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Anthropogenic climate change has increased the probability, severity, and duration of heat waves and
droughts, subsequently escalating the risk of wildfires. Mathematical and computational models can enhance
our understanding of wildfire propagation dynamics. In this work, we present a simplified Advection—
Diffusion—-Reaction (ADR) model that accounts for the effect of fuel moisture, and also considers wind, local
radiation, natural convection and topography. The model explicitly represents fuel moisture effects by means of
the apparent calorific capacity method, distinguishing between live and dead fuel moisture content. Using this

model, we conduct exploratory simulations and present theoretical insights into various modeling decisions
in the context of ADR-based models. We aim to shed light on the interplay between the different modeled
mechanisms in wildfire propagation to identify key factors influencing fire spread and to estimate the model’s

predictive capacity.

1. Introduction

Over the next decades, hot and dry weather that creates favorable
conditions for wildfires is expected to become more frequent (AghaK-
ouchak et al.,, 2020). A recent report by the United Nations Envi-
ronment Programme states that due to these hot and dry weather
conditions, combined with expected land-use change, wildfires will
become more frequent and intense, with a global increase in extreme
fires (United Nations Environment Programme, 2022). Additionally, an-
thropogenic climate change also increases the risk of co-occurring and
cascading hazards, which lead to major societal impacts. The increase
in frequency and severity of wildfires exacerbates the vulnerability of
charred landscapes to flooding, landslides and debris flows (AghaK-
ouchak et al., 2020). Thus, there is a call for a radical change in wildfire
management policies, shifting government investments from reaction
and response to prevention, mitigation, and adaptation (Moreira et al.,
2020).

Within the last 50 years, mathematical models for forest fire prop-
agation have been developed with the aim of understanding and pre-
dicting the evolution of fire. These models range from physics-based
models (Asensio et al., 2023b; Biirger et al., 2020; Ferragut et al.,
2007; Grasso and Innocente, 2020; Margerit and Séro-Guillaume, 2002;
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San Martin and Torres, 2023; Séro-Guillaume and Margerit, 2002;
Vogiatzoglou et al., 2024) to empirical models (Finney, 1998; Rother-
mel, 1972), cellular automata (Alexandridis et al., 2008; Boters-Pitarch
et al., 2024; Currie et al., 2019), as well as probabilistic models (Carmel
et al.,, 2009; Tymstra et al., 2010). In what follows, we restrict our
focus to physics-based models, which rely on balance laws and allow for
gaining a better understanding of how the involved processes influence
the fire spread.

Predicting the impact of wildfires on our ecosystems is challenging
because wildfire propagation depends on multiple factors and pro-
cesses across multiple scales, each addressing different physical and
chemical processes involved in the combustion and fire propagation
phenomena. Knowledge of these scales is crucial for the formulation
of a wildfire propagation model. Depending on the purpose of the
model, certain scales are more suitable than others. When seeking a
model with predictive capacity — i.e. one that operates faster than
real time (Ferragut et al., 2007; Grasso and Innocente, 2020; Mandel
et al., 2008; San Martin and Torres, 2023; Séro-Guillaume et al., 2008;
Sullivan, 2009; Vogiatzoglou et al., 2024) — it is not feasible for the
model to resolve all scales. Instead, only the larger scales are explicitly
represented in the model, while the processes occurring at the smaller
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scales must be approximated or modeled indirectly. Resolving these
small-scale phenomena would require a very fine spatial discretization,
resulting in prohibitively high computational costs.

Following the criteria and nomenclature proposed by Sero et al.
Margerit and Séro-Guillaume (2002), Séro-Guillaume and Margerit
(2002), there are four relevant scales: the gigascopic scale, the macro-
scopic scale, the mesoscopic scale and the microscopic scale. The
gigascopic scale encompasses fire spread over large areas, several
hundred meters to kilometers. At this scale, the fire front can be
represented as a one-dimensional curve advancing across the landscape.
Looking more closely at the vegetation stratum, the macroscopic scale
is defined to model the vegetation layer, the air above and the ground
underneath. On this scale, the occupation density or surface coverage
(SC) is defined and the width and height of the fire front are deter-
mined. A one-level finer scale is the mesoscopic scale, which allows us
to characterize the fine structure of vegetation, such as the geometry of
branches and leaves. At this scale, the vegetation stratum is regarded
as a two-phase porous medium, consisting of a mixture of vegetation
(solid) and air (gas). Finally, the smallest scale is the microscopic scale,
which enables the definition of individual components of vegetation,
including solid, liquid, and gaseous phases. At this scale, pyrolysis and
drying can be represented and the process by which wood is converted
into by-products such as char and flammable gases is described.

In this work, we aim to resolve fire propagation at the macro-
scopic scale. The heterogeneity observed at the mesoscopic scale and
below, and the related processes happening at those scales, will not
be explicitly represented and will instead be modeled accordingly on
the macroscopic scale. The smallest spatial discretization size will be
of the order of magnitude of the mesoscopic scale, and therefore the
vegetation stratum will be treated as a continuous porous medium with
averaged properties.

One of the most significant controls on both wildfire risk and
propagation in many regions of the world is the so-called fuel moisture
content (Ruffault et al., 2022; Brown et al., 2022), which is defined as
the weight of water in fuel expressed as a fraction of the weight of dry
fuel. Fuel moisture content is one of the primary factors determining
how much of the fuel is available to burn, and how much fuel might
be consumed during a wildfire, with an eventual impact on wildfire
rate of spread (ROS) and other attributes such as flame dimensions
and fuel consumption (Matthews, 2013; Van Wagtendonk, 1977). Fuel
moisture content is inversely related to the likeliness of ignition and
fire intensity, as part of the available energy for ignition is absorbed as
latent heat during evaporation before the fire starts (Dimitrakopoulos
and Papaioannou, 2001). Knowledge of the fuel moisture content is
thus required to predict fire behavior and it usually is an important
input parameter in operational fire models (Asensio et al., 2023b;
Marcozzi et al., 2025; Matthews, 2013; Rothermel, 1986).

In the context of wildfires, fire scientists distinguish between live
and dead fuel (McGranahan and Wonkka, 2021). Live fuels are asso-
ciated with live vegetation and comprise plant compartments such as
leaves and stems. Dead fuels are associated with dead biomass, for
example, litter and twigs. Live fuel moisture content is responsive to
long-term climate and plant adaptations to drought (Yebra et al., 2013).
On shorter time scales, depending on the plant functional type, it is
affected by soil moisture (understorey shrubs) or seasonal plant dy-
namics (overstorey trees) (Brown et al., 2022). In contrast, dead wood
moisture content depends directly on air temperature, relative humidity
and precipitation. Dead wood exchanges water with the surrounding
environment through a mechanism of vapor exchange and tends to
reach equilibrium with the atmosphere (Matthews, 2013; Ross et al.,
2010) and sometimes the soil (Rakhmatulina et al., 2021). It releases
water when the surrounding air becomes dryer and absorbs water when
the air is more humid. The rate at which dead wood exchanges moisture
with the atmosphere depends on its size. Finer fuels like leaves, bark,
and small twigs reach the equilibrium within minutes, while coarse
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fuels like larger twigs and logs level with their surroundings in hours
or days (Matthews, 2013).

