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We present complete results for the hadronic vacuum polarization (HVP) contribution to the muon
anomalous magnetic moment a,, in the short- and intermediate-distance window regions, which account for
roughly 10% and 35% of the total HVP contribution to a,, respectively. In particular, we perform lattice-QCD
calculations for the isospin-symmetric connected and disconnected contributions, as well as corrections due to
strong-isospin breaking. For the short-distance window observables, we investigate the so-called log-
enhancement effects as well as the significant oscillations associated with staggered quarks in this region.
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For the dominant, isospin-symmetric light-quark-connected contribution, we obtain «
48.139(11) 4y (91)y[92] gt ¥ 10710 and ;™ (conn) = 206.90(14) , (61) 4y [63] o X 1071, We  use
Bayesian model averaging to fully estimate the covariance matrix between the individual contributions.
Our determinations of the complete window contributions are a,> = 69.05 (1), (21)gy[21] ;00 % 107'% and
ay = 236.45(17) 4, (83)4y[85) o % 10710, This work is part of our ongoing effort to compute all

contributions to HVP with an overall uncertainty at the few-permille level.
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I. INTRODUCTION

The anomalous magnetic moment of the muon,
a, = (9—2),/2, provides one of the most precise tests
of the Standard Model (SM) of particle physics. It has been
measured to exquisite precision in a series of experiments,
most recently at Fermilab by the Muon g — 2 Collaboration
[1,2], with the latest results reported at a precision of
200 ppb. Final results from the Fermilab experiment
incorporating their complete dataset are anticipated to
improve the current precision by close to another factor
of 2 [2]. In addition, the Muon g — 2/EDM experiment at
J-PARC [3,4] will further improve our experimental knowl-
edge of this quantity.

Experimental measurements of a, have attracted particu-
lar interest because of their long-standing tension with SM
expectations, providing an enduring hint for the possibility
that this quantity is influenced by new, as-yet unknown
particles. The uncertainty on the SM prediction [5,6] is
dominated by contributions from quantum chromodynam-
ics (QCD), namely hadronic vacuum polarization (HVP)
and hadronic light-by-light scattering. In this paper, we
focus on HVP, which is the larger contribution to a, and the
largest source of error in its SM prediction. There are two
independent approaches, a data-driven one and lattice QCD.
The former uses a dispersive framework together with
experimental inputs, primarily taken from measurements
of e*e™ annihilation cross sections into hadronic channels.
This approach was the basis of the SM prediction of
Ref. [5]. However, a recent measurement by the CMD-3
Collaboration [7] of the low-energy eTe™ — nz~ cross
section disagrees with all previous experimental results for
this important channel, which accounts for roughly 75% of
the leading order (LO) HVP, a,I,WP L0 in the data-driven
approach.

The second approach, lattice QCD, offers a determination

of a,l,{vp L0 pased entirely on SM theory.l While published

lattice-QCD results for a,I:IVP‘LO were not precise enough at

the time to be used in the SM prediction of Ref. [5], the
situation has changed significantly in recent years, thanks to
dedicated efforts by several lattice collaborations [9-18].
Hence, we expect that lattice-QCD results will play an
importantrole in obtaining a new SM prediction of a,, and in
the subsequent interpretation of the experimental measure-
ments. Especially in light of the puzzle created in the data-
driven approach by the new CMD-3 e*e™ — 7z~ cross
section measurement, continued efforts to further improve
lattice-QCD calculations to match the expected precision of
the g — 2 experiments are clearly important.

In lattice QCD, the HVP can be computed from
Euclidean-time integrals of correlation functions [19],

'"To set the quark masses and strong coupling, N r+1
experimental inputs are needed, taken here to be precisely
measured hadron masses [8].

where it is advantageous to study the different regions
of Euclidean time separately to refine control over sys-
tematic effects. The most common division is into three
time complementary regions, known as “windows” [20]:
the “short-distance” contribution a3°, the “intermediate-
distance” contribution al‘}', and the “long-distance” con-
tribution a};D. By construction, the sum of these three terms
gives the total HVP contribution to a,,.

The smallest component, a3, at roughly 10% of the
total, is the most sensitive to lattice discretization effects.
The largest component, a;°, roughly 55% of the total, is
the most challenging, as it is sensitive to the finite lattice
volume effects and suffers from large statistical errors due
to well-known signal-to-noise issues in the underlying
correlation functions at large Euclidean times. The inter-
mediate window observable, a,‘}’, is relatively insensitive to
these two extremes and hence can be obtained reasonably
straightforwardly. Both a5P and a)) can be obtained with
good statistical precision. The evaluation of windowed
HVP observables also provides more fine-grained compar-
isons with data-driven results, which will be crucial if
current tensions between data-driven evaluations and lattice
calculations persist after the disagreements between exper-
imental cross section measurements are understood or
resolved. In this paper, we focus on the short- and
intermediate-distance window contributions, deferring a
discussion of our calculation of a/I;D to a companion paper.

Besides the division into windows with different char-
acteristic energy scales, the HVP (either the total or within a
given window) can also be divided into contributions from
individual quark flavors for quark-line connected and
disconnected diagrams, as well as corrections due to
isospin symmetry breaking (including strong-isospin-
breaking effects due to m, # m,; as well as QED). We
have previously presented results for the intermediate
window HVP [13], in good agreement with other, existing
lattice-QCD calculations [9-12,14,21]. However, this pre-

vious work considered only a;"" (conn) (the “light-quark
connected” a,‘,”), omitting contributions from other quark
flavors, as well as those from disconnected diagrams and
isospin-breaking corrections. In this work, we present
results from our lattice-QCD calculations of these addi-
tional contributions, as well as a refined calculation of
al"Y (conn). We note, however, that a discussion of our
direct lattice-QCD calculation of the QED corrections is
deferred to a separate paper. Instead, in this paper, we use a
combination of perturbative QCD (pQCD), phenomeno-
logical estimates and comparisons with previous direct
lattice-QCD calculations of QED corrections to estimate
their contributions to the short- and intermediate-distance
window observables.

Our results for these individual contributions and cor-
rections provide a more fine-grained view into the HVP at

short and intermediate distances, enabling comparisons
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with the corresponding results from other lattice groups as
available. We also obtain complete physical results for the
total short- and intermediate-distance HVP.

This paper is organized as follows. First, Sec. II A
provides analytic expressions for a;° and a,’ in terms
of the Euclidean-time vector-current correlation function,
as well as the definitions of the individual contributions to
these observables. Next, Sec. II B defines the isospin-
symmetric QCD limit employed in the majority of these
calculations. The inputs for QCD with strong-isospin
breaking are also described. The ensembles employed in
this work and the correlation function datasets generated
from them are described in Sec. II C. Section III presents a
detailed description of the general analysis procedure
employed in this work: our blinding strategy (Sec. III A),
the systematic corrections applied to the lattice observables
(Sec. I B), our approach to taking the continuum limit
(Sec. I C), and the subsequent estimation of uncertainties
from these systematics using Bayesian model averaging
(BMA) (Sec. Il D). In Sec. IV, we present our analyses for
the individual window observables; this section is broken
up into subsections describing the light-connected
(Sec. IVA), strange- and charm-connected (Sec. IV B),
disconnected (Sec. IV C), and the strong-isospin-breaking
(Sec. IV D) contributions. Perturbative QCD is used to
estimate the short-distance window observables, which we
compare with our lattice determinations, in Sec. IV E, while
Sec. V presents our final results for the short-distance
(Sec. VA) and intermediate-distance window observables
(Sec. V B). Section VI concludes with a summary of our
results, including comparisons with previous lattice-QCD
calculations and data-driven evaluations and an outlook in
light of our ongoing efforts to obtain the total HVP at few-
permille-level precision. Appendixes A and B examine
discretization effects important in short-distance window
observables, namely the log-enhanced discretization terms
that arise in the correlation functions at small Euclidean times
and the oscillatory contributions to correlation functions
constructed with staggered quarks. Finally, our procedure for
obtaining a complete correlation matrix in the BMA frame-
work is given in Appendix C.

II. BACKGROUND AND SIMULATION DETAILS

A. Definitions of window observables

The leading-order hadronic vacuum polarization contri-
bution to the muon anomalous magnetic moment is
obtained via

afVPO — 402 /oo dr C(1)K (1), (2.1)

0

where «a is the fine-structure constant, the kernel K stems
from QED, and C(f) is the Euclidean-time two-point
correlation function of the electromagnetic current,

=S o). (22)
k=1 x

7) = S ) (). (23)
f

The current J#(x) is summed over all quark flavors
f€{u,d,s, c,b,t} of electric charge qy. In lattice QCD,
the calculation of C(¢) is straightforward, although con-
trolling all uncertainties at the needed precision level is
challenging. The QED kernel is given by

K1) =2 OoonQKE(QZ) {Q212—4s1n2<Q2t>}, (2.4)

where the energy-momentum kernel [22], Kg(Q?),
depends on the muon mass,

m;Q*Z*(1 - 0*Z)

2\
Kp(0%) = 1+mQ*Z>
Q4+4 2Q2 1/2_Q2
7zt ZZﬁQl : (2.5)

Higher-order HVP can be obtained from Eq. (2.1) by
substituting a different kernel [23-27].

Lattice-QCD calculations of a,EWP LO separately compute
the contributions from each quark flavor and from con-
nected and disconnected Wick contractions. Additionally,
these calculations are performed in the isospin-symmetric
limit in pure QCD (see Sec. II B) with the effects of strong-
isospin breaking and QED added as corrections to obtain
the complete a}}WP’LO. The complete result is the sum of the
following individual contributions:

a,I;IVP’LO = aﬁ (conn) 4 a;’(conn) 4 ag‘ (conn)

+ ab’(conn) + ...

+ a,(disc) + Aa4!(SIB) + Aa,(QED). (2.6)
The contributions listed on the first and second lines are
collectively called the connected contributions and corre-
spond to connected Wick contractions of Eq. (2.2) for each
individual quark flavor of Eq. (2.3).2 The first contribution
on the third line is from the disconnected Wick contractions
of Eq. (2.2), which contains quark-flavor mixing. In this
work, we calculate only the light- and strange-disconnected
contribution. The final two terms are the strong-isospin-
breaking (SIB) and QED corrections defined by

Aa/'jd(SIB) = a,'jd — a,lf,

(2.7)

*The light-quark charge factor is given by ¢? = ¢2 + ¢ =
5/9.
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Aaf(QED) = af/ (QCD + QED) —a}/.  (2.8)
For the correction due to strong-isospin breaking, ajjd and a,lf

contain both the connected and disconnected contractions,
which we compute separately (see Secs. Il C and IV D).

By limiting the Euclidean-time region over which C(¢) is
integrated, one obtains the so-called one- and two-sided
window observables [20],

amod) _ 42 /0 T arCHR(OW (110, A),  (2.9)

albv:/inz(to,Il,A) _ 4(12 Aoo dr C(t)i{(t)w2(t’ to, 1, A), (29b)

. . 3
where the window functions are

1 —
Wi(t.10.8) =5 [1 - tanh(t At(’)],

1 t—1 t—1
Wh(t. 19,11, A) =5 {tanh(To) —tanh( A 1)]

(2.10b)

(2.10a)

The parameters 7, and #; of the W, control the location of
the window’s boundaries, while A controls the sharpness of
its edges. The window functions satisfy W, (t,z,,A)+
Wy (t,tg, 1, A) =W, (1,11, A), Wy(t,19,1,A) + Wy (11,15,
A):Wz(t,to,tz,A).

In this work, we consider two such windows, the short-
distance window SD (defined with 7, = 0.4, A = 0.15 fm),
yielding

aED = a/\:/inl(OA,O.lS)’ (21 1)
and the intermediate-distance window W (defined with
to =04, t; = 1.0, A = 0.15 fm), yielding

W winy(0.4,1.0,0.15)
u = Ay ’

a (2.12)
with the parameters in femtometers. We plot the W, in
Eq. (2.10) for these window regions in Fig. 1. Also shown
are the light-, strange-, and charm-quark-connected con-
tributions to the integrand, K(¢)C(t) in Eq. (2.1), using the
lattice correlation functions obtained on our 0.06 fm
ensemble (see Sec. IIC). The light-quark contribution
dominates both windows, as can be seen by the scaling
factor of 6 applied to the strange and charm integrands in
the plot. After the light, the charm is the leading contri-
bution in the short-distance window, while the strange is the

*In earlier work [13], we used a slightly different definition of
the window functions. To the accuracy given there, none of the
reported digits would change. Here, we use the standard
definitions, namely Eq. (3.26) of Ref. [5].

t [fm]
0.00 0.25 0.50 0.75 1.00 1.25 1.50 40
1.0 ‘ ‘ ‘ ‘ % l;ght ~ s
& strange —_— W
W cham
0.8 130 =
X x X IE
=06l = x W\ x xX =
g LI x> X X 20 O
X PY L
LS L T S
o o\e =
"o °e 110 =
02r  x /&, °e
u ° ®e °
’ [ . ®eoeo
0.0 s Bs 0
0 5 10 15 20 25 30
t/a
FIG. 1. The SD (red) and W (black) window functions

corresponding to the parameters in Egs. (2.11) and (2.12),
overlaid with raw lattice data for the integrand of Eq. (2.1) for
light- (green crosses), strange- (blue circles), and charm-con-
nected (purple squares) contributions obtained on our ensemble
with a ~ 0.06 fm (see Table I).

leading contribution in W. The remaining contributions in
Eq. (2.6) are subleading for these two windows and are at
the subpercent level on the complete results.

B. Physical inputs

Our lattice calculations make use of several ensembles of
four-flavor gauge-field configurations generated by the
MILC Collaboration (details are given below in Sec. II C).
With one exception, these ensembles are generated in the
limit of isospin symmetry (that is, with the up- and down-
quark masses set to be equal) and without dynamical QED.
Converting our numerical results into physical units requires
the selection of a set of physical inputs which determine the
quark masses and the overall energy scale.

Our choices for the inputs for the quark masses follow
the prescription introduced in Refs. [28,29] and extended to
charm in [30]. The masses of the u, d, and s quarks are
determined by the masses of the z*, K°, and K™ mesons,
and the ¢ quark mass is fixed by the mass of the D} meson.
While in Refs. [28—30] the energy scale is fixed by the pion
decay constant f,+, here we employ the ™ baryon mass.

To match the “pure-QCD world” of our simulations,
QED effects are removed from the values of these masses
used for scale setting [31]. For all meson masses used to
determine quark masses, we adopt the values given in the
Flavor Lattice Averaging Group (FLAG) 2024 review [8].
These choices define the following separation scheme:

Mg =1671.26 MeV,
M, =135.0 MeV,
My =491.6 MeV,
Mygo =497.6 MeV,
Mp: = 1967 MeV.

(pure-QCD world) = (2.13)
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Setting the three meson masses {M .+, Mg+, Mo} to their
physical values fixes the three light-quark masses
{m,, mg, m}. In practice, we implement this scheme with
the equivalent set {M -, Mg, AM%}, with

My =2 (M2, + M%) = (494.6 MeV)?,  (2.14)

N =

AM?% = M%(O — M%. = 5935 MeV?. (2.15)
In this approach, adjusting M .+ and the root-mean-squared
(rms) average mass My to the physical point given in
Eq. (2.13) fixes m; = (m, + m,)/2 and my, and adjusting
AM?% determines the up-down mass splitting m, — m,,.
This implementation is convenient given the data available
in the analyses below.

To define the separation scheme for the isospin-sym-
metric limit, where the up and down masses are both set to
the average value m; = (m, + m,)/2, we replace M g+ and
Mo with the rms average My given above,

(isospin-symmetric pure-QCD world)
Mg = 1671.26 MeV,

M, =135.0 MeV, »
= .
My = 494.6 MeV, (2.16)

Mp; = 1967 MeV.

For the analysis of strong-isospin breaking, in particular,
it is helpful to define fictitious physical pion masses with
both constituent quark masses set to m,, my, or m;. In
principle, this could be done from the pion and kaon mass
inputs above by using the leading-order Gell-Mann—
Oakes—Renner [32] (GMOR) relation, i.e., leading-order
chiral perturbation theory, which states that the squared
pion and kaon masses scale linearly with quark mass.

TABLE L.

Although this statement is locally true to good approxi-
mation, inclusion of both pions and kaons simultaneously
in leading-order chiral perturbation theory relations can
lead to deviations due to the presence of significant
subleading-order corrections.

Instead of assuming purely GMOR scaling, we adapt
the results from the MILC Collaboration [33], which com-
putes the up-down quark mass ratio to be m,/m,; =

0.4529(48)Stat(+_16570)syst. Following the procedures of

FLAG [34] for symmetrizing two-sided errors and combining
statistical and systematic errors in quadrature, this becomes
m,/mg = 0.4550(138). To account for the slight difference
between Eq. (2.13) and the scheme used in Refs. [33,35]—
namely M g+ = 491.6 versus M g+ = 491.405 MeV, respec-
tively—we include an additional systematic uncertainty that
conservatively accounts for the implied difference in € (the
leading correction to Dashen’s theorem defined in Ref. [33])
between the two schemes, which gives
m,/my = 0.455(18). (2.17)
Adopting this as our main result and using GMOR scaling
only in the vicinity of the pion mass, we have the results

2
MU =M+ | ——— = 106.7(1.5) MeV, (2.18)
1+ my/m,
MY = M, 2 158.25(98) MeV. (2.19)
i " 1 + mu/md

C. Lattice ensembles and correlation functions

We employ seven of the MILC Collaboration’s four-flavor
lattice-QCD configurations with dynamical up, down,
strange, and charm quarks in this work [36] (see Table I).

Ensemble parameters used in this work. The first column lists the approximate lattice spacings in femtometers. (In previous

work, the ensemble labeled “0.04” was labeled “0.042.”) The second column gives the spatial length L of the lattices in femtometers.
The third column lists the volumes of the lattices in number of space-time points. The fourth to seventh columns gives the sea-quark
masses in lattice-spacing units. We note here that the only difference between the 0.15” and 0.15 ensembles is that sea-quark masses of
0.15' include strong-isospin breaking m,, # m,. Additionally, the only difference between the 0.09 and 0.09* ensembles is that the sea-
quark masses of 0.09* are better tuned to the physical point. The eighth column lists the aM, values on each ensemble, these were first
given in Ref. [48], except for the value on the 0.09 ensemble. To convert simulation results to physical units, we take

Mg = 1.67126(32) GeV, also first given in Ref. [48].

~a/fm L/fm N3 x N, amy? am? am$® ami® aMgq
0.15 5.00 323 x 48 0.001524 0.003328 0.0673 0.8447 1.3246(26)
0.15 5.00 323 x 48 0.002426 0.002426 0.0673 0.8447 1.3246(26)
0.12 5.95 483 x 64 0.001907 0.001907 0.05252 0.6382 1.0494(17)
0.09 5.67 643 x 96 0.00120 0.00120 0.0363 0.432 0.7506(14)
0.09* 5.70 64° x 96 0.001326 0.001326 0.03636 0.4313 0.75372(97)
0.06 5.48 96 x 128 0.0008 0.0008 0.022 0.260 0.4834(11)
0.04 6.13 1443 x 288 0.000569 0.000569 0.01555 0.1827 0.3608(25)
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The ensembles use the highly-improved staggered quarks
(HISQ) action [37] for the sea quarks, a Symanzik-improved
gauge action [38—42] that includes the plaquette, the 1 x 2
rectangle, and the so-called bent-chair six-link term for the
gluon fields as well as tadpole improvement [43] based on the
plaquette. Details of the configuration generation can be
found in Refs. [35,44,45].* Our physical mass ensemble set
includes five lattice spacings spanning the range
a ~0.15-0.04 fm. The sea-quark masses listed in Table I
are tuned to the isospin-symmetric physical point, defined in
Eq. (2.16), except for the 0.15" fm ensemble, in which the
sea-quark masses are tuned to the isospin-broken physical
point of Eq. (2.13).” Refined values of the tuned sea-quark
masses were obtained from an analysis in Ref. [35], in which
pseudoscalar meson masses and decay constants were
computed using 24 gauge ensembles with six lattice spacings
ranging from a = 0.15 to 0.03 fm.

