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Abstract

In this paper we prove both end-point maximal Ll—regularity for the discrete parabolic Cauchy problem
and regularity of some non-local operators in discrete Besov spaces. To that aim, we prove characterizations
of the discrete Besov spaces in terms of the heat and Poisson semigroups associated with the discrete
Laplacian. Moreover, we provide new estimates for the derivatives of the discrete heat kernel and semigroup
which are of independent interest.
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1. Introduction

In the study of partial differential equations, it is desirable to get some regularity results for
the differential operators involved, as well as a priori estimates for the solutions, which provide
information about the smoothness of the solutions before even solving the equation. Also, when
we consider a parabolic Cauchy problem of the kind
oou—Lu=g, te(0,7),

{u(0>=uo, b

where L is a certain differential operator and T is either positive or infinite, it is quite interesting
to study for which operators L the loss of regularity phenomenon (that is, when the partial deriva-
tive, d;u, of the solution, u, of the above Cauchy problem is less regular than the right-hand side
term, g) does not hold. In this case we speak about maximal regularity. More precisely, suppose
that X is a proper Banach space and L : Dom(L) C X — X is a closed operator whose do-
main, Dom(L), is dense in X. Given g € L9((0, T); X), 1 <g < oo, we say that L has maximal
L9 -regularity if there exists a unique solution u to (1.1) with ug = 0 satisfying

10r2ll La (0, 7): x) + ILullLao,7);x) < CllgllLao,1):x)-

Maximal regularity for parabolic Cauchy problems as (1.1) has received great attention in the
last years, see for instance [11,14,17,18,21,22,29-31] and the references therein. It is known that
if the operator L generates a bounded analytic semigroup (or equivalently, L is sectorial of angle
strictly less than 7/2), {T;};>0, of operators in a Banach space X satisfying the Unconditional
Martingale Differences (UMD) property, then maximal L?-regularity holds for g € (1, 00), see
[22, Chapter 17]. However, in the cases when either ¢ = 1 or ¢ = 0o, or when considering
Banach spaces that are not UMD, such as the non-reflexive Banach spaces, a different approach
is needed in order to get maximal regularity. Moreover, if the operator L generates an analytic
semigroup, {7;};>0, of operators in a Banach space X, then the solution of (1.1) can be written as

t

M(t)=Ttu()+/thsg(S,')dS, tel[0,T).
0

Therefore, when ug = 0, the maximal L9-regularity is reduced to prove that the operator

t

RO = [0Tg6.ds
0
is bounded from L7((0, T'); X) into itself (observe that 9, 7;g = Lg, t > 0), so in this case max-

imal L?-regularity can be viewed as L?-boundedness properties of certain Banach space valued
singular integrals.
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In this paper we shall consider as the operator L the discrete Laplacian, that is,

(AgH(n):=fn+1D)=2fm)+ f(n—1), neZ,

for f :7Z — R. This operator has been well-studied in the last years and some of its main har-
monic analysis properties can be found in [1,2,4,8,12,13]. In [11], the author proved weighted
mixed norm estimates and end-point maximal L'-regularity for (1.2) with ug =0and ¢ € [0, T),
T € (0, 00), in the homogeneous discrete Besov spaces Bgy 1 (Z%). In that paper, the author says
that he used a different method from the one employed in [29,30] because a characterization of
discrete Besov spaces via the heat semigroup of A; was not known.

The aim of this paper is twofold. On the one hand, we shall prove complete characterizations
of the discrete Besov spaces in terms of the heat and Poisson semigroups associated with the
discrete Laplacian, A;. These characterizations, which are independently interesting, will help
us achieve the second main objective of the paper: regularity results in discrete Besov spaces. In
particular, we proved end-point maximal L'-regularity for the solutions to the parabolic Cauchy
problem
{ ou(t,n) — Aqu(t,n)=g(t,n), nez,t>0, (1.2)
u(0,n) =up(n), nez, ’

and also we get regularity results for some fractional operators associated with A, in the discrete
Besov spaces.

Besov spaces are spaces of functions with certain smoothness degree which generalize Holder
spaces and play an important role in PDEs, mathematical physics and functional analysis. These
spaces on R” and on domains were introduced between 1959 and 1979 and can be viewed as real
interpolation spaces in the scale of Triebel-Lizorkin spaces, see [38]. Providing suitable charac-
terizations of these spaces in the continuous setting has been a central topic of study for many
authors in the last 60 years, and there is an extensive literature in the topic, see for instance the im-
pressive series of books [38—40], which collect most of the theory until 2006, and some more re-
cent works like [6,7,9,10,25,27,41,42] and the references therein. In particular, obtaining charac-
terizations of functional spaces in terms of the heat and/or Poisson semigroups is very convenient
in order to get regularity results for non-local operators, see for instance [15,16,19,26,33-36].

Much less is known in the discrete case, and some main difficulties in this setting rely on the
fact that the discrete heat kernel does not satisfy the usual hypotheses needed to obtain this type of
characterizations, such as Gaussian estimates and Holder continuity. Despite this fact, recently, a
characterization of the discrete Holder spaces was given in terms of semigroups associated to the
discrete Laplacian, see [1], and this characterization allows the authors to get regularity results
for the fractional powers of the discrete Laplacian in a more systematic way than in [13] and for
a wider range of powers.

Before stating our results, we shall introduce the main definitions in our setting. For f : Z —
R, consider the discrete derivatives from the right and from the left,

Sright f(n) = f(n) = f(n+1), Siefr f(n)=f(n) = fn=1), nel.

Observe that 6,ign:81efr f = S1ef1right f» 80 every combination of these operators is not affected
by the order when they are applied. We will use the notation (Sﬁi ght and 8;61(-[ to denote the /-

fold composition of the operator, / € N, being 891. ght f=fand S?ef[ f = f. Moreover, since

3
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the ¢7(Z)-norms are invariant under translations, we have that for f : Z — R,

8rightf||p =
HS;e r1f || . Therefore, we shall state and prove our results for the §,;,,; operator.

Let « > 0 be a non-natural number, / = [«¢] the integer part of o, and 1 < p, g < co. We define
the discrete Besov spaces, also called discrete “generalized” Holder spaces, as

Signi FC ) =8 PO
| jlet

71
—_<oo}, 1<g < oo,
p Ll

c*Pi(g) .= {f:Z—)R : Z
J#0

and
Sf‘ightf(. +J) = Sil’ighlf(')
et

CHP (L) := {f:Z — R : sup
Jj#0

<0 }
p
Observe that ¢7(Z) functions are trivially in C*?-9(Z). Furthermore, in Lemma 2.2 it will

be proved that the functions belonging to these spaces satisfy ﬁ € t4(Z, n), being £9(Z, )

the weighted £9-space with weight u=>", ﬁén and 8, the Dirac measure in n. This size

condition will be the starting point to define the following spaces of functions.
Foro e N and 1 < p, g < oo, we introduce the “generalized” Zygmund classes by

- f
T4

ZPa(7) :={f:Z—>]R{ € L1(Z, n) and

> Srighe £ C = 1) = 287704 F ) + 80 fC+ ) |9 LS S g <00
Jj#0 17 o1l
and
@p.oogy.— ) r. o f ~
VA (Z) = f.Z—)R.l_H'aEE (Z) and
i S C = D) = 28500, O + 8, fC+ )
sup . ool
J#0 1Jl )

Observe that when p = g = 00, £*°(Z, ) = £L°°(Z) so C*°°(Z) are the discrete Holder
spaces and Z%°%°(Z) are the discrete Zygmund spaces treated in [1].
For 1 < p < 0o, we consider the mixed-norm spaces

LI(((0, 00), dt/1); €7 (L)) = { f : (0, 00) > £P(Z) : 1A,y < 0o},
where

o] 1/q
g dt
1 lpg=| [ 17®OI5 —| . 1<g=<oo,
0

and
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1F 1]y oo =infda>0: / a_,

t
{r=>0:11f Ol p>a}

It can be shown that the spaces LY(((0, 00),dt/t); €P(Z)), 1 < p,q < oo, are Banach spaces
under this norm, see [5], and the norms || /[l , o, and sup,. [l f (#)ll, coincide.

Finally, we shall introduce Besov spaces in terms of semigroups associated with the discrete
Laplacian. It is well-known that the heat semigroup associated with Ay is the solution to the
discrete heat problem,

oru(t,n) — Aqu(t,n) =0, neZ,t>0,
u(0,n) = f(n), nei,

and it is given by the convolution u(z, n) = €' f (n) := ZjeZ G(t,n—j)f() = ZjeZ G(t,
J)f(n—j), where

Git,n)=e 21,2t), neZ,t>0,

being I, the modified Bessel function of the first kind and order n € Z, see Section 2 for more
details. Moreover, by subordination (see [43, Chapter IX, Section 11]) we can define the Poisson
semigroup associated with A, as

‘A

e—yv—Adf(n) :— / 3 il
0

5 e f(mydt, y>0, nel,

which is the solution to the discrete Poisson problem

B)Z,U(y, n) — Aqv(y,n)=0, neZ,y>0,
v(0,n) = f(n), nez.

For @ > 0 and 1 < p, g < 0o, we define the discrete heat Besov spaces and discrete Poisson
Besov spaces as

f
L+

A% = {f Z>R: _ € ¢(Z, ) and Htk*%a,kemde < o0, with
P-4

k:[%]+l,t>0}

and

apq Z—R: RADI < 00 and H [—agl p=yV=Ad H < 00, with
{f Z 1—l—|n|2 Y Y / p.q

l=[a]+1, y>0}.

Our first main result is the following.
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Theorem 1.1. Let 1 < p, g < oo.

(A) Let o > 0.
o,p,
(Al) Ifa ¢ N, then C*P4(Z) = A&il’ a,
(A2) Ifa €N, then Z*P9(Z) = AL,
(B) Let f:Z — R suchthat }_ ;g lli(\i)lé <00
(BI) Foreverya >0, a ¢ N,

feCPUL) — fe A" — feAp™.

(B2) Foreverya € N,
fez¥P(Z) < feAy" = feal™i.

Observe that when p = g = 0o, we recover the results obtained in [1]. In order to prove
Theorem 1.1, we will need to prove some refined estimates about the derivatives of the discrete
heat kernel (see Lemma 2.1) and of the discrete heat semigroup (see Lemmata 2.4 and 2.5),
and some mixed-norm estimates for the derivatives of the heat and Poisson semigroups (see
Lemmata 2.6, 2.7 and 2.9). We believe that these results are also of independent interest.

Moreover, these characterizations of the discrete Besov spaces through the semigroup lan-
guage will allow us to get some regularity results and end-point maximal L'-regularity for the
parabolic Cauchy problem (1.2) in a direct and systematic way.

First, we prove the regularity of some fractional operators associated with the discrete Lapla-
cian, such as the Bessel potentials and the powers (= AT in the discrete Besov spaces. For
the appropriate definition of these operators, see Section 4.

Theorem 1.2. Let o, >0, 1 < p,q <00 and f :Z — R such that f € Ay"?, then (I —
Ad)fﬂ/zf c A‘}[;ﬂ’p’q.

