
Available online at www.sciencedirect.com
ScienceDirec t 

Journal of Differential Equations 440 (2025) 113465
www.elsevier.com/locate/jde

End-point maximal regularity for the discrete parabolic 

Cauchy problem and regularity of non-local operators in 

discrete Besov spaces ✩

Luciano Abadias a,∗, Marta De León-Contreras b, Alejandro Mahillo a

a Departamento de Matemáticas, Instituto Universitario de Matemáticas y Aplicaciones, Universidad de Zaragoza, 
50009 Zaragoza, Spain

b Departamento de Análisis Matemático, Universidad de La Laguna, Avda. Astrofísico Sánchez, s/n 38206 La Laguna 
(Sta. Cruz de Tenerife), Spain

Received 14 March 2024; revised 24 March 2025; accepted 20 May 2025
Available online 2 June 2025

Abstract

In this paper we prove both end-point maximal L1-regularity for the discrete parabolic Cauchy problem 
and regularity of some non-local operators in discrete Besov spaces. To that aim, we prove characterizations 
of the discrete Besov spaces in terms of the heat and Poisson semigroups associated with the discrete 
Laplacian. Moreover, we provide new estimates for the derivatives of the discrete heat kernel and semigroup 
which are of independent interest.
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1. Introduction

In the study of partial differential equations, it is desirable to get some regularity results for 
the differential operators involved, as well as a priori estimates for the solutions, which provide 
information about the smoothness of the solutions before even solving the equation. Also, when 
we consider a parabolic Cauchy problem of the kind{

∂tu − Lu = g, t ∈ (0, T ),

u(0) = u0,
(1.1)

where L is a certain differential operator and T is either positive or infinite, it is quite interesting 
to study for which operators L the loss of regularity phenomenon (that is, when the partial deriva
tive, ∂tu, of the solution, u, of the above Cauchy problem is less regular than the right-hand side 
term, g) does not hold. In this case we speak about maximal regularity. More precisely, suppose 
that X is a proper Banach space and L : Dom(L) ⊂ X → X is a closed operator whose do
main, Dom(L), is dense in X. Given g ∈ Lq((0, T );X), 1 ≤ q ≤ ∞, we say that L has maximal 
Lq -regularity if there exists a unique solution u to (1.1) with u0 = 0 satisfying

‖∂tu‖Lq((0,T );X) + ‖Lu‖Lq((0,T );X) ≤ C‖g‖Lq((0,T );X).

Maximal regularity for parabolic Cauchy problems as (1.1) has received great attention in the 
last years, see for instance [11,14,17,18,21,22,29--31] and the references therein. It is known that 
if the operator L generates a bounded analytic semigroup (or equivalently, L is sectorial of angle 
strictly less than π/2), {Tt }t≥0, of operators in a Banach space X satisfying the Unconditional 
Martingale Differences (UMD) property, then maximal Lq -regularity holds for q ∈ (1,∞), see 
[22, Chapter 17]. However, in the cases when either q = 1 or q = ∞, or when considering 
Banach spaces that are not UMD, such as the non-reflexive Banach spaces, a different approach 
is needed in order to get maximal regularity. Moreover, if the operator L generates an analytic 
semigroup, {Tt }t≥0, of operators in a Banach space X, then the solution of (1.1) can be written as

u(t) = Ttu0 +
t∫

0 

Tt−sg(s, ·) ds, t ∈ [0, T ).

Therefore, when u0 = 0, the maximal Lq -regularity is reduced to prove that the operator

R(g)(t) :=
t∫

0 

∂tTt−sg(s, ·) ds,

is bounded from Lq((0, T );X) into itself (observe that ∂tTtg = Lg, t > 0), so in this case max
imal Lq -regularity can be viewed as Lq -boundedness properties of certain Banach space valued 
singular integrals.
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In this paper we shall consider as the operator L the discrete Laplacian, that is,

(Δdf )(n) := f (n + 1) − 2f (n) + f (n − 1), n ∈ Z,

for f : Z → R. This operator has been well-studied in the last years and some of its main har
monic analysis properties can be found in [1,2,4,8,12,13]. In [11], the author proved weighted 
mixed norm estimates and end-point maximal L1-regularity for (1.2) with u0 = 0 and t ∈ [0, T ), 
T ∈ (0,∞), in the homogeneous discrete Besov spaces Ḃ0

p,1(Z
d). In that paper, the author says 

that he used a different method from the one employed in [29,30] because a characterization of 
discrete Besov spaces via the heat semigroup of Δd was not known.

The aim of this paper is twofold. On the one hand, we shall prove complete characterizations 
of the discrete Besov spaces in terms of the heat and Poisson semigroups associated with the 
discrete Laplacian, Δd . These characterizations, which are independently interesting, will help 
us achieve the second main objective of the paper: regularity results in discrete Besov spaces. In 
particular, we proved end-point maximal L1-regularity for the solutions to the parabolic Cauchy 
problem {

∂tu(t, n) − Δdu(t, n) = g(t, n), n ∈ Z, t > 0,

u(0, n) = u0(n), n ∈ Z,
(1.2)

and also we get regularity results for some fractional operators associated with Δd in the discrete 
Besov spaces.

Besov spaces are spaces of functions with certain smoothness degree which generalize Hölder 
spaces and play an important role in PDEs, mathematical physics and functional analysis. These 
spaces on Rn and on domains were introduced between 1959 and 1979 and can be viewed as real 
interpolation spaces in the scale of Triebel-Lizorkin spaces, see [38]. Providing suitable charac
terizations of these spaces in the continuous setting has been a central topic of study for many 
authors in the last 60 years, and there is an extensive literature in the topic, see for instance the im
pressive series of books [38--40], which collect most of the theory until 2006, and some more re
cent works like [6,7,9,10,25,27,41,42] and the references therein. In particular, obtaining charac
terizations of functional spaces in terms of the heat and/or Poisson semigroups is very convenient 
in order to get regularity results for non-local operators, see for instance [15,16,19,26,33--36].

Much less is known in the discrete case, and some main difficulties in this setting rely on the 
fact that the discrete heat kernel does not satisfy the usual hypotheses needed to obtain this type of 
characterizations, such as Gaussian estimates and Hölder continuity. Despite this fact, recently, a 
characterization of the discrete Hölder spaces was given in terms of semigroups associated to the 
discrete Laplacian, see [1], and this characterization allows the authors to get regularity results 
for the fractional powers of the discrete Laplacian in a more systematic way than in [13] and for 
a wider range of powers.

Before stating our results, we shall introduce the main definitions in our setting. For f : Z→
R, consider the discrete derivatives from the right and from the left,

δrightf (n) = f (n) − f (n + 1), δlef tf (n) = f (n) − f (n − 1), n ∈ Z.

Observe that δright δlef tf = δlef t δrightf , so every combination of these operators is not affected 
by the order when they are applied. We will use the notation δl

right and δl
lef t to denote the l

fold composition of the operator, l ∈ N , being δ0 f = f and δ0 f = f . Moreover, since 
right lef t

3 
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the �p(Z)-norms are invariant under translations, we have that for f : Z → R, 
∥∥δrightf

∥∥
p

=∥∥δlef tf
∥∥

p
. Therefore, we shall state and prove our results for the δright operator.

Let α > 0 be a non-natural number, l = [α] the integer part of α, and 1 ≤ p,q ≤ ∞. We define 
the discrete Besov spaces, also called discrete ``generalized'' Hölder spaces, as

Cα,p,q(Z) :=
{
f : Z→ R : 

∑
j 
=0 

∥∥∥∥δl
rightf (· + j) − δl

rightf (·)
|j |α−l

∥∥∥∥q

p

1 
|j | < ∞

}
, 1 ≤ q < ∞,

and

Cα,p,∞(Z) :=
{
f :Z →R : sup

j 
=0 

∥∥∥∥δl
rightf (· + j) − δl

rightf (·)
|j |α−l

∥∥∥∥
p

< ∞
}
.

Observe that �p(Z) functions are trivially in Cα,p,q(Z). Furthermore, in Lemma 2.2 it will 
be proved that the functions belonging to these spaces satisfy f

1+|·|α ∈ �q(Z,μ), being �q(Z,μ)

the weighted �q -space with weight μ =∑
n∈Z 1 

1+|n|δn and δn the Dirac measure in n. This size 
condition will be the starting point to define the following spaces of functions.

For α ∈N and 1 ≤ p,q ≤ ∞, we introduce the ``generalized'' Zygmund classes by

Zα,p,q(Z) :=
{
f : Z→ R : f

1 + |·|α ∈ �q(Z,μ) and 

∑
j 
=0 

∥∥∥∥δα−1
rightf (· − j) − 2δα−1

rightf (·) + δα−1
rightf (· + j)

|j | 
∥∥∥∥q

p

1 
|j | < ∞

⎫⎬
⎭ , 1 ≤ q < ∞, 

and

Zα,p,∞(Z) :=
{
f : Z→ R : f

1 + |·|α ∈ �∞(Z) and 

sup
j 
=0 

∥∥∥∥δα−1
rightf (· − j) − 2δα−1

rightf (·) + δα−1
rightf (· + j)

|j | 
∥∥∥∥

p

< ∞
}

. 

Observe that when p = q = ∞, �∞(Z,μ) = �∞(Z) so Cα,∞,∞(Z) are the discrete Hölder 
spaces and Zα,∞,∞(Z) are the discrete Zygmund spaces treated in [1].

For 1 ≤ p ≤ ∞, we consider the mixed-norm spaces

Lq(((0,∞), dt/t);�p(Z)) = {
f : (0,∞) → �p(Z) : ‖f ‖p,q < ∞}

,

where

‖f ‖p,q =
⎛
⎝ ∞ ∫

0 

‖f (t)‖q
p

dt

t

⎞
⎠1/q

, 1 ≤ q < ∞,

and
4 
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‖f ‖p,∞ = inf

⎧⎪⎨
⎪⎩α > 0 : 

∫
{t>0 : ||f (t)||p>α}

dt

t
= 0

⎫⎪⎬
⎪⎭ .

It can be shown that the spaces Lq(((0,∞), dt/t);�p(Z)), 1 ≤ p,q ≤ ∞, are Banach spaces 
under this norm, see [5], and the norms ‖f ‖p,∞ and supt>0 ‖f (t)‖p coincide.

Finally, we shall introduce Besov spaces in terms of semigroups associated with the discrete 
Laplacian. It is well-known that the heat semigroup associated with Δd is the solution to the 
discrete heat problem, {

∂tu(t, n) − Δdu(t, n) = 0, n ∈ Z, t ≥ 0,

u(0, n) = f (n), n ∈ Z,

and it is given by the convolution u(t, n) = etΔd f (n) :=∑
j∈Z G(t,n − j)f (j) =∑

j∈Z G(t, 
j)f (n − j), where

G(t,n) = e−2t In(2t), n ∈Z, t > 0,

being In the modified Bessel function of the first kind and order n ∈ Z, see Section 2 for more 
details. Moreover, by subordination (see [43, Chapter IX, Section 11]) we can define the Poisson 
semigroup associated with Δd as

e−y
√−Δd f (n) := y

2
√

π

∞ ∫
0 

e− y2

4t 

t3/2 etΔd f (n)dt, y > 0, n ∈ Z,

which is the solution to the discrete Poisson problem{
∂2
y v(y,n) − Δdv(y,n) = 0, n ∈ Z, y ≥ 0,

v(0, n) = f (n), n ∈ Z.

For α > 0 and 1 ≤ p,q ≤ ∞, we define the discrete heat Besov spaces and discrete Poisson 
Besov spaces as

Λ
α,p,q
H :=

{
f :Z →R : f

1 + |·|α ∈ �q(Z,μ) and 
∥∥∥tk− α

2 ∂k
t etΔd f

∥∥∥
p,q

< ∞, with 

k =
[α

2 

]
+ 1, t > 0

}
and

Λ
α,p,q
P :=

{
f :Z →R : 

∑
n∈Z

|f (n)|
1 + |n|2 < ∞ and 

∥∥∥yl−α∂l
ye

−y
√−Δd f

∥∥∥
p,q

< ∞, with 

l = [α] + 1, y > 0} . 

Our first main result is the following.
5 
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Theorem 1.1. Let 1 ≤ p,q ≤ ∞.

(A) Let α > 0.
(A1) If α / ∈N , then Cα,p,q(Z) = Λ

α,p,q
H .

(A2) If α ∈N , then Zα,p,q(Z) = Λ
α,p,q
H .

(B) Let f : Z→R such that 
∑

j∈Z
|f (j)|
1+|j |2 < ∞.

(B1) For every α > 0, α / ∈N ,

f ∈ Cα,p,q(Z) ⇐⇒ f ∈ Λ
α,p,q
H ⇐⇒ f ∈ Λ

α,p,q
P .

(B2) For every α ∈N ,

f ∈ Zα,p,q(Z) ⇐⇒ f ∈ Λ
α,p,q
H ⇐⇒ f ∈ Λ

α,p,q
P .

Observe that when p = q = ∞, we recover the results obtained in [1]. In order to prove 
Theorem 1.1, we will need to prove some refined estimates about the derivatives of the discrete 
heat kernel (see Lemma 2.1) and of the discrete heat semigroup (see Lemmata 2.4 and 2.5), 
and some mixed-norm estimates for the derivatives of the heat and Poisson semigroups (see 
Lemmata 2.6, 2.7 and 2.9). We believe that these results are also of independent interest.

Moreover, these characterizations of the discrete Besov spaces through the semigroup lan
guage will allow us to get some regularity results and end-point maximal L1-regularity for the 
parabolic Cauchy problem (1.2) in a direct and systematic way.

First, we prove the regularity of some fractional operators associated with the discrete Lapla
cian, such as the Bessel potentials and the powers (−Δd)±β in the discrete Besov spaces. For 
the appropriate definition of these operators, see Section 4.

Theorem 1.2. Let α,β > 0, 1 ≤ p,q ≤ ∞ and f : Z → R such that f ∈ Λ
α,p,q
H , then (I −

Δd)−β/2f ∈ Λ
α+β,p,q
H .