Table II lists the pseudoscalar meson masses, labeled by
their valence-quark content g¢q’, obtained on the seven
ensembles. On all ensembles (except 0.15’ fm), the valence
quarks denoted /, s, ¢ are generated with the same masses
as the sea quarks listed in Table I. On the ensembles with
az0.09 fm we include correlation functions generated at
additional light-valence-quark masses. The valence quarks
denoted by u, d are tuned according to Eq. (2.13).° To
compensate for the mistuning of the light sea quarks in the
0.09 fm ensemble, a retuned light-valence-quark mass (see
the rr entry in Table II) is included in the analysis. Finally,
the 0.09* fm dataset includes hh correlators generated at a
valence-quark mass where the “harmonic mean square” of
the full set of taste-pion masses, defined in Ref. [9], equals
the physical pion mass of Eq. (2.16). The resulting hh
Goldstone pion mass is listed in Table II.

Two different discretizations of the vector current are
employed, local and one-link,

Jlocal (x) = ZQf)_(f(x)(_)xk)(f(x)’ (2.20a)
-
TE(x) = 322, (Om () (U ) x4 )
f
+ UZ(x - IAca))(f(x - I:ta)), (2.20b)

*The 0.09* fm ensemble was, in part, generated by the CalLat
Collaboration [46] using retuned values of the quark masses
determined by MILC [30]. Of the 1000 configurations used in
this work, half were generated by CalLat, and half were generated
by the MILC Collaboration.

>The 0.15' fm ensemble, which has light sea quarks with
m, # mg, was used previously [47] to test for sea isospin-
breaking effects, and we use it here for the same purpose and
with improved statistics.

On the 0.15’ fm ensemble, the u, d, s, ¢ valence-quark masses
match the sea quarks, while the valence quark denoted [ is
adjusted so that the // pion mass takes on the physical value listed
in Egs. (2.13) and (2.16).

TABLE II. Pseudoscalar meson masses calculated on each of
the gauge ensembles given in Table I for various combinations of
valence-quark masses. Results are shown in lattice units (column
5). The label [ denotes the symmetrized light-quark mass
m; = (m, + my)/2. On the 0.09 fm ensemble, the valence m;
is mistuned to be somewhat lighter than physical; the retuned
valence mass is labeled r. The 0.09* fm ensemble includes a
lighter-than-physical up-quark mass, denoted %, as described in
the text. Column 2 lists the valence-quark masses am, only if
they differ from the sea-quark masses listed in Table I.

~a/fm am qq' aM

q 75®ys
0.15' uu 0.082368(18)
1 0.103420(18)
dd 0.120665(17)
us 0.376023(22)
s 0.37847(20)
ds 0.380749(19)
0.15 0.001524 uu 0.082362(11)
I 0.103414(11)
0.003328 dd* 0.120652(11)
Is° 0.37847(11)
sc® 1.50544(19)
0.12 0.001190 uu 0.0659338(57)
" 0.0830651(63)
0.002625 dd* 0.0970979(67)
Is° 0.303949(77)
sc® 1.209384(78)
0.09 " 0.057193(16)
0.00133 rr 0.060136(16)
0.00183 dd 0.070267(19)
Is® 0.219482(70)
0.09* 0.000514 hh 0.037831(13)
i 0.060124(16)
0.001802 dd 0.069830(17)
Is 0.220231(40)
sc 0.875909(63)
0.06 i 0.038842(29)
Is° 0.142607(51)
sc® 0.565279(49)
0.04 " 0.028981(18)
Is° 0.106297(39)
sc® 0.42352(13)

“Meson masses from Ref. [49].
®Meson masses from Ref. [50].
“Meson masses from Ref. [13].

where y ; is the field of flavor f in the HISQ action and 7, is
the staggered sign factor that appears in place of Dirac
matrices [37]. Local and one-link bilinears correspond to
the taste vector and taste singlet, respectively. The resulting
correlators and window observables have different discre-
tization effects (see Appendix A for a discussion of the
discretization effects that arise at short distances). This is
useful for constraining continuum extrapolations, as dis-
cussed in Sec. IV.
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a/’f(conn) - 1 | o
aff/w(conn) r * ° °
ay(disc) [ ] ]
Aat(SIB, conn) O O o O O
Aal(SIB, disc)r [ | [ ]
0.04  0.06 0.0970.09  0.12 0.15 0.15'
~ a [fm]

FIG. 2. Visual representation of the correlation function data-
sets described in Tables IV-VII on the ensembles listed in Table I
used in this work. Circles correspond to datasets computed with
the truncated solver method; squares are datasets in which the low
modes of the Dirac operator are treated exactly with eigenvector
methods. Filled colors are one-link vector-current datasets;
unfilled colors are local-operator datasets. The area of each
symbol corresponds to the statistics of each ensemble. We stress
that due to the different ways these datasets are generated, only
statistical comparisons within specific observables are sensible.

For each of the contributions in Eq. (2.6), the vector-
current correlation function datasets that are generated on
these ensembles are shown in Fig. 2. In the figure, circles
correspond to correlation function data constructed from
propagators computed using the truncated solver method
(TSM) [51,52]. Specifically, using random-wall sources, we
compute one fine-residual conjugate gradient solve and a
number of loose-residual solves (N),..). The size of the
circle corresponds to the total number of statistics
Neont X Nigose- The exact numbers for these, for each con-
tribution, are detailed in the respective subsections in Sec. III.
The squares correspond to correlation function data

|

f 1 - k f k "k
CJL{\/IA.conn gz Cff U? Iy, tl) - C{Q{N,LL(U’ Lo, tl) + CQIZ’A,LL(U7 lo, I )>U’
k=

1

where 1 = 1| — 1y, (...),; denotes averaging over the gauge-
field ensemble, f labels the quark flavor, and

1
CRy (U to.11) = vy 4T V)T, 6 M7 (U)T )
(2.22a)
C{i;){;iflfLL(le07tl)
4N361;Tr{M L(U)ThE & ML (U)TE Y, (2.22b)

generated using low-mode averaging (LMA) [53-55], as
explained below. In order to minimize autocorrelations in our
LMA calculation, we select an evenly spaced subset of the
stored configurations in each ensemble that includes, at most,
every other configuration. Again, the size of the square
corresponds to the total statistics, Nons X N, With specific
numbers given in relevant subsections of Sec. IIl. The
unfilled symbols are datasets generated using the local
current, while filled symbols indicate data generated using
the one-link current. In the case of the a!/(conn), both
currents are employed. For all our datasets, we perform
extensive tests for autocorrelations, specifically both meas-
uring the integrated autocorrelation time and also examining
how the statistical errors change with binning. For the strange
and charm datasets, we account for the significant autocor-
relations identified in this procedure by binning with bin
sizes up to 10, leading to the small numbers of independent
configurations seen in Fig. 2. We see no indications of
autocorrelations in any of the other datasets.

For the LMA procedure, we use color-diagonal random-
wall (RW) sources to approximate the high-mode remainder.
Specifically, 2000 exact eigenvector low-mode pairs enter
the correlation function generation in three important ways.
First, they are used to calculate the low-mode all-to-all (A2A,
LL) contribution to the correlation function, which gives the
exact low-mode result for a given lattice configuration.
Second, low modes are used to deflate the conjugate gradient
solver for each RW source, significantly reducing the
iterations required to reach the target residual of the solver.
Finally, the low-mode contribution to the RW correlation
(RW, LL) function is obtained as a by-product of the deflation
process; see Eq. (2.22b).

For the connected contribution we use

(2.21)

1
k _
C{&gA,LL(U’ fo 1) = N3 qur{M (U )FlfoML,lf(U)Fﬁ}-

(2.22¢)

Here, the trace is over color and space-time components; N 35
is the spatial volume; the 1/4 is a rooting factor; £, denotes a
RW source at time ¢, the average over which is implicit;
M ;(U) is the Dirac matrix for the configuration for flavor f;

MZ’If(U) = Zlm v,-(U)vlT(U), where v;(U) andl,-,f(U)
are the eigenvectors and eigenvalues of the Dirac matrix
satisfying M ;(U)v;(U) = 4; (U)v;(U); and the T', matrix
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incorporates the staggered phases and shifts in the definition of the currents given in Egs. (2.20a) and (2.20b) on a selected time

slice ¢, as follows for x = (x, ) and X' = (x',7'):

Ffo,local(x’ xl) = (_)Xkéx,x’ét.toéto.t” (2233)
Ffo.l—link(xvx/) = n(x) Uk(x)5x+ia,x’5t,t06m,t’ +H.c. (2.23b)
For the disconnected contribution, we use
13
Crmadisc (1) = §Z (Cry(U.19.1,) = Clkw,LL(Uv to,ty) + le\zA,LL(U’ t0,11)) s (2.24)
k=1
and
1 . .
Chy(U.to.1) = =15 > ayqp Tr{M7 (UTh 6 VIr{E € M (U)TE ). (225)
S f.f
1 4 P
Chy (U, 10, 1) = — Ton ;q sy Tr{M; L (U)TE g6 Tr{g e ML (U)Th (2.25b)
1
ChoarL(U. 1o, 11) = — TeN3 Z‘Ifo’Tr{MZJf(U)FZ JTe{Mm; (U)TE ), (2.25¢)

S ff

where taste-symmetry requires the one-link current. Here,
the random sources &, &' have support over the entire lattice
volume (RV). The flavor sumis over f, f' = u, d, s, where in
the isospin-symmetric case M, (U) = M 4(U) = M;(U).On
some of the ensembles, we use the TSM to reduce the cost of
the inversions. Further details, including numbers of random
sources, are discussed below and in Refs. [56,57].

Two different schemes are employed to renormalize the
currents. The first set of renormalization factors, Zf,F, are
obtained from a form-factor approach [58]. They were used
in previous Fermilab, HPQCD, and MILC HVP calculations
[13,49] in which the local current was employed. The second
approach employs the regularization invariant symmetric
momentum subtraction (RI-SMOM) scheme, and the factors

TABLE III. Renormalization factors for the local and one-link
vector current used in this work. Results for the local current from
the form-factor method are given in the first column [58]. RI-
SMOM results for the local and one-link currents are taken from
[59] and are given in columns three and four. The 0.04 fm one-
link result is obtained from the fit described in that work.

~a/fm 2 ocal Zyhoa™ ZYie

0.15 0.9881(10) 0.95932(18) 1.14017(20)
0.12 0.9922(4) 0.97255(22) 1.13784(24)
0.09 0.9940(5) 0.98445(11) 1.13428(13)
0.06 0.9950(6) 0.99090(36) 1.12518(39)
0.04 0.9949(7) 0.99203(108) 1.11811(68)

ZRISMOM are given in Refs. [59,60]. The RI-SMOM scheme
has a residual dependence on the matching scale u, even for
Zy, and we take the ZRISMOM yalues at u = 2 GeV from
those works. The value of ZRSMOM for the one-link current at
0.04 fm was not calculated in those works; hence, we obtain it
from the fit procedure described in Ref. [59]. Table III
tabulates the values of all vector-current renormalization
factors Z\, needed in the analysis explained in the subsequent
sections.

ITI. ANALYSIS PROCEDURE

Our overarching analysis approach follows the strategy
described in Ref. [13]. Here, we recap the main steps of our
analysis strategy, with a focus on the procedures specific to
this work. The window observables are obtained according to
Egs. (2.11) and (2.12) from weighted Euclidean-time inte-
grals of the correlation functions C(7). In Ref. [13], we
examined the effects of the oscillating contributions, which
arise in our staggered correlation functions, on intermediate-
distance a, observables in the continuum limit. Comparing
results obtained from fit reconstructions that remove the
oscillating terms versus direct integration of the correlation
functions, we found that the oscillating contributions have no
effect on the observables after continuum-limit extrapolation.
Extending this study to the short-distance window observ-
ables in Appendix B, we find the same result. Hence, in this
work, we use only direct integration to obtain the short- and
intermediate-distance window observables.
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The following subsections describe our strategies for
each analysis step. First, Sec. III A provides a description
of the blinding applied to each individual window observ-
able. The lattice corrections for finite-volume effects,
pion-mass mistunings, and in some cases taste-breaking
effects are detailed in Sec. III B. These corrections are
applied only to observables containing light-quark con-
tributions [a;° (conn), @, (conn), a;P(disc), a) (disc),
Aai™SP(SIB), AaiV(SIB)]. Subsequently, all observ-
ables are extrapolated to the continuum, which is
described in Sec. IIIC. In the final step, the analysis
variations for the corrections and continuum extrapola-
tions are input into a BMA, as discussed in Sec. III D. We
consider a broad range of analysis variations, to encom-
pass all reasonable choices, and obtain the corresponding
systematic uncertainty using BMA; in addition, detailed
cross-checks of analysis methods and code are provided
by at least two different people.

A. Blinding

As an overview, first all window observables are blinded
including a multiplicative blinding factor, with some
including an additional additive blind,

a/SX).blind EENGY) a/(jﬂ + pX),

(3.1)
The additive blind is present for the local-current light-
quark-connected dataset on the 0.15 fm ensemble (see
Table I), where previously used data are used in this
analysis; all the other correlation function data used in
the light-quark-connected analysis are new. In addition, we
use an additive blind for the connected Aaj?(SIB) analysis
to avoid cancellation of blinding factors when constructing
the ratio to aj/(conn).

For the light-quark-connected analysis (Sec. IVA), the
blinding is applied to the renormalization factor Zy,, which
is then squared in the observable a,. The factors multi-
plying Zy, are drawn uniformly over the range [0.8, 1.2],
resulting in a multiplicative blind a in the range [0.64,
1.44]. The additive blind f for the 0.15 fm ensemble is set
equal to the standard deviation of that a, result times a
random number drawn uniformly from the range [—1, 1].
The strange and charm analyses (Sec. IV B) are blinded in
exactly the same way. For the disconnected analysis
(Sec. IVC), a is drawn from the range [0.8, 1.2], and
no additive blind is used. Finally, for the SIB analysis
(Sec. IVD), a is drawn from the range [0.95, 1.05]
(connected) and [0.6, 1.4] (disconnected), and the con-
nected observables include an additional additive blind S
drawn uniformly from [-2,2] x 1071°.

The blinds are held in place until all individual analyses
are complete. The analyses are then frozen, the blinds are
removed, and the analysis scripts are rerun. All blinds are
implemented at the software level using a blinding flag

rather than modifying any stored data, so that there is no
possibility of incomplete removal of blinds when obtaining
our final analysis results.

B. Lattice corrections
We perform our corrections for finite-volume (FV), pion-
mass mistuning, and taste breaking (TB) by expressing the
physical point as
ay (Loo ) Mﬂphys) =ay (Llatt’ M

Matg * """ M”]all.516 )

+ Apy + Ay, + Agg, (3.2)

where the first term on the rhs corresponds to lattice data
and

AFV = a'u(Loo M

P Mawg) Y T T Matg g )

= (L. My oo My, ). (33)
Ay, = a,(Loos My oMy, )
— ay(Loos Mg s os Mo, ), (3.4)

ATB = a/t(Loo’Mﬂphys) - aﬂ(Loo’M

Tphys.gy 7 777 T Mphys.£p )

(3.5)

In particular, we correct the light-quark containing observ-
ables, where our estimates of the corrections are based on the
use of effective field theory (EFT) and EFT-inspired correc-
tion schemes that capture the dominant low-energy, two-pion
physics contribution to ah'"“°. We consider variations
obtained from five different approaches: next-to-leading
order (NLO) and next-to-next-to-leading order (NNLO)
chiral perturbation theory (yPT) [9,10,61-64], the chiral
model (CM) [65] employed in Ref. [49], the Meyer-
Lellouch-Liischer-Gounaris-Sakurai (MLLGS) approach
[66-73], and the Hansen-Patella (HP) scheme [74]. These
low-energy effects are heavily suppressed in the short-
distance window region, which is also outside the range
of validity of most of these EFT-based schemes. The HP
scheme, however, is a complete resummation of the pertur-
bative theory of relativistic pions, hence is convergent at any
energy scale. Therefore, we employ only the HP scheme for
short-distance window observables. In order to simplify our
analysis, we have chosen throughout this work not to mix
different EFT schemes for FV, M,, and TB corrections.
Because the HP scheme yields an explicit finite-volume
difference, it is not straightforward to obtain infinite-volume
pion-mass corrections from it. Hence we omit the HP scheme
from analyses where this mass correction is required, namely
;¥ (conn) (Sec. IVA) and aY (disc) (Sec. IV C). For these
quantities, the predictions of HP for FV corrections are
closely consistent with yPT as expected (see the end of
Sec. 2.1 in Ref. [74] for a discussion), so including the HP

094508-9



ALEXEI BAZAVOV et al.

PHYS. REV. D 111, 094508 (2025)

oad o0 a  NLO yPT
| v NNLO xPT
08 Oy o M
g & MLLGS
0.6 24 a
A e
=z vv o
9<l 04p Aa av *
2 av AA
aA
L & &
0.2 A A ﬁ § X %
X 8 g 4 8 &
0.0F o® o ce O © © o0g O O og o °© o o
oe
oe o
1 1 hh 11 dd I mdd wu ll dd wu ll dd  uwue 11 dd
a/fm  0.04 0.06 0.09* 0.09 0.12 0.15 0.15

FIG. 3. Finite-volume corrections for each ensemble and valence-quark content for light-quark contributions in the intermediate
window region. The unfilled symbols correspond to the local current and the filled to the one-link current.

scheme would not significantly alter our estimates of finite-
volume effects.

The finite-volume and taste-breaking corrections com-
puted for the intermediate window observables are given in
Figs. 3 and 4, respectively; the finite-volume corrections
obtained from the HP scheme, used for the connected
contributions in the short-distance window, are given in
Fig. 5. The corrections to the disconnected contribution are
obtained by multiplying their connected counterparts by
—1/10. We do not apply MLLGS to the data at 0.15 fm
because the heaviest-taste two-pion pair lies above the p
mass; see the discussion in the MLLGS section of Ref. [9].
The pion-mass-mistuning corrections are small where
applicable (at the subpermille level in the intermediate

A NLO xPT vy
v NNLO yPT Vy
10'F o CM AaA
& MLLGS Yy aa ce
AA 38
oe
_o v
S<|H 10 al o
2
< v
- a X oce
1071 L
oe o
[oX 4
0.04 0.06 0.09 0.12 0.15
a (fm)

FIG. 4. Taste-breaking corrections for light-quark contributions
in the intermediate window region for each lattice spacing at the
light-valence-quark value. The unfilled symbols correspond to
the local current and the filled to the one-link current.

window) due to the accurate tuning of the ensemble masses
and hence are not shown.