In order to define the ‘fractional’ powers of order 8 of the discrete Laplacian, we need to
consider the functions in the following spaces:

|u(m)]

E:l:ﬂ:: MZ—)RZW<

meZ

The choice of these spaces is justified since the fractional powers satisfy the following pointwise
formula

AP f) =" Kepn—m)f(m), nel,

meZ

where Kg(m) ~ m whenever 8 > 0 (with Kz being of compact support if 8 € N) and
K_g(m)~ W for0 < B < 1/2,see[1,13].
Now we state our regularity results in the discrete Besov spaces for the discrete fractional

Laplacian. The negative powers of the Laplacian are only well-defined for 0 < 8 < 1/2, since
the integral that defines it is not absolutely convergent for 8 > 1/2 (see Section 4).

6
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Theorem 1.3 (A priori estimates). Let o >0, 0 <8 < 1/2, 1 < p,q <oocand f :7Z — R such
that f € A5 N L_p, then (—Ag) 7P f e Az;]+2ﬁ,p,q'

Theorem 1.4. Let o, 8 > 0, such that 0 <28 <a, 1 < p,qg <ooand f:Z — R.

(1) If f € A5P9 e, then (—Ag)P f € AS72PP4
(2) If BN and f € AGP, then (—Ag) o (—Ag)o---0(—Ag) f € NG 2PP.

B times

Furthermore, as a consequence of our semigroup characterization of the discrete Besov spaces,
we get the end-point maximal L !-regularity for the parabolic Cauchy problem (1.2) in the homo-
geneous Besov spaces Ail’p ’], a >0, 1< p < oo, which are the spaces of functions f:Z — R
such that

s ::sz’%atkem"f” <00, k=[a/2]+1.
H p.1

The spaces A‘;_I’p ! generalize the spaces Bg’l(Zd ) considered in [11].

Theorem 1.5 (Endpoint maximal L'-regularity). Let o > 0, 1< p <oo, and u the solution to
(1.2) with T either T > 0 or T = oo. Then, there exists a constant C > 0 such that

190l 10,y + 18a 11 o gty = € (N0l ot + 1811 o o)

The paper is organized as follows. In Section 2, we establish all the results concerning point-
wise and norm estimates of the discrete heat and Poisson kernels and semigroups. Section 3 is
devoted to prove Theorem 1.1 and all the properties related to these spaces. In Section 4 we prove
the regularity results for the fractional powers of the operators as well as the end-point maximal
L'-regularity theorem. Finally, in Section 5 we include the Hardy inequalities in their discrete
and continuous versions, that will play a crucial role in our proofs.

Throughout this article, C and ¢ always denote positive constants that can change in each
occurrence.

2. Discrete heat and Poisson semigroups
2.1. Some known results

In this subsection we collect some known properties about gamma and Bessel functions that
we will use along the paper.
For every y > 0, and n > 0, it holds that

Y
(l—r)"r)’f(%) L O0<r<l. 2.1
Y+

This inequality was a key point in the proof of many results in [2] and [12]. We will also use the
following estimates for the Euler’s gamma function (see [37, Eq. (1)])
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1—‘(Zi—i_ol)zz"‘ <1+0(L>>, Rz >0, R > 0. (2.2)
'(z) |z|

We denote by I, the Bessel function of imaginary argument (also called modified Bessel
function of first kind) and order n € Z, given by

00 1 ¢ 2m+n
L= —— (L , No:=NU{0}, eC,
n(®) mZ%)m!F(m—I—n—l—l)(Z) e o (0}, 1€

and I, = I_, for n € N. It also has the following useful integral representation,

B iy 2\
I,(t) = 1—s ds, neNp,t>0.

1
tn
VT2 T(n + 1/2) /e
-1

1

Likewise, for [ € Ng and n € Ny, the discrete derivatives 8, ht

tion, see [1, Proof of Lemma 2.4],

I,, have the following representa-

1

! = — " —tsc1 _ 2 n—4 1
Prign = e+ D) /e A= (e+
! 2.3)

min{m,l—m}

-1
1 —m—
+ E o E d,,,m,lsp(s—i—l)l mTP ds,
m=1 p=1

where dj ;,,; € R are constants only depending on p, m and [, and the sum in the second line
should only be interpreted when / > 1.
On the other hand, the generating function of the Bessel function I, is given by

SRS (), x#£0,1€C.
neZ

From above identity, it was proved in [2, Theorem 3.3] that, for every k € Ny,

Yoy =ep). Y n*L6 =0, >0, (2.4)

neZ neZ

where each pi(t) is a polynomial of degree k with positive coefficients, po(t) = 1, and pr(0) =0
forall k € N.

2.2. Discrete heat kernel

The solution of the heat problem on Z is given by the function e/24 f(n) = 3 jez Gt,n —
J) f(j), where the discrete heat kernel is given by

Git,n)=e21,21), neZ,t>0.

8



L. Abadias, M. De Leon-Contreras and A. Mahillo Journal of Differential Equations 440 (2025) 113465

In the following we state a new general estimate for the heat kernel G and its discrete derivatives
8” ghtG refining the estimates obtained in [1].

Lemma 2.1. Let | € Ng. Assume that one of the following statements holds

0 —[5] - %Sﬂand
() —[B]-1=<8 dte(O 1.

Then, there exists a positive constant Cg ; only depending on B and 1, such that

P

———, nhez.
1+ |n|l+2/3+1

rlghtG(t l’l)‘ Cﬂl

Proof. Let ! € Ny. First note that by (2.3), and performing the change of variables 1 +s5 = 5,
we get for n € Ng and ¢ > 0 that

G(t, n)‘ L/e*“u"*% (1 — l)n_% (l)l
rtght - \/ZF(n-t—%) 4¢ 4t
0

mm{m [—m}

+Z Z (Z—t)l_m_p du.

Next, we introduce the parameter 8 into this equation as follows,

4¢
r,gh,G(t n)) < F(Iifit)/e—uun—l_ﬁ (1 3 Z_t)n—% (ft)%-kﬂ <<%)l

min{m,l—m}

u\l—-m—p
+Zt—m Zl (E) du=:1+1I, t>0, neNy.
m= p=

We are interested in getting bounds that depend on n € Z. For this purpose, since we are assuming

B>— [H‘l] 5, in particular we have that 8 + 2/ + 1 > 0, so we divide Z into the following
three disjoint subsets

Z=meZ : n>B+20+1}UneZ :n<—-B+2+D}U{neZ:|n<pB+20+1}
=:AUBUD.

First we consider that n € A. Note also that, from the condition g > — [%] — %, we have in
particular that 8 4+ 1/2 4+ > 0. Thus, by using (2.1) and (2.2) we have that, for § +1/2+1 > 0,

9
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THB+ 4t
Crpt? (5+B+1)7
1)< —-£ (2 b /e_”u"_l_ﬁdu
0

T+ \B+l+n

CiptP T(n—p) - CyptP
T T3 1 bt T Ll

When g 4 1/2 + 1 = 0 the same inequality is obtained directly.
In order to get the desired bound in A for 77, we need to make some observations. Let [ > 2.
Note that

RSN s -1/2, if [ is even
2 |7 | =1/2-1/2, iflisodd,

and, for 1 <m <[ — 1, it holds that

1/2, if [ is even

[—1)/2, iflisodd. 2:5)

min{m,l —m} < { (

Therefore, the condition g > — [%] — %, implies that 8 +1/24+1—p>0,for 1 <p <
min{m, [ — m}. In addition, if n € A thenn — 8 —m > 0, with 1 <m <[ — 1. Therefore,

I—1 min{m,[—m} 4

11 = G ﬂtﬁ Z Z /e—uun—l—ﬂ—m (1 _ l)ni% (i)ﬁ‘k%‘klfp du
F(l’l + 2) 0 4t 4t

[—1 min{m,l—m}

=Gt 2, 2

m=1 p= 1

I'n—pB—m)
C(n+ 11 4 nftati-ry’

where we have used (2.1) whenever B8+ 1/2 +1 — p > 0, and a direct computation when S +
1/2 41— p = 0. Now by taking into account (2.5), we have that every p such that 1 < p <
min{m, [ —m} satisfies 8 + 1/2 41 — p = 0 if, and only if, g + [Z5] + 1 =0, and this holds
whenever p =1/2 and m =1/2 (if [ is even) or p = (I — 1)/2 and is either m = ({ — 1)/2 or
m = (I + 1)/2 (if [ is odd). Therefore, by using (2.2) we get that

[—1 min{m,l—m}

1 Cpt?

P B

n<Cpfy > L nl 2B 4n—p) = | plt2B+1°
= =1

Secondly, we consider n € B, that is, n < —8 — 2/ — 1. Thus, n < —I, and then we can

write SilgmG(t,n)‘ = ”ghtG(t |n| — Z)‘ for n € B. Furthermore, if n € B, we have |n| — [ >
B+1+1,and in particular [n| — I > B +m forallm =1,...,1 — 1. So, one can repeat the same
steps as in the case of the subset A but replacing n by |n| — l and obtaining the same estimate.

Finally, we consider n € D, i.e., |[n| < 8+ 2] + 1. Observe that 1 < 1|C\+[2ﬁ“ Iftr>1, we

use [1, Lemma 2.3] to get

10
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B.l tP
G(t, n)‘ —— <Clg——————.
rlght ] B 1+2B+1
t[%]ﬁ 1+ 1n|
Ifte(,1) and B < —l, we use that 5£igh[G(t,n)‘ < Ct’%, which implies the desired

bound. O
2.3. Heat and Poisson semigroups

Here we present some technical lemmata to prove our main results. Moreover, the following
lemma will suggest the appropriate size condition that will be imposed to the functions so that
the discrete heat semigroup is well-defined and satisfies the decay estimates necessary to work
in A%"? spaces.

Lemma22.Leta>0,a¢ N, 1<p,qg<ocoand f € C*P9(Z). Then, ﬁ eti(Z, ).

Proof. We begin with the case ¢ = co. Due to the £7(Z) embedding, if f € C*P:*°(Z) then
f € C*%°(Z). Therefore, we can apply [1, Lemma 3.1] to obtain that T € £°°(Z).

Secondly we prove the case 1 < g < oo, and we split the proof into several cases. Assume
first that « € (0, 1). As f € C*P9(Z) we have that,

f—f@©)
1+

)

q.un

i
L[

H £
1+

q.1 ‘

where the second summand in the above expression is finite. For the first summand, since | f(j) —
FOI=1fC+7) = fOlp for j € Z, we have

JC+D-f0)

‘ A,
Lj1*

a1\
— < 00.
1+ )

Sl

5(2

LT

Now, assume that 1 < o < 2. We have that

1

q 0 _ q91\4
5|f(0)|+(2<|f(")|) ) (Z('{i:j') %) = |f(0)|+A+B.

q,n n=1 n=1

=
1+

By using the fact that

@I If0) = fr =Dl 4+ 1f D) = FOI+ L O =Y [8rigne f( — D] + £ O,

j=1
for n € N and by the discrete Hardy inequality (see Lemma 5.3) we obtain that,

11
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S 1FO)\ 1 g
Z<1+n°‘) ;)

n=1

1
n q
1
a3 > oo 161 g +(

n=1 =

8

1
<C Z ] |5rlghtf(.] - 1)‘) aq+l +C

|8r1ghtf(] rtghtf( 1)| 1 ’ > |8r1ghtf( 1)| 1 ’
<C Z ( ]a 1 ; +C Z ; +C
j=1 j=1
1
. q
<C Z 8rightf('+])_5rightf(') qi +C <00
= HE= 1l '

J#0

For B we have to consider the following inequality,

|f=m S 1f(=n) = F4 DI+ f (=D = O+ 1O =) [8rignt f (=) + 17O,

j=1

and use the same techniques as for A to finish the proof for the case 1 < o < 2.
Lastly, for o« > 2 the proof follows by writing f in terms of differences of order [«] and by
iterating the previous arguments. [0

Remark 2.3.Let 1 < g <oo and f : Z — R satisfying ﬁ € L1(Z, u) for some a > 0.