Despite its significance, fuel moisture is not always explicitly ac-
counted for in physics-based wildfire propagation models. This re-
duces the predictive capability of these models and hinders the study
of fuel moisture effects on wildfire propagation. To the best of our
knowledge, in the context of Advection-Diffusion—-Reaction (ADR)-
based models, only the PhyFire model (Asensio et al., 2023b), the
model by Vogiatzoglou et al. (2024) and the models by Séro-Guillaume
and Margerit (Margerit and Séro-Guillaume, 2002; Séro-Guillaume and
Margerit, 2002) explicitly represent the effect of fuel moisture. The
model in Asensio et al. (2023b) uses a multi-valued operator to relate
enthalpy and temperature that allows to represent the actual sensible
and latent heating of water within the fuel. In the literature, this
is referred to as the Stefan problem, originally introduced for the
computation of phase change materials (Eyres et al., 1946; Swami-
nathan and Voller, 1993; Voller et al., 1987). This approach yields
physically consistent results that have been successfully validated with
observations (Asensio et al.,, 2023a), showing a great performance
in accurately simulating fire behavior and establishing the basis for
an operational fire spread simulator (Prieto Herrdez et al.,, 2017).
An alternative approach is proposed by Vogiatzoglou et al. (2024),
where the endothermic phase of the reaction is explicitly modeled.
Wood dehydration, disintegration and combustion are modeled by
two consecutive reactions using a first-order Arrhenius kinetics. They
offer a higher level of detail in the reaction equations than average
state-of-the-art ADR predictive models. Additionally, they provide a
solid physical basis for all the terms in the model, enabling the ac-
curate simulation of complex wildfire propagation patterns. Regarding
the approaches developed by Margerit and Séro-Guillaume (Margerit
and Séro-Guillaume, 2002; Séro-Guillaume and Margerit, 2002; Séro-
Guillaume et al., 2008), they offer a very exhaustive representation
of the physical and chemical processes involved in the fire, including
the effect of moisture. A hierarchy of different models, with increasing
complexity, is obtained. To model the different sensible and latent
water heating processes, different equations are used at the different
stages. A Dirac-type distribution term is used in their ADR equation
to model the effect of the latent heating of water at the evaporation
temperature.

In this work, we extend the ADR wildfire propagation model pre-
sented in Reisch et al. (2024) to explicitly represent fuel moisture
effects, distinguishing between live and dead fuel moisture content
when desired. The proposed approach is based on the apparent calorific
capacity method, which models the effect of thermal phase changes by
considering an apparent (or effective) heat capacity, usually defined
as a piecewise constant function of the temperature (Caggiano et al.,
2018; Swaminathan and Voller, 1993). Three different moisture mod-
els, representing the evaporation process and the constituents of fuel
with a different level of detail, are presented. The most comprehensive
model captures the underlying physio-chemical mechanisms involved
in the moisture balance of both live and dead fuel, allowing for an
approximation of their specific heat independently.

The objective of this paper is twofold. First, we aim to present an
ADR model that accounts for the effect of live and dead fuel moisture,
along with advection (wind), local radiation, natural convection and
topography. We put special emphasis on the derivation of the equations
of the model, based on the theory of two-phase porous flows. Sec-
ond, we seek to understand the interplay between the different model
mechanisms in wildfire propagation to identify key factors influenc-
ing fire spread and to estimate the model’s predictive capacity. We
conduct exploratory simulations and present theoretical insights into
various modeling decisions. Furthermore, we investigate whether the
model’s behavior is consistent with laboratory experiments and field
observations by carrying out some parametric analyses and qualitative
comparisons.
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The paper is structured as follows: In Section 2, the variables
of the model are defined, and the differential equations are derived
from physical balance laws, with additional details provided in App.
Appendix A. We discuss modeling decisions on the wind, radiation,
combustion, and, introduce different moisture models in Section 2.6.
The numerical schemes are presented in Section 3, accompanied by
verification results in Appendix C. Section 4 investigates the effects of
the discussed mechanisms by numerical simulations. Two-dimensional
simulations in Section 4.5 lead the path to more realistic scenar-
ios. Finally, Section 5 summarizes the highlights, critically discusses
shortcomings and provides an outlook on future challenges.

2. Mathematical description of the model

After discussing the representation of the vegetation layer, the
advection diffusion reaction model is derived by physical balance laws.
Variants of different terms included follow, and this section closes with
fixing physical parameters for the simulations. In App. A, a detailed
derivation of the equations for the conservation of energy, which
complements this section, can be found.

2.1. Representation of the vegetation layer

The wildfire propagation model is defined in the spatial domain 2 =
Ax[0,1], with A c R? as the ground surface and / [m] as the height. Let
V =8 x[0,1] c 2 be a control volume inside this domain, with S c A
being the ground layer of this control volume. Within ¥, a continuum
approach is used to describe the biomass and air mixture, allowing to
define bulk parameters to characterize the properties of this continuum.
Averaging all modeled quantities in / over .S leads to two dimensional
space-dependencies. Thus, all variables of interest will be defined on
S, with x = (x,y) € A denoting the spatial location. A mixture of two
phases is assumed within V: (i) the solid phase, composed of solid fuel
(that is considered equal to the biomass), and (ii) the gaseous phase,
which consists of air and combustion products (Margerit and Séro-
Guillaume, 2002; Séro-Guillaume and Margerit, 2002; Séro-Guillaume
et al.,, 2008). The mixture can be modeled as a two-phase porous
medium (Brennen, 2005; Vafai, 2015). The abstraction from the two-
phase porous medium leads to the definition of bulk parameters for
quantities within V" at the centroid x, of S: solid fuel with volume V,
[m3], density 5, [kg/m’], the specific heat ¢, ; [kJ/(kg K)] and (dry)
mass m, = p;V, [kgl, as well as air and other combustion products with
volume V, [m?], density 5, [kg/m?], specific heat ¢,, [kJ/(kg K)] and
mass m, = p,V, [kgl, that is m = m, +m,. The fuel density and specific
heat may depend upon space, that is to say 5, = p,(x) and ¢, , = ¢, ((x),
whereas the density and specific heat of air and combustion products,
p, and ¢, ,, are assumed to be spatially constant.

The bulk density of the mixture inside V is given by
mf(x, 1)+ m,(X,1)

|4

where R (X, 1) = Y I(/x il € [0, 1] is the solid fuel volume ratio inside the

control volume. Note the relation R, = 1 - p, with p being the porosity.
The density at the initial time is computed as

p(x.1) = = (5, (%) = BIR;(X.1) + B, €

Po(X) = p(x,0) = (7 (X) = po) R o(X) + 7, (2)

where R;,(x) = R,(x,0) is the solid fuel volume ratio at the initial
time. The solid fuel volume ratio R, (x) is computed from the initial
biomass distribution and coverage by

Wi o(x)

s 3
7l ®

R;p(x) =

where W, (x) = m,(x)/|S| is the initial fuel load per surface unit,
with m 7.0 the initial fuel mass distribution (Alonso-Rego et al., 2020).
The initial fuel load Wio [kg/mz] usually depends upon the surface
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coverage, SC € [0, 1], which can be obtained from remote sensing
techniques. The initial fuel load is expressed as

W 0®X) = W) an(X) - SCX), 4)

where W ,,.(x) is a theoretical maximum fuel load for a fuel type.
Depending on the application, either the surface coverage SC or the
initial fuel load W/, are suitable information given.

The remaining fuel mass fraction relates to the quantities defined
above as

mf(x, 1) Vf(x, 1) Rf(x, 1)

Y(x,t) = = = ,
o0 m g o(X) Vio(X) Ry o(x)

)

where m;, and V; are the initial mass and volume of the fuel. Note
that Y will hereafter be referred to as the remaining fuel fraction or the
remaining biomass fraction for the sake of brevity.

In what follows, the dependency of the variables upon x and ¢ is
dropped for the sake of simplicity. The expression to compute the bulk
density from the remaining fuel fraction is obtained from Egs. (1) and
(5) and reads (Vafai, 2015)

p=(ps—P)RspY + p,. (6)

Analogously, the bulk specific heat inside V' is computed as follows
(Vafai, 2015)
(Ep,fﬁf - Ep,aﬁa) Rf,OY + c_p,aﬁa

¢, = 5 R @

where ¢, ; is the specific heat of the fuel, that may also depend upon
the temperature and will be addressed later.

When setting Y = 1 in Egs. (6) and (7) we recover the bulk density
and specific heat at the initial time

(C_P.fﬁf B C_p,aﬁa) Rf,O + C_p,aﬁa
Po ’
The initial values for the parameters approximate the time-dependent
bulk parameters sufficiently good, Mandel et al. (2008). A simple
analysis of the order of magnitude of the terms in Eq. (8), assuming
that Pr> P, (Séro-Guillaume et al., 2008), reasons the approximations
w
Po~ PRy = #
The thickness / in the vertical direction can be seen as a relative
height (with unit), herein assumed to be constant / = 1 m for simplic-
ity. In the vertically averaged system, the vertical component is not
modeled directly, and in the following derivation of the model, the
simplification from a three-dimensional to a two-dimensional model is
highlighted.

