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Abstract

This thesis explores Quantum Field Theory (QFT) on curved spacetimes using a
geometric Hamiltonian approach. It focuses on the theory of the scalar field de-
scribed through its configurations over a Cauchy hypersurface. It is focused on
the description of a mathematically consistent framework based on analytic and
geometric tools. As a result, it introduces corrections to the Schrodinger equation
and explores the physical implications of these corrections, on the hybrid quantum-
classical description of QFT and classical General Relativity (GR), and applications to
cosmology.

The mathematical aspects of Gaussian integration theory in infinite-dimensional
Topological Vector Spaces (TVS) are thoroughly reviewed. The main focus is on
developing an efficient presentation and notation serving the needs of its application
to the QFT on curved backgrounds. For that matter, it describes these tools over sets
of functions of a Cauchy hypersurface 3. It also reviews the complex and holomorphic
versions of important results and concepts of Gaussian integration. For example, the
Wiener-It6 decomposition theorem or the definition of Hida test functions.

The physical framework builds upon three interconnected levels: classical General
Relativity (GR), Classical Statistical Field Theory (CSFT), and QFT. The work begins by
extending the Koopman-van Hove (KvH) formalism of classical statistical mechanics
to CSFT. This description is based upon prequantization theory. It reveals features
inherent to both CSFT and QFT, that help delineate the genuine quantum features
of a theory. In particular, the introduction of a Kahler structure in the manifold of
fields, the need for a point-splitting regularization procedure, and the technique of
Feynman diagrams are identified as ingredients already present in CSFT.

Upon the prequantum program, the QFT of the scalar field is built. At this stage,
the kinematical aspects of the theory are discussed, mixing Geometric Quantization
with the choice of Wick and Weyl orderings. In this quantum level, various quantum
representations are introduced: the holomorphic, Schrodinger, field-momentum, and
antiholomorphic. The relation among them is studied using integral transforms,
including novel infinite-dimensional Fourier transforms.

The quantization is completed by studying the dynamics of the theory. In order to
achieve a coherent kinematical description, representations obtained from geometric
quantization are geometrized. This is done by identifying a Kahler structure in the
manifold of pure states of the QFT. This structure depends on the ingredients of
the lower levels of the construction. In turn, the structure acquires a parametric
dependence in time. It is argued that this structure should be preserved by the
evolution. For that matter, a covariant time derivative that modifies the evolution
equations is considered.

In order to fully characterize this modification to the evolution, the covariant
derivative is chosen by studying the coupling in a hybrid model of the QFT of the
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scalar field coupled with classical GR. In this case, the geometrodynamical description

of GR selects a unique connection.
Finally, studying the dynamics of the field on fixed Friedman-Lemaitre-Robertson-

Walker (FLRW) spacetimes provides new phenomenological results. A novel feature of
the formalism is the appearance of particle creation effects on a dynamical equation.
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Resumen

Esta tesis explora la Teoria Cuantica de Campos (QFT) en espaciotiempos curvados
utilizando un enfoque hamiltoniano geométrico. Se centra en la teoria del campo
escalar descrita a través de sus configuraciones sobre una hipersuperficie de Cauchy.
Se centra en la descripcion de un marco matemaéaticamente consistente basado en
herramientas de andlisis y geometria. Como resultado, introduce correcciones a la
ecuacion de Schrodinger y explora las implicaciones fisicas de estas correcciones,
en la descripcién hibrida cudntico-clasica de la QFT y la Relatividad General (GR)
clasica, y aplicaciones a la cosmologia.

Se revisan exhaustivamente los aspectos matematicos de la teoria de la integracién
gaussiana en Espacios Vectoriales Topoldgicos (TVS) de dimensién infinita. El en-
foque principal es desarrollar una presentacion y notacion eficientes que se adapten a
las necesidades de su aplicacion a la QFT en backgrounds curvos. Para ello, describe
estas herramientas sobre conjuntos de funciones de una hipersuperficie de Cauchy >..
También se revisan las versiones complejas y holomorfas de resultados y conceptos
importantes de la integracion gaussiana. Por ejemplo, el teorema de descomposicion
de Wiener-Ito o la definicion de funciones de test de Hida.

La descripcion fisica del sistema se construye sobre tres niveles interconectados:
la Relatividad General (GR) clésica, la Teoria Estadistica de Campos Clasica (CSFT) y
la QFT. El trabajo comienza extendiendo el formalismo de Koopman-van Hove (KvH)
de la mecénica estadistica clasica a la CSFT. Esta descripcion se basa en la teoria de
pre-cuantizacién. Revela caracteristicas inherentes tanto a la CSFT como a la QFT,
que ayudan a delinear las caracteristicas genuinamente cuanticas de una teoria. En
particular, la introduccién de una estructura de Kéhler en la variedad de campos, la
necesidad de un procedimiento de regularizacion de point splitting y la técnica de
diagramas de Feynman se identifican como ingredientes ya presentes en la CSFT.

Sobre el formlismo pre-cuantico, se construye la QFT del campo escalar. En esta
etapa, se discuten los aspectos cinematicos de la teoria, mezclando la Cuantizacién
Geométrica con la eleccidon de ordenamientos de Wick y Weyl. En este nivel cudntico,
se introducen varias representaciones cuanticas: la holomorfa, de Schrodinger,
de campo-momento y antiholomorfa. La relacién entre ellas se estudia utilizando
transformadas integrales, incluyendo nuevas transformadas de Fourier de dimension
infinita.

La cuantizacién se completa estudiando la dindmica de la teoria. Para lograr una
descripcién cinematica coherente, las representaciones obtenidas de la cuantizacién
geométrica se geometrizan. Esto se hace identificando una estructura de Kahler en la
variedad de estados puros de la QFT. Esta estructura depende de los ingredientes de
los niveles inferiores de la construccién. Como consecuencia, la estructura adquiere
una dependencia paramétrica en el tiempo. Se argumenta que esta estructura debe
ser preservada por la evoluciéon. Para ello, se considera una derivada temporal
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covariante que modifica las ecuaciones de movimiento.

Para caracterizar completamente esta modificacién a la evolucién, la derivada
covariante se elige estudiando el acoplamiento en un modelo hibrido de la QFT del
campo escalar acoplado con la GR clasica. En este caso, la descripciéon geometrod-
indmica de la GR selecciona una conexion unica.

Finalmente, el estudio de la dindmica del campo en espaciotiempos fijos de
Friedman-Lemaitre-Robertson-Walker (FLRW) ofrece nuevos resultados fenomenoldgi-
cos. Una caracteristica novedosa del formalismo es la derivacién de una ecuacién
que presenta efectos de creacion de particulas en universos en expansion.
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Chapter 1
Introduction

iOh, inmortal Poseidon el del furioso tridente

a ti me encomiendo en esta dificil empresa
propicia que este velero llegue a buen puerto
permiteme llevar a cabo los designios de Afrodita
nacida de las olas

iOh! Caliope, augusta entre las musas

haz florecer el jardin, trae la rima...

Javier Ibarra

1.1 Historic preliminaries

The mathematical description of Quantum Field Theory (QFT) on an arbitrary curved
spacetime background has always been a complicated task. During the past century,
most efforts focused on the algebraic side [HK64, DHR69a, DHR69b, DHR71, DHR74,
BF82, SW89]. That approach proved to be very successful in encoding the properties
of quantum operators and states in a mathematically consistent framework, leading
to the state-of-the-art fields of constructive and axiomatic QFT based on the math-
ematical tools of microlocal analysis [G]87, BSZ92, BF09, Sum12, Bru&15, BF20].
Nonetheless, this algebraic approach sometimes lacks the insight that differential
geometry provides. These kinds of geometric techniques were not described in detail
either in the other main mathematical approach to QFT, non-commutative geometry
[Con95, CKOO0], which is more focused, again, on algebraic tools. In particular, the
geometrical description of the space of fields justifying, for instance, the existence
of a Poisson bracket or a symplectic form, relies on the definition of the suitable
differentiable structure on the fields’ phase space, which, in this case, being an
infinite-dimensional manifold, is cumbersome to build.

Nonetheless, differential geometric arguments have always played a central role in
Feynman path integral methods of QFT [Wei96, Nai05, Mas08] and quantum gravity
[Rov04, Kiel2]. In order to reconcile the geometric point of view with the subject
of QFT, the main problem to address is the description, in a coherent mathematical
framework, of the Feynman path integral. Even though this problem has been a
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well-known subject of study for many years [G]87, Car&97, DCF97, Wes03, CD06], it
is still unclear how to proceed for the physically relevant cases.

More recently, the description of the Schrodinger and holomorphic pictures of QFT
in curved spacetimes has been studied with different algebraic or analytical tools
[LS96, LS98, CCQO4, Oecl2c, Oecl2b, HS15, HS17, HSU19, EHS21, KM23]. One of
the common features of each of these approaches is the breaking of covariance by
introducing a time parameter in the spacetime to engage in a Hamiltonian description
of QFT. These approaches also recur to path integral methods to some extent;
nevertheless, it turns out that functional integration in this setting is cured of some
of the problems that covariant path integrals possess [Oec12c]. This fact sets one of
the first objectives of this project. In this thesis, we will address the subject of QFT
from a geometric perspective. Therefore, our first task is to re-obtain those results
of the Hamiltonian representations of QFT with a geometric flavour.

Hamiltonian mechanics of classical field theories are rooted in solid mathematical
grounds. Some examples of these descriptions comprise the canonical Hamiltonian
formalism, which can be described in terms of dual vector bundles [Got&04]. The
multisymplectic formalism, defined over jet bundles and their duals [GIM04, Rom09,
GR18]. Applications to continuum and fluid mechanics that include Hamiltonian
Lie-Poisson reduction [Hol07, MR13] and Lyapunov stability [Hol&85]. And many
others that can be found in the literature. The geometrical richness of these methods
sparked the program of Geometric Quantization. This is a Hamiltonian quantization
project based on symplectic geometry. It is devoted to understanding the bridge
between the well-established Hamiltonian methods of classical mechanics and quan-
tum theory [Wo097, Mos20]. In addition, geometric prequantization, which is an
intermediate step of the theory, also offers a new perspective on classical statistical
mechanics; the so-called Koopman-van Hove (KvH) theory brings the classical theory
to the language of self-adjoint operators over Hilbert spaces resembling, in the clos-
est possible way, the Schrodinger representation of quantum mechanics [GT20, T]21,
GT22a, GT22b]. Even though the scope of these programs was, in principle, limited
to the finite-dimensional case, from the correct definition of the functional integrals
straightforwardly follows its generalization to QFT [Oec12c, Oec12b, Oecl12a] and
Classical Statistical Field Theory (CSFT) as we will see in this thesis.

Regarding the mathematical foundations of functional integration, our construction
is largely built upon the results of Gaussian analysis [Hul6] and Hida-Malliavin
calculus [Hid80, Hid80, Hid&93, Oba94, Kuo96, Kon&96, Wes03, HS08] developed
during the last two decades of the 20th century to study stochastic variational
systems and applied with huge success to financial mathematics [NJP09, Hen09].
The relation between the tools of Malliavin calculus and operators in QFT has already
been noticed within the community of stochastic calculus [Hen09]. Also, the close
relation of Gaussian analysis and Hida-Malliavin calculus with Feynman integrals
has been studied in detail [Hid&93, Wes03]. From the physics point of view, the
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necessity of Gaussian analysis has also been hinted at as a necessary tool to study the
Schrodinger picture of QFT [CCQO04], the holomorphic picture [Oec12b], and their
relation through integral transforms [Oec12c]. Moreover, Gaussian analysis is needed
to describe star products in deformation quantization [Dit90], and in algebraic QFT,
quasifree states, also called Gaussian states, are considered the class of states that
reproduce the desirable physical properties of a theory [Bru&15]. Furthermore, the
relation among QFT and Gaussian analysis is even more evident when we describe
Wick order, which appears as an ingredient in both fields [Nai05, Hid&93], or the
Wiener-Ito decomposition theorem that relates the Gaussian Hilbert space with the
Bosonic Fock space and will be a central ingredient of this thesis.

Despite the plethora of examples presented above, to the best of our knowledge,
the powerful and efficient formalism of Gaussian analysis developed for stochastic
calculus has not been fully utilized to describe the Hamiltonian pictures of QFT.

Moreover, this mathematical foundation allows us to take this analysis one step
further and study, in a systematic way, the dynamics of the theory. This is because
the Hamiltonian dynamics of QFT possesses a well-known description in terms of
Poisson geometry. This was introduced by Kibble (and, later, its generalization by
Ashtekar et al.) and is called geometrical quantum mechanics [Kib79, AS99]. In this
program, the Schrodinger equation is seen as a Hamiltonian system with respect to
a canonical Poisson structure in the space of pure states described as a manifold.

As a final remark, we point out that the original proposal to embark on this
journey was the aim to provide a mathematical framework for a hybrid quantum-
classical system. Based on Poisson geometry, the project on hybrid quantum-classical
molecular systems at the University of Zaragoza [Alo&11, Alo&12a, Alo&12b, Alo&15,
Alo&18, Alo&20, Alo&23, Bou&23] and others [BGT19, TJ21, GT22a, GT22b, GT23,
MRT?23] describe finite-dimensional systems for both the classical and quantum parts.
In our case, we want to deal with the infinite-dimensional systems that describe
General Relativity (GR) in the classical sector and QFT in the quantum part, coupled
in a dynamical way with backreaction from the quantum degrees of freedom to
the classical ones. Using the tools developed in this thesis, and the description of
Hamiltonian GR known as geometrodynamics [HKT76, Kuc74, Rom93], we have been
able to successfully address this problem in [Alo&24a]. Nonetheless, this problem
will only be briefly covered here. This is because the case in which gravity is treated
as a background is already an interesting test bench for the mathematical analysis.
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1.2 Geometric flavours of Hamiltonian field theories

This thesis is devoted to the study of Quantum Field Theory (QFT) on curved space-
times in geometric terms. We opt for a non-covariant approach and describe our
theory with the Hamiltonian approach flavoured with symplectic geometry in infinite-
dimensional manifolds. Continuing along the lines written above, the aim of this
work is to blend together both the mathematical tools of Gaussian analysis and their
physical interpretation in QFT. As a result, we will provide new insightful perspec-
tives about tools already known in the literature of the mathematical side, but also
present new mathematical tools rooted in this relation. This relation will not be
merely interpretative. The mathematical considerations will also impact the physics
and the phenomenology of the systems we are considering. In this thesis, we will
propose observable contributions to the dynamics of QFT we are describing that, to
our knowledge, were not considered in other works.

A word of caution is to be given; even though our description will be rooted in
geometric grounds, the subject of infinite-dimensional geometry, also named global
analysis, is vast and technical [KM97, DGV16]. For this reason, we do not pretend to
present our description in the most rigorous way possible. Instead, we say that we
provide a description with a geometric flavour.

The dynamical system we are considering comprises many ingredients intertwined
in non-trivial ways. In order to ease the exploration of QFT on curved spacetimes,
we must set some guidelines. First, we will study only Hamiltonian descriptions of
the mechanical systems in terms of Poisson or symplectic manifolds. This procedure
breaks the implicit covariance of Lagrangian formalisms but eases some interpreta-
tive aspects with major conceptual implications. For instance, Hamiltonian breaking
of space and time introduces a clear separation of the aspects of the theory that we
understand as kinematics and those that we classify as dynamics. These are

¢ (Kinematics of a Hamiltonian system) The kinematical aspects of a theory
refer to the geometric description of the manifolds and extra structures needed
to describe all possible motions of a physical system. For Hamiltonian systems,
the kinematics of the theory is comprised of a Poisson manifold (M, {-, -} ;1),
named the phase space of the theory. This manifold is endowed with a Poisson
bracket {-,-} »q. Often, we will consider a symplectic manifold (M,wx ) en-
dowed with a symplectic form wx, which is a non-degenerate closed two-form
and induces a well-defined Poisson bracket.

The kinematical description also requires another ingredient, the algebra of
observables. This algebra is a subset of O C C"*°(M) closed under the Poisson
bracket {-,-}». In turn, this description provides the space of states of the
theory as the dual to the set of observables p € O’ such that p: O — R.
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* (Dynamics of a Hamiltonian system) The dynamical aspects of a theory
comprise the particular motions that a particular system undergoes along a
time parameter ¢t. For Hamiltonian systems, the dynamics is dictated by a single
ingredient, the Hamiltonian H € O. The motion of the system flows along the
integral curves of a vector field Xy generated from H with the Poisson bracket
Xy = {-, H}m. Using this, we can express the dynamics over the space of
observables through Hamilton’s equation; for f € O, we get 0;f = {f, H} m.

The covariant approaches consider either full solutions of the equations of motion
or Lagrangians defined over the whole spacetime. As such, these approaches are
blind to this distinction. Moreover, in most cases, such as General Relativity (GR)
and Yang-Mills non-Abelian gauge theories, the Hamiltonian approach should include
constraints to reduce the phase space to submanifolds of the phase space initially
considered. In these cases, the covariant approach is more natural to describe
the theory. In fact, the most difficult task we will engage in will be to carefully
and thoroughly describe the kinematical ingredients of QFT on a curved spacetime
separated from the dynamical ones.

1.2.1 Kinematical aspects: Geometry in three floors

The conceptual structure of the kinematic description of this thesis resembles a
three-storey building in Figure 1.1. Each floor represents a theory:

[0] The ground floor represents General Relativity
(GR). This is the theory that will govern the ge-
ometric content of the spacetime itself. This ge-
ometry will enter either as a fixed background,
as a metric solution of the field equations of GR
of a predefined model, or as a dynamical entity
governed by the full coupling with matter fields.

[1] The first floor is comprised of Classical Statistical
Field Theory (CSFT). This is the statistical the-
ory of a matter field built on top of the spacetime
background. We will explore its description in the
Koopman-van Hove (KvH) formalism.

[2] The second floor is Quantum Field Theory (QFT).
In this work, a quantum theory is defined from Figure 1.1: A three-storey
a classical one through a quantization procedure. pyjlding representing this
Thus, we consider that QFT is built on top of CSFT thesis.
by means of the Geometric quantization program
and the treatment of ordering problems.
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Each of the theories that form the building are built on top of each other. Every
one of the levels of this building is comprised of a Hamiltonian theory, whereby the
common structure of the building is the one described at the beginning of the section.
In addition, each of the floors needs the definition of an infinite-dimensional manifold,
and the first and second floors require integration theory in infinite-dimensional
spaces. For this reason, these mathematical aspects are introduced in chapter 2.

In the remainder of this section, we will briefly discuss the kinematical aspects of
each floor. Since the structure is common, we should identify a phase space, Poisson
bracket, and algebra of observables (M, {-, -} 1, O) at each level.

Ground floor: General Relativity

The ground floor in Figure 1.2 represents the description of the curved spacetime
itself. In this thesis, we will assume that the curved spacetime is described by
General Relativity (GR), even though other theories of gravity may be considered.
As we pointed out above, this is the underlying structure supporting every other in
the thesis. In spite of this fact, we will honor the Spanish saying “empezar la casa
por el tejado”, which literally translates to “build the house from the rooftop”!, and
postpone its study to chapter 6, where we will also consider its dynamics.

In this thesis, we will consider only globally hyperbolic
spacetimes diffeomorphic to ¥ x R, where X is a d + 1-
dimensional Cauchy hypersurface. The concrete splitting
into space X and time R will be explored in section 3.5 and
chapter 6. This splitting allows us to describe the evolution
directly over X and introduce time ¢ as an external param-
eter. In this manner, the phase space of General Relativity
is a submanifold

Mg C T* Riem(X) (1.1)

=2 The particular form of the submanifold will be, again, dis-
‘ cussed in chapter 6 by means of constraints in the dynamics.
This implies that the Poisson bracket of 7% Riem(X) will be
the one that generates the evolution constrained to Mg,
and observables will be provided by C*°(M). We express
in coordinates (h,7,) € T* Riem(X), where h is a Rieman-
nian metric and 7, is a symmetric bivector density. Using their matrix components
(hij, wzj) and summing over repeated indices for f,g € C>°(M), we get the Poisson
bracket

Figure 1.2: Ground
Floor. General
Relativity

_ 32 o7 09 o % 2L
{f,g}G—/Zd (3;“].(33) o (x) 6h¢j(:c)87rff(x))

'The correct translation would be “put the cart before the horse”
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Then the kinematics of the theory is provided by

(Mg C T" Riem(%), {-,-}a, C*(Mg))

The fact that we can identify this Hamiltonian structure of gravity will be the basis
in chapter 6 to minimally couple any matter field to gravity. Following [HKT76],
as long as we can identify a Poisson bracket {-,-},, for matter, we postulate that
{*,-}a + {*, - }m is the Poisson bracket of the interacting theory. As we will see, this
structure can be identified for the classical (first floor) and quantum (second floor)
field theories. Taking advantage of this fact, in chapter 6, we will study the hybrid
quantum-classical coupling of GR and QFT.

Nonetheless, our main focus in this thesis is the case in which the geometric
content that describes gravity is given by a fixed background. This will be the case
in chapters 3 to 5 and 7. In order to treat gravity as a background, due to the
constrained nature of Mg, it is not enough to provide (h, 7;,); we also need to provide
the lapse function N and the shift vector field N. In this case, we will specify the
gravitational content through a curve

Y(t) = (h(t), T (t), N(t), N*(t)). (1.2)

We will say that we are dealing with a parametric theory on a curved spacetime. As
we can see, this concept will be central in our discussion, and we expand the details
in Remark 3.1.

First floor: Classical Statistical Field Theory

The first floor of Figure 1.3 is comprised of the classical theory of fields. This
is the simplest case that we consider in this thesis and is the subject of study of
chapter 3. In general terms, see [GIM04, Got&04], to describe a field over the
Cauchy hypersurface ¥, we need a bundle 7y, : L — 3, and the configuration space
of classical fields is provided by the sections of this bundle Q = I'(X, L). In this thesis,
we will study the scalar field; thus, L will be a real line bundle and Q = C*(X). In
order to get well-behaved expressions, we will consider ¥ compact, even though we
can waive this restriction using Nuclear-Fréchet (NF) spaces that we will discuss
in section 2.2. As a consequence, the phase space of the theory is the cotangent
bundle 7*Q with coordinates (yx, 7*), where px € Q and 7* is a vector density. The
observables of the theory are comprised of f,g € C*°(T*Q) = O, and the Poisson
bracket is provided by

_ (g 0F 09 9f 9y

However, this description, even though simple, is not suited for the purposes of
this thesis. The reason why we are introducing the classical field theory in the first
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place is to build a QFT on the subsequent level. We achieve this via a quantization
prescription dictated (partially) by the Geometric Quantization program mentioned
in the previous section. In order to have a classical field theory adapted to this
quantization process, we must be able to describe prequantization theory. Therefore,
we must describe the classical system in the Koopman-van Hove (KvH) formalism also
mentioned above. This is, we should study a statistical theory. For these reasons, the
first floor of this building is actually described by Classical Statistical Field Theory
(CSFT).

The reason why the phase space presented above is not
valid for KvH lies in the nuisances and technicalities of
functional integration. The statistical state p : O — R
should, ideally, be understood as an integral taking f to

(f) = / Dx D plioss ™) f (g™ (13)

However, the Lebesgue-like measures Dy D7* cannot be
defined in proper mathematical terms. Moreover, if we
restrict our attention to Gaussian states, in Appendix C, we < g
show that there is no measure that can provide such state p N
over the phase space T*C*°(X). Instead, in section 2.4, we
develop a theory of rigorous Gaussian integration over the
strong Dual of Nuclear-Fréchet (DNF) spaces. These are
spaces of distributions such as D’(X). As a consequence,
the space of classical statistical fields should be modeled with both ¢, 7* € D'(X)
representing distributions.

Figure 1.3: First floor.
Classical Statistical
Field Theory

In order to meet the conditions discussed above, in section 3.3, we opt to lift the
kinematic structure of the phase space 7*Q to Mp = D'(X) x D'(X). For the field-
momentum coordinate 7%, this is immediate because densities are already defined
as distributions. For the field coordinate ¢, instead, we will raise the index to p*
by means of the inclusions C*°(3) C L?(dVoly,, ) C D'(X). These kinds of inclusions,
denoted rigged Hilbert spaces or Gel’fand triples, are discussed in section 2.3. Notice
also that dVol, = dz%v/h is the volume form induced by the Riemannian structure of
the ground floor of this building. As a consequence, the whole kinematic structure of
M will depend on the geometric content of the spacetime downstairs.

Notice that, because we want to properly define our Gaussian states, already at
this classical stage we will need to introduce some extra structure. Using the results
of section 2.4, we know that the only ingredient needed to describe (mean zero)
Gaussian states is a symmetric and positive definite covariance. To describe the
covariance, we will use the natural symplectic structure of Mg in the following
manner. Using the fact that T*Q is a natural symplectic manifold, we obtain a
symplectic structure wy4,. Taking advantage of this fact, this covariance can be



1.2 Geometric flavours of Hamiltonian field theories 9

understood as the Riemannian counterpart i of a compatible Kahler structure on the
space of fields. Thus, Gaussian states in CSFT will be completely determined by

(WM M5 M) (1.4)
where wy,. is the symplectic form, p ¢, the Riemannian form, and Ju,. the compat-
ible complex structure such that pa,.(-,-) = wa, (-, —Jmp-). In turn, the complex
structure Jy,,, is the tool that we will use to define Gaussian states. This complex
structure is usually regarded as a feature of the quantization procedure [AMA75,
Wal94, AS99, CCQO04, MO21]. Conversely, in this thesis, we consider it as a feature of
CSFT. It is important to emphasize that, in this work, the particular form of J4, will
be dictated by dynamical considerations and will depend on the geometric content of
gravity. Later, in this section, we will delve further into this topic.

Slightly departing from the standard kinematical description, in chapter 3 we
will present the KvH representation of CSFT. The common feature of Koopman
representations [Koo31, GT22b] is that they express the state of the statistical
system p as a function of a state ¥ belonging to a Hilbert space of square-integrable
functions. For instance, the original Koopman-von Neumann (KvN) prescription was
simply ¥ = ,/p. As we will see in (3.2), the prescription for KvH is slightly more
complicated.

In any case, the classical state of the KvH representation will be provided by
U € L*(D'(X) x D'(X), Du.) where Dy, is the Gaussian measure with covariance
tmp- In this picture, (1.3) is interpreted by the well-defined expression

£ = / D&%, ) (%, ) F (%, 7). (1.5)
DI(S)xD'(E)

In this case, we interpret p as the function formally corresponding to p in (1.3) when
the Gaussian part is factored out.

Second floor: Quantum Field Theory

The second floor of Figure 1.4 represents Quantum Field Theory (QFT). In this
thesis, and in chapter 4, a quantum theory is obtained through a quantization
procedure from a classical one. In our case, the Geometric Quantization procedure,
see [Wo097], reduces the Hilbert space of prequantization (KvH) theory to half of
the degrees of freedom of the domain. This reduction is performed by choosing a
Lagrangian subspace, also called polarization, of Mp. Of course, there are some
ambiguities in that choice. In fact, we will find that there is no preferred choice of
polarization in QFT. Instead, we will obtain different, but equivalent, Hamiltonian
representations of it. In chapter 4, we find that the most relevant ones are the
holomorphic, antiholomorphic, Schrodinger, and field-momentum representations.
Moreover, in section 4.3, we will introduce the Segal-Bargmann and Fourier integral
transforms that relate them.
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For the sake of simplicity, in this introduction, let us stick to the Schrodinger
representation?. In this case, the polarization restriction produces Mg ~ D’ (X) x

D'(%) Quantization . ry (X), and the states are represented by functions ¥ (¢*). In this
case, the Hilbert space of the quantum theory is

L (D'(2), Dus).

The Gaussian measure ug is related to the measure of the
prequantum Hilbert space. As a consequence, it depends on
the classical Kahler structure that we selected downstairs.
The observables of the theory come from a quantization
mapping () that lifts the classical observables to self-adjoint
operators acting on L%, (D'(X), Dus). However, geometric
quantization is not enough to fully determine (). In order
to provide a successful prescription, we need to discuss
ordering problems. For this reason, we will discuss Weyl
and Wick orders in section 4.4.

It is at this stage where the connections of QFT with Gaus-
sian analysis flourish. To showcase them, we mention that
Weyl relations, the starting point of most approaches to
Algebraic Quantum Field Theory (AQFT) [Bru&15], naturally follow from the decom-
position in trigonometric exponentials of section 2.5. The Wiener-Ito decomposition
theorem of section 2.6 provides the connection of the Schrodinger representation
(and the others considered here) with the Bosonic Fock space. Finally, Skorokhod
and Malliavin derivatives, which will be introduced in that section, are interpreted
as the creation and annihilation operators of the QFT. All these relations, and more,
will be explored throughout chapter 4.

Nonetheless, this Schrodinger picture does not quite fit with the Hamiltonian
kinematical structure that we are looking for, as was the case for KvH theory. In
order to meet that description, in chapter 5, we will follow [Kib79] and introduce
the Geometrization of QFT. In this procedure, the Hilbert space that represents
pure quantum states, L%ch(D’ (X), Dug), is understood as the phase space manifold
Z. For technical reasons, we must restrict it to a subset of smooth functions; thus,
P C L%, (D'(2), Dug) is chosen as the space of Hida test functions that we define
in section 2.7.

A set of coordinates of & is provided by (¥, ¥) where ¥(*) is a function repre-
senting a pure state. Over this set, observables are provided by the set of quadratic
functions 75 () comprised of fs € Fo(2) if

Figure 1.4: Second

floor. Quantum Field
Theory

Fo(0,0) = (¥, GV) »,

2In most parts of this thesis, we will prefer instead the Holomorphic representation. As we will see,
most geometric tools and analytical properties are easily handled in that case.
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where G is a self-adjoint operator acting on the Hilbert space and (-, -) » is its scalar
product. The symplectic form of the phase space {2 is simply the imaginary part of
this scalar product. Moreover, the real part of this scalar product G and the trivial
complex structure 7 also induce a Kahler structure on the space of pure states

(G.9..7) € Kihl(2)

The Poisson bracket of this phase space also exists {-, -} ». Nonetheless, we are
not yet ready to write down its explicit expression. In chapter 5, we will develop a
formalism based on the Gaussian analysis of the white noise measure to deal with
these expressions efficiently. Here we just mention that the algebra of observables
is, indeed, an algebra closed through the Poisson bracket because

{Fefed = Fipa

As a result, the Poisson algebra is closed because it is a representation of the Lie
algebra of self-adjoint operators with Lie bracket —i[-, -].

1.2.2 Dynamical aspects: Corrections to the time derivative

The interdependence of each of the kinematical levels described above produces
non-trivial consequences for the dynamics. In this section, and in most of the thesis,
we focus on the parametric case, that is, when the gravitational content is provided
by (1.2).

Already at the classical level, we must explain how to choose a physically mean-
ingful complex structure in (1.4). We will argue, in section 3.4.4, that the source
complex structure must be dynamical in nature. The Gaussian measure p. works
as a reference to express the evolution of the states. For this reason, even though
it can have a parametric dependence on time p.(t), it should be unaffected by the
generator of the evolution.

In more concise terms, let H be the Hamiltonian that generates the evolution of
the CSFT. This is the dynamical flow generated by the Hamiltonian vector field Xp.
To write down the complex structure, we understand X as an operator acting on
C>®(Mp). In this thesis, we propose that Jr, = |Xg| ' Xpy. In this fashion, the
complex structure, being a function of the generator of the evolution, is not affected
by the flow of X . This proposal coincides with others in the literature [CCQO04], but
our approach is novel in that it is already a requirement in the classical theory.

In any case, the dynamical choice of Jy, introduces some issues that must be
taken into account. In the first place, this choice of connection is dependent on
the parameter ¢. In turn, the whole Kahler structure of My is dependent on the
time parameter. Since the quantum Kahler structure (second floor) directly depends
on the classical one (first floor), the measure pg, which defines the Schrodinger
Hilbert space, also depends on ¢. In a nutshell, the structure that we presented above
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transfers the parametric time dependence introduced in the gravitational theory
(ground floor) all the way up to the QFT (second floor). This will have implications in
both the classical (3.4.4) and quantum evolutions. For the purposes of this thesis, we
will focus on the dependence of the quantum structures.

The immediate consequence of the arbitrary time dependence of the quantum
Kahler structure (G(t), Q(t), J(t)) » is that it threatens the probabilistic interpretation
of the quantum part of the theory. In fact, if the quantum evolution is generated
by a self-adjoint Hamiltonian H for the Schrodinger equation i0,¥ = HU, then
(¥, W) » = G(t)(¥, ¥), and the norm of the state ¥ is not conserved. In principle,
this might not be a problem if we consider that we are dealing with an open system
and we are not properly taking into account all the nuances of the interaction with
gravity. This kind of interpretation of the norm loss has also been studied by some
authors [HS15, HS17, Sch18, HSU19, EHS21].

In spite of this, we want to describe a theory that preserves the probabilistic
interpretation. Ultimately, this is a consequence of the desire to describe a consistent
hybrid quantum-classical system in chapter 6. Our strategy to achieve this goal will
be to introduce, in section 5.4, a connection term for the time derivative 9; — V; =
O + I'y. To preserve the probabilistic interpretation, the first criterion to select the
appropriate connection will be to preserve the quantum Kahler structure

Vi(G(t),Q(t), T () » = (0,0,0). (1.6)

As we will discuss in that section, this condition does not exhaust all the possible
ambiguities in the choice of the connection. In order to select a unique one, we will
borrow from chapter 6 the extra requirement

ViQ(f) = QoL f) (1.7)

that will fix I". This connection term adds an extra factor to the Schrodinger equation
that we name the modified Schrodinger equation

i(8; +T)¥ = HU

Modifying the Schrédinger equation in this manner leads to interesting and non-
trivial phenomenological contributions. In order to illustrate these phenomena,
in chapter 7, we particularize the analysis to cosmological Friedman-Lemaitre-
Robertson-Walker (FLRW) models and show how particle creation in dynamic uni-
verses manifests itself in our formalism.

1.3 Structure of the thesis and reading guide

So far, we have provided context and portrayed the structure of the project that
we will undertake in this thesis. In the previous section, we already linked the
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important features of the project to their relevant chapters and sections. In this
section, we will go in the opposite direction and briefly summarize the content of
every chapter. Besides, at the beginning of every main chapter of the thesis, there
will be a detailed introduction on the scope and content of the chapter. In general,
the thesis is comprised of four more or less independent pieces.

* Mathematical foundations comprised of chapter 2 and appendices B to D.
These are the mathematical foundations of the thesis.

* Classical and Quantum Field theories in curved spacetimes comprised
of chapters 3 to 5 and appendix A. This is the main body of the thesis and
represents the theoretical development of the physical models.

* Hybrid quantum-classical coupling of QFT with GR. This topic is only
treated in chapter 6.

* Applications to Klein-Gordon theory in cosmological FLRW models. To
this category belong section 3.5 and chapter 7. This is the principal example of
the application to physical systems presented in this thesis.

In more detail, the contents of every chapter are:

Chapter 2 presents the mathematical foundations of Gaussian Analysis. This is
a rigorous method to deal with integration theory in infinite-dimensional spaces.
Notational conventions that will be used throughout the thesis are established in this
chapter.

The content of this chapter will be extensively used in the rest of the chapters.
Nonetheless, a thorough understanding of the concepts in this chapter is not a
requirement to follow the rest of the thesis. In section 1.2, we tried to indicate
which specific sections and tools of chapter 2 serve as a basis for each part of the
project. Moreover, each mathematical tool required in the main body of the thesis is
cross-referenced when possible.

Chapter 3 presents the Koopman-van Hove (KvH) approach to classical statistical
mechanics. The chapter starts in section 3.2 with a discussion of the theory in finite
dimensions. The rest of the chapter discusses kinematics and evolution in Classical
Statistical Field Theory (CSFT).

Chapter 4 develops the quantization program of a QFT of the scalar field in two
steps. First, geometric quantization in sections 4.2 and 4.3 for linear observables.
This introduces the Holomorphic, Schrodinger, antiholomorphic, and field-momentum
representations of QFT and their relations. Second, Wick and Weyl ordering prescrip-
tions for higher-order observables. The chapter ends with a discussion on algebraic
QFT. This discussion is built upon the prequantization theory introduced in Chapter 3,
thus it is convenient to read both together.
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Chapter 5 studies the evolution of the QFT in curved spacetime. For that matter,
sections 5.2 and 5.3 introduce the Geometrization program for QFT and use white
noise Gaussian analysis to describe the geometrization in second quantized (s.q.)
coordinates. The evolution itself is introduced in sections 5.4 and 5.5, where the
Schrodinger equation is modified via a connection term, which is analyzed in detail.
The content of this chapter is fairly independent of chapters 3 and 4 but is better
understood after reading them.

Chapter 6 studies the hybrid coupling to gravity. In this chapter, we use geometro-
dynamical arguments to derive the coupling of quantum matter with classical gravity.
This chapter is a standalone piece that can be understood with minimal ingredients
from other chapters.

Chapter 7 studies the physical implications of Klein-Gordon theory in cosmological
FLRW models. It discusses the phenomenon of particle creation in these examples to
showcase the potential applications of the general formalism. This chapter requires
the reading of section 3.5.

Chapter 8 presents the main results of this thesis and discusses some open
problems left for future work.

Appendices To complete the discussion in the main body of the thesis, we pre-
pared four appendices. appendix A presents some explicit computations of integral
transforms from chapter 4 and, based on those, connections from chapter 5. Three of
them are devoted to expanding the mathematical discussion of chapter 2. These are:

¢ appendix B that adapts well-known results of Hida-Malliavin calculus to the
case of interest of this thesis, holomorphic Hida test functions.

¢ appendix C that summarizes some problems that forbid the definition of a
measure over NF and even Hilbert spaces. This chapter also provides a detailed
review of Gaussian integration in Topological Vector Spaces (TVSs).

¢ appendix D that proves the Wiener-Ito decomposition theorem in homogeneous
chaos in the notation used in this thesis.



Chapter 2 gEJ:‘“ i
Mathematical aspects: ’ {“f
Gaussian analysis /L“Zg _

2.1 Introduction

The objective of Gaussian analysis is to describe the correct setting of (Gaussian)
integro-differential calculus in infinite-dimensional Topological Vector Spaces (TVSs)
[Hid&93, Kuo96, Hul6]. Our approach in this chapter will be strongly focused on
its application to Quantum Field Theory (QFT). As Gaussian measures solve the
Schrodinger equation for free field theories [LS98, HS15, HS17], this will be our
preferred choice. Roughly speaking, Gaussian analysis aims to answer, among others,
the following basic questions:

* What TVSs admit Gaussian Borel probability measures?
* What is the support of the measure?

*» How can we define derivatives or Sobolev derivatives over spaces of functions
with domain in the TVS?

The answers to these questions are often surprising, even for the less exotic case of
Banach spaces; we summarize them in Appendix C. In this chapter, we present an
approach to this theory strongly influenced by the field of white noise analysis. This
field was originally developed in the last decades of the XXth century to provide a
rigorous mathematical definition to the time derivative of Brownian motion. This is
achieved by the study of the white noise Gaussian measure [Hid80, Hid&93, Oba94,
Kuo096, Kon&96, Wes03, HS08].

In that approach, the natural setting to define Gaussian Borel probability measures
are Nuclear-Fréchet (NF) spaces and strong Duals of Nuclear-Fréchet (DNF) spaces
that we introduce in sections 2.2 and 2.3. This is also discussed thoroughly in [GV16].
In the following, we will refer to this class of measures as Gaussian measures. Our
playground is then (N, N'), where N\ is a NF space and N’ is its dual endowed with
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the strong topology’.

White noise analysis differs from other approaches (see e.g. [Hu16]) in its focus
on defining spaces of stochastic or second quantized (s.q.) test functions and
distributions named after Hida and Kondratiev. These test functions are again NF
spaces, and distributions are again an example of a DNF space. We devote a separate
Appendix B to study different notions of s.q. test functions.

The goal of this chapter is to enlarge the study and definition of Gaussian and
white noise analysis to a slightly more general setting. We are interested in cases
in which (M, N’) represent spaces of classical fields. In particular, we will treat
(C(%),D'(X)), the compactly supported functions and distributions over a compact
d-dimensional manifold 3., that will represent a Cauchy hypersurface in a d + 1-
dimensional spacetime, and (S(R?),S'(R?)), the space of Schwartz functions of fast
decay and the space of tempered distributions.

We then define a Gaussian measure ;. over N in section 2.4 and study the space
of square-integrable functions L?(N”, Du) using algebras of well-behaved functions
that belong to it in section 2.5. Namely, the algebras of polynomials P, trigonometric
exponentials 7, and coherent states C.

The study of these algebras leads to the central result of Gaussian analysis, the
Wiener-Ito chaos decomposition theorem, which we analyze in section 2.6 and later in
Appendix D. This theorem provides the particle interpretation in QFT. It also allows
for the discussion of differential calculus, introducing the Malliavin (also named
Gross-Sobolev [Hu16]) derivative. The introduction of these derivatives will also
pave the way for the introduction of Hida test functions in section 2.7.

We will end this chapter in section 2.8 with a flavour of geometry. Following
[KM97], both NF and DNF spaces are convenient and admit partitions of unity. Thus,
we conclude that they are convenient models of geometry. We briefly discuss the
precise mathematical content of this affirmation.

The concrete interdependencies of the sections of this chapter with the rest of the
thesis have been presented in section 1.2.

2.2 Nuclear spaces

Let’s briefly introduce some definitions and examples of nuclear spaces.

Definition 2.1. (Nuclear Space) A nuclear space X is a topological vector space
whose topology is given by a family of Hilbert seminorms p such that, if X, is the
Hilbert space obtained as the completion of the pre-Hilbert space (X/p~1(0),p), then
there is a larger seminorm q such that X, — X, is a Hilbert-Schmidt operator
[Tre67].

In this case, we endow the DNF space with the strong topology, which coincides with the Mackey
topology, but the same Borel o-algebra is generated from the weak topology [Kuo96].
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For infinite-dimensional topological vector spaces X, Y, tensor products can be
endowed with a family of different topologies between the projective X ®, Y and
injective X ®.Y tensor product induced topologies. If one or both spaces are nuclear,
both topologies coincide, and therefore there is only one notion of tensor product
X ® Y. We will use this fact in the following sections to define polynomials over X.

Definition 2.2. (NF Nuclear-Fréchet Space) A nuclear space that is also Fréchet
N can be regarded as the projective limit of a countable family of separable ? Hilbert
spaces {H}2,, with scalar products (-, -), such that for g > p the injection H, — H,
is Hilbert-Schmidt. Thus

[o¢]
N=H,
p=0
with the projective limit topology.

The Riesz representation theorem allows us to identify a Hilbert space with its
dual. By convention, we set H( = #(;, where x represents complex conjugation. This
implies that in the inclusion H, — H,, for p > 0, the space H, can no longer be
identified with its dual. We will denote this dual space by Hy — H_,. The next
definition can be regarded as a consequence of the last one.

Definition 2.3. (DNF strong dual of a Nuclear Fréchet Space) The strong dual
of a NF space N’ can be regarded as the inductive limit of a countable family of
separable Hilbert spaces {H_p},°, such that for q > p the injection H_4 <= H_; is
the transpose of a Hilbert-Schmidt operator. Thus

v U,
p=0

with the inductive limit topology. A DNF space is always nuclear. Furthermore, it is a
nuclear Silva space [KM97].

2.3 Rigged Hilbert spaces and main examples

With the definitions given so far, we notice that the space Hg plays an important role.
This motivates the consideration of a triple of spaces, leading to the concept of a
rigged Hilbert space.

2Every Fréchet space is complete and barreled ([Tre67] Corollary 1 Chapter 33). A complete barreled
nuclear space is a Montel space ([Tre67] Corollary 3 Chapter 50). Montel spaces are reflexive
([Tre67] Corollary of Proposition 36.9), and Fréchet Montel spaces are separable ([KM97] Result
52.27). Thus, it follows that a nuclear-Fréchet space is reflexive and separable. This fact allows us
to choose the chain of separable Hilbert spaces for this definition.
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Definition 2.4. (Rigged Hilbert Space) Assume that H, is a separable Hilbert
space; then we define a rigged Hilbert space or Gel’fand triple as the triple of spaces

N cCcHyc N

where N is a NF space and N’ is its dual, and each inclusion is continuous.

In the structure presented here, Hj is said to realize the duality, which means that
the scalar product of H, identifies an element of A" with its dual in N”. A is a dense
subspace of the Hilbert space, and this construction allows us to, in some sense,
parametrize the duality and define A as a subset of N’. Notice, however, that in
general, different Hilbert spaces can be used to parametrize the duality of the same
pair (M, N’). In the following, unless stated otherwise, we will consider N\ as a real
NF space, and we will denote by A¢ the complex case.

In the rigging, there are three main ingredients: the set of test functions N/,
its dual space N’, and the dual pairing of the Hilbert space H,. Firstly, elements
&x,mx € N will be typically well-defined real test functions (see examples below)
and will be denoted by a bold subindex. Secondly, elements ©*, 7* € N’ will be real
distributions (with no pointwise meaning in general) and they will be denoted by a
bold superindex. Sometimes we will denote the value of the function at a point x with
a regular subindex &,, but notice that this cannot be done in general for distributions.
With those two ingredients, the duality is denoted, mimicking Einstein summation
convention,

&x €N, * € N paired by &,¢” 1= (¢*, &) € R. (2.1)

The third and last ingredient is the dual pairing of Hy. This element can be
considered in a threefold way:
a) Dual pairing between elements in N C Ho with (§;,&7) = & A™EL.

b) Dual pairing between elements in Ho C N’ with (p¥, p3) = o7 Kuy0h.

c) Injection of A*Y : N' < N’ through the pairing of Hg such that £, A* = ¥ with
a densely defined inverse p” K, = ¢, such that A** K, = 4 is the evaluation
mapping.
We will be using the three different frameworks in the following sections.

The main examples of NF spaces, which play the roles of model spaces for the
classical field theories in this work, are the following:

Example 2.1. (Smooth functions of compact support on a compact K) Let
K C R% then the space C>°(K) is NF with the initial topology induced from the
family of Hilbertian norms

Il =3 /K 0 (a)|2da, 2.2)

laj<n
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where o € N¢ is a multi-index® and |a| = a; + - + 4. Its dual is the DNF space
D'(K). This is not the family of Hilbertian seminorms of Definition 2.2; instead,
we should use the Hamiltonian of the harmonic oscillator to introduce them as in
[Hid&93].

Notice that we could also define C°(U), for U C R an open set. This is a nuclear
space but not a Fréchet space; instead, it is a Nuclear LF space (see [GV16] for
details). For our purposes, we will limit our attention to the compact domain in order
to reduce technicalities.

Example 2.2. (Smooth functions of fast decay) The space S(]Rd) of smooth
functions of fast decay is NF with the initial topology induced from the family of
Hilbertian norms

d
o= > [ T[a+ad o) Pas 2.3
R% =1

|| <m,|B|<m

where o, 8 € Ng are multi-indices. This is not the family of Hilbertian seminorms of
Definition 2.2; instead, we should use the Hamiltonian of the harmonic oscillator
to introduce them as in [Hid&93]. This topology is equivalent to the one usually
introduced via supremum-type seminorms [Hid80]. Its dual S'(R?) is the DNF space
of tempered distributions. This space is the one commonly used in white noise
analysis [Hid&93].