From the embedding of the £9(Z) spaces we have that A . € £°(Z). Therefore, [1, Lemma
1T
2.12] gives that the heat semigroup e’2< f is well-defined for every ¢ > 0. Furthermore, from [1,

Lemma 2.11] it follows that Sf}ghtetAdf and 3!e'® f,m,l € N, are well-defined,

Srighi€ ™ f(n) =Y GrignGt,n — D F() =Y G(t, Ddrigni f(n—j), neZ,
JEZL JEZL

and for t =t| + t», where ¢, 1,1 > 0,

0™ f(MW)li=t 16 = Y 0, G (01, ™™ fln— j) =" G(t1, )de™™ f(n—j), nel.
JjEZ jeZ

Next lemma shows an estimate for the size of the heat semigroup and some conditions under
the derivatives of the heat semigroup vanish at infinity.

Lemma 2.4. Let 1 < g < o0 and f : Z — R satisfying ﬁ e t4(Z, n), for certain o > 0.

Then,
<C (1 +t°’+zl/q).
L4(Z, 1)

12

e'Pd f

(1) Foreveryt > 0, it holds that ITJFW
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(2) Foreveryn € Z andm,l € No such that 5 +1 > 5, we have that

8115;,7;ght€tAdf(n) — 0, ast—> oo.

Proof. First we prove (/). The case ¢ = oo was proved in [1, Lemma 2.12 A]. Let 1 < g < oo,
and ¢ > 0. By using Minkowski’s inequality we have that

g\ /4

_ . Fan—j)
=| 2 |2 D v

(2w neZ |jel

1/q
| | Fn— ) !
SEZG“”<£%(0+MWXPHMﬂ”)>

JEZL

etAdf
AT

<CGHO+ Y Gt PIF(=))

JEZ\{0}

. £ (0)]
+ Y G - 7
T A+ 11+ 1DV

. fo— Pl |
G(t, _
+ 2 6D §:.(0+4mwmvm
JEZ\{0} neZ\{0, j}
=1+ I1I+I1II+1V.

1/q

Next, we work with each summand above separately. Note that / is bounded.
Secondly, since 1+fT € £9(Z, ) implies that H—I-IJT”" € £>(Z), by taking m as the smallest
integer such that 2m > « 4+ 1/¢q, we have that

. . f . a+1/q
= > G@JNfGVNSCHTITFgﬁ- D G U+
JEZ\{0) ® jeZ)\(0}
f N sa+1/q
HW 1+ Z G(t, DIj
o0 TG
iy |]| 2m—a—1/q
N G Hieamin | 9! 1
> G il mm{qud )
1j1>/7
<C s 1+t 4 Cp,y (20) mi L,
=< W N + + Cpp (2t) min W,
f atl/q
H]—}—H‘H‘l/q oo(1+t 2 )a

where we have used that |G (¢, -)||; = 1 and that | p,,, (2¢)| < C for0 <t < 1, and | p,, 2t)| < Ct™
forz > 1, see (2.4).

13
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For I11,since |j| > 1, we getthat II1I < C||G(¢,)|1 =C
Finally, note that if j 0 and n # 0, j, we have

(1+1n— jI*)n— j|'/e

. .11/
At = A+

so by proceeding as in the case 11, we get

a+1/
IV=C Y Ga.pa+1jmijsc(1+077).
JEZ\(0}

Now we shall prove (2). The case g = co was proved in [1, Lemma 2.13].
Let 1 <g < o0, m,l € Ny such that 5 +1 > 5 and n € Z. Since the semigroup is the solution
to the heat equation, we can write

82[+m tAdf(n

tAg
8t‘grzghte f(l’l)‘ - rlght

Now we choose ¢ > 0 small enough such that o« — 2 — m 4 ¢ < 0. Then, by using Lemma 2.1
forr>1and B = M%’”“, we obtain that

P 1f(n—1-))

A
at nght e df(n)‘ SCl,m,aZ ]+|j|a+€+l

JEZ

— =PI +n—1—j
=C1matﬂ2|f(” ])|.( +In : +J-‘,|-1)'
(I+1n =1 = jIOA+ 17T

JEZL

Holder’s inequality gives the convergence for the series above and since § < 0 it follows that

8;8;’}ght e'®d f(n)| — 0,ast — co. O

The following lemma provides the size condition for the sequence A f():Z — R, given
by e’ Aa fn) = ZjeZ G(n?*,n— j)f(j), n € Z, which will be a key point in the proof of one
of our main results.

Lemma 2.5. Let 1 <g <o0,l € Ny, « >1 and f :Z — R such that ﬁ e l4(Z, ). Then,

2ag4l

ehasl , fO)
right q

e e ti(Z, ).

Proof First, recall that /;(0) = 8¢(j) for j € Z, (where §y denotes the Dirac delta sequence), so

G, —j)= (—1)1( ). for j=0,....,0,and §', , G(0,—j) =0 in another case. Then,

rlght right

14
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8 G n = |1 ()
1+ |n|% 1

B8 g f ()

14+ Hotfl
q,n

2 (X

neZ \jeZ

p(n)

g G2 = |17
1+|n|0l -1

<Cmax{|f():j=0....0+ > D

n#0 \ jeZ

wn(n)

So, we have to prove the convergence of the last addend. For this purpose, we consider the next
disjoint partition
{(n, j) :neZ\{0}, j €Z}
={m, ) :n=1j=1U{(n,j):n=1j<-1}U{@m,j):n=1,j=0}
U{n,j) :n=<—-1,j=1}U{(n,j) :n=<—1,j <-1}U{(@n,j) :n<-1,j=0}
=:A.1U...UA.6.

By Lemma 2.1, we have that
l +1 ]

8hign G — ) SCﬁ,lHlnlj‘W,forneZ\{O} JeZ
and any 8 > —

On the one hand we have that

rlghtG(n n)‘ <Cﬂl|l’l| (Z+1)7 (n,00) e A3,A6,

SO

1
q

g G2, w11 (0)]

q 1
o —I- ql q
T un) | <Cpil£(O) (Z( = l)) ;)

n=1

bD

n#0

=CprfO).

Now, by taking 8 = 'H , we get

rlghtG(” n _.])‘ = Cﬂl ln|~ (H_l) 1<j<2n.

Thus, by using Hardy’s inequality (see Lemma 5.3) we have that

o (& [l G n = D17 G .
<
Z 1+ |n|*™ -l p(n) =81

n=1 j=1 n

S 91\¢
Cas (Zl<|fn<;z)|> ;>

n=

i SO 1
notl n

1 \j=1

WK

15
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S)
<Cg, L[ ,
q.1
and by direct computations we get that
5 l 2 . . q % 5 q %
i Zn 8rign G n — DI 1f ()] v | <c i Z” FGH1 1
) =%pl 11 o
n=1 \ j=n+1 I+ |n|0t n=1 \ j=n+1 ne n
q 1
o) 2n . g
lf(DIn ) 1
sou(y( 3 L) !
n=1 \j=n+l1
1
o0 2\ 4 q
lfm)n=\" 1
=Cpu (Z (W n
n=1
Q)
< Cﬂ,l T |'|a .
g1
On the other hand, by using Lemma 2.1 with 8 = “‘—é'“ one gets
5[ 5 ) |n|ol—l+l . 5 |
right G ,n—J)‘ < Cﬂ,lm’ Jjz2n+1.

Notice that in this case j —n > %, so by Hardy’s inequality (see Lemma 5.3) we have that

o (& |G D10
DD P )
n=1 \j=2n+1 + Inl
q 1
o0 o0 . q
If(Dln ) 1
<Cur || X e
n=1 (1—2n+1 (] —n)* n
N AN l
J n
2(2 ]
n=1 \j=2n+1
©)
<Cgy / = )
(ENNCE

To finish the proof, we can proceed in the same way for the subsets A.2, A.4, A.5, by taking
|jl, |n| instead of j, n, and by taking into account that |n — j| > ||n| — |j||. O

16
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Now we include some lemmata which state mixed-norm estimates for the derivatives of the
heat and Poisson semigroups that provide alternative semigroup conditions to characterize the
discrete heat and Poisson Besov spaces.

Lemma 2.6. Let § >0, 1 < p,q <ooand f :Z — R.

(i) Suppose that 1+J|c w € L4(Z, ) for some a > 0. If m,l € Ny, such that 5 +1 > 5, then

B ol gm tA BH1ql+1 tA
”t 8t(srtght de t 3 Srzght deP , >0

pa” B ”

(ii) Suppose that f satisfies Z/eZ l‘f(lj)“ < oo. Ifm,l € Ny, such that m 41> 1, then

—)»,/—A fH H ﬁ+lal+18m —y«/—Ade , y > 0
p-q

H y y rtght righ 1€
Proof. The proof of this result runs parallel to the one of [35, Lemmata 4 ¢) and 4* ¢)]. In our

case, we also have to use Lemma 2.4, so that arI‘S;’fgm mdf(n) — 0,ast — 00, and [1, Lemma

2.13], s0 that 3}87% e V"¢ f(n) > 0,as y > 00. O
Lemma 2.7. Let 8 >0, 1 < p,q <oo,m,l € Ng, and f : Z — R.

(1) Suppose that JTI” e t1(Z, n) for some o > 0.
- IfleN, there is C > 0 such that

B+l oy Bal—1 o/
#1018 e pr el I fHM, t>0.

— Ifm e N, there is C > 0 such that

|30l ’AdeM <c|eFalsne ’Ade > 0.

(ii) Suppose f satisfies Y jeZ l‘i (‘j )“2 < 00

— Ifl e N, there is C > 0 such that

H PG e fH <CHyﬁal Igm ,e—W—AdeM, y>0.

righ
— Ifm e N, there is C > 0 such that

H ﬂ+lal(gm —V«/—Ade S C ”yﬁal Sm 1 _y/\/_A fH 0
p-q

yorig y rzght

Proof. Again, the proof of this result runs parallel to the one of [35, Lemmata 4 a), b) and 4* a),
b)]. In this case, we have used [1, Lemmata 2.6, 2.9 and 2.11, and Remarks 2.7 and 2.10]. O

17
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Remark 2.8. From Lemmata 2.6 and 2.7 we deduce that if f € Ao;i’p 4 for some a > 0, 1 <

p,q < oo and k, [ are natural numbers such that k, ! > [«/2] + 1, then Htk’%akemdf” <00

tl_*al 1ha f H < 00. Analogously, if k, [ are natural numbers such that k,1>

[a]+-1thenH)$ “dke —yJ:KffH

l "‘8; —yV-Ad fH < 0.
p-q

Lemma29.Let §>0,1<p,q<ooand f:7Z — R.