In order to define the ‘fractional’ powers of order β of the discrete Laplacian, we need to 
consider the functions in the following spaces:

�±β :=
{

u : Z→ R :
∑
m∈Z

|u(m)| 
(1 + |m|)1±2β

< ∞
}

.

The choice of these spaces is justified since the fractional powers satisfy the following pointwise 
formula

(−Δd)±β f (n) =
∑
m∈Z

K±β(n − m)f (m), n ∈Z,

where Kβ(m) ∼ 1 
|m|1+2β whenever β > 0 (with Kβ being of compact support if β ∈ N) and 

K−β(m) ∼ 1 
|m|1−2β , for 0 < β < 1/2, see [1,13].

Now we state our regularity results in the discrete Besov spaces for the discrete fractional 
Laplacian. The negative powers of the Laplacian are only well-defined for 0 < β < 1/2, since 
the integral that defines it is not absolutely convergent for β ≥ 1/2 (see Section 4).
6 
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Theorem 1.3 (A priori estimates). Let α > 0, 0 < β < 1/2, 1 ≤ p,q ≤ ∞ and f : Z → R such 
that f ∈ Λ

α,p,q
H ∩ �−β , then (−Δd)−β f ∈ Λ

α+2β,p,q
H .

Theorem 1.4. Let α,β > 0, such that 0 < 2β < α, 1 ≤ p,q ≤ ∞ and f :Z →R.

(1) If f ∈ Λ
α,p,q
H ∩ �β , then (−Δd)β f ∈ Λ

α−2β,p,q
H .

(2) If β ∈ N and f ∈ Λ
α,p,q
H , then (−Δd) ◦ (−Δd) ◦ · · · ◦ (−Δd)︸ ︷︷ ︸

β times 

f ∈ Λ
α−2β,p,q
H .

Furthermore, as a consequence of our semigroup characterization of the discrete Besov spaces, 
we get the end-point maximal L1-regularity for the parabolic Cauchy problem (1.2) in the homo
geneous Besov spaces Λ̇α,p,1

H , α > 0, 1 ≤ p ≤ ∞, which are the spaces of functions f : Z → R
such that

‖f ‖
Λ̇

α,p,1
H

:=
∥∥∥tk− α

2 ∂k
t etΔd f

∥∥∥
p,1

< ∞, k = [α/2] + 1.

The spaces Λ̇α,p,1
H generalize the spaces Ḃ0

p,1(Z
d) considered in [11].

Theorem 1.5 (Endpoint maximal L1-regularity). Let α > 0, 1≤ p ≤∞, and u the solution to 
(1.2) with T either T > 0 or T = ∞. Then, there exists a constant C > 0 such that

‖∂tu‖
L1((0,T );Λ̇α,p,1

H )
+ ‖Δdu‖

L1((0,T );Λ̇α,p,1
H )

≤ C
(
‖u0‖Λ̇

α,p,1
H

+ ‖g‖
L1((0,T );Λ̇α,p,1

H )

)
.

The paper is organized as follows. In Section 2, we establish all the results concerning point
wise and norm estimates of the discrete heat and Poisson kernels and semigroups. Section 3 is 
devoted to prove Theorem 1.1 and all the properties related to these spaces. In Section 4 we prove 
the regularity results for the fractional powers of the operators as well as the end-point maximal 
L1-regularity theorem. Finally, in Section 5 we include the Hardy inequalities in their discrete 
and continuous versions, that will play a crucial role in our proofs.

Throughout this article, C and c always denote positive constants that can change in each 
occurrence.

2. Discrete heat and Poisson semigroups

2.1. Some known results

In this subsection we collect some known properties about gamma and Bessel functions that 
we will use along the paper.

For every γ > 0, and η > 0, it holds that

(1 − r)ηrγ ≤
(

γ

γ + η

)γ

, 0 < r < 1. (2.1)

This inequality was a key point in the proof of many results in [2] and [12]. We will also use the 
following estimates for the Euler’s gamma function (see [37, Eq. (1)])
7 
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Γ(z + α)

Γ(z) 
= zα

(
1 + O

(
1 
|z|
))

, �z > 0,�α > 0. (2.2)

We denote by In the Bessel function of imaginary argument (also called modified Bessel 
function of first kind) and order n ∈Z, given by

In(t) =
∞ ∑

m=0

1 
m!Γ(m + n + 1)

(
t

2

)2m+n

, n ∈ N0 := N ∪ {0}, t ∈ C,

and In = I−n for n ∈N . It also has the following useful integral representation,

In(t) = tn√
π2nΓ(n + 1/2)

1 ∫
−1 

e−ts
(

1 − s2
)n−1/2

ds, n ∈N0, t ≥ 0.

Likewise, for l ∈ N0 and n ∈ N0, the discrete derivatives δl
right In have the following representa

tion, see [1, Proof of Lemma 2.4],

δl
right In(t) = tn√

π2nΓ(n + 1
2 )

1 ∫
−1 

e−ts (1 − s2)n− 1
2

(
(s + 1)l

+
l−1 ∑
m=1

1 
tm

min{m,l−m}∑
p=1 

dp,m,ls
p(s + 1)l−m−p

⎞
⎠ ds,

(2.3)

where dp,m,l ∈ R are constants only depending on p, m and l, and the sum in the second line 
should only be interpreted when l > 1.

On the other hand, the generating function of the Bessel function In is given by

et(x+x−1)/2 =
∑
n∈Z

xnIn(t), x 
= 0, t ∈ C.

From above identity, it was proved in [2, Theorem 3.3] that, for every k ∈ N0,∑
n∈Z

n2kIn(t) = etpk(t), 
∑
n∈Z

n2k+1In(t) = 0, t > 0, (2.4)

where each pk(t) is a polynomial of degree k with positive coefficients, p0(t) = 1, and pk(0) = 0
for all k ∈ N .

2.2. Discrete heat kernel

The solution of the heat problem on Z is given by the function etΔd f (n) =∑
j∈Z G(t,n −

j)f (j), where the discrete heat kernel is given by

G(t,n) = e−2t In(2t), n ∈Z, t > 0.
8 
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In the following we state a new general estimate for the heat kernel G and its discrete derivatives 
δl
rightG, refining the estimates obtained in [1].

Lemma 2.1. Let l ∈N0. Assume that one of the following statements holds

(i) − [ l+1
2 
]− 1

2 ≤ β and t ≥ 1.
(ii) − [ l+1

2 
]− 1

2 ≤ β ≤ − 1
2 and t ∈ (0,1).

Then, there exists a positive constant Cβ,l only depending on β and l, such that

∣∣∣δl
rightG(t, n)

∣∣∣≤ Cβ,l

tβ

1 + |n|l+2β+1 , n ∈ Z.

Proof. Let l ∈ N0. First note that by (2.3), and performing the change of variables 1 + s = u 
2t

, 
we get for n ∈ N0 and t > 0 that

∣∣∣δl
rightG(t, n)

∣∣∣≤ Cl√
tΓ(n + 1

2 )

4t ∫
0 

e−uun− 1
2

(
1 − u 

4t

)n− 1
2
(( u 

4t

)l

+
l−1 ∑
m=1

1 
tm

min{m,l−m}∑
p=1 

( u 
4t

)l−m−p

⎞
⎠ du.

Next, we introduce the parameter β into this equation as follows,

∣∣∣δl
rightG(t, n)

∣∣∣≤ Cl,β tβ

Γ(n + 1
2 )

4t ∫
0 

e−uun−1−β
(

1 − u 
4t

)n− 1
2
( u 

4t

) 1
2 +β

(( u 
4t

)l

+
l−1 ∑
m=1

1 
tm

min{m,l−m}∑
p=1 

( u 
4t

)l−m−p

⎞
⎠ du =: I + II, t > 0, n ∈N0.

We are interested in getting bounds that depend on n ∈Z. For this purpose, since we are assuming 
β ≥ − [ l+1

2 
]− 1

2 , in particular we have that β + 2l + 1 > 0, so we divide Z into the following 
three disjoint subsets

Z = {n ∈Z : n > β + 2l + 1} ∪ {n ∈Z : n < −(β + 2l + 1)} ∪ {n ∈Z : |n| ≤ β + 2l + 1}
=: A ∪ B ∪ D.

First we consider that n ∈ A. Note also that, from the condition β ≥ − [ l+1
2 
]− 1

2 , we have in 
particular that β + 1/2 + l ≥ 0. Thus, by using (2.1) and (2.2) we have that, for β + 1/2 + l > 0,
9 
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|I | ≤ Cl,β tβ

Γ(n + 1
2 )

(
1
2 + β + l

β + l + n 

) 1
2 +β+l 4t ∫

0 

e−uun−1−β du

≤ Cl,β tβ

Γ(n + 1
2 )

Γ(n − β) 

1 + n
1
2 +β+l

≤ Cl,β tβ

1 + n1+2β+l
.

When β + 1/2 + l = 0 the same inequality is obtained directly.
In order to get the desired bound in A for II , we need to make some observations. Let l ≥ 2. 

Note that

−
[
l + 1

2 

]
=
{ −l/2, if l is even

−l/2 − 1/2, if l is odd,

and, for 1 ≤ m ≤ l − 1, it holds that

min{m, l − m} ≤
{

l/2, if l is even
(l − 1)/2, if l is odd.

(2.5)

Therefore, the condition β ≥ − [ l+1
2 
] − 1

2 , implies that β + 1/2 + l − p ≥ 0, for 1 ≤ p ≤
min{m, l − m}. In addition, if n ∈ A then n − β − m > 0, with 1 ≤ m ≤ l − 1. Therefore,

II = Cl,β tβ

Γ(n + 1
2 )

l−1 ∑
m=1

min{m,l−m}∑
p=1 

4t ∫
0 

e−uun−1−β−m
(

1 − u 
4t

)n− 1
2
( u 

4t

)β+ 1
2 +l−p

du

≤ Cl,β tβ
l−1 ∑
m=1

min{m,l−m}∑
p=1 

Γ(n − β − m) 

Γ(n + 1
2 )(1 + nβ+ 1

2 +l−p)
,

where we have used (2.1) whenever β + 1/2 + l − p > 0, and a direct computation when β +
1/2 + l − p = 0. Now by taking into account (2.5), we have that every p such that 1 ≤ p ≤
min{m, l − m} satisfies β + 1/2 + l − p = 0 if, and only if, β + [

l+1
2 
]+ 1

2 = 0, and this holds 
whenever p = l/2 and m = l/2 (if l is even) or p = (l − 1)/2 and is either m = (l − 1)/2 or 
m = (l + 1)/2 (if l is odd). Therefore, by using (2.2) we get that

II ≤ Cl,β tβ
l−1 ∑
m=1

min{m,l−m}∑
p=1 

1 
1 + nl+2β+1+(m−p)

≤ Cl,β tβ

1 + nl+2β+1 .

Secondly, we consider n ∈ B , that is, n < −β − 2l − 1. Thus, n < −l, and then we can 

write 
∣∣∣δl

rightG(t, n)

∣∣∣= ∣∣∣δl
rightG(t, |n| − l)

∣∣∣ for n ∈ B . Furthermore, if n ∈ B , we have |n| − l >

β + l + 1, and in particular |n| − l > β + m for all m = 1, . . . , l − 1. So, one can repeat the same 
steps as in the case of the subset A but replacing n by |n| − l and obtaining the same estimate.

Finally, we consider n ∈ D, i.e., |n| ≤ β + 2l + 1. Observe that 1 ≤ Cβ,l

1+|n|l+2β+1 . If t ≥ 1, we 
use [1, Lemma 2.3] to get
10 
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∣∣∣δl
rightG(t, n)

∣∣∣≤ Cβ,l

t

[
l+1

2 
]
+ 1

2

≤ Cl,β

tβ

1 + |n|l+2β+1 .

If t ∈ (0,1) and β ≤ − 1
2 , we use that 

∣∣∣δl
rightG(t, n)

∣∣∣ ≤ Ct− 1
2 , which implies the desired 

bound. �
2.3. Heat and Poisson semigroups

Here we present some technical lemmata to prove our main results. Moreover, the following 
lemma will suggest the appropriate size condition that will be imposed to the functions so that 
the discrete heat semigroup is well-defined and satisfies the decay estimates necessary to work 
in Λα,p,q

H spaces.

Lemma 2.2. Let α > 0, α / ∈ N , 1 ≤ p,q ≤ ∞ and f ∈ Cα,p,q(Z). Then, f
1+|·|α ∈ �q(Z,μ).

Proof. We begin with the case q = ∞. Due to the �p(Z) embedding, if f ∈ Cα,p,∞(Z) then 
f ∈ Cα,∞,∞(Z). Therefore, we can apply [1, Lemma 3.1] to obtain that f

1+|·|α ∈ �∞(Z).
Secondly we prove the case 1 ≤ q < ∞, and we split the proof into several cases. Assume 

first that α ∈ (0,1). As f ∈ Cα,p,q(Z) we have that,

∥∥∥∥ f

1 + |·|α
∥∥∥∥

q,μ

≤
∥∥∥∥f − f (0)

1 + |·|α
∥∥∥∥

q,μ

+
∥∥∥∥ f (0) 

1 + |·|α
∥∥∥∥

q,μ

,

where the second summand in the above expression is finite. For the first summand, since |f (j)−
f (0)| ≤ ‖f (· + j) − f (·)‖p for j ∈ Z, we have

∥∥∥∥f − f (0)

1 + |·|α
∥∥∥∥

q,μ

≤
(∑

j 
=0 

∥∥∥∥f (· + j) − f (·)
|j |α

∥∥∥∥q

p

1 
|j |
)1/q

< ∞.

Now, assume that 1 < α < 2. We have that

∥∥∥∥ f

1 + |·|α
∥∥∥∥

q,μ

≤ |f (0)|+
( ∞ ∑

n=1 

( |f (n)|
1 + nα

)q 1 
n

) 1 
q

+
( ∞ ∑

n=1 

( |f (−n)|
1 + nα

)q 1 
n

) 1 
q

=: |f (0)|+A+B.