(8)

po =Py —P)Rso+Pgs Cpo =

Cpo N Cp - (C)]

2.2. Physical derivation of the ADR model

Consider a fixed control volume defined as V = S x [0,]] C £,
with § c A the ground layer, and with / the thickness in the vertical
direction. The control volume is open along the lateral and top bound-
aries. In what follows, it is assumed that the fuel consumption rate
is given by the following phenomenological equation (Asensio et al.,
2023b; Séro-Guillaume and Margerit, 2002)

y = aY

=5 = -P(T)Y (10$)

which represents a first-order kinetic equation with the reaction rate
¥(T) being discussed in Section 2.5. A highly simplified chemical
reaction is considered, where the fuel is assumed to be the only reactive
specie, and the product is a gas with properties similar to air. It is
assumed that all the fuel undergoes complete combustion and is fully
converted into gas. Thus, the product production rate X [kg/s] is equal
to the fuel consumption rate i, = m f,OY [kg/s], so mR = —ii .

To derive the ADR model, we apply the equations for the con-
servation of mass and energy within the selected control volume.
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As mentioned before, all variables are homogenized in the vertical
direction, z, thus the dependency of the variables on z is dropped and
gradients in z-direction are assumed zero. All vector variables only
have the x- and y-component and the spatial differential operator is
defined as V = (9/dx,/dy)T. In addition, incompressibility conditions
are assumed within the mixture. The equation for the conservation of
mass inside V' can be expressed as

d _ ,
E/Vpdv+/avpa(1—Rf)va-ndr=—m0m, an

where p = 5, R, +,(1— R;) is the density of the mixture, v, = (u,, v,)"
[m/s] is the actual (2D) velocity of the gas phase through the solid fuel
and m,, is the mass flow leaving the domain through the top layer,
exiting into the atmosphere. Note that dV represents the boundary
surfaces of the control volume, excluding the top and bottom layers.
Using the relation R ;= YR 0 on the first term of Eq. (11), we obtain

tow = YR (P, — PV — /W Pa(l = R)V, -ndr. 12)

Note that the mass flow leaving the domain is due to two contribu-
tions: (i) the first term on the right-hand side of Eq. ((12)) represents
the excess mass of gas that cannot occupy the volume vacated by
the fuel upon its consumption, it will be zero without combustion;
(ii) the second term on the right-hand side of Eq. (12) represents the
mass flow difference through the boundaries of the domain in 2D,
due to variations in R, and a divergence of v,. Assuming that R, S
0.01 (Vogiatzoglou et al., 2024), the approximation 1 — R, ~ 1 allows
to rewrite Eq. (12) as

thow B YR, (= pp)V = By /ov v, -ndrl. 13)

Note that the second term will be zero when the incompressibility
condition is satisfied in the 2D advection field, i.e. V - v, = 0, leading
to

thow = YR (B, — 5 )V 14)

Now consider the equation for the conservation of energy. Assume
that there is a local thermal equilibrium in the medium, that is, the
temperature of the solid fuel, T, [K], and the temperature of the gases,
T, [KI, will coincide, T, = T, = T (Séro-Guillaume and Margerit,
2002; Séro-Guillaume et al., 2008). In addition, the effect of pressure
variations and viscous dissipation is neglected, as shown in Appendix A.
The conservation of energy inside V' can be expressed as (see Appendix
A, Eq. (A.12))

d ~ . . . .
E/Vpth-'-_/aV paha(l_Rf)va’ndF:Qcond+Qrad_Qnut+Qc0mb’ (15)

where h [kJ/kg] is the specific enthalpy and p [kg/m?] is the density
of the mixture, i.e. ph = PrhpRs + poh,(1 — Ry), with hy and h, being
the specific enthalpy of the solid and gas phase, respectively. Qongs
0,4 and Q. [kJ/s] are the conduction, radiation and free cooling
(atmospheric exchange) heat fluxes, respectively, and Q.o [kJ/s]
is the reaction heat source due to combustion. These terms will be
modeled following the approaches often used in the literature (Asensio
and Ferragut, 2002; Biirger et al., 2020; Grasso and Innocente, 2020;
Mandel et al., 2008; Reisch et al., 2024; Vogiatzoglou et al., 2024).

The advection term accounts for the advection of energy of the
gaseous phase, p,h,, and can be rewritten in terms of the so-called
Darcy velocity v, in the context of porous flows (Vafai, 2015)

vp =1 - Ry, (16)

The enthalpy-weighed bulk advection velocity, v = (u,0)", allows
to rewrite the advection term in Eq. (15) more compactly. The bulk
velocity v is related to the actual flow velocity through the solid fuel,
V,, as

ﬁac_p,a

v=(1—-R;)
e,

Vg an
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with pe, = p,¢, ;R;+p,¢, ,(1-R/) given by Eq. (8), allowing to rewrite
the advection term as

/ phv -ndl’ = / phpv, -ndl’ (18)
ov v

where n is the surface normal vector and § = (1 — R f)p”:% can be
regarded as a correction factor (Grasso and Innocente, 2050; Prieto
et al., 2015) and will be addressed in Section 2.3. Note that v, will be
a function of the surface wind velocity, w that needs to be calibrated
depending on the vegetation type. Given this and considering the level
of simplification used in the model, the parameter § will be retained as
a calibration parameter, consistent with the studies referenced above.

Rewriting Eq. (15) with H = ph the enthalpy per unit volume and
h = h(T) the specific enthalpy, which depends on the temperature,
gives

d . . . .
— / HdV + / Hv-ndl' = O.ong + Orad — Qout + Ceomb- 19
dt Jy o

The conduction heat flux is given by Fourier’s law as
Qcondz_/ Q'ndrz/ k. NVT -ndI", (20)
v v

where q [kJ/(m? s)] is the heat flux vector and k. [kJ/(m K s)] is the
thermal conductivity of the bulk mixture.

In this model, radiation is assumed to act only locally by assuming
that the medium is optically thick. Following the Rosseland approxima-
tion, the radiation heat flux can be written in the form of a non-linear
conduction heat flux as (Asensio et al., 2023b; Grasso and Innocente,
2020)

Orad :-/ qmd-ndrz/ 466eT3VT -ndl", 21)
Vv v

provided that the optical path length for radiation, 6 [m], is smaller
than the characteristic lengths of the modeled physical phenomena.
Other parameters in the previous expression are the Stefan-Boltzmann
constant, ¢ [kJ/(m? K* s)], and the emissivity factor, .

The free cooling heat flux can be expressed as

Qout = titgyhy + Q:)ul’ 22)

where riig, h, = g, €, , T represents the energy flux into the atmosphere
due to the escape of mass from the control volume and Q! , models
other heat transfer phenomena between the system and the atmosphere
(natural convection, radiation, etc.). The term s, h, can be expressed
as a flux of the bulk enthalpy

. Pa—Ph c
moutha=H<YRfY0V< a f)—/ _? v-ndr>_ (23)
P v Cp,a

This term can be regarded as a generalization of the approach proposed
in Nieding et al. (2024). For the sake of simplicity, let us assume

Oout = / &(T - T,)dr, 24)
S

with & [kJ/(m? K s)] a global heat transfer coefficient, retained as a
calibration parameter, and T,, [K] the temperature of the air far above
the control volume.