(1) Suppose that ﬁ € L9(Z, w) for some a > 0, and m,l € Ng such that 5 +1 > 5
— Ifl e N, there is C > 0 such that

B+1 o Bd Bal—1gm+1 ,tAq
Y I At T )

— Ifm €N, there is C > 0 such that

tAy /3+ [+1 m— 1 tAd
izl selPia e, o

(i) Suppose that f satisfies ZjeZ % < 00, and m,l € Ny.

— Ifl € N, there is C > 0 such that

Hy ay right© rzght

e~y /—Ade <C Hyﬁal 18m+1 —y—Ag fH , y > 0.
pg Pq
— Ifm e N, there is C > 0 such that

rtght

T I e I

Proof. This result follows directly by using Lemmata 2.7 and 2.6 and the ideas presented in the
proof of [35, Theorem 1]. O

The last lemma of this section states an inequality involving both, heat and Poisson semi-
groups. The proof follows similar steps than the ones appearing in [16, Theorem 4.1] and [15,
Theorem 5.6].

Lemma 2.10. Leta > 0, 1 < p <ooand f : Z — R such that 1+‘ = €@ andy , .7 1+n)2| <
o0. Then, for every k € N,

&dwfkda

3
12

00 ! —y2
4
Ha}%ke—y«/—Ade 5/2 ye\
p JT
0

3. Characterization via semigroups of discrete Besov spaces

In the following we prove the characterization of C*?-9(Z) by using the spaces A‘L’p 4 and
A©Pd
P

18
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3.1 CaseO<a<1

ope a.p, a,p.q
Proposition 3.1. LetO <a < land 1 < p,q <oco. If f € C*P9(Z) then f € Ay".

Proof. Let f € C*?9(Z). From Lemma 2.2 we have that ﬁ € t9(Z, ). Now we have to
prove that Htl_% d et f H < 00. For that aim, we shall consider the p-norm of the deriva-
p.q

tive of the semigroup. Note that 9;G(¢, j) = AgG(t, j) = 82 G(t,j— 1), for j € Z, and

right
5V2ightG(t, j—D= (SrzightG(t, |j] = 1), for j < —1. Suppose that 1 < p <ocoand 1 <¢q < oco. If
1 < p < oo, by Minkowski’s integral inequality one gets
1
P\ »
lae ), =112 aGa Nfn—)
neZ |jel
1
P
<> (Z 10:G(t, )(f(n—j)— f(n))lf’)
JEZ \neZ
=Y NG DILO = FC+ DI, (3.1
JEZ
=2 |85 G e, j — 1)‘ IfO) = fC+ DI,
jzl
=23 |82, G e |G + D,

Jj=0

with Q,(j)) =11f() — f( —I—j)Ilp. If p = oo, we also have

HazetAdeOOZSug DG Nfn— D <Y 1GGE NN = FE+ Do
neL i jeZ

=23 |8, G e )| ool + D),
j=0

with Qoo (j) =11 f(-) = f(- + )|l oo- Then, we have that

1 q q
o @ dt
Hzl—za,e’Ade < /2#72 SEightG(t,j)‘Qp(j-i-l) a
P-4 X t
0 Jj=0
1
00 q q
_e 2 . . dt
Y R G ] 206+ 1) 2
1 Jj=0
=:A+ B.

19
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C
ByusingLemmaZ.lwithﬂ_——wegetthat ”gmG(t ])‘ ———.,j =0, t> 0. There-
(1+ 22
fore,
1
1 . q
asclflpy o 2
J S IHG=DE
By taking into account that ; " (1 o = j%’ J =1, and Minkowski’s integral inequality, we obtain
that
1 1
1 ()d ' 2,0) [ | dr\’ 2,())
l,g p J t p\J 1_a|q ry
el [Pm ) s (i) sep
0 jz1 izl 0 jz1

Notice that2=«a + 1/g +2 — a — 1/q, so we can use Holder’s inequality to get

a1 1/q
Agc(z ) <00
p.]

jz1
Regarding B, we split it into 2 different integrals using Minkowski’s inequality as follows

JC+D-f0)
JC{

1
4q q

) NN
G |2+ =

o0
B< /2t1‘% Z
1

0<j<+t
¢\
) NN
&G |+ 1| =

00
+ /Zt"% >

1 J>t
=: Bl + B2.

To compute the bound for B1, we apply Lemma 2.1 with 8 = —3 so that

rlghtG(t J)‘ 3
for j > 0and > 0, to get

_a_1 . dt
Bl <C /t 172 Z Q,G+1) —
1 0<j<+1
Now we define the function g := Z?O:o Qp(i+Dxij+1,j+2- Then, wecan write )" €,(j
0<j<Vi

[vi]+2
+1)= [ g(x)dx.By using Hardy’s inequality (see Lemma 5.1) one obtains that
0

20
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1
s [Vi]+2 ¢\ . N AN
_a_1 dt _a_1 dt
Bl1<C /t 2712 / g(x)dx " <C /t 2 2/g(x)dx ”
1 0 1 0
oo u q q oo 7
=C / /g(x)dx ueth=lg, | <c /(xg(x))qx_q(a+l)_ldx
3 0 0
1
00 g q
1Fe)—fC+DIp
=C Z jqa—H

=1

~

On the other hand, by using Lemma 2.1 with 8 = 0, we have that

T Q,G+1D ! d ‘
_e J+ t
B2<C 1172 it AT Bk
- / Z j3 t
1 J>/t
We define the function  := 372, X[j+1,j+2)w, so that we can write >, Q"(j;’;“) =
f [Oj;] 9 h(x)dx. By using Hardy’s inequality (Lemma 5.1) we have that
1 1
o0 o8} q d q 00 00 q J q
o t « t
B<C / 1172 / h(x)dx - <C / t“f/h(x)dx -
! [Vi]+2 1 Vi
o0 / 00 q % 00 é
=C / / hydx | wt®9 ) <C / (xh(x)1x1?=0 =1 dx
1 u 0
1
° D) — f(. IE!
<c lef() FC+DIR

. +1
, A
j=1

Therefore, we have proved that f € AOIfI’p’q, I<p<oocandl <g < o0.
Suppose now that f € C*P>°(Z), with 1 < p < co. From equation (3.1), it follows that

iRt tep | =supt o p ] < supe 530G IO = FADI,
PO >0 >0 ez

( 1O = FC+DI,
<[ sup

=3 8,Gt, )11, .
40 HE )fﬂﬁt FlaGaarel,

By using the fact that ||3,G(z,-) |-|*||; < Ccti~! (see [1, Proof of Theorem 3.3]) we conclude
that Htl’%a,e’Adep <0050 feay”™. O
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Proposition 3.2. Let « > 0 and f : Z — R such that Z;eZ 1 Ile <oo. If fe A"I;P»q, 1<
@p.q

D,q <00, then f € A

Proof. Let f € A‘Z}p’q, 1 < p,q < o0. By using Lemmata 2.6 and 2.7 (see also Remark 2.8),

< oo for [ the least even number such that

it is enough to prove that ”y’ ¢ 8€ B
’ Pq

[>[a]+1and /2 > [a/2]+ 1.
Let / be the even number satisfying the conditions above and suppose that 1 < p < oo and
1 < g < 0o. From Lemma 2.10 we have that

o0 v2
= 1 e‘“ 12
2 [ e
I =273 !
0
and
00 00 y2 q q
1 e4r d
I—aql —yJ=A I—a Y 1/2 ‘A y
e wa( [ (o o el o) 21
”y y fM aoyoz“/—’% f v

where C,, is a positive constant depending on «. Notice that for every y > 0 there is C > 0 such

y 2
that( 1/2) e4’_‘t < C,forevery t,y > 0. So

Q

q
y2

)
Hyl—aaie—yv—Ade <C, [ yl—2—a/ H atl/zetAde dt d_y
.4 r y
0 0
q 1
00 o) H atl/zetAde i q
+ / yl—a/ 14 dt _y
y
0 y2

For both integrals we perform the change of variables (y = +/s) and we use Hardy’s inequality
(Lemma 5.1), which yields to

Hyl—“aj,e—W—Ade <C, Htl/z_%a,l/zemde < 0.
p.q p.q

The case g = oo follows the same steps. O
Proposition 3.3. Let 0 <a < 1, 1 < p,qg < oo and f € AG". Then, f € C*P4(Z).

Proof. Suppose that 1 < g < co. Then, we can write

P ds.

IfC+7) = FOIR DS o PG D f(')II‘,’a Ilf( +0) = FOIp
Z;,so |j|aq+1 Z otq+l [t]aq-‘rl
J 1
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Since for 7 > 1 it holds that [¢] > £, then

IFC+ ) — FOIS T di
Z |aq+l . Scmq/(t a)(t,p))qT,

j#0 lJ 5

where w(z, p) := sup [f(C+j)—fOl,.
0<j<t
jeNy
Moreover, for every j < t, we have that

IfC+i) = FOl, <2 Hf - e"“‘T“’fH,, +

VO = )|

t
EZ/HBye_y _Ade dy +1t Srighte_t _Ade s
p p
0

where we have used the fact that f satisfying > jez l‘fr(lj)llz < oo implies that lin}) e IVhif(n) =
y—

f(n), for n € Z, (see [1, Lemma 2.12.B]) and either Minkowski’s integfal inequality (when
1 < p < 00) or a straightforward inequality (when p = 00). Thus,

00 7 00 t q
/‘(f"‘w(t,p))q% <2 / t*"‘/ Haye*W*_Adep dy ?
0 0 0
o q q
+ /(tl_a 5righte_tmf“ ) ﬂ
0 g !
=141

On the one hand, by using Hardy’s inequality (Lemma 5.1), we obtain that

o
I SC /<yl—oz
0

On the other hand, by using Lemma 2.9(ii),

1

q dy g
dye MV _A‘ff” ) -1 <o
p y

I1<c Hy‘*“aye*fv*Ade < 0.
P-4

Therefore, the result is proved for 1 < g < oo. The proof for ¢ = oo follows similarly. O
Theorem 3.4. Let 0 <o < 1 and 1 < p, q < oo. It holds that C*P9(Z) = A5 = AGP1.
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Proof. From Proposition 3.1 and Proposition 3.3 we know that C*P9(Z) C A‘Z}P 1 and
Aa’p 1 c C*P4(Z). It remains to prove that Aa’p’q C Aa’p 4
In virtue of Proposmon 3.2, it suffices to check that if - +| @ € C9(Z, ) then ZJEZ ] (lj)ll

00. Indeed, if etl(z, ) we have that

1+| |«
|f DI lfFHOE 1 (A1)
Py A FC )|+Zl+ma iy
JjeZ J J
lf(HI 1
<irol+e Y 2O
20 T
Now suppose that 1+| @ e t1(Z, ), with 1 < g < oo. By taking y = ‘I_"F1 c (%71)’ we have
that
Z | ()] ZZ Lf () 1
VR AP A1
sor \* 1 !
Z $12 Z 25 (1 ’ ::A'B,
S (1P |\ G 1R

where ¢’ is the conjugate exponent of g. Observe that A is clearly finite and B is also fi-
nite because 2(1 — y)q’ > 1. Lastly, we know that if € £°°(Z), then it follows that

Lf DI
Y ez gE <00 O

!
1+

3.2. Case0<a <?2

Proposition 3.5. Let 0 <a <2 and 1 < p,q < oco. If f € A", then

2

J#0

fC=N=2fO+fC+n|?
|1

<00, Iifl<qg<oo,

pljl

and

JC=D=2fO+fC+))
L1

sup
J#0

<00, Iifg=o0.
P

Proof. Let f € Ao;,’p’q. If0<oa<1and 1 <gqg < oo, from Proposition 3.3 we have that f €

C*Pa(Z), so
91 )‘I 91 )q
oLl oLl

<Z fC=D=2fO+fC+))
The case 0 < o < 1 and ¢ = oo is analogous.