By using the fact that

|f (n)| ≤ |f (n) − f (n − 1)| + · · · + |f (1) − f (0)| + |f (0)| =
n ∑

j=1 

∣∣δrightf (j − 1)
∣∣+ |f (0)| ,

for n ∈N and by the discrete Hardy inequality (see Lemma 5.3) we obtain that,
11 
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A ≤
⎛
⎝ ∞ ∑

n=1 

⎛
⎝ n ∑

j=1 

∣∣δrightf (j − 1)
∣∣
⎞
⎠q

1 
nαq+1

⎞
⎠

1 
q

+
( ∞ ∑

n=1 

( |f (0)|
1 + nα

)q 1 
n

) 1 
q

≤ C

⎛
⎝ ∞ ∑

j=1 

(
j
∣∣δrightf (j − 1)

∣∣)q 1 
jαq+1

⎞
⎠

1 
q

+ C

≤ C

⎛
⎝ ∞ ∑

j=1 

(∣∣δrightf (j − 1) − δrightf (−1)
∣∣

jα−1

)q
1 
j

⎞
⎠

1 
q

+ C

⎛
⎝ ∞ ∑

j=1 

(∣∣δrightf (−1)
∣∣

jα−1

)q
1 
j

⎞
⎠

1 
q

+ C

≤ C

⎛
⎝∑

j 
=0 

∥∥∥∥δrightf (· + j) − δrightf (·)
|j |α−1

∥∥∥∥q

p

1 
|j |

⎞
⎠

1 
q

+ C < ∞.

For B we have to consider the following inequality,

|f (−n)| ≤ |f (−n) − f (n + 1)|+ · · ·+ |f (−1) − f (0)|+ |f (0)| =
n ∑

j=1 

∣∣δrightf (−j)
∣∣+|f (0)| ,

and use the same techniques as for A to finish the proof for the case 1 < α < 2.
Lastly, for α > 2 the proof follows by writing f in terms of differences of order [α] and by 

iterating the previous arguments. �
Remark 2.3. Let 1 ≤ q ≤ ∞ and f : Z → R satisfying f

1+|·|α ∈ �q(Z,μ) for some α > 0. 

From the embedding of the �q(Z) spaces we have that f

1+|·|α+ 1 
q

∈ �∞(Z). Therefore, [1, Lemma 

2.12] gives that the heat semigroup etΔd f is well-defined for every t > 0. Furthermore, from [1, 
Lemma 2.11] it follows that δm

righte
tΔd f and ∂l

t e
tΔd f , m, l ∈ N , are well-defined,

δright e
tΔd f (n) =

∑
j∈Z

(δrightG(t, n − j))f (j) =
∑
j∈Z

G(t, j)δrightf (n − j), n ∈Z,

and for t = t1 + t2, where t, t1, t2 > 0,

∂t e
tΔd f (n)|t=t1+t2 =

∑
j∈Z

∂t1G(t1, j)et2Δd f (n − j) =
∑
j∈Z

G(t1, j)∂t2e
t2Δd f (n − j), n ∈ Z.

Next lemma shows an estimate for the size of the heat semigroup and some conditions under 
the derivatives of the heat semigroup vanish at infinity.

Lemma 2.4. Let 1 ≤ q ≤ ∞ and f : Z → R satisfying f
1+|·|α ∈ �q(Z,μ), for certain α > 0. 

Then,

(1) For every t > 0, it holds that 
∥∥∥ etΔd f

1+|·|α
∥∥∥

q
≤ C

(
1 + t

α+1/q
2 
)

.

� (Z,μ)

12 
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(2) For every n ∈ Z and m, l ∈N0 such that m2 + l > α
2 , we have that

∂l
t δ

m
right e

tΔd f (n) → 0, as t → ∞.

Proof. First we prove (1). The case q = ∞ was proved in [1, Lemma 2.12 A]. Let 1 ≤ q < ∞, 
and t > 0. By using Minkowski’s inequality we have that

∥∥∥∥ etΔd f 
1 + | · |α

∥∥∥∥
�q (Z,μ)

=
⎛
⎝∑

n∈Z

∣∣∣∣∣∣
∑
j∈Z

G(t, j)
f (n − j) 

(1 + |n|α)(1 + |n|)1/q

∣∣∣∣∣∣
q⎞⎠1/q

≤
∑
j∈Z

G(t, j)

(∑
n∈Z

( |f (n − j)| 
(1 + |n|α)(1 + |n|)1/q

)q
)1/q

≤ CG(t,0) +
∑

j∈Z\{0}
G(t, j)|f (−j)|

+
∑

j∈Z\{0}
G(t, j)

|f (0)| 
(1 + |j |α)(1 + |j |)1/q

+
∑

j∈Z\{0}
G(t, j)

⎛
⎝ ∑

n∈Z\{0,j}

( |f (n − j)| 
(1 + |n|α)|n|1/q

)q
⎞
⎠1/q

=: I + II + III + IV .

Next, we work with each summand above separately. Note that I is bounded.
Secondly, since f

1+|·|α ∈ �q(Z,μ) implies that f

1+|·|α+1/q ∈ �∞(Z), by taking m as the smallest 
integer such that 2m > α + 1/q , we have that

II =
∑

j∈Z\{0}
G(t, j)|f (−j)| ≤ C

∥∥∥∥ f

1 + |·|α+1/q

∥∥∥∥∞

∑
j∈Z\{0}

G(t, j)(1 + |j |α+1/q)

≤ C

∥∥∥∥ f

1 + |·|α+1/q

∥∥∥∥∞

(
1 +

∑
|j |≤√

t

G(t, j)|j |α+1/q

+
∑

|j |>√
t

G(t, j)|j |α+1/q min

{ |j | √
t
, |j |

}2m−α−1/q)

≤ C

∥∥∥∥ f

1 + |·|α+1/q

∥∥∥∥∞

(
1 + t

α+1/q
2 + Cpm(2t)min

{
1 

tm− α+1/q
2 

,1

})

≤ C

∥∥∥∥ f

1 + |·|α+1/q

∥∥∥∥∞
(1 + t

α+1/q
2 ),

where we have used that ‖G(t, ·)‖1 = 1 and that |pm(2t)| ≤ C for 0 < t < 1, and |pm(2t)| ≤ Ctm

for t ≥ 1, see (2.4).
13 
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For III , since |j | ≥ 1, we get that III ≤ C‖G(t, ·)‖1 = C.
Finally, note that if j 
= 0 and n 
= 0, j , we have

(1 + |n − j |α)|n − j |1/q

(1 + |n|α)|n|1/q
≤ C(1 + |j |α)|j |1/q,

so by proceeding as in the case II , we get

IV ≤ C
∑

j∈Z\{0}
G(t, j)(1 + |j |α)|j |1/q ≤ C

(
1 + t

α+1/q
2 
)

.

Now we shall prove (2). The case q = ∞ was proved in [1, Lemma 2.13].
Let 1 ≤ q < ∞, m, l ∈N0 such that m2 + l > α

2 and n ∈Z. Since the semigroup is the solution 
to the heat equation, we can write

∣∣∣∂l
t δ

m
right e

tΔd f (n)

∣∣∣= ∣∣∣δ2l+m
right e

tΔd f (n − l)

∣∣∣ .
Now we choose ε > 0 small enough such that α − 2l − m + ε < 0. Then, by using Lemma 2.1
for t ≥ 1 and β = α−2l−m+ε

2 , we obtain that

∣∣∣∂l
t δ

m
right e

tΔd f (n)

∣∣∣≤ Cl,m,α

∑
j∈Z

tβ |f (n − l − j)|
1 + |j |α+ε+1

= Cl,m,αtβ
∑
j∈Z

|f (n − l − j)| (1 + |n − l − j |α) 

(1 + |n − l − j |α)(1 + |j |α+ε+1)
.

Hölder’s inequality gives the convergence for the series above and since β < 0 it follows that ∣∣∣∂l
t δ

m
right e

tΔd f (n)

∣∣∣→ 0, as t → ∞. �

The following lemma provides the size condition for the sequence e·2Δd f (·) : Z → R, given 
by en2Δd f (n) =∑

j∈Z G(n2, n − j)f (j), n ∈ Z, which will be a key point in the proof of one 
of our main results.

Lemma 2.5. Let 1 ≤ q < ∞, l ∈ N0, α ≥ l and f : Z → R such that f
1+|·|α ∈ �q(Z,μ). Then, 

e·2Δd δl
right f (·)

1+|·|α−l ∈ �q(Z,μ).

Proof. First, recall that Ij (0) = δ0(j) for j ∈ Z, (where δ0 denotes the Dirac delta sequence), so 
δl G(0,−j) = (−1)j

(
l
)
, for j = 0, . . . , l, and δl G(0,−j) = 0 in another case. Then,
right j right

14 
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∥∥∥∥∥∥
e·2Δd δl

rightf (·)
1 + |·|α−l

∥∥∥∥∥∥
q,μ

≤
⎛
⎜⎝∑

n∈Z

⎛
⎝∑

j∈Z

∣∣∣δl
rightG(n2, n − j)

∣∣∣ |f (j)|
1 + |n|α−l

⎞
⎠

q

μ(n)

⎞
⎟⎠

1 
q

≤ Cl max{|f (j)| : j = 0, . . . , l} +
⎛
⎜⎝∑

n
=0 

⎛
⎝∑

j∈Z

∣∣∣δl
rightG(n2, n − j)

∣∣∣ |f (j)|
1 + |n|α−l

⎞
⎠

q

μ(n)

⎞
⎟⎠

1 
q

.

So, we have to prove the convergence of the last addend. For this purpose, we consider the next 
disjoint partition

{(n, j) : n ∈ Z \ {0}, j ∈ Z}
= {(n, j) : n ≥ 1, j ≥ 1} ∪ {(n, j) : n ≥ 1, j ≤ −1} ∪ {(n, j) : n ≥ 1, j = 0}
∪ {(n, j) : n ≤ −1, j ≥ 1} ∪ {(n, j) : n ≤ −1, j ≤ −1} ∪ {(n, j) : n ≤ −1, j = 0}
=: A.1 ∪ . . . ∪ A.6.

By Lemma 2.1, we have that 
∣∣∣δl

rightG(n2, n − j)

∣∣∣≤ Cβ,l
|n|2β

1+|n−j |2β+l+1 , for n ∈ Z \ {0}, j ∈ Z

and any β ≥ −[ l+1
2 ] − 1

2 .
On the one hand, we have that∣∣∣δl

rightG(n2, n)

∣∣∣≤ Cβ,l |n|−(l+1) , (n,0) ∈ A.3,A.6,

so

⎛
⎜⎝∑

n
=0 

⎛
⎝
∣∣∣δl

rightG(n2, n)

∣∣∣ |f (0)|
1 + |n|α−l

⎞
⎠

q

μ(n)

⎞
⎟⎠

1 
q

≤ Cβ,l |f (0)|
( ∞ ∑

n=1 

(
n−l−1

(1 + nα−l )

)q
1 
n

) 1 
q

≤ Cβ,l |f (0)| .

Now, by taking β = − l+1
2 , we get

∣∣∣δl
rightG(n2, n − j)

∣∣∣≤ Cβ,l |n|−(l+1) , 1 ≤ j ≤ 2n.

Thus, by using Hardy’s inequality (see Lemma 5.3) we have that

⎛
⎜⎝ ∞ ∑

n=1 

⎛
⎝ n ∑

j=1 

∣∣∣δl
rightG(n2, n − j)

∣∣∣ |f (j)|
1 + |n|α−l

⎞
⎠

q

μ(n)

⎞
⎟⎠

1 
q

≤ Cβ,l

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ n ∑

j=1 

|f (j)|
nα+1

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤ Cβ,l

( ∞ ∑( |f (n)|
nα

)q 1 
n

) 1 
q

n=1 

15 
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≤ Cβ,l

∥∥∥∥ f (·) 
1 + |·|α

∥∥∥∥
q,μ

,

and by direct computations we get that

⎛
⎜⎝ ∞ ∑

n=1 

⎛
⎝ 2n ∑

j=n+1

∣∣∣δl
rightG(n2, n − j)

∣∣∣ |f (j)|
1 + |n|α−l

⎞
⎠

q

μ(n)

⎞
⎟⎠

1 
q

≤ Cβ,l

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ 2n ∑

j=n+1

|f (j)|
nα+1

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤ Cβ,l

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ 2n ∑

j=n+1

|f (j)|n
jα+2

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤ Cβ,l

( ∞ ∑
n=1 

( |f (n)|n2

nα+2

)q
1 
n

) 1 
q

≤ Cβ,l

∥∥∥∥ f (·) 
1 + |·|α

∥∥∥∥
q,μ

.

On the other hand, by using Lemma 2.1 with β = α−l+1
2 one gets

∣∣∣δl
rightG(n2, n − j)

∣∣∣≤ Cβ,l

|n|α−l+1

1 + (j − n)α+2 , j ≥ 2n + 1.

Notice that in this case j − n >
j
2 , so by Hardy’s inequality (see Lemma 5.3) we have that

⎛
⎜⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=2n+1

∣∣∣δl
rightG(n2, n − j)

∣∣∣ |f (j)|
1 + |n|α−l

⎞
⎠

q

μ(n)

⎞
⎟⎠

1 
q

≤ Cβ,l

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=2n+1

|f (j)|n 
(j − n)α+2

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤ Cβ,l

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=2n+1

|f (j)|n
jα+2

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤ Cβ,l

∥∥∥∥ f (·) 
1 + |·|α

∥∥∥∥
q,μ

.

To finish the proof, we can proceed in the same way for the subsets A.2,A.4,A.5, by taking 
|j |, |n| instead of j,n, and by taking into account that |n − j | ≥ ||n| − |j ||. �
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Now we include some lemmata which state mixed-norm estimates for the derivatives of the 
heat and Poisson semigroups that provide alternative semigroup conditions to characterize the 
discrete heat and Poisson Besov spaces.