Figures. 3 and 4 show that the expected dependencies on
the lattice spacing, lattice volumes, and pion masses are
largely followed. Any slight deviations from the expected
behavior are likely the result of error introduced by
applying the correction schemes slightly outside their range
of validity; the use of several EFT and EFT-inspired
schemes accounts for this error in the BMA systematic
uncertainty. Additionally, one of the largest sources of
systematic uncertainty for "™ (conn), ay (disc), and
Aai®V (SIB, conn) results from the discrepancy between
different finite-volume correction schemes—specifically
between CM (and, to a lesser extent, NLO yPT) and the
other EFT and EFT-inspired approaches. Correlations
between observables due to this systematic uncertainty
are discussed in Appendix C. For contributions from
heavier flavors, finite-volume effects are expected to be
negligible compared with the level of precision of our
calculation [75].

C. Continuum extrapolations

For each observable, we consider variations of the
continuum fit function and the data included, dropping data
at certain lattice spacings when appropriate.” The general
form of the continuum fit function employed for almost all
observables, except for Aa}jd (SIB, conn) [see Eq. (4.16)], is

a,(a,My) = a,[1 + F*(a) + F*(M,)],  (3.6)
where F“(a) is adjusted as needed to describe the discre-
tization effects of each observable. The function FM (M)
accounts for any residual mass-mistuning effects in our
extrapolations and is given by

"We do not perform fits where the number of degrees of
freedom is negative.
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FIG. 5.

Finite-volume corrections in the Hansen-Patella scheme for each ensemble and valence-quark content for light-quark

contributions in the short-distance window region. The unfilled symbols correspond to the local current and the filled to the one-link

current.

M2
FM(MA) = Csea Z M2’p i 5M1247
A=m K" Aphys
M3 ohys — M3
oM} = P S 3.7
A ZB()A ( )

unless otherwise specified in the individual analysis sub-
sections of Sec. IV. Here B, is the GMOR constant of
proportionality, obtained as By = X,/F3 using the values
from Refs. [34,76,77] for SU(3) chiral perturbation theory,
and A is defined below. The parametrization in terms of the
meson masses makes it straightforward to match to the
isospin-symmetric and isospin-broken QCD schemes
defined in Sec. I B. We impose a stabilizing Gaussian prior
of Cya = 0(2). We note that our continuum extrapolations
are insensitive to this prior’s width as we find that our results
(central values and errors) for all observables presented in
this paper are essentially unchanged when we increase the
width by a factor of 10.

For each a,I;WP‘LO observable, we use an empirical Bayes
procedure to obtain guidance for the important terms in the
continuum fit functions. This procedure was outlined at the
end of Sec. III D of Ref. [13]. Here, we use the following
functional form for F“(a) in our empirical Bayes fits:

¢ xial,

ij x = (ah)>.

4
Fénp(a) = cyyx log(ah) + Z
i=1 j=0

(3.8)

The scale A is chosen to maximize the Gaussian Bayes
factor [see Eq. (28) of Ref. [78] ], which is proportional to
the marginal likelihood (model evidence) coefficients in
Eq. (3.8). The coefficients are constrained with Gaussian
priors ¢y, ¢;; = 0(1). Following Ref. [35] we use a; =
ay(2/a) and take ay (n; = 4, u = 5.0 GeV) = 0.2530(38)

from Ref. [79], where we evolve the coupling using the
four-loop $ function [80-82]. Equation (3.8) accounts for
log-enhancement effects in short-distance window observ-
ables [11,83-85], by allowing for a leading a? term instead
of the expected a’a; for the local current and for a leading
a*log(a) for the one-link current; see Appendix A for
further discussion.

The continuum fit functions used in the analyses of the
individual HVP observables are specified in the respective
subsections of Sec. IV. They are also informed by these
theoretical expectations, while the empirical Bayes analy-
ses provide guidance for the scale A and the subleading
discretization terms. In order to regulate the degrees of
freedom in the continuum fits, we include a prior on the
highest-order terms of

Cy =0(2). (3.9)
This prior has twice the width of the priors used in the
empirical Bayes analysis; hence, it does not significantly
influence our continuum limit beyond assisting with
stability in some cases.

D. Bayesian model averaging

In the final step, the uncertainties associated with the
systematic corrections, needed to obtain the observables in
the continuum and infinite volume limits and at the physical
point, are estimated using BMA [86,87]. In the BMA
language, the systematic corrections are referred to as
“models.” This analysis approach is detailed in Ref. [13].
In the context of lattice field theory calculations, BMA using
the Akaike information criterion in a frequentist context was
pioneered in Refs. [88,89]; an early use of BMA for lattice
QCD was presented in Ref. [90]. The formulas for the mean
and variance from the BMA are given by
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Ny

<aﬂ> = Z <aﬂ>an‘(Mn|D),

n=1

Zaa #Pr(M,|D) +Z

(3.10)

)opr(M,|D) = (a,)?,

(3.11)

where N, is the number of models and the probability of a
specific model M given the data D is defined through the
Bayesian Akaike information criterion (BAIC) weight
[87,91],

1
pr(M|D) = pr(M) exp | =3 (£gua(8*) + 2k + 2New) |

(3.12)

Here, y3,, is the standard y-squared function, not including
the contribution of the priors, and a* is the posterior mode
(i.e., the best-fit point for the vector of fit parameters a when
optimized against the augmented y-squared function [78]).
Ny 18 the number of data points cut from a dataset—in this
case, the number of ensembles omitted from a given
extrapolation. The parameter k is the number of independent
parameters in a given fit function. The factor pr(M) is the
prior probability of a given M.

For most observables, we take pr(M) = 1/N,;, which
corresponds to the minimal a priori biasing of some models
in favor of others. For aj"" (conn) and Aa!¢(SIB, conn),
the flat prior pr(M) = 1/N,, implicitly biases the BMA in
favor of certain types of models over others due to
combinatorial effects; see Secs. IVA and IVD 1 for the
choices of model priors for these observables. The total
uncertainties on model-averaged results are given as lo
deviations, as derived from the BMA variance of the mean
in Eq. (3.11). Our procedure for obtaining complete error
budgets from the respective BMA analyses is described in
Ref. [13], with any additional considerations described in
the relevant analysis sections below.

The probability weights defined in Eq. (3.12) can be used
to assess the relative weight of specific analysis choices in the
BMA. Comparison of these weights can identify if a
particular correction scheme or fit function variation is
preferred or suppressed by the averaging procedure. This
identification is achieved by computing the “subset proba-
bility” of the model subset S from the relative posterior
probability of the variations contained in S,

pr(S|D) = > pr(M;|D). (3.13)

M, eS

The subset probability encapsulates the relative weight of the
models in a given subset compared with the whole model

space as informed by the data (see, for example, the pie charts
in Figs. 7 and 9).

In order to account for correlations in the different
contributions in Eq. (2.6) due to common parameter
choices and common ensembles, random sources, and
datasets, we use Gaussian error propagation, from the
software package GVAR [92]. Specifically, we perform
separate model averages for each contribution to a,. To
account for statistical and parametric correlations between
each contribution, we perform these model averages in
series and compute the covariance via

Z Cov,,

where Cov,,[a], .{al)] are the statistical and parametric
covariances between (a'),, (the individual model results
from {M’,}) and (a}) (the model averaged over {M}}) and
are estimated using GVAR. Equation (3.14) is derived in
Appendix C under the assumption that the model spaces for
each respective contribution are independent, in which case
the covariance due to model spread cancels exactly. In
specific cases where there is significant systematic corre-
lation due to common model space, namely using the same
scheme for correcting for finite-volume effects in light-
quark observables, we adopt a conservative approach,
assuming 100% model correlation. The treatment of this
correlation adds the additional term

Covl{al,, al] = alVpr(Mi,|D), (3.14)

Covld), a}] = Cov®™[d!, a ]+6FV By

(3.15)

where Cov*™[a!, a}] is estimated using Eq. (3.14) and 61;;’

is the contribution to the systematic uncertainty of a,", that is
associated with the spread of the finite-volume correction.
Equation (3.15) is used to account for correlations between

ai™ (conn), ay (disc), and Aai™Y (SIB, conn). Details and
derlvatlons of these covariance formulas are given in
Appendix C. We cross-check our variances obtained from
the GVAR approach against a global bootstrap-based
approach.

As a final note, the results for each observable obtained
from the empirical Bayes procedure, described in Sec. III C,
can be compared with what we obtain from the correspond-
ing BMA analyses when varying only the continuum fit
functions. We find good consistency in the central values and
errors reported from the two approaches, in line with the
findings of Ref. [13].

IV. WINDOW OBSERVABLES

A. Light-quark connected

The light-quark-connected contribution to a,I;WP’LO is

approximately 85% and 70% of the total intermediate- and
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short-distance windows, respectively. Hence, the uncer-

tainty on ai"" (conn) and a.;°(conn) is a limiting factor

on the uncertainty of the complete a' and a3 observables.
In this work, we update our previously published result for
!V (conn), which has a relative uncertainty of 0.5% [13].
This updated analysis includes new correlation function
datasets, generated using low-mode averaging on all
ensembles (see Sec. II C). These newly generated correla-
tion functions come with reduced statistical noise at large
Euclidean times. However, we find that the new data also
have better statistical precision at intermediate distances.

One of the significant sources of systematic uncertainty
in the result of Ref. [13] was the mistuned light-quark mass
on the 0.09 fm ensemble. To remedy this, we have
generated correlation function data on the new 0.09* fm
ensemble, which has a better tuned light-quark mass,
yielding a pion mass within 2% of the physical value.
As a result, there now are no significant pion-mass
corrections needed for the entire light-quark-connected
dataset, when we apply the lattice corrections. Another
substantial source of uncertainty in the previous calculation
was the continuum extrapolation. Here, in order to con-
strain the continuum limit better, we include correlation
functions with a second vector-current discretization, the
one-link (taste-singlet) vector current [Eq. (2.20b)], on all
the ensembles. In addition, we include local and one-link
datasets on an ensemble with a lattice spacing of 0.04 fm,
the finest to date. We currently have fewer configurations
on this ensemble, relative to the other ensembles at coarser
lattice spacings. Nevertheless, the statistics is sufficient to
significantly improve our continuum-limit extrapolations
for the two window observables considered here. Visually,
the improved light-quark dataset is illustrated in Fig. 2 with
the specific number of configurations, sources, and eigen-
vectors used in these datasets given in Table IV.

With these improved data, we follow the analysis
strategy outlined above in Sec. III, which is similar to
the strategy detailed in Ref. [13]. We renormalize the

TABLE IV. Vector-current correlator datasets used in the
calculation of aff(conn). The first column lists the approximate
lattice spacings in femtometers. The ensemble parameters are
contained in Table I. The second and third (fourth and fifth)
columns list the number of configurations and wall sources
analyzed for the local (one-link) current. The final column lists
the number of eigenvector pairs per configuration.

Local One-link
Na/fm Nconf Nsrc Nconf Nsrc Neig
0.15 957 48 957 48 1000
0.12 1060 64 1060 64 2000
0.09* 993 96 993 96 2000
0.06 1009 96 900 96 2000
0.04 313 144 256 144 2000

respective vector-current operators with the ZRXSMOM
renormalization factors in Table IIl. This choice takes
advantage of the complete and precise set of local and
one-link RI-SMOM renormalization factors that are avail-
able from Ref. [59].

For the intermediate window observable, we create
datasets corrected for finite-volume and mass-mistuning
effects from the EFT-based correction schemes described in
Sec. III B. As already mentioned above, all the correlation
functions included in our analysis are generated on well-
tuned ensembles, so that quark-mass-mistuning corrections
are subleading. As a result, we are now able to ground all
corrections for quark-mass mistuning directly in EFT.

With the addition of a second current to our dataset, we
perform independent continuum-limit extrapolations, as
well as joint ones, to quantify the systematic uncertainty
due to residual discretization effects. In the BMA language,
these variations are performed by excluding the data for one
of the two currents from the continuum extrapolations. For
ensembles where we do not have an equal number of local
and one-link configurations (0.06 and 0.04 fm), we
compute the correlation matrix using the configurations
shared between both currents and rescale by the variances
on the full datasets to obtain the final covariance matrix.
Another consequence of including a second current in our
dataset is that we no longer include taste-breaking corrected
data in our Bayesian model average. We do, however, still
verify that datasets corrected for taste-breaking give con-
sistent results in the continuum. As mentioned in the
preceding section, we apply finite-volume corrections from
only the HP scheme, which are at the permille level, to the
short-distance observables. The subleading valence-mass
dependence in this window is being taken care of by the
mass term in the continuum fit function, Eq. (3.7).

After first verifying that independent continuum extrap-
olations of the local and one-link data agree, our analysis
strategy is to include joint, correlated fits to both currents
simultaneously. Because the leading discretization effects
in the one-link and local currents differ from each other (see
Appendix A), a combined fit gives us a strong handle on the
continuum  extrapolation of a’(conn). In this fit, the
continuum extrapolated value of aff [a, in Eq. (3.6)] and
the mass-mistuning coefficient Cy, in Eq. (3.7) are shared
parameters.

The form of F“(a) for each observable is informed by
theoretical expectations for the two currents, as well as the
empirical Bayes procedure. In particular, the one-link current
has leading a? discretization effects (Appendix A), so we do
not include any leading a, suppression. The empirical Bayes
procedure provides guidance for the highest-order discreti-
zation terms that can be resolved by our datasets. For

iV (conn), this corresponds to an a* term in the fit function,
while for a,l,l’SD (conn) we find that an a® term is resolvable. In
our analysis, we therefore consider continuum-limit fit

functions that include terms up to a® and a® for

094508-13



ALEXEI BAZAVOV et al.

PHYS. REV. D 111, 094508 (2025)

ajt™ (conn) and a}*P (conn), respectively, in order to test for

stability of the extrapolated results.
The functional forms of F“(a) in Eq. (3.6) for the local
and one-link currents are then given by

4
Fiea(a) = Cpoh(ah)?a + Y Coa(an),

k=2
where n = {0}, 1,2, (4.1)
4
ane—link(a) = {Ca2 log(a) (aA)2 log(aA>} + Z CaZk (aA)Zk’
k=1
(4.2)

where the terms representing the effects of log enhance-
ment (i.e., the terms within {...}) are included only for
extrapolations of the short-distance observable. Applying
the empirical Bayes procedure for both currents independ-
ently and simultaneously, we find the following consistent
results for A,
All,SD = All,W = 0.6 GeV. (43)
We label fit functions with C, = 0 as “quadratic,” fit
functions with Cs = 0 as “cubic,” and fit functions with all
terms listed in F“(a) as “quartic.” Given the additional data
point at 0.04 fm, as well as the second current, our
continuum extrapolation fit function variation basis has
expanded from Ref. [13]. With the constraint that we do not
perform fits with zero degrees of freedom or less, we now
include variations where we drop the two coarsest spacings,
not just the single coarsest. Due to the lower statistics at
0.04 fm, we also include variations for a}"" (conn) where
this ensemble is dropped. Aside from the variations,
discussed above, where we drop one of the two currents
completely, we restrict our variations to ones in which the
ensembles are dropped for both currents simultaneously.8
For aff’SD (conn), as indicated in Eqgs. (4.1) and (4.2), we
include an extra subset of fit variations with leading a® for
the local current and include a leading a®log(a) for the
one-link current due to the short-distance log-enhancement
effects discussed in Appendix A. We cross-check this
theoretical expectation in our empirical Bayes analysis.
Specifically, for the one-link current, the data prefer a fit
function that includes the log-enhanced term. Without it,
the fit quality, as measured by the y?/d.o.f. (degree of
freedom), is poor, and the continuum limits of the one-link
and local-current data are in tension with each other. In

11,SD

contrast, for the local-current a,”"(conn) data, the

¥We have verified that including variations where different data
points are dropped for the different currents gives a completely
consistent final BMA central value and uncertainty.

empirical Bayes fits prefer a fit function without the log-
enhanced term.
In summary, our Bayesian model average incorporates
the following analysis variations:
(i) Finite-volume and mass-mistuning correction: For
it (conn), variations from the following correction
schemes are considered: yPT (NLO and NNLO),
CM, and MLLGS. We always correct both currents
using the same scheme. In the case of MLLGS, we
do not perform extrapolations with the coarsest,
0.15 fm, data point as discussed in Sec. III B. For
allSP(conn), we fix the finite-volume correction
scheme to HP and account for mass mistuning in
the continuum fit function.

(ii) Correction region [a,lf'w(conn) only]: We include a
variation on the corrections where they are com-
puted from the range [0.7, 1] fm instead of over the
full W window interval. The reasoning for this is
discussed in Ref. [13].

(iii) Continuum fits: We perform continuum extrapola-
tions using all fit function variations described
above, including fits to the three and four finest
ensembles and four coarsest ensembles [a,lf W (conn)

only]. Also included are fits that drop one of the two
currents entirely.9
The result of applying the BMA procedure, with these
variations, for a/;"" (conn) is shown in Fig. 6. The top right
panel illustrates the continuum extrapolations using data
corrected with CM computed from the full window. The
dashed lines indicate the continuum extrapolations for each
dataset. In total, we include 640 fit results in the Bayesian
model average. The histogram of the fit central values is
shown in the top left panel of Fig. 6, where it is overlaid on
the BMA result (red line and bands) obtained using

Egs. (3.10) and (3.11). We stress that this histogram is

not the same as the posterior distribution described by

Egs. (3.10) and (3.11), since it shows only the mean values

obtained within each model and does not include the single

model variances. We also stress that the error band shown
does not represent a confidence interval obtained from the
histogram, since 100% of the models considered are
summed over to obtain the averaged result. The middle
panel shows the results from all the individual fits, ordered
by the model probability, in comparison with the BMA
result (red line and bands), while the bottom panel gives the
associated Q values computed from )(gug [see Eq. (B4) of

Ref. [93]]. We find that fits with higher Q values tend to

have the larger model probabilities.