L71%

fC+D -0
1%

_2<Z

J#0 j#0
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Assume that | <« <2 and 1 < g < co. We can rewrite the sum similarly as we did in the
proof of Proposition 3.3 to get

q

o0
71\ o 44t
T =< Coc,q (t a)(t’ P)) - s
p 1l t
0

JC=D=2fO+fC+))
L1

(=

J#0

where w (7, p) :=supo<j<: | f (- + ) =2F () + f( = jIl,. Let j € N such that j <7. We can
jeN
write ’

IfC+D=2f O+ FC= D,
| e = eV D=2 O = VTR ) 4 f ) VTR f (- j>Hp

eV D=2 O+ S _j))H,, 411

By using Minkowski’s integral inequality, [1, Lemma 2.12.B] and the fact that 8,e ~“¥ 24 f =
_ (a2 —w—Ag —t/—Ag
[, 0ze fdw+ de f, we get that

t
1= [ oS e s =200+ f6= | du
Ol‘ t
S//Ha’%’eiwx/i—m(f('ij)_zf(')‘f‘f('—j))Hpdwdu
0 u

t
L B D B VIR
0

=L+1.
On the one hand, we have that

t

1154/7”31%)51”«/—_%]‘” dwdu=4f/wHaie—W—_Ade du dw
0 u g 0 0 P

t
:4/wHafue—W—Ade dw.
P
0

On the other hand, we can write
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I, <2t

RO

J
=20 3 e VTR(FC+ ) = G+ D)

H
J'=1 »

<2t

v,

0,8 right€

Moreover, since j <t,

7= Zar,gh,e WER(fC= = fC+ = 1)

p

J i 2j'-
=YY G VA= 0| =Y Z
k=0

j'=1 k=0 , 0=l

=32 s V7R < igne V0|

rlght

e,

Therefore, we have got the following inequality

t

G+ ) =20 O+ FC = Pl < 4/ wlagenyip| du+ar

atsrighle_t _Ade
P

0
8rtght - _Ade
p
SO

1

r d r th ’

t
/(t_“w(t,p))qT <4 f wHa,ﬁe—W—Ade dw) =
P
0

Q=

+2

)

0,8 right€

| (
[
; O]"(

By applying Hardy’s inequality (Lemma 5.1) in the first summand of above expression, and
Lemma 2.9(ii) in the second and third ones, we get the result.
The case 1 <« < 2 and ¢ = oo can be proved by following the same ideas. O

1

nght

e )
p) ot
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Proposition 3.6. Let 0 <o <2, 1 < p,q < oo and f : Z — R such that Sy (Z, u) with

I+
.—'— . ° j q
Y|Le=D=2AO+FCHDITL ) < oo,
= 7] p 1
and
FC=D=2fO+fC+) o
sup ; <00, ifg=co.
j#0 |]|a p

a.p.q
Then f e Ay,

Proof. Since for every ¢ > 0 it holds that G(z, j) = G(t, —j), j € N, and 3;¢'2¢1 =0 (where 1
denotes in this case the sequence with all entries equal to 1), we have that

1
Joe' £, = |5 200G, NS (=) =2 ) + f @+ )

JEZL
=2

j=0

p

8 Gt )| 2+,
with Q,() =1/C—7)=2fO+ fC+ DI
The rest of the proof follows from the same techniques used to prove Proposition 3.1. O

From Propositions 3.2, 3.5 and 3.6, we derive the following theorem, which is one of our main
results: the complete characterization of the discrete Besov and Zygmund spaces for 0 < o < 2.

Theorem 3.7.Let 0 <a <2, | < p,q <ocoand f:7Z — R be a function such that ﬁ €

L9(Z, u) and ZjeZ l{r(li)llz < 00. The following are equivalent:
(1) feAy™ .
& p,
(2) feAp™
(3) f satisfies

= 7)) = . : j 1
Zf( J) Zf(a)—i_f(—i_” L.<oo, if1 <q < oo,
= 1J1 plJl
and
SC=D=2fCO)+ fC+)) o —
sup ; <00, ifg=co.
140 |1« p

Remark 3.8. Observe that the assumption »_ jez l‘i (Ij)\‘z < oo in the previous result is only
needed for 1 <« < 2. Indeed, we have proved the previous result for 0 < o < 1 in Theorem 3.4
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without that assumption (in this case it is deduced from the hypothesis ﬁ e t1(Z,n)). In
addition, by proceeding in an analogous way as in the proof of Proposition 3.5 (but performing

1
the change of variables 7 = /7 in (f;°(t %w(t, p))?4)7) we can prove that f € A}"! = f
satisfies (3), so it can be proved that (/) and (3) are equivalent for 0 < o < 2, without imposing

the assumption ;.7 K— (‘i)“z

3.3. The general case

Theorem 3.9.Let « > 1, 1 < p,q <00 and f:Z — R. Then, f € Ay"? if, and only if
5rightf € A(;I—l,p,q.

Proof. Let f € A%""?. First, we shall prove that l”‘gl"; - € 09(Z, ). Observe that when ¢ = 0o,

in virtue of the embedding £7(Z) < £>°(Z), we have that f € A%, so liﬁ';fl € LX(Z) (see
the proof of [1, Theorem 3.6]).
Let now 1 < g < 0o. We want to prove that H ljr’lg‘h; !
q.1
f € £°°(Z), so by Remark 2.3 and [1, Lemma 2.12.A.(iii)] we have lim,_, ¢ e’Adf(n) =
1]
f (n) for every n € Z. Then,

< 0. Since ﬁ € t9(Z, ), then

H Srightf

1
Sright f (n) !
o <I8rign FO)]+ figie 7]
1+ = |n|

1+|n|a 1 (aja—1

q.1

1

ethdg,; »\ 1\’
<I8sign f O] + p [ g f])" L
n#0 O<z<n 1+ |n| In|

q
‘emd‘srighzf(”) - enZAd‘Srighff(”) 1
<[8rigne FOI+ | D | sup —

-1
n0 0<t<n? 1+ [n|® |n]

2
"8y f ()
TR Al

up>

n#0
= |5rightf(0)| +A+B.

Since 7 +]‘C @ € L9(Z, u), from Lemma 2.5 we deduce that B is finite.

Now we study the sum A. Suppose that « € (1, 3). Then,

2 a a

A<| | sw / |8urighre ™ f ()| du | 7@V

2
n#0 O<t<n y
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1
2 q q

n
/ |3u8righteuAdf(n)| du |n|—q(a—l)—1
0

(]

1
2 q q

n
f HauarighteuAdf”p du |n|—q(a—l)—1
0

N

oo [ [tT? 4 a

<C / / ||8“8right€uAdep du [t]_q(a_l)_ldt
0

Since t > 1, we have that [r] > £ and

Y

2 q

o] t
A<C f /||3”8r,'gh,e”Adf||p du | t71@D=1g;
1 0

0o / X
=C / / ||8u5right€MAdf||p du x#_ldx
1 0

By using Hardy’s inequality (see Lemma 5.1) we get that

1
00 q

A<C /(u ||3M8righteuAdf”p>quw_l _c
0

3 _«a

5—5 uA

uz zau‘srightg de .
p.q

Thus, we use Lemma 2.9 and Remark 2.8 to obtain
A<C Hu%*%auar,-gh,ewdf” <cC Huzf%afemdf” < o0.
P:q P4

Now consider « € [3, 5). Observe that the techniques that we will present in this part of the proof
are enough to prove all the cases « € [2k + 1, 2k + 3) with k € N, but we just prove the case
o € [3,5). We start by using the fact that the semigroup is the solution to the heat equation, and
splitting our sum into 2 different parts,

1
n? 4 q

A< /e“A"83 f—="Dldul |n—9@ D1

right
n#0 0
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i
4 q

n2 n2
3 //’awewAcfsfigh,f(n—l)‘dwdu |1

n#0 \o u

IA

1
q

2 q
e84k =D\

n|*—3 In|

P

n#0
=: A + A,.

Since ﬁ € ¢1(Z, u) we have that {ilfllo)mz, 1), so by Lemma 2.5 we get that A, is finite.

For A1 we interchange the integrals, apply Hardy’s inequality and the techniques for the case
o € (1,3),to get

2 .2 q

n- n
ar=c|y //Haiar,-gh,e“df” dwdu | |n|~4@ D!
n#0 \o u p
1
00 2 q 7
<c / /w 02rigme” 0 f| dw | 11« D gy
P
1 0
1
00 X q q
(a—1)
—C f /wHagsr,-gmewAde dw | x Ty
P
1 0

o0
e
0

5_«a
=C |wita28gmen 2 f|
pP.q

q
85)6rightewAde ) dw
P

From Lemma 2.9 and Remark 2.8 (in case « € [3, 4)) we deduce that
Aq 5CHw37%83}el‘)Ade < 0.
P4

Finally, we prove the semigroup condition. First we shall consider o € (1,3). By using
Lemma 2.9(i) and Remark 2.8 (in case « € (1, 2)) we get that

-1, A
Hf Z Oe d(srighsz =
P

3 « o
3_¢ ‘A 2—% 02 1A
12720:8rignre dequCHt 20, e "prq<oo.

In general, if o« € [2k + 1, 2k 4+ 3) with k € N, by using Lemma 2.9(i) and Remark 2.8 (in case
a €2k + 1,2k 4 2)) we get that
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k+1—-9L k41 A k432 gk+1 1A
”t + 2 8t+ e darightfH = ”t +2 23t+ Srighte df”
P.q p.q

o
< C ”tk+2—78[k+2etAde < 0.
p.q

- .. Sviomt [
Assume now that 8,igns f € A% P4 By definition, we have that % € 04(Z, ). Thus,

the proof of Lemma 2.2 gives that

Y-

o0
1
<1fOI+C+C | D (8rign £ = D) ~ompr
4.1 =1 J

[+

1

q

[e¢)
1
+ €| 2 (rions f D) s | <o
j=1

SO ﬁ € L9(Z, ). Suppose that o € [2k + 1, 2k + 3) with k € Ny (being o # 1). By using
Lemma 2.9(i) and Remark 2.8 (in case « € [2k + 1, 2k 4+ 2)) we have that

k4+2—% ak+2 tA k+3—% ak+1 A
T s e
P4 Pq
_a—l1
5CH¢"+1 p BlkHetA”BrightfH < 00.
P4
We conclude that f € ALY, O
Th 310.Leta>1,1<p,q< d f e A% Then, 8, A%
eorem 3.10. Lera > 1, 1 < p,q <ooand f € Ap"". Then, §;ign: f € Ap .