Example 2.3. (Smooth functions of compact support on a compact manifold)
For ¥ a compact manifold, the definition of C2°(X) goes on as in Example 2.1. If we
endow the manifold with a Riemannian metric h, there is a canonical volume form

/§dVolh:/d:vd\/|h(x)\§(x), (2.4)
P U

for ¢ supported on a subset of 3. covered by a single chart with coordinates in U. This,
in turn, leads to a canonical Hilbert space of square integrable functions L*(X, dVoly,)
and therefore to the rigged Hilbert space

C>(%) c L*(%,dVol,) c D'(%). (2.5)

As discussed in Definition 2.4, the scalar product on a rigged Hilbert space can be
considered in a threefold way, as we can illustrate over a chart with coordinates in
U C R%. Because of the importance of this particular example throughout this work,
we detail the notation for the bilocal kernels exposed below (2.1). All three cases will
be denoted by the same symbol 6*Y, iy, and 63, and the difference between them is
understood by context as follows:

3Ny represents the natural numbers with the zero.
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a) Dual pairing between elements in C2°(X) C L*(%, dVol,) with
() = b, = [ ot @ le@n(a). 2.6)
b) Dual pairing between elements in L*(3,dVoly,) C D'(X) with

x =7% V= 7dxd m(x)o(x
Wwﬂ—ﬁ%w—é_mm‘mﬂ%

where m(x), p(z) are identified with densities of weight 1. Notice that the

factor \h(a:)] appears in the denominator and T}(;g;”, ‘T}(Lz)‘ are L?(%,dVol)
representatives.

¢) We can also see the injection Y : C°(X) — D’(X) such that

Wzmmzéﬂ%%@W@zMWZ )W)

is a representative of a density of weight 1. On the other hand, iy is a densely
defined inverse

dz? o(y)
y = wéazy = 76(1 T — Tr) = ——
T Awwm =)o) = )

such that 6*%4,, = 0, is the evaluation mapping

Synz =1y =1(y)
which only makes sense over C°(Y).

The differences between 6™V, dxy, and &5 are often misinterpreted in the literature
since all three can be identified with the Dirac delta in R? with the Lebesgue measure.

In this picture, elements of D'(X) are distributions used to integrate the elements
of C2°(X), and this nontrivial structure is reframed in the rigged Hilbert space with
a nontrivial representation of the scalar product as an integral kernel.

Notice that for different applications, the identification of the field and its dual
may be different. Thus, in classical field theory, the common approach [Got&04,
GIMO04] is to model classical fields as elements of an n-th jet bundle with n being
the number of derivatives needed to describe the theory. We can say that, in this
approach, fields are modeled over elements of C°(X). In those approaches, the dual
jet bundle is built upon the concept of scalar density of weight one that is constructed
using volume forms £dx' A --- A dx? with ¢ € C°(X). Thus, the topology of the model
space for the dual jet bundle is that of C°(X). This approach makes the treatment
significantly easier at the cost of giving up the possibility of describing the duality
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with the strong topology. In those approaches, the dual pairing is described as in a).
On the other hand, in algebraic QFT, the situation is radically different. Classical
fields to be quantized are taken as a priori distributions of D'(X), and equations of
motion must be implemented weakly using arbitrary test functions acted upon by the
adjoint evolution operator. For this reason, we must think of both fields and their
duals as modeled over the same space of distributions, and the dual pairing only
makes sense as in case b) [Bru&15].

Another important family of examples of rigged Hilbert spaces relies upon the NF
space of Hida test functions, which will be the set used to model the space of pure
quantum field states, considered as Schrodinger wavefunctionals with fields in their
domain. Its construction is significantly more difficult and needs a careful study of
Gaussian integration to be developed in the following sections. For this reason, we
postpone its introduction to section 2.7.

2.4 Gaussian measures

As we intend to describe a theory of pure quantum field states, we must endow the
space of quantum states with a scalar product. As we mentioned above, the most
commonly used measures in QFT correspond to Gaussian measures, often referred to
as a given vacuum state. We will review below their main definition and properties,
first for the simple case of real test functions, and then in the case of complex ones,
which will be more useful for us later.

2.4.1 The real case

The procedure to define a Gaussian measure y over a NF space N’ is straightforward
once we notice that the o-algebra generated by its cylinder subsets corresponds to
the Borel o-algebra of the weak and strong topologies of N’ [Kuo96]. We develop this
construction in Appendix C. The Bochner-Minlos theorem, see Theorem C.2, provides
an even straighter path to defining u. First, we consider the bilinear operation
£.ATYE, to be continuous with respect to the topology of . Then, we consider the
characteristic functional of a Gaussian measure u

Cle) = | Du(e)e = e 2&A™8, (2.7)
Nl
The Bochner-Minlos theorem states that there exists a unique Borel probability
measure that fulfills (2.7). We will use this fact as the definition of x. In chapter 4,
we will interpret this measure as part of the vacuum. Considered with respect to a
Gel’fand triple,
N CHaCN,
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Notational changes in Schrodinger quantization

The real measure u of this chapter uses a different con-
vention than the rest of the thesis. This is because this
definition is adapted to the mathematical discussion
while (4.18) and (4.19) are adapted to the Schrodinger
representation. The difference amounts to a scale fac-
tor of £ in the covariance.

the bilinear symmetric form A*Y corresponds to the representation of the scalar prod-
uct of the Cameron-Martin Hilbert space Ha. This space is obtained by completion of
N with the covariance A*Y and is of huge importance in Gaussian analysis because it
provides the necessary tools to develop integration, as we will see below. For further
mathematical details, see Example C.1. This triple also possesses an important
physical interpretation in QFT; it represents the Hilbert space of one-particle states,
as will be explained around (3.33).

2.4.2 The complex case

If we consider the case of complex test functions N¢ from any of the aforementioned
examples of nuclear spaces, most of the properties work in the same form as for the
real case. Let us consider the complexification of the space of distributions. In this
work, ¢*,0* € N will often represent a complex distribution while ay, xx, px € Nc
will usually represent complex test functions. We relate the complex holomorphic
coordinate to the real ones as

1
X (X — inX), (2.8)
¢ \/i(w )
for (p*,7*) € N’ x N, from which follows ¢* = %(gpx + im*). We use this sign

convention for the holomorphic coordinate to ease the discussion of chapter 4.
Complex test functions use the dual conjugate convention; for px € N,

1
= —(&x+1t (2.9)
Px ﬁ(ﬁx x)
for (¢x,mx) €N x N and p, = %(fx — inx). With these conventions, the dual pairing
is written (px, »¥) = p,¢". If we endow each copy of the Cartesian product with the

measure given by (2.7), we can define a measure p. on the complex domain defined
by the characteristic functional.

Celpx py) = /N Dyr(§%, ¢)elPed"407) = =Pab0y (2.10)
C
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where now the covariance A* will be a Hermitian form on N, i.e. AX = (A*)*Y,
Notice that, by construction, the complex measure is the product measure of two
real ones. In this case, the associated Cameron-Martin Gel’fand triple is

Nc C Ha C N,

The conjugation * follows from our conventions (2.8) and (2.9). To fix notation, we
indicate that, throughout this work, the strong dual will be denoted by /7 while *
indicates only complex conjugation.

2.4.3 Integral transforms on Gaussian measures

Among the different integral transforms defined over a Gaussian measure, the most
relevant for QFT is the S transform. Throughout this whole section, we will consider a
Gaussian measure ; defined on N’ or M. with the associated characteristic functional
(2.10). For the real case, we define:

Definition 2.5. (S, transform) For the Gaussian measure of (2.7), we define the
S, transform as a generalization of the Laplace transform. For a given function
U : N — C, it takes the form

SU6) = [ Duleu(e) exp (6" - 3607, @.11)

This is to be thought of as the action of a translation p* — ¢*4+A*Y¢, on the domain

of integration. For the complex case, it is readily defined in (anti)-holomorphic
coordinates as

Definition 2.6. (5,  complex transform) For the complex Gaussian measure of
(2.10) and a given function ¥ : N — C, the transform takes the form

S (9] (ps: px) = /N Dpuc(¢*) W (¢, ¢*) exp (px0% + pz¢” — 5 A py) (2.12)

Notice that this definition is nothing but the combination of two copies of Defini-
tion 2.5, one for each variable, and the required change to holomorphic coordinates.

Another relevant transform is the 7T transform. It is the extension of the definition of
the characteristic functional (2.10) to include a generic function besides the measure,
defined as follows:

Definition 2.7. (1,, complex transform) For the complex Gaussian measure of
(2.10) and a given ¥ : N — C, it takes the form

Tuc[\p](Px?ﬁy) = /N’/ DMC((bX)ei(W-i-PztﬁZ)\p((bx,(EY) (2.13)
C

Both transforms are related by C(px, py) Sy, [¥](px;, px) = Tpu.[V](—ipx, —ipy). Each of
these transformations reveals different features of L2(N{, Dp.), as we will see below.



24 Chapter 2 Mathematical aspects: Gaussian analysis

2.5 The Gaussian Hilbert space L*(N{, Dyu.) and dense
subalgebras

The Hilbert space L?*(N{, Du.) will represent, in chapter 4, the Hilbert space of
pure quantum states of a QFT of the scalar field. In this section, we introduce it
through some of its subalgebras. The structure of the Hilbert space L?( ¢» Dpic) may
seem difficult to tackle. At first glance, we are dealing with functions with domains
in an infinite-dimensional space of distributions. This is sometimes referred to as
working at the second quantized (s.q.) level in the literature. In order to study
the whole space, it is useful to consider families of functions that are dense in the
space L*(N{, Dyu.) and that simplify the definition of the objects we are interested
in. Here we include the algebras of polynomials P, trigonometric exponentials 7,
and coherent states C. We will provide a physical interpretation of each set as
wavefunctions of a finite number of particles, generators of the classical algebra of
observables, and generators of the quantization mapping, respectively, in chapter 3
and chapter 4. We claim that they are dense subsets of the whole space; for a proof
of this statement in each case, we refer to general arguments made at the beginning
of [Hid&93]. Each of these families is easily and unambiguously defined thanks to
the properties of nuclear spaces, and each of them shows different properties when
combined with the S and T transforms introduced in the previous section.

2.5.1 The algebra of Polynomials

The most important dense subset in Gaussian analysis is polynomials. The fact that
N is a nuclear space implies that the tensor product ./\/'(’3®k is unambiguously defined,
as well as Ng’" for k,n positive integers. With this remark, we define the algebra
of polynomials P(N{.), with coefficients in A, as the set of polynomials of arbitrary
degrees in which a polynomial of degrees (n,m) is written as

P (¢, %) chi,i,y, (6")7* (o), (2.14)

k=0 [=0

where C’éiil e N2 and (¢7)% e NLEF, ()% e NL*®" are the tensor products
of copies of the same distribution. Here we introduce the notation oz, = oz, ... 4,
To make sense of this expression, it is enough to consider a coefficient C)’;ﬁ 7 =
Xil e Xg’j:kﬁ;l e ﬁlyl because these coefficients generate the whole space. Then, using

the natural dual pairing of N with its dual expressed as (x, ¢) = x.¢*, we get

k !
O (0™ ()7 =TT o) T (o7
i=1 j=1

Thus, polynomials defined in (2.14) have pointwise meaning because each dual
pairing is finite. Nonetheless, there is still an ambiguity in this definition because
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the monomials are contractions of n or m products of the same distribution. This
fact implies there are different coefficients that provide the same polynomial. To
eliminate this ambiguity, we introduce the symmetrization operator

a(j‘n) = Qg zy) T % Z Oéxﬂ(l)’...’gcﬂ(n). (2.15)
TESn

Here S,, is the space of permutations of n elements. Then, for polynomials to
be unambiguously defined through their coefficients, we ask for them to fulfill
Céék),(iz) =CY 5,» and we call them Bosonic coefficients. Among polynomials, we can
find an orthonormal basis of the whole space and then describe it efficiently through
its Bosonic coefficients in an appropriate way using the S transform. This feature is
so rich and enlightening that it deserves its own separate analysis. That will be the

subject of study in section 2.6.

2.5.2 The algebra of trigonometric exponentials: The nature of
Reproducing Kernel Hilbert space

Polynomials do not exhaust the classes of dense subsets that provide valuable in-
formation on the structure of L?(Ng, Dy.). In this section, we turn our attention to
the algebra of trigonometric exponentials 7 (N{.), which can be seen to be a dense
subset of L?(N¢, Dy.). They are defined as

T (N¢) = {Finite linear combinations of £, = exp (ix¢" + ix2¢%) } (2.16)

where yx € N¢. Below, we perform an analysis from the point of view of a basis of
trigonometric exponentials. If we consider the 7). transform of Definition 2.7, its
action over T (N(,) is completely determined by linearity from

Ty [Ex](pxs Py) = Celpx + Xxs Py + Xy)- (2.17)

Here, C. is the characteristic functional given by (2.10). Notice that in this equation,
px Plays the role of a variable while xx is a parameter. Hence, we interpret this
expression as a function of px and extend the domain of 7}, [€,](px, py) to make sense
in the whole Cameron-Martin Hilbert space px € Ha. The next step is to construct a
reproducing kernel Hilbert space R. In order to do so, we firstly introduce the kernel
functional defined as

RK(,-): HaXHA — R
(PxsXy) = Celxx = pPxs Xy — Py)-
Using this definition, R is defined from the space of linear combinations of functions
(of p, p) spanned by the right-hand side of (2.17) as its completion with a sesquilinear
scalar product (, ). It is enough to define this scalar product through its action over
trigonometric exponentials under 7),, as

(2.18)
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<Tuc[gp]aTNc [gXD’R = RK(px,Xx)' (2.19)

A key factor in this construction is that RK(px,®) € R and for every F € R we
have (RK (px, ), F(e))r = F(px); that is, point evaluation is continuous in R, which
is the definition of a reproducing kernel Hilbert space.

The remaining part of the discussion is to show that T}, : L*(N{, D) — R is an
isometric isomorphism of Hilbert spaces. This easily follows from

| Duie = T8 T, lEr. (2.20)
C

From this perspective, we may ask in which sense point evaluation is allowed for
elements in L2( ¢ D,uc). It is important to notice that the domain of the functions
that form this space is much larger than that of the functions of R, given by Ha.
Therefore, there is no hope for the full notion of a reproducing kernel to be found in
the former as we did in the latter, and as such, there is no notion of point evaluation
to be found. The issue of point evaluation in this case is similar to the issue of
defining a Dirac delta in finite-dimensional domains. Similarly to that case, there is
a notion of evaluation that makes sense in a distributional sense, as we will see in
Example 2.10 below. At the level of Hilbert space, the family of functions considered
in the next section provides tools to delve further into this question.

2.5.3 The algebra of coherent states: Subspace of Holomorphic
functions

In this case, we combine features from the two families considered above.
Extending the algebra of polynomials to the limit of infinite degree, there is a
natural definition of a holomorphic function.

Wiror(6%) = > 08 (¢") . (2.21)
n=0

Here we can allow the Bosonic coefficients 1%, to be elements of a larger space
”H%n. The price to pay in that extension is that (2.21) is no longer defined pointwise.
Instead, we can regard it as an element of Uy, € L%{Ol (./\f(’c, D,uc) with the pertinent
convergence restrictions. This is a general feature of the Wiener-Ito decomposition
theorem that will be treated in detail in section 2.6. We notice that, following this
reasoning, there is a decomposition in holomorphic and antiholomorphic functions
as follows:

L*(Ng, Dpc) = Lo (NG, Dhic) &Ly (NE, Dpic) (2.22)

where ® represents the topological tensor product completed with the natural Hilbert
topology.



2.5 The Gaussian Hilbert space L?( ¢ Dp.) and dense subalgebras 27

Let us particularize our analysis to the subspace L%, (N, Du.). Besides holo-
morphic polynomials, this space contains another dense subspace of interest. We
introduce the algebra of functions generated by (holomorphic) coherent states
Ky(#Y) = eX=9" and we denote it

Crol(N:) = {Finite linear combinations of X, = exp (xz¢")} . (2.23)

Using this subset, calculus can be easily implemented on the whole space by just
considering a few rules. First, notice that the scalar product of two coherent states
corresponds to

(K, ICp) = eXeB b,

from which, by linearity, follows the following reproducing property: let ¥ €
L3, (NG, Dpe), then
(W, Ky) = U(xaA").

Recall that we extended (2.21) to have coefficients in 7—[%”. Thus, we conclude that
the evaluation above provides a finite result and K, (¢¥) € L%, ,(N{, Duc). Those
coherent states can be extended to be parametrized by elements p* € Ha regarded
as distributions with K,(¢¥) = " X=v®", the duality expressed as in option b) of the
previous section in terms of the inverse of the covariance, Ky, and therefore, lacking
any pointwise meaning.

This subspace possesses good analytical properties similar to those of holomor-
phic functions in finite dimensions. We can think about it as the Hardy space
H?(Ha) C Hol(Ha) of square integrable holomorphic functions with domain an
infinite-dimensional Hilbert space Ha whose orthogonal directions are provided by
the covariance A*Y. There is a subtlety with the sense of holomorphic function that
needs to be treated with care, though. In order to do that, let us first introduce a
more general notion of holomorphic function than the one introduced above:

Definition 2.8. (Holomorphic functions on locally convex spaces) LetV : £ — C
be a function defined on an open set U C £ where £ is a locally convex space. In this
work, we take £ = Ha, Nc or N{.. VU is said to be Gateaux-holomorphic on U if for all
@5, ¢* € U the function

\II¢6<7¢XZ C — C

z o Y(oF + 20%) (2.24)

is holomorphic.

As it usually happens in infinite dimensions, continuity does not follow from dif-
ferentiability, and it must be explicitly requested [Din81]. Thus, we will say that a
function ¥ is holomorphic on U if it is Gdteaux-holomorphic and locally bounded.
We will denote then the space of holomorphic functions as Hol(£), assuming it is
endowed with the topology of convergence on bounded subsets.
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Notice here that the definition of a holomorphic function requires the pointwise
meaning of U. This is not true if the decomposition in (2.21) is allowed to have
coefficients in HY". For ¥ € L% (N, Du.) and arbitrary elements of ¢* € N, we
have that ¥(¢*) does not necessarily converge. However, consider this notion of
Hol(Ha) over the Hilbert space Ha. The convergence of (2.21) is ensured if we
restrict ¢* € Ha C N’. The content of this statement can be made precise using
coherent states as follows. Let us consider the map

(-\Kp) : LYy (NGs D) — H?*(Ha) C Hol(Ha) (2.25)

which is an injective continuous linear mapping [Oec12b], and H?(Ha) stands for its
image. Moreover, the reproducing kernel

RE poi(xx, py) = eXe2"Pv (2.26)

turns (H?(Ha), RK o) into a reproducing kernel Hilbert space, see [Hid&93], known
as the Hardy space of square integrable functions. Furthermore, (2.25) establishes
an isometric isomorphism between L%, , (/\/’(’C, D,uc) and H?(Ha).

A similar discussion can be carried out for the anti-holomorphic functions, but in
that case, the isomorphism is realized by

(\Kp) : L2 (NG, Dpie) = H?(Ha). (2.27)

Finally, the 7}, transform of Definition 2.7 can be written with these objects as

T,. = (Kip ® K_ip, ). Therefore, there is an isometric isomorphism of reproducing
kernel Hilbert spaces such that

H*(Ha) ® H2(Ha) = R, (2.28)

where R is the reproducing kernel Hilbert space described in the previous section.

2.5.4 Some physical implications

So far, we have seen how the dense subsets of trigonometric exponentials and
coherent states unveil several properties of the space L2( ¢ DMC). In chapter 3,
this kind of space will play a twofold role. On one hand, a Gaussian Hilbert space of
complex domain is a prequantum Hilbert space. This space will be the Hilbert space
of the Koopman-van Hove (KvH) representation of classical field theory. In chapter 4,
this is also a basic ingredient in the geometric quantization procedure. On the other
hand, a similar Gaussian space (with different covariance) represents the class of
classical functions that can be represented as bounded operators in chapter 3 or
quantized under Weyl quantization in chapter 4.

Among the properties above, the most important one for geometric quantization
is the decomposition into holomorphic and antiholomorphic parts (2.22). This is
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because, as we will see in chapter 4, the Hilbert space of pure states in quantum field
theory can be represented in several equivalent ways, from which the holomorphic
representation selects the subspace L7,,,(N{, Du.). Finally, the fact that (2.25)
provides an isomorphism of Hilbert spaces with H?(HA), a reproducing kernel
Hilbert space with a well-behaved domain H, ensures nice analytical properties
for L%, ,(N¢, Duc) that allow for efficient calculus and study of field theory while
keeping technicalities under control.

For the case of Weyl quantization in section 4.4, we show that it is enough to
understand the quantization of trigonometric exponentials (2.16) as plane waves
of classical field theory for the machinery of reproducing kernels to quantize them
according to the Weyl or the canonical commutation relations.

The features unveiled by the family of polynomials are much richer, and we devote
the next section to them. We advance that the Wiener-Ito decomposition theorem
will be the tool that provides the particle interpretation of the QFT.

2.6 Wiener-lto Decomposition in Homogeneous Chaos

In this section, we will present the central result in Gaussian analysis, the Wiener-Ito
chaos decomposition theorem. This result identifies the space L*(N’, Du) with the
Bosonic Fock space built upon the Cameron-Martin Hilbert space H. The latter can
be expressed as EBSLO:O’H"EB, where @ represents the orthogonal direct sum and n®
means the symmetric tensor product of n copies of the Hilbert space. In order to
skip technicalities, we provided definitions and proofs of the central results of this
section in Appendix D. This, in turn, provides the necessary tools to represent the
concept of pure states of a QFT and their main properties and defines the concept of
physical particles.

In the same vein, we will define other common tools of Gaussian analysis: Malliavin
derivatives and Skorokhod integrals. These are introduced as weak Sobolev deriva-
tives and their adjoint operators, respectively. Along the same lines, we identify
these with creation and annihilation operators in QFT, defining in the process the
notion of charge and particle number.

2.6.1 The Segal Isomorphism: Wiener-Ito Chaos Decomposition and
the Fock Space

We will start by dealing with the complex case and then particularize our result to the
real case. The latter is shown in detail in Appendix D. If the Gel’fand triple discussed
above is considered with respect to complex spaces, we can build the triple

Nc € Ha C N, (2.29)



30 Chapter 2 Mathematical aspects: Gaussian analysis

where Ha represents the now complex Cameron-Martin Hilbert space. The conju-
gation x follows from our conventions (2.8) and (2.9). By using this triple, we can
consider N as a linear subspace of N[

Now, we move to the second quantized (s.q.) level. We therefore deal with the
Hilbert space L*(N{, Dyu.). Let us consider now an orthogonal decomposition of the
algebra of polynomials P(N(’:) introduced above in (2.14). Thus, we define Wj}n’m):
and denote it as the space of homogeneous complex chaos of degrees (n,m) as

Wilm): — Plam) [ Pl o Plm=1) (2.30)

where P("™) represents the completion (in L?(N{, Dp.)) of the set of polynomials of

degrees (n,m), and 73(”*1”")L is the orthogonal complement of the completion of the
set of polynomials of degrees (n — 1,m). The sequence of spaces W,}(n’m): contains a
basis of orthogonal polynomials for the Hilbert space LQ(/\/'(’C, Dyp.). In addition, these
spaces are generated by complex Wick monomials of the Gaussian measure p. (or,
equivalently, of the covariance A*Y), generalizing the definition of complex Hermite

polynomials to this more abstract setting [Hid80] as follows:

Definition 2.9. (Complex Wick Monomials) Let A*Y be the covariance of the
Gaussian measure .. We will use Wa (¢"¢™)%Y, with ¥ = (2;)™,,7 = (y;)",, to refer
to the distribution belonging to the symmetric tensor product of n copies on N{. and
the symmetric product of m copies on N1.*, i.e., Wa(¢"¢™) % € NL¥" @ NL**™ such
that

(bn(bm W H H <= &Xp [pz(bz + pz¢z - ﬁuAuva] : (2.31)

i=1j=1 6pxl 6 Pyi px=0

We will refer to this distribution as a complex Wick monomial of degrees (n, m) with
respect to the covariance A*Y.

With this set of polynomials, we can write any state in the Hilbert space L?(N¢, D)
as a linear combination:

V(g% PY) = Z N R (2.32)

n,m=0

We call this decomposition the Wiener-Ito decomposition in homogeneous chaos.
Notice that the set of polynomials can be decomposed into holomorphic and anti-
holomorphic parts:

Prol(NE) @ Pag(NE") € L (NG, Dpe) = Ligoy (NG, Dpe) @L3—(Ng, Dpie). - (2.33)
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This decomposition provides an exceptional tool for Gaussian analysis. In terms of
the coefficients in the Wiener-Ito decomposition, we can write the scalar product as:

/ Dpue(6)(67)¥(67) =
Ne
Z n'm' _— [(A*)n]ﬁ [Am]vmym@bx:;? _
n,m=0
S nml(ple, wiﬁ;%%(n ) (2.34)
n,m=0

Here, (,0;11;2 represents the coefficients of the chaos decomposition of ®. Therefore,

once weighted with vn!m!, the coefficients of the Wiener-Ito decomposition belong to
the Bosonic Fock space I'Ha ® I'H, where I'H represents the complex conjugate of
the Fock space. For a definition of this space, see section D.2. To find the coefficients
of the decomposition, it is useful to use the S, transform as:

n m

(nan) 1 . 0 0 _
wfngm T nlm)! H H KmiuiKijj %%Slt[qj](/’m Px)

i=1j=1

(2.35)

px=0

Let us recall that Ky is the (weak) inverse of the covariance A*¥. We see that the
decomposition of (2.34) is such that

L*(Ng, Dpie) = Lioy (NG, Dpie) @ L2 (NG, Dpie) —@<€BH” mm) (2.36)

n=0

This leads us to build an isomorphism between the Hilbert space and the Fock
space, which associates each state in L?( ¢» Dpe) with its coordinates in the linear
decomposition:

Definition 2.10. (Segal Isomorphism) We will call the Segal isomorphism the

mapping
T: L*(N{,Dp.) — F’HA®FHA
nym n,m=0

which defines a unitary isomorphism of Hilbert spaces, considering the scalar product
defined in (2.34). In this decomposition, the Fock space is further decomposed into

the orthogonal direct sum I'Ha @ THY = @, (@m . ,HXL m, m))‘

Two cases are particularly relevant for us:
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The Holomorphic Representation The holomorphic representation is described
by the holomorphic subspace L%, (N, Dp.). Their Wick monomials are particularly
simple: Wa (¢"¢°)X = (¢™)X. This fact remarkably simplifies computations because
holomorphic functions have a Wiener-Ito chaos decomposition given by

Vo (6%) = > U2 (¢")™ (2.38)
n=0

independently of the Gaussian measure considered. Besides, the coefficients of each
regular monomial belong to orthonormal subspaces.

The Schrédinger Representation For the real case, the subspace is L? (N’, D,u).
In this case, we also have a Wiener-Ito decomposition. In fact, this is the case we
explicitly prove in Appendix D. In that appendix, we work out the decomposition
from the real S transform. Therefore, Wick monomials are given by

. s
"R = H 5, O (Lap” — fsxAmysy) » (2.39)

or recursively
Definition 2.11. (Wick monomials) We denote : ¢©" : }i =" [, and call
the Wick monomial of degree n with respect to the covariance A*Y, the d1str1but1on

belonging to the symmetric tensor product of n copies on N, i.e. \A e (V)&
such that
L ‘A -
o [a=e
. (pn . i,xn—lyxn _. SOn—l . f,x7z71(pxn _ (TL - 1)Axn(xn_1) . (pn—Q . PZ (2.40)

where the parenthesized indices are symmetrized according to the convention (2.15).

Then the Wiener-Ito decomposition is given by

Z wl’n :

the coefficients belong to the weighted Bosonic Fock space obtained from I'H A with
weights v/n! and the scalar product is

: x" (2.41)

o0

[, PremE Zn' g, [AT T El) = 3 (o) wE),,, (242)

n=0



2.6 Wiener-Ito Decomposition in Homogeneous Chaos 33

Here qbg;) represents the coefficients of the chaos decomposition of . Notice that this
recursive definition of Wick powers coincides with the usual prescription for normal
ordering in quantum field theory where A*Y resembles the propagator of the theory
considered. However, that prescription is rooted in an ordering choice for creation
and annihilation operators. This is not the case for this representation as they
appear as generators of orthogonal polynomials built upon one-dimensional Hermite
polynomials. This is shown in Appendix D. Moreover, A*Y only integrates over spatial
coordinates and therefore is not a propagator. Nonetheless, this resemblance allows
us to compute pointwise products of functions in terms of their chaos decompositions
using the well-known tool of Feynman diagrams [Mos19].

2.6.2 Feynman diagrams

In particular problems, such as perturbative expansions, it is often useful to compute
chaos decompositions of pointwise products of functions. Let us assume that we have
U, ® € L*(N’, Dp) and they are such that the pointwise product ©(¢*) = ¥ (¢*)®(¢*).
Examples of these functions include the spaces of Hida-Kondratiev test functions
introduced below and in section B.1. The question at hand is, given the chaos
decomposition of ¥(p*) and ®(¢*), what is the chaos decomposition of ¥ (p*)P(p*)?
To answer this question, we show the following identities:

st ”Z" :Z(—l)’f <2T;> (2k — DN(AF) @2 [(pn—Qk]fn—%)

k=0
L3l . ) )
PE=Y () - puahE T )
k=0

In these expressions, we must be aware that products of distributions must be
dealt with carefully. In particular, Wick monomials can be interpreted as a point-
splitting regularization procedure that is needed to make sense of local products of
distributions, see Remark 4.2 and [TW87]. Taking this into account, we show that,
for m < n, we get

m
ﬂ'n, ﬂm n m T, v - bl n+m-—
:Son: Z :SDmZ‘Z :§ :k|<k><k)(Ak)xk,yk(pn+m 2k:’(§y +m—2k (2.44)
k=0

To compute integrals of pointwise products of monomials, the definitions given so
far are rather difficult to implement. For this reason, we will present a diagrammatic
approach to deal with these equations, the well-known Feynman diagram technique.
Let {42 p”}1 | be functions of Ha, the Cameron-Martin or one-particle Hilbert space,
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ATY
zp; ° ° @/)2

A = (YR A"V (Ya Aehy)
by e * U,

and the set of half edges {{1,2},{3,4}}, we can construct a Feynman diagram as
follows:

In the following, we skip the notation of the function by its label and skip the
bilinear A*Y in each line. To be more precise, let us define rigorously what we mean
by a Feynman diagram.

Definition 2.12. (Feynman diagram) A tuple (V, H) is called a Feynman diagram
with n vertices and rank r < n/2 if V is a set of n vertices and H is the so-called set
of half edges which consists of r disjoint pairs of vertices. The vertices which do not
belong to H are called unpaired vertices and are part of the set A.

1l e o 2 1 e o 2
5 e 5 e
3 e o 4 3 e o 4
@) H = {{1,2}}, A ={3,4,5} (b) H = {{1,2},{3,4}}, A = {5}
1 e 2
5)

L

(© H ={{2,4},{3,5}}, A= {1}

Figure 2.1: Examples of Feynman graphs with V' = {1,2,3,4,5} and different H and
A. Figure from [Mos19].

This technique is particularly useful for computing correlations between functions
in the homogeneous chaos of order one. These are identified with the Cameron-
Martin Hilbert space Ha and, provided that their product is well-defined, we get

Theorem 2.1. (Wick theorem) Let {{,¢"}?_, C W' be a family of functions of
the homogeneous chaos of order one. Provided that the product is well-defined, we
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obtain
[n/2]

1 -2 T—
Yhe gt = Y > | SR L (2.45)
=0 I'=
rank k
n vertex diagrams
Noticing that the integral of any Wick monomial of order greater than zero is null,
we get

/Du(w"wéw---ww: T (2.46)
Ff

comﬁete
diagrams
of order n
where we denote diagrams with even n vertices and rank n/2 complete Feynman

diagrams.

Using this result, we interpret the combinatorial factor ("2")(2k — 1)!! of (2.43)
as the number of Feynman diagrams with n vertices and rank % that one can draw.
Notice that they become degenerate due to the symmetrization operator in the
indices. With these considerations, we are in a position to answer the question posed

at the beginning of the section.

Example 2.4. (Chaos decomposition of the pointwise product) Choose ap-
propriate functions such that ©(¢*) = U(¢p*)®(¢*) is well-defined. With chaos
decomposition given by ¥(¢*) = Y wgz) " :|% and ®(p) = 3, gZ)fETn) L™ |,
Then we write

0(1)( ° w(”)(o ¢(m)( °
D S VI (9 1CO NS ik
o n,m=0 n+m—I1=2k ° °
) . ) )

Where the free vertices are supposed to be symmetrized. The subgraph with k
vertices is any that only has half edges H such thatv € H is of the form v = {xy,ys}
with x; being a vertex of @b(”) and y, being a vertex of qb(m). The combinatorial factor
takes into account how many diagrams of this type can be written down and are
equivalent due to the symmetry of (™ and (™).

2.6.3 The Segal-Bargmann transform: Isomorphisms between the
real and holomorphic cases.

In the case where the covariance for the complex case, A*Y is real and symmetric, we
can establish a unitary isomorphism between the subspace of holomorphic functions
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L% (NE, D) and L*(N”, Du) just by performing an integration over the imaginary
part of the coordinates:

Definition 2.13. (Segal-Bargmann transform) We denote by the Segal-Bargmann
transform the unitary isomorphism

B: LXN'.Du) — L%, (N& Due)

where both u, . are Gaussian measures with a real symmetric covariance A*Y,
adapted in each case to its domain. To write the explicit formula for this isomorphism,
we take an arbitrary ¥ p., € L>(N’, Du) and denote B(V peq)) = V. Then it follows
that f/\/’ Duc(¢*) = [\ Du(@*) [y Du(m*). Let ¥y be a holomorphic function with
chaos decompos1t1on given by (2.38), integrating over the imaginary degrees of

freedom
/Du YW o1 (@ /Du (¢ —im)"" =

a: - DM 52 p—im)?
e /
n 8n z X\ —i€,m*
Zﬁggk”/mww&
Erp®— EuA )
wan agn

where & € N is real. With this consideration, B(V g, ) is computed by obtain-
ing the chaos decomposition of ¥ p.,; and replacing Wick monomials with regular
holomorphic monomials.

A similar isomorphism is obtained using the antiholomorphic subspace in the
analogous form

Zw n : ;Z ‘I/Real(SDX)

B: L*(N', Dp) — L2—(N¢, Dpe).

Notice that this integral expression computes B~'. We will be able to introduce
an integral expression for B~! using the technique of white noise integral kernels in
(5.56).

These transforms play a relevant role in the construction of physical quantum
field theories, as they allow for the relation of the holomorphic and Schrodinger
(or antiholomorphic and field-momentum) functional representations of quantum
states with respect to their appropriate Gaussian measures. We will use this fact in
chapter 4 to study the relation of different representations of the same QFT.
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2.6.4 Malliavin calculus: Weak derivatives and Skorokhod integrals

The algebras studied in section 2.5 allow for a well-posed notion of Fréchet derivative
defined as in [Hid&93]. This is because we can explicitly write down its expression
and check its continuity. We can enlarge, in a weak sense, this notion of derivative to
an appropriate subdomain Dﬁ’l C L*(N’, Du). This weak notion of derivative is the
Malliavin derivative. We will also present its adjoint operator, the Skorokhod integral.
These tools may be used to model further relevant tools in QFT such as creation and
annihilation operators, or the number operator. Let us briefly introduce them in the
simpler case of a real domain and generalize them later to the case of complex ones.

As in the complex case, a polynomial of a real variable ©* € N/, with coefficients in
Nc and degree n, can be written as

0 1 x 2 2\x1x n LAY 2S
Po(p) = C° + Crp” + Cp 1, (7)1 + -+ + CF (") (2.47)

The algebra of polynomials of a real variable is denoted by P(N’). This set is dense
in L2(N’, D), so we start introducing the operations of Malliavin calculus on P(N”)
and then extend them to the whole space by linearity. On polynomials, the Fréchet
derivative has a particularly useful expression in terms of the operator d,y = 0, that
can be defined over monomials as

O Oy e o (@) = Cy gy ey (P77 H)E0 L, (2.48)

By linearity, this operator is extended to P(AN’) without further complications.
The Malliavin derivative is the extension of the Fréchet derivative, defined in (2.48),
to an operator
Ox : D2 — HaA ® L*(N', Dp) (2.49)

where the domain of the operator is

D! - {‘I’wﬂ S s St < “} =
n=0

n=0

and acts on ¥ (¢*) as

QW (%) =3 mypl  pn Tl | (2.51)
n=1

The key feature of this derivative is that the resulting derivative makes sense as a Ha
function and does not have a pointwise meaning as in (2.48). This notion is analogous
to the construction of the weak derivative in Sobolev spaces, and for this reason,
it is sometimes referred to as the Gross-Sobolev derivative [Hul6]. The Malliavin
derivative can thus be considered as the generator of derivatives in directions of
the Cameron-Martin Hilbert space. Furthermore, through the isomorphism Z, the
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contraction A*9, is mapped to the annihilation operator on the Fock space I'(Ha ).
We will use this in chapter 4 to construct the annihilation operator of QFT.

The adjoint operator of the Malliavin derivative is the Skorokhod integral 9**. It is
an operator defined over Dom(9**) C Ha ® L?(N”, Dp)

0" : Dom(0*) — L*\N’,Dp)

T(p¥) o 0T (oY) (2.52)

It is important to remark that the Skorokhod integral is able to integrate more
elements than those obtained from (2.51). Indeed, a general element ¥, € Ha ®
L*(N', D) admits a Wiener-Ito decomposition in which

DUy, @& ingeneral w(l # Uy (2.53)
n=0

In other words, (wi"?}n)zozo is not necessarily symmetrized and hence it may not be an

element of the Bosonic Fock space I'(Ha ). Nonetheless, if 122111) = w((:)yn) is indeed
the decomposition of an element of I'(#a ), then Uy € Dom(9**) and

o0
oo, =3 P R (2.54)
n=1
This, for a large class of functions in Dom(9**), can be written in terms of the
Malliavin derivative as
= — A", + (2.55)

Notice that the Skorokhod integral is a generalization of the Ito integral, which
coincides with it when the domain has dimension one. In this case, it is identified
with a time parameter, and we consider only ¥, as a process adapted to the filtration
of Brownian motion, see [NOP09]. See chapter 4 for its connection with the creation
operator of QFT. It is even possible to extend these operations to the space of
Hida distributions (N¢)’ introduced in the next section. For further details on Hida-
Malliavin calculus, we refer the interested reader to [NGYP09].

Another operator that can be easily written in terms of the latter two is the particle
number

Np =00, = —A™0,0y + ¢* 0, (2.56)
The first application that we will find is the extension of : :|a» of Definition 2.11

to an operator acting on arbitrary functions

Example 2.5. (Wick order operator: :|5») [CD06]
Let F(¢*) be an arbitrary but well-behaved function. Using Malliavin derivatives,
we define
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1
D F(¢™) :|a = exp ( - iNy(‘?@x@@y)F(go") (2.57)

Using the Baker-Campbell-Hausdorff (BCH) formula, we can see that treating &, ¢”
as a multiplicative operator

exp (—%Awy8¢z8@y> exp (fxgom> = exp (fmcpx—%foxyfy) exp (—%Awa@a@y—@my@y)
Thus, applying these operators to the constant function 1, we get
D" | = fr P 3G ATy
which coincides with the generator of (2.39). As a consequence, this operator
generalizes Definition 2.11 to arbitrary functions. As an operator; it is invertible,

and
= ea. (2.58)

These notions can be easily extended to the holomorphic and antiholomorphic
cases.

Dy U(¢%,6Y) = Y nWa(pLgm)Fitmyplnm) (2.59)
n,m=0

05 W@, &) = Y mWa(¢ngm )Tyl (2.60)
n,m=0

Here, each derivative must be understood in the Wirtinger sense:
1
V2

On the other hand, the associated Skorokhod integrals act on (anti)holomorphic
functionals as:

Opr = —=(0pr +102),  Oge = — 10ra) (2.61)

%" — _Amyad;y + ¢°, 8*¢IWA(¢n(z;m)2nﬂm — WA(¢H+1¢;m)$’anm
8*¢w _ _(A*)xyad)y 4 &x’ 3*¢IWA(¢"QBm)E"gm WA(qﬁ”(Em“)g"gmvx (2.62)

In the same form as in the real case, we can write down the particle number
operator N and the U(1) charge @, which can be interpreted as encoders of the
matter/antimatter content of the states in QFT:

N =0 05+ 0. Q=005 — 9 9. (2.63)

With those operators, we see that the decomposition of (2.34) is such that



40 Chapter 2 Mathematical aspects: Gaussian analysis

L*(N¢, Dpe) = Z@(Z oMY mm) (2.64)
(n—m,m)

where H are simultaneous eigenspaces of N and () with eigenvalues n and
n — 2m, respectively.
We can also generalize Example 2.5 to the complex case.

Example 2.6. (Complex Wick order operator YW,) Let F(¢*,$*) be a well-
behaved function. Using Malliavin derivatives, we can obtain explicit expressions for
the operators Wa. Let

A [F(¢X, Jfﬂ — exp ( - Axy({)d;mﬁd)y)F(d)x, 7). (2.65)

Taking the function exp [,ozdrz + ngbz] and treating it as a multiplicative operator,
the BCH formula states

exp ( — A"z, 8¢y> exp [p-07 + p.¢°] =
exp [pz¢z + ngbz - ﬁ:rAxypy] exXp ( - Awya&v aqﬂ’ - ﬁmAxyadny - pzAmyaJ;y) .
Thus, applying this operator to the constant function 1, we get

WA [eXp [W + pz(bz} } = ©Xp [W —+ pZ(ﬁZ - ﬁxAxypy]

This is the generator appearing in Definition 2.9 and generalizes it to any function
F'. As an operator; it is invertible, and

WA = W_A. (2.66)

Let us briefly introduce, for later convenience, Gross-Sobolev spaces [Hul6] that
extend the concept of (2.50) to any LP-norm and m number of derivatives. This
represents the generalization of Gaussian analysis to the standard notion of Sobolev
space, see e.g. [Tre67]. The L? norm ||-||,,. , of a function ¥(¢*, $*) is

19 = ( /. Du(qsxnwx,wp)

Definition 2.14. (Gross-Sobolev spaces) The holomorphic Gross-Sobolev space
]D)ﬁ’cm is the Banach space for integers p > 1 and m > 0 defined as

D77, = {W(¢) s.t. |1+ M) F Wl < 0} 2.67)
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For the special case of m = 0, we denote ]D)ﬂ’co = L’;{Ol( ¢ Duc), the holomorphic LP
Banach space of the Gaussian measure ji.. It can be shown [Hul6] that D} is the
domain where

b+ DT — HR™ @ Ly (NE, Dpte)

can be defined as a bounded operator. See Theorem B.3 and the comments below.

Gross-Sobolev spaces fulfill D™ ¢ D™ and, due to Hélder’s inequality for
probability measures, DI ¢ DI™. In particular, LY(N%, Du.) € LP(NE, Dp,) for
P=q

2.7 Hida test functions and Hida calculus: second
quantized test functions

The set of Hida test functions represents a second quantized (s.q.) notion of test
functions that may be considered just an additional example of Nuclear-Fréchet (NF)
space. What we mean by second quantized construction is to consider that these
Hida test functions are defined as functions on a DNF space N with coefficients
in its dual Nc. We denote (AN¢) as the set of Hida test functions built upon N¢ and
(Nc) as its strong dual, the set of Hida distributions. The corresponding nuclear
space structure can be seen in (2.72).4

Due to its relevance in the description of the space of pure quantum field states,
we have prepared a specific section for them and their tools. This concept of s.q.
test function is far from unique, and we refer to Appendix B for other definitions
and a deeper study of their structure. In this work, we use (N¢) because there is a
straightforward generalization of Malliavin calculus to the space of Hida distributions
(M)

We will introduce (AN¢) using rigged Hilbert spaces. Let us first consider the
Hilbert space that we will use in the construction of a Gel'fand triple at the level
of N¢. Using Definition 2.2, we know that the topology of the latter is provided
by a sequence of Hilbert spaces (H,, (-,-),) and embeddings H, — H,, which are
Hilbert-Schmidt. We will use these ingredients to build another sequence of spaces
and Hilbertian norms at the level of the functions on N/ and define, via a projective
limit, the corresponding nuclear space structure for (N¢), see (2.72).

Let us consider the Gel’fand triple associated with the case when N consists of
complex test functions of compact support (i.e. the complex counterpart of equation
(2.5)) with respect to the Hilbert space Hy; = L?(%,dVoly,). This Hilbert space is
obtained as the completion of CS°(X) with respect to the scalar product induced by
the measure dVol;, associated with a Riemannian metric » on the hypersurface X.

“Notation in this case, even though standard, could be misleading. Notice that (Nc) represents Hida
test functions with domain N¢.
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Thus, we are considering the triple
Nc € LA(%,dVoly,) ¢ N (2.68)

By using this rigged space, we can represent the space of test functions C2°(X)¢
as a suitable linear subspace of the conjugate space of distributions N¢ C D/(X)¢.
We shall use this set as the set of classical fields later in chapter 3. Our notion of
test function is provided by a nuclear topology and the injection of that topology
into a Gel’fand triple respecting continuity. This is the construction used in white
noise analysis [Hid&93, Wes03, Hol&10]. The topology of the space of test functions
does not really depend on the particular Gel’fand triple that we use to realize the
duality. Because of this, it is common to introduce them as a subset of the white
noise space of square integrable functions LQ( (/c, Dp), where 3 is the white noise
measure whose characteristic functional is

D6(¢x)ei(ﬁZ¢z+Pz¢z) — o PPy exp <_/ dVQl(q;)ﬁ(x)p(,f)) (2.69)
N )

Moreover, from this definition, we have that Hy, becomes the Cameron-Martin
Hilbert space of L?( ¢, DB). Analogously, we will use the same symbol § for the
Gaussian measure over the real space N’ and the same covariance, that is, with
characteristic functional exp (%)

We will treat holomorphic and antiholomorphic functions separately. Thus, we start
by considering holomorphic polynomials with coefficients in N¢ as the minimal space
of test functions® in L%{Ol( ¢, D). Recall that a holomorphic polynomial of degree n
with coefficients in N¢ can be written as

Pn(qu) -0 + C;(ﬁm + ngg (¢2)x1x2 I C%Ln(qbn)w_ﬁ (2.70)

Consequently, we must consider the algebra of holomorphic polynomials P (N.),
which we know forms a dense subset of the Hilbert space L%Ol( ¢ Dp). The next
step is to enlarge the set Py (N({;) to obtain a more operative notion of test function.
To that end, we make use of the topology of A¢ to build a sequence of Hilbert spaces
and injections, and define our final set as the projective limit of that sequence, as
explained in Definition 2.2.

Remember that A/¢ is a nuclear space that we see as a subset of Hy,;, and therefore
it admits the sequence of Hilbert spaces, scalar products, and injections described
in Definition 2.2. If we denote H,, with 0 < p,q as the weighted Hilbert spaces
with norm || - ||,4 = 23| - llpand || - |lo = || - |lvor, we can also consider a g-parametric

SFor the case of homogeneous polynomials, we can even endow this space with a nuclear topology
[Din81].
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sequence of Bosonic Fock spaces I'H,, , whose projective limits define

IMHeoo < -+ = THyo — THyy =L% (NG DB)
T T T
Moy — -+ = THyy — THo,
j.\ T T (2.71)
T T T
No) 2 THoowo — o+ = THpeo — THowo

We refer to [Hid&93, Oba94, Kon&96, Kuo96, Wes03] for detailed studies of these
projective limits. The space of Hida test functions (N¢) is then obtained as the
projective limit of that sequence, and we can write

(Ne) = ﬁ ! (F“rlp,q>. (2.72)

p,q=0

Where 7 is the Seagal isomorphism (2.37) with respect to the white noise measure
S. It is important to remark that the topology of (N¢) depends only on the topology
of the nuclear space N¢ and not on the particularities of the white noise measure /3
(see [Kon&96]). This is a consequence of the independence of the Gaussian measure
on the chaos decomposition for holomorphic functions that we noted in (2.38).