Following Ref. [13], we also perform the Bayesian
model averages on specific subsets of the analysis

"We adjust the model priors, pr(M), of these variations so that
they are equal for each current subset, which accounts for the fact
that there are more variations for the local-current fits, due to
different powers of n in the leading a’a term.
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FIG. 6. Results of the BMA procedure applied to a,lf 'W(conn). Upper left: histogram of all continuum extrapolations used in the BMA,
the inner light red band corresponds to the first term in Eq. (3.11), while the outer is the total error. Upper right: the subset of datasets and
extrapolations corresponding to correcting the local (blue unfilled) and one-link (purple filled) currents with the CM. Different
extrapolations correspond to variations of the fit function and ensembles included. Lower: the best fits according to the model
probability, Eq. (3.12). The middle panel shows the joint-fit results, while the bottom one shows the corresponding Q values [93]. In
both panels, the correction schemes employed for Agy and Ay are indicated by the symbols’ color, according to the legend in the

middle panel.

variations. That is, we fix one of the analysis choices but
vary the rest as usual. The results of these subset averages
for a"V (conn) are shown in Fig. 7 (left). The top data point
is the BMA result from Fig. 6. The four following data
points correspond to model subsets for the lattice correc-
tions that are separately limited to each of the four schemes
(NLO yPT, NNLO yPT, CM, MLLGS). We find tension
between the CM scheme and the others, which yields a
significant contribution to the systematic uncertainty in our
full BMA result. The next three points correspond to model
subsets that either do or do not include one of the two
currents in the extrapolation, with joint fits including both.
We find that these results are in strong agreement with each
other, with a gain in precision from performing the joint
fits. The following 14 data points are subsets of the
continuum extrapolation where the highest-order discreti-
zation term is varied, and specific lattice spacings are
dropped. We specify these subsets for the local current with
unfilled symbols and the one-link current with filled
symbols. Here, dropping our two coarsest ensembles or
the finest results in the most variation. The next two data
points break the fit function basis into two subsets based on
if the mass-mistuning term is included or not. The results

here are consistent for these variations. Finally, we split the
fit function basis into fits with different leading powers of
a,. We find the BMA does not significantly discern among
the powers of a, in the leading term for the local current
(unfilled circles). Below the dashed line we include the
result obtained by performing all the variations described
above and, in addition, including corresponding variations
for each scheme including taste-breaking corrections, i.e.,
increasing the size of the model space by a factor of 2. We
find this result is consistent with our final BMA result.
The relative probabilities of these subsets, as defined in
Eq. (3.13), are shown in Fig. 7 (right). The top pie chart
shows that the correction schemes have roughly equal
weight in the BMA, with MLLGS being smaller than the
others. This is due to the fact that the number of models
with MLLGS corrections is smaller as we do not include
variations where the coarsest data point is included, as
discussed above. The second pie chart from the top shows
the subset probabilities for performing either joint extrap-
olations or dropping one of the two currents. We see a
strong preference for performing the joint extrapolations,
largely due to the penalty incurred from dropping the five
data points, which corresponds to the full current that is
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FIG.7. Breakdown of the results from the BMA applied to a,lf’w(conn). Left: from top to bottom, the first, main result (BMA) includes
all datasets, schemes, and other variations. The next block of results are the schemes for finite-volume and pion-mass corrections. The
following three are continuum extrapolations where either neither or one of the two currents is dropped. The next 14 are subsets with
specific continuum fit functions, corresponding to quadratic and cubic, as well as omitting various subsets of the 0.15, 0.12, or 0.04 fm
ensembles. The unfilled circles correspond to the local current, the filled to the one-link current. The next two correspond to continuum
fits with or without the mass-mistuning term. The penultimate three are subsets with differing leading powers of a; in the fit function
where, again, unfilled symbols are the local current and the filled symbols are one-link current. Finally, below the dashed line, not
included in the final BMA result, is the value one obtains if the model space is doubled by adding the original variations but with the
corresponding taste-breaking corrections. The inner error bars on the data points correspond to the first term in Eq. (3.11), while
the outer is the total error. Right: pie charts showing the contributions to the BMA corresponding to the breakdowns in the left panel. The
percentages are computed from Eq. (3.13) for the particular subsets. In the case of the continuum fit function subsets, which are broken
up into local and one-link current variations, the left pie-chart corresponds to the local current and the right to the one-link.

11,SD

dropped. The third and fourth pie charts, on the same row, The result of applying the BMA to a, >~ (conn) is shown

indicate that quadratic continuum fit functions are preferred
for the local current whereas cubic fit functions are
preferred by the one-link current, likely due to the signifi-
cantly larger discretization effects in the one-link current. In
the following pie charts, we observe a preference for
continuum fits where the mass-mistuning term is switched
off, again due to the penalty incurred in the BAIC for the
additional fit parameter. Finally, in the last pie chart, we see
a slight preference for a leading power of «a, for the local
current.

in Fig. 8. Here, we plot all the joint continuum extrapolations
to the two current dataset. In total, there are 126 models in our
BMA corresponding solely to continuum fit function varia-
tions. As expected, the short-distance window observable has
much larger discretization effects than a,lf‘w(conn). In
particular, the one-link current has a leading a? discretization
effect, which leads to a logarithmic enhancement, as dis-
cussed in Appendix A. Due to these large discretization
effects, some fit functions without higher-order terms are
heavily suppressed in the Bayesian model average. This can
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® Sl leading discretization effects seem to constrain the con-
‘o el tinuum result significantly. On the other hand, the fits to just
= 45+ L '\\ "’g.. the one-link current result in a very large uncertainty due to
§ “u e the leading a”log(a) dependence. All other fit function
a8 Mo "1‘,\ variations are reasonably consistent with each other.
Zo ok i Shey v However, we do observe a large increase in uncertainties
= W 1 when dropping the two coarsest spacings. Finally, we find
S S that the BMA shows no preference for the power of a in the
o . .

e Fits: 126 SSen leading term of the local-current fit function. Other than
35F— auBMy) | |- D local & onelink e slightly larger errors in the leading a” fits, we see almost

0 0.005 0.01 0.015 0.02 0.025 exactly equal results and subset probabilities.
a? [fm?] Our final determinations of a}>°(conn) and a}"" (conn)
are given in Sec. V, specifically Egs. (5.1) and (5.9). We
FIG. 8. Results of the BMA procedure applied to a/°(conn). ~ compare these results with previous determinations in

Left: histogram of all continuum extrapolations used in the BMA,
the light red band is the BMA result. Right: the subset of datasets
and extrapolations corresponding to the two different currents.

be seen in the second and third pie charts in Fig. 9 where the
quadratic fit function is insufficient in capturing the curvature
over all five ensembles. In this window, we find significant
improvement when performing joint fits as opposed to fits
where one of the two currents is dropped. The differing

Figs. 25 and 26, respectively.

B. Strange and charm

As discussed in Sec. I A, the strange- and charm-quark-
connected contributions to aj; ' """ are the next largest after
the light-quark connected in the short- and intermediate-
distance windows. Specifically, as can be seen in Fig. 1, the
charm contribution is the second largest to a,° while the

W

strange contribution is the second largest to a,. In fact,

BMA - —a—+
Joint fits| —a—
w/o one-link - +—o—+
w/o local ———
quad. | e
quad. w/o 0.151 <
quad. w/o 0.15, 0.12 SR
cubicl =
cubic w/o 0.15F
quart. - i=s
FM(My) onf b
FM(MA) off il
a>+...r
a’ag + B ——+
aa?+ .1 o
478 48.0 482 484
101 aﬁ’SD(Conn)

FIG. 9. Breakdown of the results from the BMA applied to a,lf’SD(conn) (see caption of Fig. 7 for a description of the figure).
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TABLE V. Vector-current correlator datasets used in the cal-
culation of the strange- and charm-quark-connected contributions
to 5P and ay . The first column lists the approximate lattice
spacings in femtometers. The parameters for these ensembles are
contained in Table I. The second column lists the number of
independent configurations analyzed after binning, as discussed
in Sec. II C. The third column lists the number of random-wall

source solves per configuration.

za/fm Nconf Nsrc
0.15 1001 48
0.12 298 64
0.09* 252 48
0.06 158 24

almost all the charm contribution is contained in the SD
window region, with the W window region containing only
a contribution from the long-distance tail of the charm-
quark vector-current correlation function. Fortunately, the
strange and charm correlation functions do not suffer from
the same signal-to-noise issues in the tail as the light-quark
contribution does. Additionally, the effects of finite volume
and taste breaking are negligible at the level of precision we
require. Hence, the analysis of these two contributions is
much simplified compared with observables that contain
light quarks.

Our strange and charm datasets are obtained using the
local current and have equivalent statistics, with the specific
numbers of configurations and sources used in the analysis
given in Table V. All ensembles have tuned masses within
4% of the physical strange and charm mesons in Sec. I B,
which can be seen from Table II. The strange and charm
local vector currents are renormalized with both sets of
factors (Z c» Z35om®™) given in Table III. The two
renormalizations have different discretization errors but
should yield consistent results in the continuum limit.
Because discretization errors can be a more significant
source of uncertainty for the heavier flavors, we use both
renormalization schemes in our strange and charm analysis
to improve control over the continuum-limit extrapolation.

The observables P (conn), a3 (conn), a " (conn),

w
and a,”" (conn) are computed on each ensemble. We

perform continuum extrapolations with the local continuum
fit function Fj ,, [Eq. (4.1)] in Eq. (3.6). For the charm
extrapolations, we modify the mass-mistuning term

FM(M,) [Eq. (3.7)] with

Mp_phys =Mp _1an
F%arm(MA) — FM<MA> + Ccharm 5-Pys s.lat

(4.4)
MDS ,phys

to account for mistuning of the charm-quark mass. The
values of the D; mass on each ensemble are given in
Table II. We use a Gaussian prior of Cguam = 0(1),
following Ref. [60]. Mistuning of the strange-quark mass
is captured by the existing sea-mass correction term in

FM(M,); as previously stated, we find that our results are
insensitive to the stability prior on this term. From our
empirical Bayes procedure we find

ASS,SD = Ass.W =0.65 GeV, (45)

ACC.SD = ACC,W = 1.3 GeV. (46)
We also find that the charm data are sensitive to higher-order
discretization terms (a®, a®) while strange data are not. As
before, we limit our continuum fit variations to ones in which
the degrees of freedom are non-negative, using the prior of
Eq. (3.9) when necessary to regulate the degrees of freedom.

The results of these continuum extrapolations are shown

in Fig. 10 for a;*" (conn) (top left) and a5 (conn) (top

right). For a}**" (conn), in the right panel, 12 continuum fit
variations are performed for the two choices of renormaliza-
tion factor given in Table III. The histogram of the fit central
values is shown in the left panel with the BMA mean and
errors, Egs. (3.10) and (3.11), given by the red line and inner
[first term in Eq. (3.11)] and outer bands (total error). Here,
the error is dominated by the first term in Eq. (3.11); hence,
only the inner band is visible. In the bottom left plot of
Fig. 10, the models are broken up into labeled BMA subsets.
We find these subsets are all consistent with our full BMA
result (red). For aff’w(conn), Fig. 10 (top right), we have 16
fit variations (four additional variations from including the
C s term). We observe that the charm data have additional

curvature compared with a3 (conn) over the range of
lattice spacings we compute. And indeed, we find that fit
variations with just quadratic terms are not enough to capture
this curvature. This can be seen in Fig. 10 (bottom right),
where the quadratic continuum extrapolations subset value
appears off the plot. From the corresponding pie chart on the
right, we observe that BMA suppresses the contribution from
this subset, indicating very poor fit quality. Aside from this,
all other model variation subsets are in good agreement with
our BMA result. The consistency of the quartic subset of fits
with everything else indicates that we have stability with
respect to adding higher-order terms. .
SS,

Continuum extrapolation results for ay

a5¢SP (conn) are shown in Fig. 11, (top left) and (top right),

respectively. The total fit variations are increased for both
strange and charm over the a,V,v case due to the inclusion of
variations with a leading a” term, as in the case of the light
quark, to test for any log-enhancement effects. As before, we
find additional curvature in the charm contribution over the
strange. In Fig. 11 (bottom), the breakdown of these
extrapolations into labeled BMA subsets is given. We find
that for aj;*S® (conn) (left) we have consistent results for all
model subset variations, with the quadratic fits to the full
dataset being preferred by the BMA. We also see no
preference for the power of a,. For a5“SP(conn) (right),

(conn), we find that quadratic fits are

(conn) and

as in the case of a;""
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FIG. 10. Results of the BMA procedure applied to a*" (conn) (left) and a;" (conn) (right), respectively. Upper plots, right: all
continuum extrapolations used in the BMA for the respective observables. Upper plots, left: histogram of all continuum results. The red
line and bands are the corresponding BMA result, where the inner light red band corresponds to the first term in Eq. (3.11), while the
outer is the total error. Lower plots, left: breakdown of BMA result into model subsets. From top to bottom, the main BMA result,
containing all variations. After, the two data subsets using the two local-current renormalization factors in Table III. The next group are
subsets using specific continuum fit functions: quadratic, quadratic without the 0.15 fm data point, or cubic. The quadratic data point for

cc,W

a,”" (conn) is outside the range of the x-axis. For this contribution, we also include a quartic variation. The final two data points are
subsets with differing leading powers of a, in the fit function. The inner error bar on the data points corresponds to the first term in
Eq. (3.11), while the outer is the total error. Lower plots, right: pie charts show the relative contributions to the BMA corresponding to
the breakdowns in the left panel. The percentages are computed by summing over Eq. (3.12) for the particular subsets, as in Eq. (3.13).

insufficient to capture the curvature of the full dataset.
Outside this particular set of fits, we observe some spread
in the remaining variations, though all are statistically
consistent with each other and encapsulated by the BMA
uncertainty.

Our final determinations of ;" (conn), a5SP(conn),
a*¥ (conn), and a5 (conn) are given in Sec. V, specifi-
cally Egs. (5.2), (5.3), (5.10), and (5.11). We compare these
results with previous determinations in Figs. 25 and 26,
respectively.

cc,SD

C. Disconnected

For the disconnected contribution, our dataset spans only
our three coarsest lattice spacings (see Fig. 2), which leads
to two technical complications. First, MLLGS is not usable

at the coarsest spacing (see Sec. III B), so we exclude it
from our set of correction schemes. Second, being limited
to three spacings constrains the continuum-limit extrapo-
lation variations, which we usually take to be at least
quadratic and hence have three parameters at minimum. A
taste-singlet current is necessarily employed, hence we use
the one-link discretization, Eq. (2.20b), along with the
renormalization factor Z¥'SYPN from Table III. We also
use no mass-mistuning term, as it cannot be resolved with
only three data points. Ensembles and corresponding
statistics are given in Table VL.

For al‘,"’(disc), we perform FV, M, and TB corrections
as described in Egs. (3.3)-(3.5) of Sec. IIIB. We
consider the CM scheme along with NLO and NNLO
xPT. The empirical Bayes procedure described in Sec. III
yields
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FIG. 11.

AdiSC,W =0.9 GeV. (47)

We observe that our dataset cannot significantly resolve
terms beyond the leading a* for a)' (disc). Hence, our
continuum fits in Eq. (3.6) utilize

TABLE VI. One-link current correlator datasets used in the
calculation of the disconnected contribution to aED and a,\,V. The
first column lists the approximate lattice spacings in femtometers.
The parameters for these ensembles are contained in Table I. The
disconnected correlator data for the coarsest two ensembles are
the result of combining two datasets, each analyzed at the outset
by separate groups of authors. The second column lists the
number of independent configurations analyzed by each group,
respectively. The third column lists the number of volume
random sources per configuration, while the fourth column gives
the number of eigenvectors. One dataset employs eigenvectors;
the other, indicated by the - - -, does not.

Na/fm Nconf Nsrc Neig
0.15 645, 1047 256, 256 350, - --
0.12 150, 562 500, 256 300, - - -
0.09 705 1000 1000

(conn) and ay,
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(conn), respectively. See caption of Fig. 10 for a description

8 (@) =3 Conlan)™, (48)
k=1

where m = 2 or 3, and we introduce the prior Eq. (3.9) on
all terms with kK = 2 or 3.

For the short-distance observable, as discussed in
Sec. III B, we include the HP FV correction. We find that
the data in this window are highly nonmonotonic, which
makes it challenging to assign reasonable priors. Hence, we
use Eq. (4.8) with k = 1 and k = 2. When k = 1 we carry
out “solves,” i.e., zero degree-of-freedom parametrizations,
to the finest two and coarsest two points, along with a fit to
all three. When k = 2 we solve for all three. Rather than
using BMA, we take the difference between extreme results
as a conservative systematic uncertainty, while the spread
of the central value over the bootstrap bins is used for the
statistical uncertainty.

Our BMA procedure applied to ay (disc) is shown in
Fig. 12. The BMA runs over the schemes, NLO, NNLO,
and CM, and for each scheme, over quadratic and cubic
Ansdtze, with and without taste breaking, which yields a
total of 12 models. We see that most extrapolations are in
good agreement, except for NNLO with TB. These
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FIG. 12. Results of the BMA procedure applied to the disconnected contribution in the intermediate window with 12 models in total.
The final BMA result is shown in light red, where the inner and outer bands correspond to the error coming from the first term in
Eq. (3.11) and the total error, respectively. Upper left: histogram of a," (disc), weighted by pr(M|D). These results come from the
bootstrap, carrying out fits in each sample. Upper right: continuum-limit extrapolations. Data without TB corrections are indicated with
circles, while data with TB corrections are indicated with squares. Middle: results of the continuum fits for individual models going into
the BMA, plotted against their model weight. Models without TB corrections are gray in the lower half of their symbols. Lower:
goodness of fit O computed from )(ﬁug plotted against the model weight.

extrapolations tend to increase the model spread, and
correspondingly, we see that our final uncertainty has a
considerable systematic component, represented in light
red. Ultimately, the influence of our NNLO points with TB
is attenuated by the fact that they comprise only 2 of 12
models, represented in the histogram of Fig. 12. A break-
down of the BMA results is shown in Fig. 13.

Our procedure for computing a;ij(disc) is illustrated in
Fig. 14." The extreme values used to estimate our
systematic error come from the linear solve to the coarsest
two spacings and the quadratic solve to all three, which can
be seen in the left plot. The motivation for this conservative
estimate lies in the interplay between the SD window
function and the behavior of the disconnected correlator. In

9As mentioned earlier, we do not treat the extrapolation of
aﬁD (disc) as an expansion about the continuum value. Therefore,
we are unable to enforce any sensible priors on the discretization
terms, and hence, the fits are insensitive to the choice of A.
Nevertheless, we take Ayw from Eq. (4.7) as our preferred

choice to scale the abscissa in this figure, keeping it consistent
with Fig. 12.

particular, as t/a crosses the SD window boundary, the
disconnected correlator sharply varies from positive to
negative. As a result, due to the ensembles used in this
work, there are significant discretization effects. This is
further complicated due to the presence of the oscillating
terms in staggered correlation functions; whether there is an
“up” or “down” oscillation at the window boundary varies
for each lattice. This is likely the source of the observed
nonmonotonicity in a3°(disc), and without understanding
in detail how this interplay is resolved at finer spacings, it is
difficult to constrain the continuum behavior.

The pQCD prediction of Eq. (4.26) is consistent within
this large systematic. In the right plot, we see the spread of
midpoints coming from the procedure in the left plot
carried out in each bootstrap sample. For this observable,
the systematic uncertainty dwarfs the statistical uncertainty.
Calculations at finer lattice spacings are needed to clarify
the continuum-limit behavior of this observable.

Our final determinations of a5 (disc) and a' (disc) are
given in Sec. V, specifically Egs. (5.4) and (5.12). We
compare these results with previous determinations in
Figs. 25 and 26, respectively.
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ay' (disc). This breakdown is done in the same manner as Fig. 7.

D. Strong-isospin breaking

The SIB correction [Eq. (2.7)] can be broken up into
connected and disconnected contributions,

Aa!(SIB) = Aa!?(SIB, conn) + Aak¢(SIB, disc), (4.9)

where
Aal?(SIB, conn) = a4 (conn) — af/(conn),  (4.10)
Aa'!(SIB, disc) = a4(disc) — a,, (disc). (4.11)

The last terms on the rhs of Egs. (4.10) and (4.11)
correspond to the isospin-symmetric quantities in
Secs. IVA and IV C; however, we estimate the rhs
differences with distinct analyses to maximize the power

0.000¢

—0.0027

D(disc) x 1010

S
ay
|
o
o
o
=

0.0 0.2 0.4
(ah)?®

of the statistical correlations. These two contributions are
computed from different datasets, as shown in Fig. 2.
Specific numbers of configurations and sources are given in
Table VII. The connected SIB-correction dataset is gen-
erated using the local vector current, whereas the discon-
nected-contribution dataset uses the one-link (taste-singlet)
current. Furthermore, the connected SIB analysis employs
correlator data generated at 0.12 and 0.15 fm using the
TSM to maintain correlations between the different
valence-quark flavors. For the 0.15 fm disconnected data-
set, where we do not have an equal number of configu-
rations between [l and ud datasets, we compute the
correlation matrix using the configurations shared between
both datasets and rescale by the variances on the full
datasets to obtain the final covariance matrix. The local
(one-link) vector currents are renormalized with Z}

(ZRISMON) given in Table I11. The differences between the
connected and disconnected SIB datasets lead to different
analysis strategies for each observable. Here, we describe
each of these analyses for both a)) and a;°. The SIB
correction is a low-energy effect with about 90% coming
from¢ > 1 fm, 10% from the W window region, and almost
nothing from the SD window region.