Finally, the reaction heat flux due to the combustion of fuel is given
by

Ocomb = — / PR GYHAV, (25)
14

where H [kJ/kg] is the combustion heat per unit mass of fuel and Y is

the fuel consumption rate per unit volume, given by Eq. (10). Inserting

Eq. (10) into Eq. (25) gives

Ocomp = / 3R oHP(T)Y dV. (26)
|4
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Using the Gaul3divergence theorem, Eq. (19) can be rewritten as

/V(‘)a—H +V- (VH))

/V-(kVT) dV—/a(T—Tm)dV
14 14

27
+ /V 5rR oHP(T)Y AV,
where a« = &/! and
K(T) = 40T + k., (28)
which gives the partial differential equation
aa—H +V-(VH)=V - (kVT) = a(T =T )+ ¥Y(T)psRspHY . (29)

The relation between T and H in Eq. (29) is given by a function T =
T (H) that may be multi-valued to model phase change due to the evap-
oration of fuel moisture (Asensio et al., 2023a; Ferragut et al., 2007).
In the literature, this is referred to as the Stefan problem, originally
introduced for the computation of phase change materials in closed
systems (Eyres et al., 1946; Swaminathan and Voller, 1993; Voller
et al., 1987). Two aspects must be taken into account in this regard.
First, the phase change (fuel moisture evaporation) only occurs in one
direction, since the water vapor then leaves the domain. Therefore, in
the cooling-to-ambient-temperature process, the enthalpy-temperature
relation 7T = T(H) should be modified to prevent physically unfeasible
latent cooling (water vapor condensation), as resolved in Asensio et al.
(2023b). Second, since the advection term is written in conservative
form, there may be physically unfeasible enthalpy accumulation in
some spatial regions caused by a non-zero divergence of the velocity
field. A correction based on Eq. (22) can be used. Recall that this non-
zero divergence may be due to the dimensionality reduction of the
problem, as well as to the representation of the effect of the topography
proposed here (see Section 2.3). Taking into account the degree of
simplification used here and the previous observations, a definition of
the problem in full conservation form, as in Eq. (29), is not required
for the purpose of this paper.

We can find alternative approaches in the literature to the multi-
valued enthalpy operator method in Eq. (29) to include the effect of
the phase change. Most of these approaches were developed for other
engineering applications. However, some of the difficulties mentioned
above are likely to remain. The so-called heat source method separates
the enthalpy into two terms, one corresponding to the sensible heat
and the other to the latent heat. The latter would be included as
a source term in the classical heat equation (Caggiano et al., 2018;
Séro-Guillaume et al., 2008; Swaminathan and Voller, 1993). Another
approach is called apparent calorific capacity method, which models
the effect of thermal phase changes by considering an apparent (or
effective) heat capacity, usually defined as a piecewise constant func-
tion (Caggiano et al., 2018; Swaminathan and Voller, 1993). This

approach exploits the relation =~ aH = —‘Z}FT’ —(Z, allowing to write

oH oT

9 _ g O 30
a Py G0

where ¢, = ¢,(T,Y) is the effective specific heat, which is a function of
the temperature and may also depend upon biomass fraction. Further,
the effective specific heat c, depends on the history of the burning
process, modeling the different behavior when heating up (evaporation
of moisture) and when cooling down after the burning. The effect
of fuel moisture will be represented by a piecewise definition of this
coefficient (see Section 2.6).

Motivated by the observations mentioned above, we propose to
use a version of Eq. (29) in non-conservative form. The apparent
calorific capacity approach gives an alternative formulation for the
energy equation (see Appendix A)
pe, (% +v- VT) =V (VT) - a(T = T,) + ¥(T)p, R oHY . (31)
where the term % + v - VT represents the material derivative of the
temperature and the product pc, = (¢, R, + p,¢, (1 — R) represents
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the bulk properties, see Egs. (6) and (7). This version of the equation
for the conservation of energy in non-conservative form is often found
in the literature (Asensio and Ferragut, 2002; Mandel et al., 2008; Séro-
Guillaume and Margerit, 2002; Séro-Guillaume et al., 2008; Weber,
1991a,b).

Remark 1. Note that the velocity v in Eq. (31) is not the actual flow
velocity but rather a bulk velocity defined as v = (1 — R f)p” 2y, in

Eq. (17) because only the gaseous phase (a) is advected. ThlS allows
to express the left-hand side of Eq. (31) as a material derivative of the
temperature, enabling the model to be defined as a conventional ADR
equation.

Considering fuel properties at the initial time, i.e. p = py and ¢, = ¢,
according to Eq. (8), simplifies the equation further. When using the
apparent capacity approach, the complete model reads

P0Cp0 (ad—f v VT) =V (kVT) = (T = Tp) + P(T)j Ry oHY.
(32)
Y _ _wry,
or

with T =T(x,7) > 0and Y = Y(x,1) € [0, 1] being the problem variables,
where x € A ¢ R? and ¢ > 0. The specific heat, c,, is a function of
the temperature and may also depend on the position. The following
boundary and initial conditions

(KVT = pgc,p¥T) -n=0 X €0A, 1> 0,
T(x,0) = Ty(x), Y(x,0) = Yy(x) X E A,

(33)

are used to complete Eq. (32). Here, the zero flux boundary conditions
are gained under the assumption of an incompressible, so a divergence
free, advection velocity at the boundary. Then, for any point x € 94
it yields V - (vT') = v - VT. In the numerical simulations, the boundary
conditions do not affect the overall system behavior because the initial
ignition area is far away from the boundary and the computational
time is small compared to the time needed for a fire front to reach the
boundary.

It is worth highlighting that Eq. (31) can still be simplified using the
assumptions in Eq. (9) and setting / = 1, being expressed in terms of
the initial fuel load per unit surface, W/, ,, and the fuel heat capacity,
as

_ oT
Wiolns (E
The model in Eq. (32) can be recast in vector form — a notation

that is more suitable for the description of the numerical scheme in the
following sections — as

+v- VT) =V (kVT) = (T - T ) + P(T)W; 1Y . (34)

U |, 0U U IFU)  9G(U)
s +B— = — —= 35
a T TPy C< ox T oy +S(U)> (%)
with
1

) v 0 L9
= = = | roc
A [0 0],13 [0 0],0 [O 1] 36)

as the coefficient matrices and

aT oT
U=< r ) F=< ko ) G=< &5 )
Y 0 0
37
s:( —a(T =T+ 5P (TR g HY >

~P(T)Y

being the vectors of variables, diffusive fluxes and source terms.
Considering R,y =1, ¢,, =¢,, and 5, = j, as constant values, the
model in Reisch et al. (2024) is recovered.

2.3. Modeling wind and topography

The advection velocity, v, is modeled as a linear function of the wind
velocity and the gradient of the topography as

v=pw+yVZ, (38)
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where w = w(x, 1) is the wind velocity, Z = Z(x) is the topography and
p and y are calibration parameters, yet to be defined. Recall that only
the energy within the fluid phase is advected and an expression for
was derived in Egs. (17)-(18)

(1= Rf)p,c,,

= - — (39)
Prepy Ry +PaCpal = Ry)

with § < 1 in presence of fuel and f = 1 when only air is present (R, =
0). Therefore, this coefficient can be regarded as a wind attenuation
factor (Grasso and Innocente, 2020).

In Prieto et al. (2015), a similar expression for g was derived
without assuming thermal equilibrium between the gaseous and solid
phases. This approach allowed for different values to be proposed
inside and outside the flame. In the present work, thermal equilibrium,
ie, T, = T, = T, is assumed and, as a result, f does not depend
on temperature. Furthermore, given the level of simplification in the
model, f is treated as a constant calibration parameter. However,
variations arising from the effects of moisture, through ¢, ;, and the
temporal evolution of R, might not be negligible. These aspects are
further discussed in Section 4.4.

With the present formulation, a velocity field with non-zero di-
vergence can appear. If solving the problem in conservative form, a
correction is needed (Nieding et al., 2024). Alternatively, when solving
the non-conservative version as proposed no correction is required
here.

Approximating the effect of topography by means of an additional
advective effect is a simple approach that allows to retain in the
model’s solution the influence of topographic variations on wildfire
propagation without introducing significant computational complex-
ity (Biirger et al., 2020; San Martin and Torres, 2023). A different
approach with a more meaningful physical basis would require mod-
eling the effect of radiation globally, and not only locally through the
Rosseland approximation (Asensio et al., 2023b). Besides, there are
other approaches in the literature which provide a higher level of detail
in the relation between w and the actual wind velocity 10 m above the
ground (Vogiatzoglou et al., 2024).