Sri n
< 00, sO it is clearthat2%<
+|n

nez

Proof. Since f € A%"? we have that Z

nez
o0

Let/; =[a]+ 1 and /> =[o — 1] + 1 = [r]. Then, by using Lemma 2.9(ii) we have that

[y eV | = |y D80 eV f |
: p.q p.q
SCHyll_“BQe_yv_Ade < 00.
pP.q

a—1,p,
We conclude that 8, f € A, 79, O
Finally, we can prove our main theorem.

Proof of Theorem 1.1. We prove first (A/). In Theorem 3.4 we have proved the result for 0 <
a<1.Letk <a <k + 1, for certain k € N, and assume that f € Ai[’p’q. Then, by applying k

times Theorem 3.9 we get that §¥; o f € A';;k’p 1 and in virtue of Theorem 3.4 and the definition
of C*=%:P4 we get that f € C*P4(Z).
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Conversely, suppose that [ € C*?79(Z), @ > 1, « ¢ N. Then, from Lemma 2.2 we know
that ﬁ € L9(Z, ). Moreover, the definition of the space gives that Slr‘i aht fec*kpra and
Theorem 3.4 implies that 8’;1. aht
that f € AL,

Regarding the proof of (A2), we proceed as in the proof of (A7) but we use Theorem 3.7 (see
Remark 2.3) instead of Theorem 3.4.

In virtue of Proposition 3.2 and (Al), to establish (B) we only need to prove that if f €
AGP? then f e C*P4(Z). Let f € A"?. By applying k times Theorem 3.10 we get that
Sfi ht fe AO}‘;k’p *? and from Theorem 3.4 and the definition of C*~%7-9(Z) we conclude that
feC*Pi(Z).

Regarding the proof of (B2), we proceed as in the proof of (B/) but we use Theorem 3.7
instead of Theorem 3.4. O

fe Ao;jk’p 1 By applying k times Theorem 3.9 we conclude

4. Applications

In this section, we shall prove regularity results for Bessel potentials and fractional powers of
the discrete Laplacian in the Besov spaces defined through the heat semigroup and the maximal
L'-regularity theorem.

4.1. Proofs of Theorems 1.2, 1.3 and 1.4

Firstly, we recall the definition of the fractional powers of the discrete Laplacian by using the
semigroup method, see [13].

Let I denote the identity operator. For good enough functions f :Z — R, we define the
following operators:

e The Bessel potential of order § > 0,

1 T dt
_AN-B2 _ —t(I—Ag) B/2
(I —Ag) f(”)_r(ﬂ/z)/e ) f(n)T — neZ.
0

e The positive fractional power of the Laplacian,

o]

I d
(a0 f = = / (2 =1\ fo S5, nez. p>o.

where cg = [;7 (e — 1)[‘3]4_1 T”fiﬁ.

e The negative fractional power of the Laplacian,

1 r d 1
(—Ad)—ﬁ f(n)ZTlg)/erAdf(n)rl_fﬁ’ ne?Z, 0<B< 3
0
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The previous formulae come from the following gamma formulae, see [13],

o0

o0
1 1 dt
_ =_/ —At ﬁ ’ andk’sz—/(e_’\’—l)[ﬂ]ﬁ 5
HP) 0 ’ 0 '

where 8 > 0 and A is a complex number with RA > 0.

As it was shown in [1, Theorem 1.2], Bessel potentials of order 8 > 0 are well defined for
fe A‘;;OO’OO, a > 0. However, the fractional powers of the Laplacian, (—Ad)iﬁ , are not well
defined in general for A‘;I’OO’OO functions and an additional condition is needed. In [13], the
authors assumed that the functions belong to the space

|u(m)]

in order to define (—A4)™? f, where 0 < 8 < 1 in the case of the positive powers and 0 < 8 <
1/2 for the negative ones. The choice of these spaces is justified since the discrete kernel in the
pointwise formula

(—=ADF f) =" Kegn—m)f(m).neZ, (4.1)

meZ

satisfies Kg(m) ~ |m|1+2/5, whenever 0 < 8 <1 and K_g(m) ~ |m|+25’ for 0 < B < 1/2, see
[13]. Observe that the negative powers of the Laplacian are only well defined for 0 < 8 < 1/2,
since the integral that defines it is not absolutely convergent for 8 > 1/2.

In this section, in order to study regularity properties for positive powers larger than 1, we
proceed as in [1], by extending the £4 spaces for 8 > 0, and working with the following extended
kernel,

0, In| =B — 1€ No,

Kpg(n) = { (=" @p+1)
FA+p+nDIA+—|n])”

otherwise.

For any 8 > 0, the kernel satisfies the same asymptotic estimates, that is, Kg(m) ~ |m|1+2/3' Note

that when B € Ny, then Kg(n) =0 for all |n| > B + 1. In fact, in [1, Lemma 4.1] it was proved
that if f € £g then (—Ag)? f is well defined for B > 0 and the identity (4.1) holds. The cases
—1/2 < B <0and 0 < B < 1 had been proved previously in [13].

Now, we prove our main results of this section.

Proof of Theorem 1.2. Let f € A% and k = [M] + 1. Notice that since f € A7 we

have that € L>°(Z), so by [1, Lemma 2.12] we have that
1+
r dr
(I = Ay~ ﬂ/zf(n)‘ < c/ - (1 4 lnfetle 4 ® ) 828 — c(1 + |n*tV9), neZ.
T
0
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This proves that the Bessel potential is well-defined. Moreover, from Lemma 2.4 (/) and
Minkowski’s integral inequality we have

o
<C / e '
q.1 4
_A-B2 . . . . .
% H < oo implies that ‘ < 00, the size condition is satisfied.
a1 q,1

Finally, we prove the semigroup condition. First note that

A f
U N P

oo
rﬂ/zd—rgC/e_T(l+ra+1/q ﬂ/zd—t<oo
T T

‘ (I —A)~P2f
1+ *

Since ‘ ‘ ad-an~P2f

L+[[7+F

00 J p %
T
tfetu—anPr| = |2 F(ﬂ 5 [ ok (e )R
Z 0
oo
- 1 /efr 3lkvewA,,f) B4
F(,B/Z)O w=i+t |, T

d
Z‘ceuAde (u—l)ﬁ/z—ut’ for 1 < p < o0,
p -

and the same inequality holds for p = oo directly (one can intertwine the operator Btket Ad and
the integral in previous estimates as it is shown in [1, Proof of Theorem 1.2]).
Now we use Lemma 5.2 for 1 < g < oo and Remark 2.8 to obtain

Q=

8]

0 q
) . B
Htk—%ﬁ ket da (] — Ad)fﬁ/sz <C / ;k*%ﬁ/ ” 3";eMAde &du dt
P.q p u-—t t
0 t

00 1
q
oot )
P t
0

_a
=C|* 28{‘@’Ade < 00.
P

The case g = oo follows analogously, that is,

o0
atp wtp —1)P/2
Ht"—%a,kemd(l - Ad)_ﬁ/sz < Csuprh—3* / Ha{je”df” =07
p,00 )4 u-—t

t>0

1
B atp
< Csuprh=2 8tketA"fH /(1—y)771yk7%*1dy
t>0 p
0
< Csuprh=2 Bf‘emdf” =C Htkf%Btke’A"fH < 0.
>0 I3 P,
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Proof of Theorem 1.3. Notice that f € £_ ﬂ implies that (— Ad)_/S f is well defined and (4.1)
holds (see [13]). Now we check that % etd (Z, ).

If ¢ = oo, then f € A%P™ < A% and therefore % € €% (Z), see [1].
Let 1 < g < oo. In virtue of (4.1), we have to prove that

Qe

q
B K gtn—f)| 1
§i= Z Z 1+ |n|*t+2p 1+ |n|

neZ |jeZ

By using the bounds for K_g and the inverse triangle inequality we can split our sum into 3
different parts,

('t

n=1

1
oo 00 . 4q q
£ 1 (
s<c|d !
= )
il W net28 (14 |n — j|'=2F) | n

o0 oo

q
Lf (=)l 1 Lf ()
+C Z Zlna+2ﬁ(1+|n_j|l—2/3) ; +C21+|]|1 —28"

n=1 \j=

=851+ 8+ 83+ 54.

Itis clear that 7, S4 < oco. We will estimate S; and S3 together by naming as a; both | f(j)| and
| £(—j)|. On the one hand, ﬁ € ¢4(Z, ) implies that W € €4(Z). Thus, by using the
£9(Np)-boundedness of the discrete Cesaro operator, see [3, Theorem 7.2], for 1 < g < oo we
get

Q=

1
oo [n—1 a; ql q 00 1 n—1 a: a7\ ¢
j 1 b i
Z Z na+2ﬂ(n _ j)lfzﬂ n = Z n2B Z ja+1/q(n _ j)lfzﬁ
n=1 \j=1 n=1 j=1

< Q.

J
¢ ' |- |<x+1/q
q

For the case ¢ = 1 we use Tonelli’s theorem to obtain

oo n—1 1
Zzna+2ﬁ+1(n — )28 Z“l Z ROt 2B+ (5 — )12
n=l1 j=1 = n=j+1
oo 2j oo
aj 1 1
5Zja+2ﬁ+1 > 1= )2 +Z = 2;3 et 2B
=1 n=j+1 n=2j+1
j
dx
= Z a+2,3+1 128 +C <00,
0
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where we have used that ; | 5 € Y Z, ) and fet_ _B-
On the other hand, by usmg the £9(Np)-boundedness of the discrete adjoint Cesaro operator,

see [3, Theorem 7.2], for 1 < g < oo, we get

q

o) 2n o0 1/q
aj; l Z( )q
Z Z na+2f3(1 + (] _ n)l 2/3) n ( na+2/3+1/q

n=1

Q-

00 2n a; 1 T\ @
e DM DD
ia+1/q 2B8(; — n)1—28
n=1 \j=n+l1 J J (J n)
_
_CH|'|“+1/‘] ) < 00.
When g = 1 we use again Tonelli’s theorem so that
oo 2n oo 1
2> ne 2B+ (1 (J )12y =2 na+2ﬂ+l + Zal 2 RO 2B (j )12
n=I1 j=n n=1 %Snij—l

<C+CZ T 2 m

J
1<;'n<2

1
<C+CZ oz+2/f5+l D i

i
1<m§2

BI~.

dx
<C+CZ a+2ﬂ+1/x1—2f3 < 00,
0

where we have used that ﬁ etN(Z, ).
Finally, observe that if j > 2n + 1 we have that ]%n < % so by using the fact that a; € £ g

we get

[ee) o0 a: g 1 a [ee) 1 7
J
Z Z 1+ —n)—28 | nar2p)+1 =C (Z nq(a+2f3>+1) < oo

n=1 \ j=2n+1 n=1

It remains to check that Htk o atketAd(—Ad)_ﬂfH < oo withk = [‘Hzﬁ] +1. Asin the
pq

proof of Theorem 1.2, we observe that
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1
P\ p

oo
1 dt
gkotBa(_ A B H _ / gk pwAd )
|k a7t G 1 o
0

o0

k uAdf”

du, 1 <qg <oo.