Our final determinations of Aa4"SP(SIB,conn),
Aa*SP(SIB, disc), Aa"V(SIB,conn), and Aa""V(SIB,
disc) are given in Sec. V—specifically Egs. (5.5), (5.6),
(5.13), and (5.14), respectively—with complete error

budgets for the a) and a3° observables in Tables VIII

and IX, respectively. A comparison of Aa"V (SIB, conn)

and Aai®" (SIB,disc) with previous results from other
groups is given in Fig. 27.

1. Connected strong-isospin breaking

The connected SIB dataset is obtained using the local
current (see Table VII). These data span four lattice

~0.002 ~0.001

aED(disc) x 1010

~0.003

FIG. 14. Results for a;° (disc). Left: three solves and a linear fit in the original dataset. The midpoint between the extreme results in the
continuum limit is taken as an estimate of our central value, and half the spread between the extreme results is taken as an estimate of the
systematic error. The red line gives the pQCD prediction, Eq. (4.26). Right: histogram of bootstrap results for the central value. A
Gaussian with mean and standard deviation taken to be the median and half the difference between the limits of the middle 68% region

of the histogram is shown in black for comparison.
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TABLE VIIL

Vector-current correlator datasets used in the calculation of Aajjd(SIB). The first column lists the approximate lattice

spacings in femtometers. The ensemble parameters are contained in Table I. The second through fourth (sixth through eighth) columns
list the valence-quark flavors, the number of configurations and wall sources (volume sources) analyzed for the local (one-link) current
used in the Aa;jd (SIB, conn) [Aa,'jd (SIB, disc)] analysis, respectively. The fifth column lists the number of eigenvector pairs per

configuration where applicable for the local current.

Connected (local)

Disconnected (one-link)

za/fm q49 Nconf N.‘ﬁg“ Ncig q4 Nconf NZLEz:lume
0.15' wu/1l/dd 4949 48 e e e
0.15 uu/ll/dd 10019 48° ud 1047 256"
) 1692
0.12 uu/ll/dd 9637 64° e ud/ll 712 500"
0.09 1/rr/dd 1000 48 2000 ud/ 1l 705 1000°
0.09* hh/ll/dd 993 96 2000 e e e
0.06 1l 1009 96 2000

*Indicates data generated with the truncated solver method and without eigenvectors.

spacings in [0.06, 0.15] fm across six ensembles and are
evaluated at various isospin-symmetric light-pion masses;
these masses are given in Table II. The data on the 0.15,
0.15', and 0.12 fm ensembles are tuned near the physical
uu, I, and dd values, as defined in Sec. II B. The 0.09 fm
ensemble includes the mistuned (unitary) and retuned light
mass values discussed in Ref. [13] (labeled Il and rr,
respectively) as well as a physical dd point. The 0.09* fm
ensemble includes nearly physical // and dd values and a
point at the harmonic-mean-square mass hh defined in
Sec. IIC. The unphysical mass points on the 0.09 fm
ensembles help constrain the mass dependence of the
chiral-continuum extrapolation. The 0.06 fm ensemble is
evaluated only at a nearly physical // point, which helps
constrain the lattice-spacing dependence of the chiral-
continuum extrapollelltion.

We compute a, ‘(conn) at each lattice spacing and
available valence-quark content g¢g in both the W and SD

window reglons The notation “ l" ”” denotes the light-quark
contribution a!! (i.e., including the light-quark charge factor
defined in Sec. II A) evaluated at the gg meson mass. We then
perform a chiral-continuum fit to these data for each window.
The results of the fit are then used to extrapolate to the
continuum and the physical uu, Il, and dd meson masses
defined in Sec. I B. These values are then used to compute
the SIB correction according to Eq. (4.10), where

aid(conn) = a4“(conn) + aé(conn),  (4.12)
qu lull,
a,"(conn) = (conn), (4.13)
ai
add qd ldld
<“(conn) = (conn). (4.14)
qi

In Eq. (4.10), the value of a!/(conn) comes from the SIB
analysis rather than the value obtained in Sec. IVA to

preserve its correlations with a%*(conn) and ag?(conn),
which are not directly available from the ana1y51s in
Sec. IVA. We choose to do a joint fit to the lattice-spacing
and pion-mass dependencies here, as opposed to computing
Aa!(SIB, conn) at finite lattice spacing and taking the
continuum limit (cf. Sec. IV D 2). This allows us to take
advantage of the data available on the finer ensembles 0.06,
0.09, and 0.09* fm where the set of all three physical masses
{uu, 11, dd} is not complete.

The form of the chiral-continuum fit Ansdtze is a
modified version of the one used to perform data-driven
M, mistuning corrections in our previous intermediate
windows calculation [13] and is given by

l Iy

"(a, Mg, My) = 4 (a, M)[1 + FM(M,)],  (4.15)

where we take

@/ (a. M) = c_(a)h(M/A) + cola) + c1(a) (M /A),

(4.16)

i

cila) =3 eyla) (ah),

Jj=0

ie{-1,0,1}. (4.17)

The term FM (M ) is given by Eq. (3.7), and A = 0.6 GeV
as in Eq. (4.3). The variations of the fit form above included
in the BMA are as follows:

(i) Powers of M?2: The pion-mass dependence in
Eq. (4.16) is varied through the choice of the
function h(x), which is taken to be one from the
set {0,x72,logx? x*} for a) observables and

{0,log x*, x*} for a;° observables. At short distan-
ces, the mass dependence is expected to mild;
indeed, we find that the term /(x) = x~2 does not
describe our data. The forms of these variations are
inspired by chiral perturbation theory [94,95]; see
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Ref. [13] for further discussion. In addition to the
variations used in Ref. [13], we include the i(x) = 0
variation. Other forms of the M, dependence are
also considered, namely other two-term variations
including either M;? and M? terms or log M2 and
MY terms, i.e., with 2(x) in {x~2, log x*} but no M2
(i=1) term. These variations have negligible
weight in the BMA due to a poor goodness of fit
and thus are not included in the final analysis.

(ii) Order in a’: The a® dependence is controlled by the
parameters {n;}, which are the upper limits of the
sums in Eq. (4.17). We take ny, =0, 1, 2, 3 and
nizo =0, 1, 2 with the additional constraints that
min({n;}) > 1, and no fits with a negative number of
degrees of freedom are included.""

(iii) a, dependence of the leading-order a® term: The
dependence on the strong coupling a; is controlled
by the parameter v in Eq. (4.17), which sets the
power of the a; prefactor in the a® terms in the fit.
For Aazd'W(SIB), v =20, 1, 2 variations are in-
cluded, while for Aa“"SP(SIB), only the v =0
variation is included for reasons discussed in Ap-
pendix A.

(iv) Sea-mass corrections: The form of the sea-mass
correction FM(M,) is the same as in Eq. (3.7). For
the 0.15’ fm ensemble, which has distinct up and
down sea-quark masses, an additional term is
included to correct AM% defined in Eq. (2.15).
Specifically,

M-?
M _ 7phys 2
FO.lS’ fm(MA) = Cyeq E ziéMA,
A:n,K,AKI QA.phys

2 2
AMK,phys - AAll(,latt

2B,A

SM3, = (4.18)

Variations with and without the sea-mass correction
term are included.

(v) Finite-volume corrections: For a,‘,"’, four of the finite-
volume correction schemes introduced in Sec. I1I are
included, namely yPT (NLO and NNLO), CM, and
HP schemes; note that pion-mass mistunings are
corrected through the data-driven approach de-
scribed above. For reasons discussed in Sec. III B,
MLLGS is not usable at the 0.15 fm points. This
means that all chiral-continuum fit variations in the
MLLGS scheme would be based on only two lattice
spacings with which to resolve the mass dependence
(10.09, 0.12] fm); therefore, we do not use MLLGS

"A naive frequentist degree-of-freedom counting would in-
dicate some fits with sea-mass corrections have a negative
number of degrees of freedom; however, the tight prior on
Cyea (see Sec. IVA) leads to a positive number of Bayesian
degrees of freedom for these fits.

for ay . For a3P, finite-volume corrections obtained
in only the HP scheme are included for reasons
discussed in Sec. III B. Unlike many of the other
observables, taste-breaking corrections in part can-
cel when computing Aa%/(SIB) and hence have
virtually no impact on the continuum limit. Thus, no
variations that include taste-breaking corrections are
considered here.

(vi) Data subsets: In addition to using the full range of
lattice spacings over [0.06, 0.15] fm, we also include
variations that exclude the coarsest ensembles at
0.15 fm and the finest ensemble at 0.06 fm. The
former variation is considered since it reduces
discretization effects in the chiral-continuum
extrapolation. The latter is considered since the
0.06 fm ensemble includes only the [/ point and
thus does not help constrain the M, dependence in
the chiral-continuum extrapolation; in practice, the
presence of the 0.06 fm point negligibly affects the
continuum value of Aa%?(SIB, conn). In fits that cut
away data, the maximum order of the a> dependence
is reduced to avoid fits with a negative number of
degrees of freedom. Hence, the constraints listed
above become ny =0, 1, 2 and n;z, = 0, 1 for fits
over the range [0.06, 0.12] fm and n; =0, 1, 2 for
fits over the range [0.09, 0.15] fm."?

We impose the Gaussian prior constraint discussed in
Sec. I C on the sea-mass correction; all other parameters
are unconstrained. Because of combinatorial effects intro-
duced by the degree-of-freedom counting discussed above,
there would be a priori model biasing introduced by a
naive, flat model-prior probability pr(M)=1/N,, in
Eq. (3.12). For example, there are more possible fit
variations for each of /(x) in {x72,logx?, x*} than those
with h(x) = 0 because, in the latter case, there are no
additional variations from the c¢_;(a) polynomial. This
discrepancy biases the final BMA result by disfavoring the
h(x) = 0 variations. To account for such biases, the model-
prior probabilities are chosen to approximately eliminate
this bias over the data subset and M, dependence varia-
tions. Specifically, denoting a model fit to data subset s
with M, dependence h as M, we take

11 11

Nsubsets ]VM,r Ns Nh

pr(Ms,h) = (419)

where N5 18 the number of data subset variations in the
model space (three here), Ny, is the number of different

M, variations (four for ), three for a3), N is the number

The fits on only [0.06, 0.12] fm remove uu, Il, and dd data at
0.15 fm, so the maximum n, is reduced. The fits on only [0.09,
0.15] fm remove [/ data and thus do not have a reduced range of
nio values.

094508-24



HADRONIC VACUUM POLARIZATION FOR THE MUON ¢g-2 ...

PHYS. REV. D 111, 094508 (2025)

? (fm?)

<e 0.000 0.005 0.010 0.015 0.020 0.025

3_ T T T T T
=
= o 3
SEY T
T X i}
N Py [} o T $
E : i
S|
z g — f
}E —2F O  uu o ll,rr O dd Mistuned 11 O hh
=15

A xPT NLO VvV xPT NNLO O oM O HP

=)
=i
S 10t 4
= E
X
Z 05t |
S 3
3
So —— BMA
= 007 mmm its: 5544

0.15  0.10 0.05 0.000.004 0.003 0.002 0.001

pr(M|D)

FIG. 15. Results of the BMA procedure applied to Aa,‘jd‘W(SIB, conn). Upper: the chiral-continuum fit with the maximum model
probability, as well as the corresponding data, relative to the central value of the extrapolation curve evaluated at the physical [/ point.
The curves are extrapolations evaluated at physical pion masses for a(conn), a'!(conn), and a?(conn) (light cyan, orange, and purple
bands, respectively); the data match this coloring except for the mistuned I/ point at 0.09 fm (pink) and the kA point at 0.09* fm (teal).
Data from the 0.09 and 0.15’ fm ensembles include a small, rightward offset for visual clarity. The symbol shapes indicate that the data
are corrected with the CM finite-volume scheme (see description of the lower right panel). Lower left: model probability-weighted
histogram of all continuum Aai®™ (SIB, conn) extrapolations used in the BMA. Lower right: individual model predictions of
Aazd’W(SIB, conn) versus the corresponding model probability defined in Eq. (3.12). Note that the model probabilities decrease in
going from left to right. The colors and symbols indicate the finite-volume scheme of each fit. Models with pr(M|D) < 10 are not
shown. In the lower panels, the BMA result is shown in light red, where the inner and outer bands correspond to the error coming from

the first term in Eq. (3.11) and the total error, respectively.

of models fit to the data subset s, and N, is the number of
models with the M, dependence .

The results of the BMA procedure with the variations to
Aa ™Y (SIB, conn) listed above are shown in Fig. 15. The
top panel shows the best-fit chiral-continuum extrapola-
tions evaluated at the physical M**, MY, M4 masses versus
the lattice spacing; extrapolation curves are shown relative

to the center value of the physical /I curve a,l;’ o (a, M. The
bottom panels summarize the results of all fits as a
weighted histogram (left panel) and versus their respective
model probabilities (right panel) compared with the BMA
result (red line and bands).

Similar to previous sections, we perform Bayesian model
averages over subsets of the model space, holding a single
model choice fixed while varying the others. The results of
this procedure for Aas*" (SIB, conn) are shown in Fig. 16.
The individual model subset averages are shown on the left

and the relative probabilities of these subsets, as defined in
Eq. (3.13), are shown on the right. The full BMA result is
shown on the top of the left panels and in the corresponding
red line and bands. The four following points on the left and
top pie chart on the right correspond to the four finite-
volume schemes (NLO and NNLO yPT, CM, and HP). The
next three points and corresponding pie chart shows the
three data subset variations. We see that the results for

Aai™™ (SIB, conn) are fairly insensitive to data cuts, with
the full dataset being favored by the BMA due the N
penalty in Eq. (3.12). The next seven points and two pie
charts correspond to variations in the lattice-spacing
dependence (first three points and pie chart) and M,
dependence (next four points and pie chart) in the chi-
ral-continuum fit Ansdrze. The next two points and corre-
sponding pie chart show the effect of including the sea-
mass correction or not. Again, this correction has a small
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impact on the final BMA results. The last three points and
corresponding pie chart shows the a, dependence varia-
tions. While the results vary slightly with different powers
of a,, none of these variants is favored over the others by
the BMA.

As expected from Fig. 3 and shown in Figs. 15 and 16,
the tension between the CM scheme and the other schemes
informs the estimate of the corresponding systematic error
for this observable. We emphasize that the systematic error
estimate from the BMA already properly accounts for the
spread due to the outliers.

As a cross-check, we can compare the EFT-based
corrections for A, defined in Sec. III B with a data-driven

estimate that can be obtained from the Aa"V (SIB, conn)
BMA. Specifically, we perform a Bayesian model average
for the difference in al‘:" between the fit results at the
physical pion masses and measured lattice pion masses for
each ensemble and pion flavor gg using the same model
space described above. We do not perform this comparison
at hh on 0.09* fm where the mass shift is too large to be
reliably estimated by the EFT and EFT-inspired schemes or
at 0.15’ fm where the corrected results are nearly identical
to those for the 0.15 fm ensemble, which dominates the fits
statistically at this lattice spacing. The results of this
comparison are given in Fig. 17, which shows that the
EFT-inspired corrections and data-driven results are in
agreement.

The results of the BMA over all fit variations to
Aa™SP(SIB, conn) are shown in Fig. 18 with the model
subspace averaging procedure, which is a subset of that

discussed above for AaZd’W(SIB, conn), shown in Fig. 19.
As expected, the SIB correction in the SD window region is
much smaller than in the W window region due to the
significantly weaker mass dependence at short distances.

2. Disconnected strong-isospin breaking

The disconnected SIB dataset is obtained using the one-
link current (see Table VII). These data span three lattice
spacings—0.09, 0.12, and 0.15 fm—and are evaluated for
light quarks / and s in the isospin-symmetric limit and for
light quarks u, d, and s with isospin breaking. The quark
masses are those used to produce Table II.

As in Eq. (4.11), we compute Aa!(SIB, disc) at each
lattice spacing for both the W and SD window regions. At
finite lattice spacing, scheme-dependent finite-volume and
taste-breaking corrections to Aa“¢(SIB,disc) cancel at
leading order in the light-quark mass splitting m, — m
and hence are beyond the present scope of leading-order
strong-isospin-breaking effects. We perform a continuum
fit to these data in for each window observable. The
continuum fit Ansdtze are of the same form as Eq. (3.6),
which is analogous to Eq. (4.15) with the M, dependence
removed. Here, F“ is given by

BMA —+———
xPT NLOr +——t
\PT NNLO} Heo—t
CM+—e—+
HPp ——F
[0.06,0.15] fn| ——
[0.06,0.12] fm | —fot
[0.09,0.15] fm |
a’t —to—
a® +a't l i
a®+a*+ a8 —t———

0.6 0.8
10"°Aq!4®W (SIB, conn)

FIG. 16. Breakdown of the BMA procedure applied to
Aat*¥ (SIB, conn). Left: from top to bottom, the first point is
the full BMA result, including all model variations. The next
block of four points show the result of varying the finite-
volume correction schemes. The next three points show the
result of varying the data subsets. The next two blocks of
results come from variations in the chiral-continuum extrapo-
lation, namely the lattice-spacing and the pion-mass depend-
encies, respectively. In the former case, the set of models is
partitioned by the highest-order term in the extrapolation; in the
latter case, by the variations described in the text. The next two
show results of fit variations that include or do not include the
sea-mass correction FM (M ). The final three show the result of
varying powers of a, in the a*> term of the fit function. The
inner error bars on the data points correspond to the first term
in Eq. (3.11), while the outer are the total errors. Right: pie
charts showing the contributions to the BMA corresponding to
the partitions in the left panel. The percentages are computed
according to Eq. (3.13).

n

5
Fag( ZC; V) (aA

J=1

(4.20)

FM(M,) is given by Eq. (3.7), and A = 0.9 GeV as in
Eq. (4.7). Included in the BMA are the following variations
of the fit form:
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B ] (i) Order in a?: The a® dependence is controlled by the
%E ol E 1% I% }% E ﬁ parameter n, which is the upper limit of the sum in
= E Eq. (4.20). We take n =1, 2 with the additional
g 02 } constraint that no fits with a negative number of
= + degrees of freedom are included. For a;°, we find that

3 _0.3F
/l\ ¥ I log enhancement of the one-link current (see Appen-
dix A) leads to a functional dependence of the form

050 » Datadeiven 1 a*loga in the data. Thus for 3P, we also include

& |9 Modelbased spread variations of the form a®loga, a’loga + a®, and
= ' o CM 2 4
: a-loga+a®.

<. A  NLO xPT B .