With these spaces in hand, we can define the white noise Gel’fand triple by intro-
ducing Hida distributions

(Ne) C Ly (NG, DB) € (Ne)™, (2.73)

We can describe the dual space (N¢)', in an analogous way to the definition of
(Nc), as the injective limit

oo
—1 *
Wo)' = Uz (T, —y). (2.74)
p=0
Here, the Banach space H_, , is identified with the dual of #,, in the Gel’fand
triple Hp g C Hyor C ’H*_py_q and Z~! is extended to provide a chaos decomposition in

this distributional context using Hida Malliavin-calculus techniques that we present
below. Again, we refer to [Hid&93, Oba94, Kon&96, Kuo96] for further details.

As anticipated, the role of the white noise measure f is auxiliary in the construction.
If we consider any other Gaussian measure u. with covariance A*Y such that there
exists a ¢ > 0 and a norm of the chain | - ||, , such that [p,A™p,| < ||px||? ., then
according to the characterization theorems [Kon&96], we also have

(Ne) C Ly (NG, Dpe) € (Ne)™, (2.75)
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An equivalent derivation can be considered for any Gaussian measure, as for instance
the one corresponding to the vacuum of the quantum theory. We call this case the
second quantization Gel’fand triple. We must also consider the decomposition for
the antiholomorphic part. Thus, we consider the triple

(W) ® (Ne)* € L*NE, Dpee) © (Ne)™ @ (M) (2.76)

Hence, Hida test functions respect the decomposition into holomorphic and antiholo-
morphic parts of (2.33).

We list below some important properties that showcase the power of the Hida
triple. For different presentations and proofs, we refer to [Hid&93, Oba94, Kon&96,
Kuo096, Wes03].

e Let ¥ € (Ng) ® (Ne)*, the coefficients of its chaos decomposition fulfill wén)’ﬂ,m) €

/\/g” ® N(é@m. Moreover, ¥(¢*) is a pointwise defined continuous function.

e (Ng) and (Ng) ® (Ng)* are algebras under pointwise multiplication. Moreover,
the algebras P, T, and C introduced in Section section 2.5 are subalgebras of
one or both spaces. See Appendix B for a proof.

* Hida test functions are infinitely differentiable, and they and their derivatives
belong to LY, ,(N{, Du.) for all p > 1. This is encoded in

No) & [ DEmi=D,, (2.77)
p>1,m>0

See Appendix B for a proof. ©

¢ As a consequence of the previous property and the fact that the dual of an
LP-space is an L?-space with % + % =1, we get

LP(NE, Due) € (Ne)™ @ (Ne) Vp>1

Below we enumerate some examples of Hida test functions and distributions that
allow us to operate in more general contexts in Gaussian analysis and will be of great
importance in the next chapters.

Example 2.7. (Hida-Malliavin calculus) The generator of the S, transform is a
Hida test function

exp (926" + pud” — PrlApy) € (N) ® ()"

GDMC is often called the Meyer-Watanabe space of test functions. We refer to [Hid&93, Hul6] for
further details.
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As a consequence, S, [V] can be extended to any Hida distribution ¥ € (N¢)*® (N¢)'.
In particular, this means that we can find a chaos decomposition for any Hida
distribution with a careful use of (2.35). This turns Hida distributions into easier-to-
handle objects than other notions of s.q. distributions.

The generalization of the machinery of chaos decompositions to general distri-
butions allows us to extend most of the tools of Malliavin calculus, described in
section 2.6.4, to distributions in (N¢)™ @ (N¢)'. This type of calculus is called Hida-
Malliavin calculus, and we refer elsewhere for a thorough construction [NOPOOY,
Hol&10].

A common problem that is solved by Hida calculus is to make sense of Radon-
Nikodym derivatives. This will be particularly relevant when QFT theories with
respect to evolving backgrounds are considered since these properties of Hida
calculus will provide us with tools to compare the states of the quantum fields with
respect to them. With these applications in mind, we briefly comment now on a few
useful properties:

Example 2.8. (Translation of a Gaussian measure) A general result of Gaussian
analysis, known as the Cameron-Martin theorem, states that a translation in the
domain by a constant element x* € N{ provides a Gaussian measure mutually
singular with the original one, unless x* € Hy, the Cameron-Martin Hilbert space.
This implies that the would-be Radon-Nikodym derivative

Dipe(¢* = X¥)
Duc(¢*)
does not exist as an Ll(/\/(’c, Dy.) function. The power of Hida calculus is to extend

its meaning to general x* € N{. as an element of (N¢)™* ® (N¢)' and provide a tool to
perform calculus with the generalized Wiener-Ito decomposition.

= eXp (d_)wnyXy + X" xy¢y - )?TnyXy)

Example 2.9. (Mean zero Gaussian measure) In general, Gaussian measures
with different covariances, even if they both fulfill an estimate of the type |p, A" p,| <
lpx|2 4, are mutually singular.

When working with the space of Hida test functions, if v. is another mean zero
Gaussian measure with covariance 2*Y, then

Dy, 5 Ty Y
Spe [*] px) = ePr Ay
12 D,uc ( X)

where gZz € (Ng)™ ® (Nc)' makes sense as a Hida distribution even if it does not as
a function.

Example 2.10. (Reproducing Kernel) Coherent states of the holomorphic sub-
space K\ (¢¥) € L}, (NL, Dpc) can be extended to elements p* € Ha as K,(¢¥) =
e’ Kxv?” that makes sense as an element of L%, , (N{, Dy.) but, moreover,

S [ ) =
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Then e°“K=v9" ¢ (N¢)' is a Hida distribution and works as a reproducing kernel when
it is paired with (N¢) C L%, (N, Dpe). Thus, for ¥ € (Ng)

/N, Dpte(¢)e” Kot (%) = W(o™) (2.78)

A question that deserves more attention is why we choose white noise instead of
the second quantization Gel’fand triple if the latter possesses richer physical
meaning when we interpret u. as part of the vacuum of our quantum theory. We
could also present Hida test functions and distributions using this triple, but the
fact that the topology of (AN¢) only depends on that of NV turns white noise into an
auxiliary but simplifying way of presenting it. Moreover, the vacuum of a theory is a
particular feature of such a theory, and therefore we cannot assume prior knowledge
of the measure p. that is part of the vacuum. In this way, in order to consider the
most general setting, it is better to model pure states as the common dense subspace
of Hida test functions (N¢). In that case, we can write down the equations of motion
and the operators of the theory only referring to this set of test functions, as we
will consider in chapter 5. However, these equations cannot be solved in (A¢), and
the operators considered to describe observables will have naturally larger domains.
In order to recover the full space, we will use our a posteriori knowledge of the
Gaussian measure that endows (N¢) with a pre-Hilbert topology and complete it to
recover the whole space. This procedure is similar to the protocol to recover the
one-particle Hilbert space from a classical field theory used in [Wal94]. In that case,
we can model the classical theory over a space of test functions A and then complete
it with a Hilbertian norm that depends on the particular theory we are considering.
Notice, though, that the treatment in [Wal94] is covariant, and here we aim to model
a non-covariant approach. This is important to notice in regard to the treatment of
the equations of motion. Our discussion on how to introduce evolution is radically
different from covariant approaches and is the subject of study in chapter 5.

2.7.1 Integral kernel representation of operators

In chapter 3 and chapter 4, the reproducing kernel machinery of Example 2.10 will
be used extensively to express operators acting on (N¢) C L%{Ol( ¢, D) as integral
kernels with respect to u. in chapter 3 and with respect to white noise 5 in chapter 4.
In this section, we prepare the basic tools to handle this kind of object.

Skorohod and Malliavin derivatives of a holomorphic function have simple integral
kernel representations. Let ¥ € (N¢) and fx € Ha, then we can define the action of
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a symbol f on the state ¥ as:

S0 (™) = | | Dpue(@)e 07" [ (%)

Fo0" W (0%) = /N Dpue(¢)e? Ko f,07 0 (4%). (2.79)

This is a simple consequence of the Skorohod-Malliavin duality and Example 2.10.
The white noise kernel will be

[0 () = | D)0 A6 (6%)
fzax\I/(ax)—/ DB(¢*)e? %v” £, 07T (¢¥). (2.80)
Ne

These expressions are particularly simple in the holomorphic case and, for that
reason, we limit our attention to that case in this section. However, spaces with real
domains will play an important role in the description of the Schrédinger and field
momentum pictures in the following chapters. We will briefly discuss how to enlarge
this machinery to white noise reproducing kernels in section 5.5.2.

The action of linear kernels over functions amounts to a particular order in the
application of derivatives and multiplications by the monomial ¢*. This is, for
arbitrary kernels, we express

/DB(U)’CW‘, %) (o) = K(¢*, 5 05v) ¥ (0)|o=0- (2.81)

This can be easily extended to kernels for different measures. However, for white
noise kernels, we can derive a composition rule that defines an algebra.
First, consider linear operators

AL N — . (2.82)

These linear operators can be interpreted as infinite dimensional matrices. Extending
the conventions of (2.1) we introduce the conventions of multiplication (AB); =
A’;B; and the index notation Ay, = 5sz§, and A = A%§*Y. Using the expressions
above, we obtain
DB(o)e?" Aved " Boyy — @7 (AB)ay7" (2.83)
Ne
Using this computational rule, we can find an algebra of trigonometric white noise
kernels
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J DB(0)A(¢,5)B(0,7) :
B
V2 cosh(N) cos(V) V2 cosh(N) sin(V) V2sinh(N) cos(V) V2sinh(N) sin(V)
A
V2 cosh(M) cos(U) || cosh cos © + cosh B cos @ 0 0 —sinh Esin © 4 sinh Hsin @
V2 cosh(M) sin(U) 0 sinh B cos © —sinhBcos® | coshBsin © + coshBsin @ 0
V/2sinh(M) cos(U) 0 —coshHsin © + coshHsin&® | sinh B cos © + sinh Hcos & 0
V2sinh(M) sin(U) || sinhBsin© + sinhBsin@ 0 0 coshHcos © — coshH cos ®

Table 2.1: Result of the integral | Dj3(o)A(¢,5)B(0,7) where the kernels A and B
are specified in the first column and row respectively. M = ¢*M,,0Y,U =
¢"Upyo?, N = 0" Ngy3¥ and V = 0"V, AY. Also B = ¢*(MN + UV)7Y,
B=¢"(MN-UV)p3Y, & =" (UN+MV)z7Y and © = ¢*(UN-MV )7

Of course, to describe a real algebra of white noise reproducing kernels, we
should ask for M, Ng, Uy and V§* to belong to an algebra of operators. We will
focus on this algebra because A(¢,5)* = A(¢,0), so when they act on a function
by [ DB(c)A(¢,5)¥(0), they do not mix the real and imaginary parts of the chaos
decomposition (2.21).

2.8 Comments on Geometry

Nuclear-Fréchet (NF) spaces present further convenient properties for the modeling
of infinite-dimensional manifolds. The topic of geometry on locally convex spaces is a
vast subject; for further results, we refer to [KM97]. Roughly speaking, the problem
is the following: we may want a notion of derivation compatible with the well-posed
notion of the derivative of a curve on a locally convex vector space E. That is, let
v :R — FE be any smooth curve. Then a map f : £ — F, where F' is another locally
convex space, is called smooth and denoted f € C>*(E, F) if

fov:R—>FE—F (2.84)

is a smooth curve. Notice that since it must work for any ~, we are asking that f
must preserve smooth curves.

Once this notion is established, we may ask if a smooth map is continuous with
respect to the locally convex topologies of E' and F'. To see this, we endow F with
the c*°-topology, which is the finest topology making every smooth curve vy : R — FE
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continuous. This is, in general, finer than the locally convex topology of £ and does
not have to render the completion £ into a locally convex space.

With this discussion at hand, we have that f € C*°(E, F) is continuous if E is
endowed with its ¢®°-topology. So it is convenient to perform geometry in a category
in which both topologies coincide. Fréchet spaces belong to this class; so do the
strong duals of Fréchet-Schwartz spaces, of which DNF spaces are a subcategory.

For NF and their dual DNF spaces, we find that they are even (C'°°-paracompact,
which implies that there exist C'™° partitions of unity. We can even find a stronger
result asserting that strict inductive limits of FN spaces are also C'*°-paracompact,
which is the case that allows us to extend the Bochner-Minlos theorem in [GV16].

These considerations allow us to extend the tools of integro-differential analysis
described in this section from the linear spaces NV, N’ to manifolds locally modeled
over those spaces. This extension may be needed in more general frameworks such
as Yang-Mills theories but will not be treated in this work. We limit our discussion
to linear spaces and their geometrical structures, thus providing a flavour of this
geometrical, or global analytic [KM97], setting.
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Classical Statistical Field TE:Jf
Theory: Koopman-van Hove % =1
theory in infinite dimensions <*\J,iT 7>

3.1 Introduction

Most of the problems that we will face in QFT in curved spacetimes are already
present in the description of a Classical Statistical Field Theory (CSFT) in the
Koopman formalism. Our objective in this chapter will be to present CSFT in the
Koopman-van Hove (KvH) formalism. This formalism builds upon the Koopman-von
Neumann (KvN) approach [Koo31, vNeu32] and van Hove prequantization theory
[Van51] to study the representation and dynamics of classical statistical mechanics.
Our focus in this chapter will be presenting KvH theory for the infinite-dimensional
case. It is worth noting, though, that the main focus of this thesis is the quantum
counterpart of the theory. For this reason, we will just present a brief discussion
drawing some conclusions that will be useful in the quantum case and leave the most
difficult parts for the quantum case.

Koopman formalisms deal with statistical descriptions in phase space. This for-
malism, in the finite-dimensional case, has been widely studied since its inception
[Koo31, vNeu32] and has been recently revived to develop hybrid quantum-classical
systems in finite-dimensional settings [BGT19, GT20, GT22a, GT22b, Bou&23, MT24].
For the sake of simplicity, consider the manifold 9t = T*R" = R?". This is a trivial
example of the cotangent bundle of coordinates (¢, pi)i_, endowed with the canonical
symplectic form w = dp’ A dg;, where the sum over indices is implied.

Consider the symplectic volume

n

A=wA" T Aw
; a classical statistical state of the system is described by a probability density
o€ LY(OM,A).

Sometimes it is convenient to deal with the representative of this in the space of
densities o(g;, p) € Den(90), this is without the volume form. The evolution of this
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state, for a given Hamiltonian H(q', p;), is provided by the Liouville equation

d OH 0p O0H 0o
i —{o,H} =

dq* Op;  Op; O¢*

(3.1)

Here the Poisson bracket of two functions f,g € C°(9) is defined using their

Hamiltonian vector fields X, X,. These are the solutions to X;.w = —df. Therefore,
we define the Poisson bracket {-, -} and the Poisson tensor J as
{f,9} = w(Xy, Xq) := J(df,dg). (3.2)

In the Koopman formalisms, we look for representations of the previous dynamics
as unitary transformations on the Hilbert space L?(90, A). The original Koopman-von
Neumann (KvN) prescription takes the square root of ¢ as the representation of
the state. However, this representation does not represent the Liouvillian operator,
the generator of the dynamics, as an observable [Bou&23] and leads to ill-defined
variational principles to treat the dynamics [BGT19]. Instead of that prescription,
we will use the Koopman-van Hove (KvH) prescription, see [GT22b], that consists of
representing the algebra of observables using prequantization theory.

For that matter, we should understand the space L?(91, A) as the space of sections
on a line bundle B and introduce a connection V with curvature 7. Then, the classical
observable F' € C*°(9) is represented as an operator acting on the Hilbert space
through the prequantization mapping P as

P(F)=F —ihVx,.

The Liouville equation (3.1) in this framework is provided by a Schrodinger-like

equation (see [BGT19])
di
11— =
dt
Where ) € L?(9, A) is obtained from p using the KvH prescription that we will
discuss below. The formalism can be extended to any symplectic manifold; we refer
to [GT22b] for a great account of the Koopman treatment of the theory.

As we can see, this formalism presents classical statistical mechanics in a way close
to the Schrodinger picture of quantum mechanics. Extending this formalism to the
infinite-dimensional case allows us to determine which features of a QFT are already
present at the level of CSFT. In addition, it will be the pathway used in chapter 4 to
derive Hamiltonian representations of QFT, such as the Schrodinger picture, through
geometric quantization.

Nonetheless, this formalism has some drawbacks that we must discuss in sec-
tion 3.2. In summary, the relation between 1 and p is not straightforward due to
a gauge symmetry present in the choice of connection V that will permeate every
aspect of the theory.

P(H ). (3.3)
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Firstly, in section 3.3, we will focus on the description of Gaussian states. In
order to describe them in the infinite-dimensional case, we should deal with the
nuisances of integration theory presented in chapter 2. This is, we will describe the
fields and their associated field-momenta as distributions of N’ denoted by (¢*, )
and introduce the state as a Gaussian measure p defined through a characteristic
functional as in section 2.4.

Secondly, in section 3.4, we will focus our description on the KvH formalism in
which we factor out Gaussian states and describe prequantization theory and the
evolution equations. In this context, we will describe the evolution equation with
the addition of a connection I'; to the time derivative. The particular nuisances of
this description are beyond the scope of this work, but we present here an informal
derivation to exemplify the appearance of an object of huge importance in the
quantum counterpart of the theory as we will derive in chapter 5.

Lastly, in section 3.5, we will apply some of the results over a Klein-Gordon theory
on a curved spacetime with minimal coupling. In particular, we will get a prescription
to choose a Kahler structure that will be the basis for quantization in chapter 7.
In addition, we will see that the time-dependence of these structures reflects a
dependence on the geometric content that describes gravity. This aspect will be
exploited in chapter 6 to describe the coupling to gravity using geometrodynamics.

3.2 Koopman-van Hove theory in finite dimensions

3.2.1 Prequantization

As we advanced in the introduction, prequantization theory [Van51, Woo97] repre-
sents the Poisson algebra of classical observables (C*°(9),{-,-}) acting on a Hilbert
space built in the following manner. First, we introduce a Hermitian line bundle
m B — IM; this is, a vector bundle whose fibers are C. Over this fiber bundle, we
consider its sections v, (s € I'(9M, £) whose scalar product is

<¢s>§s> :/imw:Cs(qiapi)A' (3.4)

The Hilbert space in which we will represent our classical statistical states is the
Hilbert space of square-integrable sections.

H = [y € T(IN, £) S.t. (ths, g) = [[Us]|2 < 00} (3.5)

w

Over this bundle B, we introduce a connection V such that its curvature is 7.
Throughout this work, we will choose natural units such that 2~ = 1. To study this
kind of connection, we introduce its connection one-form #. We name this object
the symplectic potential because it must fulfill —df = w. The introduction of this
connection also allows for a simplification of the expression of H by taking the
reference section ¢, € I'(9, £):




54 Chapter 3 Classical Statistical Field Theory . i

Vxir = —if( X)), VX € X(M). (3.6)

where X(90t) are vector fields over 91. Also, we require

(i @) Yr(pisd') =1 V(d',p;) € M (3.7)

Using the multiplication structure of the field C, any other section ¢, € T'(91, £) can
1

be written as ¢s = ), with ¢ € Denz (901) a half density. This decomposition allows

us to identify the Hilbert space of sections with a Hilbert space of densities:

H = L*(M, A),

as we were looking for. The observables are represented by the prequantization
mapping

P(F) = F —iVx,, for F € C®(M). (3.8)

It follows that this prequantization procedure P meets the Dirac prequantization
conditions [Hal1l3]:

Q1) P(F +G) =P(F) +P(G)
Q2) P(F)P(G) — P(G)P(F) = —iP({F,G})
Q3) P(F) = F1 if F is constant

for any F,G € C*°(9). This means that the prequantization mapping P represents
the Poisson algebra of classical observables (C*>°(9),{-,-}) as a Lie subalgebra of
Hermitian operators acting on H.

3.2.2 Gauge freedom and observables

The prescription —df = w for the symplectic potential leaves room for a redefinition
0 — 0+ do (3.9

for any o € C°°(9). This redefinition does not affect Q1) — Q3); thus, we obtain a
family of representations of the same theory related by a gauge transformation. This
gauge freedom acts on the elements of H in the following way. Let ¥ = ¢, € H and
o be the probability density of (3.1) representing the same state. The outcome of a
measurement must be equal in any representation. Thus, let F' € C°°(9) represent
an observable; we must impose

/m oF A = /m SIB(F ). (3.10)
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In terms of the function v, using (3.6), and integrating by parts, we get

o= |v)? + div (0.I19[%) +i{e, v*}. (3.11)

The right-hand side of this equality is sign indefinite. To deal with this difficulty, we
must restrict 1) € H in the following manner. Let ¢ = v/D exp(iS) with D € Den(t)
and S € C*°(9M) then

o= D +div (0.IJD) +{D,S} = D + div(D[f — dS].J)

This expression may be interpreted as the momentum map as follows. In this inter-
pretation, (DdS, D) is an element of a Lie algebra generating the infinite-dimensional
Lie group of strict contact diffeomorphisms acting on 7. Recall that there X is a
space of half densities, thus the action of this Lie group follows from the canonical
action of the group of diffeomorphisms. For further details on this construction,
see [GT20]. The divergence term is, in general, nonzero because dS is an exact
differential while # is not'. Thus, to ensure that p is positive definite, we must impose
conditions on the phase of v). However, notice that this condition is sensitive to gauge
transformations. Therefore, to preserve gauge invariance, we must enlarge (3.9) to

0 — 0+ do and ¢ — €'Y (3.12)

The same result is obtained directly from (3.6).

3.2.3 Dynamics

The Liouville equation (3.1) in this framework is provided by [BGT19]

dy

i =P(H)Y (3.13)

In terms of the decomposition ¢ = /D exp(iS), this may be written

d
D =—{(D.H} (3.14)
&5 =~ (S, H) — H +0(Xn) (3.15)

The term L := (X ) — H may be interpreted as the Lagrangian of the theory when
0 is the Liouville one-form. This dynamics does not spoil the sign of (3.11), thus we
may only impose the conditions over S to render it positive as an initial condition.

'We may cancel this term by imposing the equality dS ~ 6 in a generalized formalism using von
Neumann operators [GT22a].
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3.3 Adapting Classical Field Theory to the Statistical
Framework

In this section, we will adapt the geometrical description of a classical field theory to
the statistical framework of KvH. We will focus on the real scalar field. In this case,
the classical field theory phase space will be given by the cotangent bundle to a real
line bundle mxy, : L — . For simplicity, we will consider the trivial case in which the
space of sections I'(X, L) = N is a space of smooth functions over X. In this thesis
we will usually consider ¥ to be compact. Therefore, the NF space is V' = C°(X) as
in Example 2.3. That is, px will be a coordinate that represents a field. The simplest
example will be the case of a Klein-Gordon field theory. In this work, we will consider
only linear equations, and therefore the corresponding manifold of fields will admit a
linear structure, which will significantly simplify the geometrical setting.

Other descriptions of gauge fields or higher-order couplings in the equation may be
studied in terms of jet bundles, as in [Got&04, GIMO04]. The statistical descriptions of
this general setting are beyond the scope of this work. We point out that the measure-
theoretical technicalities have been already treated to some extent in [Mas08, Str19].

3.3.1 Choosing the Space of Classical Fields and Their Momenta

If N represents the set of fields, the corresponding phase space should correspond
to the cotangent bundle T*N ~ N x N/, where we used the linearity of A/ and the
corresponding triviality of the cotangent bundle. The coordinate representation of
an element of this space is given by (¢x, 7¥), with the coordinate systems described
above. This space is endowed with a weakly symplectic form, which takes the local
expression

wrr N = dn® A dp,. (3.16)

This situation is problematic in the sense that the model space for the fiber and
the base of the cotangent bundle 7*I'(X, L) are different. To describe the statistical
system, we need to express both coordinates over the same model space. To do so,
we use the Riemannian structure h of ¥ and use it to define a measure dVol and the
natural structure of rigged Hilbert space given by

N C L*(%,dVol) ¢ N’ (3.17)

As a result, the elements of N correspond to a linear subspace of its dual, and we
can write the coordinate representation of the image of an element of A" as 6*Y¢,. In
order to apply the theory of integration developed in chapter 2, the manifold of fields
must be Mp = N’ x N, and coordinates (¢*,nY) are to be understood as Darboux
coordinates for a densely defined weakly symplectic structure

d
WMp = Ogydm™ A d? :/ &

= VAl

[dm(z) @ do(x) — dp(x) ® dr(z)], (3.18)
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where we interpret 7(x), ¢(x) as densities of weight 1. Notice that this symplectic
structure is defined over the dense subspace L?(, dVol) C N'.

If we consider a space of smooth functions such as Hida test functions, described
in section 2.7, we can also consider a Poisson bracket?. That is, if P,Q € (V) ® (N)
are infinitely often differentiable functions, there is a well-defined operation of the
form:

{P.Q} p,, = 6" (0 POy Q — 052 POQ) =

orP 0Q oP 0Q
/ZCNO](”““) <3<P($) onz)  On(z) 8@(33)) » (319)

Summarizing: our classical phase space shall be considered to be a linear subspace
of Mp = N x N'. This subspace corresponds to the injection of A/ by the rigged
Hilbert space structure introduced on L?(%,dVol). This structure is considered to
be canonical as dVol is the measure induced by the Riemannian structure of the
Cauchy hypersurface Y. On this space, we can consider two (almost) equivalent
structures: a (weakly) symplectic structure wyy, and a Poisson tensor {-, -} p(,.. It
is important to remark on a subtle aspect of the construction: while the symplectic
form on T*N (Equation (3.16)) is canonical, the one on Mg (Equation (3.18)) is not,
since it depends on the choice of measure dVol. The same is true for the Poisson
bracket (3.19).

3.3.2 States and Observables: Introducing a Complex Structure

We will introduce Gaussian statistical states in such a way that the covariance of the
Gaussian is a Riemannian form compatible with the existing structure of (Mg, waq,.).
To do so, we introduce an additional (almost) complex structure J,,, satisfying:

* it is densely defined,
* it is such that J3,, = —1 in its domain D(Ju,.),
e itleaves D(Ja,) C L?(X,dVol) C A invariant,

* and wam, (s JMmpr) = —wWmp (Jmps, -). This condition can be written as J/TMF =
—Jmp and means that the complex structure is compatible with the symplectic
form wa,. This is the imaginary part of the Hermitian product of L?(%,dVol).
We will use this fact below to construct a different Hermitian product describing
our Gaussian state.

2This Poisson structure is often mistaken for a symplectic structure in QFT quantization schemes
since, for linear spaces, the difference is subtle (see [Bru&15] chapter 5 for further discussion on
that matter).
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It is simple to verify that there are infinitely many different structures satisfying those
conditions. To express the most general complex structure, let (¢*, 7¥) be Darboux
coordinates for Mg and let us consider the conventions for matrix operations of
matrices of the type (2.82). In this case we extend them to include

(AB)X = AXB, (ADY = 8y, AU, Axy = 65, A% and A = AX§™. (3.20)

Notice that the definition of these variables already depends on the choice of the
Hilbert space structure for the Gel'fand triple.

An arbitrary (almost) complex structure on My is locally expressed in the canonical
coordinates of the scalar field as

A% AY dp®
_JMF :(dpy,aﬂ—y) ( Dg —(At)g ) ( dn? > =

= Opy ® [AYdp™ + AVdr™] + One ® [DYdp” — (AY)YdrY] (3.21)

With the multiplication convention of (3.20), the condition J?> = —1 is translated
into A2+ AD = —1, A* = A, D! = D, AA = AA* and A*D = DA. Notice that D is
fixed once A and A are known. Let K be the inverse of Ay, i.e., ATKj = 43, then
D= (iA' +1)K(iA - 1).

This complex structure, together with the symplectic form (3.18), induces a
(pseudo)-Riemannian structure pj a1, (¢, ) = wamp (-, —J-), which, in the coordinates
above, reads:

_ T T _ny Agcy dSOy _
HMp = (d@ ,dﬂ' ) < A:):y Amy dmy -
— Dyyd” @ dp? + Agydn® @ dn¥ + Agy(de? @ dn® + drn® @ dp?) (3.22)

To obtain a Riemannian structure from here, we must also impose Ay, > 0 > Dyy.
This extra structure induces a Hermitian structure

PMe — iw/\/lc

h./\/lc = 9 ;

and a Gaussian state is given by the measure u, whose characteristic functional is

: T o 1 _
D (¢, %)t 0™ +1em%) = oxpy (*M/\/}F[(anx)a (Xx,nx)]).

Cyloveste) = [ :
(3.23)

NIXN!

With

_ ATY —A™ O
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Complex coordinates

The description given above is expressed in simpler terms using complex (holomor-
phic and antiholomorphic) coordinates. These coordinates are built upon a change of
coordinates, locally given by

dg® = dp® di® = Ayde? + Aydr? (3.25)
Opr = O — (K A)YOry Oze = KYOry (3.26)

Using these coordinates the complex structure is cast into the canonical form Ja, =
Oz @ d@Q* — Ope @ AT, pipsp = Kapy(d@® @ d@Y +di* @ d7¥), and wag, = Kpyd@® A d@Y.
We can cast the structures into this canonical form with other changes of variables,
but we choose this one because it leaves ¢* (the manifold of fields) invariant. Notice
that we are transforming the original cotangent bundle structure we began with,
as the new coordinates combine base and fiber coordinates of the original bundle
structure.

Having chosen a complex structure, we can define an isomorphism for Mpr to
become a complex vector space Mg = M‘%. Notice that while Mz depends on the
choice of the Hilbert space structure for the Gel’fand triple (and the original T*N),
the definition of M also depends on the choice of the complex structure. This
fact will be important later. Notice, anyway, that the symplectic structures on T* N\,
Mg, and M are all diffeomorphic, but the diffeomorphisms depend on the metric
structure h on ¥ (for Mr) and the complex structure Juq, (for Mc).

Having chosen the complex manifold M, we consider holomorphic and antiholo-
morphic coordinates which are locally written as

(¢*,¢¥) = i(gax — 7%, @Y +i7Y). (3.27)

V2

Coordinates vs distributions

It is convenient to distinguish between ¢* € N/, and the
holomorphic coordinate of ¢* € M. On one hand, in
this work, we may think of ¢>;‘ as an object with physical
meaning. That means that it is the solution of a classical
equation of motion or is an object with a parametric
dependence on time that has a definite meaning. On
the other hand, ¢* will often represent a placeholder
for integration without any particular dependence on
time. This distinction will be important later and in
chapter 5 when we describe time evolution.




60 Chapter 3 Classical Statistical Field Theory . i

We use this sign convention for the holomorphic coordinates, in accordance with
chapter 2, to ease the discussion on quantization in chapter 4. In this new manifold,
the complex structure becomes J4., which is now written as:

Ime = —i0ge © d§™ + 0. @ dg”. (3.28)

At the tangent space level, we can always write the projection operators P =
3(1 £J) such that P, 9gx = Oy and P-9px = Ipx.

As the triple (uc,wce, Jo) defines a Kahler structure on M, there exists a (non-
unique) globally defined on a dense subspace (because the manifold is linear) Kahler
potential IC

K(¢", ¢") = ¢ Koy (3.29)

From the potential, we can define the corresponding Kahler form:

WM = 100K, (3.30)

where 0 and 0 represent the Dolbeault operators. With the Kahler form and the
expression of Jy, from (3.28), we obtain the expression of the Riemannian form
M, and the Hermitian form:

A = w = Kuyd¢® ® d(ZSy,
with inverse h/_\/}c = A"05: @ Opy.

Finally, the expression of the Poisson bracket (3.19) in holomorphic coordinates
becomes:

{P,Q} p,, = IA™ (a?ﬁpa%ycg - a@zpa?yQ) . (3.31)

In this case, we will rename the measure given by (3.23) as i, whose characteristic
functional C' is obtained as

Clpxs px) = /N Dipie(¢¥)eipe9™+0:0") = =peA™py, (3.32)
C

It is important to notice that the choice of the rigged Hilbert space made in
(3.17), to express the system in Darboux coordinates, is different for holomorphic
coordinates. In the first case, we built the triple from the real classical fields onto
the real momentum fields. In holomorphic coordinates, the natural triple is defined
from the complexified fields A onto the complexified conjugate fields N+

Nc CHa 2 Hje CNE (3.33)

where Ha = (Ng, (,-)a) is the Hilbert space obtained by completion of N¢ with
the scalar product induced by the tensor A as (xx,&y)a = X.A"™¢,. This space is
identified with the dense subset of N© on which the Hermitian form %, is finite.
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This Hilbert space is the Cameron-Martin Hilbert space of L%{Ol( ¢, Dpe). Ithas a
physical interpretation for Ha as the space corresponding to the one-particle-state
structure. The space comprises the initial conditions for all the solutions of "positive
frequency".

On the other hand, we can consider a similar construction from the dual perspective
if we consider the completion of the dense subset of N on which the scalar product
(-,-)k induced by the Hermitian tensor K is defined. Both spaces Ha and Hj,
are identified by means of the Riesz representation theorem, realizing the duality
(Nc, V) with the scalar product (-,-)a. In the following, we will consider them as
the same space.

Summarizing: the classical phase space of fields, adapted to the statistical descrip-
tion, is described as a Kahler complex manifold M, which has an associated rigged
Hilbert space structure encoding the physical one-particle-space structure.

3.4 Koopman Van Hove theory for field theories

In general, we may describe any other statistical state with a Hida distribution
0 € (N) ® (N) and any observable with a real Hida test function O € (N) ® (V)
such that

(0) = / Dity 00 (3.34)
NN

In particular, we may restrict our study to physically relevant Gaussian states, and
S Ll(/\/' "x N, u,) will represent absolutely continuous states with respect to the
Gaussian measure at hand. This may suffice if u, represents a stationary state of the
dynamics.

In this section, we will assume the last formalism and study prequantization theory
for these states. We will also discuss the evolution equation that governs the evolution.
In order to keep the discussion simple, we will recur to heuristic arguments that will
be made rigorous for the quantum evolution in chapter 5.

3.4.1 Prequantization I: The definition of the bundle and the states

To develop the theory of Koopman-van Hove (KvH) exposed in section 3.2 in the
infinite-dimensional case, we start by defining the complex prequantum line bundle B
over the classical field phase space. This is a Hermitian line bundle mrq, g : B — Mg,
associated with a U(1)-principal bundle on M. On this bundle, we define a principal
connection that is required to have, as a local curvature form, the symplectic form of
M. This can be done if we consider the local connection one-form to be defined by
the corresponding symplectic potential # (as our field manifold is a linear space, this
choice is well-defined globally). By using this connection, we can define a covariant
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derivative V on the associated bundle B. We use the geometric conventions of
[Wo097].

The next step is to find a prequantized Hilbert space .7#». To define this space,
we focus on the case exposed in the previous section. We consider the set of
square-integrable sections of B with respect to the measure p. introduced in (3.32).
By construction, this measure fulfills the important property of being invariant
under symplectic transformations. With this choice, the scalar product of V% &° ¢
I'(M¢, B), sections of the prequantum bundle, can be written as:

(P%,0°) = Dy D7 W5, (3.35)
Mc

In this way, we have introduced a measure on the set of sections of the prequantum
bundle, and we can define our pure quantum states to be the square-integrable
sections with respect to the measure p., or equivalently, those sections with finite
norm. Now we want to trivialize the bundle and factor out those sections with respect
to a preferred one V,. This section will be our reference. This preference will be
stated in terms of a particularly simple expression for its covariant derivative given
by (3.38). We will ask this section not only to have norm 1 for this measure, but to
have its local-on-¢* complex Hermitian product constant, i.e.,

Ui (9%, )W (9%, 6%) =1, ¥V (¢5,¢F) € Mc. (3.36)

All other sections can then be represented as simple functions, which will be square
integrable with respect to a measure defined by using V¥,. Notice that this situation is
slightly different from the finite dimensional case. In that case we used the concept of
(half-)density which are functions obtained using the symplectic musical isomorphism.
This is, factoring out the symplectic measure A. This is impossible to reproduce
in this case as we do not have a symplectic measure in the first place. For this
reason we used as reference Gaussian states. The part of U that behaves as a density
is encoded in p.. As sections are also functions on Mgy = N/, we can write our
prequantum Hilbert space as

Hp ={®: Mc — Cs.t. & € L*(N{, Dp,) as a function } . (3.37)

The local expression of the reference section can be further determined by the
covariant derivative of the bundle. We can define the reference section ¥, adapted
to the symplectic potential, hence, to the complex structure, requiring that

VT, = —if(X)T,. (3.38)

Notice that while condition (3.36) fixes the modulus of the reference state, this
condition fixes the phase. In any case, we can already remark that clearly the local
expression of the state (or equivalently, the connection) depends on the choice of the
complex structure on M.
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Using this section ¥, as a trivialization of the bundle B, seen as a principal bundle
of fiber C\{0}, any other section ®° is given by ®* = ®V,. Here ® : Mo — C
is identified with a regular smooth function of (N¢) ® (Ng)* C L?(N{, Dye). Our
notion of smooth function in this case is provided by Hida test functions. This notion
also includes regularity properties under integration that we detailed in chapter 2.
Hence, this decomposition is only valid for the subset of smooth sections in (3.37).
However, this subset is dense, and as such, is enough to describe the prequantization
procedure using it. The action of the covariant derivative is translated to the function
P as:

Vx(®U,) = [X () — i6(X)P] T,. (3.39)

Our prequantum Hilbert space is then identified with
Hp ~ L*(N¢, D), (3.40)

when referred to a reference section V¥,.. The effect of the reference on (3.40) is that
covariant derivatives incorporate an extra multiplicative factor —if(X) provided by
the symplectic potential to the directional derivative.

Another key factor of this construction is that in the prequantum theory, every
magnitude is obtained by integration of the classical degrees of freedom. This turns
the classical manifold M into a rather auxiliary object.

3.4.2 Prequantization II: The prequantization of observables

The covariant differentiation is precisely the basic tool to build a prequantization
mapping P. We take as observables the real subset of Hida test functions that we
identify as the set of smooth functions?

Cgo(Mc) = Re [(N(c) & (N@)*]

For the classical functions F' € Cp°(M() acting on the set of sections of B the
operator P(F') becomes
P(F) = —ihVx, + F, (3.41)

where X is the Hamiltonian vector field associated with F'. For the sake of simplicity,
we will take A = 1 in the rest of the paper.

When we consider the section ¥,, and the corresponding function ®, we can
adapt P to the new setting described by (3.40). Thus, Vx, must become a self-
adjoint* operator on the Hilbert space of square-integrable functions, where ® is

$Notice that this identification imposes also integrability properties and therefore is, in principle, more
restrictive than the general notion of smooth function briefly discussed in section 2.8. According to
(2.77), it is integrable under any L” norm, hence the subscript p.

“We assume that F is such that this operator is indeed self-adjoint and not only formally self-adjoint.
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contained. Notice that this condition of self-adjointness imposes further conditions
on the symplectic potential ¢ that we will discuss below.
The classical observables are chosen as functions on the classical phase space
F: Mc—R.
Xpaw = —dF. (3.42)

Remember that, being weakly symplectic, the equation above may not have a solution
in general. Notice that if F' € C’I‘,’O(M r), using (2.77), the first Malliavin derivative is
defined for them F' ¢ ]D)f;l. Therefore, the expression

dF = Oge Fd¢® + 0= Fd§°,

ensures that dF € Ha ® L%( ¢s Dpie) and M is the natural domain of w, so we can
always find Xp € Ha ® L? (N, D). Recall (2.50) and the discussion of section 2.6.4
for further details. Then, its prequantum counterpart is an operator P(F) : #p — #p
given by

P(F)®° = F®* —iVy,®°, & ¢ #p. (3.43)

It follows that this prequantization procedure P meets the Dirac prequantization
conditions Q1)-Q3) of section 3.2. Factoring out the reference section ®° = dU", we
get that

P(F)® = F® — iXpd — 0(Xp)®, & € #p. (3.44)

Here Xr® is understood as a derivation. As pointed out below (3.27) in this work,
we distinguish between coordinates ¢* € My and ¢* € N{. The latter is seen as
a placeholder for integration withouthhysical meaning; for this reason, when we
express the mapping P in coordinates, for a function F(@x, (25") we write

PF(¢*,¢*)] = F(¢*,0") + g FA™Ogs — 0y FA™ 0y, — 0(Xp)(6*,67).  (3.45)

To render this operator self-adjoint, using Skorohod and Malliavin duality (2.62),
we must impose that ¢ has an exact imaginary part:
i —x i (-

0 =0 + SdK(6, &) = 0, + 5d(6" K", (3.46)
where 0, is real. This is, the gauge freedom that we have in the choice of 4 is only in
the real part of the gauge potential.

3.4.3 Probability density and gauge freedom

In this Koopman-van Hove approach, a statistical field state is described by a section
¢ € I'(Mc, B) that can be factorized as ¥* = U with U € L*(N{, Du.). However,
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the probability density is described by a Hida distribution that we assume to be
integrable under the Gaussian state o € L'( ¢, Dpe). To relate both of them, we
postulate the analogous to (3.10):

/ Duc(¢®)0(¢™, ¢*)F(¢*,¢™) = | Du VP(F)U. (3.47)
N¢ N

Thus,

0= [T +div (0.I|%|?) +i{ T, T*} + U*(iT + 0(T)) T, (3.48)

0z G*. This expression, as in the finite-dimensional case, is invariant under gauge
transformations:

0 — 0+ doa and U — €V with a € C°(Mp). (3.49)

This gauge transformation is translated into a different connection on B and may
be interpreted as a phase choice on the reference section ¥,, which is the only
freedom left when Equation (3.36) is fixed, along with the measure p..

3.4.4 Evolution

The non-existence of a uniform Lebesgue measure leads to some difficulties that must
be treated with care in the evolution. Let’s focus on the evolution equation (3.14).
The first step is to describe the system in time-independent coordinates. Usually,
we consider the canonical coordinates (px,7*) as time-independent. Thus, when
the evolution of the dynamical system is generated by a Hamiltonian H, we get the
equations of motion

Goe) (2)-(2)mper(2)

820%Y

0 0
time dependence of ¢*. Notice that 5m52y4pm = %gpy. To lift this evolution to the
Gaussian statistical state, we must consider the dependence of u. on the rest of the
parameters. If we could write the uniform Lebesgue measure, we could refer the
Gaussian measure [, to it as

where I'. = < > is regarded as a matrix term® that corrects the induced

exp ( — pipme (07, cb‘”))
Z()

Dyip ~ D¢* (3.51)

SWe will come back to this kind of expression in chapter 5 where we will interpret these kinds of terms
as connections on a vector bundle.
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where Z(t) o det(pa,,) would be an infinite normalization factor. This kind of
expression is common in the path integral formulation of the Schrodinger picture of
QFT, see for example [L.S96, 1.S98, CCQO04, HS15, HS17, HSU19, EHS21].

To extend the evolution equation (3.36) obtained in the finite-dimensional case, we
must assume that the Gaussian part is factored out from the density operator

exp (= iue (67, 67))

D ~
A

|2 (3.52)

We want the Gaussian part of the evolution to be unaffected by the Hamiltonian;
thus, we must choose Jy,_ such that

{rme (07, 0%), H} =0 (3.53)
This condition is met by choosing

Jme = |F|7'F, (3.54)

in this way we get £x,Jum, = [F,Jm]) = 0. Notice that this coincides with the
prescription in [CCQO04] derived for QFT from a quite different set of physical
requirements [AMA75]. Therefore the Liouville equation is

(0, + 2I)D = —{D, H} (3.55)

Thus the Koopman-van Hove equation is

d
i (dt n r> U = P(H)U (3.56)
. 1 dpa (9°,0% 1 dlog[det(paq,~ )] 1 dpp (07,0% 1 dTrfllog(at)]
With I' = —3 Cc(lt )_5 i 1 Cc(lt )_§ a - The

appearance of these kinds of functional determinants is common in QFT and is usually
dealt with in perturbation theory as in [Wei96]. This derivation of the connection is
the path proposed in [KM23] for the quantum case.

In any case, in this work, we are interested in the quantum evolution. In that case,
in chapter 5, we will derive the appearance of an analogous connection with different,
and mathematically rigorous, methods. Therefore, we will not discuss further the
classical evolution equation of KvH and leave its study open for future works.

3.5 Kahler Structure for the Classical Klein-Gordon
Theory

In this section, we will study the complex structure on the space of fields J4. that
stems from KvH theory. As we will see, the prequantum operators will be hard
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to describe in the general case, and thus we will focus on their discussion in the
quantum case in chapter 7.

For the spacetime structure in this chapter, we consider a d + 1 globally hyperbolic
spacetime (M, g) endowed with a pseudo-Riemannian structure g of Lorentzian
signature, with sign convention (—,+,---,+), and the Levi-Civita connection V.
Because of its condition of globally hyperbolic spacetime, M is diffeomorphic to
R x 3, where ¥ is a d-dimensional manifold diffeomorphic to every space-like Cauchy
hypersurface of M, and R represents the time parameter ¢. For our purposes in
this work, we take ¥ compact and denote h; as the t-parametric Riemannian metric
induced from g by projection on ¥. In this chapter, we will treat the gravitational
degrees of freedom as a parameter; that is, we will deal with a parametric theory
of gravity [Kiel2]. Nonetheless, this kind of projection is the basis of the Arnowitt-
Deser-Misner (ADM) formalism of general relativity. Further details on this formalism
may be found in [Gou07, Pad10]. In chapter 6 and chapter 7, we will use the results
derived in this section to couple the theory to gravity and describe a QFT with back
reaction.

To start with, we consider a one-parameter family of embeddings > — M. They
are determined by a scalar function  : M — R such that ¥; = {(z) = t with z € M};
i.e., ¥, are the level sets of . The structure of the whole spacetime projects into
(3¢, hy, D) where h is a Riemannian structure and D is the corresponding Levi-Civita
connection Dh = 0.

We can also define the dynamics directly on (X, h,D). To this end, we take a

coordinate system x = (2¢), i = 1,--- ,d, over ¥ that induces a coordinate system
over M of (¢,x). In this coordinate system, we obtain the relation
o,
O =Nn+ N'—, (3.57)
ox?
where Nn = Vi and N = [-g(Vi, 65)]*% is the lapse function, while N = N° a?:i is

the shift vector. This foliation is depicted in Figure 3.1. Thus, if we provide as data
(N, N) over %, the embedding is fully determined. In chapter 6, we will use this fact
to identify the action of the groupoid of hypersurface deformations of 3.

In the Klein-Gordon classical theory, the dynamics of a scalar field can be defined
as a parametric curve R — N, where N is a nuclear space of test functions. We
denote this solution by ¢x(¢). Associated with the space of solutions, we build a
Gel’fand triple with respect to the Hilbert space L?(X, dVol), where dVol represents
the measure associated with the 3-metric tensor h.

With these ingredients, we can introduce a Lagrangian formalism, as it is usually
done in QFT. From the usual Lagrangian density in four dimensions, we can write
the following bilinear form:

11()? N, NINT
£ = [ avorg [SF - T2opio+ (S35 - N09) (i) (Dy0) (0] (3.50
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Figure 3.1: Foliation of a spacetime manifold provided by the family of Cauchy hy-
persurfaces >; with defined lapse function NV and shift vector V.

where N, N, and h” are functions on .