(u—t)

By using Lemma 5.2 and Remark 2.8 we have that

o 2/3 3
H (=5 gk etBa (A g)~ ﬂfH <csz—7a,kefAde < 0.
p.q

The case g = oo follows similarly. O

Proof of Theorem 1.4. Notice that if 8 € N the integral definition of the fractional Lapla-
cian coincides with the 8 times composition of the operator (see [1, Remark 4.2]), and as

(A f(n) = ”ghtf(n 1), n € Z, we can apply Theorem 3.9 to prove epigraph (2) and
epigraph (/) when € N.

Now consider § ¢ N and let k = [#] + 1. Observe that the study of the size condition
follows the same steps as in the last proof but in this case with 28 instead of —28. It remains
to prove that Htk’#alke’Ad(—Ad)*ng < o00.If I < p < 0o, by using Minkowski’s integral
inequality twice, we get n

Hak tAd( A )ﬂfH Bk o / f 81 UAdf V=5]+-+S$ d(SI’“ Sl) ]+ﬁ
1 l
0 [0,z p
o
1 dT
S—/ / ‘af“ewd - d(sl,...,sl)Tﬂ,
cp v=ttsitets |, T

0 [0,z)

where [ = [B] + 1. In an analogous way the inequality holds for p = co. Now we are going to
focus on the integral over [0, T]'. If B € (0, 1), we apply Tonelli’s theorem to obtain

x0T d 1 o o d
T T
8k+1 \)Ad d :—/ 8k+1 VA4 / d
c //‘ v=t+s) SITHE T ¢ v fv:t+S1 71+ 41
Poo o P
%) 1-8
— i/ 8k+1€UAdf 51 dSl
cp v v=t-+s] S
0
o0
1 —nl-F
= —/ allfrle”Adf w=n" du.
cp P u-—t
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For 8 > 1, instead of integrating over [0, 7]’, we will compute the volume integral under the
hyperplane which will be indeed bigger than our original integral, but easier to calculate. In
order to do that we introduce some notation. We denote by s = (s1, 52, ...,5) € R! and by
s'=(s2,...,5) € RV withs; >0,Vi =1, ..., 1. We define the set K;(0) as K;(9) = {s e R :
0 <s1+---+4s; <6}. Hence, using Tonelli’s theorem we have that

/ BllfHeVA" ds < / 8§+le”Ad ds
V=t+s]+-+s] ) v=t4s1 4+ »
[0,z)! seK;(t)
It —(sp+-+s1)
- / gkt evia dsids’
v=t+s1+---+s5; p
s'eK;—1(lt) 0
It
= / / 8‘]f+le”Adf duds’
v=t+u p
s'eKj_1(lt) s2+-+s1
It
=/ glH gvia / ds'du
v=t-+u
0 s'eKj—1(u)
It
< C/ ‘ B,IfHe”A" u=du.
v=t+4u p
0
Therefore,
oo It
dt
k tA k+Il _vA -1
HBte d(—Ad)ﬁfH §C/f‘3v Py du=is
p v=t+u p T
0 0
T d
T
— C 8§+IEVAdf ; ul_ldu
v=t+u T +8
0 }
o0
I-B
u
:C/ B‘Ij—HEVAdf du
v=t+u p u
0
o0
I-B
(v—r)
:C/ allfHeVAdf ——dv.
p v—1
t

When 1 < g < oo, we can use Lemma 5.2 and Remark 2.8 to get

a—28 o
e TGN L Yol it E AL IR
p.q p.q
The case g = oo follows by using similar ideas to the ones in the proof of Theorem 1.2. O
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4.2. Proof of Theorem 1.5

Finally, we demonstrate the maximal L 1 -regularity for (1.2).
Proof of Theorem 1.5. We write the proof in the case T = co. For T < oo is analogous, with

the obvious changes.

Letug e A‘;I’p’l, fe Ll((O, 00); 1'\0;}‘"’1) and k = [«@/2]+ 1. Now, by using that the semigroup
satisfies the discrete heat equation, we can write

o
tA k—a/2ak VA tA
Age duoIILl((OOO).AZp.l)=/IIV “205e" M (Age' M uo) | p.1 di
0

oo
dv
- /vk_“/z||e(”+t)AdA5+lu0||pTdt
0

o0
k—a/2 A k+1
fw—t) 2wt ARy,

[
[

= dt
-t
t
o
1 B dw
— — /wk-‘rl Ol/2||ewAdA5+luO“p_
k—a/2 w
0
o
1 k+1—a/2 ) ak+1 wA dw
=— | w T Wy —_—.
k_a/zf 19% olp
0

Now, by taking into account Remark 2.3, the discrete Young’s convolution inequality and [,
Lemma 2.6], we get that

w w .
I3} e Muolly = | AGdwe" Muoly = | 3 95 G (5. ) Abe uotn = j)

JEZL p
w
=[oy6 (5)], |
2 2 1

w C w
8%67A"u0” SEHBI%eTA“MQH . 4.2)

p p

Therefore,

tAg .
||Ad€ uO”Ll((O,OO);A(;_I‘p'l

o0
dw
<c / Wkl ok gy, L2
) w
0
k—a/2 qk A
= Cllw*=*"a,,e" X ugllp.1 = Clluol jo.r.1-
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On the other hand, by applying Fubini’s Theorem we obtain that

IR 1 o 00yt = / Ivk—a2gk e R(g)| . d

oot
sf/ [Vk—e/2 gk v 0= Bd g (5, )|, 1 ds dt
00

oot o0

: d
:///kaa/2||e(l)+lfs)AdAs-i-lg(s’ )”pTvds dt

00 0

000000

dv
:/// Vk_a/z||€(V+[_S)AdA5+lg(S,')”pTdtdS
0s 0

000 0O

///(v—i—s Df 272 AR g (5, ) dvdi ds

st—s

oo o0
— //vk+l Ol/2|8k+l vAg (s )”p_ds
0 0

—(x/Z

Then, by proceeding as in (4.2), we get that

oo o0 d
— v
IR, ity =€ [ [ 04056 005,01, s
00

=C [ I8 s ds = Cllgl g gty ©

5. Appendix

In this appendix we collect some known Hardy type inequalities that we use several times
along the paper.

Next inequalities can be found in [20, Chapter IX, Section 9.9, Theorem 329, Eq. (9.9.8) and
(9.9.9)], [28] and [32, A.4, Appendix A].

Lemma 5.1. Let 1 < p <00, r >0, and f be a non-negative measurable function f. Then

1 1
P ) e »

//f(y)dy ¥ hdx S? f(yf(y))”y"‘ldy ,
0 0

0
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00 / 00 p % 00 %
/ / fody | wtax| <2 / GF GNPy dy
0 X 0

The following Hardy type convolution inequality appears in [20, Chapter IX, Section 9.9,
Theorem 329, Eq. (9.9.7)].

Lemma 5.2. Let 1 < p <00, o, B > 0, and f be a non-negative measurable function f. Then

p

1
F(F o " orer(s) (7
[{[roS = ay| vt 57(;’) [ 650"y ay
0 x Y F('B+3> 0

Finally we include the following discrete weighted Hardy inequalities. They can be found in
[24, Section 2, Theorem 1, Eq. (2.14)], see also [23, Eq. (1’) and (27)].

Lemma 5.3. Let 1 < p < oo and r > 0. There is C > 0 such that for every positive sequence
{an}neN, it holds that

1 1
00 n p P 00 »
S(xa] ) se(Searar)
p 1 1
o) o) P 00 »
(X @) ) =c(Xoamra
n=1 \ j=n+l1 n=1
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References

[1] L. Abadias, M. De Leon-Contreras, Discrete Holder spaces and their characterization via semigroups associated
with the discrete Laplacian and kernel estimates, J. Evol. Equ. 22 (4) (2022) 91.

[2] L. Abadias, J. Gonzélez-Camus, P.J. Miana, J.C. Pozo, Large time behaviour for the heat equation on Z, moments
and decay rates, J. Math. Anal. Appl. 500 (2021) 125137.

[3] L. Abadias, P.J. Miana, Generalized Cesaro operators, fractional finite differences and gamma functions, J. Funct.
Anal. 274 (5) (2018) 1424-1465.

[4] Victor Almeida, Jorge J. Betancor, Discrete Hardy spaces and heat semigroup associated with the discrete Laplacian,
Mediterr. J. Math. 16 (4) (2019) 91 (ISSN 1660-5446, 1660-5454).

[5] A. Benedek, R. Panzone, The space L”, with mixed norm, Duke Math. J. 28 (1961) 301-324.

[6] T. Bruno, Homogeneous algebras via heat kernel estimates, Trans. Am. Math. Soc. 375 (10) (2022) 6903—6946.

[7] T. Bruno, M.M. Peloso, M. Vallarino, Besov and Triebel-Lizorkin spaces on Lie groups, Math. Ann. 377 (1-2)
(2020) 335-377.

[8] H.-Q. Bui, X.T. Duong, Hardy spaces, Besov spaces and Triebel-Lizorkin spaces associated with a discrete Lapla-
cian and applications, Ann. Sc. Norm. Super. Pisa, Cl. Sci. (2023).

[9] H.-Q. Bui, X.T. Duong, L. Yan, Calderén reproducing formulas and new Besov spaces associated with operators,
Adv. Math. 229 (4) (2012) 2449-2502.

41


http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB3CB92E3398D29C6EDA7363DA4F2B22Es1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB3CB92E3398D29C6EDA7363DA4F2B22Es1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE95E21AA4F5E79DE97FB0B86BE9DFF4As1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE95E21AA4F5E79DE97FB0B86BE9DFF4As1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib22DD09066709CE5D34FEB908A27AEF29s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib22DD09066709CE5D34FEB908A27AEF29s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB8FCC69D250D3ED23C05E0105EA381DBs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB8FCC69D250D3ED23C05E0105EA381DBs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib98F40D047FE11A6842174C369D71C7E9s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib9B2B78033ECF0401A2FEAB5B4BA7462Es1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibC3CA94C32D1EF6AE67CF57D997754D44s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibC3CA94C32D1EF6AE67CF57D997754D44s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib87A47565BE4714701A8BC2354CBAEA36s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib87A47565BE4714701A8BC2354CBAEA36s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibEA31D8C734B1BC09EE2B496E87D6EA3As1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibEA31D8C734B1BC09EE2B496E87D6EA3As1

L. Abadias, M. De Leon-Contreras and A. Mahillo Journal of Differential Equations 440 (2025) 113465

[10] T.A. Bui, Besov and Triebel-Lizorkin spaces for Schrodinger operators with inverse-square potentials and applica-
tions, J. Differ. Equ. 269 (1) (2020) 641-688.

[11] T.A. Bui, Maximal regularity of parabolic equations associated with a discrete Laplacian, J. Differ. Equ. 375 (2023)
277-303.

[12] 0. Ciaurri, T.A. Gillespie, L. Roncal, J.L. Torrea, J.L. Varona, Harmonic analysis associated with a discrete Lapla-
cian, J. Anal. Math. 132 (2017) 109-131.

[13] 0. Ciaurri, L. Roncal, P.R. Stinga, J.L.. Torrea, J.L. Varona, Nonlocal discrete diffusion equations and the fractional
discrete Laplacian, regularity and applications, Adv. Math. 330 (2018) 688-738.