Lemma 2.6. Let β > 0, 1 ≤ p,q ≤ ∞ and f : Z→ R.

(i) Suppose that f
1+|·|α ∈ �q(Z,μ) for some α > 0. If m, l ∈ N0, such that m2 + l > α

2 , then

∥∥∥tβ∂l
t δ

m
right e

tΔd f

∥∥∥
p,q

≤ 1 
β

∥∥∥tβ+1∂l+1
t δm

right e
tΔd f

∥∥∥
p,q

, t > 0.

(ii) Suppose that f satisfies 
∑

j∈Z
|f (j)|
1+|j |2 < ∞. If m, l ∈N0, such that m + l ≥ 1, then

∥∥∥yβ∂l
yδ

m
right e

−y
√−Δd f

∥∥∥
p,q

≤ 1 
β

∥∥∥yβ+1∂l+1
y δm

right e
−y

√−Δd f

∥∥∥
p,q

, y > 0.

Proof. The proof of this result runs parallel to the one of [35, Lemmata 4 c) and 4∗ c)]. In our 
case, we also have to use Lemma 2.4, so that ∂l

t δ
m
right e

tΔd f (n) → 0, as t → ∞, and [1, Lemma 

2.13], so that ∂l
yδ

m
right e

−y
√−Δd f (n) → 0, as y → ∞. �

Lemma 2.7. Let β > 0, 1 ≤ p,q ≤ ∞, m, l ∈ N0, and f : Z→ R.

(i) Suppose that f
1+|·|α ∈ �q(Z,μ) for some α > 0.

– If l ∈ N , there is C > 0 such that

∥∥∥tβ+1∂l
t δ

m
right e

tΔd f

∥∥∥
p,q

≤ C

∥∥∥tβ∂l−1
t δm

right e
tΔd f

∥∥∥
p,q

, t > 0.

– If m ∈N , there is C > 0 such that

∥∥∥tβ+ 1
2 ∂l

t δ
m
right e

tΔd f

∥∥∥
p,q

≤ C

∥∥∥tβ∂l
t δ

m−1
right e

tΔd f

∥∥∥
p,q

, t > 0.

(ii) Suppose f satisfies 
∑

j∈Z
|f (j)|
1+|j |2 < ∞.

– If l ∈ N , there is C > 0 such that

∥∥∥yβ+1∂l
yδ

m
right e

−y
√−Δd f

∥∥∥
p,q

≤ C

∥∥∥yβ∂l−1
y δm

right e
−y

√−Δd f

∥∥∥
p,q

, y > 0.

– If m ∈N , there is C > 0 such that

∥∥∥yβ+1∂l
yδ

m
right e

−y
√−Δd f

∥∥∥
p,q

≤ C

∥∥∥yβ∂l
yδ

m−1
right e

−y
√−Δd f

∥∥∥
p,q

, y > 0.

Proof. Again, the proof of this result runs parallel to the one of [35, Lemmata 4 a), b) and 4∗ a), 
b)]. In this case, we have used [1, Lemmata 2.6, 2.9 and 2.11, and Remarks 2.7 and 2.10]. �
17 



L. Abadias, M. De León-Contreras and A. Mahillo Journal of Differential Equations 440 (2025) 113465 
Remark 2.8. From Lemmata 2.6 and 2.7 we deduce that if f ∈ Λ
α,p,q
H for some α > 0, 1 ≤

p,q ≤ ∞ and k, l are natural numbers such that k, l ≥ [α/2] + 1, then 
∥∥∥tk− α

2 ∂k
t etΔd f

∥∥∥
p,q

< ∞
if, and only if, 

∥∥∥t l− α
2 ∂l

t e
tΔd f

∥∥∥
p,q

< ∞. Analogously, if k, l are natural numbers such that k, l ≥
[α] + 1, then 

∥∥∥yk−α∂k
y e−y

√−Δd f

∥∥∥
p,q

< ∞ if, and only if, 
∥∥∥yl−α∂l

ye
−y

√−Δd f

∥∥∥
p,q

< ∞.

Lemma 2.9. Let β > 0, 1 ≤ p,q ≤ ∞ and f : Z→ R.

(i) Suppose that f
1+|·|α ∈ �q(Z,μ) for some α > 0, and m, l ∈N0 such that m2 + l > α

2 .
– If l ∈ N , there is C > 0 such that∥∥∥tβ+ 1

2 ∂l
t δ

m
right e

tΔd f

∥∥∥
p,q

≤ C

∥∥∥tβ∂l−1
t δm+1

right e
tΔd f

∥∥∥
p,q

, t > 0.

– If m ∈N , there is C > 0 such that∥∥∥tβ∂l
t δ

m
right e

tΔd f

∥∥∥
p,q

≤ C

∥∥∥tβ+ 1
2 ∂l+1

t δm−1
right e

tΔd f

∥∥∥
p,q

, t > 0.

(ii) Suppose that f satisfies 
∑

j∈Z
|f (j)|
1+|j |2 < ∞, and m, l ∈N0.

– If l ∈ N , there is C > 0 such that∥∥∥yβ∂l
yδ

m
right e

−y
√−Δd f

∥∥∥
p,q

≤ C

∥∥∥yβ∂l−1
y δm+1

right e
−y

√−Δd f

∥∥∥
p,q

, y > 0.

– If m ∈N , there is C > 0 such that∥∥∥yβ∂l
yδ

m
right e

−y
√−Δd f

∥∥∥
p,q

≤ C

∥∥∥yβ∂l+1
y δm−1

right e
−y

√−Δd f

∥∥∥
p,q

, y > 0.

Proof. This result follows directly by using Lemmata 2.7 and 2.6 and the ideas presented in the 
proof of [35, Theorem 1]. �

The last lemma of this section states an inequality involving both, heat and Poisson semi
groups. The proof follows similar steps than the ones appearing in [16, Theorem 4.1] and [15, 
Theorem 5.6].

Lemma 2.10. Let α > 0, 1 ≤ p ≤ ∞ and f :Z →R such that f
1+|·|α ∈ �∞(Z) and 

∑
n∈Z

|f (n)|
1+n2 <

∞. Then, for every k ∈ N ,

∥∥∥∂2k
y e−y

√−Δd f

∥∥∥
p

≤
∞ ∫

0 

1 
2
√

π

ye
−y2

4t 

t
3
2

∥∥∥∂k
t etΔd f

∥∥∥
p

dt.

3. Characterization via semigroups of discrete Besov spaces

In the following we prove the characterization of Cα,p,q(Z) by using the spaces Λα,p,q
H and 

Λ
α,p,q .
P

18 
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3.1. Case 0 < α < 1

Proposition 3.1. Let 0 < α < 1 and 1 ≤ p,q ≤ ∞. If f ∈ Cα,p,q(Z) then f ∈ Λ
α,p,q
H .

Proof. Let f ∈ Cα,p,q(Z). From Lemma 2.2 we have that f
1+|·|α ∈ �q(Z,μ). Now we have to 

prove that 
∥∥∥t1− α

2 ∂t e
tΔd f

∥∥∥
p,q

< ∞. For that aim, we shall consider the p-norm of the deriva

tive of the semigroup. Note that ∂tG(t, j) = ΔdG(t, j) = δ2
rightG(t, j − 1), for j ∈ Z, and 

δ2
rightG(t, j − 1) = δ2

rightG(t, |j | − 1), for j ≤ −1. Suppose that 1 ≤ p ≤ ∞ and 1 ≤ q < ∞. If 
1 ≤ p < ∞, by Minkowski’s integral inequality one gets

∥∥∂t e
tΔd f

∥∥
p

=
⎛
⎝∑

n∈Z

∣∣∣∣∣∣
∑
j∈Z

∂tG(t, j)f (n − j)

∣∣∣∣∣∣
p⎞⎠

1 
p

≤
∑
j∈Z

(∑
n∈Z

|∂tG(t, j)(f (n − j) − f (n))|p
) 1 

p

=
∑
j∈Z

|∂tG(t, j)| ‖f (·) − f (· + j)‖p (3.1)

= 2
∑
j≥1 

∣∣∣δ2
rightG(t, j − 1)

∣∣∣‖f (·) − f (· + j)‖p

= 2
∑
j≥0 

∣∣∣δ2
rightG(t, j)

∣∣∣Ωp(j + 1),

with Ωp(j) = ‖f (·) − f (· + j)‖p . If p = ∞, we also have

∥∥∂t e
tΔd f

∥∥∞ = sup 
n∈Z

∣∣∣∣∣∣
∑
j∈Z

∂tG(t, j)f (n − j)

∣∣∣∣∣∣≤
∑
j∈Z

|∂tG(t, j)| ‖f (·) − f (· + j)‖∞

= 2
∑
j≥0 

∣∣∣δ2
rightG(t, j)

∣∣∣Ω∞(j + 1),

with Ω∞(j) = ‖f (·) − f (· + j)‖∞. Then, we have that

∥∥∥t1− α
2 ∂t e

tΔd f

∥∥∥
p,q

≤
⎛
⎝ 1 ∫

0 

∣∣∣∣∣∣2t1− α
2 
∑
j≥0 

∣∣∣δ2
rightG(t, j)

∣∣∣Ωp(j + 1)

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

+
⎛
⎝ ∞ ∫

1 

∣∣∣∣∣∣2t1− α
2 
∑
j≥0 

∣∣∣δ2
rightG(t, j)

∣∣∣Ωp(j + 1)

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

=: A + B.
19 
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By using Lemma 2.1 with β = − 1
2 we get that 

∣∣∣δ2
rightG(t, j)

∣∣∣≤ C

(1 + j2)t
1
2

, j ≥ 0, t > 0. There

fore,

A ≤ C

⎛
⎝ 1 ∫

0 

∣∣∣∣∣∣t
1
2 − α

2 
∑
j≥1 

Ωp(j) 
1 + (j − 1)2

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

.

By taking into account that 1 
1+(j−1)2 ≤ 2 

j2 , j ≥ 1, and Minkowski’s integral inequality, we obtain 
that

A ≤ C

⎛
⎝ 1 ∫

0 

∣∣∣∣∣∣t
1
2 − α

2 
∑
j≥1 

Ωp(j)

j2

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

≤ C
∑
j≥1 

Ωp(j)

j2

⎛
⎝ 1 ∫

0 

∣∣∣t 1
2 − α

2 
∣∣∣q dt

t

⎞
⎠

1 
q

≤ C
∑
j≥1 

Ωp(j)

j2 .

Notice that 2 = α + 1/q + 2 − α − 1/q , so we can use Hölder’s inequality to get

A ≤ C

(∑
j≥1 

∥∥∥∥f (· + j) − f (·)
jα

∥∥∥∥q

p

1 
j

)1/q

< ∞.

Regarding B, we split it into 2 different integrals using Minkowski’s inequality as follows

B ≤
⎛
⎝ ∞ ∫

1 

∣∣∣∣∣∣2t1− α
2 

∑
0≤j≤√

t

∣∣∣δ2
rightG(t, j)

∣∣∣Ωp(j + 1)

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

+
⎛
⎝ ∞ ∫

1 

∣∣∣∣∣∣2t1− α
2 
∑

j>
√

t

∣∣∣δ2
rightG(t, j)

∣∣∣Ωp(j + 1)

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

=: B1 + B2.

To compute the bound for B1, we apply Lemma 2.1 with β = − 3
2 so that 

∣∣∣δ2
rightG(t, j)

∣∣∣≤ C

t
3
2

, 

for j ≥ 0 and t > 0, to get

B1 ≤ C

⎛
⎝ ∞ ∫

1 

∣∣∣∣∣∣t−
α
2 − 1

2
∑

0≤j≤√
t

Ωp(j + 1)

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

.

Now we define the function g :=∑∞
j=0 Ωp(j +1)χ[j+1,j+2). Then, we can write 

∑
0≤j≤√

t

Ωp(j

+ 1) =
[√

t
]+2∫

g(x) dx. By using Hardy’s inequality (see Lemma 5.1) one obtains that

0 
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B1 ≤ C

⎛
⎜⎝

∞ ∫
1 

∣∣∣∣∣∣∣t
− α

2 − 1
2

[√
t
]+2∫

0 

g(x) dx

∣∣∣∣∣∣∣
q

dt

t

⎞
⎟⎠

1 
q

≤ C

⎛
⎜⎝

∞ ∫
1 

∣∣∣∣∣∣∣t
− α

2 − 1
2

3
√

t∫
0 

g(x) dx

∣∣∣∣∣∣∣
q

dt

t

⎞
⎟⎠

1 
q

= C

⎛
⎝ ∞ ∫

3 

⎛
⎝ u ∫

0 

g(x) dx

⎞
⎠q

u−q(α+1)−1 du

⎞
⎠

1 
q

≤ C

⎛
⎝ ∞ ∫

0 

(xg(x))qx−q(α+1)−1 dx

⎞
⎠

1 
q

≤ C

⎛
⎝ ∞ ∑

j=1 

‖f (·) − f (· + j)‖q
p

jqα+1

⎞
⎠

1 
q

< ∞.

On the other hand, by using Lemma 2.1 with β = 0, we have that

B2 ≤ C

⎛
⎝ ∞ ∫

1 

∣∣∣∣∣∣t1− α
2 
∑

j>
√

t

Ωp(j + 1)

j3

∣∣∣∣∣∣
q

dt

t

⎞
⎠

1 
q

.