In order to define the canonical momentum, we must choose between different
options. One possible path is to define 7* as a density and therefore to build it as an
element of A/, which is the choice made in [CCQ04]. Another option is to consider
px as an element of a Rigged Hilbert space and profit from this structure to let 7 be
an element of the same space as the field ¢x. This option is the one we will choose
to describe Fock quantization in section 4.5.2. If we derive the momenta in this
prescription, with respect to the Gel’fand triple of N' C L?(%,dVol) C N, we obtain
as canonical momentum

oL 17, ;
T = 5xya—¢y =~ [% - N’Dicpx] (3.59)
The Hamiltonian is defined using the same rigging structure H = 6*Ym,¢, — £ and

can be written as
H= / A [NA + N A (3.60)
)

where /7% is a density called super Hamiltonian and .7Z* are densities called super-
momenta given by

h .
HT = \/;(x> [71'9% + hZ]Di‘P:rDjSO:v + m2903:] (3.61)
r%pi:c — \/Eﬂ'xDz‘(Px (3.62)

In this chapter, we are interested in the choice (¢*,7*) as coordinates; thus, we
obtain

X 1 X 1] X X X
H :ﬁ[(ﬁ) + W9 Djp* D™ + m?(?)¥] (3.63)

HE = NV ha* D™ (3.64)
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As we can see, the definition of the super Hamiltonian involves products of the
same distribution at the same space point x. This indicates, following [TW87],
that point-splitting regularization procedures are also needed in the CSFT. As we
indicated below (2.43), we can use Wick monomials to regularize the theory; see
Remark 4.2. In fact, this is precisely the discussion that we will encounter for the

quantum case in section 4.4.1.
N‘D; N
F= !
(%o )

The generator of (3.50) is
where —0© = ND'D; + (D'N)D; — Nm? and A = N'D; + D;N*. This implies that Oy
is a symmetric operator.

We can write down an explicit expression for Jy, using the prescription (3.54),
studying first two limiting cases where J, can be written down straightforwardly.

Null Shift In this case, we set N’ = 0, and we get

11
0 © 2Nz
Jo = < _N-iol 0 > (3.65)

Huge Shift In this case, we consider N'N; > N2, and therefore we set N ~ 0. This
is, of course, a limiting approximation because the lapse function can never vanish.
Then we get

—o2) 5 NiD,
Jo = ( (—a)"2N'D; 0 > (3.66)
with a = N'D;.
Interpolating Cases The other cases can be obtained as

T, = AoJo + Ao Joo (3.67)

where Ay = |F|7!|Fy| and A, = |F|~!|F| are operators, being

[ (-NO)z 0 { (—a?)2 0
IFol = ( 0 (-ON)> ) ool = ( 0 (—A%):2 ) (3.68)

IF|? = [Fol? + |Fol? = (|FolJoJoo| Foo| + [Foo| JooJo| Fo|) (3.69)

In general, this expression is difficult to work out explicitly because of the need
to compute |F|~!. The derivation of the general complex structure can be found in



70 Chapter 3 Classical Statistical Field Theory . i

[CCQO04] with the corresponding changes due to ¢ being considered a scalar instead
of a density.

To complete the KvH picture, we must choose a gauge for the covariant derivative.
In these coordinates, the natural choice is the Liouville gauge, corrected by (3.46).
This is, the symplectic potential is

0 = 1" gydp? + %d(TFIAxyTFy — @ " Dygyp” + " Agym¥ + cprAi,yﬁy). (3.70)

However, since we do not have an explicit expression for Jy,, the particular form
of the prequantum operators is very difficult to write down. In this work, we will
focus our efforts on the quantum case. For this matter, in chapter 4, we will discuss
different gauges; in chapter 5, we will understand the quantum evolution; and in
chapter 7, we will expand this example in the quantum case.

Nonetheless, we can draw some conclusions from this analysis. As we advanced
in the introduction, the time dependence of Ju, and, in turn, the whole Kéahler
structure, is through the geometric content. We can encapsulate this fact into a
slightly more general context of parametric theories on a curved spacetime.

(), Nalt). Na(D) (ho (£), 7 (), N (£), Ny (1))

(ha(t), ™h

L

Figure 3.2: Two different paths v, and ~; that parametrize the space-time con-
tent of classical gravitational theories. These curves are defined
by 7.(0) = 7(0) = (ho,7},No,No) and are given by ~,,(t) =

(hyp(t), (), Nosp(t), Nojp(t))

Remark 3.1. (Parametric Theory on a Curved Spacetime)

For a given background spacetime, the geometric content on each hypersurface
is the one given by the choice of the foliation, and thus, we have a description of
the spacetime in terms of a curve v : R — T* Riem(X) x CI'(Ay). Here, the space
Riem(X) contains the Riemannian metrics h over ¥, and we should also consider its
cotangent bundle T* Riem(X) with coordinates (h,w;). On the other hand, CT'(Ayx)
will be introduced in (6.12) of section 6.2.1 and is the space of lapse functions and
shift vectors. These spaces and their relation with General Relativity will be studied
in detail in chapter 6.
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A theory in which gravity is introduced as a background by selecting a curve
v(t) = (h(t), m(t), N(t), N(t)) is what we call a parametric theory on a curved space-
time or, when it is clear by context, simply parametric theory. In this case the
geometrical content at the hypersurface ¥; is known beforehand fort > 0. In these
theories, the dependence of the geometric variables manifests itself as an additional
dependence on the Hamiltonian time. Figure 3.2 depicts an example of two different
parametrizations of this kind.

We can clearly see that the Hamiltonian H (¢) and the derived Kahler structure of
the Klein-Gordon theory represent a parametric theory.

On the other hand, in a theory where, instead of being a background, the metric
evolves coupled to the quantum matter, and therefore exhibits backreaction from
the matter evolution, this geometric curve is unknown beforehand. In this case, one
must make the Kahler structure dependent on the gravitational degrees of freedom
instead of time. This is the subject of study of chapter 6.






Chapter 4

Quantization: Representations
and Orderings

4.1 Introduction

Our goal in this chapter is to describe a non-covariant quantization program of a
classical theory. As our aim is a geometric description of the resulting quantum
model, we will consider a geometric quantization framework adapted to our infinite-
dimensional manifold. However, this program is only valid over the excessively
restrictive set of linear functions. Thus, to complete this quantization program, we
must choose an ordering prescription.

The goal of this chapter is to describe different quantization mappings . In
principle, the quantization mapping () is supposed to meet the Dirac quantization
conditions [Hal13]

QD) Q(F +G) =Q(F) + Q(G)
Q2) Q(FQ(G) — QG)Q(F) = —ihQ({F, G})
Q3) Q(F) = F1 if F is constant

Q4) (Irreducibility condition) For a given set of classical observables { f;}7 such
that {f;, g} = 0 Vi € Z implies g is constant; then if an operator A commutes
with every Q(f;), then A is a multiple of the identity.

As we have seen in the previous chapter, Q1) — @3) describe a purely classical
theory. The irreducibility condition, however, is not met by P. This is, in the last
instance, a reflection of the gauge freedom of the KvH theory. Moreover, it is known
that no quantization satisfying Q1-Q4 exists. To fulfill those equations, we quantize
only a subset of classical observables, such as the linear ones in Darboux coordinates
(f2p” + gum®).

Nonetheless, we want to describe the quantization of functions of arbitrary degree.
For that matter, higher-order functions are allowed to break Q2) in such a way that



74 Chapter 4 Quantization: Representations and Orderings

Q2) Q(F)Q(G) — Q(G)Q(F) = —ihQ({F,G}) + o(h?).

The geometric quantization procedure, roughly speaking, is similar to the usual
construction on finite-dimensional symplectic manifolds (see [Wo097, Hall3, Tuy16]).
The main novelty of this approach is the extensive use of tools from Gaussian analysis
described in chapter 2. This stage comes in two steps:

* Firstly, a pre-quantization is defined, which builds an initial Hilbert space.
This part is common to the statistical description of a classical system in KvH
described in the previous section, thus

Q(F) = —ihVx, + F, 4.1)

¢ Secondly, the definition of a polarization completes the quantization procedure
for linear operators. This is the choice of a Lagrangian submanifold on the
phase space of fields. The quantum Hilbert space is obtained by restriction
of prequantum sections to this submanifold. Quantum operators are also
restricted to those preserving the polarization in a suitable way.

The definition of the polarization is the novelty of the quantum procedure that
breaks the gauge freedom of the KvH approach. Each gauge represents a different
representation of the quantum theory, as we will show in section 4.2. The relation
among every representation will be implemented through unitary operators and will
be described in section 4.3. To complete the quantization program, in section 4.4 we
add

» Thirdly, we expand the quantization procedure with an ordering prescription.
This is a predetermined order to write monomials of any order from the quan-
tization prescription of linear ones. In particular, we will use Weyl and Wick
ordering prescriptions.

As in the previous chapter, we will present the construction adapted to M and we
will assume that this manifold is linear and modeled over the DNF space N’. We will
make use of the Kahler structure (w, i, J) am, introduced in chapter 2. Following that
study of the classical KvH formalism, we can isolate the purely quantum features of
the theory from the technicalities already present in the classical case.

The first important difference is interpretative. In the quantum case, the Gaussian
state p. includes parts of the vacuum of the QFT. In the definition of the measure,
the expression of the modulus of the reference ¥, usually appears in the literature
as the modulus of the vacuum of the theory [LS96, LS98, CCQO04, HS15, HS17,
HSU19, EHS21]. In those works, the reference is referred to the informally defined
Lebesgue measure D¢. In this way, ¥; is an informally defined function representing
the vacuum, and its modulus is such that D¢|¥(|?> ~ Dy, in a heuristic way. However,
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Equation (3.36) leaves room to add a phase to the reference state to describe the
vacuum of the theory that we denote ¥y. The vacuum, as usual, will be defined as
the state annihilated by the annihilation operator.

The second main difference that we will encounter is related to the loss of gauge
freedom present in KvH. The condition of an irreducible representation introduces
ordering problems in the quantization prescription. However, other aspects, such
as two-point splitting regularization, usually regarded as QFT quirks, were already
present in the classical case.

Throughout the chapter, we will develop different representations of a QFT that
appear from different equally valid choices of polarizations. The relation among them,
as pointed out above, is briefly discussed in section 4.3, but a question remains open.
What is precisely the relation among representations of the same QFT? Focusing
on the C*-algebra of bounded observables, the answer to this question is provided
by Algebraic QFT in section 4.5. In particular, we will illustrate how to relate every
representation derived in this chapter with Fock quantization.

4.2 Geometric quantization for linear functions: types of
quantization

Our aim in this section is to describe the different representations of a QFT that will
suit our study. Our presentation is similar to others in the literature. Examples of
this construction for field theories can be found in Oeckl’s work [Oec12b, Oec12a,
Oecl2c], while, for finite-dimensional systems, [Wo097, Hall3] contain detailed
discussions of the aspects discussed below. Some representations, such as the field-
momenta and antiholomorphic representations, to our knowledge, have not been
studied before.

The prequantization provides a Hilbert space .#p too big to realize the quantum
states since, in principle, ® € J#p are functions with a domain on the whole manifold,
while, in regular quantum theories, the domain must have half the degrees of freedom
of M¢. To deal with this discrepancy, we must restrict the domain of functions ®
to a Lagrangian submanifold of M. This is a maximal isotropic submanifold with
respect to the symplectic product induced by wa,,.

Notice, though, that in this setting the concept of Lagrangian submanifold is not
as straightforward as in the finite-dimensional case treated in [Woo097]. First, we
must remember that w4, is defined, at most, on a dense subset of the vector fields
of M¢ = N{. Therefore, the condition of (co)isotropy must take into account this
fact. To be more precise, let ¥ be a pre-quantum state, and consider a translation by
U (™) — ¥(¢* + h*). Only when h* € H ~ Ha, the Cameron-Martin Hilbert space,
of

Ne CHA 2 Hie CNE (4.2)
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can we reabsorb this into the Gaussian measure (3.32) with an integrable Radon-
Nikodym factor [Hid&93, NOP09]. Hence, we can consider Ha as the only well-
defined tangent vectors on the linear manifold M¢ ~ N for the quantum counter-
part, since they are the only ones that leave the Hilbert space invariant. Moreover,
this space represents the allowed directions of translation that leave invariant the
spaces LP(N, Dp.)' and has the physical interpretation of a one-particle state struc-
ture. It is also the main ingredient of the Wiener-Ito decomposition theorem that
provides the particle interpretation of a QFT written as a Gaussian integral.

To bypass this difficulty on the definition of Lagrangian submanifolds, we will
introduce a polarization; this is a distribution of vector fields spanning a foliation of
M in Lagrangian submanifolds. We will introduce it at the level of the one-particle
state structure introduced in the complex description of the classical phase space
(3.33). Thus, we will choose a Lagrangian subspace P of the complex Hilbert space
P C Ha on which the symplectic form w4, is well defined. The quantum Hilbert
space is given by:

A ={U5 € Hpst. Vgls =0 VX € P} (4.3)

As, again, the space is linear, we can choose a symplectic potential —d© = wp,,
adapted to the polarization such that

O(X)=0VXcP (4.4)

Under this assumption, the definition of the polarization simplifies enormously
since, due to (3.39), we can identify the polarized Hilbert space as:

H ={V e C®Mcg)st. d¥(X)=0VX e P} (4.5)

Roughly speaking, we can consider two kinds of polarizations. We will describe
them through their symplectic potentials:

¢ Real polarizations where the linear space P is characterized by P = P* and
lead to:

- Schrédinger quantization, described by functions W(p*).
Os = —i(¢* +i7°) Kpyd@¥ = m%05ydp? — ip" Kpydp? + @ (K A)zyde?.
- Field-Momentum quantization, described by functions ¥ (7*).
Oy = i(7* — ig*) Dy diY = —p"8yydn? + in" Dyl dr + 7 (AD ™)y drY.

Coordinates (¢*, 7*) are described in (4.22).

!See Proposition 6.9 of [Hu16].
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* (Anti)holomorphic quantizations for which P N P* = 0:

- Holomorphic quantization, described by functions ¥(¢*).
O = —i¢" K,ydg?
- Antiholomorphic quantization, described by functions ¥(¢*).
© =i¢" D, d¢"
With D, D¥* = §z.

Intermediate situations are combinations of those two extreme cases, at least in
the finite-dimensional setting; see [Wo097] for further details. In this section, we
will describe the geometric quantization procedures that lead to each of these repre-
sentations. We denote these quantization mappings Q, Q, 9,, and O holomorphic,
Schrodinger, field-momentum, and antiholomorphic, respectively.

4.2.1 Holomorphic quantization

As the holomorphic case is easier to handle in many ways and possesses better
analytical properties described in chapter 2, we will begin our discussion with it.

For the holomorphic case, the complex structure Jy, provides a projection X —
%(]l +iJpm )X for the elements of the Cameron Martin tangent space X € Ha. The
set of coordinates adapted to this quantization procedure is (¢*, ¢*) as described
in (3.27), and the measure of the prequantum space is described i)y te, defined in
(3.32) by

Clpx, px) = /N Dyi(¢)elPed740:0") = =Pa A0y (4.6)
C

As M is a linear space, the polarization is taken to be Py, = %(]l + i ) HA.
Identifying coordinates ¢* € N{ with holomorphic coordinates of ¢* € Mg, the
adapted symplectic potential is obtained from the (non-unique) Kahler potential
K= CEszyd)y:

O = 0y Kdo". (4.7)

The set of states of the quantum Hilbert space given by (4.5) is therefore the space
of holomorphic (square integrable) functions ¢ : /\/'(L’j — C. In this representation,
we identify the reference and the vacuum sections \II{{ = U, because, as we will
see, it will be annihilated by the annihilation operator. These functions ® represent
the excitations with respect to the vacuum state ¥ (3.38), in such a way that the
physical state corresponds to the section of the complex line bundle ®¥,, which
is square integrable with respect to the measure p., or, equivalently, to the set of
square integrable holomorphic functions O if we take the section ¥ as a reference:

Hior = Lizo (NG, Dpe). (4.8)
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This is, by construction, a well-defined Hilbert space, but it is not the most common
quantum model in QFT. Some examples of the study of this representation of QFT
can be found in [Oecl2c, Oec12b, Oecl2al.

Instead, it is more common to represent the states as elements of a Bosonic (or
fermionic) Fock space, see for instance [Wal94, Bru&15]. From the properties of
Gaussian integration, we know that the Segal isomorphism Definition 2.10 allows
us to identify the vectors in L?(NV{, Dpu.) with the vectors of the symmetric Fock
space constructed on the space of one-particle states Ha. As the quantum states
correspond to holomorphic functions ¥ € L%IOI( (’C, Du.), we can write:

(W) = (\/ﬁ@bg):’: . (4.9)
where 97 correspond to the coefficients of the state ¥ with respect to the space of
Wick complex monomials described in (2.38). Thus, the Segal isomorphism will be
the connection with respect to the regular Fock space description. We will develop
the latter further in section 4.5.

The physical interpretation of the one-particle-state structure Ha is the space that
comprises the initial conditions for all the solutions of "positive frequency.” In the
quantum part, these are to be interpreted as particles, in contrast with the elements
of the conjugate #},, which represent the corresponding antiparticles.

Quantizing linear operators

At the same time, as the connection is also holomorphic, the quantization mapping Q
is simple to compute and defines holomorphic linear operators on ;. In particular,
using (3.43) for (4.7), we verify that

(
(

Q(¢")W(¢*) =4 ¥(9™),
QY)W (¢*) =AY?0y= W (), VU € Hiol. (4.10)

Here we distinguish again ¢* € N, and the holomorphic coordinate ¢* € M¢. In
this work, we will consider bare coordinates ¢* as simple placeholders of integration.
In particular, they do not depend on time or any other structure built over the Cauchy
hypersurface . This is done to highlight the physical meaning of the coordinate
¢* € M. We will choose different systems of holomorphic coordinates of M with
different interpretations that we will represent over the same N{ after quantization.
This is crucial to relate different quantizations of the theory, as we will see at the end
of the section.

Notice that these operators correspond to the creation and annihilation operators,
as was to be expected: a/* = Q(¢*) while a* = Q(¢*). Thus, we obtain that annihi-
lation and creation operators cofrespond to the Malliavin derivative and Skorohod
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integral for holomorphic functions. This interpretation that we obtain from geomet-
ric quantization was already noted in the stochastic calculus literature from their
algebraic relations [Hen09].

Notice also that (4.10) implies that a*1 = 0. We identify \I/,I,{ = 1 as the represen-
tation of the holomorphic function ¥ ¢ L%{Ol( ¢s D) of the reference section V2
in 2. Thus, we conclude that a*¥X = 0. This implies that the reference section is
annihilated by the annihilation operator, and therefore we can identify the reference
and the vacuum ¥/’ = ¥, as we did above.

4.2.2 Schrodinger quantization

Let us consider now the other most common example, the case of Schrodinger
quantization, as we can see in [L.S96, LS98, CCQO04, HS15, HS17, HSU19, EHS21].
In the Schrodinger representation, the quantum states are represented by the wave
functional ¥(p*), i.e., they must depend only on the field variables ¢*, and not
on the field momenta 7*. This is derived from (3.40) by applying (4.3) with a real
polarization spanned by the momentum directions in M. See [Oecl2c] for a similar
construction and [CCQO04] for an algebraic derivation of the representation.

The measure and the connection

The change from complex to real coordinates does not really affect the structure
of the line bundle B required to define the prequantization: we construct identical
bundles on the two identical base manifolds M and M with different coordinates;
and for each bundle, we can define a connection. These two connections need not
be identical (since we can consider several different connections for each case), but
they must have a curvature proportional to the symplectic form.

Identifying M and M also means that the measure on the space of fields can
also be considered associated with the functional

Cs(Ex,nx) = / Dp(p*, 7%)e! e tnam®), (4.11)
NN

Real polarizations will be understood as taking only one copy of A/, which is to restrict
to the coordinate ¢*. For this reason, in order to avoid the rescaling factor % in the
quantization prescription, we must rescale the covariance of the measure adapted
to the holomorphic prescription p.. Taking px = %(éx +inx) and ¢* = %(wx — ),
we must have that p is defined by the characteristic functional

Cs(&xsnx) = Ch (5’%3’%) — Oy <§"_2”7",§"J;“7">. (4.12)

Again, we will consider a pre-quantum Hilbert space of sections of the bundle B,
square-integrable with respect to the measure p. We can also identify a trivializing
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section \Il;? compatible with the connection in the sense of Equation (3.38). With this
trivialization, the space of states becomes the set of square-integrable functions on
N’ with respect to the measure p.

From the isomorphism discussed above between M and Mg, we can also con-
clude the equivalence of the connections on both spaces and the corresponding
covariant derivatives. Strictly speaking, we should use different notation for the
vector fields with respect to which we differentiate, since they are isomorphic and
not identical, but we will use the same notation to make the manuscript easier to
read. We shall use then the notation of Equation (3.39) to represent the covariant
derivative in the real polarization case, keeping in mind the fact that the only relevant
vector fields are those tangent to the submanifold spanned by the field directions, as
we will see now.

The Schrodinger polarization

In the Schrodinger case, the polarization is spanned by the momentum directions, i.e.,
the real subspace Ps = Im(Ha). We can consider an adapted symplectic potential
with respect to Pg satisfying

0s(X)=0 VX € Ps. (4.13)

This means that §g must be a linear combination of the set {dg*} of "basical"
forms. The coefficients are read from the identification of the Gel’fand triple and the
canonical Liouville 1-form of T*A/’. Writing it in terms of the variables we introduced
in the previous section, we obtain:

Os = —i(G° + i) Kpyd@ = 7°8,ydg? — 10" Kpydip? + 0" (K A) gydp?. (4.14)

Notice that we added the term —i¢”K,,d@?Y (which is just an exact one-form equal
to the differential of the norm of the ¢*) to the usual conventions because in this
way we ensure that the quantization prescription provides Hermitian operators in
L?(N', Du), as we will see below, and 20 = g + 0, with

Orr = —(§° + i7%) Ky d7tY. (4.15)

From this point of view, fg is the restriction of © to Ps directions with a scale factor
of 2 to keep up with the conventions in changes of covariances. In this way, we can
establish the Schrodinger picture as a restriction of the holomorphic case to real
directions. Nonetheless, this restriction must be considered with care.

The first conclusion of this analysis on the polarization is that functions on J#5
(i.e., the quantum states) must be functions depending on the submanifold N’ with
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coordinates (* rather than on the whole Mp, as was to be expected. Indeed, for any
X € Pg, 05(X) = 0 implies that

Vx¥ =0=d¥(X)=0,VX € P. (4.16)

As the reference section \I/f must satisfy this condition, any other section in the set
of square-integrable ones will be obtained as a product by a function that is also
annihilated by the momentum directions. Nonetheless, the definition of a measure
for this set of functions is not immediate, since the measure in the original scheme
above was defined for functions depending on both the fields and their momenta.
However, we can repeat the construction for a different Gel’'fand triple defined as

N CHX N, (4.17)

where ’Hi is the subspace of Ha defined by the field states . This triple defines a
corresponding dual product (¢, ¢*) = £,¢" which allows us to define a measure over
N’ that, with a slight abuse of notation, we denote with the same symbol u by the
functional

C&) = . Du(¢X)et=?". (4.18)

Notice that, by construction,
C(€x) = Cs(éx, 0) = e 1828, (4.19)

for C's the functional defined in Equation (4.11).

Notational changes in the mathematical discus-
sion

The real measure i defined above uses a different con-
vention than the one in chapter 2. This is because this
definition is adapted to the Schrodinger representa-
tion while (2.7) is designed to ease the mathematical
discussion between real and complex measures. The
difference amounts to a scale factor of 2 in the covari-
ance.

Again, the Bochner-Minlos theorem ensures that there exists a unique measure
satisfying this condition, and therefore we can define the set of (polarized) quantum
states to be the space of square-integrable functions (with respect to the reference
section) % = L*(N", Dp).
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Quantizing linear operators

We can readily quantize linear operators, such as the field operator ¢” or the field
momentum 7%, whose action on the states ® € L?(N”, Dy) will be:

Qs (@) @(¢™) = Y @(p¥),
Qs(m702y ) (™) = (—i0ypy + 1" Ky — " (K A)zy) P(¢™). (4.20)

Analogously, we can also introduce creation and annihilation operators from the
field and momentum operators as:

% AXy&py - ’LA’;QOy AXyapr - ZA;;gOy

i _ \/3x (4.21)
a , a .
NG 7 NG
These operators satisfy that Qs(¢*) = axj;%Tx and Q(7*) = —iK;‘“y\_/gTy. Notice

that the complex exact term of (4.14) is essential for the quantized momentum to
be self-adjoint, and it provides the right prescription for quantization obtained in
[CCQO04] from an algebraic rather than geometric quantization procedure.

The discussion about the vacuum representation for this quantization is more
involved than in the holomorphic case. Notice that, for A # 0, the constant function
1 is not annihilated by a”. This is because the reference section ¥? is not yet the
vacuum of the theory. To get the correct vacuum section, we profit from the freedom
of choice explored in section 3.4.3 and multiply it by a phase factor ¥y = \IIgCh\ll;?
with ¥5" € L2(N”, Du). We will delve further into this issue in section 4.3.1.

4.2.3 Quantization in the Antiholomorphic and Field-Momenta
representations

Another real polarization is Py; = Re(#Ha). In this case, we could proceed as we
have done so far with the Hilbert space associated with the measure u. and the
symplectic potential (4.15), but it soon leads to cumbersome expressions for the
quantized operators. This is because the change of coordinates (3.25) is adapted to
deal with the Schrodinger representation in the fields space. Here we will develop
antiholomorphic quantization, modifying that change of coordinate prescription to
obtain a different measure u.. We will then develop the Schrodinger picture in
the field-momentum space. From now on, we will denote it simply as the Field-
Momentum representation. In order to quantize this theory in a way akin to the one
adapted to the Schrodinger picture, we should respect the momentum in the change
of coordinates. We modify (3.25) to

dg" = (AD)ydn? — Dydp®  di* = dr”, (4.22)

with ¢* = %(%x —i@*). Notice that this prescription is conjugate to ¢*, hence we
denote it antiholomorphic coordinate. This treatment, following the arguments below
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(3.25), modifies (3.32), and the measure considered for this case is v,, defined by

Clox,px) = [ Dre(¢¥)ei =0 tre0") — a0, (4.23)
Mc

As in the holomorphic case, ¢* represents a coordinate of M¢, while ¢* € N/ is a
placeholder for integration. This also leads to an antiholomorphic representation in
oo = L2 ( ., Dv.). The Kéhler potential in these coordinates, with D, lDyz 0z,
is? D = QSID d)y and the symplectic one form is © = —mequx Thus the
quantlzatlon mappmg becomes

o)

<%|

) =65, Q¢¥) = —D*9y,. (4.24)

These are interpreted as creation Q(¢*) = b/* and annihilation * = Q(¢*) operators
of the antiholomorphic representatién. Notice that the vacuum of the utheory in the
antiholomorphic representation coincides with the reference section ¥ = ¥,..

Following our steps with the Schrodinger picture, we define the Hilbert space
of the field-momentum representation .7, = L? (N, Dv), where v is the Gaussian
measure whose characteristic functional is

Cur(€x) = e1& D™, (4.25)

The field-momentum polarization is therefore adapted to this Cameron-Martin
Hilbert space, Py; = Re(H_p), and we choose the adapted symplectic potential

Or = i(7* — i¢") Dy dRY = — "0y dn? + ir" Dyl drY + 7 (AD ™ Y)gydr¥.  (4.26)

It follows from this prescription that

O () ®(7™) = 1Y P (%),
O (¢7 00y ) (1) = (i0py + in" Dy + 7 (AD ™" )4y ) (7). (4.27)

In the momentum field space, creation and annihilation operators are
DXY0,y — i( AY)X7Y

X ; t\x
b _ Y 7 bTX _ \/§7Tx n D*Y0y — ’L(A )y’ﬂ‘y
V2 V2

These operate dually to the creation and annihilation operators in the field space,

satisfying that Q(7*) = sz;gm and Q(¢") = —i(D‘l);‘by:/gw. The discussion about the

vacuum section of this theory is analogous to that in the Schrodinger representation.
We will deal with it in section 4.3.1.

(4.28)

2To see this result, we use (4.36) and (A.10).
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4.3 Integral transforms among quantization procedures.
Consistency and Unitary equivalence.

Once we have shown different quantization procedures of a quantum field theory
over different spaces ., 74, 75, and ), we must study the relations of the
quantization procedures under changes of coordinates and representations. This step
is crucial to understanding the consistency of the quantization procedure of a classical
theory. Firstly, as we will explain further in section 4.5, a unitary isomorphism of
Hilbert spaces is not enough to claim the equivalence between two theories. Two
descriptions of the same theory must be related by a unitary isomorphism of the
algebra of observables. In this sense, we will relate 77, with 75 and % with 77},
through unitary isomorphisms respecting the algebra of creation and annihilation
operators in each case. These relations are provided by a modification of the Segal-

Bargmann transform Definition 2.13 that we will denote

B~Sch : LZ(N/7D/’L) — L%{ol( ((/:JD/’LC)a
Butom : L*(N', Dv) — L2—(N¢, D).

However, the main question that we want to answer is: To what extent do different
quantization procedures depend on the choice of coordinates? Notice that if we
preserve the algebra of observables, the quantization procedure is, in general,
spoiled. Recall that we denote the quantization mappings of the previous section as
Q Holomorphic, Q, Schrodinger, 9,,, Field-Momentum, and Q antiholomorphic. As
we explained above, an algebra-preserving mapping will be Bgen. If we apply this
property to the quantization of the momenta, we get

. . - ty _ v - OV — Y

-1 _ ox @ a” 51 ¥ v
B Qu(w)Bsl, = Bl = B3, = NG
In general, Kj7¥ # m* according to (3.25). Thus, quantization is not preserved. To
answer the question posed at the beginning of the paragraph, we will provide unitary
isomorphisms that relate every picture with each other via quantization-preserving
integral transforms that we display in this diagram

iKxQ( ) = QuiA).

Holomorphic F , Antiholomorphic

(V2 Die), Q) e (B3N Dwe). Q)

Ik 1l

(v, D, @) —— " (22" D). Q)

Schrédinger F1 Momentum-field

Figure 4.1: Quantization preserving mappings.
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Here, B will be the regular Segal-Bargmann transform of Definition 2.13 with
a normalization change to keep up with our conventions. We will also introduce a
notion of Fourier transform F in infinite-dimensional spaces.

In summary, in this section we will see that, if we choose a function F(¢*, 7¥), we
can express it in different sets of coordinates, (4.67) for holomorphic F'(¢*, ggx) or
(4.22) for antiholomorphic F(¢*, ¢*), and the different quantization mapf)ing}s are
related by o

QUF (¢, 7)) = F T QulF (¢, 7)1 F =
BTIQIF(¢*,¢")B = B FTIQIF(¢*, )| FB. (4.29)

V)

4.3.1 Algebra-preserving isomorphisms: Segal-Bargmann modified
transforms

Slightly modifying the Segal-Bargmann transform of Definition 2.13, we can estab-
lish a unitary isomorphism

BSCh : LQ(N,aD/'L) - L%—Iol( é)DUC)

that preserves the algebra spanned by a*,a!*. In order to define this modified
Segal-Bargmann transform, we should deal with the extra 1/2 factor appearing in
the characteristic functional C' (4.19). To do so, let us first define Vg, = Bgch(\llgch).
Then, we choose

Wsen(0*) = ) / Dpus (7)o (V2[0* — i), (4.30)

where ¢/ (¥*) is a phase factor to be determined. This is similar to the definition in
[Oecl2c], with the addition of the phase factor. For instance, if we take f = 0, and
we denote the corresponding transformation as B, it reads:

BB = vags — 2% and B 9pB= 0 (4.31)
SD \/i 9 ¢ \/§ ["2a .
These relations are derived explicitly in A.1.1. Thus, departing from the expressions
of a® and a® shown under (4.10), we cannot recover the expressions of (4.21). To
solve this problem, we choose, up to a constant,

fle*) = %(KA)ry : 802 : gg~

We choose the Wick ordered monomial to get a well-defined chaos decomposition,
even though the pointwise product must be dealt with carefully, as we show in
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section 2.6.2. Representing Bg., = Be~/(¢*) and Bgclh _ /@)1 we obtain
~ ~ Lp o~ ~ . Axya —iAX y
B§§h¢xBSch = B Be = V2,* — Py y¥ ;
V2
aLpI — Z(KA)nyOy
\/5 .

With this choice, we preserve the form of the creation and annihilation operators
for each picture. This may be interpreted as a nontrivial phase in the relation of the
Schrodinger and holomorphic vacua, as is explained at the end of subsubsection 4.2.2.
Indeed, \I/é{ ol — 1 represents the vacuum of the Fock space in the holomorphic repre-
sentation because it is annihilated by the operator a* = A*Y9,y, as noted at the end
of subsubsection 4.2.1. Computing the Schrodinger vacuum with (4.30), we obtain
Bgl (1) = U§h = exp [£(KA)yy : 9% : |Y]. This is indeed the true representation of
the vacuum because it is annihilated b%f the annihilation operator in (4.21).

Similarly, for the momentum space, we can establish a unitary isomorphism with
the antiholomorphic representation

Byl 0ux<Bsen = €/ B 0pxBe ™ = (4.32)

Batom : LN, Dv) = L2(NE, D).

Let ﬁ!@ = %Mom(@ Mom)- Then, its inverse is provided by the expression

Faton(7%) = ¢ [ Do) (VE™ + 1) (4.33)

Thus, with g = £(AD™1),, : 72 : |*, we show in A.1.2 that

2

E]TilomgngMom = bTX and — EJT/[lomeyaquEMom =b*. (4.34)
This implies that the creation and annihilation operators of the antiholomorphic
representations are transformed into (4.28), the corresponding operators of the
momentum-field representation. Also, we see that the vacuum of the theory, the
section annihilated by the annihilation operator 0%, is represented by the phase
function U)o = exp [L(AD ™)y : 72 ]fy%}.

4.3.2 Preservation of the quantization mapping: Segal-Bargmann
and Fourier transforms.

As we explained at the beginning of this section, the isomorphisms of the previous
section spoil the quantization procedure. However, as we prove in (A.3) and (A.6),
the Bargmann-Segal transforms preserve the quantization mappings such that

B71Q(¢)B =Qs(¢%), B~1Q(n*)B =Q,(m),

B'O(¢%)B =0m(¢), B~ 'Q(r)B =0,n(r). (4.35)

(>
|
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Recall that B! is defined in (4.30) for f = 0 and B " is defined in (4.33) forg=0. In
chapter 5, using the tools of integral kernels, we will also write explicit expressions
for B in (5.56) and B in (5.60). These are the regular Segal-Bargmann transforms
introduced in Definition 2.13 with a /2 factor multiplying the domain. This fact
motivates the definition of the Fourier transform as the quantization-preserving
isometries that close the diagram of Figure 4.1. (Anti)holomorphic coordinates
adapted to field (3.25) or momentum-field (4.22) representations are related via an
antiholomorphic transformation

do* = i(K +iKA)Xde¢?Y,  —i(D™' +iAD™")¥d¢¥ = dg™. (4.36)

This result can be proved using the relation D = (iA* + 1)K (iA — 1) as described in
(A.10). Thus, we define the Fourier transform F as a relation between holomorphic
and antiholomorphic representations defined by the unitary isomorphism

Fi LyuWNgDpe) = L2, D) ] (4.37)
Una($®) = gg(6%) = pali(D™! —iAD™Y)5ev],
with inverse
Fole L3N Due) = Lo (N, Die) (4.38)

V(@) = U (¢X) = Upi(K + iK A)%¢Y).

For a proof of unitarity see A.1.3. Notice that the transformation acts non-trivially
over creation and annihilation operators because

FOF ' =i(D —iAD ), FopF Tt =i(K +iKAND, (439

as we prove in A.1.3. However, these are precisely the transformations required to
preserve the quantization mappings
FQ¢)F ! = —i(K —iKA;FQ(¢")F ' = Q(¢¥)
]:"Q(qu)]}*1 = —i(D71 + iADfl);‘]:"Q(?y)]:"*l = Q(¢®)
Finally, to close the diagram of Figure 4.1, the remaining ingredient is the Fourier
transform F defined by
F: L*N',Dus) — L?(N', Duyy
( ps) R ( ~—1 ~)~ (4.40)
U (p*) — Y(r*)=B FBY,

Then, as we show explicitly in A.1.4, the quantization mappings are preserved
because

FpSyx T~ = i0nx + in¥ Dyl + 7Y (AD ™) i
F a0, F = —i0px + ipY Kyx — @V (K A) yx. (4.41)
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Thus, the quantization prescription for linear operators in the Schrodinger pic-
ture (4.20) is transformed into the analogous quantization prescription in the field-
momentum picture (4.27) and vice versa. Hence, the quantization mappings are
respected by the Fourier transform in these representations.

The discussion above is carried on over linear functions, but we can straightfor-
wardly generalize it for arbitrary functions after the choice of one of the ordering
prescriptions discussed in section 4.4.

These transformations do not respect, in general, the algebra of observables. We
showed in the previous section that the isomorphisms of algebras are achieved by
adding the corresponding phase factors to (4.30) and (4.33), which are lacking in this
section. For this reason, the transforms of Figure 4.1 are not suited for discussions
about the vacuum of every representation of the theory.

For completeness, we will show here how this representation fails to preserve the
representation of the algebra of observables. Let’s denote a*, at* the creation and
annihilation operators of the Schrodinger picture provided by (4.21). Let also 5%, bf*
represent the creation and annihilation operators of the momentum-field picture
given by (4.28). Writing in terms of these operators the expression of the quantized
operators ¢* and 7%, the relation above can be rewritten as

aTx+ax 3

leZ(D < aTy_ay _1_bTx+bx'
V2

b = KXF F
A TR T T Tn

Thus, we can write

o ' lab - bey
Fa*F 1:Z(A—D 1)y§+Z(A+D 1)y7
X T— . — xby . — bey
F(IT ./—" 1 = —’L(A + D 1)y5 - Z(A - D 1)y7 (442)

This implies that creation and annihilation operators mix, in general, in a nontrivial
manner under F. Notice that, from this expression, it is immediate to conclude
that the mixing depends on the properties of the complex structure. Indeed, when-
ever A7 = 0 we get D~! = —A. Hence, in those cases, there will be no mixing
between creation and annihilation operators under the Fourier transform. Under
this assumption, éSch and Bjsom reduce to B and B respectively, and they form a
unitary isomorphism of the algebra of observables. The Fourier transforms F and F
also produce an isomorphism that respects the canonical commutation relations. To
see this result recall that [a¥,a!Y] = AXY and [b%,b"Y] = —D*Y and —D*¥ = K*¥ for
this particular case. In a nutshell, the diagram Figure 4.1 only represents unitary
isomorphisms of the algebra of observables if A7 = 0.
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4.4 Wick and Weyl orderings and the star product:
Quantization of arbitrary functions

The last ingredient to conclude our quantization program is to enlarge the prescrip-
tion to higher-order functions, as we explained at the beginning of the chapter. For
this matter, we will focus on the holomorphic representation. This representation is
particularly well-behaved for describing a QFT over a Cauchy hypersurface Y. This
is because the space of pure states for this theory is considered to be

L?—Iol (N((/) D,U'C)a

for a suited choice of Gaussian measure Dyu.. In this space, the Wiener-Ito de-
composition is particularly simple, and the Skorokhod integral amounts to simple
multiplication by ¢*, which is also reflected in the simple form of creation and annihi-
lation operators of (4.10). Moreover, this space possesses nice analytical properties
briefly explained in section 2.5.3. In the sections above, we provided a detailed
account of this representation as well as its relation to several other representations
of QFT for linear operators. The goal of this section will be to present the extension
of this quantization procedure to the nonlinear cases. For that matter, we will use
the new tool of reproducing kernels presented in section 2.5.3 to deal with ordering
problems. These ordering problems arise from the ambiguity in the prescription for
nonlinear operators coming from the nontrivial commutation relation [aX,aY] = A%,
In this section, we will present the Weyl ordering prescription and the correspond-

ing Moyal product using tools of Gaussian analysis. These tools ease the study of the
analytical properties of the classical functions that allow for well-behaved definitions
of C*-algebras of observables. After that, we will briefly discuss the technology
transfer to the Wick ordering prescription.

Notation for Holomorphic quantization

In the remainder of the chapter, we will only discuss the

Holomorphic quantization mapping Q. For simplicity, in

the following sections, we identify the element ¢* € N

with ¢* € M¢ unless otherwise stated.

4.4.1 Weyl quantization

The first choice that we make is called Weyl quantization and we denote it Qyy¢y. It
is defined as follows. Firstly, any holomorphic quantization map must coincide with
linear functions of M, that is,

a* = Qe (%) = A0y,  a™ = Queyi(¢X) = ¢*. (4.43)
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Then the Weyl quantization mapping assigns to each monomial ¢"¢™ an averaged
assignment of every possible order. We can then define the Weyl quantization for any
polynomial classical functional inductively. For linear operators, the quantization
procedure must coincide with holomorphic geometric quantization: Qyyey[¢*] =
at®, Qweyl [¢¥] = a*. For higher-order monomials, we proceed as

QWeyl[((bném)uiyv] =
Tu n—1 7m\X,yv [au’ atz} n—1 7m\X,yv
a QW@yl[(qb ¢ ) Y ]+ 2 QWeyl[ﬁggz(gb ¢ ) Y ]

u ,t,z
M (4.44)

= Qwen[(¢"™ )" Y]a¥ + Queyi[Dp ("™ )"
Notice that we can do this because [a", a"¥] = A" commutes with a* and a!Y. From
this expression, it follows that the action of Skorokhod integrals with covariance
A*Y /2 is cast into
A*Y
2
*HT - Aity
QWeyl[a ¢ F] = QWeyl[(d)x - 2
Thus, this quantization procedure is well-suited to quantize classical functions into
a Hilbert space O, defined by

Qweyt[0*" F] = Quwrey[(¢” — 950)F] = a™ Queyi[F)

a¢u)F] = QWeyZ[F]ax. (445)

_ bz ATYpy

Ou = L*(N{, DW) with / DW(¢¥)ei(Prd™pad™) — =575 (4.46)

Indeed, for functions in this Hilbert space, we can consider a chaos decomposition

Flg,é] =Y Far™Wa (¢"™)™. (4.47)

Wick monomials Wa (¢"¢™)* defined in Definition 2.11 in this context may be
interpreted as a nec2essary point-splitting regularization procedure in the product
of distributions, see Remark 4.2 below and [BF82]. Notice that, because M is
modeled over N/, this is needed already at the classical level, that is, for O.

Remark 4.1. (i dependence of V)

Notice that the covariance A*Y of this Gaussian measure V¥V comes from the commu-
tation relations [a",a"¥] = A". In this commutation relations we assume h = 1. If
we drop this assumption, we get [a", aT"’] = RAYY. This implies that the VW depends
on h in such a way that that its characteristic functional is exp (—h%). Thus,
the regularization of O.; is dependent on h.

Now, quantizing the function F' means constructing the operator with the same
chaos coefficients. For one such monomial, we obtain

Queyt [Fly ™ Wa (¢"¢™) 7] = Fax™ (™) (a™)7. (4.48)
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It is straightforward to obtain the action on the total classical function by linearity,
although we must proceed with care because the resulting operators are, in general,
unbounded.

An important property of Weyl quantization is the transformation of complex
conjugation into involution:

QWeyl (F*) = QWeyl (F)TC (4.49)

Therefore, real classical functions of O, are quantized into Hermitian operators. As
we will see, the machinery of integral kernels of section 2.7.1 is better suited to deal
with the finer details of this quantization, which we explore in the next section.

Weyl quantization from integral kernels

We can re-express the Weyl prescription, acting over the dense subset of Hida test
functions (N¢) C L%, (N, Dpe), using integral kernel representations as explained
in section 2.7.1. That is, we will use (2.79) to rewrite the quantization prescription.
This quantization prescription is particularly simple for the algebra of trigonometric
exponentials T (N{.). For &, = exp (ix2¢® + ix»¢"), we have

Qweyt [E4] ¥(07) =
x . T 0 XrAway T Y X
. Dpc(¢™) exp | ixao® + ixz 0% — - — + ¢* Kyyo! | ¥(¢™). (4.50)

C
We know from chapter 2 that 7 (N{) is dense in O, and therefore we extend Weyl
quantization to the whole space by linearity. In chapter 5, we will explore further

this map in (5.37) and, for the antiholomorphic picture in (5.50).

Moyal product

To complete the picture of Weyl quantization, we need to know how the composition
of operators is translated as a multiplicative operation in the space of classical
functions. For that matter, we define the Moyal star product, denoting it *,,, as the
one that preserves operator composition after quantization. This is for an appropriate
subset of classical functions F,G € W C O,°

QWeyl (F) QWeyl (G) = QWeyl (F *m G) :

The space (W, x,,,) must be an algebra, and we denote it the algebra of classical
Weyl-quantizable functions. We will characterize this algebra below, endowing it with
a norm. Using (4.50) together with (2.79), it follows that £, with the Moyal product
is a representation of Weyl relations

3We will prove that W is indeed a subset of O in the next section.
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PeAYay — 0, A%y

2
These Weyl relations will play a crucial role in our discussion about canonical quanti-
zation since they represent the canonical commutation relations in an exponential
form. Using the identity e %* F(¢*, ¢*) = F(¢* + 0%, $¥) over trigonometric expo-
nentials &£,, and because of the density of 7(N{.), we can rewrite Weyl relations and
extend the Moyal star product of any two functions F,G € W C O, with an integral
representation:

£y km Ea = exp ( )5p+a. (4.51)

FonG = [ DW@) [ DI + 0%, 5% + ZIG0™ + 5% = %), @.52)

This expression is tightly related to the one in the covariant formalism of QFT shown
in [Dit90]. Notice that this product acquires a dependency on % in the way discussed
in Remark 4.1. As a consequence, we can express this star product as a power series
in terms of A.

The algebra of Weyl classical quantizable functions

Our goal in this section is to study the algebra W and to prove that it is indeed
a subset of O.. To do so, we start by noticing that a dense subalgebra should be
(T(N{),*m). Then we must topologize this algebra in such a way that the x,,, product
is continuous. The natural way to do this is, since x,, is a reflection of the operator
product under the map Qy.,, the topology is the coarsest one making this map
continuous. Thus, the topology is the one induced by Qyy.,; with the operator norm
in the image. In more practical terms, we endow W with a norm such that for F € W,

[Fllweyt = | Qwey (F)|| = o 1Qweyt (F) ¥ (4.53)
U|e=1

It is indeed a norm because Qyy., is linear and respects involution. We start by
studying the operator norm of the generators of the algebra, i.e., the trigonometric
exponentials.

Lemma 4.1. Trigonometric exponentials £, = exp (ixx(;ﬁx + z’xxgbl’) are quantized
into unitary operators of L3, ,(N{, D).

Proof. Equation (4.49) allows us to compute the operator norm in the following way:

||5X”%/Veyl = HSI|1|p <‘I"QWeyl (?X*m 5x)‘1’> = ”Sﬂp (U|w) = 1. (4.54)
T|=1 U||=1

Here we have used the relation &, = £_, and the Weyl relations &, x,, &, = & = 1. O
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In order to compute the operator norm of a generic element of 7 (N(.), we must un-
derstand the action of Qe (SX) over a vector U. For that matter, it is convenient to
decompose trigonometric exponentials in terms of holomorphic (and antiholomorphic)
coherent states K, = exp (x,¢") in the following way:

. Ay
£, = exp <X2Xy> K i %m Kiy. (4.55)

Quantized coherent states act in a straightforward way over the vector ¥:

QWeyl (Icix)‘;[j(¢x) = \I/(¢X + AXyXy)v
Qweyt (Ky) U(¢F) = X9 (¢X). (4.56)

Then we can compute for later use:

Xz ATY xy

(W] Qe (E)T) = €7 (Queyt (K—in) ¥ Qureyt (K ) )
)Za:AzyXy S - YT 7 o
= [ Dy T (). @)

This expression allows us to compute the Weyl-induced norm of a generic element
F € T(N{). By definition, it can be written, in general in a non-unique manner,
as F(¢*,¢*) = 25:1 F,&n~. It is easy to see that the norm of F' in O is simply
computed by means of the characteristic functional (4.46). Then, using (4.57) and
the characteristic functional of Dy, defined in (4.6), the following equality holds:

N __
(X=X, ATY (X —Xx") _
IFIZ = > FiFne : Y= (1Qwen(F *m F)1)u. (4.58)

n,m=0

Here the state 1 is simply the constant function 1. This expression and (4.53) provide
us with the bound || F||; < ||F||wey and, by density, this is valid for every F' € W. The
equality does not hold in general. From this fact, we have that W — O, is a dense
subspace such that the inclusion is continuous. We also have that

(Woxm, [|-[[weyt)

is a C* algebra with complex conjugation as involution. In this way, Qw.y is a
C*-isomorphism between W and W = Qwey(W). The latter is the von Neumann
algebra of quantum observables, which is a representation of Weyl relations (4.51)
as a closed subalgebra of the algebra of bounded operators W C B (L%,,(N&, Dyc)).