For further investigations, note that certain topographic influences
are similar to an artificial wind velocity in this formulation. For ex-
ample, a constant topographic slope transfers with the parameter y
into a constant artificial wind velocity. If the fire is moving upslope,
the artificial wind velocity is positive in this direction. If the fire
moves downslope, the artificial wind velocity is negative. Experiments
indicate that the linear assumption is acceptable for topographic slopes
up to 30° (Sadnchez-Monroy et al., 2019). Any further investigations
that are carried out for a wind velocity can be transferred easily to a
topography with a constant slope.

2.4. Modeling local radiation

In the model herein presented, only the local effect of radiation
is considered, assuming that the medium is optically thick (Asensio
and Ferragut, 2002; Grasso and Innocente, 2020; Weber, 1991b). The
diffusion coefficient in Eq. (28) includes some linear diffusion by
conduction and a non-linear term due to radiation that results from
the Rosseland approximation. There is previous work where only the
linear diffusion by conduction was considered (Mandel et al., 2008;
Reisch et al., 2024; Weber, 1991a). For calibrated parameters, the nu-
merical simulations show a small influence of the non-linear diffusion
by radiation, see Biirger et al. (2020), Weber (1991b).

In this work, the influence of the radiation is investigated regarding
two aspects: the overall influence of radiation and the dependency
of the radiation term. The radiation depends on some fixed physical
parameters, on the temperature 7' and on the optical path length 6. The
optical path length is a physical value that is difficult to estimate. The
challenges are caused by the unknown structure of the vegetation and
by the reduction of the spatial dimensions from three to two. Therefore,
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5 is kept constant in the model following previous literature (Asensio
and Ferragut, 2002; Grasso and Innocente, 2020).

The key aspect when considering local radiation resides in the
strong non-linearity of the diffusion term. The dependency with the
cubed temperature makes the diffusion mechanism very sensitive to
this problem variable. The parametric analyses in the results section
will show that this dependency is required to reproduce physically
consistent results.

2.5. Modeling combustion

A standard choice for modeling the combustion process is using the
Arrhenius law (Weber, 1991b), leading to

¥ (T) = s(T)A, exp (—%) (40)

with T, the activation temperature, A the pre-exponential factor and
s(T) an activation function

0 if T<T
- pe>
s { 1 if T>T,, 4D

that triggers the combustion when the temperature is higher than
the pyrolysis temperature 7). From this point onwards, it will be
assumed that T, = T,. Assume also that pyrolysis and combustion
occur sequentially, with gas oxidation beginning immediately after fuel
devolatilization starts, thereby generating net exothermic heat. This
allows T, to be considered as the threshold for combustion.

Originally, molecular chemical processes motivated the Arrhenius
law. In the wildfire model, the variables are acting on a much larger
length scale, far away from the molecular scale. This motivates the
approximation of the non-linear Arrhenius law by a constant function
as (Asensio et al., 2023b)

¥(T) = s(T)A,. (42)

The switch s(T') in Eq. (41) for activating the combustion process above
the ignition temperature is included for both approaches. Previous
studies, see Mitra et al. (2024), show that the process of switching
on is more important than the switching off. One can argue that the
combustion processes continue even for temperature values below the
ignition temperature once the fire was burning in this space. On the
other hand, the switching off after the burning process affects only
the cooling process and the remaining biomass fraction. It does not
affect the maximal fire temperature nor the rate of spread of the fire.
This paper focuses more on the rate of spread. Therefore, following the
approach in Reisch et al. (2024), the switch is modeled for the ignition
and the cooling process.

Section 4.1 compares the two approaches for the combustion func-
tion ¥ by means of numerical simulations.

2.6. Modeling fuel moisture

The bulk specific heat ¢, in Eq. (8) depends on the specific heat
of the fuel ¢, ;. In general, the specific heat of the fuel is a function
of the temperature. However, it can also be interesting to consider its
dependency on the biomass fraction in order to model the effect of
fuel moisture evaporation and degradation of the biomass, i.e. ¢, , =
&,/ (T.Y).

In this section, the apparent calorific capacity method (Swami-
nathan and Voller, 1993) is used to model the effect of fuel moisture.
This method models the effect of thermal phase changes by considering
an apparent (or effective) heat capacity, usually defined as a piecewise
constant function. Thus, the specific heat ¢, , will be defined as a
piecewise constant function featuring an apparent specific heat to
account for the effect of fuel moisture.

Four different approaches for the definition of ¢, , are introduced.
The first approach is referred to as NM (neglects moisture) and con-
siders the specific heat of dry wood. The second approach is called
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the simple two-stage moisture model (S2M) and features a piecewise
definition of the apparent specific heat with two stages in the heating
process. The third approach is the three-stage moisture model (S3M)
and considers three stages, being able to represent evaporation at a
quasi-constant temperature. The fourth approach is called the complete
two-stage moisture model (C2M), which is an extension of the S2M
approach to distinguish between green and dead wood as the fuel of
the fire.

2.6.1. Neglecting moisture (NM)
Assuming zero fuel moisture, the specific heat for the fuel can be
considered constant, i.e. identical to the specific heat of the dry fuel,

G = Sp.fo- (43)

This simplification reduces the system in Egs. (35)-(37) to the
temperature-biomass ADR model commonly found in the literature,
see, e.g. Reisch et al. (2024).

2.6.2. Simple two-stage moisture model (S2M)

As a first approach to model fuel moisture, the moisture content M
is defined as the ratio between the mass of water, m,,, and the mass of
dry wood, m, as
M="u (44)

mg

For consistency with Eq. (32) and to agree with literature stan-
dards (Alonso-Rego et al., 2020; Ross et al., 2010), a dry basis is
assumed. The increment of specific enthalpy when heating from the
ambient temperature, T, to the evaporation temperature of water, 7,,,

before evaporation (sensible heating) is defined as

Ahsenyl = AHsen,l —c

Pry
where p; is the density of the dry fuel, ¢, ; is the specific heat of the
dry fuel and c,, is the specific heat of water. For simplicity, assume
Psy ® Py which was defined in Section 2.1 as an input parameter.
Accordingly, the increment of specific enthalpy during evaporation
(latent heating) is defined as

5o Tw = Too) + My (T, = Toy), (45)

. AH]aI _
Ahy, 1= =ML,, (46)
Pro
where L, is the specific latent heat of water. In the same way, the
increment of specific enthalpy when heating from T, to T, after
evaporation (sensible heating) is

Ah = AHsenA,Z

sen,2

=10 Tpe = Tw) (47)
Jo
with the pyrolysis temperature 7.
In the complete heating process, i.e. when heating from T, to T),
(sensible and latent heating), the increment of specific enthalpy is
defined as

AH

4ah = ; = Ahsen,l + Ahsen,Z + Ahlat (48)
0

= cp,fo(Tpc -T,)+Mc,(T,-T,)+ML,,. (49)

The effective specific heat for the complete heating process from 7,
to T, is then

AH Ah
c = = N (50)
P g e =T) Ty = T,

pe ©

leading to
oMy —To)+ Ly,

51
(T, —To) (51)

Cpeft = Cp gy + M

Recall that ¢, r; in Eq. (51) is defined in a dry basis, for consistency
with Eq. (32).
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The actual fuel-specific heat is then defined as a piecewise constant
function of the temperature by

&= { Cpeft %f T<T, and Y=1I, 52
| vaf() if T 2 Tpc or Y <1.