We define the function h :=∑∞
j=0 χ[j+1,j+2)

Ωp(j+1)

j3 , so that we can write 
∑

j>
√

t
Ωp(j+1)

j3 =∫∞[√
t
]+2 h(x) dx. By using Hardy’s inequality (Lemma 5.1) we have that

B ≤ C

⎛
⎜⎝

∞ ∫
1 

∣∣∣∣∣∣∣t
1− α

2 
∞ ∫

[√
t
]+2

h(x) dx

∣∣∣∣∣∣∣
q

dt

t

⎞
⎟⎠

1 
q

≤ C

⎛
⎜⎝

∞ ∫
1 

∣∣∣∣∣∣∣t
1− α

2 
∞ ∫

√
t

h(x) dx

∣∣∣∣∣∣∣
q

dt

t

⎞
⎟⎠

1 
q

= C

⎛
⎝ ∞ ∫

1 

⎛
⎝ ∞ ∫

u 

h(x) dx

⎞
⎠q

uq(2−α)−1 du

⎞
⎠

1 
q

≤ C

⎛
⎝ ∞ ∫

0 

(xh(x))qxq(2−α)−1 dx

⎞
⎠

1 
q

≤ C

⎛
⎝ ∞ ∑

j=1 

‖f (·) − f (· + j)‖q
p

jqα+1

⎞
⎠

1 
q

< ∞.

Therefore, we have proved that f ∈ Λ
α,p,q
H , 1 ≤ p ≤ ∞ and 1 ≤ q < ∞.

Suppose now that f ∈ Cα,p,∞(Z), with 1 ≤ p ≤ ∞. From equation (3.1), it follows that∥∥∥t1− α
2 ∂t e

tΔd f

∥∥∥
p,∞ = sup

t>0 
t1− α

2 
∥∥∂t e

tΔd f
∥∥

p
≤ sup

t>0 
t1− α

2 
∑
j∈Z

|∂tG(t, j)| ‖f (·) − f (· + j)‖p

≤
(

sup
j 
=0 

‖f (·) − f (· + j)‖p

|j |α
)

sup
t>0 

t1− α
2 
∥∥∂tG(t, ·) |·|α∥∥1 .

By using the fact that ‖∂tG(t, ·) |·|α‖1 ≤ Ct
α
2 −1 (see [1, Proof of Theorem 3.3]) we conclude 

that 
∥∥∥t1− α

2 ∂t e
tΔd f

∥∥∥ < ∞, so f ∈ Λ
α,p,∞
H . �
p,∞
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Proposition 3.2. Let α > 0 and f : Z → R such that 
∑

j∈Z
|f (j)|
1+|j |2 < ∞. If f ∈ Λ

α,p,q
H , 1 ≤

p,q ≤ ∞, then f ∈ Λ
α,p,q
P .

Proof. Let f ∈ Λ
α,p,q
H , 1 ≤ p,q ≤ ∞. By using Lemmata 2.6 and 2.7 (see also Remark 2.8), 

it is enough to prove that 
∥∥∥yl−α∂l

ye
−y

√−Δdf
∥∥∥

p,q
< ∞ for l the least even number such that 

l > [α] + 1 and l/2 > [α/2] + 1.
Let l be the even number satisfying the conditions above and suppose that 1 ≤ p ≤ ∞ and 

1 ≤ q < ∞. From Lemma 2.10 we have that

∥∥∥∂l
ye

−y
√−Δd f

∥∥∥
p

≤
∞ ∫

0 

1 
2
√

π

ye
−y2

4t 

t
3
2

∥∥∥∂l/2
t etΔd f

∥∥∥
p

dt,

and

∥∥∥yl−α∂l
ye

−y
√−Δd f

∥∥∥
p,q

≤ Cα

⎛
⎝ ∞ ∫

0 

⎛
⎝yl−α

∞ ∫
0 

1 
2
√

π

ye
−y2

4t 

t
3
2

∥∥∥∂l/2
t etΔd f

∥∥∥
p

dt

⎞
⎠q

dy

y

⎞
⎠

1 
q

,

where Cα is a positive constant depending on α. Notice that for every γ ≥ 0 there is C > 0 such 

that 
(

y

t1/2

)γ

e
−y2

4t ≤ C, for every t, y > 0. So

∥∥∥yl−α∂l
ye

−y
√−Δd f

∥∥∥
p,q

≤ Cα

⎡
⎢⎢⎣
⎛
⎜⎝

∞ ∫
0 

⎛
⎜⎝yl−2−α

y2∫
0 

∥∥∥∂l/2
t etΔd f

∥∥∥
p

dt

⎞
⎟⎠

q

dy

y

⎞
⎟⎠

1 
q

+
⎛
⎜⎝

∞ ∫
0 

⎛
⎜⎝yl−α

∞ ∫
y2

∥∥∥∂l/2
t etΔd f

∥∥∥
p

t
dt

⎞
⎟⎠

q

dy

y

⎞
⎟⎠

1 
q

⎤
⎥⎥⎦ .

For both integrals we perform the change of variables (y = √
s) and we use Hardy’s inequality 

(Lemma 5.1), which yields to∥∥∥yl−α∂l
ye

−y
√−Δd f

∥∥∥
p,q

≤ Cα

∥∥∥t l/2− α
2 ∂l/2

t etΔd f

∥∥∥
p,q

< ∞.

The case q = ∞ follows the same steps. �
Proposition 3.3. Let 0 < α < 1, 1 ≤ p,q ≤ ∞ and f ∈ Λ

α,p,q
P . Then, f ∈ Cα,p,q(Z).

Proof. Suppose that 1 ≤ q < ∞. Then, we can write

∑
j 
=0 

‖f (· + j) − f (·)‖q
p

|j |αq+1 = 2
∞ ∑

j=1 

‖f (· + j) − f (·)‖q
p

jαq+1 = 2

∞ ∫ ‖f (· + [t]) − f (·)‖q
p

[t]αq+1 dt.
1 
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Since for t ≥ 1 it holds that [t] ≥ t
2 , then

∑
j 
=0 

‖f (· + j) − f (·)‖q
p

|j |αq+1 ≤ Cα,q

∞ ∫
0 

(t−αω(t,p))q
dt

t
,

where ω(t,p) := sup 
0≤j≤t
j∈N0

‖f (· + j) − f (·)‖p .

Moreover, for every j ≤ t , we have that

‖f (· + j) − f (·)‖p ≤ 2
∥∥∥f − e−t

√−Δd f

∥∥∥
p

+
∥∥∥e−t

√−Δd f (·) − e−t
√−Δd f (· + j)

∥∥∥
p

≤ 2

t∫
0 

∥∥∥∂ye
−y

√−Δd f

∥∥∥
p

dy + t

∥∥∥δright e
−t

√−Δd f

∥∥∥
p

,

where we have used the fact that f satisfying 
∑

j∈Z
|f (j)| 
1+|j |2 < ∞ implies that lim 

y→0
e−y

√−Δdf (n) =
f (n), for n ∈ Z, (see [1, Lemma 2.12.B]) and either Minkowski’s integral inequality (when 
1 ≤ p < ∞) or a straightforward inequality (when p = ∞). Thus,

⎛
⎝ ∞ ∫

0 

(
t−αω(t,p)

)q dt

t

⎞
⎠

1 
q

≤ 2

⎛
⎝ ∞ ∫

0 

⎛
⎝t−α

t∫
0 

∥∥∥∂ye
−y

√−Δd f

∥∥∥
p

dy

⎞
⎠q

dt

t

⎞
⎠

1 
q

+
⎛
⎝ ∞ ∫

0 

(
t1−α

∥∥∥δright e
−t

√−Δd f

∥∥∥
p

)q
dt

t

⎞
⎠

1 
q

=: I + II.

On the one hand, by using Hardy’s inequality (Lemma 5.1), we obtain that

I ≤ C

⎛
⎝ ∞ ∫

0 

(
y1−α

∥∥∥∂ye
−y

√−Δd f

∥∥∥
p

)q
dy

y

⎞
⎠

1 
q

< ∞.

On the other hand, by using Lemma 2.9(ii),

II ≤ C

∥∥∥y1−α∂ye
−t

√−Δd f

∥∥∥
p,q

< ∞.

Therefore, the result is proved for 1 ≤ q < ∞. The proof for q = ∞ follows similarly. �
Theorem 3.4. Let 0 < α < 1 and 1 ≤ p,q ≤ ∞. It holds that Cα,p,q(Z) = Λ

α,p,q = Λ
α,p,q .
H P
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Proof. From Proposition 3.1 and Proposition 3.3 we know that Cα,p,q(Z) ⊂ Λ
α,p,q
H and 

Λ
α,p,q
P ⊂ Cα,p,q(Z). It remains to prove that Λα,p,q

H ⊂ Λ
α,p,q
P .

In virtue of Proposition 3.2, it suffices to check that if f
1+|·|α ∈ �q(Z,μ) then 

∑
j∈Z

|f (j)|
1+|j |2 <

∞. Indeed, if f
1+|·|α ∈ �1(Z,μ) we have that

∑
j∈Z

|f (j)|
1 + |j |2 = |f (0)| +

∑
j 
=0 

|f (j)|
1 + |j |α

1 
|j |

(
(1 + |j |α) |j |

1 + |j |2
)

≤ |f (0)| + C
∑
j 
=0 

|f (j)|
1 + |j |α

1 
|j | < ∞.

Now suppose that f
1+|·|α ∈ �q(Z,μ), with 1 < q < ∞. By taking γ = αq+1

2q ∈ ( 1
2 ,1

)
, we have 

that

∑
j∈Z

|f (j)|
1 + |j |2 =

∑
j∈Z

|f (j)|
(1 + |j |2)γ

1 

(1 + |j |2)1−γ

≤
⎛
⎝∑

j∈Z

|f (j)|q
(1 + |j |2)γ q

⎞
⎠

1 
q
⎛
⎝∑

j∈Z

1 

(1 + |j |2)(1−γ )q ′

⎞
⎠

1 
q′

=: A · B,

where q ′ is the conjugate exponent of q . Observe that A is clearly finite and B is also fi
nite because 2(1 − γ )q ′ > 1. Lastly, we know that if f

1+|·|α ∈ �∞(Z), then it follows that ∑
j∈Z

|f (j)|
1+|j |2 < ∞. �

3.2. Case 0 < α < 2

Proposition 3.5. Let 0 < α < 2 and 1 ≤ p,q ≤ ∞. If f ∈ Λ
α,p,q
P , then

∑
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥q

p

1 
|j | < ∞, if 1 ≤ q < ∞,

and

sup
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥

p

< ∞, if q = ∞.

Proof. Let f ∈ Λ
α,p,q
P . If 0 < α < 1 and 1 ≤ q < ∞, from Proposition 3.3 we have that f ∈

Cα,p,q(Z), so(∑
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥q

p

1 
|j |
)q

≤ 2

(∑
j 
=0 

∥∥∥∥f (· + j) − f (·)
|j |α

∥∥∥∥q

p

1 
|j |
)q

< ∞.

The case 0 < α < 1 and q = ∞ is analogous.
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Assume that 1 ≤ α < 2 and 1 ≤ q < ∞. We can rewrite the sum similarly as we did in the 
proof of Proposition 3.3 to get

(∑
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥q

p

1 
|j |
)q

≤ Cα,q

⎛
⎝ ∞ ∫

0 

(t−αω(t,p))q
dt

t

⎞
⎠

1 
q

,

where ω(t,p) := sup0≤j≤t
j∈N0

‖f (· + j) − 2f (·) + f (· − j)‖p . Let j ∈ N such that j ≤ t . We can 

write

‖f (· + j) − 2f (·) + f (· − j)‖p

≤
∥∥∥f (· + j) − e−t

√−Δd f (· + j) − 2(f (·) − e−t
√−Δd f (·)) + f (· − j) − e−t

√−Δd f (· − j)

∥∥∥
p

+
∥∥∥e−t

√−Δd (f (· + j) − 2f (·) + f (· − j))

∥∥∥
p

= I + II.

By using Minkowski’s integral inequality, [1, Lemma 2.12.B] and the fact that ∂ue
−u

√−Δd f =
− ∫ t

u
∂2
we−w

√−Δd f dw + ∂t e
−t

√−Δd f , we get that

I ≤
t∫

0 

∥∥∥∂ue
−u

√−Δd (f (· + j) − 2f (·) + f (· − j))

∥∥∥
p

du

≤
t∫

0 

t∫
u 

∥∥∥∂2
we−w

√−Δd (f (· + j) − 2f (·) + f (· − j))

∥∥∥
p

dw du

+
t∫

0 

∥∥∥∂t e
−t

√−Δd (f (· + j) − 2f (·) + f (· − j))

∥∥∥
p

du,

= I1 + I2.

On the one hand, we have that

I1 ≤ 4

t∫
0 

t∫
u 

∥∥∥∂2
we−w

√−Δd f

∥∥∥
p

dw du = 4

t∫
0 

w∫
0 

∥∥∥∂2
we−w

√−Δd f

∥∥∥
p

du dw

= 4

t∫
0 

w

∥∥∥∂2
we−w

√−Δd f

∥∥∥
p

dw.

On the other hand, we can write
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I2 ≤ 2t

∥∥∥∂t e
−t

√−Δd (f (· + j) − f (·))
∥∥∥

p

= 2t

∥∥∥∥∥∥
j∑

j ′=1

∂t e
−t

√−Δd
(
f (· + j ′) − f (· + j ′ − 1)

)∥∥∥∥∥∥
p

≤ 2t2
∥∥∥∂t δright e

−t
√−Δd f

∥∥∥
p

.

Moreover, since j ≤ t ,

II =
∥∥∥∥∥∥

j∑
j ′=1

δright e
−t

√−Δd (f (· − j ′) − f (· + j ′ − 1))

∥∥∥∥∥∥
p

=
∥∥∥∥∥∥

j∑
j ′=1

2j ′−2∑
k=0 

δ2
right e

−t
√−Δd f (· − j ′ + k)

∥∥∥∥∥∥
p

≤
j∑

j ′=1

2j ′−2∑
k=0 

∥∥∥δ2
right e

−t
√−Δd f

∥∥∥
p

= j2
∥∥∥δ2

right e
−t

√−Δd f

∥∥∥
p

≤ t2
∥∥∥δ2

right e
−t

√−Δd f

∥∥∥
p

.