An important remark to notice is that in previous sections we obtained an expres-
sion for the quantization of linear functions of 0. The result is the set of linear
combinations of creation and annihilation operators, which may be unbounded. This
means that, even though we can enlarge Qyy.,; to make sense over the whole space
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of classical functions O, the norm ||-||; just provides a lower bound on the operator
norm, and the Moyal star product %, is not well defined outside W. In simpler terms,
even though we could quantize the whole O, we cannot treat it as an algebra. This
fact, even though it may seem abstract a priori, is the source of the renormalization
program. In most cases, we must deal with Hamiltonians containing interaction
terms such that H € O but not in W. In the computation of the propagator of the
theory, we need to compute products of H with itself. The naive treatment of this
kind of expression leads to divergent integrals that must be treated with care in a
renormalization program. We will not deal with this feature in this work and refer
elsewhere [Nai05, AA15] for further information on the standard renormalization
program.

Finally, let us provide an upper bound to || F||yey. In general, it is difficult to obtain
an explicit expression for it. Nonetheless, by Holder’s inequality, we obtain

Xz A% xy

[(T1Qwey (Ex) ) < e 2 [(T|T)],

that for an element written as F(¢*, ¢*) = Y% | F,&,n leads to

00
||F||I2/Veyl = ||§ll|lp1 Z F;Fm<\I"QWeyl (gxm—x")@uc <
~tn,m=1

> G XM AT (= X™)y,
> [EFle 2

n,m=1

This is the best that we can do; in turn, it leads to a criterion of convergence for a
function of O, to be in W that may be used in a regularization program.

4.4.2 Wick holomorphic quantization

The most common ordering in QFT is not Weyl quantization, but Wick quantization,
which assigns to regular monomials the so-called normal order prescription. This
prescription is designed to quantize regular monomials into normal ordered products
of creation and annihilation operators that guarantee null vacuum expectation values.

In order to find an explicit expression for this operation, we use the Wick operator
Wa for general functionals introduced in Example 2.6. Using this, Wick quantization
is defined from Weyl quantization as Qi = Qwey © W% .

Remark 4.2. (Regularizator of the classical theory) In Weyl quantization, the

operator Wa plays the role of a point-splitting regulator of the classical theory. As
2

an example, we get

A™Y

W% (Cmy(z)x(z_)y) = ny¢a:¢_5y - nyT
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thus the ill-defined product of distributions ¢*¢Y, see [BF82], is regularized in such a
way that it is integrable under the measure DWV.

We won't cover this case in full detail; the results of the previous section can be
related to this case just by studying the properties of Wa. Our main interest in this
section will be to find a correct star product x,, to find azrepresentation of the Wick
relations. Writing Qyy., in an integral kernel representation

Qwick [Ex] ¥(0™) =

/ Dpe(¢™) exp (ix20" + iX20® + ¢" Kyyo?) ¥(¢™). (4.59)
N
Wick star product follows from its definition Qu ek (F) Qwick (G) = Qwick (F *w G) as

Foy G = /DW(gX)F(qﬁX, &+ V20) G + V20X, ¢F). (4.60)

Then a representation of the Weyl algebra is obtained by the Wick-ordered trigono-
metric exponentials:

XaA™xy )

: gX ‘= exp (me(bm + iXx¢x - 92

5. A%V — a. ATY
pzA Qy 5 OéxA Py) :ngrCt . (4.61)

This procedure is often used in quantum field theory because classical functions
representing Hamiltonians are expressed in terms of regular monomials. Nonethe-
less, the space of classical functions possesses better analytical properties in Weyl
quantization, and the difference between a Hamiltonian written in terms of regular or
Wick monomials often amounts to an infinite constant that is physically interpreted
as a trivial shift of the ground energy without physical meaning.

:Ep:*wzga::exp(

4.5 Algebraic Quantum Field Theory: Fock Quantization

To complete our study on quantization, we must show the connection of the rep-
resentations described above with canonical quantization through the program of
Algebraic Quantum Field Theory (AQFT). We present here a quick summary of its
ingredients in order to introduce the most common QFT representation found in in-
troductory books on the subject, i.e., Fock quantization. We refer to [Wal94, Bru&15]
for a thorough analysis of the subject. Roughly speaking, the starting point of this
construction relies on the abstract characterization of the C'*-algebra of quantum
observables. It turns out that the predictions of a QFT can be derived in different
representations as long as their algebras are unitarily isomorphic. Thus, we consider
two representations equivalent if they are related by this class of isomorphism.
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So far, we have used geometric quantization to find a particular class of repre-
sentations of a QFT. In those cases, we obtain a Hilbert space as a representation
of the class of pure states and the algebra of observables as the image of a quan-
tization mapping from a class of classical observables. In those cases, though,
geometric quantization comes with the ambiguity associated with the choice of polar-
ization, and we are forced to study separately (anti)holomorphic, Schrodinger, and
field-momentum representations. In this section, we show that, using the Gelfand-
Naimark-Segal (GNS) construction, the necessary condition to achieve equivalence
is to represent Weyl relations and an abstract equivalent state.

We already know that the vacuum state is represented in each of the representa-
tions displayed in this chapter. Thus, using the isomorphisms of section 4.3.1, we
can see that the Schrodinger and holomorphic representations are equivalent, while
field-momentum is equivalent to the antiholomorphic representation. In the previ-
ous section, we showed how we obtain Weyl relations from the different ordering
prescriptions. Extending this analysis to the antiholomorphic representation, we
would also obtain Weyl relations in a different set of coordinates, finally showing the
equivalence of all representations. This last step will not be covered in detail in this
work.

In summary, our goal in this section is to find Weyl relations that correspond to
the abstract axioms that characterize the C*-algebra of quantum observables from
the geometric narrative that has been our guideline in this work. Then, we find
how AQFT recovers the space of (not necessarily pure) states from this abstract
setting. Finally, we will use it to establish the relation of holomorphic quantization,
under an ordering prescription, with Fock space quantization commonly found in
the literature [Wal94]. We claim that this analysis also leads to the equivalence
of all representations exposed in this chapter, but we skip this part as it is just a
paraphrase of the arguments given throughout the chapter.

4.5.1 The C* Algebra of Quantum Observables and the GNS
Construction

The first problem that we encountered in order to quantize a classical theory was how
to model our phase space T*N, where we know that there is a canonical symplectic
form. So far, our approach was to model this space treating both base and fiber
as distributions and then consider Mp = N’ x N’. This choice, even though it
complicates the treatment of the classical theory itself, suits the needs of KvH theory
and geometric quantization for QFT. In this section, we are interested in AQFT, thus
we start with a different choice of model space for our classical theory. In our model,
the manifold of fields is M4 = N x N with coordinates (¢x, 7x), and it is endowed
with a symplectic form

W, = 0dmy N dpy = / d?x\/|n| [dr(x) @ dp(z) — do(x) @ dr(x)]. (4.62)
)
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Notice the difference with (3.18). This is because here the coordinates are functions
and not densities of weight one. At this stage, we can write Weyl relations in a
coordinate-free manner. Let p, « € T M 4 be vector fields; then the Weyl algebra is a
C* algebra with generators R(-) that fulfill Weyl relations

R(p)" = R(=p). R(p)R(a) = e3*1PIR(p + a). (4.63)

Notice that particular representations of this algebra are given by (4.51) and (4.61).
These are particular examples of a representation of Weyl relations in the algebra of
bounded operators? of a particular Hilbert space.

Once the algebra is known, we need to recover the space of states of the theory.
To carry on with that study, we use the GNS construction. Our starting point is a
particular state of the algebra, i.e., a linear functional w : &/ — C which is positive
definite (i.e., w(aa*) > 0) with w(1) = 1. With this state, we can define the GNS
representation of the C* algebra:

Theorem 4.2. (GNS Construction) Let o/ be a C*-algebra with unit and let
w : &/ — C be a state. Then there exists a Hilbert space ¢, a representation
w9 — B(J¢), and a vector ¥ € J¢ such that,

w(A) = (U, m(A)V) 4 .

Furthermore, the vector V¥ is cyclic. The triplet (7,7, V) with these properties is
unique (up to unitary equivalence).

In this fashion, we recover the usual prescription of quantum theories where
we look for a representation of the algebra of observables as a subalgebra of the
space of bounded operators acting on a separable Hilbert space. In this way, the
GNS construction ensures that it is enough to restrict the study to the physically
meaningful states w : &/ — C. That is, we can study the representation 7(«) C B(.%)
in our physically relevant setting instead of every possible abstract C*-algebra.

We can study many physical aspects of quantum theories by asking properties
over w. For example, the quasi-free or Gaussian condition ensures that the states
are completely determined by two-point correlation functions, and the Hadamard
condition ensures that causality is preserved [Bru&15]. In our case, we are interested
in the theory in a Hamiltonian form, and therefore such features are part of the
particular Hamiltonian that describes the theory.

Our goal in this section was more modest than the general aim of AQFT as a whole
[Bru&15]. We only intend to set the groundwork to understand the equivalence
of the same theory described in different terms. So far, we studied quantization
mappings @ to establish particular representations of Weyl relations. This is our

“Here, for simplicity, we identify the classical function with the * product with its image under the
corresponding quantization mapping, as we know that they are isomorphic.
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C*-algebra of quantum observables, which always acts over L%{Ol (N, Duy) or similar.
From GNS, we now know that this Hilbert space, which seemed the central object
in geometric quantization, is, in fact, irrelevant since it can be reconstructed by
means of a particular state w. Thus, to recover holomorphic quantization, we set
R(a) = Qweyi(Eq) as our generators of the C*-algebra of observables. Then, we can
reconstruct the Hilbert space knowing that the Hilbert space vector representing the
vacuum state is given by the constant function 1. To recover the state of the algebra,
we look at the GNS construction, and by (4.57), we obtain

“ agA agATYay

wHo(R(a)) =e 2 - /Duc(¢x)€i(ax¢z+ax¢x) =~ 2 . (4.64)

This construction may seem too involved for our purposes so far, but it is crucial to
understand the equivalence with Fock quantization.

4.5.2 Fock Space Representation

Now we will consider how the representation of the C* algebra can be chosen for the
Hilbert space to be the usual Fock space of QFT. Besides, we will identify the role
that the different geometric structures introduced in the manifold of classical fields
play in the representation.

In a Fock space representation, we start by introducing on the manifold of classical
fields a complex structure compatible with (4.62). For simplicity, we choose the same
entries of (3.21) adapted to the new setting on which M4 =N x N:

Ay AR D,

This leads to the positive definite Riemannian metric g, (-, -) = war, (J+, -). We can
use it to define a Hermitian metric on M 4:

w. (4.66)

Moreover, by linearity, (M4, ha,) is completed to a complex Hilbert space that
we denote H1,s, the Hilbert space of one-particle states. We will use this Hilbert
space as a starting point to represent our quantum field theory. The next step is to
notice that we must allow states with an arbitrary number of bosonic particles; thus,
we represent our theory over H g, = I'H1ps, the bosonic, or symmetric, Fock space.
This space is defined in section D.2.

With this structure at hand, we use a change of variables dual to (3.25):

hav, =

dpy = dp, + (KA)Ydry, di, = KYdmy,,

- 1
(wX7 ¢y) = ﬁ(@x + 7:7~TX7 Séy - iﬁ—y), (4.67)
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to obtain, in coordinates, hp(, = A%di, ® diy. In those coordinates, it is clear that
Hips = Ha, where the latter is the completion of NV¢ with the Hermitian form A, .
An element of the Fock space is written in coordinates in a very straightforward
manner as

U= (¢(0)’1/}3(c1)7¢§:21)125 71/];*2)7)7 (4.68)

with w ) = qbg). Annihilation and creation operators are also easily written as

@™V = (XIAW¢Z(/1)’ o VT X Aw%ﬁ(@lfﬁ ),
Xea" W = (0,40x, -+ V1) ). (4.69)

Xzpi1)

Among all the possible choices, we pick 1 € HOA as the cyclic vector of the GNS
construction because we want to interpret it as the vacuum state of our theory. The
last ingredient is the state; a Fock generator of the Weyl algebra is [Wal94, CCQO04],
in holomorphic coordinates:

Ri(o) = exp(@za® + azal®). (4.70)

Using the BCH formula with [a*, a"¥] = A*Y, we put annihilation operators to the
right of creation ones, then the Fock state acting on the generator, which is the
vacuum expectation value of it, is easily computed by...

Wrock(Rr(ar)) = e~ 2hMm (@) (4.71)

Thus, wyy, of (4.64) and wr,. act in the same way over their respective generators
of the Weyl algebra. Because of the GNS construction, they are related by a unitary
isomorphism and, as such, they represent the same theory. The same is true for the
Schrodinger representation [CCQO04]. As anticipated, a unitary isomorphism at the
level of the Hilbert space is not enough to establish the equivalence of the theories.

Indeed, we already knew that Fock space coordinates (4.68) are the coefficients
of the chaos decomposition of the holomorphic representation under the Segal
isomorphism 7 : L%, ,(Mc, Dyc) — Hpock. However, to establish the relation in full,
we must also preserve the C*-algebra of observables. In this case, both theories
are unitarily equivalent representations of the same algebra of observables if we
represent the C*-algebra (W, ,,) with the quantization mapping Qyy.,; studied in
section 4.4.

In any case, it is important to remark that Fock quantization is fundamentally
different from that of holomorphic quantization since it relies upon the notion of
one-particle space structure from which the Fock space is constructed. Kahler
structures in this setting are also fundamentally different from those of holomorphic
quantization. In holomorphic quantization, this structure is densely defined in the
domain of the wave function ¥(¢*), while in Fock quantization, it is defined dually
over the coefficients of the one-particle states.
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The relation between both pictures is also more involved than previously expected.
In this section, we made the design choice of writing Fock operators and vectors
in holomorphic coordinates; this is because the explicit isomorphism given by the
Segal isomorphism is only obvious under the change of coordinates (4.67). The real
power of Fock construction relies on its coordinate-free nature, which just depends
on the Kahler structure of (w, p1, J)p,. We will keep this section simple at the cost
of blurring its real power, but this is a well-known feature in the literature, and we
refer elsewhere for a thorough discussion [Wal94, Bru&15].



Chapter 5

Quantum Evolution: The
Modified Schrodinger Equation / _—

5.1 Introduction

The Hamiltonian approach that we present in this work presents some conceptual
advantages over the relativistically covariant approaches. In the latter, the quantized
quantities are solutions of some classical equations of motion. This approach, even
though convenient for practical calculations [Bru&15], leaves no room for the distinc-
tion between kinematics and dynamics. In our approach, the quantized quantities
are initial conditions or Cauchy data. This allows for the separation of both aforemen-
tioned aspects of the theory. In fact, in the previous chapter, we provide a careful
depiction of the phase space and observables of a QFT. These are the fundamental
kinematic aspects of the theory, as we pointed out in section 1.2. Now we must focus
on the depiction of the dynamics of the theory.

First of all, in this chapter, we will focus on theories of QFT on curved spacetimes
in which the latter is treated as a background. The general coupling to a dynamical
spacetime with backreaction is more involved, and we skip its discussion to chapter 6.
In this chapter, our point of view is that of a parametric theory, as described in
Remark 3.1. In that case, the time parameter ¢ is treated as a label that marks the
changes in the different geometric structures. We will elaborate more on this aspect
in section 5.4.

In this chapter, we aim to postulate the dynamics of QFT using geometric argu-
ments. In regular quantum mechanics, this evolution is just the Schrodinger equation.
However, in general curved spacetimes, evolution will not preserve the Hilbert space
of pure states L%{oz( (’c, Dyp.) unless the spacetime is static or stationary [AMA75,
CCQO04, AA15].

To gain a geometrical insight into how to study this change of Hilbert space
structure, we should understand the kinematical aspects of the previous chapter
in the language of differential geometry. For that matter, in section 5.2, we opt to
rephrase the tools of the previous chapter using Kibble’s program of geometrization
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of quantum mechanics [Kib79, AS99]. The procedure of geometrization is roughly as
follows: given a quantum theory defined by a Hilbert space of pure states H and its
algebra of observables W, we describe each ingredient in geometrical terms. The
Hilbert space is described as a complex manifold of pure states &Z. We will say that
we are working at the second quantized (s.q.) level when we model the space of
pure states & as a manifold in this way. This manifold is endowed with a s.q. Kahler
structure (G, 2, J) % that describes the Hilbert scalar product. Our objective is to
describe this space in full generality without restricting the analysis to a particular
measure (. determining the s.q. Kahler structure. For that matter, and in order to
have good properties for differential geometry, we model & using Hida test functions
(N).

This geometrization process opens the gate for a different kinematical description
of the theory. From that study, we get the configuration space of all possible QFTs.
This will be the space containing all allowed s.q. Kahler structures

(G,Q,7)» € Kahl(2).

Together with this, we should restrict observables to be sesquilinear forms computed
with this structure. This will be denoted W ().

Once again, Gaussian analysis tools from chapter 2 will be key to simplify the
treatment of the theory in section 5.3. At this s.q. level, even the description of
coordinates and functions over the manifold &2 will depend on the concept of Hida
test function from section 2.7. These functions have been introduced with respect
to the auxiliary concept of white noise measure 3 (2.69) and, even though they are
independent of this choice of auxiliary measure, are easier to handle in terms of it.
This observation allows for a systematic use of white noise tools, such as integral
kernels from section 2.7.1, to describe changes of coordinates, tensors, charts, etc.
In particular, we are interested in the definition of real Darboux-like coordinates in
this s.q. framework.

Once this description is understood, in section 5.4, we postulate dynamics as a
Kahler-preserving flow. The situation is somewhat similar to the analysis shown in
chapter 3. In that case, the dynamics of a Schrodinger-like equation for CSFT leads
to some surprising aspects. There is the appearance of a connection I'; in the time
derivative and the need for the dependence of ;. on the Hamiltonian of the classical
theory. Nonetheless, that analysis was done with a heuristic treatment of Gaussian
integration. In this case, we will recover similar structures to those in chapter 3
derived from the time dependence of the geometry of 3; and its Riemannian structure.
Using the previous analysis on the geometrization of quantum field theory, we derive
a dynamical equation from first principles. This procedure will be consistent with
our geometrical viewpoint and bound to reproduce the Schrodinger equation in the
situations in which there is no ambiguity in its derivation [AMA75, CCQO04, AA15].
More precisely, we must match the unmodified Schrodinger equation in static and
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stationary spacetimes.

Finally, in section 5.5 we will explore the ambiguities in the choice of the connection
I'; for the time derivative V;. In particular, we will explore the dependence on the
representation (holomorphic, antiholomorphic, Schrodinger and field-momentum)
of a naive choice of V;. We will perform this analysis profiting from the discussion
in section 4.3, summarized in Figure 4.1. That is, we will describe the integral
transforms appearing in that diagram using the tools of the geometrization described
above. Thus, we will start our discussion on the section describing the Fourier F and
Segal-Bargmann 5, B transforms using the techniques of integral kernels extensively
studied throughout this chapter.

The central result of this chapter will be presented in section 5.5.4. This is, the
choice of an unambiguous connection I' that respects the quantization mapping Q in
compatible way with a coupling with gravity. The derivation of this condition is the
main focus of chapter 6.

Notation for Holomorphic and Weyl Quantization

For reasons stated at the beginning of section 4.4, it is
better to use the holomorphic representation to develop
this study. For that matter, in this chapter, we identify
¢* with ¢* and the quantization mapping is extended
to any function using the Weyl ordering prescription
Q ~ Qyy.y unless otherwise stated. However, we point
out that the analysis can be straightforwardly extended
to any other representation.

5.2 Kinematics of QFT: Geometric Quantum Field Theory

Kinematic aspects of a QFT as described in chapter 4 are the Hilbert space of pure
states # = L% ,(N{, Du.) and the algebra of observables W = Q(W) that represent
Weyl relations. Using the geometrization of QFT from [Kib79, AS99], kinematic
aspects of a QFT are the description of the manifold of pure quantum states & with
its additional spaces of s.q. Kahler structures

(G,9,7)» € Kahl(2) (5.1)

and the algebra of observables as a representation of Weyl algebra Ws(%?), which is
a subset of quadratic functions.
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5.2.1 Geometrization of Quantum Field Theory I: The Manifold of
Pure States

Due to the infinite-dimensional nature of the problem, the model space used to
define the manifold structure is of crucial importance. For a well-posed geometric
framework, we will choose to consider as reference a particular Fréchet-Nuclear
space: the set of Hida test functions .4 = (N¢). As we did in section 2.7, we will
consider a suitable rigged Hilbert space

N C L%, (Mg, Duc) € N (5.2)

As a result, the Hilbert space of the states of quantum fields L%{Ol(/\/lo, Dp.) can be
densely modeled as a C'°*°-manifold, considering .4 as the model space.

As the model space for our manifold is the space of test functions, we can introduce
a system of coordinates associated with them on the space of quantum fields. In this
case, we will denote test functions with a superscript ¥¢ € .4, while oy € A" stands
for distributions. This convention is reversed from that of regular test functions and
distributions (2.1), but turns out to be more convenient in this case because we stick
to the geometric convention, and test functions will usually be treated as coordinates
of the manifold &. Of course, pointwise meaning holds for test functions, while it is
lost in the distributional setting.

We endow the manifold with a Hermitian form trivially by using the scalar product
of the Hilbert space. Since the topology of ./ is finer than that of L%{Ol (Mc, Dpe),
we have that its scalar product (,),., inherited by the embedding, is a sesquilinear
positive definite and continuous bilinear form on .4#". Moreover, this form is weakly
non-degenerate. This means that only the zero vector has zero norm also in .4/, but
the map (,),, : 4 — #"* that maps every element ¥¢ € .4 to (V?,.), € 4" is not
surjective, although it is clearly injective.

The manifold &2 with this Hermitian structure, as anticipated, denotes the manifold
of pure quantum states. As a linear complex manifold, it can be trivially treated
as a real manifold endowed with a s.q. Kéhler structure (G, 2, J) % related to the
Hermitian tensor above. To recover the quantum theory, we follow [Kib79] and
choose a preferred point in |0) € & that represents the vacuum and consider the
tangent space of this point 7% ~ .4 . In linear spaces, which is the case that we are
treating here, this distinction is blurred by the identification of & with T,.%. In the
following, we will identify both spaces, when it is possible, to simplify the discussion.

The description of & using directly the identification with Hida test functions U? ¢
L%M(MC, Dyp.) is equivalent to a description in holomorphic s.q. coordinates. In this
case, there is a global chart for the linear manifold %, and under the identification
of both spaces, we can write
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G (D2, 0%) — i (99, UO
2

hip (9, %) — ) _ /N Dpel ) BFNU(6) 1= B9 A T,

(5.3)
Notice that in this case, the complex structure is completely determined by the
definition of the space of quantum states, and we do not have the freedom to
select it as in the case of the manifold of classical fields. This is because we are
describing a given theory in geometrical terms. Below, in section 5.3, we will develop
some important tools to express the geometrization of this section in concrete sets
of coordinates and discuss to what extent we can freely choose the quantization
procedure.

5.2.2 Geometrization of Quantum Field Theory lI: The Algebra of
Observables

Once we have described the space of pure states of the theory in the geometrized
setting, the remaining task is to describe an algebra of observables that fulfills Weyl
relations and is unitarily equivalent to the ones described so far. As before, we
start in full generality and unveil several interesting properties in particular sets of
coordinates using Fock quantization.

We must address first the issue of how to cast into this formalism a previously
existing algebra. The description of the space of pure states & that we want to
achieve is geometrical in nature, as a consequence, a description of the algebra
should follow three conditions:

 The algebra of observables is a subset of the space of C*(%).

* It contains a dense representation of the Weyl algebra (4.63). This implies that
the product of observables cannot be the pointwise product of functions.

* The Hamiltonian vector field generated from an element of the algebra F' given
by Xz = {-, F'} » is such that its flow preserves the Kahler structure. This means
that £Lx,h» = 0 and implies that quantum observables generate symmetries
that cannot transform the structure (G, 2, J) » that defines the quantum phase
space. If we want to change this structure with respect to a given evolution, it
must be introduced as a change in the Kahler manifold from an external source
such as an external gravitational field [Alo&24a].

To achieve this, we will be considering the sesquilinear forms defined in holomor-
phic s.q. coordinates as

160, 9) = [ D0 T@CV (o), 5.0
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for G € Oy, G = OQweyi(G). In formal terms, we will write
fe(B,0) = (U,G0) 5 = T0A; GI07, (5.5)

where A b0 is introduced in (5.3) and G‘i; represents the integral kernel representation
of the operator Qyy.,(G). Integral kernel representations will be of huge importance
in this s.q. description, and we will discuss them in depth in the next section. The
product of sesquilinear forms follows directly from an extension of the Moyal product

fesm fg = fowe(Gemm) = Tan (5.6)

With these quadratic functions, we can find a C*-isomorphism from the algebra
(W, %m, ||-[lweyi), described in subsubsection 4.4.1, to the set

Wo(P) = {fé(\i,w Ge W} , (5.7)

endowed with the product already described and a norm

1l = sup { s m (@5 [l = 1} = |G llwey. (5.8)

Then it is clear that W5(<?) is a representation of Weyl relations.

The most interesting property of this product is that it trivializes the Lie algebra
representation of the commutator of quantum operators. It can be readily checked
that

{fer Fayo = —ille*m fir = P xm f&) = Fyem (5.9)

The left-hand side of this expression only depends on the geometrical properties of
the manifold, i.e., on its Kahler structure. In summary, a dense representation of
Weyl relations Wy () is contained in the algebra of sesquilinear forms endowed with
the product *,,.

Due to the fact that quadratic functions in (5.5) do not mix holomorphic and
antiholomorphic coordinates, this representation also fulfills the last condition. To see
this, notice that Lx ia Q% = 0 because the symplectic structure is always preserved
by the Hamiltonian flow of f4. We can explicitly write down the Hamiltonian vector
field using (5.19) as X, = —i(\If"Aﬁ@w - \T/E’(At)?a@(;). For the complex structure
(5.14), we thus obtain

EXfA (‘79); = (jﬁ”)za‘l’“X}rA - a‘I’UXJC”YA (j@)z_{_
(T)5050 X5, — 0ga X3, (T) 5 = 0

Finally, due to the K&dhler compatibility condition G» = Q4(-, J»-), we get for
(5.15) Lx, hoy = 0.
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In particular, we want the mean value of an observable (5.5) to be a real quantity.
For that matter, we restrict observables to be associated with self-adjoint operators.
To simplify the presentation, we skip the discussion on domain problems and restrict
the definition to bounded operators, that is, operators A € W3(#) C O,. Then
self-adjoint operators correspond to the set of quadratic polynomials on & defined
as:

Fo(2) = {1403, w)| AT = A} (5.10)

This is equivalent, at the level of classical functions, to A* = A € Wa(Z#) C Og.
We will explore how to express this condition in particular sets of s.q. coordinates
in section 5.3.3. In particular, in holomorphic s.q. coordinates, the condition will
be derived in (5.30). Thus, the algebra of quantum observables might be seen as
the quantization of real classical functions. In addition, those were the legitimate
observables of a classical theory in the first place.

In summary, F»(2?) is the algebra of observables of the quantum theory. Intro-
ducing the Jordan product f; o f5 = (fi*m fg+ fz*m f1)/2 = f(AB+BA)/2' we can
endow it with a product * that

fasm fp=f50 05+ 5 {04 fado 5.1

This product is not internal to the algebra of observables. Instead it leaves W5 ()
invariant.

5.3 Geometrized QFT in coordinates: Holomorphic and
Darboux s.q. coordinates

The manifold & is modeled over the, rather cumbersome to deal with, set of Hida test
functions (A¢). In the previous section, we already used holomorphic s.q. coordinates
to describe &2. However, the main drawback of this choice of coordinates is similar in
nature to (3.27). This is, holomorphic coordinates s.q. are adapted to a particular s.q.
Kahler structure. In this section, we will discuss the implications of this statement,
geometrizing the holomorphic representation of QFT. To do so, we look for an efficient
way of describing charts, i.e., systems of coordinates, for &.

The first step is to agree on a natural measure to use as a reference. This is, using
the toolkit of chapter 2, to choose a canonical Gel’fand triple that generalizes (2.68).
In that case, the integration with respect to dVolj is used as the natural choice. In
this case, we follow [Hid&93] and choose for reference the white noise measure 3
defined by the characteristic functional (2.69). We pick white noise for two reasons.

» First, it is the immediate generalization of (2.68), and the white noise Hilbert
space L( ¢, DB) has as Cameron-Martin Hilbert space L?(%,dVoly). This



108 Chapter 5 Quantum Evolution: The Modified Schrodinger Equation

means that the white noise space is nothing but the Bosonic Fock space con-
structed from the canonical measure of X..

¢ Second, we do not have a priori knowledge of the measure . that depends
on the Hamiltonian of the particular QFT we are describing. As we discussed
at the beginning of this chapter, it is important to distinguish the kinematical
aspects of a theory from the dynamical ones. Kinematics, in this case, means
the study of the configuration space of all possible QFTs. This will be the space
containing all allowed s.q. Kahler structures

(6,9,7)2 € Kahl(2) (5.12)

Together with this, to complete the kinematical description, we need to describe
the algebra of observables. In our case, we will focus on the quantization
mapping Q. Dynamics must be determined by the Hamiltonian of the theory
that selects a particular curve in this space.

Thus, the natural triple identifying functions with distributions is
(Nc) € Ly (NE, DB) € (Ne)™. (5.13)

Proceeding as in section 2.7, Hida test functions are easily described with respect to
an auxiliary Gaussian measure. In that section, we described several tools that will
ease the description of coordinates, tensors, and operators that will represent the
algebra of observables.

5.3.1 Holomorphic quantization in the geometrized setting I: The
manifold of pure states

Let’s focus on the geometrization of the space of pure states & of the holomorphic
representations. In the rigging (5.13), we denote J;, as the bilinear form that
identifies test functions ®? with distributions ¢, = (3; ,®?)*. It also admits a weak
inverse 3% such that 87985 4 = 5; is the evaluation mapping, continuous for Hida
test functions, as can be shown using the tools of reproducing kernels Example 2.10.
In a nutshell, we will use 83, (7% as the auxiliary bilinears to raise and lower
indices of our operators and tensors.

Let ¥ be a test function representing a state of the manifold 42, the manifold
of pure states. The notion of canonicity (5.13) suggests that we must write every
bilinear form or operator as the action of an integral kernel with respect to the white
noise. In this manner, for holomorphic quantization, we have a complex structure

Tz = i(d¥? @ Ogs — AV © Ogo) (5.14)
and the Hermitian structure in holomorphic coordinates
7 — iy _
ho = 92— 82 _ AgydW? @ dW? (5.15)

2
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is written using the bilinear A; 4 expressed as a white noise kernel with

104,50 = [ [ D3(0) DB T@ 7 0(0) = [ Dulo)T@IW6) 610

Following our discussion about reproducing kernels in Example 2.10, it is simple
to understand that this expression, of course, does not have a pointwise meaning
since the objects are bi-valued Hida distributions. We also obtain that the inverse
bilinear (KA)j = 07 is K7 = exp(57 Ky ¢).

It is convenient to describe the manifold with real coordinates. Let ¥% = %(@‘f) +

- o9
ilI?) such that the set of coordinates ( e > are real in the sense that they are

holomorphic functions with real coefficients in their chaos decomposition. This can
be written as ®(¢*) = ®(¢¥). In these coordinates

G = (407 dI1°) A3, ( d® > , Qp = (dD? dII%) Az, e < de ) ,

dil, dil,
d®° 0 —1
T = (030 am)age( i, > for ¢ = ( Lo ) (5.17)

To write down a dynamical system, it is also interesting to describe the Poisson
bracket in this context. To do so, we define, associated with these coordinates, the
Wirtinger derivatives

1 . 1
Ogo = ﬁ(a@b - Zaﬁcb)v Ogs = ﬁ

This fact can be proved by using the computational rule (2.83). Thus, the Poisson
bracket is

(8&,& +i8ﬁqg), (5.18)

{-,}p = —iK?7 0y A Ogo. (5.19)

Let F(®?, 11?) and G(®?,1I?) be well-behaved real functions over .4, then the
bracket action is

oOF oG OF ?G_>, (5.20)
9%(0) O11(¢)  Ol1(0) DB(9)

(F6,= [ m(@m(a)exp(aﬂ%m%(

The space of Hida test functions is nuclear and Fréchet, among other convenient
properties suited for geometry discussed in section 2.8. This implies that the notions
of Gateaux and Fréchet derivatives coincide and there is no ambiguity in the definition
of this Poisson bracket.
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5.3.2 Geometrization in Darboux second quantized (s.q.) coordinates

An important set of coordinates that will ease some of the discussion are Darboux-
like coordinates that provide some sense of canonical coordinates in this involved
framework. To craft a notion of Darboux s.q. coordinates, (5.13) suggests choosing
as a canonical form for the symplectic structure the one corresponding to the white
noise Hilbert space. In the spirit of the discussion at the beginning of this section,
this is a direct generalization of Darboux coordinates in (4.62). All things considered,
the canonical form is

Oy = 5(5,0dn<5 Ad®7 = /Dﬁ(qﬁ) [dI1(¢) ® dP(¢) — dP(¢) ® dII(¢)] . (5.21)

We can simply find a system of Darboux s.q. coordinates with a change of s.q.
P g
variables < e ) = C < e > that leads to an off diagonal form of the complex

(K 0 L (A0 [0 A
() o (20) ao( 5 4). e

Finally, this symplectic structure induces a Poisson bracket over functions in
Darboux s.q. coordinates

structure

{,} o = B 0ps A Or1o. (5.23)

that over smooth real functions acts like

oF  0G OF 8G> (5.24)

0D(¢) O11(¢)  OTL() OD()

This set of coordinates will be important later to discuss the particular expression
for the Hermitian of an operator.

6y, = [ Do)

5.3.3 Hermitian operators in real coordinates

In general, the Hermitian of an operator is given by the symplectic form, such that
Q(-, A") = Q(A, -). For this reason, the explicit expression of the t operator in different
systems of coordinates has different forms. Since it is determined by the symplectic
form, the simplest expression of the { operation is in Darboux s.q. coordinates. In
the case of interest of this section we doubled the degrees of freedom of the Hilbert
space we want to describe by considering real coordinates. Considering the natural
setting of complex holomorphic s.q. coordinates, the definition using the symplectic
form would be enough to characterize the { operation. In the real case we must
distinguish Hermitian operators A' from adjoint operators. We call A' the adjoint
of A only if [A, 7| = 0; otherwise, it will mix the holomorphic and antiholomorphic
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subspaces, not respecting the definition of the whole scalar product. Thus, in real

coordinates
1 oo o
o =30 (( 1o )70 (0 ))- (5.25)

Where O is a 2 x 2 matrix whose entries are operators acting on functions ®“ or I1°.
This considered, (5.10) in Darboux s.q. coordinates is

Fo P) = {fA(@,H)| AT = Aand [4, 7] :0}. (5.26)

Recall that we assume A is bounded to avoid domain problems in this definition.
Our goal in this section is then to describe the { operator. The symplectic form
induced by the white noise measure possesses a particularly simple expression for
the { of an operator. We will distinguish this case by denoting t to the white noise
Hermitian:

Of = Ot (5.27)

In this operation, the ¢ matrix of (5.17) implements the anti-symmetry of the sym-
plectic form, and we introduce the transpose of an operator as

to o
B c BENT s
( £ ) B ( ¢ ) . with (B')G = 7765555 (5.28)
¢ ¢

Using the canonical expression of t, we can represent the adjoint operator in other
systems of coordinates by specifying a change to Darboux s.q. coordinates. With
a change of variables like (5.22), we get an expression for the holomorphic t; and
antiholomorphic {5 cases

otn = gota, ofs =p~1o'p. (5.29)

where (D197 = exp(—&ID;?}dﬂ). These simple expressions allow for a simpler
analysis of some of the aspects discussed above.

The first example that we will write down is the condition (5.10) in holomorphic
coordinates, which reads

Ag o Agkry = (A7) (5.30)

Another interesting example is the Fourier transform F. It is important to notice
that F is not internal to either of the two systems of holomorphic or antiholomorphic
coordinates, as shown in Figure 4.1, and therefore we obtain Fh=KF'D. Using an
integral representation, as we will introduce in (5.47), it is immediate to see

Ft=r1 (5.31)
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5.3.4 The algebra of observables of Fock quantization in the
geometrized setting

The remaining task is to describe the representation of the Weyl algebra W (%)
(5.7) and of observables F2(Z) (5.10) in real coordinates. To do so, we describe

the quantization mapping Q in realified s.q. holomorphic coordinates < 1(?[2 ) and
briefly discuss other approaches. We will follow the spirit of Fock quantization; this
is, the representation of Weyl relations stems from the definition of creation and
annihilation operators fulfilling the canonical commutation relations. Creation and
annihilation operators in this setting are represented by the Skorokhod integral and
its adjoint (4.10), based on the Malliavin derivative. To represent them, we introduce
the operators

D = A%y and DT = ¢7. (5.32)

In a generic system of coordinates, we denote this pair of adjoint operators ©* and
®*. They are indeed adjoint and not only Hermitian according to the distinction
made in section 5.3.3 because the complex structure in realified holomorphic s.q.
coordinates is equivalent to multiplying by the constant matrix J ~ e.

The main difference between this quantization and the ones studied in chapter 4 is
that the role of the imaginary unit « multiplying a function is given by 7. Thus, in
general coordinates, our quantization mapping maps the imaginary unit to the s.q.
complex structure Q(i) = J.! To see this condition in place, we must contract the
operators with a direction of x € Top M 4 >~ M4, the tangent space of the manifold
on which the Hermitian structure (4.66) is defined. Recall that this manifold M 4 is
the one that spans the coefficients in the chaos decomposition and generates Fock
guantization in section 4.5. In holomorphic coordinates for M4, according to this
quantization rule, it must be expressed as yx = %(S\X + J7x). Therefore, we have

[D(x1), D (x2)] = %(MMA(xl,xQ) ~ Juma(,x2))- (5.33)

where the bilinears are those of the Hermitian structure of M4 (4.66). Then we can
treat them as the creation and annihilation operators. Notice, however, that the
holomorphic part of the state, in generic real coordinates, is the eigenspace of the
2 x 2 matrix J of eigenvalue ¢. This is, the holomorphic part will be given by the

projection
1 ¢ P
7(6—1}7); < > = < - > . (5.34)
2 ¢ n ),

The operators Df(x),D(x) act on both the holomorphic and antiholomorphic parts of
the state.

!Notice that, what we are saying in this expression, is that the multiplication by the complex scalar i

134
is mapped into a tensor J acting over the real two dimensional vector ( i ) .



5.4 Time Evolution: The (modified) Schréodinger equation 113

As we see in this section, the relevant information of this kind of representation, as
is the case of Fock quantization, relies on a change of description of M 4. For this
reason, it is interesting to express the direction xy € M4 in canonical coordinates
(Az, 1) related to the holomorphic coordinates by the change of variable (4.67). Turn-
ing back to the case of holomorphic s.q. coordinates, operators 35, Df# contracted
with a direction (\;,7,) (and its conjugate, respectively) are given by

- N Ao e [ At =5\
Q(X) = 9(/\17?793) :7Axya¢y - u ( 0 > 8¢y

V2 V2§ A

- - Aet®  (NK)y [ A 8\

D1 (x) = DA, o) =228 _ ( ) o, (5.35)
V2 V2 \ -0 A )

Looking at (3.25), we can see that the first coordinate selects directions of the p*
canonical coordinate, while the second selects the direction 7*. Thus, in this system
of coordinates, we get

Xe@” = DA, 0) + Dy, 0)TH, 17" = D(0,7) +D(0, 7). (5.36)

In this way, we get [\,¢", 7, 7] = e\;6"Yn,, which are the canonical commutation
relations. To complete the quantization procedure, the only remaining ingredient is
the choice of ordering. As above, our choice is Weyl ordering. The remaining task is
therefore to adapt (4.50) to the spirit of this chapter. This is, express it in terms of
an integral kernel with respect to white noise. In this fashion, recalling (2.80), we
get, in real holomorphic s.q. coordinates, the following result

Ap ATY X Ag (AT @Y +07T)
x . Yy 4 228y

, bo  F0y0Y—
Q[ exp(irp®)]* =e? 07 V2
_ _ _pT 3T _KT Y r Atz(éy_'_Kyo.Z)
] o5 oY nz D*Yny . Nz (¢ Kyo ) _nz Ay z
Qfexp(ing")] "7 = T e (5.37)

Once this is considered, the algebra of quadratic observables (5.7) is just given by
(5.25).

These kinds of expressions for the kernels and creation and annihilation operators
do not simplify under a change to the set of Darboux s.q. coordinates given by (5.22).
For this reason, we skip the discussion in other systems of coordinates. Nonetheless,
we leave open for future works the question: Is there any change of Darboux s.q.
coordinates that simplifies (5.35) and coincides with (4.67) at the first quantized
level?

5.4 Time Evolution: The (modified) Schrodinger equation

To postulate the equations of motion, we must first understand how our quantum
structures, built on &2, depend on the time parameter. Recall that in this chapter
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we describe a parametric theory as in Remark 3.1. In that case, the parameter t is
treated as a label. This label describes a foliation of spacetime into leaves generated
by a different embedding of the Cauchy hypersurface Y at each value of . In our case,
the s.q. Kahler structure depends on those objects, and therefore it will acquire a
parametric dependence (§2(¢),G(t), J(t)) ». In last instance, as depicted in Figure 5.1,
this dependence is inherited from the dependence of the Gaussian measure that
defines the space of pure states that we geometrized in the previous sections. .

L? ,
HO[(%, Dluc(t))

LI%IOZ (/\/7

>1

Figure 5.1: Dependence of the space of pure states L%{Ol (NE, Dpc) on the time pa-
rameter ¢ inherited by the Kahler s.q. structure (Q(¢),G(¢t), J(t)) » over
Z = (N¢) obtained from the geometrization procedure.

This is because the objects defining the geometric structure at each leaf have
parametric dependence on t. These are the Riemannian metric h/(t), its associated
momenta m;;(t), and the lapse function and shift vector field N(¢), N'(t). The par-
ticular dependence of (2(¢),G(t), J(t)) » on the geometry of ¥ is irrelevant for our
discussion in this section, and we skip it to chapter 7. We also devote chapter 6
to understanding the source and nature of the dependence going beyond the para-
metric theory. Using Geometrodynamics, we study the structure of admissible h%
and m;;, providing the Hamiltonian structure of General Relativity. This is, in the
hybrid quantum-classical case, the study of the general coupling to gravity with
backreaction.

5.4.1 Covariance of the time derivative

The first aspect to take into account is that, because the full Kahler structure
(Q(t),G(t), J(t)) » depends on time, as well as the quantization procedure itself Q(t),
we cannot assume explicit time independence for every set of s.q. coordinates, and as
such, we must define a covariant derivative for the time parameter V, that preserves
the structure. This kind of connection is similar in nature to the one obtained in
chapter 3 for CSFT.
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Recall that we know from geometric quantization that the points of the manifold
of pure states ¥ represent different sections ¥ of a Hermitian line bundle 7y g :
B — M, associated with a U(1)-principal bundle on the manifold of classical fields
* € M.

In this scenario, the manifold of classical fields must be enlarged to accommodate
time in the base of the bundle. In concordance with the picture in which M¢
accounts for the Cauchy data of a theory in a globally hyperbolic spacetime, the
bundle incorporating time in this theory is maq,.p : B =& Mg x R,

Consider thus the connection defined on the product M x R by the addition of the
pullbacks of the connection one-forms with respect to the canonical projections. We
will use V to represent the covariant derivative with respect to this new connection.
The covariant derivative in the tangent directions of M has been discussed in
chapter 3 and chapter 4 in regards to geometric quantization. In this section, we
must study the covariant derivative in the tangent directions to the time parameter
that we denote V;.

The covariant derivative V; will be described by a connection F?, and we choose it
such that

Vilsp =015, — Qo y Ty = T30 5 =0,
ViGo. =0tG0,6 — Goy L'y —13Gy6 =0,
ViTJ? =0,T¢ — JTL +TT9 = 0. (5.38)

Actually, because of the Kahler compatibility condition, any two of the conditions will
imply the third. Using the discussion in section 5.3.3, we can write the equivalent
conditions

Vi =0T +[I,T] =0
V.0 =8,0 + [T, O] such that (V,0)! = V,(O") VO e W (5.39)

Notice that in that discussion, the  operator in different coordinates will introduce
nontrivial dependence on the time parameter t.

These conditions will not be enough to select a unique I' to respect the dynamics.
This selection requires careful study that we will develop in section 5.5.

Another aspect that is affected by the time derivative is the quantization procedure
itself. Recall from geometric quantization that we describe general sections as
functions. This is because we factor out a special section ¥, such that ¥, = ¥, 7,
and the nontrivial structure of the bundle is rephrased in terms of the quantization
procedure Q. In that construction, we use the twofold nature of line bundles. On one
hand, they are vector bundles and, as such, they are represented as vectors; but, on
the other hand, they are also principal bundles using the multiplication of the fiber?

C\{0}.

2Excluding the zero section, which is irrelevant in our construction.
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When we treat the line bundle as a real manifold, the twofold nature of the line
bundle is lost. In that context, we substitute the fiber of the complex line bundle
B; with a two-dimensional real space, keeping only the vector bundle structure. We
denote this bundle 7 Mo By B; — M xR. This has implications in the decomposition

I1¢
is implied by (3.36) and the discussion about vacua in chapter 4, we must introduce a
vacuum section ¥, which is regarded as the multiplication by a phase with respect to
the reference section V,.. This should be recovered from a principal bundle structure.
Then ¥ is part of the associated O(2)-principal bundle. As a consistency criterion,
we ask for the vacuum section to be parallel transported by this connection:

P?
of the section ¥, = ¥,.W. We choose to describe functions ¥ with vectors < > As

V0o = 9% + [, ¥g] = 0. (5.40)

Sections ¥ without dynamical evolution, which we will discuss later on, must also
be parallel transported and therefore

o o [ o? il
t(H¢>8t(H¢)+F”<H”) 0 (541

Notice that states in this representation are sections on a bundle 7 : Bt — R. Here
the fibers are represented as functions of (N) x (N), even though this equation, in
general, will require a larger space to be solved, as we will discuss below.

5.4.2 Dynamics: The Modified Schrodinger equation

With the discussion we presented above, we are in a position to postulate the
dynamics from geometrical principles. Our guideline is to modify the evolution, i.e.,
the Schrodinger equation, to respect the Kahler structure at the second quantized
(s.q.) level (G,Q,T) ».