2.6.3. Simple three-stage moisture model (S3M)
Using the ideas in Caggiano et al. (2018), Voller et al. (1990),
we consider an artificial finite-width evaporation region in the A-T

diagram, where the initial and final evaporation temperatures are
T, =T,-054T,, T} =T,+0.54T,. (53)

with AT, the width of the evaporation interval.
An approximate enthalpy change for the sensible heating process is

then defined by
Ahgy ) =c,, 70Ty = Too) + My (T = T, (54)

as well as an approximate enthalpy change for the latent heating
process

Ahyy =, (T =T)+ M (c(T, = T)+ L). (55)
The apparent specific heat for the sensible heating process is

Ai’sen,l

C, = —
sen,1 Tu_; — Too >

(56)

whereas the apparent specific heat for the latent heating process is

4h,
Clat = ﬁa}, 57N
w w

The actual fuel-specific heat used in the model is expressed as a
piecewise constant function that leads to a different apparent specific
heat for the sensible heating, latent heating and sensible heating after
evaporation processes, as

Ceen i T<T, and Y =1,
Gy=1 au if T;<T<T} and Y=1, (58)
gy if T>T/ or Y<I.

2.6.4. Complete two-stage moisture model (C2M)

The amount of water in the wood affects the process of heating
the fuel from ambient temperature (T,) to the pyrolysis temperature
(T,)- In the S2M model, the fuel accumulates water homogeneously.
Although this simplification can be useful in certain situations, in a
more realistic approach the moisture content depends on the type of
fuel which, for simplicity, will be referred here as wood. In this regard,
two types of wood are distinguished: dead and live (or green) wood.
The second type refers to the trees or bushes which are still alive.

The reason for making this classification is that their interaction
with water, and therefore their moisture content, differs completely.
Dead wood moisture content depends directly on temperature and rel-
ative humidity, whereas live wood moisture content depends essentially
on the tree species and is independent of the environmental conditions.
In the C2M model, the fuel will be modeled as a mixture of green and
dead wood. Therefore, fuel mass will be defined as follows

me =rmg + (1 —r)mg, (59)

where m, and m, are the masses of green and dead wood, respectively,
and r € [0,1] is the ratio of green wood to the wood mixture. The
effective moisture content of the mixture is

M =rM, + (1 —r)My, (60)

where M, and M, are the moisture content of the green wood and dead
wood, respectively.

The moisture content of dead wood is a function of both, relative
humidity and temperature of the surrounding air. In wood, water is
accumulated in two ways: in the lumens (as free water) or at the cell
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Tpc 1 —— Idealistic heating
-== S2M approximation

Bu+MLy  hpe

(a) Idealized and S2M-approximated h-T-curve.
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Tpc 1 —— Idealistic heating
-==S3M approximation

Bu+MLy  hpe

(b) Idealized and S3M-approximated h-T-curve.

Fig. 1. Plot of idealized, S2M-approximated, and S3M-approximated h-T-curves. Note the relations Ah,, = h,, — hy, and Ahg,, = h, —(h, + ML,).

Table 1

The moisture content M, of dead wood depending on the relative humidity (RH) of the environment for fixed temperature (7' = 300 K).
RH (%) 10 20 30 40 50 60 70 80 90
M, 0.024 0.044 0.061 0.076 0.091 0.108 0.129 0.157 0.202

walls, forming a bound state as it interacts with the polysaccharides of
the membrane of the cells. Water is accumulated in the lumens only
after the fiber saturation point is reached, which is the threshold at
which no more water can be held at the cell walls. The fiber saturation
point is similar for all types of wood, and occurs when the moisture
content is around 0.3 (Ross et al., 2010). Green wood is generally above
the fiber saturation point. Thus, the study of the behavior of wood
below the fiber saturation point implicitly refers to dead wood.

Another important concept for dead wood is the equilibrium mois-
ture content (EMC), which is defined as the moisture content at which
the wood is neither gaining nor losing water. If the environmental
conditions change, wood does not reach immediately the EMC. In fact,
the rate at which dead wood exchanges moisture with the atmosphere
to reach EMC depends crucially on the size of the sample. Dead fuel
is separated into fine fuels — leaves, bark and twigs with a diameter
lower than 6 mm — and coarse fuels—larger twigs and logs (Matthews,
2013). The US National Fire Danger Rating System (Burgan, 1988) clas-
sifies fuel sizes according to the time it takes to reach equilibrium with
the atmosphere. Fine fuels are within the 1-hour fuel class, whereas
coarse fuels are within the 10-, 100- and 1000-hour classes. However,
in this study no variation in time of the relative humidity is assumed
and thus M, can be approximated by the EMC; for a more complete
approach representing time variations, see for example (Perello et al.,
2024). Table 1 gives values of EMC, hereafter M, at T = 300 K.

In general, values of M, are independent of the wood species and
can be approximated with the empiric formula (Ross et al., 2010)

Iy =§< K¢ K K¢ +2K, K, K*¢? )
T W\1-K¢  1+K Kp+KKKP)

(61)
where ¢ € [0, 1] is the relative humidity of the air. For temperature in
Celsius, the constants in Eq. (61) are

W =349+ 1.29T +0.0135T2,
K = 0.805 + 0.000736 T — 0.00000273 T2,

) (62)
K; =6.27-0.00938T — 0.000303 T,
K, =1.91+0.04007 T — 0.000293 T2,
As in Eq. (48), the enthalpy balance is
Ah = )Ty = Ty) + MLy + (T, = T,), (63)

where ¢, is the specific heat of the mixture of moist fuels. Then, the
effective specific heat adapted to the initial conditions of environment
and wood is

Ah

Cpeff = —Tpc T (64)
and the approach
Ah = cpopp(T = Ty), (65)

is displayed as a straight blue dashed line in Fig. 1.

The heat capacity of wood depends on the temperature and moisture
content of the wood, but it is practically independent of density or
species. In order to compute ¢, in Eq. (63), referred to the mixture
of wood from the value of the moisture content M, and M,, the
expressions

Cp=rcp,+ 1- r)eCpds

Cpd = Cppy T+ Mc,, + s'(Md)Ad, (66)

— !
Cpg =Cpfy T Mgyc,, + s (Mg)A,

are used, where 4; is a correction factor required below fiber saturation
which accounts for the water accumulated at the cell walls of the wood
where, as said above, it forms a bound state. An empirical formula for
the value of A; depending on the temperature and moisture content
is (Ross et al., 2010)

A; = My(by + byT + bsM)(1 + M), 67)

with b, = —0.06191,b, = 2.36 - 10, and b; = —1.33 - 1074, with
temperature given in Kelvin and with i = d for dead wood and i = g
for green wood. The function s’(M) in Eq. (66) is a switch

Lo 1 if M <03,
S(M")‘{ 0 if M,;>03,

to be activated below fiber saturation (M; < 0.3) where the correction
factor A; needs to be taken into account. Above fiber saturation (M; >
0.3) a mixture rule is used to estimate the specific heat. For green wood,
it is known that is M ¢ >03 (Ross et al., 2010), therefore the switch is
zero, s'(M,) = 0.

Finally, the specific heat of the fuel is computed as

c_p,f:{ cpvc,ff if T<T,, 69)

<, if T> Ty,

(68)
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Table 2
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Spatially dependent input data for the model, including the ambient forcing (top), basic fuel parameters (middle) and complete
fuel moisture parameters (bottom). © In a dry basis. ¥ For S2M and S3M models. References: (1) Séro-Guillaume et al. (2008),
(2) Margerit and Séro-Guillaume (2002), (3) Mell et al. (2007), (4) Ross et al. (2010), (5) Grasso and Innocente (2020).