Therefore, we have got the following inequality

‖f (· + j) − 2f (·) + f (· − j)‖p ≤ 4

t∫
0 

w

∥∥∥∂2
we−w

√−Δd f

∥∥∥
p

du + 2t2
∥∥∥∂t δright e

−t
√−Δd f

∥∥∥
p

+ t2
∥∥∥δ2

right e
−t

√−Δd f

∥∥∥
p

,

so

⎛
⎝ ∞ ∫

0 

(
t−αω(t,p)

)q dt

t

⎞
⎠

1 
q

≤ 4

⎛
⎝ ∞ ∫

0 

⎛
⎝t−α

t∫
0 

w

∥∥∥∂2
we−w

√−Δd f

∥∥∥
p

dw

⎞
⎠q

dt

t

⎞
⎠

1 
q

+ 2

⎛
⎝ ∞ ∫

0 

(
t2−α

∥∥∥∂t δright e
−t

√−Δd f

∥∥∥
p

)q
dt

t

⎞
⎠

1 
q

+
⎛
⎝ ∞ ∫

0 

(
t2−α

∥∥∥δ2
right e

−t
√−Δd f

∥∥∥
p

)q
dt

t

⎞
⎠

1 
q

.

By applying Hardy’s inequality (Lemma 5.1) in the first summand of above expression, and 
Lemma 2.9(ii) in the second and third ones, we get the result.

The case 1 ≤ α < 2 and q = ∞ can be proved by following the same ideas. �
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Proposition 3.6. Let 0 < α < 2, 1 ≤ p,q ≤ ∞ and f :Z →R such that f
1+|·|α ∈ �q(Z,μ) with

∑
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥q

p

1 
|j | < ∞, if 1 ≤ q < ∞,

and

sup
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥

p

< ∞, if q = ∞.

Then f ∈ Λ
α,p,q
H .

Proof. Since for every t > 0 it holds that G(t, j) = G(t,−j), j ∈ N , and ∂t e
tΔd 1 = 0 (where 1

denotes in this case the sequence with all entries equal to 1), we have that

∥∥∂t e
tΔd f

∥∥
p

=
∥∥∥∥∥∥

1

2

∑
j∈Z

∂tG(t, j)(f (n − j) − 2f (n) + f (n + j))

∥∥∥∥∥∥
p

≤
∑
j≥0 

∣∣∣δ2
rightG(t, j)

∣∣∣Ωp(j + 1),

with Ωp(j) = ‖f (· − j) − 2f (·) + f (· + j)‖p .
The rest of the proof follows from the same techniques used to prove Proposition 3.1. �
From Propositions 3.2, 3.5 and 3.6, we derive the following theorem, which is one of our main 

results: the complete characterization of the discrete Besov and Zygmund spaces for 0 < α < 2.

Theorem 3.7. Let 0 < α < 2, 1 ≤ p,q ≤ ∞ and f : Z → R be a function such that f
1+|·|α ∈

�q(Z,μ) and 
∑

j∈Z
|f (j)|
1+|j |2 < ∞. The following are equivalent:

(1) f ∈ Λ
α,p,q
H .

(2) f ∈ Λ
α,p,q
P .

(3) f satisfies

∑
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥q

p

1 
|j | < ∞, if 1 ≤ q < ∞,

and

sup
j 
=0 

∥∥∥∥f (· − j) − 2f (·) + f (· + j)

|j |α
∥∥∥∥

p

< ∞, if q = ∞.

Remark 3.8. Observe that the assumption 
∑

j∈Z
|f (j)|
1+|j |2 < ∞ in the previous result is only 

needed for 1 ≤ α < 2. Indeed, we have proved the previous result for 0 < α < 1 in Theorem 3.4
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without that assumption (in this case it is deduced from the hypothesis f
1+|·|α ∈ �q(Z,μ)). In 

addition, by proceeding in an analogous way as in the proof of Proposition 3.5 (but performing 

the change of variables t̃ = √
t in 

(∫∞
0 (t−αω(t,p))q dt

t

) 1 
q ) we can prove that f ∈ Λ

α,p,q
H =⇒ f

satisfies (3), so it can be proved that (1) and (3) are equivalent for 0 < α < 2, without imposing 
the assumption 

∑
j∈Z

|f (j)|
1+|j |2 < ∞.

3.3. The general case

Theorem 3.9. Let α > 1, 1 ≤ p,q ≤ ∞ and f : Z → R. Then, f ∈ Λ
α,p,q
H if, and only if 

δrightf ∈ Λ
α−1,p,q
H .

Proof. Let f ∈ Λ
α,p,q
H . First, we shall prove that δright f 

1+|·|α−1 ∈ �q(Z,μ). Observe that when q = ∞, 

in virtue of the embedding �p(Z) ↪→ �∞(Z), we have that f ∈ Λ
α,∞,∞
H , so δright f 

1+|·|α−1 ∈ �∞(Z) (see 
the proof of [1, Theorem 3.6]).

Let now 1 ≤ q < ∞. We want to prove that 
∥∥∥ δright f 

1+|·|α−1

∥∥∥
q,μ

< ∞. Since f
1+|·|α ∈ �q(Z,μ), then 

f

1+|·|α+ 1 
q

∈ �∞(Z), so by Remark 2.3 and [1, Lemma 2.12.A.(iii)] we have limt→0 etΔd f (n) =
f (n), for every n ∈Z. Then,

∥∥∥∥ δrightf 

1 + |·|α−1

∥∥∥∥
q,μ

≤|δrightf (0)| +
⎛
⎝∑

n
=0 

(∣∣δrightf (n)
∣∣

1 + |n|α−1

)q
1 
|n|

⎞
⎠

1 
q

≤|δrightf (0)| +
⎛
⎝∑

n
=0 

(
sup 

0<t<n2

∣∣etΔd δrightf (n)
∣∣

1 + |n|α−1

)q
1 
|n|

⎞
⎠

1 
q

≤|δrightf (0)| +
⎛
⎜⎝∑

n
=0 

⎛
⎝ sup 

0<t<n2

∣∣∣etΔd δrightf (n) − en2Δd δrightf (n)

∣∣∣
1 + |n|α−1

⎞
⎠

q

1 
|n|

⎞
⎟⎠

1 
q

+
⎛
⎜⎝∑

n
=0 

⎛
⎝
∣∣∣en2Δd δrightf (n)

∣∣∣
1 + |n|α−1

⎞
⎠

q

1 
|n|

⎞
⎟⎠

1 
q

=: |δrightf (0)| + A + B.

Since f
1+|·|α ∈ �q(Z,μ), from Lemma 2.5 we deduce that B is finite.

Now we study the sum A. Suppose that α ∈ (1,3). Then,

A ≤
⎛
⎜⎝∑

n
=0 

⎛
⎜⎝ sup 

0<t<n2

n2∫
t

∣∣∂uδright e
uΔd f (n)

∣∣ du

⎞
⎟⎠

q

|n|−q(α−1)−1

⎞
⎟⎠

1 
q
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≤
⎛
⎜⎝∑

n
=0 

⎛
⎜⎝

n2∫
0 

∣∣∂uδright e
uΔd f (n)

∣∣ du

⎞
⎟⎠

q

|n|−q(α−1)−1

⎞
⎟⎠

1 
q

≤
⎛
⎜⎝∑

n
=0 

⎛
⎜⎝

n2∫
0 

∥∥∂uδright e
uΔd f

∥∥
p

du

⎞
⎟⎠

q

|n|−q(α−1)−1

⎞
⎟⎠

1 
q

≤ C

⎛
⎜⎝

∞ ∫
1 

⎛
⎜⎝

[t]2∫
0 

∥∥∂uδright e
uΔd f

∥∥
p

du

⎞
⎟⎠

q

[t]−q(α−1)−1 dt

⎞
⎟⎠

1 
q

.

Since t > 1, we have that [t] > t
2 and

A ≤ C

⎛
⎜⎝

∞ ∫
1 

⎛
⎜⎝

t2∫
0 

∥∥∂uδright e
uΔd f

∥∥
p

du

⎞
⎟⎠

q

t−q(α−1)−1 dt

⎞
⎟⎠

1 
q

= C

⎛
⎝ ∞ ∫

1 

⎛
⎝ x∫

0 

∥∥∂uδright e
uΔd f

∥∥
p

du

⎞
⎠q

x
−q(α−1)

2 −1 dx

⎞
⎠

1 
q

.

By using Hardy’s inequality (see Lemma 5.1) we get that

A ≤ C

⎛
⎝ ∞ ∫

0 

(
u
∥∥∂uδright e

uΔd f
∥∥

p

)q

u
−q(α−1)

2 −1

⎞
⎠

1 
q

= C

∥∥∥u 3
2 − α

2 ∂uδright e
uΔd f

∥∥∥
p,q

.

Thus, we use Lemma 2.9 and Remark 2.8 to obtain

A ≤ C

∥∥∥u 3
2 − α

2 ∂uδright e
uΔd f

∥∥∥
p,q

≤ C

∥∥∥u2− α
2 ∂2

ueuΔd f

∥∥∥
p,q

< ∞.

Now consider α ∈ [3,5). Observe that the techniques that we will present in this part of the proof 
are enough to prove all the cases α ∈ [2k + 1,2k + 3) with k ∈ N , but we just prove the case 
α ∈ [3,5). We start by using the fact that the semigroup is the solution to the heat equation, and 
splitting our sum into 2 different parts,

A ≤
⎛
⎜⎝∑

n
=0 

⎛
⎜⎝

n2∫ ∣∣∣euΔd δ3
rightf (n − 1)

∣∣∣ du

⎞
⎟⎠

q

|n|−q(α−1)−1

⎞
⎟⎠

1 
q

0 
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≤
⎛
⎜⎝∑

n
=0 

⎛
⎜⎝

n2∫
0 

n2∫
u 

∣∣∣∂wewΔd δ3
rightf (n − 1)

∣∣∣ dw du

⎞
⎟⎠

q

|n|−q(α−1)−1

⎞
⎟⎠

1 
q

+
⎛
⎜⎝∑

n
=0 

⎛
⎝
∣∣∣en2Δd δ3

rightf (n − 1)

∣∣∣
|n|α−3

⎞
⎠

q

1 
|n|

⎞
⎟⎠

1 
q

=: A1 + A2.

Since f
1+|·|α ∈ �q(Z,μ) we have that f (·−1)

1+|·|α �q(Z,μ), so by Lemma 2.5 we get that A2 is finite. 
For A1 we interchange the integrals, apply Hardy’s inequality and the techniques for the case 
α ∈ (1,3), to get

A1 ≤ C

⎛
⎜⎝∑

n
=0 

⎛
⎜⎝

n2∫
0 

n2∫
u 

∥∥∥∂2
wδright e

wΔd f

∥∥∥
p

dw du

⎞
⎟⎠

q

|n|−q(α−1)−1

⎞
⎟⎠

1 
q

≤ C

⎛
⎜⎝

∞ ∫
1 

⎛
⎜⎝

t2∫
0 

w

∥∥∥∂2
wδright e

wΔd f

∥∥∥
p

dw

⎞
⎟⎠

q

t−q(α−1)−1 dt

⎞
⎟⎠

1 
q

= C

⎛
⎝ ∞ ∫

1 

⎛
⎝ x∫

0 

w

∥∥∥∂2
wδright e

wΔd f

∥∥∥
p

dw

⎞
⎠q

x− q(α−1)
2 −1 dx

⎞
⎠

1 
q

≤ C

⎛
⎝ ∞ ∫

0 

(
w

5
2 − α

2 
∥∥∥∂2

wδright e
wΔd f

∥∥∥
p

)q

dw

⎞
⎠

1 
q

= C

∥∥∥w 5
2 − α

2 ∂2
wδright e

wΔd f

∥∥∥
p,q

.

From Lemma 2.9 and Remark 2.8 (in case α ∈ [3,4)) we deduce that

A1 ≤ C

∥∥∥w3− α
2 ∂3

wewΔd f

∥∥∥
p,q

< ∞.

Finally, we prove the semigroup condition. First we shall consider α ∈ (1,3). By using 
Lemma 2.9(i) and Remark 2.8 (in case α ∈ (1,2)) we get that∥∥∥t1− α−1

2 ∂t e
tΔd δrightf

∥∥∥
p,q

=
∥∥∥t 3

2 − α
2 ∂t δright e

tΔd f

∥∥∥
p,q

≤ C

∥∥∥t2− α
2 ∂2

t etΔd f

∥∥∥
p,q

< ∞.

In general, if α ∈ [2k + 1,2k + 3) with k ∈ N , by using Lemma 2.9(i) and Remark 2.8 (in case 
α ∈ [2k + 1,2k + 2)) we get that
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∥∥∥tk+1− α−1
2 ∂k+1

t etΔd δrightf

∥∥∥
p,q

=
∥∥∥tk+ 3

2 − α
2 ∂k+1

t δright e
tΔd f

∥∥∥
p,q

≤ C

∥∥∥tk+2− α
2 ∂k+2

t etΔd f

∥∥∥
p,q

< ∞.

Assume now that δrightf ∈ Λ
α−1,p,q
H . By definition, we have that δright f 

1+|·|α−1 ∈ �q(Z,μ). Thus, 
the proof of Lemma 2.2 gives that

∥∥∥∥ f

1 + |·|α
∥∥∥∥

q,μ

≤ |f (0)| + C + C

⎛
⎝ ∞ ∑

j=1 

(∣∣δrightf (j − 1)
∣∣)q 1 

j (α−1)q+1

⎞
⎠

1 
q

+ C

⎛
⎝ ∞ ∑

j=1 

(∣∣δrightf (−j)
∣∣)q 1 

j (α−1)q+1

⎞
⎠

1 
q

< ∞,

so f
1+|·|α ∈ �q(Z,μ). Suppose that α ∈ [2k + 1,2k + 3) with k ∈ N0 (being α 
= 1). By using 

Lemma 2.9(i) and Remark 2.8 (in case α ∈ [2k + 1,2k + 2)) we have that∥∥∥tk+2− α
2 ∂k+2

t etΔd f

∥∥∥
p,q

=
∥∥∥tk+ 3

2 − α
2 ∂k+1

t δright e
tΔd f

∥∥∥
p,q

≤ C

∥∥∥tk+1− α−1
2 ∂k+1

t etΔd δrightf

∥∥∥
p,q

< ∞.