Since we want it to preserve the symplectic structure, we opt for a Hamiltonian
flow generated by a Hermitian operator H to postulate evolution. Then, for any
function F(t, ¥, V), its evolution is generated by some f G

d

Gl =0+ {F fg}o. (5.42)
where H is a self-adjoint operator. The form of f is (5.25). With the Poisson Bracket
{*, -}, we can readily write down the modified Schrédinger equation in any set of

real coordinates: i’
P . lold
= — ¢
Vi ( e ) JH? ( e ) (5.43)

In static and stationary spacetimes, we may find a time-independent expression
of the complex structure Ju, of (3.21). In this limiting case, the connection term
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will be null. In this case, V; is simply 0;, and this equation becomes the regular
Schrodinger equation.

It is clear that this equation does not have a solution on (N) x (N). In quantum
theory, it is desirable to solve this equation over a Hilbert space. Unfortunately, for
quantum field theory, this is not possible either; to solve this equation, we must look
for solutions on (N)" x (N)'. This is our way out to deal with different instantaneous
Hilbert spaces described in [AA15, Alo&24a]. A similar equation is postulated in
[KM23] to deal with this problem.

5.5 Other representations: The connection ambiguity

The choice of the connection for the time derivative V; is subject to a great deal of
ambiguity. Let us showcase this with a simple example that we will explore in detail
in this section. Since we are interested in the relation of the quantization mapping Q
with this covariant time derivative V; we will focus on its action on operators. Let
(’)? be an operator. In order to preserve the symplectic structure, as it is discussed
below, the simplest choice is to require

20 (901!
ot ot

However, the explicit dependence of 7 on time is different in each representation,
as we discussed in section 5.3.3. This changes (5.39) in nontrivial ways. In order to
understand this ambiguity, in this section, we will study this choice of connection in
different representations.

1
Vi = . (5.44)

In the previous sections all we did was to geometrize the phase space L%{Ol (/\f(’C7 Du.),
which is the quantum phase space of the holomorphic representation. However, in
chapter 4 we identified four representations of the same quantum field theory. In
principle, the geometrization of the previous sections should be repeated in every
representation. Fortunately, thanks to the discussion in section 4.3, summarized
in Figure 4.1, we only need to describe the integral transforms appearing in that
diagram to complete the geometrized picture. Thus, we will start our discussion on
the section describing the Fourier F and Segal-Bargmann BB, B transforms using the
techniques of integral kernels extensively studied throughout this chapter.

As a result of this study in section 5.5.4 we present the central result of this section.
We will select a connection I' that respects the quantization mapping Q from physical
criteria. This is, we will make this connection compatible with a coupling with gravity.
However, the particular source of this condition will be explored in chapter 6.
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5.5.1 The Fourier transform: Antiholomorphic quantization in the
geometrized setting

The tool at hand to express the antiholomorphic picture is the Fourier transform F
(4.37). To simplify this discussion, we will make the rather counterintuitive design
choice of representing the space of antiholomorphic functions (N¢)* C L%( ¢, Dve)
with holomorphic coordinates (N¢). To do this, we rephrase the appropriate sign
conventions in the s.q. quantized structure.

- Gy +i0yp
ho==—"%5—

With the opposite sign convention to (5.45) and

= Dyyd¥7 @ dU°. (5.45)

YDy ¥” = / DB(a) D)X (0)e ™ P B () = / Dre(¢)T(9)¥(¢).  (5.46)
We denote the real set of coordinates @° such that U¢ = L (&% 4 iI19). As
1 V2 '

anticipated, we will not discuss this representation directly, but rather we will use
the Fourier transform F of Figure 4.1 as a white noise integral kernel such that

o7 o D7
( i ) - 72 ( fi > Thus, we express the Fourier transform with an integral

kernel as

We can also express the inverse as

o KA K
pa\—1 __ T —y | _
) _eXp[ ’ <—K KA)ny]_
=97 (K A)ry 5 [COS (" Kpy5") + esin (qswaay)} . (5.48)

Notice that the choice of holomorphic coordinates made at the beginning of this
section pays off now, making this transformation an internal operator to the holomor-
phic functions, even if the analytic properties of (N¢) may be spoiled. Also, we can
rewrite these kernels to use the composition table Table 2.1 of section 2.7.1. This
allows for efficient calculus that will be of great importance in section 5.5. As an
example, following these rules, it is easy to see that A? = (f’tDJ:" )f

The algebra of observables is obtained by Fock quantization from (5.35). Let
DAy M) = FO Ay 1) F~H and D (A, 1) T8 = FD(Ay,m,)T# F~1. Using the tools of
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section 2.7.1, we get

. D™V e [ A 6\
D(Ng 1) = — 8¢y—< >a¢y,

V2 vVa\ -0 4

. et (ADTY), At =5\

D, = 2+ ( > Y. (5.49)
V2 V2 o A

This is, if we switch from the holomorphic to the antiholomorphic picture with the
Fourier transform, we see how the roles of A and n exchange. The duality is also
adapted to the covariance of each picture, as described in Section 4.2.3. This is a
mere reflection of the preservation of quantization by F shown in the diagram of
Figure 4.1 and translates to

_ _ Ay ATY ) Az (3T +H(D HZY)  ApAZ(3Y— (D~ 1H)Ys?)
J— . :z:é'z y__ T Yy _ Y _ Y z
Q[exp(z)\xgox)]w " 0av0 2 ¢ V2 e V2
— _ _DTY, (Day Y —o®)
o . 8. Y nz DYy nz(Dzy
Ol exp(inym® 90 _ 9" 0myo! T ¢ V2 (5.50)
pln

5.5.2 The Segal-Bargmann transform: Schrédinger and
Field-momentum in the geometrized setting

In order to have an efficient description of the Schrodinger and Field-momentum
representations in the geometrized setting, we need to enlarge the machinery of inte-
gral kernels in section 2.7.1 from holomorphic Hida test functions (N¢) to Hida test
functions of real domain (N). This process can be done without further conceptual
complications. However, the reason why the reproducing kernel of Example 2.10 is so
simple to write down relies on the simplicity of the holomorphic chaos decomposition
(2.21), which is independent of any particular Gaussian measure used as reference.
In the real case, this simplicity is lost because in the real chaos decomposition
(2.41), we should use Wick-ordered monomials : ¢™ : |§71 to express the white noise
reproducing kernel:

—
n

>© . n. fn(sn oY
: . Iy SR [ S
REK(*,7) =Y - : e =,
n=0 ’

| DBPIRK(, 70 (r) = U(). (5.51)

This necessity spoils the efficiency that motivated the use of integral kernels in the
first place. In order to avoid cumbersome expressions, it is enough to study the white
noise integral kernel representations of the Segal-Bargmann transforms 5, B.
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Schrédinger representation

Starting with l?, we can write the integral kernel of the expression (4.30) as
- - _ AN HY _
(B_l)W = exp (\/igoxdxyqﬁy — %) =: exp (\/§¢z6xy¢y> :|%, (5.52)

where we used the Wick order operator of Example 2.5. As we see, real coordinates
are adapted to the covariance of Afo,r provided by

TAL 0T = | Du(@) ()W (e) (5.53)
where p is the real measure adapted to the Schrodinger picture (4.19). Taking the
inverse (K*)”", we write

~ z Y
(ICS)@’WB;*? — exp (\/id)xny(py _ ¢ K2wy¢ )

—: exp (\/§¢“ny¢?/) la,  (5.54)
2
Notice that in this context we can write the  operator in this representation
ofs = k=0f.. (5.55)

Using the expressions above, we see that (KS)¢’WB$AZ = [(3_1)@‘7] ", which implies
Bt = B~!. Notice that 5 is not internal to any space, similarly to the discussion about
the Fourier transform at the end of section 5.3.3.

Contrary to the holomorphic case, (5.53) and its inverse do not admit simple
expressions in terms of white noise reproducing kernels. However, BB and its inverse
admit a closed form adapted to the white noise bilinear 3, . that we derive below.

Notice that we can write
5 b - A - _
(B—l)wb = exp [¢z(5 _ g)xyqsy} : exp (ﬁ(pxéryqby) 3|6,

The inverse transform would be provided by

(B)¢90 = exp [&ﬁ(% — 5)%(}7!} : exp (W) HFR

But we must eliminate the ¢* terms with Skorokhod-Malliavin duality; then we write
exp [6°(5 = 9),,0"] > exp [(5 = 8)™ 000,

This operator commutes with the Wick order operator of Example 2.5, thus the
integral kernel of this transformation is provided by

S I P T
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Field-momentum representation

The analysis is formally equal for B. In this case, we use the bilinear Dg provided by

TDER VT = | Dr@) T (@)U (e) (5.57)

where v is the real measure adapted to the Field-momentum picture (4.25). We
denote its inverse as (D™ ~!)”". The { operator in this representation is

Ofm = pm-10L,.. (5.58)

We write the integral kernels of (4.33) with

(Bil)mj) = exp <\f2ﬁxéxyq5y + W) =: exp (\/iﬂm(szngy) :|7§,

2
Ly T N ¢"Dyy d¥ o
(D b ) MBZZEXp(—\/igZ) D$y17ry+ 2y > = eXp(—\/Egb Da:ylﬂ-y) :|7%a
(5.59)
Similarly, we obtain the white noise integral kernels

~_ z _ D _ _

(B = exp [67(6+ 5),,0"| : exp (V207008 il
=\ PP . ¢I5$y¢y T 2 é yl .
(B)% =: exp [7\@ (7 + 2)@«;; ] #ls (5.60)

5.5.3 Ambiguity in the choice of the connection

In this section, we will study the ambiguity that (5.38) leaves in choosing a connection.
We are interested in the relation of the quantization mapping Q with this covariant
time derivative, for this reason we will focus on its action on operators. Let (’)? be an
operator acting on the holomorphic representation and written in holomorphic s.q.
coordinates. As we mentioned above, the 75 operator has a particular dependence
on the time parameter; thus, the simplest choice is to require

tu\ TH
v?(’):1 [ao + (ao > ] : (5.61)

2| 0t ot

This choice indeed defines a connection oI that fulfills the equivalent (5.39) because,
in this case, the s.q. complex structure J is simply represented by the constant
matrix e. To see the particular form of ¢I', we rewrite (5.29)

(O1m)2 = €"A 5 (OT) 1K™, (5.62)

o
®
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where T indicates the transpose as a matrix. We use this notion instead of (5.28) to
ensure that the time independence of the transposition operation is maintained re-
gardless of the time dependence of qua. Tracing the corresponding time dependences,
we see that

dot\t ay
< = ) =0+ [K9A5,,0]. (5.63)
where - represents the time derivative. We use here the identity K*7As, = —K#7 A,

which is a consequence of one being the inverse of the other, and thus its contraction
is (527 , which is time independent. As a consequence, and using the explicit expressions
of the white noise bilinears in (5.16) and below, we derive

1 . 1 .
oT§ = 5K Ay = 0756 Kay A0y, (5.64)

To show that this object indeed behaves as a connection, consider a change of s.q.
coordinates U? — C?\IJ” such as (5.22). Then, using (5.63), the covariant derivative
gives CVY(0)C~! = V9 (cOC™!) + [cC~,cOC™!]. Thus, it fulfills the inhomogeneous
transformation law of a connection.

dc—1
I sColC ' +C i
ol = Co + a

This example shows a connection that fulfills
(VIO)T# = v (Of#) and V97 = 0.

Below, we extend this way of deriving the connection using each of the unitary
transformations represented in the diagram of Figure 4.1. In order to simplify
the discussion, the technical details will be dealt with in section A.2. Using these
connections, we will study the choice of a unique connection from physical principles.
Our guideline will be that the connection of the modified Schrodinger equation
must be blind to the particular representation of QFT chosen to derive it; that is,
in the last instance, arbitrary. For this reason, we want to respect the diagram of
Figure 4.1. This is why we look for a connection equivariant with respect to the
integral transformations described there.

As a final remark, notice that any connection I' that fulfills (5.39), in holomorphic
s.q. coordinates, can be written as

(V,0)tn = (ato n [r, ODTH = 9,0t — [Pte — K9 A-,, OTH].

Thus
[= T 4 ¢* K, A¥9y. = —TTH — DK, DY, (5.65)

As a consequence of this result, every connection considered in this section will be
written in holomorphic s.q. coordinates

1 )
I'= 30" Kuy A0y +1, (5.66)
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where 7T = —~.

A particular limiting case, common to this and all the connections exposed below,
is the case when the complex structure Jy, of (3.21) is time independent. In that
case, we obtain I' = 0 and the modified Schrodinger equation (5.43) becomes the
usual one.

Antiholomorphic connection

We could have chosen to derive the connection ¢I" in the antiholomorphic representa-
tion. For this reason, we use the Fourier transform F to describe it. Let Off be an
operator and O = FOF~1; thus, we postulate that the covariant derivative acts on
this operator in a way such that, in s.q. holomorphic coordinates, it is written as

A ata\ T
= 1=4100 00 ~
V.0 = 5]—" e + ((975) F. (5.67)

Repeating the procedure shown at the beginning of the section, we can write this
expression with a connection such that

V0 = 9,0+, 0.

We skip the technical details to section A.2, where we write the connection in
holomorphic s.q. coordinates

- 1 S - d(pﬁ)w
¢+ 17\¢ 1
L=< |(F'F) e e

5 (5.68)

In section A.2, we compute the derivative of creation and annihilation operators and
derive the explicit expression of this connection:

[ = L K AP0y 4 67Ky (A — ) (AD™ D™
~LIRDT A~ )l (A + )0y (5.69)

Notice, however, that this connection is of the form I' = a"*K,,a? for some ker-
nel K. This means it does not possess quadratic terms with repeated creation or
annihilation operators. For this type of connection, it is impossible to obtain mixing
between creation and annihilation operators with the parallel transport equation.
In other terms, this prescription of the connection does not allow for Bogoliubov
transformations to be generated by parallel transport, as is the case in [KM23]. For
instance, particle production in an expanding universe is not recovered with this
connection.
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Schrédinger connection

Now we will use the connection derived in the Schrodinger representation. As in the
previous case described, we describe it with the Segal-Bargmann transform B. Let us
denote ©® = B~10B; thus, we postulate that the covariant derivative in Holomorphic
s.q. coordinates is given by

B~ (5.70)

Similarly to the previous cases, we get

1], 521 . d(A3B~1)#o
re = 2880+ Bren),, LA T (5.71)
2 o dt
In section A.2, we derive its explicit expression:
1 . 1,. .

The anti-self-adjoint term in this case possesses two creation and two annihilation
operators; thus, when computing the parallel transported creation and annihila-
tion operators, Bogoliubov transformations will occur in this prescription. See the
discussion in chapter 7 for an explanation of these transformations.

Field-Momentum connection

The remaining connection is the one defined in the Field-momentum representation.
To achieve this, the transform that we must use is the diagonal line in Figure 4.1
given by B 'F = FB~1. As before, we denote 0= B 'FOF'B. This defines a
connection through

T"L
1,200 (00T =1 -
V0= F'B aZJ“( o ) B'F. (5.73)
Similarly to the previous cases, we get
;_1 ~ ;_1 ~
1 , - =dB F1¢ o~ = d(DmB F)¥?
02 =1 koA + [FBIE T 4 By, AE AT s
4 o dt
In this case, in section A.2, we decompose
D=l+
1

2 (A= @) (D7) (A = e6) (K 6), (K0, — (AT + €07 (D) (A + €6)V0e D |

We identify in this connection features of the two previous connections I and I'. This
was to be expected as it is based on the composition of two transformations of the
same type.
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Connections over the field and field-momentum operators

The connections discussed above are cumbersome and difficult to treat in their
current form. However, acting on operators ¢* and 7%, they simplify enormously.
Recall from chapter 4 that

x| O+ Ay
v2 o
. . @Y — AY?0y- @Y + AY?0y-
Tx = — 1 Kxy———— — (KA)xy———————.
X Xy \/§ ( )X’y \/§
We can simplify computations with the previous connections by using Table 5.1.
Holomorphic connection: Antiholomorphic connection:
ax_ 1 . - 1. AD™!
Vip* = §AxyKyz80z Vipx = _§nyDy—21¢Z + (dt)xyﬁy
~ . 1, . KA)xy . ~ 1.
Vit = —5 AV Ky — (dt)’%y Vit = S DD
Schrodinger connection: Momentum connection:
. -1
Vig* =0 Viox = <ADdt Jxy 7Y
. KA)xy .
Vitx = —(dt)xySOy- Vit* =0

Table 5.1: Action of the different covariant derivatives over the operators ¢x and 7.

5.5.4 A connection motivated by Physics

The ambiguity in the choice of the connection provides incompatible evolution
equations depending on this choice. This is inadmissible for the description of
a physical theory. At this stage, we do not have a criterion to select one of the
connections studied in the previous chapter over the others or to derive a new one.
In fact, the derivation of our criterion will be motivated by the coupling with gravity
and will be the subject of study in chapter 6. In this chapter, we will borrow the
condition of Postulate 6 that, in our case, imposes

ViQ(f) = Q(0cf) Vf(t) € Oa. (5.75)

Recall that O is the Hilbert space of Weyl-quantizable functions (4.46), and we allow
for a parametric dependence on time t.

We can give an interpretation to this condition by introducing the curvature tensor
R(0:, X) = V{Vx — VxV,. Using this and the geometric quantization prescription
(4.1), we get that
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[V, Q(F)] = Q0 F) — TR(9:, Xr) (5.76)

As a result, condition (5.75) has the geometric interpretation of a curvatureless
connection on the time direction, at least acting on holomorphic functions.

We argued in chapter 3 around (3.50) that it is convenient to consider the pair
of classical variables (¢x,7*) time-independent. As we anticipated, the covariant
derivatives of the previz)us section act differently over the self-adjoint operators ¢p*
and 7*.

Notice that none of these connections fulfill (5.75) for (px, 7*) time-independent.
However, a slight modification of the momentum connection, using the canonical
commutation relations, provides the desired result. Consider

AD™!
¢ =10 _ qozrAD oy (5.77)
v 2 dt
That is still of the form (5.66). Then, the associated connection fulfills
R . (AD Yy, . € .n.a(AD Yy,
Vi =0 Vipx = ——L7Y — | —gPpy— 2 =0 5.78
tT ) tPx dt s 92 U dt y Px ( )
Where we used the canonical commutation relations [¢”, 7] = ed;. Using this

analysis, we obtained the desired connection.

This connection is cumbersome to write down in the general case. However,
in chapter 7, we show that in the cosmological case, the connection simplifies
enormously and we can draw conclusions in a physically relevant scenario.

Remark 5.1. (Ordering and time dependence)
Notice that the condition

ViQ(f) = Q0:f)

has been tested for the linear operators ¢* and ©*. For higher-order operators,
notice that the regulator Wx o of Remark 4.2 introduces additional dependencies on
t through the covariance A*Y. As a result, the extension to nonlinear operators is
only possible for an ordering that produces non-regularized products of * and 7*.
This is the case in Weyl! ordering in which

1
Qp*nY) = 5 (#"4Y + 7V ¢¥)
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6.1 Introduction

So far, the gravitational content of the theory has been treated as an external pa-
rameter or background. This is the kind of theory that we introduced in section 3.5.
Recall from that discussion that we label the geometrical content with a real pa-
rameter s. That parameter labels a family of embeddings of codimension 1 denoted
by €5(X) = X5 C M of the Cauchy hypersurface ¥ in M, which is the Lorentzian
manifold representing the globally hyperbolic spacetime. Some of the results of
this chapter are only valid for ¥ of dimension d = 3, and therefore M of dimension
d+1=4.

The fact that the embedding is of codimension 1 simplifies the discussion enor-
mously. Because of this fact, the embeddings are generated by a vector field provided
by (3.57) in the whole spacetime M. This vector field is completely specified on ¥
by the pair (Ng, NS), denoted the lapse function and shift vector. For a fixed point in
the parameter s = s, we have that N,, € C°(X) and N,, € X(%) is a vector field. As
a consequence, we describe the parametric theory, as in Remark 3.1, specifying the
curve (hg, 7 s) € T*Riem(Y) and the embedding (N, NY).

This description of a parametric theory is, in the last instance, independent of
whether we are discussing CSFT in chapter 3 or QFT in chapter 4 and chapter 5. The
fact that the evolution of the gravitational part is provided by a definite curve comes
out as a consequence of the classical nature of gravity in our treatment.

In this chapter, we aim to turn the geometrical content into a dynamical variable
without spoiling the classical nature of gravity. For this reason, we will derive the
coupling of matter and gravity from geometrical arguments blind to the classical
or quantum nature of gravity. The coupling of the different theories of gravity with
CSFT is, of course, well known in the literature. However, the full coupling of QFT
and gravity, describing the backreaction that the quantum degrees of freedom exert
over the classical geometry of spacetime, is a novelty of our approach that we first
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discussed in [Alo&24al.

To be more precise, in this chapter, we will couple the quantization procedures
O of the previous chapters to gravity. We emphasize that, throughout this thesis,
gravity will remain a classical theory described by General Relativity (GR). We will
describe it in canonical formalism and investigate the implications of the coupling on
the theory.

The first difficulty that we must address is that the canonical description of gravity
admits at least two different types of variables to describe the configuration space of
the theory.

On one hand, we may focus on the Riemannian structure h. This description of the
phase space of gravity will be called geometrodynamics. The configuration space of
geometrodynamics is the superspace’

S(X) = Riem(X)/Diff(%), (6.1)

where Riem(Y) is the space of Riemannian metrics defined on the manifold ¥ and
Diff(Y¥) is the diffeomorphism group. Our objective is to describe the theory with a
non-reduced phase space in which the kinematical variables are the Riemannian 3-
metric h € Riem(X) and its associated momenta 7, € T*(Riem(X))|;, defined in terms
of the extrinsic curvature and seen as a tensor density of weight 1. We will sometimes
identify (h, 7;,) with their matrix components (h;;, ﬂ;‘f) The geometrodynamical phase
space is given by a submanifold M that contains both variables (h,7,) € Mg,
constructed as a submanifold of the cotangent bundle:

Mg C T*Riem(X) ~ Riem(X) x Riem'(X) (6.2)

locally isomorphic to the Cartesian product of the Riemannian 3-metrics and symmet-
ric (0,2)-tensor densities of weight 1 that we identify as distributions (which we have
denoted by Riem’(X)). To obtain the phase space of geometrodynamics, not every
point in 7*Riem(Y) is allowed, but only the ones that fulfill the geometrodynamical
constraints that we will derive in section 6.2. For further details, we refer to [Kiel2].

On the other hand, we can describe the theory using connection dynamics. In
this kind of description, the connection one-form of the spacetime structure is the
primary variable to describe the theory. The first example of this kind of theory is
the Palatini description of gravity. However, this description in Hamiltonian form
possesses the same structure as the geometrodynamical description [Rom93]. To
overcome this difficulty and simplify the resolution of the constraints, Ashtekar
introduced in [Ash87] a complex connection one-form that recovers gravity in its
self-dual part. The simplification of the constraints to a polynomial form is, in turn,
the basis of the Loop Quantum Gravity program. Therefore, the presentation of the

!This quotient is ill-defined when ¥ is a compact manifold, but it is possible to cure those problems by
restricting ourselves to a smaller class of Diff(¥). We will not treat those problems here and refer to
[Kie12] and references therein for further detail.
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hybrid quantum-classical coupling using these variables could be pursued to describe
Wentzel-Kramers-Brillouin (WKB) limits of Loop Quantum Gravity. We refer again to
[Kie12] for further details on this topic.

In this chapter, we will describe General Relativity (GR) with the geometrodynam-
ical description and leave the connection dynamical part open for future investi-
gations. In this description, we will focus our attention on the so-called seventh
route to geometrodynamics exposed in [HKT76]. In this approach, we interpret the
geometrodynamical constraints as a requirement of the foliation independence of the
whole (globally hyperbolic) spacetime M into spatial leaves >.;. This can be seen as a
reflection of the M-diffeomorphism invariance of GR, but the relation between both
symmetries is not as straightforward as naively expected, this is shown in [BK72].

The seventh route to geometrodynamics derives GR as the only theory (in 3+1
dimensions) arising from a series of postulates, among the most important ones are
the Hamiltonian evolution rule and the path independence principle. In this chapter,
we will reinterpret these two principles using new tools that will suit our geometric
taste. In more detail, following early ideas by Teitelboim [Tei73], we can see that
the family of deformations of the leaf > embedded in the space of codimension 1 M
forms a Lie groupoid defined through its Lie algebroid [BFW13, Boj&16]. Using this
understanding, we implement these two postulates and derive GR in the vacuum in
section 6.2.

In section section 6.3, we add the geometrodynamical principle of equivalence
that selects a unique coupling of matter with GR from purely geometric arguments.
Finally, we use this same geometric structure to identify the interaction of quantum
matter in section 6.4.

This analysis allows us to explore conditions over the quantization procedure. As a
consequence, we obtain that compatibility with geometrodynamics leads to (5.75).

6.2 Geometrodynamics in the vacuum: The path
independence principle

In this section, we will derive General Relativity (GR) in the vacuum as a symmetric
theory under the Lie groupoid of deformations of ¥ embedded in M. This Lie
groupoid is generated by the Lie algebroid 4y, which we describe below.

In this work, we will make several simplifying assumptions that will ease the
technical mathematical details of the construction. We would like to emphasize
that some of the mathematical details are a matter of current research, and thus
the arguments made in this section must be treated as compelling arguments with
geometric flavour rather than rigorous derivations.

The first simplifying assumption is that the embeddings should be treated at the
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level of the superspaces S(3) < S(M) introduced in? (6.1), thus accounting for the
possible isometries of both manifolds. In this work, we will obviate this symmetry
and work directly over Riem(X) < pseudo Riem(M). The derivation of the algebroid
in the correct setting is given in [BFW13].

Conceptually, the seventh route to geometrodynamics studies the action of this
algebroid Ay, on the unreduced phase space of the gravitational theory 7™ Riem(X).
This takes us to the second simplifying assumption. The theory of Hamiltonian actions
of Lie algebroids is a matter of current research [Ike21, BRW23, BW24]. Alas, the
application of this formalism in the present case is still unclear [BRW23]. Instead of
trying to apply it in its full rigor, we will follow [HKT76] and introduce the Hamilton
action through postulates rather than deriving it from the theory. This is, we will
postulate an action generated by a momentum map-like object initially proposed by
Teitelboim [Tei73]. This object will be dubbed the supermomentum section for our
Lie algebroid As.

6.2.1 The Lie algebroid of hypersurface deformations and the
supermomentum section.

If we consider a globally hyperbolic 3 + 1-dimensional spacetime M with coordinates
X*, there exists a one-parameter family of spatial leaves, M ~ {¥; | s € R}, foliating
M. Each spatial leaf Y, is the image under the s-dependent embedding ¢, of a
fixed reference hypersurface 3, and it is characterized by a hyperplane equation
7(X") = s, such that each ¢5(X) = ¥; C M is a Cauchy surface Vs € R. From the
hyperplane equation, taking 3 embedding coordinates z* for ¥, one derives for ¥,
the parametric hyperplane equations

XF = XH(z,s).

The Lorentzian metric g of M induces a Riemannian 3-metric hy = ¢}g on each ¥,
whose coordinates can be defined as:

hij(z,s) = 4gW(Xa(:c, $))04i XH(x, 8)0, XV (x, 5). (6.3)

Each spatial leaf can also be characterized by a time-like normal vector field n4 of
norm 1, in terms of which we define the second fundamental form

1
Kij(s) = _§£ﬁshij(s)7 (64)

where £, represents the Lie derivative with respect to the vector field ns. With these
elements, we define an extrinsic geometry on ¥, describing how the 3-geometry
evolves along the 4-foliation. Thus, we relate the initial coordinates in a 3-surface X

’In the second case, the metrics are pseudo-Riemannian
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and the coordinates on ¥,,;, as a transformation in the normal direction 7 to the
original hypersurface and a tangential one N.

In terms of this set of coordinates, as depicted in Figure 3.1, the foliation is
described as:

%X”(s) = Ny(z)nk(z) + Ni(2)0,: X" (z, 5). (6.5)

where the expression in coordinates of the lapse function (obviating the omnipresent
dependence on x) reads:

d

V.= g6 (X0 ) o (6.6)

measuring the size of the change in the normal direction. Analogously, the coordi-
nates of the shift vector are:

NI = g (X%(s)) <ixu(s)> Dy XH(s)hI", (6.7)

which weights the change in each of the tangential directions associated with 0.
Both objects can be combined to define an evolution-generating vector field F at
each hypersurface, which encodes the foliation as:

Els, = Ny + Ny, (6.8)

Now, considering an initial data Cauchy surface ¥y = ¢¢(X) embedded in M and FE
(or lapse and shift Vs), one can span the whole foliation {¥} equivalent to M (and all
tensors defined at each leaf) when considering its flow a7, so that ¥, = a%,¥. Thus,
E characterizes the foliation and relates the embeddings through af, oep = €5, Now
we will focus on the infinitesimal action of deformations of the Cauchy hypersurface
%o = ¥ and drop the subindex s to indicate (N, N) € C®(X) & X().

In this way, we can think about £ as the infinitesimal deformation of the hyper-
surface ¥. As we advanced above, the Lie algebra structure spanned by the Lie
derivatives £ defined on a neighborhood of ¥ C M is not projected over a Lie
algebra structure defined on a bundle with base ¥ but to a Lie algebroid As. To see
this, we express the tangential and normal deformations using functional derivatives.
The generators of such deformations D (N, N ) are

S AER Ni(x)(‘?miX“(x)éX(z(x)> . (6.9)

Consider (N, N), (M, M) € C*®(X) @ X(X). If we compute their Lie bracket closing
relations as in [Tei73, Boj&16], we obtain

D(N,N) ::/

356 r)n-\xr
| (N ()

[D(N7]\7)7D(M7M)] =

D(N-M — M - N + divy(N)M — N div,(M), [N, M] + N grad, M — M grad, N)
(6.10)
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where M - N indicates the action of the derivation M on the function N and grad;, N
the gradient with respect to the metric h, in coordinates (grad;, N)! = h9,; N and
diva(N) = =0, (VRNY).

Once these relations have been proved, we notice that the deformation of the
initial manifold is completely encoded in the closing relations over the space of lapse
and shifts. However, the presence of grad;, and div, in (6.10) does not define a Lie
algebra structure because the closing relations have structure functions instead of
constants. Instead, this structure can be understood in terms of Lie algebroids
[BFW13, Boj&16]. For completeness, we expose below the description of this
structure. The uninterested reader can skip the description of this structure.

Lie algebroid structure

To understand this structure in full, this algebroid should be described over the space
of embeddings ¥ <— M under isometry equivalence classes. This is the route pursued
in [BFW13]. In this work, working under the simplifying assumptions exposed at the
beginning of the section, we will follow [Boj&16] and describe the algebroid over the
space Riem(X). This approach presents some drawbacks that we will discuss below.
Nonetheless, these do not affect the discussion of the rest of the chapter.

Definition 6.1. (Lie Algebroid)

A Lie algebroid is a vector bundle B over a smooth base manifold M together with
a Lie bracket [-,-|ys on the set I'(B) of sections of B and a bundle map p: I'(B) —
I'(T'M), called the anchor, provided that p: (I'(B),[,:]g) — (X(M),[-,]) is a homo-
morphism of Lie algebras. This is, for any «, € I'(B) and

where [, -] is the commutator of vector fields. The anchor map also fulfills the Leibniz
identity. This is for any f € C*°(M)

[Oé, fB]B = f[aaﬁ]B + (p(a)f)ﬁ

For a deeper understanding of the theory of Lie algebroids and groupoids, we refer
elsewhere [Mac87]. To describe the algebroid of hypersurface deformations, we
consider the trivial vector bundle

Ay = Riem(X) x C*(X) @ X(X) with sections I'(Ay) ~ C®(2) & X(X) (6.11)
For the applications we want to address, we introduce the space of constant sections

CT(As) = C®(2) @ X(X) (6.12)
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endowed with a Lie bracket defined by

(N-M — M - N + div,(N)M — N div, (M), [N, M] + N grad, M — M grad,, N)
(6.13)

To complete the structure, we must provide the anchor p : Ay, — T Riem(X). This
anchor is of (h)
p(N.N.h)f(h) = —£f(h) +2K;; 5~
ij
where K;; is the second fundamental form of (6.4). With the anchor, we can extend
the Lie bracket [-,-] to any section.

(6.14)

Remark 6.1. To complete the description of the anchor, we must provide a closed
form for K;;. In the phase space description that we will describe below, we write

[Pad10]

2K 1
Ki; = —ﬁ(m’fzhkihlj - §hklﬂﬁlhij) (6.15)

where k is a constant that we will fix in (6.22). Thus, in the last instance, the
complete description of the Lie algebroid structure would depend on the equations
of motion that we want to derive, as is the case in [Boj&16].

In order to avoid this dynamical dependence on the description, another possibility
is to consider the space on which the generators (6.9) act. This is, the space of
embeddings of ¥ — M reduced by the equivalence classes of isometries. This space
is called the space of ¥:-universes denoted UY. and is the case treated in [BFW13]. As
we mentioned above, this case will not be treated in this work.

Hamiltonian actions

In our case, we do not need to understand the full structure of Ax. Instead, following
[HKT76], the physically relevant subset is the space of constant sections CI'(Ayx) =
C*>(X) @ X(X). This is the space containing the lapse functions and shift vectors
(N, N) Notice that the bracket [- , -], does not respect the space of constant sections
as it introduces dependencies on h. Nonetheless, with CI'(Ax), we generate all
possible hypersurface deformations that span all possible foliations of M. Following
[HKT76], GR can be derived as a theory invariant under foliations, and as such, we
will use the action of the algebroid Ay to derive it.

The theory of Hamiltonian actions of Lie algebroids [Tke21, BRW23, BW24] intro-
duces a momentum section that plays the role of a momentum map for regular Lie
algebras. Alas, the application of this formalism in the present case is still unclear
[BRW23]. Instead of using this formalism, we will follow [HKT76] and postulate that
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the action of the Lie algebroid is provided by this momentum map-like structure, see
[BFW13l.

Postulate 1. (Hamiltonian action with the supermomentum section)

Let Mr be the phase space of a theory representing a field (s, 7.) € My with a
canonical Poisson bracket {-,-} .. The action of the hypersurface deformations
spanned by CT'(Ay) is provided by a supermomentum section that mimics the behav-
ior of a momentum map for Lie algebra actions. This is, there is a function

(A, H): Mp — CI(Ag) =C>®(D) @ X(Z)

where (%”,%Z) are also denoted supermagnitudes. Concretely, 7 (s, 7., x) is a
density dubbed superhamiltonian and A (¢, m¢,x) is a one-form density called super-
momentum.

Extending the notation of (2.1), we can express

(N, N)w (A, %)x = N (S, ) + N:fc : f%zx(§77r<) = N (5, 7) + Nx;if%ﬁx;j(ﬁﬂc)

The Hamiltonian action is defined in the following way. Let (Nj, ]\75)35 generate a
curve on the groupoid. For any function F(s,n.), we define the action as

d . .
%F = {Fa (NSaNs):Jc ’ (‘%p’%)m}Mf’

This action should be equivariant; this implies that the supermagnitudes should fulfill
the closing relations

{(N>]\7)x(%>%)mv(M7M)I(%7%)x}MF = [[(N7]\7)7 (MaM)H:E(%V}?)x (6'16)

That imposes closing relations among the supermagnitudes. Notice that we can
extend this action to any section I'(Ay). In fact, this last expression only makes sense
in this general context.

General Relativity (GR) will be the theory that describes the evolution of phase
space variables in a foliation-independent manner. For this reason, the genera-
tors of the evolution of the system will be provided by generators of hypersurface
deformations presented above and will fulfill the following postulate.

Postulate 2. (Path independence principle)

The generator of the evolution in M must be a generator of the action of hyper-
surface deformations described in Postulate 1. The foliation e;(X) = X, is generated
by a curve (N x, Ns,x) : R — CI'(Ay). Thus, the Hamiltonian of the theory is

H (s, 7, Noxi, Noxe) = (Ng, Ny)y - (5, 70)*. (6.17)
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We also impose that the evolution from ., to X;, must be independent of the path
(Ns .z, ]\73@) : [ti,ty] = CI'(Ax) chosen to connect both hypersurfaces. Two different
paths of this kind are depicted in Figure 6.1. In order to fulfill this principle, we
must restrict the phase space Mg, introduced in Postulate 1, to a submanifold
(¢, ) € Mpa C My defined through the constraints

(A (s, 70), # (s, 7)) = (0,0). (6.18)

Because of the closure relations imposed in Postulate 1, we describe a system
of first-class constraints. This means their Poisson brackets can be expressed as
linear combinations of the constraints themselves, and the submanifold M is well
defined. Moreover, the constraints are conserved by the dynamics; thus, it is enough
to impose them over the initial conditions.

Figure 6.1: Two paths of CT'(Ayx) marking a closed curve in the space space of embed-
dings of codimension one of a hypersurface Y. The paths are provided by
(N2/*(s), N2/*(s)). Notice that the closed curve do not include elements
of T*Riem(X) thus we do not include the content of (h, 7,) in this picture
as we did in Figure 3.2.

These postulates are the central axioms of the so-called seventh route to geometro-
dynamics [HKT76, Kiel2]. In order to describe any path-independent theory, we
only need to specify the phase space My, find its supermomentum section, and ask
for (6.18) to hold. In the next sections, we will look for these ingredients to couple
matter theories to GR.

6.2.2 General Relativity in the vacuum

Our objective in this section is to derive, or regain in the language of [HKT76], the
supermagnitudes of GR as the only possible theory fulfilling Postulate 1 and other
physically motivated requirements. The main motivation of this presentation is to
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provide a set of ingredients that presents GR as inevitable from Postulate 1 and
Postulate 2. We will limit our attention to these postulates and refer to [HKT76] for
concrete proofs. We also note that the proofs presented in that work are only valid in
a 3+1 spacetime.

Phase space

Firstly, one must choose a phase space Mpg. As we introduced at the beginning of
the chapter around (6.2), the phase space of gravity M is a subset of T*Riem(X) ~
Riem(X) x Riem’(X). That is, the kinematical variables are the Riemannian 3-metric
h € Riem(X) and its associated momenta 7, € T*(Riem(X))|,, which are tensor
densities of weight 1. In accordance with the notation of previous chapters, we
identify the entries of the Riemannian structure with functions and denote them by
hij.x, while W;'f;x is identified with a distribution. This cotangent bundle 7*Riem(X)
is endowed with a canonical symplectic form wg = —dh;j.; A dwflj;x that can be
associated with a Poisson bracket over given, for f,g € C*(T*Riem(X)), by

{f? Q}G = a[hij;zfaﬂ,ij;m] g =

of dg dg of

At an operational level, the discussion about the definition of the differential structure
is pretty much the same as in chapter 2. Thus, simply adding the appropriate
Kronecker deltas, we get

3%"%1/ _ 5“63’ 8hkl;y
o v ahi]’;z

_gigr,  Ohwy _OmTV
MRV 9miie Ohijy

Supermagnitudes

We are now equipped with the kinematical tools needed to describe the gravitational
supermagnitudes (jf(;,%%)x of Postulate 1. We will use them to elucidate the
particular shape of these supermagnitudes.

Let’s take (0, N) € CI'(Ax). This transformation represents a tangential defor-
mation in > and can be seen as only an initial data reshuffling. Therefore, let
f(hijix, ©7*) € C°°(T*Riem(X)), thus

£oF ={F, 4}¢ N (6.20)

This relation must also apply to smeared versions of the phase space coordinates
[Phije + g7 Using this, the explicit expression of the Lie derivative £ 5 of these
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objects, and the closure relations (6.16) among stretchings (0, N), (0, M) € CI'(Ay),
it is shown in [HKT76] that the only possible supermomentum is

AL (b, ) = —2D;75, (6.21)

where D represents the Levi-Civita connection of (X, h).
To obtain a unique superhamiltonian, we must add two postulates.

Postulate 3. (Time reversal symmetry [HKT76])
The time reversal operation is introduced in CT'(Ay) x T*Riem(X) by the transfor-
mations

(N,N)x = (N,—N)x and  (hiju, 79%) = (Rijix, =77,

We postulate that the supermomentum section of the gravitational phase space
(N,N)y - (¢, #¢)" is invariant under time reversal. This is

—

%(hij;xa ﬂ'ij;x) = %(hi]‘;x, —ﬂ'ij;x) and %(hi]‘;x, Wij;x) = —%(hij;x, —Wij;x).
In order to state the next postulate, we introduce the following definition:

Definition 6.2. (Ultralocality) A function f(h;jx, ™) is said to be ultralocal on
the metric h;;.x if it does not depend on its derivatives Oy h;j.x or derivatives of higher
order.

The function f is called ultralocal on gravitational momenta if it does not depend
on derivatives of ¥,

Postulate 4. (Ultralocality on gravitational momenta [HKT76])
To ensure compatibility with (6.4)

{hij;w’ Ny‘%ﬂg}G = _2K(hij;x’ Wij;x)Nm
where K (h;jx, 7*9%) is ultralocal on gravitational momenta.

From these two postulates, again referring to [HKT76], the GR superhamiltonian is
regained:

Ao (hymy,) = ,@Gijkmgﬂﬁl — (26)""Vh(R(h) — 2A), (6.22)
2 Vh
where Gjjp = ﬁ (hikhji + hithji — hijhg) is De Witt’s metric and R(h) is the Ricci

scalar. Constants A and « are arbitrary. We will choose them such that A is the
cosmological constant and x = 87G/c*, where G is Newton’s constant of gravitation
and c is the speed of light. Recurring to the Lagrangian approach, we can go further
and drop Postulate 3 as shown in [Kuc74].
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Evolution

General Relativity (GR) in the vacuum describes the evolution of (hij;x, 7t *) over the
foliation X, specified by a curve (N, x, Nsx) : R — CI'(Asy). According to Postulate 3,
the Hamiltonian of the theory is

H(h, 7Th7NS,X7NS,X) = (N57]\73):c ' (%Ga%)x (6.23)

As we discussed in Postulate 3, the evolution equation generated by this Hamil-
tonian is ill-defined on the whole space 7 Riem(X). The choice of foliation, that is,
the path (/Vs, Ns)x chosen, is arbitrary, and we may describe the same theory with
different foliations with common intermediate hypersurfaces. In order to achieve
this, as we anticipated in (6.2), we must reduce the phase space of the theory to the
constrained subspace

Mg = {(h,wh) e T* Riem (%) s.t #%(h,m) =0 and #X(h,m,) = o}. (6.24)

The procedure described above, the seventh route to geometrodynamics, is es-
sentially different from that of the ADM formalism. In that case, the Hamiltonian
formalism is obtained by projecting the Einstein-Hilbert action over >. In that case,
the symmetry associated with GR is the invariance under diffeomorphisms of M
instead of the path independence principle. The relation between both symmetries is
that they represent subsets of a larger group of transformations [BK72]. As a conse-
quence, in the ADM formalism, the constraints arise as a result of the Gauss-Codazzi
equations; see, for example, [Gou07, Pad10].

6.3 Geometrodynamics with matter

In order to complete our gravitational picture, we must introduce matter into the
mix. That is, we must describe how to couple a field described through its phase
space My with canonical coordinates (¢x, 7¥) € Mp. The pathway to follow at this
stage is just a rephrasing of the previous section.

Phase space

The phase space of this theory is jointly described as a submanifold of Mg x
T* Riem(X) where the Poisson bracket is provided by the sum

=4 de+ {0 Imee (6.25)

An important step at this stage is to ensure that this is indeed a Poisson Bracket.
The only remaining property to check is that, if we find a dependence of {-, -} »(,, on
(h, ), the Jacobi identity holds.
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Supermagnitudes

Firstly, imposing Postulate 1, this is the Hamiltonian action of the algebroid of
hypersurface deformations Ay, we should find supermagnitudes (%”X,e%zx) that
describe the theory.

Our aim is to introduce a new postulate that fixes the form of the supermagnitudes
for the theory with matter. For simplicity, we will restrict our attention to the minimal
coupling case as in [HKT76].

Postulate 5. (Geometrodynamical equivalence principle)
A matter theory minimally coupled to gravity fulfills the geometrodynamical princi-
ple of equivalence when the supermagnitudes of Postulate 1 are written as

0 =7 (h, 1) + A5 (hy s, ), (6.26)
A =A% (0, ) + A5 (h, ¢, ). (6.27)

where (7%, j?]\)}) : T*Riem(X) x Mp — A§, are the matter supermagnitudes. They
depend ultralocally on h and do not depend on 7. In the absence of the matter
part, the equivalence principle recovers GR in the vacuum with the supermagnitudes
(6.21) and (6.21).

It is convenient to rephrase the closing relations (6.16) for the matter and gravity
supermagnitudes separately. We already know that (.7, ,%Zg)x alone fulfills those
closing relations for the full Poisson bracket {-, -} because {-, -}, does not derive the
gravitational variables. Let us explore the Poisson brackets of crossed supermagni-
tudes involving only the gravitational Poisson bracket. On the one hand, we obtain
the cancellation

N MG, 7 6 + No My {57, 3 ya =0 (6.28)

because of ultralocality (on 7 and h for both derivatives) and antisymmetry.
On the other hand, as a result of (6.20), the relation

£ (M- AY) = {My - AY, N, - (S + )"y = My - HY, N, - HE e

must hold. As a consequence of the independence of %ZG on matter variables, we

obtain
{M, - ffé’,Nz - Iy ta = 0. (6.29)

Using (6.21), this can only happen if %ﬂ’/}(q, m¢) does not depend on h at all. This, in
turn, also implies

(MY N, - 55} a = 0. (6.30)
Lastly, the remaining crossed term does not cancel. Instead, we have
= . oA
(M, A, N, - HE Yo = 2L M,D;Nj.;. (6.31)

Ohije
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After this analysis, we can rewrite the geometrodynamical principle of equivalence,
introducing the matter closing relations. This is a modification of the relations (6.16)
that should hold for the matter supermagnitudes.

Postulate 5. (Matter closing relations)
A matter theory minimally coupled to gravity fulfills the geometrodynamical princi-
ple of equivalence when the supermagnitudes of Postulate 1 are written as

A =7 (h, ) + 55 (h, g, 7o), (6.32)
A=A (W, ) + A5 (6, ). (6.33)

where (I}, ,%ZJ\}) : T* Riem(X) x Mp — A, are the matter supermagnitudes. They
do not depend on m,, and the superhamiltonian depends ultralocally on h. In the
absence of the matter part, the equivalence principle recovers GR in the vacuum
with the supermagnitudes (6.21) and (6.21), and the matter supermagnitudes fulfill
the matter closing relations

{(Nvﬁ)m : (%Myf%Z]V[)xa (M7 M)x . <<%0M7%M>x}/\/lp =
oY

ZZM (6,34
S (634

[(N.N), (M, M)], - (Has, #ar)* +2(MyDiNja — NyDiMj.,)
Example 6.1. (Supermagnitudes of Klein-Gordon theory)
The minimally coupled classical Klein-Gordon theory described in section 3.5 fulfills
the matter closing relations for the supermagnitudes

1 .
H* = —=[(7°)* + K7 Dip* D™ + m*(¢*)*], 6.35

2\/5[@) @ D™ +m* ()] (6.35)
HE =V hr*Dyp*. (6.36)

Defined over the phase space My with coordinates (p*,7*) with the Poisson
bracket

{P,Q}py, = 0" (Opr POruQ — Or= POy Q)

Evolution

Requiring the path independence Postulate 2, the generator of the evolution is the
Hamiltonian H = (N, N;), - (€, .7°)" for some curve (N4, Ng)x : R — Ay, and the
phase space must be constrained by

(%(h, Trh,g,wg),,%z(h,ﬂ'h,g,ﬂ'g)) = (0,0).

In general, for any function f(s, Ns, Ny, h, T, ¢, T¢), We can write

dF :
— = {F,H} + 0,(N!