Parameter Symbol Default value Units Ref.
Ground elevation z - m -
Wind velocity w - m s~! -
Surface coverage SC 1.0 - -
Initial fuel volume ratio Ry 0.01 - o), @
Fuel density” Py 400 kg m™3 3)
Initial fuel load® W, 4 kg m~? 2
Specific heat of dry fuel r0 1.0 kJ kg™' K 4)
Fuel pyrolysis temperature T, 600 K (5)
Fuel combustion heat H 4000 kJ kg™! -
Reaction rate A, 0.01 s7! -
Pre-exponential factor A, 0.0173 s7! -
Fuel moisture content® M 0.1 - (€]
Live (green) fuel moisture M, 0.9 - 4
Live to dead fuel ratio r 1.0 - -
Relative humidity '3 0.3 - -

Table 3

Calibration parameters. References: (2) Margerit and Séro-Guillaume (2002), (5) Grasso and Innocente (2020).
Parameter Symbol Default value Units Ref.
Thermal conductivity k. 0.0001 kW m™! K~! 5)
Optical path length 8 1.0 m ), (5)
Ambient cooling coefficient a 0.05 kW m~2 K-! 2
Wind correction coefficient B 0.02 - -
Slope correction coefficient y 0.04 - -

Table 4

Other parameters and physical constants.
Parameter Symbol Value Units
Ambient temperature T, 300 K
Homogenization height 1 1 m
Evaporation temperature of water T, 373 K
Latent heat of water L, 2257 kJ kg™!
Specific heat of water Cu 4.19 kJ kg™' K!
Air density Pa 1.0 kg m™3
Stephan Boltzmann constant c 5.670E-11 kW m—2 K~
Emissivity factor (vegetation) € 0.9 -

and will be used in Eq. (7) for the C2M model.
2.7. Model parameters

This section summarizes the parameters required in the model.
Table 2 includes environmental (ambient forcing) and fuel-dependent
parameters. Although these parameters may exhibit spatial heterogene-
ity, the table presents their default values. Table 3 lists additional
model parameters which, despite having a physical basis, are treated
as calibration parameters and should not vary with spatial position.
Among these are the optical path length, wind and slope correction
factors, and the ambient cooling coefficient. Note that the latter does
not correspond to a physically realistic value, as it also accounts for
the energy loss owing to the mass escaping through the top of the
domain, as well as for heat dissipation by radiation in the vertical
direction, which is not explicitly represented in the model. Finally,
Table 4 contains other parameters and physical constants, which are
fixed.

The default parameter values in the tables are based on previous
studies and preliminary calibration. Rounded values are used, con-
sistent with the order of magnitude found in the reference sources
provided in the tables.

3. Numerical model
The numerical model is based on a Finite Volume Scheme in space

and two variants of time stepping. We introduce the used methods here,
and give numerical convergence results in Appendix C.

3.1. Finite volume spatial discretization

The initial-boundary value problem in Egs. (32)—(33) is defined in
the domain [0, ¢ x4, where A =[x, x,]1X[y;, y,] is the spatial domain.
Using the finite volume approach, the spatial domain is discretized in
N, X N, cells, defined as

(70)

1, X, 1| X
E 1+§:|

withi=1,...,N,, j=1, oy N, We consider a Cartesian grid, with a
grid spacing Ax and Ay in each of the Cartesian directions. At time 7",
the conserved quantities are defined as cell averages as

Y 1.Y.,1
73 2

n 1 n
= — "ydxdy. 1
Ui Axdy /AU U(x, ") dx dy (71)
The semi-discrete form of Eq. (35) is written as
ﬂ =L(U,) (72)
ot e
where L(U;;) is the following discrete operator
A4 U),; (BAU),
E(U,'j) =- SR el
Ax Ay 73)
Fi+1/2,j - Fi—l/2.j Gi,j+1/2 - Gf,j—l/z =
+C; = + n +8; ).

where (A4,U);; and (B4,U),; are the (upwinded) non-conservative
products, F;» ; and G, j,/, are the diffusive fluxes at cell interfaces
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and
& 1

~

S~ 74
Y AxAy 74

/ S(U)dx dy
Aij

is the approximation of the spatial integral of the source terms inside
cells, yet to be defined. Note that C;; is the evaluation of C using
cell-averaged data at (i, j).

The non-conservative products are only non-zero for the first equa-
tion and are computed using an upwind formulation based on a
high-order (7th order) WENO reconstruction (Shu, 1998; Reisch et al.,
2024). The diffusive fluxes are only non-zero for the first equation, that
is

Foei ), G .-
Fi$1/2,j=< '+(1)/2’j ) Gi,j:1/2=< "161/2 ) .

These fluxes are approximated by means of second order central dif-
ferences. For instance, let us consider the approximation of the flux in
the x direction. In what follows, the subscript j will be omitted for the
sake of simplicity. At the interface i + 1/2, the diffusive flux F,,, is
computed as

Fiiip=-k <

where k = 0.5(k,,, +k;), so it is the mean of the non-linear diffusion in
Eq. (28).
The source terms are approximated as

S = < —a(T; = T) + ¥ (Tip,;; HY; )
ij .

-¥(T;))Y;
3.2. Time stepping

(75)

Ti+1 _T1> (76)

Ax

77)

The Strong Stability Preserving Runge-Kutta 3 (SSP-RK3) scheme
(Ghosh and Constantinescu, 2016; San and Kara, 2015) for stepping in
time the semi-discrete Eq. (72) is used. It is expressed as follows

1 _
U =g, + aiL(uy),

@_3 Lo 1 o)

U = ZU?J' + ZUU + ZA’E(UU ), (78)
ntt _ Lo L 2@, 2 @

Uit = JUp + SUD + Sarc U,

where At is the time step, which is computed dynamically according to
the Courant-Friedrichs-Lewy (CFL) stability condition to preserve the
stability of the solution (Courant et al., 1967).

4. Numerical results

One-dimensional (1D) cases are first considered to assess the influ-
ence of different parameters. For the 1D simulations presented herein,
the computational domain is [0,500] m and the initial conditions are

if 245 < x <255,
otherwise

670 K

300 K and Y(x,0) =1.0.

T(x,0)= { (79)
For all cases, the computational mesh is composed of N, = 1600 cells
and CFL = 0.1. Default parameters from Tables 2—-4 are used, unless

other configuration is specified.
4.1. Comparison of combustion functions

In Section 2.5, two approaches for the combustion function were
presented. Using the fixed parameters in Table 4, the parameter A, of
the point-wise constant combustion function in Eq. (42) is determined
such that it approximates the non-linear Arrhenius law Eq. (40) in the
relevant temperature domain. Fig. 2(a) shows this comparison. The
relevant temperature domain is [T}, T,,], where T, approximates an
upper bound for temperatures in a fire.

For comparing the influence of the combustion function, the advec-
tion term is set zero (w = 0) and the solutions of the ADR-model are
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computed for a moisture level M = 0.1. The direct comparison of the
solutions in Fig. 2(b) shows that both, the traveling wave profile and
the traveling wave speed are almost identical for the two combustion
functions. The maximal temperature is slightly higher for the combus-
tion function using the Arrhenius law. This difference has its origin in
the approximation in Fig. 2(a), where the constant combustion function
has a lower value for large temperatures than the Arrhenius combustion
function. The differences of the solutions can be reduced even further
by applying calibration techniques for the parameter A.. Because of the
good approximation, the assumption of a constant reaction rate instead
of the Arrhenius rate is convincing.

Remark 2. Compared to other simplifications in the modeling process,
the assumption of the Arrhenius reaction rate that is based on molecular
reactions is a change of precision. The model assumption of a constant
reaction rate (42) is therefore a valid assumption for a macroscopic
wildfire model.

In the further investigations, the piecewise constant reaction rate in
Eq. (42) is used instead of the non-linear Arrhenius law.

4.2. Influence of radiation models

The radiation leads to a non-linear diffusion term, compare Egs. (21)
and (28). When studying the influence of various mechanisms on the
system’s behavior in Reisch et al. (2024), the non-linear diffusion by
radiation was not considered, and the diffusion was modeled only by
conduction leading to a linear diffusion term with a modified larger
constant k.. Here, the differences in solutions caused by the simplifi-
cation of a purely linear diffusion compared to the combined effect of
radiation and conduction are demonstrated first.