=0T S NNLO P (i) a, dependence of the leading-order a® term: The a

S g} O MLLGS S dependence variations of other observables using

1l il Idd 1Wrrdd wulldd ualldd one-link current data are determined using a combi-

* . . . .
o/fm 004 0.06 009 0-09 0-12 0-15 nation of the results from Appendix A and empirical

Bayes analyses; however, since we obtain

FIG. 17. Comparison of various EFT and EFT-inspired schemes d . . .
Aay“(SIB, disc) by extrapolating the difference of

and the data-driven corrections with the light-quark connected al‘}’

resulting from adjustments to the value of M, for each ensemble two values of the disconnected contribution to a,,
and valence-quark content. Individual EFT and EFT-inspired these arguments cannot be applied directly. Instead,
schemes corresponding to the local current are denoted by open we determine the a,-dependence variations for
symbols; the cyan error bars denote the full spread of the scheme- A azd( SIB, disc) empirically based on results from

dependent results; the red error bars are the data-driven deter-
minations from the BMA. The scheme-dependent results are
shown with a small, rightward offset for visual clarity.

the BMA, selecting those variations with favorable
model weights. We find a reasonable yet conservative
set of variations arev = 0, 1, 2 for al‘}’ and v = O only

SD
for a;”.
— a? (fm?)
Tx  0.000 0.005 0.010 0.015 0.020 0.025
S O wuu o Urr O dd 1 Mistuned Il O hh
g 01f T
i -
3
|
=
S: = =
5 o 1
RCES A
S
2
< 0.005 a
q
g 0.000 t
2 E
L 0.005 Il |
=) —U.
mr
| [
3
= —0.010F BMA
= B Fits: 324
—0.015 : . L

04 02 00 010 008 006 004 002
pr(M|D)

FIG. 18. Results of the BMA procedure applied to Aaﬁd'SD(SIB, conn). See caption of Fig. 15 for a description of the figure. The
curves shown in the upper panel correspond to the best fit that uses all of the data on [0.06,0.15] fm—which is the second best fit in this
case—since the best fit excludes the 0.06 fm ensemble. Note that only the HP scheme is used for finite-volume corrections to

Aap?SP(SIB, conn).
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gl A
[0.06,0.15] fm [ +—4—F
[0.06,0.12] fm tot o
[0.09,0.15] fm ‘
a’t HHe—- ' a
a2+a4--|_;_|- a® +a* +a®
a+at+ abt +—a—+ log M2 + - -
Mot ’. e
IOgM,,E‘F'-‘__'- Mt
Mﬂ' +eoeT .'-“-'- FM(Ma) on
FM(My) onp 44—
F]W(MA) off 'i_'_k ) ) FM(J\'IA) off
0.00 0.01

1010Aaﬁd*SD (SIB, conn)

FIG. 19. Breakdown of the BMA procedure applied to

AajSP(SIB, conn). See caption of Fig. 16 for a description
of the figure.

(iii) Mass-mistuning corrections: The form of the mass-
mistuning correction FM (M) is the same as from
Sec. IVA. Variations with and without the mass
correction term are included.

(iv) Data subsets: In addition to using the full range of
lattice spacings over [0.09, 0.15] fm, we also include
variations that exclude the coarsest ensemble at
0.15 fm and the finest ensemble at 0.09 fm. The
former is included to reduce discretization effects in
the chiral-continuum extrapolation. The latter is
included to inflate the systematic error, which is
similar to what is done in the a;° (disc) analysis; this
error inflation reflects the uncertainty associated
with the limited amount of disconnected data avail-
able. Similar to Sec. IV D 1, fits in which data have
been cut away do not include the n = 2 variation.

The parameter priors are analogous to those discussed in
Sec. IV D 1; the bias introduced by using flat model priors
pr(M) = 1/N,, is small for these observables.

The results of the BMA procedure with the variations to

Aay™ (SIB, disc) listed above are shown in Fig. 20. The
top panels show the results of all continuum extrapolations,
with a weighted histogram of the continuum results in the
left panel and all the extrapolation fits versus the lattice
spacing in the right panel. The opacities of the continuum
extrapolations are proportional to the respective model
weights; for fits with mass-mistuning corrections, the mass-
corrected data points are also shown but are difficult to see
due to the smallness of these corrections and the light
opacity of these variations. The bottom panel shows the
continuum results of the fits versus their respective model

probabilities. In the upper left and bottom panels, the BMA
result is shown by the red line and bands. The final BMA
error of Aa™V (SIB, disc) is dominated by the first term in
Eq. (3.11) as shown by the inner red band.

Again, we perform Bayesian model averages over
subsets of the model space where a single model choice
has been held fixed. The results of this procedure for

Aay®™ (SIB, disc) are shown in Fig. 21. The individual
model subset averages are shown on the left and the relative
probabilities of these subsets, as defined in Eq. (3.13), are
shown on the right. The full BMA result is shown on the
top of the left panels and in the corresponding red line and
bands. The following three points and corresponding pie
chart show the three data subset variations. We see that the
full dataset is favored by the BMA due the N, penalty in
Eq. (3.12). The next two points and pie chart correspond to
the different lattice-spacing dependence. The next two
points and corresponding pie chart show the effect of
including the mass-mistuning correction or not, which
behaves similar to those in Fig. 16. The last three points
and corresponding pie chart show the a, dependence
variations. As for Aai?"V(SIB, conn), none of these var-
iants are significantly favored over the others by the BMA.

The results of the BMA over all fit variations to
Aai®SP(SIB, disc) are shown in Fig. 22 with the model
subspace averaging procedure shown in Fig. 23. The set of
variations in Fig. 23 is a subset of those in Fig. 21 for
Aai™™ (SIB, disc) except for the lattice-spacing depend-
ence variations, which now also include the fits with
a®log a terms. Again, the SIB correction in the SD window
region is much smaller than the corresponding one in the W
window region due to the weaker mass dependence short
distances. For this observable, the systematic error is
significantly increased by the coarse data subset [0.12,
0.15] fm. Even with this error inflation procedure, the
resultant uncertainty on AP (SIB, disc) is small com-
pared with that of other observables.

E. Perturbative QCD estimates
of short-distance observables

As a consistency check on our short-distance window
results, we compare our lattice determinations with predic-
tions from pQCD. Specifically, we use the O(a}) determi-
nation of the R ratio, R(s), from the software package RHAD
[96]. Results produced from this code have been used to
supplement other short-distance (or high-energy) lattice

determinations of a,EIVP LO [11,15,97]. pQCD results for
R(s) can be converted to the Euclidean time domain using
a Laplace transform,

(4.21)

094508-28



HADRONIC VACUUM POLARIZATION FOR THE MUON ¢g-2 ...

PHYS. REV. D 111, 094508 (2025)

a’a? (fm?)

0.4 0.2 0.000 0.001 0.002 0.003
0.00 : . ; : :
—— BMA

g —0.05F N Fits: 24 L /f
o =22
Z 010} - I//
5
= =
—42 -

—0.20 -

—0.14r
S —0.16} & &
= |t
) ] l
Zooosf 1 § 1 y
=
EES
3
| | |
=) [ ] [ ]

—0.22F

0.12 0.10 0.08 0.06 0.04 0.02 0.00
pr(M|D)

FIG. 20. Results of the BMA procedure applied to Aaﬁd’W(SIB,diSC). Upper left: model probability-weighted histogram of all

continuum Aa,'ﬁd'W(SIB, disc) extrapolations used in the BMA. Upper right: extrapolation curves and corresponding data for all model
variations included, with opacities proportional to the respective model probabilities. The shown data points are corrected for mass

ud,W

mistuning where applicable, which is a small effect. Lower: individual model predictions of Aa,”" (SIB, disc) versus the corresponding
model probability defined in Eq. (3.12). Note that the model probabilities decrease in going from left to right. In the upper left and lower
panels, the BMA result is shown in light red, where the inner and outer bands correspond to the error coming from the first term in

Eq. (3.11) and the total error, respectively.

Alternatively, C(7) is the Fourier transform of the vector
correlator in momentum space [98]; see Ref. [14] for a
comparison with lattice-QCD (LQCD) calculations. With
either approach, the resulting C(#) can then be used to
compute window observables via Eq. (2.9).

Comparisons of pQCD calculations with hadronic
results (from lattice or e™e™ data) rely on quark-hadron
duality. The Laplace transform smears out the peaked
structure of R(s) [99,100], so this duality is expected to
hold rather accurately for a, and related windows.

For the connected contributions, we pursue an approach
employed in Ref. [14] for the light-quark case. Specifically,
we extrapolate our lattice results to the continuum for a
flexible window W, (¢, 7, 0.4, 0.15). The contribution from
the complementary short-distance window, W, (¢, ¢, 0.15),
is then computed using the pQCD determination of C(¢) via
R(s) from RHAD [96]. The sum of the lattice and perturba-
tive results are then computed as a function of 7. As in
Ref. [14], we monitor the combined result for stability out
to the edge of the standard short-distance window,
' =04 fm. In addition to studying the light-quark

contribution in this way, we also examine the cases of
strange and charm.

The RHAD software package requires as inputs a thresh-
old and quark masses for the loops, which we choose as
follows. For the connected light and strange contributions,
the lower threshold is taken to be 2/, where m,, is the MS
mass at u = m,, taken from Ref. [34] (based on
Refs. [79,101-103]). The light and strange propagators in
the loops are taken to be massless. For the charm quark, we
employ both available options in the software, namely either
using the pole mass or the running MS mass 7.(+/s). The
charm threshold is then taken to be 2m,.. We also evaluate the
light-strange disconnected contribution (called “singlet” in
RHAD) in pQCD. Here, we use massless light quarks and a
massive strange quark. The QED contribution is computed
for the massless light and strange quarks, and the
Aaj®SP(SIB) contribution is negligible and, thus, ignored.

Results for the perturbative replacement procedure
described above are shown in Fig. 24 for the light, strange,
and charm contributions, respectively. For this test, it
suffices to use only the local vector current and a single
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0.09,0.15] fm |
0.09,0.12] fm | —o—
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[0.12,0.15] fm} e
V.

a* + a't —T——

F]W(MA) on P FM(M) on
a2 +---F
a’og 4o f —e—| ol ah
a2a§ + — I-_e__l ’
—0.20 —0.15
1010Aa2 W (SIB, disc)
FIG. 21. Breakdown of the BMA procedure applied to

Aa,ﬁd‘w(SIB,disc). Left: from top to bottom, the first point is
the full BMA result including all model variations. The next
block of three points show the effect of varying the data subset.
The next two points are from varying the lattice-spacing
dependence in the continuum extrapolation, as distinguished
by the highest-order term in the extrapolation. The next two come
from fit variations that include or exclude the mass-mistuning
correction FM (M ), respectively. The final three show the effect
of varying the powers of a; in the a* term of the fit function. The
inner error bars on the data points correspond to the first term in
Eq. (3.11), while the outer are the total errors. Right: pie charts
showing the contributions to the BMA corresponding to the
breakdowns in the left panel. The percentages are computed
according to Eq. (3.13).

fit to the data. A full BMA as in Secs. IVA and IV B would
be unnecessarily arduous, so we choose a representative fit
from among the fits with the highest BMA weights in the
full @ (conn), a}**S°(conn), and a5*SP(conn) analysis.
We find that, for the light and strange contributions, the
massless perturbative result is consistent with the lattice
result, and we have stability out to the end of the short-
distance window as in Ref. [14]. For charm, where the
quark-mass scheme is relevant, such stability is not
observed. We find that when using the pole mass for the
charm quark, the perturbative result is marginally smaller
than the lattice result, and we see only partial stability out to
¢ = 0.1 fm. Using the MS mass and allowing the mass to
run, we obtain a perturbative result that is significantly
larger than the lattice result. The authors of Ref. [96]
recommend using the pole mass near threshold and switch-
ing to the MS mass at larger energies. In theory, tuning can
be performed to match the lattice results by playing with a
switch-over energy, but we did not find this exercise
illuminating.

We note that the Extended Twisted Mass Collaboration
(ETMC) [11] used the running MS mass approach to obtain
a result for the bottom contribution to the short-distance
window of

abPSPPRCDETMC (o) (.32 5 10-10, (4.22)

This result is in good agreement with previous lattice
determinations of this quantity for the full integrand [104],

abP M HPQED (conn) = 0.300(15) x 10710, (4.23)

with the difference between the short-distance and full
integrand contribution for bottom expected to be in the
third digit. For completeness, we give the pQCD result for
this contribution using the pole mass for the bottom quark
from Ref. [96],

a,"SPPAEP RIS (onn) = 0.28 x 10710, (4.24)

As in the case of charm quark, we observe that the two
perturbative determinations bound the lattice result.
Additionally, we use the pQCD estimate for bottom
contribution to the intermediate window from the following
difference,

ap”™ (conn) =

=0.004 x 10710,

bb.pQCD bb.SD,pQCD
ay pQ an pQ

(conn) — (conn)

(4.25)

using the pole mass.
For the disconnected contribution, we obtain a pQCD
result of

a9 (disc) = —0.00547 x 10710, (4.26)

As discussed in Sec. IV C, this result does not enter the
analysis. We compare it with our result for a5 (disc)
in Fig. 14.

Finally, we compute the O(aa,) QED corrections to the

massless light and strange contributions in the short-
distance window,

Aa!"S°(QED, conn) = 0.0265 x 10719, (4.27)

Aa;*SP(QED, conn) = 0.0016 x 10710 (4.28)
Higher-order contributions, including the QED correction
to the disconnected diagram, which enter at O(aa3), are
neglected in this estimate [96].
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FIG. 22. Results of the BMA procedure applied to Aaﬁd‘SD(SIB, disc). See caption of Fig. 20 for a description of the figure.

V. RESULTS

A. Short-distance window observables

Our final determinations for the individual contributions

to ay 't in the short-distance window are
] &
[0.09,0.15] fm —o—
[0.09,0.12] fm T
[0.12,0.15] fm
a’loga + a* a*loga
a’logaf
a’loga + a?f o - ‘ag o
a’t —— /
aQIOga+a4' H a’loga+a
a® + att ] FM(Ma) on
FM(My) onf {pt
FM(My) offf . —;— FM(My) off
0.00 0.02

101°AatSP(SIB, disc)

FIG. 23. Breakdown of the BMA procedure applied to

Aai?SP(SIB, disc). See caption of Fig. 21 for a description of
the figure.

alSP (conn) = 48.139(11)(91)[92] x 10719, (5.1)

s5,SD

a;”>"(conn) = 9.111(3)(16)[17] x 1071°,  (5.2)
a5eSP(conn) = 11.46(0)(17)[17] x 10719, (5.3)

a;P (disc) = —0.0019(4)(26)[26] x 10719, (5.4)

Aaj"SP(SIB, conn) = —0.0049(26)(24)[35] x 10717,
(5.5)

Aai®SP(SIB, disc) = 0.015(1)(12)[12] x 10710, (5.6)
where the uncertainties are statistical (second column of
Table VIII), systematic (third to sixth columns of
Table VIII), and total. We compare with previous lattice
determinations in Fig. 25. For the light-quark-connected
contribution, we obtain a result with a relative error of
0.19%. The benefit of the HISQ local current mitigating the

log-enhancement effects associated with short-distance
a,}lIVP’LO observables (see Appendix A) is apparent. This
is the most precise determination of this quantity to date
and is in reasonable agreement with all previous determi-
nations (left side of Fig. 25). Indeed, the strengths of the
local current are apparent in the heavier flavor contribu-

s5,SD

tions, i P(conn) and a“P(conn), also, with our
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FIG. 24. Stability analysis for the light- (top), strange- (middle), and charm-quark (bottom) contributions in the short-distance window
region. Left: results of continuum extrapolations for the short-distance subwindow contributions with the lattice data. Right:
combinations of lattice and perturbative QCD results from the subwindow regions totaling the full short-distance window region as a

function of 7.

determinations being the most precise to date. We note that
our calculation of a."5P(conn) differs from the data-driven
evaluation of Ref. [105] by 2.46.

The particulars of the disconnected contribution in the
short-distance window are such that the quantity is nearly
zero with difficult to determine systematic effects asso-
ciated with the short-distance window boundary, the
behavior of the disconnected correlation function,
and staggered oscillating effects. As such, we estimate
this quantity with a conservative approach and obtain a
result consistent and competitive with previous determi-
nations in both central value and uncertainties. Our
results for the strong-isospin-breaking contribution to

a;P [Egs. (5.5) and (5.6)] are both near zero, as expected.

We are the first to put forth a lattice calculation of this
quantity.

For the bottom-quark-connected and QED contributions
to a;° we consider existing lattice and phenomenological
results in our estimates. In particular, for a’”P (conn), we

take the previous HPQCD determination [104] and subtract
from it the estimate of aﬁh "W (conn) in Eq. (4.25). This yields

ab?SP (conn) = 0.296(15), (5.7)

which we include in our complete result assuming 100%
correlation given the shared HISQ ensembles in that work.
This is likely a vast overestimate of the true correlation.
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TABLE VIII. Approximate absolute error budgets (in units of 107'9) for the uncertainties reported in
Egs. (5.1)—(5.6).
Contribution Stat. a—0 a Zy m,/my Total
a' SD(Conn) 0.011 0.06 0.028 0.063 0.092
afj SD(Conn) 0.003 0.01 0.005 0.012 0.017
a;f 5P (conn) 0.0 0.14 0.09 0.02 0.17
(disc) 0.0004 0.0026 0.0000 0.0000 e 0.0026
Aa;j”’»SD(SIB, conn) 0.0026 0.0023 0.0004 0.0000 0.0006 0.0035
Aazd»SD(SIB, disc) 0.001 0.012 0.000 0.000 0.012

For the QED correction to this window observable, we
take the estimates of Eqs. (4.27) and (4.28), to which we
assign a 100% error, yielding

AaSP(QED) = 0.028(28) x 10719, (5.8)

B. Intermediate-distance window observables

Our final determinations for the individual contributions

to a P10, in the intermediate-distance window, are
ail™Y (conn) = 206.90(14)(61)[63] x 1071°,  (5.9)
a3 (conn) = 27.20(1)(13)[13] x 10710, (5.10)
asY (conn) = 2.624(0)(87)[87] x 10710, (5.11)

10 ,11,SD
10% a7 (

conn)

ay (disc) = —0.85(6)(19)[20] x 10719, (5.12)

Aaﬁd'W(SIB,COHH) = 073(7)(11)[13] X 10_10, (513)

AaiV (SIB, disc) = —0.175(15)(13)[20] x 10710, (5.14)

The respective error budgets for these contributions are

given in Table IX. We compare these results with previous

determinations in Figs. 26 and 27. We obtain a."" (conn)

with a relative error of 0.3%, a significant improvement
over our previous result’s 0.5% precision [13]. Our pre-
vious leading uncertainty, from the continuum limit, is
decreased from 0.34% — 0.18%. This significant improve-
ment is a result of the introduction of a second vector-
current discretization and a finer lattice spacing at 0.04 fm.
For similar reasons, our uncertainty from Monte Carlo
statistics is decreased by 0.19% — 0.07%. In addition, with

1010 aED(disc)

Fermilab/HPQCD/MILC 24 HH e
Spiegel & Lehner 24 Pt
BMW 24 HH I t } i
Mainz/CLS 24 e ———t
RBC/UKQCD 23 =
ETMC 22 - ———
Benton et al. 24 II—--—|I . . . . .
46.5 47.5 48.5 49.5 -0.01 0 0.01
101 ¢35 (conn) 101 a£5P (conn)
Fermilab/HPQCD/MILC 24 e E—_———
ETMC 24 et i
BMW 24 p—t——t e
Mainz/CLS 24 e e -
ETMC 22
895 9 9.05 9.1 9.15 11.2 11.6 12.0
FIG. 25. Comparison of our lattice determinations for a” SD(conn) 0 SD(conn) (disc) and a,” SD(conn) (red circles) labeled

Fermilab/HPQCD/MILC 24 with ny = 2 + 1 + 1 (black 01rcles) andny =2+1 (black squares) lattlce QCD calculations by ETMC 24
[75], Spiegel and Lehner 24 [17], BMW 24 [15], Mainz/CLS 24 [107], RBC/UKQCD 23 [14], and ETMC 22 [11]. The inner error bar

shown for our result is from Monte Carlo statistics. Also shown is a
(green triangle) by Benton et al. 24 [105].