— F' + 05 F. .37
AN +0 (6.37)
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6.4 Hybrid Geometrodynamics: Hybrid closing relations

The key aspect of our proposal to couple quantum matter to classical gravity relies on
the fact that the analysis of the previous section is blind to the quantum or classical
nature of matter. The main ingredient needed to describe the quantum-classical
hybrid geometrodynamics is the phase space of the quantum theory. For that matter,
we slightly adapt the discussion of chapter 5.

6.4.1 Phase space

A priori, the phase space of a quantum theory coupled with gravity is

T*Riem(X) x & ~ T* Riem(X) x (N¢).

The phase space above possesses a hybrid Poisson bracket constructed from (5.19)
{~t={te+{ 1o (6.38)

Notice that the expression {-, -} » has a complicated dependence on h through the
bilinear K#°. However, using a set of Darboux s.q. coordinates (®%,11,), as in (5.24),
we can write {F,G}» = 0p o FOneG — 0o FOs ,G, we can eliminate this dependence
and trivially show that {-, -} fulfills Jacobi. This procedure, in turn, selects (®?,11)
as a set of canonical variables independent of any external parameter, similarly to
(px, ™) in (3.50).

Moreover, this bracket comes from the Kahler structure (5.1) defined on &. The
discussion of chapter 5 about the description of this structure does not really depend
on the parametric nature of the gravity in that context. Pictorically, we should
understand the dependence on the real parameter ¢ of Figure 5.1 as a choice of
path of a parametric theory depicted in Figure 3.2. As a result in this chapter we
will understand this dependence as in Figure 6.2. This is, we conclude that the
structures of K&hl(%?) should allow for a dependence on CI'(Ayx) x T* Riem(X) as
explicitly exemplified in (3.54).

(G(Nx, N, b, ), (N, N, b, ), T (N, Ny, b, 7))

In order to accommodate this dependence into the description, a quantum state
will be described by a section on a trivial bundle

CF(AZ) x T* Riem(Z) X (Nc)

This is, a quantum state is described by a function ¥ (¢*, Ny, Ny, h, Th).
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/(f)sm;(f) =

N )

CI'(As) x T* Riem(X)

Figure 6.2: Parametric dependence of a quantum state ¥ through the choice of
a parametric curve v in the space CI'(Ay) x T Riem(X). This is the
structure behind the dependence on a real parameter ¢ of Figure 5.1.

6.4.2 Supermagnitudes

The complicated dependence of the quantum states on lapse and shift complicates
the discussion. This fact, however, is a reflection of the complicated relation between
kinematics and dynamics that arises in QFT, which we explored in chapter 4 and
chapter 5. Lapse and shift (N, ]\7x) are fundamentally dynamical features of the
theory according to Postulate 2. Therefore, their introduction in the definition of
the state must be an intermediate step that should not spoil the path independence
principle.

Similarly to the discussion below section 5.4.1, once the vacuum section is factored
out, we get a Hermitian line bundle 7 : B — CI'(Ay) x T™ Riem(X) in which we
will introduce a connection I'. Notice that this structure is the analogue of the
one discussed in (5.41). To recover that structure, we must choose a curve v: R —
CI'(Ax) xT* Riem(X). In fact, this curve is the one that parametrizes the gravitational
theory that we mentioned in the introduction.

The base of the bundle CT'(Ay) x T* Riem(X) is a linear space; therefore, we will
identify it with its tangent space using the notation 5 = (CNx> CNixor Chagis Coig) =
(Nx, ]\7x, h, wh) to identify a direction in this tangent space. The covariant derivative
v ¢ in components for the section ¥ is

Vel =, (aNz, N, ahij;m,a,m)\p 4T (6.39)

The remaining ingredient to complete the quantum picture is the quantization map-
ping O. We continue with the conventions of chapter 4 and choose the holomorphic
Weyl quantization mapping. The quantization mapping also depends on the base
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manifold
Q(Nx, Ny, h, 7).

With this, we define a compatibility condition

Definition 6.3. (Curvature-free quantization mapping) The covariant derivative
V and the quantization mapping Q define a curvature-free quantization mapping, in
the sense of (5.76), if they fulfill the compatibility condition

VeQ(f) = GO Q) + 1[G - Ter, Q)] = QG0 f) (6.40)

Postulate 6. (Hybrid supermagnitudes)

The matter supermagnitudes of the quantum theory are obtained from the su-
permagnitudes (%M(h, Th, %, %), e%zM(h, Thy @, 77")) of its corresponding classical
theory such that

1. (%ﬁfj, jf?]\’j) depend on ©* at most quadratically. That is, we cannot allow for
kinetic terms in the Hamiltonian of order greater than two in the classical
theory to be quantized.

2. The classical supermagnitudes fulfill the matter closing relations of Postulate 5.
3. The quantization mapping Q is curvature-free.

4. The space of quantum states is constrained to
Mo ={VaW?=0 V{eT[CT(As) x T* Riem(X)] s.t. ¥ € T(B)}

This space is also known as the horizontal bundle Hor". Heuristically, we
interpret this condition in the following way: the only dependence of the
quantum state comes from the factorization of the vacuum to be included in the
Gaussian measure. This is the kind of factorization that we discussed in (3.52).
As we discussed in chapter 3, this argument cannot be made rigorous. This is
because it implies the existence of a Lebesgue-like measure D¢. We refer to
[Alo&24a] for further details on this constraint.

Then the generators of the quantum evolution are
A =V, QUENY), A = (U, QUG (6.41)

where (,) denotes the Hermitian product (5.15) and we drop the superindex of U? to
alleviate notation.

We still have to check that this definition fulfills the matter closing relations. On
one hand, notice that as a consequence of conditions 3 and 4, we have for any
function f
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O (¥, Q(f)¥) = (¥, Vi Q(f) ) = (¥, Q0 f) V).

This important relation implies that the dependence introduced in the section ¥ and
the quantization mapping ) on the geometric data (NX, J\7x, h, 7rh) is such that the
quantum matter supermagnitudes possess the same dependence as the classical
ones, protecting the path independence principle.

On the other hand, notice that (5.9) implies

{(T, Q)W) (¥, Q(9)¥)}» = (¥, —iQ(f *m g — g *m [)V) (6.42)

where %, is the Moyal product of (4.52). Because of condition 2, we can use the
well-known result that if f and g are at most quadratic in momenta 7*, we get
[ *m g —g*m f=1{f,9} m,. Then we obtain

{(N, N, - (g, )", (M, M), - (A, )"} p =
(O, Q[{(N, N)y - (s, Ha)" , (M, M)y - (g, r)"} 5, ] W) (6.43)

Then, using condition 1 and the previous considerations, the quantum generators
of Postulate 6 fulfill the matter closing relations

{(N, Ny - (H1, 70)", (M, M)y - (s, H0)" Yy =

. . S d
[(N,N), (M, M)], - (g, #5)" + 2(MyD;Nj, — NyD; Mj.,)

— 44
D (6.44)

A more detailed proof is developed in [Alo&24a]. In that work, it is shown that
the matter closing relations on the quantum part imply a weaker version of the
curvature-free condition for the quantization mapping.

6.4.3 Evolution

Finally, according to Postulate 2, the generator of the evolution is
H = (Nps, Nys) - (G + (W, QAT 0), HAE + (U, QA7) D)), (6.45)
constrained to fulfill
(A + (U, QUG Y), A + (¥, QA7) = (0,0).

For simplicity, we denote Hy = (Nx,s,ﬁx,s) . (e%”g,f%zg) and Hy, = (Nw,s,ﬁx,s) .
(o635, 74%). Then our analysis leads to a system of equations
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=

d — : i
£\I/ = (ﬁQ(HM) — {hij;xaH}GFhij;z + {7‘(%@7 H}G’Fﬂ_;j;z — NmFNL — NérNé) v,
d

%hij = QNGijkﬂr}k;l + 2(DiN§)hkj,

di'lsw;g = —0h,Ha — (¥ | Q(0yii Hur) V). (6.46)

In this case, the connection (5.77) can be adapted to this context by substituting
the time parameter ¢ with the geometric variables (IV,, ]\756, h, 7). Notice that the
backreaction term —(¥ | Q (9 Hy ) V) is simply the expected value of the quantized
version of the classical backreaction term; thus, the interesting part of the dynamics
lies in the quantum part.






Chapter 7

Applications to Cosmology: |
Klein-Gordon Theory on Curved = —— 4
Spacetimes / m

7.1 Introduction

In this chapter, we will apply the formalism derived in the previous chapters to the
quantum Klein-Gordon theory over a fixed curved geometry. That is, we will deal with
the parametric theory of Remark 3.1 and leave the backreaction terms of (6.46) for
future work. This study is a continuation of the classical study in the KvH formalism
of section 3.5; thus, we recommend going through that section before reading this
chapter.

The first issue that we must address is the choice of complex structure J,, that we
introduce in the classical phase space (M.,waq,) to quantize the theory. In principle,
the prescription made in (3.54) was chosen to be adapted to the classical evolution.
Nonetheless, this prescription coincides with those studied in the context of QFT in
[CCQO04], derived from a quite different set of physical requirements in the covariant
formalism by [AMA75]. Moreover, the latter conditions are studied only in the static
and stationary cases, while our classical prescription is valid in a general framework.
As a matter of fact, how to choose this prescription in the quantum case is still an
open problem [MO21]. For this reason, we stick to the prescription (3.54) also in the
quantum case.

In this section, we will be interested in cosmological models for our spacetimes.
The reason for choosing these kinds of solutions is twofold. First, they represent phys-
ically relevant models that constitute a simple benchmark where the modifications
proposed to the quantum evolution can be tested. Second, the cosmological principle
states that the universe at cosmological scales must be homogeneous and isotropic.
This assumption imposes huge restrictions on the form of the spacetime metric g,
regardless of the quantum or classical nature of matter. In particular, the universes
allowed by this principle are the so-called Friedman-Lemaitre-Robertson-Walker
(FLRW) spacetimes. We refer to [Pad10] for further details. For these universes,
there is a system of coordinates (¢,r, 6, ¢) for the spacetime M in which the metric is
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written

dr @ dr
1 — kr?
with £ = 0,+£1, (r,0,¢) € [0,00) x [0, 7] x [0,27], and a(t) is the positive scale factor.
These coordinates suggest a foliation of spacetime into Cauchy hypersurfaces R? ~
! with induced geometric data

g = —dt®dt+a2(t)[ +7‘2(d0—|—sin2 qub)}, (7.1)

N=1N =0,
h =a2(1) [dr ® dr n r2(d9 1 gin? Gdgb)],
1— kr2
Kij = — 26Gyjpmp = _@hij (7.2)
a(t)

where K;; represents the second fundamental form and G;;;; is De Witt’s metric
with inverse G¥¥ = @ (R** Rt + h¥'hik — 2K pM) . Remember that we introduced x
in (6.22). Notice that this describes the curve needed to describe a parametric theory
introduced in Remark 3.1.

As a consequence, these spacetimes possess the property of having a null shift N,
and therefore the complex structure reduces to the limiting case of (3.65)

1 1
0 © 2Nz
Iy = ( —Nﬁé@% 0 ) (7.3)

with —© = ND'D; + (D*N)D; — Nm?. Thus, we will study the quantization of this
case separately.

7.2 Quantum Models in the Limiting Cases
In this section, we will focus on the case of a parametric theory as in Remark 3.1.
That is, we treat the gravitational content as a background. In previous chapters,

we have seen how the choice of a complex structure on the phase space of classical
fields

AY AY do®

= Oy @ [AVd® + AYdn®] + Ope @ [DYd® — (AY)0dnY] (7.4)

!Notice that we allow for ¥ to be non-compact in this example. This can be done without further
complications just by imposing suitable boundary conditions at infinity
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is a crucial ingredient of the quantization procedure. Recall from (3.21) the conditions
over the matrix entries associated with J2 = —1. In this section, we will discuss the
limiting cases of null and huge shifts discussed in section 3.5.

7.2.1 A Universe with Huge Shift

Let’s first briefly discuss the limiting case N ~ 0, whose complex structure (3.66) is

2y—2 AT ).
Joo = (o) = N'D; 0 (7.5)
0 (—A%)"2A

with « = N?D; and A = N’D; + D;N*. This case may be physically interpreted as the
appearance of a horizon in our spacetime. This limiting case breaks the quantization
formalism in the following sense. The covariance of the Gaussian measure defined
in (4.6) is A*Y = 0. This means that the measure represents a Dirac delta with an
infinite-dimensional domain around ¢* = 0. This fact might actually be reconciled
with a physical interpretation. However, the momentum operator of the Schrodinger
picture (4.20) needs the definition of the inverse K. In this case, the momentum
operator diverges with unclear consequences. This, in turn, may be interpreted as
the splitting of the underlying Cauchy hypersurface ¥ into two regions, inside and
outside the horizon. In each of these regions, the formalism exposed so far can be
developed without further complications. However, once the spacetime develops one
of these horizons, the purity of the quantum state in each of these regions may be
compromised. We may, for example, trace out the degrees of freedom corresponding
to wavefunctions completely supported inside the horizon. See e.g. [Wal94] for this
kind of partial trace in spacetimes with bifurcating Killing Horizons.

7.2.2 A Universe with Null Shift

As we advanced in the introduction, the relevant case for cosmological applications
is N = 0. In that situation, the entries of (7.4) are

%N’ygy:/ddx\/ﬁ<p(x)@—%N%g(x) (7.6)
b

with A¥ = (A")y = 0and D = —K*Y with

gazK“ygy:/ddm\/ﬂp(x)N_;@;g(x) (7.7)
b

Also, the Hamiltonian of the Klein-Gordon theory (3.60) in holomorphic coordinates
is written H = g?)””@xyw. As we pointed out in (5.1), the quantum Hamiltonian acting
over this space is obtained with Weyl quantization. However, this procedure produces
a vacuum energy in a similar way to the constant appearing in Remark 4.2. This
constant is important to describe the coupling with gravity in (6.46) but can be set
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to zero in the parametric case. In order to simplify the discussion, we pick Wick
ordering and obtain

H = 0,,(a")%a (7.8)

In holomorphic s.q. coordinates, this expression is just ¢¥(vVON )y 0pe where Ny, =
Noy,.

In order to write down the modified Schrédinger equation, we need to compute the
connection term I' of (5.77). In this context, due to the fact that the diagonal terms
of the complex structure are null, its expression simplifies enormously. To alleviate
notation we denote (5060)“’; = 5“52y = %&t log hdy, the connection (5.77) reduces to

1 . 1/, :

bt (30 )
1 o ¢ N2 x o uz
(57678300 — " K (P02 0,) +

1 o ¢o T o T
Z([A 5280 D Dy — [Ko, 8001, ¢y). (7.9)

Where we denoted separately [A°, §°0, % = AX4(6°05)+(5°06) XA and [Ko, 6°00 )3,
Kxu(Soéo); + (8°05)%Ky. In this notation, we can see how the prescription of this
connection is just a correction to the Schrodinger connection (5.72).

(Modified) Schrodinger Equation

In the holomorphic setting, the (modified) Schrodinger equation is

|0
i [at—i—l“] U = ¢¥(VON); 0¥ (7.10)
There are new terms in the Schrodinger equation that involve the time derivatives
A, Kyy, and 0xy. The new left-hand side term iI" has two parts:

e The factor %d)xnyAyZ@qu is an anti-adjoint correction to the time derivative
needed in the evolution to preserve the probabilistic nature of the quantum
theory. In the absence of this term, the time derivative breaks the Kahler
structure (G,, )%, and norm conservation is not guaranteed. This is an
already known fact for the Schrodinger equation in curved spacetimes [HS15,
HS17, HSU19, EHS21].

¢ The remainder of the term is a self-adjoint operator. As such, this term can be
interpreted as a correction to the quantum part of the dynamics of the system
induced by the curvature of the spacetime. We can characterize this effect as
the result of an unstable vacuum.
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Particle Creation in a Dynamical Spacetime

One of the main novelties of our approach, suggested also in similar terms by the
recent work [KM23], is that it provides a dynamical equation that describes particle
creation in an expanding universe. Particle creation in expanding universes has been
traditionally studied by the following arguments, see e.g. [BD82, Wal94, PT09]. First,
we must assume that we can describe in our system the asymptotic past ¢~ and
future # 7 in which the vacuum can be described without ambiguities. In these
asymptotic limits, we take a basis of solutions of the classical equations of motion
with definite positive energy that serve as a basis for the quantum Hilbert spaces
H - and ‘H g+ The time dependence of the spacetime metric induces a parametric
dependence on the Hamiltonian of the classical theory, as is the usual case in a
parametric theory, see Remark 3.1. This implies that the basis of # ,- has, formally,
a nontrivial overlap with the basis of H P and this translates into a nontrivial
overlap of creation and annihilation operators

a}, = Oz(ac)a’;wr + ﬁ*(av)ai’;+ (7.11)

with |a(z)|? — | 3(x)|? = 1. This kind of relation is named a Bogoliubov transformation.
This transformation preserves the commutation relations [aTvx, a¥] = A*Y but spoils
the stability of the vacuum. That is, if a},|0>/_ = 0, then a}+\0>(]_ # 0 and
vice versa. Since there is a particle interpretation available in _# *, this is easily
interpreted as particle creation in the dynamical universe. This kind of analysis is
also responsible for Hawking radiation in collapsing black holes and the Unruh effect
for non-inertial observers in flat Minkowski spacetimes, see [Wal94].

In our case, the situation is different. The ultimate reason to recur to asymptotic
states in the previous arguments is to keep under control the normalization of
the states with well-established bases of the corresponding Hilbert spaces. In our
case, this normalization is built-in and automatically introduced by the connection.
Also, the relation of the classical basis with the asymptotic quantum Hilbert spaces
is implemented in our formalism by the compatibility condition V;Q(f) = Q(9:f)
detailed in (5.75).

In our case, we describe instantaneous vacuum states that fulfill the equation
(5.40) or equivalently, are annihilated by the creation and annihilation operators
parallel transported by Viaf = 0. To put this argument in equations, consider that at
initial time ¢ = 0, creation and annihilation operators are provided by ao’x = ¢* and
ay = AY*94.. At this point in time, the vacuum phase ¥y = 1, and thus the vacuum
and reference U, sections coincide?. However, the covariant derivatives of these
operators are

2For a discussion of the difference between these two sections, we refer to chapter 4, for example, the
discussion below (4.21)
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Vi = 2 (VK A = A0y 4 g (800)] — 6K ye (°0,) 34+

AXY(5°0)504: + (6°0,) XAV D)

N

1., . . . .
Vi DDgr) = 5 (A0 — $VK A = NV (560505 + (660 S AV Do+
BY(0°0 )% + Y Ky (0°00) 2 A™)

As we can see®, the appearance of the Bogoliubov transformations also stems
from the parametric dependence on time of the operators. In terms of creation and
annihilation operators, this equation becomes

1 ’ 1 co X
dhal = 5(a;y — af)KGAY — (6760 (af + al?) (7.12)

with 9,a]™ = (9,aX)".

In summary,in the simplifying case of null shift, the formalism developed through-
out this thesis provides a dynamical equation that mixes creation and annihilation
operators during the evolution. Moreover, in spite of its simplicity, this case describes
physically relevant cosmological models as we will see below. To our knowledge, the
study of the phenomenon of particle creation in dynamical spacetimes has typically
been studied using asymptotically flat spacetime states [BD82, Wal94, PT09]. Some
authors have hinted at the need for a correction to the Schrodinger equation [AA15],
and more recently, others have linked these modifications to a connection generating
this effect [KM23]. However, the treatment of the ambiguities in selecting this
connection and the specific dynamical equation that drives particle creation is a
novel aspect of this framework.

7.3 Quantum Klein-Gordon theory in FLRW spacetimes

As we anticipated in the introduction, the analysis of the null shift case applies when
we particularize our study to the Klein-Gordon Theory on a FLRW spacetime. For
simplicity, we may express the metric (7.1) in terms of a new coordinate

r dr
XZ/O —= (7.13)

X AXYH
3Using these expressions, it is straightforward to see that (5.78) follows using ¢* = Lﬂ%-/

Ky ¥ —0
7rx:—27xy\/5 ak

and
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Then the pseudo-Riemannian metric is written as —dt? + h and

a?(t)[dx? + sin® x(d6? + sin® 0d¢?)]  with x € [0,27) if k=1
h = { a*(t) [da? + dy* + d2?] with 2,7,z € R3if k =0 (7.14)
a?(t) [dx* + sinh® x(d6? + sin? 0d¢?)]  with x € [0,00) if k = —1

From these sets of coordinates, it follows that the spatial Cauchy hypersurfaces X
represent a spherical space for k = 1, flat for £ = 0, and hyperbolic for £k = —1. The
complex structure Ju,, in these cases is also studied in [CCQO04]. Recall that in these
cases the lapse N = 1 while the shift vector N = 01is null. To complete the picture,
we need to compute the covariant Laplacian D'D; = %@(hij Vho;) = a%(t)VQ and

the volume factor v/A = a3(t)Vol;, with

sin? y sin 6, ﬁ [8X (sin? x8y) + 15 [O(sin 09y) + (935]} E=1
Voly,, V2 = {1, 0%+ 02 + 02 k=0
sinh? y sin 6, m [5X (sinh? X9y) + 15[ (sin09y) + 83)]] E=—-1

(7.15)
From these expressions, and using only the definition (2.6), we can compute the
operator

N} X _ CL(t) X
(570.)5 = 3,33

The factor % is a measurable parameter in cosmological models called the Hubble
parameter [Pad10].

The entries of the complex structure are computed using the classical Klein-Gordon
Hamiltonian (3.60) in this background

Hgg = /2 a,32(t) (7r2(u) - W + m2g0(x)2>\/olk(u)du3. (7.16)

Defining M (t) = a(t)m, the parameters of the quantum theory are
o 1
X __ Y 2 2 X _ X
O = F(-VI+ M), Ay =as (V- )
1 - 1
Ky =-g/=veeaz =g (Vvre ) o, (7.17)

Thus we can compute
. 2 2
R (e T e P
A =A a4 E_ve) = aa’Volg ( 4 [YEIE VERE
. M2
- [ s 0-
a3Voly, M? — V2

)

. a
Ry ==Ky, (4= 32

)MLV?} (7.18)

Xy
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Gathering together all terms of the connection, we obtain the modified Schrédinger
equation

{ U=

. 2 x
Gwflog L M™ \"g
at+a¢ 2 M2 —V?2 y8¢
1 M? ) 1 ]ry
4M? —V2) /M2 - V2
a{ 1 <1+1 M?
Vol, \2 ' 4 M2 — V2

‘ 1
aa® [ Vol (5 + D D U+

) M2 vﬂxyw(ﬁyw

%qu (\/w)y Ol (7.19)

Hence, in this scenario, we obtain a modification of the propagator of the theory
proportional to the Hubble parameter £.

a3

Example 7.1. (Static FLRW spacetimes)

In the particular case of a constant a, the connection terms cancel, and we recover
the usual Schriodinger equation. We can express the solution of that equation with
an integral kernel

W) = / DB(0) expld™ (5ay — it K )y ] (e, 0) (7.20)

In this solution, we interpret Ky, as the energy of the system.

7.3.1 Particle production

Particle production is usually expressed in terms of creation and annihilation opera-
tors. In this case, equation (7.12) is written

aX all/ -1 1 M? -1 =2 aX
o) =a 00 D ) (2 D)) e

If we focus on the flat case with ¥ = R?, we can use the Fourier transform
f(k) = [ &z exp(if - k)f(x) as a change of coordinates of ¥. If we express creation
and annihilation operators in the Fourier-transformed domain, the Laplacian becomes
~V2 5 k% a multiplicative factor. Using this, we can rewrite the equation in terms
of the frequency w? = K2/ M2(t) = k2/(m2ad2(t))

aF all1/ -1 1 1 1 -2 aF
8t<aw€ T a 2< 1 —1>1+w%t+(—2 —1) al® (7.22)

As we mentioned at the end of section 7.2.2, the construction of QFT in curved
spacetimes is usually done resorting to a basis of the Hilbert space provided by
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classical solutions of the equations of motion. In that kind of analysis, there is a vast
number of solutions for Bogoliubov coefficients in (7.11) for specific cosmological
models in terms of the frequency Wiy [BD82, PT09, For21]. Using this equation, we
just need to provide a(t¢) and solve (7.22) to compare with these results. We plan to
address this issue in future works.






Chapter 8
Conclusions and Future Work

Dicen que las flores se marchitan
Pero yo tengo riegos arabes en el jardin,
de mi mezquita

Javier Ibarra

8.1 Conclusions

In this thesis, we presented a detailed study of Hamiltonian QFTs of the scalar field on
curved spacetimes. We developed a mathematical formalism to efficiently address the
geometric aspects of these theories and studied the interplay between mathematical
tools borrowed from Gaussian analysis and their physical interpretations.

More concisely, in chapter 2, we gathered together a set of results and methods
to study the Hilbert spaces L?(N{, Dyu.) of Gaussian integration theory in infinite-
dimensional spaces. The main contribution of this thesis to that analysis is merely
introducing a convenient notation to describe physical models later on. Also, in
this work, the complex domain proved to be of utmost importance in the study of
the quantum theory of the scalar field. For this reason, we presented a review of
the aforementioned results in the complex domain, departing from the standard
presentations of the field. See e.g. [Hid&93, Hul®6].

Some of the features that are usually regarded as genuine quirks of QFT are
already found in the mathematical theory of Gaussian analysis. For instance, the
Wick theorem, which deals with vacuum expectation values in QFT, and Feynman
diagrams, which are considered a computational tool for perturbative quantum
theories, see e.g. [Nai05]. However, in section 2.6, we presented those ingredients
as connatural tools to Gaussian analysis.

In chapter 3, we started a project to understand to what extent we can identify some
of these ingredients already at the classical level. For that matter, we extended the
Koopman-van Hove (KvH) formalism of classical mechanics to the case of Classical
Statistical Field Theory (CSFT). That is, we used prequantization theory to represent
the kinematics of the classical theory and studied the evolution in this representation.
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The main conclusions that we derived from that analysis are the following:

* Let (Mp,wr) be the phase space of a classical field theory of the scalar field.
To properly describe (Gaussian) statistical states, M is modeled over strong
Duals of Nuclear-Fréchet (DNF) spaces that we denoted N’ in this thesis.
Also, we described the classical Gaussian statistical state through the complex
structure Jr of (3.21), inducing a Kahler structure (wr, ur, Jr).

This kind of complex structure has been widely known as a tool in the field
of QFT on curved spacetimes, see e.g. [AMA75, Wal94, CCQ04, MO21]. The
novelty in this proposal is that we introduce it in a purely classical context.
The need for its appearance is the consistency of the statistical description of
classical states.

* The KvH dynamics imposes restrictions in the form of Jr. In section 3.4.4, we
provided the prescription Jp = | X H|_1X g, with H being the Hamiltonian of the
theory, already at the classical level. This coincides with the standard quantum
prescription for static and stationary spacetimes [CCQO04] but is not limited to
that case.

Built upon prequantum theory, in chapter 4, we developed a quantization program.
This quantization program is based on geometric quantization [Wo097] and the
choice of an ordering prescription. For that matter, we systematically used tools of
Gaussian analysis to build quantization mappings ). The novelties of this analysis
may be summarized as follows:

* Geometric quantization prescriptions produce different representations of
QFT. Among them, the most interesting ones we found are the holomorphic,
Schrodinger, antiholomorphic, and field-momentum representations. The con-
crete relations among these quantization procedures can be described by
integral transforms and are summarized by the diagram

holomorphic F s Antiholomorphic
2 2 Vo)
(LHOZ(N(I/DD/U‘CLQ) <~—1 (Lﬁ( (IIZ7DVC)7Q>

TS

F _
(LW pp.e) — (1P, Dv), Q,,)
Schrodinger <T Momentum-field

This diagram, in turn, introduces the Fourier transform F of section 4.3.2 for
the infinite-dimensional case. To our knowledge, this transform is a new feature
of this formalism and is not related to other Fourier-like transforms, such as
the one presented in [Hid&93].

* Wick and Weyl orders, the Moyal product, and other x products admit a straight-
forward characterization using tools of Gaussian analysis. Moreover, in sec-
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tion 4.4, we used Gaussian analysis tools to provide concrete analytical descrip-
tions of the domain of the quantization mappings Q.

On the physical side of the discussion, this analysis shed some light on the
regularization needs of the theories we are dealing with. To showcase this,
take a classical observable f : Mr — R and Weyl Holomorphic quantization
Oweyi- As we pointed out in that section, the quantization procedure produces
a bounded operator Qyy ., (f) when f is square integrable under some Gaussian
measure VW described in (4.46). This kind of argument imposes conditions on
the classical observable f and not on the quantum part of the theory. Moreover,
in section 3.5, we already found a simple example that CSFT already needs a
point-splitting regularization procedure in order to be described consistently.

The dynamical aspects of QFT were dealt with in chapter 5. A naive postulate of
the Schrodinger equation on curved spacetimes leads to norm losses in the evolution,
jeopardizing the probabilistic interpretation of Hamiltonian quantum theories. In
order to avoid this effect, we followed [Kib79] and geometrized QFT. We presented
this geometrization in different sets of s.q. coordinates that we were able to introduce
using white noise analysis, a particular branch of Gaussian analysis. The compatibility
of time evolution with the geometric structure described here led us to the central
result of this thesis:

* From geometric considerations, we obtain a modification to the Schrodinger
equation via a covariant time derivative V; with connection I'; such that

(0 +T)U = H.

This connection I';y has an anti-self-adjoint part that compensates the norm
losses that the self-adjoint quantum Hamiltonian H is not able to compensate.

Geometric considerations alone are not able to uniquely fix the connection term TI7.
In order to select a criterion that fixes this connection, in this thesis, we recurred
to the hybrid quantum-classical coupling with gravity in chapter 6. In that chapter,
through a series of postulates, we reviewed the content of [Alo&24a] and used
Geometrodynamics to minimally couple a QFT of matter with classical General
Relativity (GR). The scope of that chapter is slightly more general than the particular
application to the main project of this thesis. For this reason, the conclusion that we
extracted from that development was:

* In order to be compatible with the hybrid description of quantum matter coupled
to classical gravity, the covariant time derivative V; of the modified Schrodinger
equation must be compatible with the quantization mapping @ in such a way
that

ViQ(f) = QO f).
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This condition uniquely fixes the connection term I';. In section 5.5, we derive
this connection to be (5.77) for Weyl quantization in the holomorphic represen-
tation. This result straightforwardly translates to every other representation.

Finally, in chapter 7, we applied the theory derived in previous chapters to the case
of quantum Klein-Gordon theory on a FLRW spacetime. In that scenario, we were
able to discuss physically relevant features that we summarize as follows:

e The modified Schrodinger equation, obtained from the conservation of geo-
metric structures of QFT, introduces new phenomenology in the system. In
particular, for the case of Klein-Gordon theory on a FLRW spacetime, the phe-
nomenon of particle creation in expanding universes is introduced through a
dynamical differential equation (7.21). This example is of utmost importance in
physics as these spacetimes are the only ones compatible with the cosmological
principle and are the state-of-the-art model compatible with experiments.

To our knowledge, the study of the phenomenon of particle creation in dynamical
spacetimes has been successfully addressed by always recurring to asymptotic flat
states of the spacetime [BD82, Wal94, PT09]. Some authors hinted at the need for a
correction to the Schrodinger equation [AA15] and, recently, others even identified
it with a connection generating this effect [KM23]. Nonetheless, the treatment of
the ambiguities present in the choice of the connection and the concrete dynamical
equation that generates particle creation is a novelty of this thesis.

In a nutshell, the geometric path that we chose as a guideline to study Hamiltonian
representations of QFT on curved spacetimes led us to the systematic application of
Gaussian analysis tools to define and reinterpret aspects in both the mathematical
and physical parts of the discussion. Firstly, we developed a mathematically coherent
formalism that describes quantization. Secondly, we proposed modifications to
the Schrodinger equation that preserve mathematical coherence beyond the initial
time. Finally, we explored the phenomenology of these modifications in the case of
Klein-Gordon theory in Friedman-Lemaitre-Robertson-Walker (FLRW) spacetimes.

8.2 Future Lines of Research

This thesis lays the groundwork for further exploration of several topics that were
not fully addressed here. Although significant effort was made to handle the mathe-
matical challenges of integration theory in infinite-dimensional spaces, and various
nontrivial results emerged from this analysis, the physical soundness of the matter
sector was left largely unexamined. The focus here was primarily on the scalar field
in curved backgrounds, with an emphasis on the minimally coupled Klein-Gordon
theory in highly symmetric FLRW spacetimes. Future research could broaden the
scope of this work by addressing these simplifications. Some potential directions for
this expanded research include:
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* Quantum photons in cosmological spacetimes. The first generalization that
stems from this work is the treatment of Abelian gauge theories. More precisely,
the modified Schrodinger equation of the scalar field in FLRW, given in (5.42),
introduces non-trivial contributions to the propagator of the theory. What
are the modifications in the propagator for a photon? Furthermore, photons
coming from the Cosmic Microwave Background, which we are detecting
at this moment, have been traveling through space since the recombination
epoch. This is, these photons should feel the integrated effect of the corrected
propagator for more than 13 billion years [Bau22]. What are the measurable
implications of this correction?

* Quantum non-Abelian Yang-Mills theories in the Schrodinger formula-
tion. In general, integration problems in infinite-dimensional spaces must be
addressed to unveil non-perturbative effects of non-Abelian Yang-Mills theories.
Usually, these problems are treated using lattice gauge theories, which involve
discretizing the Euclidean version of space-time using a lattice, see e.g. [NaiO5,
Sch14]. In this procedure, the integrals become finite and tractable in computer
simulations. Other searches for non-perturbative effects relying on integration
theory can be found in [Str19]. Closely related, stochastic quantization also
offers some insight into the formalization of path integral formulations [Mas08].

Most of the approaches presented above are described in the covariant formal-
ism of QFT. This is because the canonical Hamiltonian formulation possesses
the so-called Gribov problem [Hei96]. That is, the configuration space of
non-Abelian Yang-Mills theories admits configurations with a non-trivial first in-
tegral Chern class. This implies that there is a discrete global quantity, denoted
the winding number, that generates infinitely many separated and discrete
sectors [Str19, GR20]. Transitions among these sectors are not reachable
by perturbative methods and are usually studied by semiclassical solutions
denoted instantons, which are the source of the so-called Strong CP problem,
see [Alo&22] and references therein.

Gaussian analysis may offer a perspective in the study of some of these prob-
lems, already in the case of flat spacetime. Furthermore, confinement is a
well-known feature that these theories should present, and particle interpre-
tations are not valid in this context. For these reasons, we ask: What is the
analogous Wiener-Ito decomposition in this confined case? What are the de-
scriptions in the analogous holomorphic, Schrodinger, antiholomorphic, or
field-momentum representations? Is there any analogous Fourier transform in
this case?

* Fermions in the canonical formalism. The treatment of fermions in the path
integral formulation is introduced using Grassmann variables. This problem



162 Chapter 8 Conclusions and Future Work

can be addressed using stochastic quantization [Alb&20]. However, little is
known about how to apply the tools of our formalism to fermions [Oec14].

¢ QFT in richer curved backgrounds. The cosmological examples presented
here exhibit a lot of symmetries. An interesting problem to address is how to
model quantum matter as a probe of classical black hole solutions. This can
be understood by introducing the Schwarzschild metric as background. Other
canonical approaches [HS15, Sch18] have found that quantum probes of matter
are unable to reach the singularity; thus, the spacetime is quantum complete.
Are we able to reproduce similar results in our case?

Other interesting examples are quantum probes in collapsing classical models,
such as inhomogeneous but isotropic dust collapse models. In these cases,
the background metric is called the Lemaitre-Tolman-Bondi spacetime [BK95,
VW11]. The question of the previous paragraph can be enlarged to the case of
singularities generated dynamically. Moreover, these collapses also form Killing
horizons [She24]; this is the arena where Hawking radiation arises [Wal94].
As we pointed out below (7.5), our formalism hits some limiting cases when
the spacetime develops horizons. How can we explore these phenomena in our
framework?

One step further would be to consider the hybrid coupling to gravity of chapter 6
and investigate the quantum dust collapsing in a classical background and study
singularity formation from quantum sources.

* Semiclassical WKB limit of Quantum gravity coupled to matter. The
semiclassical WKB limits of quantum gravity have already been studied, see e.g.
[Kie12]. Can we derive the formalism of chapter 6 from a semiclassical WKB
limit of Wheeler-deWitt quantum gravity? Also, the description in that chapter
can be rephrased in terms of Ashtekar self-dual variables for gravity, which are
the basis of loop quantum gravity [Rov04, Kiel2]. Can we describe the hybrid
theory in Ashtekar variables as a WKB limit of loop quantum gravity?

8.3 Conclusiones

En esta tesis hemos presentado un estudio detallado de las Teorias Cuanticas de
Campos (QFT) Hamiltonianas del campo escalar en espaciotiempos curvados. Hemos
desarrollado un formalismo matematico para abordar de manera eficiente los as-
pectos geométricos de estas teorias y estudiado la relacion entre las herramientas
matematicas del andlisis gaussiano en dimension infinita y sus interpretaciones
fisicas.

Maés concretamente, en el Capitulo 2, presentamos un conjunto de resultados y
métodos para estudiar los espacios de Hilbert L?( &> Dpic) de la teoria de integracion
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gaussiana en espacios de dimensién infinita. La principal contribucidn de esta tesis a
ese andlisis se limita a la introduccién de una notacion conveniente para describir
modelos fisicos mas adelante. Ademas, en este trabajo, las funciones de dominio
complejo han demostrado ser de suma importancia en el estudio de la teoria cuantica
del campo escalar. Por esta razén, hemos presentado una revisién de los resultados
en dominio complejo, alejdndonos del tratamiento estandar del campo de estudio.
Véase e.g. [Hid&93, Hul6].

Algunas de las caracteristicas que suelen considerarse como peculiaridades de la
teoria cudntica ya se encuentran en el desarrollo matematico del andlisis gaussiano.
Por ejemplo, el teorema de Wick, que trata con valores esperados de vacio en QFT, y
los diagramas de Feynman, que se consideran una herramienta de la teorias cuantica
perturbativa, ver por ejemplo [Nai05]. Sin embargo, en la Seccién 2.6, hemos visto
esos ingredientes como herramientas connaturales al analisis gaussiano.

En el Capitulo 3, hemos iniciado un proyecto para entender en qué medida podemos
identificar algunos de estos ingredientes ya a nivel clasico. Para ese proposito,
ampliamos el formalismo de Koopman van-Hove (Koopman-van Hove (KvH)) de
la mecanica clasica al caso de la Teoria estadistica clasica de campos (Classical
Statistical Field Theory (CSFT)). Es decir, usamos la teoria de pre-cuantizacion para
representar la cinematica de la teoria clasica y estudiamos la evolucién en esta
representacién. Las principales conclusiones que derivamos de ese andlisis son las
siguientes:

» Sea (Mp,wr) el espacio de fases de una teoria clasica de campo escalar. Para
describir adecuadamente los estados estadisticos (gaussianos), Mg se modela
sobre espacios Duales a espacios Fréchet-Nuclear (strong Duals of Nuclear-
Fréchet (DNF)) que denotamos N’ en esta tesis. Ademas, describimos el estado
estadistico clasico gaussiano a través de la estructura compleja Jr de (3.21),
induciendo una estructura de Kahler (wr, pur, Jr).

Este tipo de estructura compleja ha sido usualmente reconocida como una
herramienta en el campo de la QFT en espacios-tiempo curvos, ver e.g. [AMA75,
Wal94, CCQ04, MO21]. La novedad en esta propuesta es que la introducimos
en un contexto puramente clasico. La necesidad de su aparicién radica en la
consistencia de la descripcién estadistica de estados clasicos.

* La dindmica de KvH impone restricciones en la forma de Jr. En la Seccion 3.4.4,
proponemos la prescripcién Jp = | Xy | !Xy, donde H es el Hamiltoniano de la
teoria, ya a nivel cldsico. Esto coincide con la prescripcién cuantica estandar
para espaciotiempos estaticos y estacionarios [CCQO04], pero no se limita a ese
caso.

Sobre la base de la teoria de pre-cuantizacion, en el Capitulo 4, hemos desarrollado
un programa de cuantizacién. Este programa de cuantizacion se basa en la cuanti-
zacion geométrica [Woo97] y la elecciéon de una prescripcion de ordenamiento. Para
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ello, utilizamos sistematicamente herramientas del andlisis gaussiano para construir
mappings de cuantizacién (). Las novedades de este andlisis se pueden resumir de
la siguiente manera:

» Las prescripciones de cuantizacién geomeétrica producen diferentes repre-
sentaciones de la QFT. Entre ellas, las mas interesantes que encontramos son
las representaciones holomorfa, de Schrodinger, anti-holomorfa y de campo-
momento. Las relaciones concretas entre estos procedimientos de cuantizacién
se pueden describir mediante transformaciones integrales y se resumen en el
diagrama

Holomorfa F R Antiholomorfa
(EhaNe Dpe). @) (£2(NE. D). Q)

7 il

F _
(LW pp. @) 7 (13", Dv), Q)
Schrodinger # Campo-Momento

Este diagrama, a su vez, introduce la transformada de Fourier F de la Seccién
4.3.2 para el caso de dimension infinita. Hasta donde sabemos, esta transfor-
macion es una caracteristica nueva de este formalismo y no esta relacionada
con otras transformadas del tipo Fourier, como la presentada en [Hid&93].

¢ Los 6rdenes de Wick y Weyl, el producto de Moyal y otros productos x ad-
miten una caracterizacion directa usando herramientas del andlisis gaussiano.
Ademas, en la Seccién 4.4, utilizamos herramientas del analisis gaussiano para
proporcionar descripciones analiticas concretas del dominio de los mappings
de cuantizacion Q.

En la parte fisica del estudio, este andlisis muestra aspectos interesantes de
las necesidades de regularizacion de las teorias con las que estamos tratando.
Por ejemplo, tomemos un observable cldsico f : Mg — R y la cuantizacion
holomorfa de Weyl Qyy.,;. Como sefialamos en esa seccién, el procedimiento de
cuantizacién produce un operador acotado Qyy.,(f) cuando f es de cuadrado
integrable bajo cierta medida gaussiana W descrita en (4.46). Este tipo de
argumento impone condiciones sobre el observable clasico f y no sobre la parte
cuantica de la teoria. Por otra parte, en la seccién 3.5, ya encontramos un caso
simple en el que la CSFT ya necesita un procedimiento de regularizaciéon de
divisiéon puntual para ser descrita de manera coherente.

Los aspectos dindmicos de la QFT se han tratado en el Capitulo 5. Postular di-
rectamente la ecuacién de Schrodinger en espacios-tiempo curvos lleva a pérdidas
de norma en la evolucién, poniendo en peligro la interpretacion probabilistica de
las teorias cuanticas hamiltonianas. Para evitar este efecto, siguiendo[Kib79], ge-
ometrizamos la QFT. Presentamos esta geometrizacion en diferentes conjuntos de
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coordenadas en segunda cuantizacion (s.q.) que hemos introducido usando el analisis
de ruido blanco, una rama particular del andlisis gaussiano. La compatibilidad de
la evolucién temporal con la estructura geométrica descrita aqui nos ha llevado al
resultado central de esta tesis:

» A partir de consideraciones geométricas, obtenemos una modificaciéon a la
ecuacion de Schrodinger a través de una derivada temporal covariante V; con
conexion I'; tal que

ih(0; +T)U = HU.

Esta conexién I'; tiene una parte anti-autoadjunta que compensa las pérdidas de
norma que el Hamiltoniano cuantico autoadjunto H no es capaz de compensar.

Las consideraciones geométricas por si solas no son capaces de fijar de manera
Unica el término de conexion I';. Para seleccionar un criterio que fije esta conexion,
en esta tesis recurrimos al acoplamiento hibrido cuantico-clasico con la gravedad
en el Capitulo 6. En ese capitulo, a través de una serie de postulados, revisamos el
contenido de [Alo&24a] y utilizamos la geometrodindmica para acoplar minimamente
una QFT de materia con la Relatividad General (General Relativity (GR)) cléasica. El
contenido de ese capitulo es ligeramente mas general que la aplicacién particular al
proyecto principal de esta tesis. Por esta razén, la conclusion que hemos extraido de
ese desarrollo es simplemente:

» Para ser compatible con la descripcién hibrida de materia cuéntica acoplada
a la gravedad clésica, la derivada temporal covariante V; de la ecuacion de
Schrodinger modificada debe ser compatible con el mapping de cuantizacion @
de tal manera que

ViQ(f) = QO f).

Esta condicion fija de manera univoca el término de conexién I';. En la Seccién
5.5, derivamos que esta conexion debe ser (5.77) para la cuantizacion de Weyl
en la representacion holomorfa. Este resultado se puede traducir directamente
a cualquier otra representacion.

Finalmente, en el Capitulo 7, aplicamos la teoria desarrollada en los capitulos
anteriores, al caso de la teoria cuantica de Klein-Gordon en un espaciotiempo
Friedman-Lemaitre-Robertson-Walker (FLRW). En este escenario, pudimos discutir
caracteristicas fisicamente relevantes que resumimos de la siguiente manera:

* La ecuacién de Schrédinger modificada, obtenida de la conservacion de estruc-
turas geométricas de la QFT, introduce nueva fenomenologia en el sistema. En
particular, para el caso de la teoria de Klein-Gordon en un espaciotiempo FLRW,
el fendmeno de creacién de particulas en universos en expansion se introduce
a través de una ecuacion diferencial dindmica (7.21). Este ejemplo es de suma



166 Chapter 8 Conclusions and Future Work ) f

importancia en fisica, ya que estos espacios-tiempo son los tnicos compatibles
con el principio cosmoldgico y conforman el actual paradigma compatible con
los experimentos.

Hasta donde sabemos, el estudio del fendmeno de creacion de particulas en
espacios-tiempo dindmicos ha sido abordado con éxito recurriendo siempre a estados
asintéticamente planos del espaciotiempo [BD82, Wal94, PT09]. Algunos autores
han insinuado la necesidad de una correccién a la ecuaciéon de Schrodinger [AA15] y,
recientemente, otros incluso la han identificado con una conexién que genera este
efecto [KM23]. No obstante, el tratamiento de las ambigiiedades presentes en la
eleccion de la conexion y la ecuacion dindmica concreta que genera la creacion de
particulas es una novedad de esta tesis.

En resumen, el camino geométrico que elegimos como guia para estudiar repre-
sentaciones Hamiltonianas de la QFT en espacios-tiempo curvados nos ha llevado a la
aplicacion sistemaética de herramientas de andlisis gaussiano para definir y reinterpre-
tar aspectos tanto en las partes matematicas como fisicas de la discusién. Primero,
hemos desarrollado un formalismo matemaéaticamente coherente que describe la
cuantizacién. En segundo lugar, hemos propuesto modificaciones a la ecuacion de
Schrédinger que preservan la coherencia matematica mds alla del tiempo inicial.
Finalmente, exploramos la fenomenologia de estas modificaciones en el caso de
la teoria de Klein-Gordon en espaciotiempos Friedman-Lemaitre-Robertson-Walker
(FLRW).



Appendix A

Explicit Calculations with Integral
Transforms

A.1 Segal-Bargmann and Fourier transforms

In this appendix, we will prove that the Segal-Bargmann transforms and the Fourier
transform conserve the quantization mappings of section 4.3.2. We also provide
proof for some relations exposed in section 4.3.1.

A.1.1 Schrodinger picture

Let B(¥g) = ¥y, then we get the relation between both pictures with

(n) X\ o V/26: (p—im)*
o)t [ Dustr)e
Z ~ o (7) o

n \/75.280 X _i\/igzﬂ'z —
wa" agn [ /‘DNS ]

&x=0

22 wﬂ?n 85”
222 UE) " = s(e).