We conclude that f ∈ Λ
α,p,q
H . �

Theorem 3.10. Let α > 1, 1 ≤ p,q ≤ ∞ and f ∈ Λ
α,p,q
P . Then, δrightf ∈ Λ

α−1,p,q
P .

Proof. Since f ∈ Λ
α,p,q
P we have that 

∑
n∈Z

|f (n)|
1 + |n|2 < ∞, so it is clear that 

∑
n∈Z

∣∣δrightf (n)
∣∣

1 + |n|2 <

∞.
Let l1 = [α] + 1 and l2 = [α − 1] + 1 = [α]. Then, by using Lemma 2.9(ii) we have that∥∥∥yl2−(α−1)∂l2

y e−y
√−Δd δrightf

∥∥∥
p,q

=
∥∥∥yl2−(α−1)∂l2

y δright e
−y

√−Δd f

∥∥∥
p,q

≤ C

∥∥∥yl1−α∂l1
y e−y

√−Δd f

∥∥∥
p,q

< ∞.

We conclude that δrightf ∈ Λ
α−1,p,q
P . �

Finally, we can prove our main theorem.

Proof of Theorem 1.1. We prove first (A1). In Theorem 3.4 we have proved the result for 0 <

α < 1. Let k < α < k + 1, for certain k ∈ N , and assume that f ∈ Λ
α,p,q
H . Then, by applying k

times Theorem 3.9 we get that δk
rightf ∈ Λ

α−k,p,q
H and in virtue of Theorem 3.4 and the definition 

of Cα−k,p,q we get that f ∈ Cα,p,q(Z).
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Conversely, suppose that f ∈ Cα,p,q(Z), α > 1, α 
∈ N . Then, from Lemma 2.2 we know 
that f

1+|·|α ∈ �q(Z,μ). Moreover, the definition of the space gives that δk
rightf ∈ Cα−k,p,q , and 

Theorem 3.4 implies that δk
rightf ∈ Λ

α−k,p,q
H . By applying k times Theorem 3.9 we conclude 

that f ∈ Λ
α,p,q
H .

Regarding the proof of (A2), we proceed as in the proof of (A1) but we use Theorem 3.7 (see 
Remark 2.3) instead of Theorem 3.4.

In virtue of Proposition 3.2 and (A1), to establish (B) we only need to prove that if f ∈
Λ

α,p,q
P then f ∈ Cα,p,q(Z). Let f ∈ Λ

α,p,q
P . By applying k times Theorem 3.10 we get that 

δk
rightf ∈ Λ

α−k,p,q
P and from Theorem 3.4 and the definition of Cα−k,p,q(Z) we conclude that 

f ∈ Cα,p,q(Z).
Regarding the proof of (B2), we proceed as in the proof of (B1) but we use Theorem 3.7

instead of Theorem 3.4. �
4. Applications

In this section, we shall prove regularity results for Bessel potentials and fractional powers of 
the discrete Laplacian in the Besov spaces defined through the heat semigroup and the maximal 
L1-regularity theorem.

4.1. Proofs of Theorems 1.2, 1.3 and 1.4

Firstly, we recall the definition of the fractional powers of the discrete Laplacian by using the 
semigroup method, see [13].

Let I denote the identity operator. For good enough functions f : Z → R, we define the 
following operators:

• The Bessel potential of order β > 0,

(I − Δd)−β/2 f (n) = 1 
Γ(β/2)

∞ ∫
0 

e−τ(I−Δd)f (n)τβ/2 dτ

τ
, n ∈ Z.

• The positive fractional power of the Laplacian,

(−Δd)β f (n) = 1 
cβ

∞ ∫
0 

(
eτΔd − I

)[β]+1
f (n)

dτ 
τ 1+β

, n ∈ Z, β > 0,

where cβ = ∫∞
0

(
e−τ − 1

)[β]+1 dτ 
τ 1+β .

• The negative fractional power of the Laplacian,

(−Δd)−β f (n) = 1 
Γ(β)

∞ ∫
eτΔd f (n)

dτ 
τ 1−β

, n ∈Z, 0 < β <
1

2
.

0 
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The previous formulae come from the following gamma formulae, see [13],

λ−β = 1 
Γ(β)

∞ ∫
0 

e−λt tβ
dt

t
, and λβ = 1 

cβ

∞ ∫
0 

(
e−λt − 1

)[β]+1 dt 
t1+β

,

where β > 0 and λ is a complex number with �λ ≥ 0.
As it was shown in [1, Theorem 1.2], Bessel potentials of order β > 0 are well defined for 

f ∈ Λ
α,∞,∞
H ,α > 0. However, the fractional powers of the Laplacian, (−Δd)±β , are not well 

defined in general for Λα,∞,∞
H functions and an additional condition is needed. In [13], the 

authors assumed that the functions belong to the space

�±β :=
{

u :Z →R :
∑
m∈Z

|u(m)| 
(1 + |m|)1±2β

< ∞
}

,

in order to define (−Δd)±β f , where 0 < β < 1 in the case of the positive powers and 0 < β <

1/2 for the negative ones. The choice of these spaces is justified since the discrete kernel in the 
pointwise formula

(−Δd)±β f (n) =
∑
m∈Z

K±β(n − m)f (m),n ∈Z, (4.1)

satisfies Kβ(m) ∼ 1 
|m|1+2β , whenever 0 < β < 1 and K−β(m) ∼ 1 

|m|1−2β , for 0 < β < 1/2, see 
[13]. Observe that the negative powers of the Laplacian are only well defined for 0 < β < 1/2, 
since the integral that defines it is not absolutely convergent for β ≥ 1/2.

In this section, in order to study regularity properties for positive powers larger than 1, we 
proceed as in [1], by extending the �β spaces for β > 0, and working with the following extended 
kernel,

Kβ(n) :=
{

0, |n| − β − 1 ∈ N0,
(−1)|n|Γ(2β+1) 

Γ(1+β+|n|)Γ(1+β−|n|) , otherwise. 

For any β > 0, the kernel satisfies the same asymptotic estimates, that is, Kβ(m) ∼ 1 
|m|1+2β . Note 

that when β ∈ N0, then Kβ(n) = 0 for all |n| ≥ β + 1. In fact, in [1, Lemma 4.1] it was proved 
that if f ∈ �β then (−Δd)β f is well defined for β > 0 and the identity (4.1) holds. The cases 
−1/2 < β < 0 and 0 < β < 1 had been proved previously in [13].

Now, we prove our main results of this section.

Proof of Theorem 1.2. Let f ∈ Λ
α,p,q
H and k =

[
α+β

2 

]
+ 1. Notice that since f ∈ Λ

α,p,q
H we 

have that f

1+|·|α+ 1 
q

∈ �∞(Z), so by [1, Lemma 2.12] we have that

∣∣∣(I − Δd)−β/2 f (n)

∣∣∣≤ C

∞ ∫
e−τ

(
1 + |n|α+1/q + τ

α+1/q
2 
)

τβ/2 dτ

τ
≤ C(1 + |n|α+1/q), n ∈Z.
0 
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�

This proves that the Bessel potential is well-defined. Moreover, from Lemma 2.4 (1) and 
Minkowski’s integral inequality we have

∥∥∥∥ (I − Δd)−β/2f

1 + |·|α
∥∥∥∥

q,μ

≤ C

∞ ∫
0 

e−τ

∥∥∥∥ eτΔdf 
1 + |·|α

∥∥∥∥
q,μ

τβ/2 dτ

τ
≤ C

∞ ∫
0 

e−τ (1 + τ
α+1/q

2 )τβ/2 dτ

τ
< ∞.

Since 
∥∥∥ (I−Δd)−β/2f

1+|·|α
∥∥∥

q,μ
< ∞ implies that 

∥∥∥ (I−Δd)−β/2f

1+|·|α+β

∥∥∥
q,μ

< ∞, the size condition is satisfied.

Finally, we prove the semigroup condition. First note that

∥∥∥∂k
t etΔd (I − Δd)−β/2f

∥∥∥
p

=
⎛
⎝∑

n∈Z

∣∣∣∣∣∣
1 

Γ(β/2)

∞ ∫
0 

e−τ ∂k
t etΔd (eτΔd f )(n)τβ/2 dτ

τ

∣∣∣∣∣∣
p⎞⎠

1 
p

≤ 1 
Γ(β/2)

∞ ∫
0 

e−τ

∥∥∥∥∂k
wewΔd f

∣∣∣
w=t+τ

∥∥∥∥
p

τβ/2 dτ

τ

≤ 1 
Γ(β/2)

∞ ∫
t

∥∥∥∂k
ueuΔd f

∥∥∥
p

(u − t)β/2 du 
u − t

, for 1 ≤ p < ∞,

and the same inequality holds for p = ∞ directly (one can intertwine the operator ∂k
t etΔd and 

the integral in previous estimates as it is shown in [1, Proof of Theorem 1.2]).
Now we use Lemma 5.2 for 1 ≤ q < ∞ and Remark 2.8 to obtain

∥∥∥tk− α+β
2 ∂k

t etΔd (I − Δd)−β/2f

∥∥∥
p,q

≤ C

⎛
⎝ ∞ ∫

0 

⎛
⎝tk− α+β

2 
∞ ∫
t

∥∥∥∂k
ueuΔd f

∥∥∥
p

(u − t)β/2

u − t 
du

⎞
⎠q

dt

t

⎞
⎠

1 
q

≤ C

⎛
⎝ ∞ ∫

0 

(
tk− α

2 
∥∥∥∂k

t etΔd f

∥∥∥
p

)q
dt

t

⎞
⎠

1 
q

= C

∥∥∥tk− α
2 ∂k

t etΔd f

∥∥∥
p,q

< ∞.

The case q = ∞ follows analogously, that is,

∥∥∥tk− α+β
2 ∂k

t etΔd (I − Δd)−β/2f

∥∥∥
p,∞ ≤ C sup

t>0 
tk− α+β

2 
∞ ∫
t

∥∥∥∂k
ueuΔd f

∥∥∥
p

(u − t)β/2

u − t 
du

≤ C sup
t>0 

tk− α
2 
∥∥∥∂k

t etΔd f

∥∥∥
p

1 ∫
0 

(1 − y)
β
2 −1yk− α+β

2 −1 dy

≤ C sup tk− α
2 
∥∥∥∂k

t etΔd f

∥∥∥
p

= C

∥∥∥tk− α
2 ∂k

t etΔd f

∥∥∥
p,∞ < ∞.
t>0 
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Proof of Theorem 1.3. Notice that f ∈ �−β implies that (−Δd)−β f is well defined and (4.1)

holds (see [13]). Now we check that (−Δd)−βf

1+|·|α+2β ∈ �q (Z,μ).

If q = ∞, then f ∈ Λ
α,p,∞
H ⊂ Λ

α,∞,∞
H and therefore (−Δd)−βf

1+|·|α+2β ∈ �∞ (Z), see [1].

Let 1 ≤ q < ∞. In virtue of (4.1), we have to prove that

S :=
⎛
⎝∑

n∈Z

∣∣∣∣∣∣
∑
j∈Z

K−β(n − j)f (j)

1 + |n|α+2β

∣∣∣∣∣∣
q

1 
1 + |n|

⎞
⎠

1 
q

< ∞.

By using the bounds for K−β and the inverse triangle inequality we can split our sum into 3 
different parts,

S ≤ C

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=1 

|f (j)|
nα+2β

(
1 + |n − j |1−2β

)
⎞
⎠q

1 
n

⎞
⎠

1 
q

+ C

( ∞ ∑
n=1 

( |f (0)|
nα+1

)q 1 
n

) 1 
q

+ C

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=1 

|f (−j)|
nα+2β

(
1 + |n − j |1−2β

)
⎞
⎠q

1 
n

⎞
⎠

1 
q

+ C
∑
j∈Z

|f (j)| 
1 + |j |1−2β

.

= S1 + S2 + S3 + S4.

It is clear that S2, S4 < ∞. We will estimate S1 and S3 together by naming as aj both |f (j)| and 
|f (−j)|. On the one hand, f

1+|·|α ∈ �q(Z,μ) implies that f

1+|·|α+1/q ∈ �q(Z). Thus, by using the 

�q(N0)-boundedness of the discrete Cesàro operator, see [3, Theorem 7.2], for 1 < q < ∞ we 
get

⎛
⎝ ∞ ∑

n=1 

⎛
⎝n−1 ∑

j=1 

aj

nα+2β(n − j)1−2β

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤
⎛
⎝ ∞ ∑

n=1 

⎛
⎝ 1 

n2β

n−1 ∑
j=1 

aj

jα+1/q(n − j)1−2β

⎞
⎠q⎞⎠

1 
q

≤ C

∥∥∥∥ aj

| · |α+1/q

∥∥∥∥
q

< ∞.

For the case q = 1 we use Tonelli’s theorem to obtain

∞ ∑
n=1 

n−1 ∑
j=1 

aj

nα+2β+1(n − j)1−2β
=

∞ ∑
j=1 

aj

∞ ∑
n=j+1

1 
nα+2β+1(n − j)1−2β

≤
∞ ∑

j=1 

aj

jα+2β+1

2j ∑
n=j+1

1 
(n − j)1−2β

+
∞ ∑

j=1 

aj

j1−2β

∞ ∑
n=2j+1

1 
nα+2β+1

≤
∞ ∑

j=1 

aj

jα+2β+1

j∫
dx 

x1−2β
+ C < ∞,
0 
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where we have used that f
1+|·|α ∈ �1(Z,μ) and f ∈ �−β .

On the other hand, by using the �q(N0)-boundedness of the discrete adjoint Cesàro operator, 
see [3, Theorem 7.2], for 1 < q < ∞, we get

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ 2n ∑

j=n

aj

nα+2β(1 + (j − n)1−2β)

⎞
⎠q

1 
n

⎞
⎠

1 
q

≤
( ∞ ∑

n=1 

( an

nα+2β+1/q

)q
)1/q

+ C

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ 2n ∑

j=n+1

aj

jα+1/q

1 
j2β(j − n)1−2β

⎞
⎠q⎞⎠

1 
q

≤ C

∥∥∥∥ aj

| · |α+1/q

∥∥∥∥
q

< ∞.