11.SD

data-driven evaluation of @, (conn) using e e~ cross section data
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TABLE IX. Approximate absolute error budgets (in units of 107'9) for the uncertainties reported in Eqs. (5.9)—(5.14).

Contribution Stat. a—0, Arg Apy, Ay, a Zy m,/my Total
ay™ (conn) 0.14 0.37 0.34 0.31 0.18 o 0.63
a;*V (conn) 0.01 0.06 0.10 0.04 e 0.13
a;V (conn) 0.000 0.063 e 0.059 0.005 e 0.087
ay' (disc) 0.06 0.18 0.03 0.00 0.00 e 0.20
Aat¥ (SIB, conn) 0.07 0.05 0.09 0.01 0.01 0.03 0.13
Aat™Y (SIB, disc) 0.015 0.013 e 0.002 0.000 e 0.020

the new scale setting determination from Mg, our scale
uncertainty is decreased from 0.21% — 0.15%. The sys-
tematic uncertainty from the finite-volume correction is
largely unchanged as it is determined through the same
approach as in Ref. [13]. In Fig. 26, we observe complete
consistency with our previous determination as well all the
other lattice determinations [9-12,14,15,21,106]. However,

in Table IX, are dominated by scale setting and the
continuum limit. For @} (conn), we find consistency
with all previous determinations, except for a slight tension
with the Mainz/CLS 22 result [12]. For a5 (conn), we see
some tension with the most recent determinations of this
quantity, while we observe good agreement with the BMW

21 result. Discretization errors are a significant source of

our calculation of ;" (conn) differs from the data-driven
evaluation of Ref. [105] by 6.2¢6.
For the heavy-flavor contributions, " (conn) and

a5V (conn), we find the uncertainties, as broken down

uncertainty in our calculation of a5 (conn), and we plan
to update our calculation by including data at a = 0.04 fm,
which will allow us to test and refine our continuum

extrapolations.

101 ¢/ (conn) 10" @)Y (disc)

Fermilab/HPQCD /MILC 24 P : i |
BMW 24 HeH HeH
RBC/UKQCD 23 =
Fermilab/HPQCD/MILC 23
ETMC 22 H— | i
YQCD OV/HISQ 22 —_——
XQCD OV/DWF 22 —=—
Mainz/CLS 22 =t =
Aubin et al. 22 e
BMW 21 ! ledl ! Y S -
Lehner & Meyer 20 ——
Aubin et al. 19 =
RBC/UKQCD 18 - b=
Benton et al. 23| F—=—
198 200 202 204 206 208 210 -1 -0.8 -0.6

10" a#*W (conn)

Fermilab/HPQCDéMILC 24 —— ——
TMC 24 = H——H
BMW 24 H——H I i i i
ETMC 22 1 t L 1
Mainz/CLS 22 R e S| ———
MW 21 g | - i
RBC/UKQCD 18 |—T—| | | | | |—I‘—|
27 27.5 28 2.6 2.8 3.0
1LLW 55, W cc,W

FIG. 26. Comparison of our lattice determinations for a,"" (conn), a) (disc), a;"" (conn), and ;" (conn) (red circles) labeled
Fermilab/HPQCD/MILC 24 with ny = 2 + 1 + 1 (black circles) and ny = 2 + 1 (black squares) lattice-QCD calculations by ETMC 24
[751, BMW 24 [15], RBC/UKQCD 23 [14], Mainz/CLS 22 [12], Aubin et al. 22 [10], yQCD 22 [21], ETMC 22 [11] and Lehner and
Meyer 20 [106]. Our previous result, Fermilab/HPQCD/MILC 23, is shown in light red. BMW 21 [9], Aubin ef al. 19 [64], and RBC/
UKQCD 18 [20], shown in gray, have been superseded. The inner error bar shown for our result is from Monte Carlo statistics. Also

shown is a data-driven evaluation of a,l,”w(conn) using e" e~ cross section data (green triangle) by Benton er al. 23 [105,108].
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10"°Aa® W (SIB)
Fermilab/HPQCD/MILC 24 | €On0-+dise ot
BMW 21*} [
RBC/UKQCD 18t  F— = —

disc conn

Fermilab/HPQCD/MILC 241 fef ————
BMW 21} W o
02 00 02 04 06 03
ud,W

FIG. 27. Comparison of our lattice determinations of Aay

(SIB,conn) and Aai™" (SIB, disc) (red circles) labeled Fermilab/

HPQCD/MILC 24 with n; = 2 + 1 (black squares) and n; = 2 + 1 + 1 (black circles) lattice-QCD calculations by RBC/UKQCD 18
[20] and BMW 21 [9], respectively. The “BMW 21*#” value is computed assuming the connected and disconnected contributions are
uncorrelated. The inner error bars are from Monte Carlo statistics.

Our evaluation of the disconnected contribution to a,‘,’v,
given in Eq. (5.12), is consistent with all previous deter-
minations (right of Fig. 26) albeit with a larger error than
the most recent determinations. We find the systematic
uncertainty due to variations in continuum extrapolations
completely dominates all other uncertainty sources. This
calculation includes data at lattice spacings az0.09 fm, and
we expect that adding data from a ~ 0.06 fm ensemble
would yield a significant reduction in the uncertainty.

For the strong-isospin-breaking corrections to a,‘jv, we
obtain a result for the connected contribution, Eq. (5.13),
that is consistent with the single previous result from BMW
21 (Fig. 27 bottom right), albeit with larger errors. For the
disconnected contribution, Eq. (5.14), we see some tension
with the BMW result (bottom left). We do find the
combination of the two contributions is consistent with
BMW 21 while being in mild tension with the RBC/
UKQCD 18 estimate (top of Fig. 27).

For the bottom-quark-connected contribution to the
intermediate window observable, a5”(conn), which is
almost negligible at our current level of precision, we use
the perturbative estimate from Eq. (4.25). We assign a
100% error to account for the tensions found in Sec. IV E
stemming from the quark-mass scheme in pQCD, yielding

bbW
Qau

(conn) = 0.004(4). (5.15)

Our ongoing, direct lattice-QCD calculation of the QED
corrections [109] to a,) will be presented in a separate paper.
Meanwhile, we consider inputs from phenomenology
and comparisons of previous lattice-QCD calcula-
tions [9,12,20,105,110,111] to provide an estimate of
Aa)’ (QED). The phenomenological estimate in Ref. [110]
uses a data-driven evaluation based on exclusive-channel
ete™ cross section measurements to quote a value of
+2.3(9) x 10719, which can be regarded as a conservative
bound on the scale of the effect. The phenomenological
analysis of QED and strong-isospin-breaking effects in

Ref. [111] finds a smaller correction, consistent with the
lattice-QCD calculations of Refs. [9,12,20], and we base our
estimate on this result. We note that Ref. [111] presented
some indications of cancellations between QED and strong-
isospin-breaking effects. Coupled with the expectation that
QED effects are expected to be smaller in windowed
quantities, we allow for a range of 0.2 x 1071,
Following Ref. [111], we do not apply a correction to the
central value of Aa, (QED) and take the above range as the
uncertainty, yielding

Aa) (QED) = 0.0(2) x 1071°. (5.16)

VI. SUMMARY AND OUTLOOK

In this paper, we present complete results for the short- and

intermediate-distance window observables a3P and a,‘:" from

"
our ongoing project to compute a,I;WP L0 in lattice QCD at

few-permille-level precision. The two observables together
comprise about 45% of the total HVP. We first compute the
individual contributions to these observables, defined in
Egs. (2.6)—(2.8). This includes the contributions from quark-

line connected contractions a°°(conn), a'V(conn),
a>P(conn), @V (comn), a5 (conn), a5V (conn);

quark-line disconnected contractions a5P(disc), a,' (disc);
and isospin-breaking corrections Aai?S°(SIB) and
Aa™™ (SIB). Each contribution is obtained at the physical
point and in the continuum and infinite volume limits, after a
comprehensive systematic error analysis which employs
BMA to obtain the total statistical and systematic uncertain-
ties as well as estimates of the approximate breakdown of the
error budgets. Our final results for the individual contribu-
tions to the short- and intermediate-distance observables are
summarized in Egs. (5.1)-(5.6) and (5.9)—(5.14), respec-
tively. The bottom-quark-connected and QED contributions
are not computed directly in this work. Instead, we use a mix
of previous lattice-QCD results and phenomenological
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TABLE X. Approximate relative error budgets (in %) for the total aﬁD and a,‘f’.

Contrib. Stat. a—0,Amp Apy, Ay a Zy aj’(conn) Aa,(QED) m,/my Total
5a§D 0.02 0.24 . 0.13 0.12 0.02 0.04 0.00 0.31
sa¥ 0.07 0.18 0.23 0.17 0.07 0.00 0.09 0.01 0.36

"

estimates to obtain the results listed in Egs. (5.7), (5.8),
(5.15), and (5.16), respectively. Finally, we employ a
generalized BMA procedure (see Appendix C) to compute
the statistical and systematic correlations between the indi-
vidual contributions listed in Tables XII and XIII. Summing
up the individual contributions with these correlations, we
obtain the following results for the complete determinations
of a3 and a", respectively:

5P = 69.05(1) g (21) 2] 10710, (6.1)

syst

aV = 236.45(17) 0 (83)5ys[85) s X 1070, (6.2)

stat syst

The approximate systematic error breakdown for each
observable is shown in Table X. With a relative uncertainty
of 0.31%, our calculation of ;" is the most precise to date.

Our a)jv result includes an updated calculation of the light-

quark-connected contribution [a;" (conn)], which is sig-

nificantly more precise than our previous result [13], thanks
to including correlation function data at a lattice spacing of
a =~ 0.04 fm, the finest to date, as well as improved statistics,
the addition of a second vector-current discretization and an
improved scale setting determination from the Q baryon
mass. Compared with all other lattice-QCD calculations, it
also currently has the smallest statistical uncertainty.

As illustrated in Fig. 28, our a5 and a)' results are in

u U
good agreement with previous lattice-QCD calculations

[9,11,12,14,15,107]. This can also be seen in the detailed
comparisons between our and previous results for the
individual a;° (a)) contributions shown in Fig. 25 (Figs. 26
and 27). We note that the sum of @° and ) in Egs. (6.1) and
(6.2) are consistent with the evaluation in Ref. [50] of the

one-sided window observable a,\fm‘(l‘o'ls) [see Eq. (2.9a)].

Comparing our results with the (pre-2023) data-driven
evaluations of Ref. [112], also shown in Fig. 28, we see that
our a;” determination is consistent with Ref. [112] at 0.6,
while our a)j“ result differs from Ref. [112] by 4.36. These
observations are in line with similar comparisons shown in
Refs. [9,11,14,15,105,108,113,114] and indicate that the
difference between lattice-QCD and (pre-2023) data-driven
evaluations stems from the low-energy region, which is
dominated by the two-pion channel in the data-driven
method or, correspondingly, by the light-quark-connected
contribution in lattice-QCD calculations. This is also where
the new cross section measurement by the CMD-3
Collaboration [7] disagrees with the measurements included
in the pre-2023 Keshavarzi-Nomura-Teubner (KNT) 19
[115] and Davier-Hoecker-Malaescu-Zhang 19 [116] com-
pilations. The CMD-3 measurement of the two-pion cross
section implies a higher value for @, that is compatible with
lattice-QCD determinations [15,105,108]. To gain further
insights from such comparisons, it is important first to
understand or resolve the differences between the exper-
imental measurements.

10" 3P 10" )Y
Fermilab/HPQCD/MILC 24 Ce 'y
BMW 24 HeH
Mainz/CLS 22/24 —t=+— H-=H
RBC/UKQCD 23 -
ETMC 22 —e— —e—
BMW 21 toi—
BMW 21(KNT 19) b
Colangelo et al. 22 A ——
Davier et al. 23 ——
68.0 68.5 69.0 69.5 228 231 234 237 240

FIG. 28. Comparison of our lattice determination of the total aED and a,‘,V (red circles) labeled Fermilab/HPQCD/MILC 24 with
ny =2+ 1+ 1 (black circles) and n; = 2 + 1 (black squares) lattice-QCD calculations by BMW 24 [15], Mainz/CLS 22/24 [12,107],
RBC/UKQCD 23 [14] (W only), and ETMC 22 [11]. The previous a/‘}’ result of BMW 21 [9] is shown in gray. Also shown are data-
driven evaluations of a,° and a)) using e'e~ cross section data (green triangles) by Colangelo er al. 22 [112], BMW 21 (using the

KNT19 dataset) [9], and Davier et al. 23 [113].
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Our calculation of 43P benefits from the fact that the
local vector-current used to generate the connected corre-
lation functions is protected from log-enhanced contribu-
tions (see Appendix A), enabling precise control over
continuum-limit extrapolations. Still, as can be seen in
the error budgets for a3° in Tables VIII and X, continuum-
limit extrapolations are the dominant source of uncertainty,

where a;SP (conn) contributes the largest error. We note
that the strange- and charm-connected contributions are
computed on ensembles with lattice spacings aZ0.06 fm.
We are in the process of generating strange- and charm-
connected correlation functions on the ensemble at the
finest lattice spacing of a ~ 0.04 fm, which will refine our
calculation of the corresponding contributions.
Examining the systematic error budgets for aXV in Tables IX
and X, we see that the dominant sources of uncertainty are due
to finite-volume corrections, the continuum limit, and scale
setting. These are also dominant or important sources of error
in the long-distance window observables and will be
addressed in our ongoing and planned computations. In
particular, we note that the disconnected contributions are
computed on ensembles with lattice spacings az0.09 fm. We
plan to extend this analysis to a finer lattice spacing of
a =~ 0.06 fm. Our calculation of the light-quark-connected

contribution to ai® and a; ""° is described in the
companion paper [48].
At 3.1%0 and 3.6%o, respectively, our results for the total

a;? and a) are already close to our precision goal for

a},{VP’LO. However, considerable exascale computing

resources are needed to reach this precision for the full

a,I;WP’LO. In particular, we plan to continue to generate

correlation functions on our finest ensemble (a ~ 0.04 fm)
to complete the dataset. This will improve statistical and
systematic errors (due to discretization errors) for all observ-
ables. The finite-volume corrections will be quantified more
precisely in a direct finite-volume study, for which we are
analyzing a new gauge-field ensemble with a spatial extent of
L =11 fm at a lattice spacing of a = 0.09 fm.

We note that the a,° and a, results presented here rely
on phenomenological estimates of the QED corrections.
The results from our ongoing direct lattice-QCD calcu-
lation [109] are deferred to a separate paper. While this
calculation uses quenched QED, we are also working on
computations of the disconnected and sea-quark QED
corrections, which make use of our LMA setup (see
Sec. IIC). In general, less is known about the QED
corrections [9,12,20] compared with other contributions,
especially in the long-distance region. While their contri-
butions to af "~ are small, they are relevant at the desired
few-permille precision level.

Finally, the well-known signal-to-noise problem is a
limiting factor specific to HVP observables at long
Euclidean time distances. Here, a recent pilot study [117]
showed that spectral reconstructions of the vector-current

correlation function at large Euclidean times obtained from
direct computation of the two-pion contributions can address
this problem also for the case of staggered fermions. We plan
to extend this study to finer lattice spacings, where the
statistical gains will have a larger impact on the continuum
extrapolated results.
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APPENDIX A: DISCRETIZATION EFFECTS
AT SHORT-DISTANCES

Discretization effects in the short-distance window—and
therefore in any window starting at t = O—require a careful
examination, because they explicitly include the first few

time slices in C(z). For a < 1 still, the Symanzik effective
theory suggests [11,83-85]

Cii(t) = C(1) [1 + bzctljJr . ] (A1)

If ¢ is shorter than any hadronic or quark Compton
wavelength, the correlator behaves as C(1) ~ =3 (by power
counting), so the lattice artifact term has enhanced sensi-
tivity to short times.

For present purposes, it is enough to consider a sharp
cutoff on the window,

T
azP . = 4a? / K(1)Cry(t)de. (A2)

a

At short times, the QED kernel K ~ #*, so in the end

a®  —aSP ~ bya*log(T/a),

(A3)
while the omitted terms (in this simple argument) are all of
order a’.

This feature can be made more concrete by working out
the lowest-order contribution to the vector-vector correlator
in perturbation theory,

Col1) = Nea 5 3 S VIS OV,0)5(0,5). (A4

where N, is the number of colors (3), x = (x, ), V; is the
vector current, and the position-space quark propagator
S(x,y) is obtained by Fourier transforming in the time
variable. Below, the combination

L[Cv]=a Z #*Cy(1)
t/a=0

(AS)

is evaluated for unimproved [118,119] and improved
staggered fermions [120], the latter being relevant to the
asqtad and HISQ actions.

The details are tedious, so we do not show the full
calculation but build up the result in steps. The correlator is
obtained by writing the quark propagator as a function of
(t,p), sewing two propagators together, and using the sum
over x (integration over d’x in the continuum) to set the
three-momentum of the two quarks equal and opposite. The
first step picks up poles in the propagator, and the second
is just a trace over Dirac matrices. In the continuum, the
result is

d3p e—z\t\E 1
Cv(f)ZNc/W 7 <m3+§p2+E2>, (A6)
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where E? = m3 + p?. It is possible to simplify this expres-
sion further, but it is written this way as a reminder of terms
coming from the mass, y;, and y, terms in the numerators of
the quark propagators. The time dependence is isolated, so
it is convenient to integrate over time first,

and then integrate over d*p to obtain Z,[Cy].

With staggered quarks, a similar structure emerges albeit
with several technical changes. The momentum integration is
over the half-Brillouin zone, By = {p|—z/2< p;a <z/2},
as a consequence of how a Dirac-matrix structure emerges in
momentum space [121]. Because of doubling, if there is a
pole at po = iE, there is also one at py = iE + =, leading to
an oscillating contribution multiplying (—1)!"/4. The relation
between energy and momentum is more complicated, and in
the integrand sinh Ea and sin p;a appear. The result for the
local current is

&Bp g2e-2ME
B, (27) cosh?(Ea)sinh?(Ea)

Cy(t) =4N.
2ol 2
x m0+§S +sinh*(Ea)/a
1
+(=1)lla (mg +58% = sinh*(Ea) /a2>] . (A8)

where  aS;(p) = sin(p;a), sinh*(Ea) = a*(S* + mj)
comes from finding the pole, and the factor of 4 corresponds
to the four tastes in the loop. Note how the structure is similar
to Eq. (A6) while the sign of the energy term in the oscillating
contribution changes. The one-link current is the same
except that m} and sinh*(Ea) are multiplied by

local vector
0.90) ]

080 = unimproved 1
0'70; ¢ Naik :
0.60 7 —
0.5of
o,4of
0.3of

020

2
EYC = ZYC ) o Omg@)

0.10F

o T —
00T ® M ® N«\‘*j
40‘10:\\ ! | | R | | T, ]
0.0001 0.001 0.01 0.1 1 10
m.a

I>icos(pia)? =1 —-1a?S% and a*112%°, 87— (8%)7] is
added to 1 S2.