To compute B~1¢*B, let us compute the transform of Xz Vi (¢*). We get
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37 (X" Wi )( /Dus )y V2T 1 (V26F) =
Z‘[Xy / Dps(7%)2% (g — im)'p Y [(p — im)") P =
nywi’; n:l / D (%) V2 (o=im)* _
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Z\f Xy 82” lopt— B »
= X (\/icpx - A\yg“”y)\lfs(sox).

Here we used % exp (fxgom — &l u%) =Y — %8@- Then we proved

A,
5

Finally, for 3_18¢y B, we compute the transform of Xz A0y U g (¢*). Notice that

1B = V2" — (A.1)

B (Xa A™ 00 U11) (%) =3_1<Zx AV Qe gp I (g7 ) =

n=0
Xy AyzZB <8¢z (¢n x ) XyAyzZB ( v ((bﬂ*l)fn—l) _
T, A 8 z
AN s (n) Lol T _ XyB7 0" @ 0 oxy
X Z e =R ()
Thus we proved
- - O
B 19,8 L A2
¢ /2 (A.2)

Adding the corresponding phase factor, we also derive (4.31) from these expressions.
Now we will prove that B preserves the quantization mappings. According to (3.25),
we can write ¢* = 212" and 7% = iKPE=2 — (KA)T242% | Using the definition

V2 V2 LVG)
(4.10) and the relations proven above, we see that

B 1Q(n%0,y)B = —iOp +ip Koy — " (K A)yy = Qs(m%0sy) (A.3)
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A.1.2 Momentum field picture

Similarly, we define an isomorphism

B: L*(N, Dvyr) = L2—(Ng, Dre).

such that if \ilﬁ = é(\i/M) then the inverse is provided by (4.33) with phase factor
g = 0. In terms of the chaos decomposition, this is

&x=0

> ~(n 8” z ; z
>0 g [ﬁg / Dw(w*)elﬂﬁz“’] -

§x=0

3 jm 0" X\ V26 (m+ip)*
>0 e [ Dra(ee

gx:O N

To compute B ¢*B, let us compute the transform of Xe®* W (6%). We get

B () (%) = / Diyus () g V2 11 (7/25%) =

> Ve / Dups(¢9)23 (m + i) 0" [(m + i) =
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V2 221 et
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where we used 8‘2 exp (gﬂ 4 CuD" &) =¥ 4 D;!I Ox=. Then
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¢ m 72 (A.4)
Finally, for é_lf)q;y% we compute the transform of —Xfoya(z—)y\if 1 (0%).
71 T T, X =1 S z () Tz
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n=0
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Thus proving
=1 =~ 1
B 8’;,8 — ﬁaﬂ—y (A5)

Adding the phase factor of (4.33), we also prove the relations (4.34).
Now we will prove that B preserves the quantization mappings. According to

(4.22), we can write ¢* = —i(D~ );”byf +(AD~ )”’y}‘z’y and 7 ‘z’y%/;y Using the
definition (4.24) and the relations proven above, we see that

T O(9%6,y)B = iy + in7 DL} + 7 (AD gy = O (9704y),
"O(r")B = 7" = Qp(n). (A.6)

A.1.3 Holomorphic and Antiholomorphic Fourier transform

Let U(¢X) = F[¥(¢¥)] and &(¢*X) = F[B(¢*)]. We denote the chaos decomposition of
each function

w(e*) =Y ol (o)™ 30 =Y UV (m™, @A)
n=0 n=0

B (<) =00 (g, b(5*) =" a0 (). (A.8)
n=0 n=0

By the definition of F in (4.37) in terms of the chaos decomposition, we get

07 = iy (07t —iap 7| (A.9)



A.1 Segal-Bargmann and Fourier transforms 171

To prove that F is an isometric isomorphism, we derive from the relations displayed
under (3.21) that

AP =
D =

— (D' +4iAD™Y)DW(D™ —iADTHZ,

— (K +iKA)*A"™(K —iKA )2,

(K—zKA) (D' +iAD™ 1)y,

— (D' —iAD HI(K +iKA)Y. (A.10)

Recall from the Wiener-Ito decomposition theorem, Equation 2.32, with definitions of
the measures given by (4.6) and (4.23), that

/DVC (bx (bx \ij ¢X Zn| fg‘ [Dn]xnynw(o n)
an )l O (DL 4 iAD" )}” [D”f"g”[(D_l—iAD‘l)”]ﬁ"d@z;é.:’o):
T Yn
> ont e Oar O - / Dpue(¢*)B(F) ¥ (67). (A.11)
n=0

This proves the isometry. The isomorphism is shown by inverting (A.9) with
(0,7 ) i 0
(@) + i A = i), (A.12)
In turn, using Wiener-Ito decompositions and (A.12), (A.9) it follows that

F(¢"¥) =i(D™" —iAD )Y and F(0y:¥) = i(K +iK A)Y05,¥ (A.13)
proving (4.39).

A.1.4 Fourier transform F of linear operators

Let us use the shorthand notation

ag —Azy?(/b% CLO —\f%@ Azy%7
Ty
b = — Dwyi’g, b =v2r® 4 D\/g’”’. (A.14)

~—1 . .
We are interested in the action of / = B FB on linear operators. By virtue of
(A.1),(A.2), (A.4), (A.5), and the action of the F operator (A.13), it is immediate to
see that! we get

'Recalling (A.10) the relations displayed under (3.21).
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Fa§F ' =—i(D~' +iAD™")Ibg,
Fal'F~' =i(D' —iAD™)TblY,
FUW5F = —i(K —iKA)ja,

FW'F =i(K +iKA)alY, (A.15)
T tx T Tz
Notice that ¢® = aoj;go and 7% = % thus we can compute
1 ag +al’\ 1o b8 — B 1o b+ 0
ForF- :f<7)f* — (DY) + (AD™Y)E : (A.16)
P 7 (D7) 7 ( )y 7
bt b’rx Ty Y Ty y
FlarF =5 (2 3;50 )F = a0 (KA)gao\;;%. (A17)
Plugging in the definitions (A.14), we obtain
Fp SuyF = i0ny + in" D + 7°(AD ™ )ay,
F om0,y F = —i0pw + 190" Koy — @ (K A) gy, (A.18)

proving (4.41) and thus the preservation of the quantization mapping.

A.2 Explicit expressions for the connections and the
quantized operators in second quantized coordinates.

In this section, we will explicitly compute the connections introduced in section 5.5.

A.2.1 Antiholomorphic connection

In this section, we will compute explicitly the expressions of the connection in (5.67)
in holomorphic s.q. coordinates. Let O¢ be an operator, then the expression of the
covariant derivative is
A Ata\ T
~ 1 00 00 ~
vV,0=_F1|ZZ - F. A.19
T ot * ( ot ) (A.19)

To compute this term, recall the kernels with respect to white noise of the Fourier
transform (5.47) and its inverse. Replicating the discussion at the beginning of

section 5.5, using F 1 F = —F 1 F and

- dFOF~' . -
;—1%;: — O+ [FLF, 0. (A.20)
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The second term is a combination of the one above and the one at the beginning of
section 5.5.

~ OFOtH F~1 - - o d(DF)5
—1 _ Py —1 Yo
(FH) (at ) F=0+ [(D.F e ,O] (A.21)
Then, explicitly we get that in holomorphic second quantized coordinates
~ 1,42 o1 d(DF)sy
=3 [(rl&r)if + (o) AP e ] . (a22)

To get an explicit expression, notice that (A.22) leads always to a connection
I' = ¢*T%0yv. In this way, we get
Vi(¢")0ge = Vi(DI")K,, DY =T. (A.23)

Using (5.65), we can rewrite

= -9WK,, V(DY) + DK, DY = -0V, (K,,DY). (A.24)

To complete this expression, we need the explicit expressions of the covariant
derivatives of (5.32) that we directly derive from (5.67). For simplicity, consider a
real direction &, then we see that

zy

L . AD™1 D71 \*

.FgngH@]:_l = gz ( _D—l AD—I ) ¢y' (A26)
Yy

Let the time derivative be represented by a -, consider also &, time-independent.
We will consider that the coordinates (¢, ¢%) are just placeholders for integration
and, as such, do not depend on the time parameter.

Let us consider the derivative of the operator O = @35”3. We can compute every
term of the derivative using the rule (2.81) and the definitions of the { operators
given by (5.29).

- dFEDTF L A §\Y [/ AD' —-D 'Y\~
F a7 _5“< -4 A) ( p-1 ap-t ) 9
Yy

~ ~ ~ TH x z

. [ dF&DtmrF-1 . d { AD"'! D! At =5\
1 z — _ _ z
d ( dt ) Ferb [dt < —D™' AD™! )y < 5 At > Oy

The hardest term to compute is the second one. First, notice that

dFeDtmeF-t  d ( AD™' —D7! xqsy
dt - "dt \ D! AD7! .
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And the fz operator is given by substituting ¢* by —D*¥9,y and transposing the
matrix (in this particular case in which ¢ commutes with the operator). Applying the
transformations leads to the desired result.

Once this is computed, simply by using the definitions of (3.21), it follows that

A 5\ At =5\
Ty -1
== (5 0) (5 W)

1, 1/ A 6§\ [/ ADt —D1\*
T _ T ATY _ = . . 2
ViD= 580 =5 < - A> < D! AD™! >y8¢

1 1 =1 N\NT /oGt _F\V2
e ( AD™ D > ( AT o ) dp-.  (A2T7)
Y

Then

2\ —D1 AD-

For the creation operator, we use the fact (V;0)'# = V,;(O™#) and simply substitute
04+ by K,y¢Y and transpose the matrices.
Using this expression, we get

P = S0 Ky AV,
+ %qsxny(A — b)Y (AD™ + eD )40 — %w [KD ™' (A" — €0)]y (A" + €6) 0.
(A.28)

If we particularize to the case in which the diagonal elements of the complex
structure are A = 0, then D~! = —A and the Fourier transform (5.47) is particularly
simple to compute:

F97 = exp [~ "€y 5], (F7) 7! = exp [¢"eK1y57] .

Therefore, we compute

FUF = 504" KVAZ0,-, (A.29)

o 1d(DF)se ,
(Dif‘ls’*)l(t)7 = 0507 0,,0Y* 05 (A.30)

and denoting (6°8,)% = §°%4,,,

1

~ . 1 : 1, .
D = 56" KuoyAV 0 = 56" Kuy (7604 A"™ Dge + 567 (6°00)30-

With this expression, it is easy to check that (A.27) holds.



A.2 Explicit expressions for the connections and the quantized operators in
second quantized coordinates. 175

A.2.2 Schrodinger connection

We want to explore the connection of (5.70) provided by

Ts TS ~
00 <8§t> ]B—l. (A.31)

With similar arguments to the previous section, we get

. sR—1
(8672 + (BIC$>”“’W] , (A.32)

with O = B~'OB. Notice that we can write 3! as an operator: B! = exp(v/2¢% s —
A 040y ). Using this fact, we compute

—1

BB = —%Awad)xaqsy. (A.33)

Similarly, using the expressions (5.52) and (5.54), we have

~ d(Aslg’fl) é
BIC3)o¥ LA
(BE)7F ==
(BK#)7 o1
X T T UforyUy T T "
— | Du(e )(\/50 Kayp? — T) L exp (\@0 nysoy) s exp (\@p 5xy¢y) fa
N/
) ) TR oY
— Dpu(¢™) (axnyAyzagz + 0" Kyyo? — %)
Nl
: exp (ﬂUmey¢y> Ja :exp (\@pméxngy) Ja
2 2
) TR Y
— 63 (¢xnyAyza¢z 4 %)
Gathering together all contributions, we have
1 . 1,. .
r= 5¢¢szAy28¢z — Z(A""”y(%m@(ﬁy + Kmy(bx(by) (A.34)
A.2.3 Field-Momentum connection
Here we will deal with the connection of (5.73) defined by
v,0= L7599, (99 " B 'F (A.35)
YT g ot ot ' '
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Similarly to the previous cases, we get
;71 ~ lfl ~
1| /o mdB F\¢ -~ 1= .  dD"B F)¥
¢ _ 1 173ym,—1 _
Yo =3 [(]: 54 >o T FTBDT oy dt
1 - 4B '\e - d(D"B e :
1x1|(z Rym,—1 ol
57 [(B —— )+ BD" ), S F+FLE (A.36)
Using the result of the previous section, we see that
ST N SR 1, .. C 1 )
D= F 507D DP 05 + (D040 + D)o 0") | F + F 7. (A.37)

Notice that we can write
7— 136 -1 Hyyz T F_1 £ 1 =1 £\¢ ~—d(Dﬁ)’7¢
F 1[5¢ D, DY 8¢z}}'+}" 'F=_ [(J—" 'F)P+ (DF) i ———| .

That coincides with T'. The remaining term is the anti-self-adjoint operator

r=
i i[(AD*l 4 eD YD (AD T 1 D)1 0y: O

b (KA= e )2(D™ ) (KA — K)o =
o (A= ) ()4 — )M (KO)(), — (A + D)™ (DA -+ e6) VD0



Appendix B
Holomorphic Hida Test Functions

Most of the references on white noise [Hid&93, Oba94, Kon&96, Kuo96, Wes03]
and Gaussian analysis [Hul6] present the theory using Gaussian measures on some
particular real DNF A’ or Banach space B. Even though complex chaos is a straight-
forward generalization in most cases [Hid80], we prepared in this section a quick
dictionary of theorems and lemmas that adapt the classical presentation to our needs.

First, let us fix some notation. Consider the system of norms ||-||, , introduced above
(2.71) and their duals [|-||—, 4 on the Gel'fand triple H,, C Hy o C H*, _,. Consider
also the system of norms |-|p,q = [||lr3, ,erw; , of the Fock spaces I'H,, ¢ @ I'H; .. With

a slight abuse of notation, we identify this space with Z! (FHM ® FH;,J and use
the same notation for the norm. We can write for a function ¥(¢*, ¢*) in this space

gN
‘2(12 \Il‘p,o = ‘\Il|p,q7

where N is the particle number operator (2.63) of the white noise measure. Recall
that the white noise measure is auxiliary, and we can describe an equivalent family
of norms using the reference measure in (2.76). We defined our Hida test functions
as holomorphic functions over A.. We start by stating the characterization theorem
in the holomorphic context:

Theorem B.1. (Characterization theorem for holomorphic Hida test functions
[Kon&96]) Let F be an entire function (holomorphic for every point in N¢ in the
sense of Definition 2.8). Then we have F = S3(¥| where ¥ € (N¢) if and only if
Vp,q > 0 there is Cy, , > 0 such that F fulfills the estimate

[F(2px)| < Cpqexp (AR oxl?,, ). px € Neyz €C.

Proof. Noticing that S3[V] is antiholomorphic when ¥ is holomorphic, the proof of
Theorem 15 in [Kon&96] is directly applicable in this context. O

Corollary B.1.1. (Algebra of Holomorphic Hida Test Functions) (N¢) is an
algebra under pointwise multiplication.



178 Appendix B Holomorphic Hida Test Functions

Proof. To show this, notice that when ¥,® € (N¢) are holomorphic, we have
Sp[UP](px) = Sp[¥](px)Ss[P](px), thus

1S510®] (25| < Cpg(¥)Cp(®) exp (1202, ) )
O
For the general space (N¢) ® (Ng)*, this result requires more involved estimates.
We provide a sketch of the proof adapting the study found in [Oba94]. First, notice
that, in a similar way to [Oba94] Lemma 3.5.1:
eW‘H’Z‘ﬁz_ﬁu‘suvPveXz¢z+Xz¢z_)Zu5quv —

e(Pz+XZ)¢Z+(Pz+XZ)¢Z—(Pu‘i‘Xu)éuv(pv‘FXv) eﬁiu(sm’Xv +Xu o™ po (B 1 )
and (2.31) imply,

( OO Wy (¢ =

mi ) min(n,m)

where the symmetrization is performed over superindices with the same label. We
want to adapt the arguments leading to Theorem 3.5.6 in [Oba94] in a similar way as
Theorem 64 in [Wes03].

Theorem B.2. (Algebra of Complex Hida Test Functions) From continuity, we
get that there is a K, > 0 such that 5,6V p, = ||px|l§ o < Kpllpx|3 - Choose a, 3 such
that, for fixed q,p > 0, we get 2~ (@+A/2 K2 — 20=« _ 24=8 < |, then we estimate

27(a+5)/2Kpf2
(1— 2*(a+ﬁ)/2Kg — 24— _ 2¢-F)2

(W[, < [Vpal®|ps- (B.2)

Hence (Ng) @ (Ne)*=NZ7! (FHM ® F’H;;yq) is an algebra under pointwise multipli-
p,q

cation.

Lemma B.3. (Equivalence to the Wiener space) Consider the Gaussian measure
defined in (2.10). Because of continuity with respect to the topology of N, generated
by the family of norms {|-[|,};2,, we get that for some p,q > 0, we must have
|p= A" py| < ||px||p,q- Because of the definition of FN space Definition 2.2, the norms
are taken such thatVq > p, the inclusion H, — H, is Hilbert-Schmidt. As a result,

the measure is supported in H; = H_, C Ng. This is

pe(H-q) = pueWNg) = L.
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Proof. This is shown in Theorem 3.1 of [Hid80]. O

We will use Theorem B.3 to apply results derived in [Hul16] for Gaussian measures
on Banach spaces, that is, using the Gel’fand triple H, C Ha C H_4. In particular,
we get

Theorem B.4. (Hypercontractivity) Let 1 < p < ¢ < oo, then we get 279% isa
bounded linear mapping such that

N
127 W 0 < || (B.3)
ifand only if27%*(p— 1) < (¢ — 1).
Proof. Theorem 7.2 of [Hul6]. O

Corollary B.4.1. (Integrability Properties) As a result of hypercontractivity, we

get(Nc) € N D" =Dy,
p>1,m>0

Proof. Let p > 1 choose A > 0 such that 2*>‘(p —1) <1, then

(14 N) 20| = 2722222 (1 4+ N) 20 1

m

<222 (14 N)Z T
<227 (14 2V) % 0|

< 2% |2 F g, = ﬁ””o,%ﬂ-

Where in the first inequality we used hypercontractivity for p > 2, and for 1 < p < 2,
N

we used Hoélder’s inequality and the fact that |27 || < 1 in the operator norm. This

proof is valid also using the reference measure . to define the topology of (N¢).

This proves that, defining the auxiliary space G, = (1Z,,, ! (F?{Qq),
q

M) SGu & () DY =D,
p>1,m=>0

Further properties of G can be found in [PT95]. O

B.1 Kondratiev Spaces of Stochastic Test Functions

Hida test functions are not the unique notion of s.q. test functions. They belong to
the wider class of spaces of test functions. Here we present the Kondratiev spaces
of test functions (N)? with p € [0, 1], useful for a wider class of measures but more
limited for many purposes. For instance, Example 2.7 cannot be extended to these
spaces.
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Definition B.1. (Entire functions of growth k) We denote £¥(H_,, _,) as the space
of all entire functions with domain H_,, _, and growth k < [0, 2]. By entire functions,
we refer to holomorphic functions as defined in Definition 2.8 at every point of the
domain. E¥(H_,, _,) is a linear space with norm

Mp.q k() = o [W(¢)| exp(—|0]*, ). (B.4)

The space of entire functions of minimal type of growth k over N(. is

gk WNE) = pr lim EF(H_,, ). (B.5)

p,qeEN
We define the chain of Kondratiev spaces denoted (N)? for 0 < p < 1. The space
(M)l is directly defined as (N)! = &L, (N’), while the others (\)? are defined by
means of an auxiliary Gaussian measure p. Notice that, in general, using (2.6),
S.[¥] : Nc — C has a different domain than V. To deal with this feature, we

introduce the translation instead.

Definition B.2. (C, transform) For a Gaussian measure p of covariance AXY and
mean zero, we define the C,, transform as the action of the translation measure
parametrized by o*. For a given ¥ : N/ — C, it takes the form

Cul¥)) = | Pl ¥ (@™ + %) (B.6)

whenever it converges.

Both S, and C), coincide in the shared domain using the Gel’fand triple of the
Cameron-Martin Hilbert space Ha. The C, transform is suitable for functions
¥ whose domain can be translated by the very large space N without affecting
integrability. This is a necessary condition if we want ¥ € L?( ¢, Dv) for a large
class of Gaussian measures v, which is a desirable property for every notion of test
function. To finally define the spaces of stochastic test functions (N)?, we must
choose an auxiliary Gaussian measure u to use as a reference. This definition does
not really depend on p but only on the topology of N as long as the covariance
considered is continuous with respect to it. The common choice in white noise
analysis is to choose the so-called white noise measure g of (2.69). With this choice,
we define the spaces of stochastic Kondratiev test functions as

2
W) = 5 (EminNE) ) (B.7)

Notice that, for the particular case p = 0, we are describing the hypothesis of
Theorem B.1. Then (N)? = (N) is the space of Hida test functions. We list here some
properties of our interest; for detailed proofs, we refer to [Wes03] and references
therein. For p € [0, 1]:
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(M c (NP2 Cc (N)Pr C (N)for0 < pr < pa < 1.

(N)? are NF spaces.

(N)? are algebras with the pointwise product.

Every element ¥ € (N)” is a strongly continuous function ¥ : N — C.

Every element ¥ € (N)? is infinitely often Fréchet differentiable.
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Appendix C

Integration on infinite dimensional
spaces: Motivation and technical
problems

Our goal in this appendix is to understand what problems arise in functional in-
tegration theories. Our way to define measures in infinite dimensions is through
projective limits. That is, we will define a measure by projecting the spaces into
finite-dimensional measure spaces and study the consistency of the procedure. As we
will see, we will start by trying to define this measure over a Hilbert space and show
that no such measure exists. After that, we will investigate which TVS is suited for
that matter. We will mainly follow [Eld16, Mos19], although there are many sources
where the interested reader can find further information. We mention [G]87, Kuo96,
Car&97, Oecl2b, GV16, Sam?20].

To illustrate the problems that arise on the road to infinite dimensions, let us look
at the first definition of integral that we have at hand.

C.1 From the counting measure over N to the Lebesgue
measure over R

The most natural integral that we can imagine is the integration of functions (a) :
N — R, which is

/ andv.(n) = Z an (C.1)
N

neN

where 1, is the counting measure such that
For each BCN v.(B) = |B| (C.2)

where | B| is the cardinality of the set B. We would like to generalize this construction
to a larger class of functions. The natural choice is to integrate functions

f:RoR (C.3)



184 Appendix C Integration on infinite dimensional spaces

For the sake of simplicity, let us restrict our discussion to the interval [0,1] C R. The
naive choice of the generalization would be to use again the counting measure

> f@) (C.4)

z€]0,1]

but this expression cannot be defined in concise mathematical terms. For instance,
if we take f = 1, the result is the cardinality of the set [0,1]. In order to define a
well-posed integral, Riemann based its definition of integral on the natural counting
measure of N, introducing a lattice {z¥}Y C [0,1] with z;41 — 2; = & and then
defining

1 N
1 N
/0 f(z)dx := A}gnoo N ;f(xl ). (C.5)
This definition keeps the cardinality of R under control by introducing 1/N weights in
each summand and has proved to be of utmost importance in the history of science.
With this definition, the subsets (a,b) of the interval [0, 1] are measured using the
characteristic function 1(, ), defining the measure v as the length

v((a,b)) = /Rl(a’b) =b—a (C.6)

This Riemannian construction depends on the notion of lattice {z¥}}¥, that heavily
exploits the properties of R. Since we are interested in integration in more com-
plicated spaces, we need the Lebesgue notion of measure that can be defined over
abstract sets in the following way. Let us focus on the Lebesgue integral over R. In
that case, we need three ingredients (R, B(R), ») in which

(a) R is intended as the set of real numbers, forgetting any additional structure
other than its topology. In this construction, we forget about the algebraic
properties that we used in the Riemannian case for the definition of the lattice.

(b) B(R) is a o-algebra and represents the measurable subsets of R. In general, a
o-algebra Y. is a subset of the power set X C P(X) of another base set X that
fulfills

(i) XeX
(ii) if A € ¥ then also its complement X\ A € ¥
(iii) if {4}, C X then also its countable union U2 A € ¥
In our example, B(R) is the Borel o-algebra generated by the open subsets of

R.

(c) v:B(R) — R is the measure and fulfills
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(i) v(E) > 0VE € B(R)
(i) v(0) =0
(iii) (o-additivity) v ((Up—; Ex) = >4y v (Ex) for all countable collections { Ej, } 32,
of pairwise disjoint sets of B(R).

All the ingredients of Lebesgue measure theory are encoded in that structure. We
simply need to substitute in the definitions above R and B(R) for any space and
o-algebra to get the general case.

The Lebesgue integral is built upon characteristic functions 15 with B € B(R). By
definition, it postulates

V(B):/leV (C.7)
R

and extends this construction to any measurable function. An important aspect of
this construction, which we will encounter in the infinite-dimensional case, is the
following

Remark C.1. Why is this measure not defined over Q?
Let [a,blg C Q be the equivalent of an interval over Q and assume that the measure
of this interval is its length
vo(la,blg) =b—a (C.8)

The fact that Q is countable implies that its Borel c-algebra is the whole power set
P(Q). Also, vg({a}) = 0, then we have

vo | U {a} | =we((0,1]g) =1and > wg({a})=0. (C.9)

aE[O,l]@ ae[o,l}@

Since [0, 1]g is countable, o-additivity (iii) does not hold. As a consequence, to define
a proper measure, we should complete the space to R. Furthermore, v(Q) = 0
for the Lebesgue measure. As a final comment, we point out that o-additivity is
a requirement for the application of Fubini’s theorem. Therefore, breaking this
condition leads to pathological behavior.

C.2 From the Lebesgue measure over R" to probability
measures on infinite dimensional spaces.

Mimicking the discussion of the previous section, our starting point now is the
Lebesgue measure over R"

/ da f () (C.10)

and our goal is to extend the Lebesgue measure to an infinite-dimensional TVS. As a
first attempt, we may use the notion of orthogonality of the separable Hilbert space
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‘Ha to identify it with R*° and investigate its use as a domain of integration. The
scalar product of Ha will be provided by the bilinear A*Y as in the rest of the thesis.
In this appendix, to keep the discussion general, we will denote it simply by (, ). Let

g:Ha =R (C.11)

The naive analogue to (C.4) is
/ dx>g(x) := Dx g(x). (C.12)
HA Ha

Feynman’s approach to make sense out of this expression is similar to a pro-
jective limit. We consider a sequence of orthogonal projectors {F,} such that
dim(P,(Ha)) < dim(P,51(Ha)) < oo and lim, yoo P(Ha) = Ha. For simplicity,
consider dim(P,(H*a)) = n, then

N
Dz g(xr) = lim dzN g(z)| = lim /d:nk g(x1, -+ ,TN)
Ha N—oo PN(HA) PN(’HA) N—oo ]frzll R
(C.13)

As we did in the previous example with intervals, we can investigate the measure of
an open ball B(0,1) = {h € Ha | ||h||a < 1}. Then, as shown in [Eld16], we obtain

that
/ D = 00 (C.14)
B(0,1)

for every translational invariant measure like Dx. This means that if we want to
compute an integral in this manner, every open subset will have infinite measure.
To avoid this problem, as with the Riemann integral, we will try to weight every
one-dimensional integral in (C.13).

In more concise terms, let us generate a sequence of projectors {Q;}?°, defined
as above, but in this case, the range of ),(Ha) is spanned by the orthonormal
family ey, --- ,en, € Ha. That is, every projector labeled by n + 1 in the sequence just
enlarges the basis with a new element e, at a time. The o-algebra in this case will
be induced by A € B(R") via the cylinder sets Cy ,, defined in

Can =@, (A) ={heHna | ((her), -, (hen) € ACR"} (C.15)

Those sets generate the whole Borel o-algebra B(H) [Eld16]. In this way, we will
focus on them to define our measure!. Using (C.13), the characteristic functions

]‘Cn,A

'This argument requires a separable Hilbert space to ensure that B(Ha) can be generated with the
weak topology.
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/ Drlc, , = / dz" = v(A) (C.16)
QnHa ' ACRn

/ Dx 1¢c, , = / d:c”/ dz™ " =v(A)v(R™™") form >n (C.17)
QmHa ’ ACR® m—n

Thus, again we see that [, Dz 1¢, , = co. The source of the infinity in this integral
is that v(R™™ ™) = v(R)™ ™. As a consequence, we should weight this limit with
another sequence of measures pu,, on R” such that we have

fint1(A X R) = pin (A)pr (R).

Thus, in order to have a non-zero finite measure, we must ensure

0< lim py(RY) = lim umR)N < oo (C.18)
N—o0 N—o0

Therefore, our only choice is 1 (R) = 1, i.e., we must choose a probability measure?.

C.2.1 Gaussian measures

From now on, we will particularize the discussion to the case in which p; = p denotes
a one-dimensional Gaussian measure.

Definition C.1. (Gaussian measure over R)
A Borel probability measure . over R is Gaussian with variance o2 if

u([):/ L o2y, (C.19)
I

2o
for I € B(R). The case o? = 0 will also be included, and it represents dyu(z) = §(x)dx
in physical notation. An extremely useful tool to take into account all cases is the

Fourier transform (characteristic function). It rephrases the information about the
variance o in the following way:

a(A) = / e p(dr) = e~ N2 (C.20)
R

with A € R. In this form, the case 0? = 0 is naturally included. In this definition, we
had restricted ourselves to measures with mean 0. We can move its value to y by
considering:

py(A) = (A —y), then fi,(A) = v X/ (C.21)

>The argument, in general, is slightly more complicated. Here Q;(Ha) is built from a basis in which
each element represents independent random variables with respect to the measure v;, and the
factorization is possible.
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At this point, a good candidate for Gaussian measure over Ha, denoted g, is
defined over cylinder sets as

: Dup(z) =pua({h € Ha | ((her), -+, (hen)) € ACR"}) =

lim dun(x) = pp(A) (C.22)
N=20 JQn(Cam)

An important feature of this definition is that it does not depend on the sequence
of projectors ();. Therefore, ;17 is a well-defined function over the cylinder sets; see
[Eld16] for a detailed proof. In spite of the apparent success of this procedure, pp
does not define a measure for an infinite-dimensional H.

Remark C.2. There is no cylinder Gaussian probability measure over a Hilbert
space that respects its scalar product

To see this, we show below that o-additivity (iii) does not hold in this case as in
Remark C.1.

In the first place, clearly ig(Ha) = 1. We can consider an orthonormal basis
{en}o2, of H defining the sequence of cylinder sets

App={r € Ha: [(z,e))] < k,i=1,...,n} (C.23)

Also, the open ball B(0, k) of radius k is such that B(0,k) C A, for anyn > 0. As a
consequence,

For each set, we measure (A, ) = pn ([—k, k") = p([—k, k])". But, since p is a
Gaussian probability measure, we have pn ([—k, k]) < 1 Vk. As a consequence, we can
find ny, for which p ([—k, k])™ < 27F, thus

oo o0 oo 1
HH (U Ank,k> = pp(Ha) =1, and ZHH(Ank,k) < Z oF = 1 (C.24)

k=1 k=1 k=1

Thus, o-additivity does not hold, and there is no hope to define a proper Gaussian
measure over Ha using its scalar product.

The road to define a measure over Ha relying only on its internal structure leads
to an impossibility. However, the solution is again similar to the case of ). We must
endow Ha with a finer topology and complete it to Hao — W. In general, there is
an infinite family of Banach spaces W that solve this problem. In those cases, the
technical part lies in how to recover Ha from (W, u). This construction is usually
developed to describe the abstract Wiener space that we will show below.
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In order to complete the discussion above, notice that the characteristic func-
tion (C.1) allows for an extension to R" in a convenient way to study the infinite-
dimensional case.

Definition C.2. (Gaussian measure over R")
Let A be a symmetric and positive semidefinite n x n matrix. A Borel probability
measure v over R" is Gaussian with A if

1 .
exp (—2)\ . A)\> = du(z)e™) (C.25)
R

For the translated measure v,(A) = v(A — y), the Radon-Nikodym derivative (the
Lebesgue equivalent to the Jacobian) is

Wy (1) = e=SlalP+) (C.26)
dp

This characterization makes evident the one-to-one correspondence between sym-
metric positive semidefinite bilinears A : R® x R” — R and Gaussian measures over
R"™. Moreover, the variable that enters in the bilinear is related to  through a dual
pairing (-,-), and therefore the Gaussian measure is defined over the dual space
(R™)* even though it is irrelevant in finite dimensions. In the infinite-dimensional
case, we exploit the characteristic function to define:

Definition C.3. (Gaussian measure over TVS) Let W be a Topological Vector
Space (TVS), then a Borel probability measure v over W is called Gaussian if ¥V Ay €
W/
]. X ; X
exp <—2A(>\x,)\x)> :/ Dp(p?™ )P (C.27)
4%

Where A : W' x W' — R is a symmetric positive semidefinite bilinear called covari-
ance.

In this case, not every A produces a Gaussian measure, as we already know from
our attempt to construct the Gaussian measure over a Hilbert space Ha. From
now on, it will be assumed that A*Y is a non-degenerate bilinear, i.e., A(Ax, Ax) =
Az AT\, > 0.

Example C.1. (abstract Wiener space and the Cameron Martin Hilbert space)

The case where W is a Banach space with Gaussian measure  is called abstract
Wiener space. With those considerations, three topologies must be considered in W':

1. (W', |Illw), since it is a Banach space with its own complete topology.

2. (W' A®), since A™ turns W' into a pre-Hilbert space.
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3. (W', {-,-)2(w,pp)), since it can be shown that W' C L?(W, D) and therefore its
scalar product (-, ) p2(w,py) turns W' into a pre-Hilbert space.

It can be shown [Eld16] that the topological completions

W(W/’Ax ) ~ W/L (W,Dp) = HA (C.28)

where the equivalence is a metric isomorphism. In this equation, we define the
Cameron Martin Hilbert space Ha C L*(W,Dpu) that corresponds to the linear
square integrable functions. Indeed, the scalar product of Ha is provided by the
bilinear A*Y. We can see it using

CX|§X / DM CX) ><£X7 30x> = CﬂvAmygjlp v vagx € W, (C29)

Also, the inclusion
(W' - lwr) = (Ha, [I]a) (C.30)

is a continuous dense embedding. Moreover, we can consider

(Has IFlla) = (W [-lw) (C.31)

which is a continuous dense embedding too, and we have that W' — #/, is the
adjoint of Ha < W. Identifying Ha with its dual H'\, we generate the Gel’fand triple
structure that we studied in section 2.3

W' HA — W (C.32)

This construction justifies defining the integral over cylinder sets of Ha or W' and
extending the result over B(W).3

Another way of understanding the Cameron-Martin space Ha is the space in which
(C.26) makes sense. For completeness, we state the following theorem:

Theorem C.1. (Cameron Martin theorem for Banach spaces) For h* € Ha, up
is absolutely continuous with respect to u, and

Dt xy _ o= SIn*[A+(h%, 0
— e 2 I IA+(* 0 )a C.33
D (¢*)=e (C.33)
For h* € W\Ha, pun, and p are mutually singular.
As a final remark, we notice that the Cameron Martin Hilbert space carries with
it all the relevant information about the Gaussian measure. However, it is a set of

measure zero u(Ha) = 0. This interesting feature turns the space W into an auxiliary
but important ingredient of the construction.

3Separability plays an important role here to identify the o-algebras generated by weak and strong
topologies of W.
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C.2.2 Gaussian measures on DNF spaces

The topology of the Banach space W was not really discussed in the previous section.
In this section, we seek the most natural TVS W to complete the picture. We can try
to construct a Gaussian measure over a Hilbert space W = H,, but the Cameron-
Martin Hilbert space HaA must be a dense subspace of H,,, and their norms must
satisfy || k||, < C|/h||%, in order to make the inclusion continuous. Furthermore,
u(H) = 0. As a result, the inclusion cannot be open, so their topologies do not
coincide. It turns out that the only tool needed to find such a space [Eld16] is a
Hilbert-Schmidt operator A,, : Ha — H,, such that ||h||,, = ||Ah||a. This is an operator

[e.e]

ZHAneiHZ < oo, for {e;} an orthonormal basis of Ha (C.34)
i=1
and Ha — H, is a dense embedding where the scalar product of H,, is given by

<fa szlg] nezaA 6]) (C.35)

i=1 j=1
while its dual is H_,;:

Z Z figi (A ei, A te;) (C.36)

=1 j=1
If we consider the sequence of continuous dense inclusions of Hilbert-Schmidt type
that define the Nuclear-Fréchet (NF) space N in Definition 2.2, we have

N=NXH_ i >H 1 3HA >H1 >N =U2H,; (C.37)

This result provides a general framework to construct measures over duals of
nuclear spaces, which is the starting point of chapter 2. The next theorem is the
generalization of the former discussion.

Theorem C.2. (Bochner-Minlos theorem)[Hid80, GV16] Let N be a nuclear space
and C' : N — C represent the characteristic function of a measure and therefore
fulfill

1. C is continuous,
2. C is positive definite,
3. C(0) =

Then there exists a unique (Radon) probability measure puc on (N’ B(N”), uc) such
that

[ e D) = e (C:38)
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Furthermore, in the chain (C.37) of Hilbert-Schmidt inclusions, u.(H,) = 0.



Appendix D

The Wiener-Ito decomposition theorem

D.1 Introduction

In this appendix, we will follow the presentation of [Hid&93] to provide a detailed
analysis of the Wiener-Ito decomposition theorem. This theorem studies the structure
of the Hilbert space

L* (N, Dp) (D.1)

where Dy is defined as the measure given through the characteristic functional (2.7)
by the Bochner-Minlos theorem. To do so, we must notice that all the information
needed to explain this space is encoded into the symmetric and positive definite
bilinear A*Y, which is a well-defined object:

A N x N = R. (D.2)

Of course, the most general case in which C is considered is straightforwardly gener-
alized. This bilinear form turns (A, A*Y) into a pre-Hilbert space whose completion
will be denoted Ha. This Hilbert space is the Cameron-Martin Hilbert space of the
Gaussian measure p and encodes all the information necessary to understand (D.1).
The space Ha can be obtained as follows. Let {e?} € A/ be a complete orthogonal
family with respect to A*Y. Using the projective definition of Appendix C, we have
that the integral is projected into a one-dimensional integral with respect to the
variable y = ell¢” and, with |[|e}||* = elle} A"V, it reduces to
yQ 2 n n AT
p( ) dy = el'e! A", (D.3)
2||exl?

1
Du(p*)ey ¢ ey ¥ = ”/ —————¢X
N e Gy R \/27[e[]2

As a result, we express any element {x € Ha with a representative given by
& = &qell, where summation is intended. In this way, we can integrate a priori
meaningless functions such as £,¢* and, in particular,

&liy) = [ DG = 616 | DulePeele? =
EnCmene, AT = EEA™(,. (D.4)
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That is, we can obtain the scalar product of Ha from the integral of the family of
quadratic polynomials £;¢*(, ¥, which only have meaning under the integral symbol.

Let ¥(p*) € L*(N’) and consider S,[¥](¢x) given by (2.11). We can understand
this transform as

SulUI(E) = [ Dl ) w(e) exp (6" - 36:07) =

. Du(*)¥ (™ + A¥E,). (D.5)

Now, expanding Taylor series around &x = 0 the exponential:

1 =1 .
exXp <£y90y - 2§yAyZ§z> = Z 7 : Sok :‘Ah T PR (D.6)
k=0

In this expression, : 4,0’“ :@“ is the k’th Wick power of (2.39).
This appendix will reinterpret : ¢* :|‘2’“ as the generator of Hermite polynomials in
orthogonal directions and extend (D.4) to nonlinear functions.

D.2 The Bosonic Fock space

In order to prove the theorem, we must introduce Fock spaces. We define the Fock
space F(Ha) as

F(Ha) =Y Fa(Ha) = > HR" (D.7)
n=0 n=0

In F(Ha), the scalar product A*Y induces a natural scalar product that will be
defined by

F(AY) = "Fu(AY),  for by, O, € Fu(AY)
n=0
Fn(A) (i, 0x) = Yy o @, AT - ATy, (D.8)

An orthonormal basis of F(#a) is easily obtained from an orthonormal basis
{e;,}l. eny © N of Ha. Notice that, in this section, we are asking for the condition

eéA“zye{; = §% that we did not consider in the previous section. Using this, we have
that

{e% =ell @ @el, stic Ng} is an orthonormal basis of F,(Ha)  (D.9)
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Also, the symmetric (Bosonic) Fock space of a Hilbert space Ha is

D(Ha) =Y Ta(Ha) =D HZ (D.10)
d=0 d=0

Here, ® is the symmetric tensor product, expanded below in (??), and the natural
Hilbert space structure is induced by A*Y on I'(#a). Introducing the space of
completely ordered tuples (ay, a9, ,aq) € I C N¢ such that a; < ag < -+ < ag,
we define

T(A®) = Tg(A), for the, Ox € Ta(AY)
d=0

La(A) (Usy Oxy) = Vg e g Z ATW=() . AZaYx@) | G, (D.11)

TESy

In this expression, S; denotes the group of permutations of d elements. Thus, this
construction is such that ¢, ... », and ¢, ... ,,), the symmetrized version given by
(2.15), enter equally in the scalar product. A natural orthogonal basis of this space is
given by

{ Ba . SlR---Reg?, st a € Id} is an orthogonal basis of I'g(Ha). (D.12)

eid Xd?

The symmetric tensor product ® is defined as

. . 1
n® - Befi =5 D g @ @e . (D.13)
) TESy
The basis presented above is orthogonal but not orthonormal for I'(# ). This is
because the scalar product (D.11) overcounts repeated indices in the labels. To
construct an orthonormal basis, we should take into account this degeneracy. Thus,
we introduce for each i € Ny the function
Id — NU
a +—— n;(a) = # {entries of « equal to i} .

i (D.14)

Let n(a)! = [[;cy, ni(@). Then an orthonormal basis is provided by

1 R A
{()‘em@ e ®e* st a € Id} is an orthonormal basis of I';(Ha)  (D.15)
n(a)!

Two properties stem from these basis definitions:
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1. The Bosonic Fock space can be seen as a linear subspace of the total Fock space
['(HaA) C F(Ha).

2. The inclusion I'(Ha) < F(Ha) is not an isometry. In general, for

Vel,(Ha)= Y ¥Pem@. . e (D.16)
acl™
it is clear that
Vol | Oz = |1 ¥)r. (D.17)

D.3 The Wiener-Ito decomposition

D.3.1 Hermite Polynomials

Let’s focus on the finite-dimensional case. In this context, we can consider a Gaussian
measure dG(z) = da? éﬂd exp(—12'K;;27). Let’s study the decomposition of ¢ €
L?(R?%,dG) in the basis of Hermite polynomials. On a basis {v}, s.t. i,m =1,--- ,d}

in which v}, K;jv5, = mp, We write z* = y™v!,, then

dy®

e~ Y dmny” (D.18)
(2m)

dG(y) =

In those coordinates, any function can be expressed in terms of the basis of Hermite
polynomials

mn

d 1
H"(t) = dx—nexp(tm — 53:2)

=0

dt
/ e 2" H™(t) H™(t) = nls™
R

V2T
Hy(t) =1
Hy(t)=t
H,(t) =tH,_1(t) — (n — 1)Hp_ao(t). (D.19)
Then we have
V(W) = Yy mg H™ (1) - - H™ (ya)- (D.20)

This means that the expression

d
TTH" (), st ki € Ng (D.21)
=1
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d times

is an orthogonal basis that spans L?(R%, dG) = F4(L*(R)) := L*(R)® ~-— ®L?(R).

d times
Now let us assume that ¢(y) € Iy (L*(R)) := L2 (R)® ~-— @L*(R) C L*(R%,dG), the
symmetrized space, then

1
wnlv“'vnd = ¢(n17"'and) = E Z ¢nw(1)7"'7n7r(d)' (D22)

TESy

In this case, to avoid degeneracies, the components of ¢y, ... ,,, are expressed in a
unique way if we choose them in the space of completely ordered tuples (n,--- ,ng) €

14,
D.3.2 The basis of Hermite polynomials in infinite dimensional spaces

We are looking for a basis of polynomials P : N/ — R (or C) which are dense in every
space L?(N’, Du) as we discussed in section 2.5. A polynomial of this type looks like

Plp*] = C'+ Cl o™ 4+ C™py e ™ 0" (D.23)
¢ times
with Cig, € T;(NV) := N® = @N. Using a basis decomposition we can write
n ~
Pl =" PaeZ® ()™ (D.24)
d=0 aqeJd

In this basis, for the dense subset ¢* € Ha ~ H/,, we can approximate p* = goief
with ¢’ € R and

Pl =3 Pay g ()1 0a) (D.25)
d=0 acId

which is a polynomial of R? thus can be expressed in terms of Hermite polynomials
using the basis (D.21).

n

Pl =3 Payreag D Bryoo kg H (9%0) -+ HM(0%0) =

d=0 o€l FieNd

n
SN Payieag Y B kg HP (9°1) - HM () (D.26)

d=0 aeld FseNd

for some coefficients Bi. The argument that we followed shows that any polynomial
restricted to Ha can be expressed in the orthogonal basis
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o
H(p*) = [[ H™“[efp"], fora e 17, (D.27)

k=0
Recall ng from (D.14). These are the products of Hermite polynomials in orthogonal
directions such that the total degree is n. This construction is, in principle, restricted
to Ha. However, it is worth noticing that the Cameron-Martin Hilbert space is not
the domain of integration; in fact, it has measure zero as shown in Appendix C.
Nonetheless, the projective definition of the Gaussian measure Appendix C indicates
that we can extend this basis to an orthogonal basis for the whole Hilbert space. This

is, for any L*(N’, Du) we have

:i > wHY (). (D.28)

n=0 el (Ng)

And using the projective definition of Appendix C we have

NIDIU,(QDX)H(X(QOX)H’B( = Wﬁn/dx H”k(O“)( )? = n(@)! (D.29)

D.3.3 The Chaos decomposition

If we project the Wick powers of (D.6) over a finite dimensional subspace with
{e21,-- e*}, with a € I¥, then by comparison with (D.19) we have
Pl et - ek = HY (7). (D.30)

By plugging (D.6) and (D.28) into (D.5)

DI IRTC [ D)y R, HE (7).
m,n=0 aeI™(N4) ’
(D.31)
Together with relations &, = e’ and (D.30), it is straightforward to see that

m .| Tl Tm

AN oy Eap =
Z :(pm:&h'fﬂm 51,, 5nL£BI -Ep, =

BENo)™

HE (%), -+ Ea,,. (D.32
ZH HE (), €y (D.32)

acl™
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Thus, by virtue of (D.29)

Sﬂ[q’](fx) = Z Z qj&m)gal e 'focm =

m=0 ael™

Z §$1 e fxmAJ?lyl e Ammym Z \Ilfxm)eé(iél .. eg:nn) (D.33)
m=0

a€el™

This decomposition is such that the coefficients

P = 3 Tmelet .. e2m) e T, (Ha). (D.34)

m
ael™

And it is in one-to-one correspondence with (D.28). This is the Segal isomorphism
of Definition 2.10 that states

L3N, Dp) = T(Ha). (D.35)

This proves the Wiener-Ito chaos decomposition theorem that states that it can be
written as

s e L (D.36)
n=0

Finally, the decomposition also provides an isometry with the Bosonic Fock space
introduced at the beginning of the appendix such that for another function

Plp¥] = Zﬁb(x??ﬂ?n RV i
n=0

we obtain that

/ Dyl g) ()0 (%) =

N
>ont o0y (ATl = 3 nl(el) vl . (D37)
n=0 n=0

From this result and (D.17), then (D.35) is an isometry too.
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