 – – –
CFD 30.20 50.08 58.27 15.80 – – –
FS 31.92 24.73 – – 78.24 – –
FN 35.91 28.49 – – – 71.40 –
SF 34.42 – 9.71 – 80.35 – –
SN 35.73 – 11.81 – – – 76.98
NF 37.11 – – 2.14 – 84.54 –
NS 34.55 – – 2.16 – – 78.49

Table 23   H O model first 
order Sobol indexes ( Si ), 
results are indicated in 
percentages

a b aff bff ass bss afs bfs

MFD 8.30 62.75 0.50 1.16 0.67 2.79 – –
CFD 7.45 66.78 – – 0.53 3.00 – –
FS 6.51 31.39 0.05 0.08 – – 7.45 32.43
FN 16.65 67.35 0.08 0.01 – – – –
SF 6.87 35.09 – – 0.01 0.01 6.46 34.89
SN 13.25 66.12 – – 0.04 0.05 – –
NF 14.53 64.53 – – – – – –
NS 12.63 65.78 – – – – - –

Table 24   H O model 
secondary order Sobol 
indexes ( Sij ), results are 
indicated in percentages

a b aff bff ass bss afs bfs

MFD 22.01 23.99 0.21 0.26 0.85 1.19 – –
CFD 22.46 19.16 – – 1.04 1.04 – -
FS 10.85 12.28 0.01 0.06 – – 9.40 10.87
FN 19.34 21.04 0.04 0.05 – – – –
SF 10.27 8.99 – – 0.05 0.03 10.11 7.96
SN 21.45 21.22 – – 0.07 0.01 – –
NF 20.47 22.04 – – – – – –
NS 19.98 20.33 – - – – - –

Table 25   H O model 
Sobol Total indexes ( STi ), 
results are indicated in 
percentages

a b aff bff ass bss afs bfs

MFD 30.31 86.73 0.71 1.42 1.52 3.98 - –
CFD 29.92 85.94 – – 1.58 4.04 – –
FS 17.36 43.67 0.05 0.03 – – 16.85 43.30
FN 35.98 88.39 0.11 0.06 – – – -
SF 17.14 44.08 – – 0.06 0.03 16.57 42.86
SN 34.70 87.35 – – 0.11 0.06 – –
NF 35.00 86.57 – – – – – –
NS 32.60 86.11 – – – – – –
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