For improved staggered actions (asqtad and HISQ), the
propagator has three poles in the upper half plane with real
part close to zero, another three in the upper half plane with
real part close to 7, and then complex conjugate poles in the
lower half plane. They solve

sinh(Ea) {1 — ésinhz(Ea)} = a:971(p) = a[§*(p) +m3]'/?,

(A9)

where aS;(p) = sin(p;a)[1 + Lsin(p;a)]. As in any sol-
ution to a cubic equation, the expressions for the energies,
which can be labeled 0, +, and —, involve (hyper)
trigonometric functions and their inverses. The most
notable feature here is that the residue of one of the
solutions, —, has opposite sign from the other two. The
result for the local current is then

Bp e MEFE)
C t :4NC / —_— e =5
v Z 8, (27) Ch,Ch,Sh®

1 . -
x [s,ssm% + gsrsSS2 + Sh’

. 1 @ o
+ ei#t/a <srssm(2) + gersSZ - 5’12)] . (Al0)

where r, s range over 0,+,—, Ch, = cosh(E,a)[l—
1sinh?*(E,a)], and s_ =—1 while the others are +1.

The one-link current is the same except that m} and

Sh” are multiplied by 13 cos( pl-a)~2 =1-14%8% and
a?1 (2, 5357 — §%8%) is added to 187,

one-link vector
0.40 [T T T T

030 = unimproved ]
L ¢ Naik ]

020

0.00f

I
o
>

2
(€]~ ZC ] M0,

030}

FIG. 29. Lattice artifact versus mga for the local (left) and one-link (right) vector correlator. Red points show the unimproved action
and black, the Naik-improved case. The solid points are fit to the form d 4 b log mga, yielding the lines. The approximate equality of
unimproved and improved results for mya > 1 is not understood but also not important.

094508-39



ALEXEI BAZAVOV et al.

PHYS. REV. D 111, 094508 (2025)

In Egs. (A8) and (A10), the time dependence is again
isolated. Summing the exponentials over ¢ yields

(s
a E tre 2 = ¢

t/a=0

scosh(Ea){1 + jcosh*(Ea)}
2sinh®(Ea)

. (A1)

5 sinh(Ea){1 —1sinh?(Ea)}

t4 —2tE -1 tla _
. Z =D 2cosh’(Ea)

t/a=0

(A12)

The right-hand sides differ from the continuum by terms of
order a®.

Combining Egs. (All) and (A12) with Egs. (AS8)
and (A10) and dividing by 4 provides Z4[Cy],, while
combining Eq. (A7) with Eq. (A6) provides Z;[Cy]
Figure 29 shows the quantities

cont*

% (24[C1]lat -2 [Cf]cont)

(mod) (A13)

for the local (left) and one-link (right) vector correlators.
This quantity is designed to behave as d + blogmgya as
a — 0, so a log-enhanced discretization effect appears as a
significant slope on a log-linear plot. Such effects are
clearly present for the unimproved local current and the
one-link current in any case. The Naik term clearly removes
the log-enhancement for the local current: the slope b is
much smaller than for the other cases and consistent
with zero.

APPENDIX B: OSCILLATING CONTRIBUTIONS
IN THE SHORT-DISTANCE WINDOW

Correlation functions constructed from staggered-quark
operators, which are local in time, contain temporal
oscillations from states of opposite parity. In the case at
hand, the oscillating states are 17~ states, which are heavier
than the 17~ states, so their contribution to the correlator

dies out after a few time slices. This is observed in the

aiV"0 integrands for the different connected contributions

we compute in this work; see Fig. 1. Depending on the
relative sizes of the oscillating and nonoscillating state’s

TABLE XI.

energies and their couplings to the local-time staggered-
quark operator, the oscillations can be quite pronounced
relative to the size of the correlation function. In particular,
we observe the charm integrand in Fig. 1 to have much
larger relative oscillation sizes than the light or strange. The
oscillating contribution to the integrand and hence a,, is,
however, a discretization effect, with the expectation that
the contribution in the continuum limit is zero.

In Ref. [13], we examined this expectation for the case of

iny (1.5.1.9.0.15 .
ay and ay* = ay™! ). Our analysis procedure to

remove the oscillating contribution involved fitting the
light-quark-connected correlation functions in the respec-
tive window regions. These fits then enabled a high-
precision, high-fidelity reconstruction of the correlation
function. Using the reconstruction, the observables were
then computed with and without the oscillating contribu-
tion. In that work, we found a nonzero correlated difference
for a)) between the oscillating and nonoscillating result on
our coarsest two ensembles. On our two finest ensembles,
the difference was statistically zero. We also found that the
difference approached zero faster than the leading discre-
tization effects in our continuum extrapolation fit function,
namely a’a,. For a,?, as expected, we found that the
difference was zero on all ensembles, as the oscillating state
contributions had largely died off in the later time region. In
our final Bayesian model averaged result of Ref. [13], we

include model variations of a1 ' observables computed
without the oscillating contribution, which we found to be
consistent with the result that includes oscillations.

For the short-distance window, it is not sensible to fit the

earliest time slices, so fit reconstructions of @' (conn),

a;*P (conn), a5 (conn) cannot be included in the BMA.
Instead, we construct a modified version of Eq. (A3) from

Ref. [13],

N _ .
Zn states Z%e E,t lf [/Cl > 1,

C(r) if t/a <1. (B1)

Crove) = {

The parameters Z, and E, come from a fit to the correlator
using the Ansatz function in Eq. (A2) of Ref. [13]. We
perform these fits for each flavor on all ensembles using
tmin/ @ = 2. We choose f,,,,, to be roughly 0.7 fm (the rhs of

Correlated differences between a, observables computed from the raw correlation functions and

values computed from the fit reconstruction, including both oscillating and nonoscillating terms.

~a (fm) Aa}SP (conn) Aa*SP (conn) AagSP (conn)
0.15 0.00055(52) -7.7(8.9) x 1078 7(12) x 10710
0.12 0.000053(56) -9(10) x 1078 1(13) x 10710
0.09 —0.000012(56) —0.0006(286) 1.8(3.4) x 1078
0.06 4(34) x 1076 4.9(7.0) x 1076 ~3.7(4.2) x 1078
0.04 —0.0018(60) -0(15) x 1073
0.03 0.00007(31)
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FIG. 30. Plot of the correlated difference Aa,(osc) between a, computed from the raw correlation function and the modified
nonoscillating correlation function of Eq. (B1) versus a?. This difference isolates the lattice artifacts due to the oscillating contributions;
we observe that they fall off rapidly compared to the leading discretization effects already included in our continuum fits.

the SD window boundary plus 2A). We use 4 + 4 states in
our fits in all cases, except where increasing (decreasing)
the number of non(oscillating) states yields a smaller
correlated difference between a, computed from the raw
data and a, computed from the fit reconstruction with the
oscillating contribution. For the light, strange, and charm
fits, we select the lowest energy state prior from the PDG
values of the p, ¢, and J/y meson masses, respectively.
The other prior selections follow from Ref. [13]. The fit
qualities, as measured by the y?/d.o.f., are all between 0.3
and 1.3. The correlated differences between the a, observ-
ables constructed from the raw correlator versus the
correlator in (A2) in Ref. [13] are given in Table XI. We
find that they are all zero within uncertainties, indicating
very good reproduction of the raw correlation function
from the fit.
The results from plugging

ACosc(l‘) = C(t> - Cilo osc(t> <B2)
into Eq. (2.9) for the short-distance window to obtain
|Aa,(osc)| are shown in Fig. 30 for alSP (conn),

a*P(conn), a5SP(conn). We emphasize that due to

not having a f/a =1 data point with the oscillating
contribution, the curvature is reduced relative to the true
|Aa,(osc)| asitis a larger contribution at coarser spacings.
For the light and strange contributions, we observe
straightforwardly that the oscillating contribution falls
off faster than the leading discretization terms in our
continuum fits. For charm, this is not apparent for the
physical ensembles used in this work. To resolve this, we
have studied additional charm data generated on nonphysi-
cal light-quark ensembles [60], with lattice spacings of
approximately 0.04 and 0.03 fm. With this extended
dataset, we observe the oscillating contribution does indeed
fall faster than the leading discretization terms in our
continuum fit. In summary, we find that the discretization

effects due to the oscillating contributions are small enough
that they do not need to be explicitly removed before
performing the continuum extrapolations.

APPENDIX C: COVARIANCE AND BAYESIAN
MODEL AVERAGING

Here we derive the formulas used to estimate covariance
between different observables in the context of BMA. We
follow the notation of Ref. [86]. This derivation is a simple
generalization of the formula for the variance derived in
that reference. Our derivation of the BMA statistical
covariance matches a similar result from Ref. [113].

We consider two observables a and b, which are
specified over a joint space of N, models {M;}. The
sample estimator of covariance between these two quan-
tities is defined as

Covla, b] = (ab) — (a)(D), (C1)

where (...) denotes the expectation over the posterior
distribution. Each expectation value can be expanded out
as a weighted average over the space of models [86],

Ny
Covla, b] = Z(ab>iPT(Mi|D)
i—1
Ny Ny

=3 “(a)(b) jpr(M{|D)pr(M,|D).

i=1 j=I

(€2)

where pr(M;|D) are the model weights as defined in
Sec. III, and the expectation (a); denotes the expectation
with respect to the specific model M;. Next, we manipulate
this formula to expose the individual model covariances
Cov;[a, b] with respect to each model M;,
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Covla,b] = i<<ab>i ~ (a),{b}y)pr(M,|D)
+ Z )ipr(M;|D)
Ny Ny
=S a) b),pr(MD)PR(M D) (C3)
i=1 j=1
Ny
=3 _Cona.bipr(a0)
+z b)pr(M,|D) — {a) (b). (C4)

Similar to the analogous formula for the variance, the first
term represents a weighted average of the “statistical
covariance” between a and b within each of the models,
while the second two terms together encode a ‘“‘systematic
covariance” over the space of models. Note that the
statistical covariance also includes correlations from the
use of shared parameters [e.g., Mg (GeV), aMq, Zy].

The formula in Eq. (C4) is fully general, but in the
present context we are mainly interested in using it for the
combination of different components of a,. Since these
components are produced in separate analyses, we can
decompose the joint model space {M;} into the direct
product of {M;} = {My, } x {M%}, where {M},}, {M}}
represent the sets of models used in each analysis for
estimating the individual quantities a and b. The double
subscripts “m;” and “n;” denote the two models chosen
from {M%} and {MB } that together comprise the joint
model M;. Thus, Eq. (C4) becomes

wA Nys
Covla, b] = Cov,,,[a, blpr(M4,, ME|D)
m=1 n=1
Nya NMB
+ )uPr(My,, M7|D) = (a)(b).
m=1 n= 1
(Cs)

where N, Nys are the number of models in each
respective model space, so that the total number of models
is NM = NMANMB.

A useful way to rewrite this expression is to marginalize
over one of the model spaces, giving a formula in terms of a
model average over the other model space. Without loss of
generality, we average over the model space for b by
defining the quantities

pr(My,, M}}|D)

C C —, C6
ol = 3 conule s MHED) (o

= XMZ PR MID) (o)
=1 pr M131|D) ’

where by definition

pr(M;,|D) = Zpr (M5, M7 |D), (C8)
and thus rewrite Eq. (C5) as

NMA

Cov]a, b] = ZCOV,,, [a, b]pr(M4,|D)
+ Z n(B)pr(My|D) = {a)(b).  (C9)

In thinking of this as a marginalization, the quantity (b),,
may be counterintuitive; it is an average over the {M2}
space, but with an index m explicitly selecting a model
from the other space {M .}. If one imagines doing a
sequential model average in which b is averaged over first,
then the dependence of (b),, on the choice of model M4,
seems completely backward. The awkwardness of this
notation is a consequence of the fact that, without addi-
tional simplifications, the idea of model averaging over b
first is not really well defined; instead, one must consider
the full model space in its entirety. The choice of model M5
influences the relative weight of different model choices in
space {M4}, altering the joint probability pr(M%, M2|D)
and contributing to the covariance between a and b even in
a sequential analysis where b is estimated first.

An important simplifying case occurs when the depend-
ence of the quantity (b),  on model space {M%} vanishes,
i.e., when (b), = (b). In this case, the last two terms in
Eq. (C9) cancel exactly, leaving only the averaged statistical
covariance. A relevant case under which we will find (b),, =
(b) is when the model spaces are independent, so that
pr(M4, MB|D) = pr(M4,|D)pr(ME|D); this factorization
immediately reduces Eq. (C7) to (b). Other situations where
(b),, = (b) include when the model space {M5} is trivial,
i.e., when only one model with nonzero probability is present
or when the expectation value (b),, is independent of n.

In general evaluation of the joint model probabilities
pr(M4, MB|D) for all combinations across both model
spaces is impractical. In Appendix C 1, we explore how the
further assumption of independence between the model
spaces leads to relatively simple estimators for statistical
and parametric covariance. In Appendix C 2, we consider a
conservative way to estimate systematic covariance terms
in cases where they are present but difficult to estimate
directly. We adopt the latter estimate for the dominant
source of systematic correlations in this work, namely that
from shared EFT and EFT-inspired finite-volume models.
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1. Independent model spaces and statistical covariance

Here, we explore the consequences of the assumption of
systematic independence between the two model spaces
{M4}} and {M2}. By systematic independence, we mean
that the joint model weights factorize into the independent
model weights calculated within the two separate analyses,
1.e.,

pr(M;|D) = pr(M, |D)pr(M5 D). (C10)

As noted above, this assumption reduces the marginalized
(b),, defined in Eq. (C7) to the expectation value (b) over
{M8}, causing the systematic model-variation covariance
terms to vanish. The statistical and parametric correlations
between a and b are retained in full. In particular, Eq. (C11)
immediately reduces to a simple average over statistical

covariances,

Covla, b] = Cov*™[a, D]

= 3 Covla. Blpr(M3 D)pr(ME|D).

m=1 n=1

(C11)

The individual model weights for M4, and M2 are estimated
using the BAIC within each separate analysis, while the
statistical covariances are estimated as described in the text.

For use in a series of model averages, it is useful to
marginalize over one model space as in Eq. (C9). Under the
assumption of independent model spaces, the marginalized
covariance Eq. (C6) reduces to

Nys

Cov,,[a, b] = Cov,,[a, (b)] = Z Cov,,,[a, blpr(M2|D),

n=1

(C12)

which allows us to rewrite the full statistical covariance as
Ny

Cov*®[a,b] =Y Cov,[a. (b)lpr(M4|D).  (C13)
m=1

where Cov,,[a, (b)] are the statistical (and parametric)
covariances between (a),, (the individual model results
from {M4}) and (b) (the model average over {M5}).

An important alternative case under which Eq. (C13)
holds is for parametric inputs in which case the model space
{M2} can be viewed as consisting of only a single model.
In this case, the sum in Eq. (C12) collapses, so that
Cov,,[a, b] = Cov,,[a, b], the ordinary statistical covari-
ance between a and b given model MZ. An alternate
derivation of Eq. (C13) first appeared in the Supplemental
Material of Ref. [48].

2. Systematic covariance

Model independence, which leads to zero model-sys-
tematic covariance, is a reasonable assumption for most
sources of systematic error between most observables;
however, the shared use of EFT and EFT-inspired schemes
among different observables may violate this assumption
and lead to non-negligible systematic correlation between
these observables. Correlations associated with M, correc-
tions are negligible since Aj, is small in any case where
these corrections are applied. TB corrections do not lead to
correlations as they are used only in the final results for one
observable, namely al‘jv(disc). In contrast, FV corrections
do lead to large systematic errors in multiple observables.
Here, we derive a conservative upper bound on the
systematic covariance associated with the shared use of
FV correction schemes.

As argued above, the systematic covariance of interest
entirely consists of that which comes from FV corrections,
ie.,

Cov¥*[a, b] = CovF¥[a, b]. (C14)

In the current context, this covariance cannot be determined
exactly as the joint model probabilities pr(M;|D) are too
cumbersome to compute. Recall, however, that the covari-
ance matrix is diagonally dominant, which means

|CovFV]a, b]| < atVatY, (C15)
where the variances are evaluated in the usual way

including appropriate factors of the model weights in each
subset,

Ns/‘fv
oy = ;<a>§§VAkpr(S’év,le) - <a>12~“v’ (C16)
with pr(Sfy /D) as defined in Eq. (3.13) and
Nty
(a)py = Z<a>5é\,_kpr(sév.k|D)’ (C17)

k=1

1
e pr(S’f}V’k|D)

(@) > (@),pr(MaID). (C18)

My, €Sy,
and similarly for b. For emphasis, the subsets {Sgy .}
partition the model space { M4} for a single observable into
subsets (one for each FV correction scheme), which is
distinct from the factorization of the joint model space for
two observables as {M;} = {M5, } x {MZ% }. Note that in
most cases (a)py = (a) as defined in Eq. (3.10); the only
exception is for a}‘jv(disc), where we average only over the
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TABLE XII. Correlation matrix for the individual contributions computed in this work in the short-distance window SD.
aj!(conn) a;* (conn) ag¢ (conn) a,(disc) Aal?(SIB, conn) Aal?(SIB, disc)

af,’(conn) 1.00 0.19 —-0.01 0.00 —-0.01 0.00
a;’ (conn) 0.19 1.00 0.17 0.00 0.00 0.00
agf(conn) —0.01 0.17 1.00 0.00 0.01 0.00
a,(disc) 0.00 0.00 0.00 1.00 0.00 0.00
Aa!?(SIB, conn) —-0.01 0.00 0.01 0.00 1.00 0.00
Aal(SIB, disc) 0.00 0.00 0.00 0.00 0.00 1.00

TABLE XIII. Correlation matrix for the individual contributions computed in this work in the intermediate-distance window W.
al!(conn) a3’ (conn) as¢(conn) a,(disc) Aa!?(SIB, conn) Aa!?(SIB, disc)
af!(conn) 1.00 0.32 0.24 0.09 0.44 0.00
a;’ (conn) 0.32 1.00 0.43 0.00 0.00 0.00
a;f(conn) 0.24 0.43 1.00 0.00 0.02 0.00
a,(disc) 0.09 0.00 0.00 1.00 0.11 0.06
Aal?(SIB, conn) 0.44 0.00 0.02 0.11 1.00 0.00
Aa!(SIB, disc) 0.00 0.00 0.00 0.06 0.00 1.00

variations without TB corrections, to disentangle these two
effects.
In summary, what we have shown is

Covla, b] = Cov*™|a, b] + Cov*¥*[a, b] (C19)
= Cov*@[a, b] + CovtV][a, b] (C20)
< Cov*[a, b] + |CovtV|a, b]| (C21)
< Cov¥'a, b] + 65V olV. (C22)

Cov*[a, b] is as defined in Eq. (C13), and the additional
term is used to account for the systematic correlations
between ai" (conn), ay (disc), and Aai™Y (SIB, conn).
We conservatively assume that the covariance between our
observables saturates this bound; this assumption is equiv-
alent to assuming 100% correlation between observables
for the systematic error due to FV effects.

3. Correlation matrices

Using this formalism, our correlation matrices for aSD
and a,‘jv are given in Tables XII and XIII, respectively.
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