When q = 1 we use again Tonelli’s theorem so that

∞ ∑
n=1 

2n ∑
j=n

aj

nα+2β+1(1 + (j − n)1−2β)
=

∞ ∑
n=1 

an

nα+2β+1 +
∞ ∑

j=2 
aj

∑
j
2 ≤n≤j−1

1 
nα+2β+1(j − n)1−2β

≤ C + C

∞ ∑
j=2 

aj

jα+1

∑
1≤m≤ j

2 

1 
m1−2β(j − m)2β

≤ C + C

∞ ∑
j=2 

aj

jα+2β+1

∑
1≤m≤ j

2 

1 
m1−2β

≤ C + C

∞ ∑
j=2 

aj

jα+2β+1

j
2 ∫

0 

dx 
x1−2β

< ∞,

where we have used that f
1+|·|α ∈ �1(Z,μ).

Finally, observe that if j ≥ 2n + 1 we have that 1 
j−n

< 2 
j

, so by using the fact that aj ∈ �−β

we get

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=2n+1

aj

1 + (j − n)1−2β

⎞
⎠q

1 
nq(α+2β)+1

⎞
⎠

1 
q

≤ C

( ∞ ∑
n=1 

1 
nq(α+2β)+1

) 1 
q

< ∞.

It remains to check that 
∥∥∥tk− α+2β

2 ∂k
t etΔd (−Δd)−βf

∥∥∥
p,q

< ∞ with k =
[

α+2β
2 

]
+1. As in the 

proof of Theorem 1.2, we observe that
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∥∥∥∂k
t etΔd (−Δd)−βf

∥∥∥
p

=
⎛
⎝∑

n∈Z

∣∣∣∣∣∣
1 

Γ(β)

∞ ∫
0 

∂k
wewΔd f

∣∣∣
w=t+τ

(n)
dτ 

τ 1−β

∣∣∣∣∣∣
p⎞⎠

1 
p

≤ 1 
Γ(β)

∞ ∫
t

∥∥∥∂k
t euΔd f

∥∥∥
p

(u − t)β

(u − t) 
du, 1 < q < ∞.

By using Lemma 5.2 and Remark 2.8 we have that

∥∥∥tk− α+2β
2 ∂k

t etΔd (−Δd)−βf

∥∥∥
p,q

≤ C

∥∥∥tk− α
2 ∂k

t etΔd f

∥∥∥
p,q

< ∞.

The case q = ∞ follows similarly. �
Proof of Theorem 1.4. Notice that if β ∈ N the integral definition of the fractional Lapla
cian coincides with the β times composition of the operator (see [1, Remark 4.2]), and as 
(−Δd)f (n) = −δ2

rightf (n − 1), n ∈ Z, we can apply Theorem 3.9 to prove epigraph (2) and 
epigraph (1) when β ∈N .

Now consider β / ∈ N and let k =
[

α−2β
2 

]
+ 1. Observe that the study of the size condition 

follows the same steps as in the last proof but in this case with 2β instead of −2β . It remains 

to prove that 
∥∥∥tk− α−2β

2 ∂k
t etΔd (−Δd)βf

∥∥∥
p,q

< ∞. If 1 ≤ p < ∞, by using Minkowski’s integral 

inequality twice, we get

∥∥∥∂k
t etΔd (−Δd)βf

∥∥∥
p

=

∥∥∥∥∥∥∥
1 
cβ

∂k
t etΔd

⎛
⎜⎝

∞ ∫
0 

∫
[0,τ ]l

∂ l
νe

νΔd f

∣∣∣
ν=s1+···+sl

d(s1, . . . , sl)
dτ 

τ 1+β

⎞
⎟⎠
∥∥∥∥∥∥∥

p

≤ 1 
cβ

∞ ∫
0 

∫
[0,τ ]l

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+s1+···+sl

∥∥∥∥
p

d(s1, . . . , sl)
dτ 

τ 1+β
,

where l = [β] + 1. In an analogous way the inequality holds for p = ∞. Now we are going to 
focus on the integral over [0, τ ]l . If β ∈ (0,1), we apply Tonelli’s theorem to obtain

1 
cβ

∞ ∫
0 

τ∫
0 

∥∥∥∥∂k+1
ν eνΔd f

∣∣∣
ν=t+s1

∥∥∥∥
p

ds1
dτ 

τ 1+β
= 1 

cβ

∞ ∫
0 

∥∥∥∥∂k+1
ν eνΔd f

∣∣∣
ν=t+s1

∥∥∥∥
p

∞ ∫
s1

dτ 
τ 1+β

ds1

= 1 
cβ

∞ ∫
0 

∥∥∥∥∂k+1
ν eνΔd f

∣∣∣
ν=t+s1

∥∥∥∥
p

s
1−β
1

s1
ds1

= 1 
cβ

∞ ∫ ∥∥∥∂k+1
u euΔd f

∥∥∥
p

(u − t)1−β

u − t 
du.
t
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For β > 1, instead of integrating over [0, τ ]l , we will compute the volume integral under the 
hyperplane which will be indeed bigger than our original integral, but easier to calculate. In 
order to do that we introduce some notation. We denote by s = (s1, s2, . . . , sl) ∈ Rl and by 
s′ = (s2, . . . , sl) ∈ Rl−1 with si ≥ 0,∀i = 1, . . . , l. We define the set Kl(θ) as Kl(θ) = {s ∈ Rl :
0 ≤ s1 + · · · + sl ≤ θ}. Hence, using Tonelli’s theorem we have that∫
[0,τ ]l

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+s1+···+sl

∥∥∥∥
p

ds ≤
∫

s∈Kl(lτ )

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+s1+···+sl

∥∥∥∥
p

ds

=
∫

s′∈Kl−1(lτ )

lτ−(s2+···+sl )∫
0 

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+s1+···+sl

∥∥∥∥
p

ds1ds′

=
∫

s′∈Kl−1(lτ )

lτ ∫
s2+···+sl

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+u

∥∥∥∥
p

duds′

=
lτ ∫

0 

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+u

∥∥∥∥
p

∫
s′∈Kl−1(u)

ds′ du

≤ C

lτ ∫
0 

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+u

∥∥∥∥
p

ul−1 du.

Therefore,

∥∥∥∂k
t etΔd (−Δd)βf

∥∥∥
p

≤ C

∞ ∫
0 

lτ ∫
0 

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+u

∥∥∥∥
p

ul−1 du
dτ 

τ 1+β

= C

∞ ∫
0 

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+u

∥∥∥∥
p

∞ ∫
u
l

dτ 
τ 1+β

ul−1 du

= C

∞ ∫
0 

∥∥∥∥∂k+l
ν eνΔd f

∣∣∣
ν=t+u

∥∥∥∥
p

ul−β

u 
du

= C

∞ ∫
t

∥∥∥∂k+l
ν eνΔd f

∥∥∥
p

(ν − t)l−β

ν − t 
dν.

When 1 ≤ q < ∞, we can use Lemma 5.2 and Remark 2.8 to get∥∥∥tk− α−2β
2 ∂k

t etΔd (−Δd)βf

∥∥∥
p,q

≤ C

∥∥∥tk+l− α
2 ∂k+l

t etΔd f

∥∥∥
p,q

< ∞.

The case q = ∞ follows by using similar ideas to the ones in the proof of Theorem 1.2. �
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4.2. Proof of Theorem 1.5

Finally, we demonstrate the maximal L1-regularity for (1.2).

Proof of Theorem 1.5. We write the proof in the case T = ∞. For T < ∞ is analogous, with 
the obvious changes.

Let u0 ∈ Λ̇
α,p,1
H , f ∈ L1((0,∞); Λ̇α,p,1

H ) and k = [α/2]+1. Now, by using that the semigroup 
satisfies the discrete heat equation, we can write

‖ΔdetΔd u0‖L1((0,∞);Λ̇α,p,1
H )

=
∞ ∫

0 

‖νk−α/2∂k
ν eνΔd (ΔdetΔd u0)‖p,1 dt

=
∞ ∫

0 

∞ ∫
0 

νk−α/2‖e(ν+t)Δd Δk+1
d u0‖p

dν

ν
dt

=
∞ ∫

0 

∞ ∫
t

(w − t)k−α/2‖ewΔd Δk+1
d u0‖p

dw 
w − t

dt

= 1 
k − α/2

∞ ∫
0 

wk+1−α/2‖ewΔd Δk+1
d u0‖p

dw

w

= 1 
k − α/2

∞ ∫
0 

wk+1−α/2‖∂k+1
w ewΔd u0‖p

dw

w
.

Now, by taking into account Remark 2.3, the discrete Young’s convolution inequality and [1, 
Lemma 2.6], we get that

‖∂k+1
w ewΔd u0‖p = ‖Δk

d∂wewΔd u0‖p =
∥∥∥∥∥∥
∑
j∈Z

∂w
2 G

(w

2 
, j
)

Δk
de

w
2 Δd u0(n − j)

∥∥∥∥∥∥
p

≤
∥∥∥∂w

2 G
(w

2 
, ·
)∥∥∥

1

∥∥∥∂k
w
2 
e

w
2 Δd u0

∥∥∥
p

≤ C

w

∥∥∥∂k
w
2 
e

w
2 Δd u0

∥∥∥
p

. (4.2)

Therefore,

‖ΔdetΔd u0‖L1((0,∞);Λ̇α,p,1
H )

≤ C

∞ ∫
0 

wk−α/2‖∂k
wewΔd u0‖p

dw

w

= C‖wk−α/2∂k
wewΔd u0‖p,1 = C‖u0‖Λ̇

α,p,1
H

.
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On the other hand, by applying Fubini’s Theorem we obtain that

‖R(g)‖
L1((0,∞);Λ̇α,p,1

H )
=

∞ ∫
0 

‖νk−α/2∂k
ν eνΔd R(g)‖p,1 dt

≤ 

∞ ∫
0 

t∫
0 

‖νk−α/2∂k
ν eνΔd ∂t e

(t−s)Δd g(s, ·)‖p,1 ds dt

= 

∞ ∫
0 

t∫
0 

∞ ∫
0 

νk−α/2‖e(ν+t−s)Δd Δk+1
d g(s, ·)‖p

dν

ν
ds dt

= 

∞ ∫
0 

∞ ∫
s

∞ ∫
0 

νk−α/2‖e(ν+t−s)Δd Δk+1
d g(s, ·)‖p

dν

ν
dt ds

= 

∞ ∫
0 

∞ ∫
s

∞ ∫
t−s

(v + s − t)k−α/2−1‖evΔd Δk+1
d g(s, ·)‖p dv dt ds

= 1 
k − α/2

∞ ∫
0 

∞ ∫
0 

vk+1−α/2‖∂k+1
v evΔd g(s, ·)‖p

dv

v
ds.

Then, by proceeding as in (4.2), we get that

‖R(g)‖
L1((0,∞);Λ̇α,p,1

H )
≤ C

∞ ∫
0 

∞ ∫
0 

vk−α/2‖∂k
v evΔd g(s, ·)‖p

dv

v
ds

= C

∞ ∫
0 

‖vk−α/2∂k
v evΔd g(s, ·)‖p,1 ds = C‖g‖

L1((0,∞);Λ̇α,p,1
H )

. �

5. Appendix

In this appendix we collect some known Hardy type inequalities that we use several times 
along the paper.

Next inequalities can be found in [20, Chapter IX, Section 9.9, Theorem 329, Eq. (9.9.8) and 
(9.9.9)], [28] and [32, A.4, Appendix A].

Lemma 5.1. Let 1 ≤ p < ∞, r > 0, and f be a non-negative measurable function f . Then

⎛
⎝ ∞ ∫ ⎛

⎝ x∫
f (y) dy

⎞
⎠p

x−r−1 dx

⎞
⎠

1 
p

≤ p

r

⎛
⎝ ∞ ∫

(yf (y))p y−r−1 dy

⎞
⎠

1 
p

,

0 0 0 
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⎛
⎝ ∞ ∫

0 

⎛
⎝ ∞ ∫

x

f (y) dy

⎞
⎠p

xr−1 dx

⎞
⎠

1 
p

≤ p

r

⎛
⎝ ∞ ∫

0 

(yf (y))p yr−1 dy

⎞
⎠

1 
p

.

The following Hardy type convolution inequality appears in [20, Chapter IX, Section 9.9, 
Theorem 329, Eq. (9.9.7)].

Lemma 5.2. Let 1 ≤ p < ∞, α,β > 0, and f be a non-negative measurable function f . Then

⎛
⎝ ∞ ∫

0 

⎛
⎝ ∞ ∫

x

f (y)
(y − x)β

(y − x) 
dy

⎞
⎠p

xα−1 dx

⎞
⎠

1 
p

≤
Γ(β)Γ

(
α
p

)
Γ
(
β + α

p

)
⎛
⎝ ∞ ∫

0 

(
yβf (y)

)p
yα−1 dy

⎞
⎠

1 
p

.

Finally we include the following discrete weighted Hardy inequalities. They can be found in 
[24, Section 2, Theorem 1, Eq. (2.14)], see also [23, Eq. (1’) and (2'')].

Lemma 5.3. Let 1 ≤ p < ∞ and r > 0. There is C > 0 such that for every positive sequence 
{an}n∈N , it holds that

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ n ∑

j=1 
aj

⎞
⎠p

n−r−1

⎞
⎠

1 
p

≤ C

( ∞ ∑
n=1 

(nan)
p n−r−1

) 1 
p

,

⎛
⎝ ∞ ∑

n=1 

⎛
⎝ ∞ ∑

j=n+1

aj

⎞
⎠p

nr−1

⎞
⎠

1 
p

≤ C

( ∞ ∑
n=1 

(nan)
p nr−1

) 1 
p

.
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