[14] Thierry Coulhon, Xuan Thinh Duong, Maximal regularity and kernel bounds: observations on a theorem by Hieber
and Priiss, Adv. Differ. Equ. (ISSN 1079-9389) 5 (1-3) (2000) 343-368.

[15] M. De Leén-Contreras, J.L. Torrea, Lipschitz spaces adapted to Schrodinger operators and regularity properties,
Rev. Mat. Complut. 34 (2) (2021) 357-388.

[16] M. De Leon-Contreras, J.L. Torrea, Parabolic Hermite Lipschitz spaces: regularity of fractional operators, Mediterr.
J. Math. 17 (6) (2020) 205.

[17] Hongjie Dong, Doyoon Kim, On L ,-estimates for elliptic and parabolic equations with A, weights, Trans. Am.
Math. Soc. 370 (7) (2018) 5081-5130 (ISSN 0002-9947, 1088-6850).

[18] Hongjie Dong, Tuoc Phan, Regularity for parabolic equations with singular or degenerate coefficients, Calc. Var.
Partial Differ. Equ. 60 (1) (2021) 44 (ISSN 0944-2669, 1432-0835).

[19] A.E. Gatto, R. Urbina, O. Wilfredo, On Gaussian Lipschitz spaces and the boundedness of fractional integrals and
fractional derivatives on them, Quaest. Math. 38 (1) (2015) 1-25.

[20] G.H. Hardy, J.E. Littlewood, G. Pélya, Inequalities, 2d ed., University Press, Cambridge, 1952.

[21] Matthias Hieber, Jan Priiss, Heat kernels and maximal L”-L9 estimates for parabolic evolution equations, Commun.
Partial Differ. Equ. 22 (9-10) (1997) 1647-1669 (ISSN 0360-5302, 1532-4133).

[22] Tuomas Hytonen, Jan van Neerven, Mark Veraar, Lutz Weis, Analysis in Banach spaces. Vol. III. Harmonic Analysis
and Spectral Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics],
vol. 76, Springer, Cham, 2023.

[23] L. Leindler, Generalization of inequalities of Hardy and Littlewood, Acta Sci. Math. (Szeged) 31 (1970) 279-285.

[24] J.E. Littlewood, G.H. Hardy, Elementary theorems concerning power series with positive coefficients and moment
constants of positive functions, J. Reine Angew. Math. 157 (1927) 141-158.

[25] C. Liu, D.J. Promel, J. Teichmann, Characterization of nonlinear Besov spaces, Trans. Am. Math. Soc. 373 (1)
(2020) 529-550.

[26] T. Ma, P.R. Stinga, J.L. Torrea, C. Zhang, Regularity properties of Schrodinger operators, J. Math. Anal. Appl.
388 (2) (2012) 817-837.

[27] S.D. Moura, On some characterizations of Besov spaces of generalized smoothness, Math. Nachr. 280 (9-10) (2007)
1190-1199.

[28] B. Muckenhoupt, Hardy’s inequality with weights, Stud. Math. 44 (1972) 31-38.

[29] Takayoshi Ogawa, Senjo Shimizu, End-point maximal L! -regularity for the Cauchy problem to a parabolic equation
with variable coefficients, Math. Ann. 365 (1-2) (2016) 661-705 (ISSN 0025-5831, 1432-1807).

[30] Takayoshi Ogawa, Senjo Shimizu, The drift-diffusion system in two-dimensional critical Hardy space, J. Funct.
Anal. 255 (5) (2008) 1107-1138 (ISSN 0022-1236, 1096-0783).

[31] Jan Priiss, Gieri Simonett, Moving Interfaces and Quasilinear Parabolic Evolution Equations, Monographs in Math-
ematics, vol. 105, Birkhduser/Springer, Cham, 2016.

[32] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathematical Series, vol. 30,
Princeton University Press, Princeton, N.J., 1970.

[33] P.R. Stinga, J.L. Torrea, Regularity theory and extension problem for fractional nonlocal parabolic equations and
the master equation, SIAM J. Math. Anal. 49 (5) (2017) 3893-3924.

[34] M.H. Taibleson, On the theory of Lipschitz spaces of distributions on Euclidean n-space. II. Translation invariant
operators, duality, and interpolation, J. Math. Mech. 14 (1965) 821-823.

[35] M.H. Taibleson, On the theory of Lipschitz spaces of distributions on Euclidean n-space. I. Principal properties, J.
Math. Mech. 13 (1964) 407-479.

[36] M.H. Taibleson, On the theory of Lipschitz spaces of distributions on Euclidean n-space. III. Smoothness and
integrability of Fourier transforms, smoothness of convolution kernels, J. Math. Mech. 15 (1966) 973-981.

[37] E.G. Tricomi, A. Erdélyi, The asymptotic expansion of a ratio of gamma functions, Pac. J. Math. 1 (1951) 133-142.

[38] H. Triebel, Theory of Function Spaces, Mathematik und ihre Anwendungen in Physik und Technik (Mathematics
and its Applications in Physics and Technology), vol. 38, Akademische Verlagsgesellschaft Geest & Portig K.-G,
Leipzig, 1983.

42


http://refhub.elsevier.com/S0022-0396(25)00492-9/bibD9C0FF5A437DA8F4566E3930DBAF0877s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibD9C0FF5A437DA8F4566E3930DBAF0877s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib499AA2274FFB50C22E0A525DAC14EE45s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib499AA2274FFB50C22E0A525DAC14EE45s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib2D4DEE0BBD011460E63A1C2F3C047396s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib2D4DEE0BBD011460E63A1C2F3C047396s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib699FD7C7DE154746394CAD3A54F93CA9s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib699FD7C7DE154746394CAD3A54F93CA9s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib4170ACD6AF571E8D0D59FDAD999CC605s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib4170ACD6AF571E8D0D59FDAD999CC605s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE6E778AC5EE422C4E369B797DC3A2859s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE6E778AC5EE422C4E369B797DC3A2859s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib0B920EF63BAC19C86EC28A392277F916s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib0B920EF63BAC19C86EC28A392277F916s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibDD65EF9A5579D4E518C6D4ABBD0CB1C6s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibDD65EF9A5579D4E518C6D4ABBD0CB1C6s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE2FCA8135C2FADCA093ABD79A6B1C0D2s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE2FCA8135C2FADCA093ABD79A6B1C0D2s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib30531A35CC61A56DC5B23717AFEAE6C6s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib30531A35CC61A56DC5B23717AFEAE6C6s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib4509E5846F8D781172E795EE21BA70ABs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE6FC8CE107F2BDF0955F021A391514CEs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibE6FC8CE107F2BDF0955F021A391514CEs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB903C9248252DFCC4C8A977F0D869056s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB903C9248252DFCC4C8A977F0D869056s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB903C9248252DFCC4C8A977F0D869056s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB903C9248252DFCC4C8A977F0D869056s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib33197190E76651D4F3B81B475587E713s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib272B2F9936D3FF309C30011BF32004C6s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib272B2F9936D3FF309C30011BF32004C6s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib112DB2191D469195BDDD034DF9DE1BAFs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib112DB2191D469195BDDD034DF9DE1BAFs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibDAE2C8F266CDCF3232E89CA80564892As1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibDAE2C8F266CDCF3232E89CA80564892As1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib451D723EC0F344BB11C3AD0DEC22FB67s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib451D723EC0F344BB11C3AD0DEC22FB67s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib35F7B88134E678DD5284F5C445323AE5s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib733568F71F59CB5D8F48DD149DE02769s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib733568F71F59CB5D8F48DD149DE02769s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib7AE7A9E16A999BF8956F5D09DD6C67F8s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib7AE7A9E16A999BF8956F5D09DD6C67F8s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibD3D4C5DEB455AC79DD5FF47C88BD65D9s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibD3D4C5DEB455AC79DD5FF47C88BD65D9s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB34E3DE4E93986A235EC05A63FF0369Ds1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB34E3DE4E93986A235EC05A63FF0369Ds1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib36AB7B000DA26B0547BFC3C3FDF143DCs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib36AB7B000DA26B0547BFC3C3FDF143DCs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib33FF373164A545BCF6AEB4EF58095EADs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib33FF373164A545BCF6AEB4EF58095EADs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibBB3169DC7665080E9B8A81BF7074ABBFs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibBB3169DC7665080E9B8A81BF7074ABBFs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib0B06B6C0B3D7409A0DDE7CFF40607281s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib0B06B6C0B3D7409A0DDE7CFF40607281s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bibB5E47B9A17E270AF9ACEC1D67CFD97D1s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib00DFA4DF96B2A6A68517E1A928F06D63s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib00DFA4DF96B2A6A68517E1A928F06D63s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib00DFA4DF96B2A6A68517E1A928F06D63s1

L. Abadias, M. De Leon-Contreras and A. Mahillo Journal of Differential Equations 440 (2025) 113465

[39] H. Triebel, Theory of Function Spaces. II, Monographs in Mathematics, vol. 84, Birkhduser Verlag, Basel, 1992.

[40] H. Triebel, Theory of Function Spaces. III, Monographs in Mathematics, vol. 100, Birkhéduser Verlag, Basel, 2006.

[41] D. Yang, W. Yuan, Characterizations of Besov-type and Triebel-Lizorkin-type spaces via maximal functions and
local means, Nonlinear Anal. 73 (12) (2010) 3805-3820.

[42] D. Yang, W. Yuan, Pointwise characterizations of Besov and Triebel-Lizorkin spaces in terms of averages on balls,
Trans. Am. Math. Soc. 369 (11) (2017) 7631-7655.

[43] K. Yosida, Functional Analysis, second edition, Die Grundlehren der Mathematischen Wissenschaften, vol. 123,
Springer-Verlag, New York Inc., New York, 1968.

43


http://refhub.elsevier.com/S0022-0396(25)00492-9/bib9EEED5F3D2B76B8D562713999275A153s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib1AD53D91CD764A0E9C10F8D8A372A384s1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib0867F43E27585E019C13F7F4B7C4AB6Bs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib0867F43E27585E019C13F7F4B7C4AB6Bs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib45CF4170FE6A85D80E18B952B06FE7DBs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib45CF4170FE6A85D80E18B952B06FE7DBs1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib3700F097E741A7702F7E4AC61ED88C1As1
http://refhub.elsevier.com/S0022-0396(25)00492-9/bib3700F097E741A7702F7E4AC61ED88C1As1

	End-point maximal regularity for the discrete parabolic Cauchy problem and regularity of non-local operators in discrete Be...
	1 Introduction
	2 Discrete heat and Poisson semigroups
	2.1 Some known results
	2.2 Discrete heat kernel
	2.3 Heat and Poisson semigroups

	3 Characterization via semigroups of discrete Besov spaces
	3.1 Case 0<α<1
	3.2 Case 0<α<2
	3.3 The general case

	4 Applications
	4.1 Proofs of Theorems 1.2, 1.3 and 1.4
	4.2 Proof of Theorem 1.5

	5 Appendix
	Data availability
	References