Fig. 3 shows the comparison of the solutions at a time ¢ for both
cases, with and without radiation. In the case without radiation, the
conduction parameter k, was modified for providing a better fit to the
model with radiation, namely k, = 0.1662 kW m™~'K~!. The temperature
progression in the cooling process shows small differences between the
models, but the steep traveling wave front and the rate of spread are
almost identical. Fig. 3 could give the impression that it is not relevant
to include the radiation. Further investigations in Section 4.3.2 show
the relevance of this term besides the physical derivation of the model:
The non-linear radiation term depends on T3, leading to large values
for high temperatures. Large diffusive effects are connected to a faster
traveling wave speed, compare the analytical approximations in Reisch
et al. (2024). A higher traveling wave speed leads to a lower biomass
consumption during the shorter combustion time. Further simulations
will show that the different mechanisms level each other in a mean-
ingful way. Besides, some parametric analyses in the next sections will
evidence that the non-linear dependency on the temperature is required
to yield physically consistent results.

4.3. Influence of fuel moisture models

The different models for the fuel moisture in Section 2.6 are now
compared for some specific scenarios.

4.3.1. Comparison of three moisture models

First, consider a green wood to total wood ratio r = 1, meaning
that all wood is green wood, and a moisture content of M = 0.1 under
no wind conditions. The rest of the parameters are set as default. In
this case, the only difference between the simple and the complete
two-stage moisture models S2M and C2M is that the latter considers a
correction factor, A;, in the specific heat approximation Eq. (66) below
wood fiber saturation (moisture content below 0.3). Note that the value
of M = 0.1 used in this test case would be unrealistic for green wood,
but it has been chosen as an example for comparison of the models.

Table 5 gives the rate of spread for the different moisture models
and compares with the model without any moisture effects. The model



A. Navas-Montilla et al.

Combustion functions

0.0129 ___ constant (Ac=0.01)

—— Arrhenius (A, =0.0173)

0.010 4

0.008

> 0.006 2%

0.004 L

0.002 4

0.000 4

1000 1200 1400 1600

T(K)

400 600 800

(a) Combustion functions

Environmental Modelling and Software 192 (2025) 106511

Solution at final time 4000.0 s
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(b) Solutions for M = 0.1, w =0
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Fig. 2. Comparison of the simulations using the two combustion functions. (a) Comparison of the combustion function using the Arrhenius law in Eq. (40) and with a constant
term in Eq. (42). (b) Solutions of the ADR model (32) using the two combustion functions. The graphs widely overlap.

Table 5

Rate of spread of the traveling wave for different moisture models. The green wood to dead wood ratio is r = 1, the

moisture level is M = 0.1, and the wind speed is w = 0.

Moisture model NM

S2M

C2M S3M

ROS (m/s) 0.0565

0.0382

0.0386 0.0390

Solution at final time 4000.0 s

14001 o T (No radiation)
--<- T (Radiation)
1200 { —*— Y (No radiation)
<= Y (Radiation)
1000 4
<
+ 800 -
600 -
400 A
380 385 390 395 400
x (m)

Fig. 3. Comparison of the solution profiles for the temperature 7 and the fuel Y at a
fixed time with and without radiation. The parameter k, differs in the two cases for
compensating the lack of radiation.

Solution at time 4000.0 s

—o— Y (S2M)
1200 Y€
-3~ Y (S3M)
—e— T (S2M)
10004 -7~ T(C2M)
-%- T(S3M)
3
P 800 A
600 A
400 -
360 370 380 390 400 410 420 430 440
X (m)

Fig. 4. Comparison of the traveling wave profiles for the temperature 7 and the fuel
Y at a fixed time for two-stage moisture models (S2M, C2M) with the three-stage
moisture model S3M. The moisture content is M = 0.1, the wind speed is w = 0, and
the live/dead ratio is r = 1.
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without moisture has a much higher rate of spread compared to all
moisture models. The difference between the two-stage models and the
three-stage model is rather small.

Fig. 4 shows the profiles of the traveling waves for the two- and
three-stage models at the same time. The traveling wave front of
solutions for the three-stage model S3M is slightly in front of the fronts
of the two-stage models S2M and C2M. This higher rate of spread is in
accordance with Table 5. Apart from the different rate of spread, the
profiles have a similar shape. The two-stage models are in this setting
very similar due to r = 1, meaning that the correction factor A4; has a
small impact on the approximation of the specific heat.

The phase portraits of the solutions provide further insight into the
traveling wave profiles. They highlight differences in the solution be-
havior very well, compare the use in Reisch et al. (2024). To represent
the phase portraits, we fix a certain point x where the traveling wave
will pass after some time. This point x should not be too close to the
maximum of the initial data for ensuring that the traveling wave front
is already in its stable shape. For this point x, the solution values T'(x, )
and Y (x,1) are plotted over each other, leading to the phase plot in Fig.
5(left). The phase plot shows that the traveling wave front is following
nearly the same T-Y-curve, independent of whether a two-stage or a
three-stage model was used. Additionally, the time-dependent solutions
for this fixed point x = 350 m is shown, giving the profiles in Fig.
5(right). This figure shows again the slightly slower rate of spread of the
two-stage models. Note that Fig. 5(right) shows the time dependence;
note that a faster traveling wave reaches the fixed spatial location in a
shorter time.

The next step is to better visualize the differences between the
2- and 3-stage fuel moisture models. The 3-stage model explicitly
represents the latent heating process into account, resulting in some
plateau in Fig. 1(b). This difference is not visible in the phase portrait
in Fig. 5, because it takes place while Y = 1, following a straight
line with increasing temperature. In contrast, Fig. 6 shows very well
the differences of the time-dependent temperature curves at a fixed
x = 350 m during the heating processes. The parameters are fixed as
in the previous figures. The solution using the S3M model shows the
latent phase with a slightly increasing plateau, due to the width of
the evaporation interval in Eq. (53). This evaporation plateau leads
to a slowed heating process for temperatures around the evaporation
temperature 7,,. Contrarily, the S2M and C2M models show a mono-
tonically increasing heating process without the evaporation plateau. In
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Fig. 5. Comparison of traveling wave profiles for the temperature 7' and the fuel Y for two-stage and three-stage moisture models with fixed x = 350 m, and parameters M = 0.1,
r=1, w=0. Left: Phase portrait of the solutions at a fixed x; right: time-dependent solutions showing the traveling wave profiles.
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Fig. 6. Time dependent heating process for the two-stage models S2M, C2M, and the three-stage model S3M. The evaporation plateau leads to a slowed heating process for
temperatures around the evaporation temperature T,,. Fixed parameters are x =350 m, r=1, M =0.1 and w=0.

these models, the effect of latent heating is treated as a sensible heating
and therefore evaporation cannot be explicitly represented.

In total, the comparison of the two-stage models S2M and C2M with
the three-stage model S3M shows some differences in the preheating
phase, so for temperatures between the environment temperature, 7,
and the ignition temperature, T),.. The small differences observed in the
ROS may have a numerical origin, since the effective specific heat in

the preheating process should be the same in both cases.

Remark 3. The S3M model does not improve the solution in terms
of ROS and burned zone, but involves a higher complexity. Therefore,
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from a practical point of view, we recommend using the S2M rather
than the S3M model. Regarding the preference between the S2M and
C2M model, we recommend to use the C2M model when detailed
information about the fuel characteristics and structure is available.

In the next step, the S2M model is fixed and the effect of varying
moisture levels is studied.

4.3.2. Influence of moisture content
The following investigations use the simple two-stage moisture
model S2M in Section 2.6.2. Further, advection effects are not regarded,
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Fig. 7. Traveling wave solution profiles at a fixed time ¢ for the two-stage moisture model S2M for different moisture levels. Fixed values are r = 1 and w = 0. High moisture

levels lead to a slower rate of spread and a lower maximal temperature.

Table 6
Time to reach 7,. (preheating time) for different moisture levels, using the S2M model, w =0, r = 1.
M 0.0 0.1 0.2 0.3 0.4
preheating time (s) 8.5 11.8 17.5 26.8 no propagation

so w = 0. In comparison to the last section, the moisture content M is
now varied.

Fig. 7 shows the solution at t = 4000 s for moisture contents M = 0,
M =0.1 and M = 0.2. These moisture content values are representative
of dead fuels with relative humidity levels below 90%. The traveling
wave profiles in Fig. 7 show a decrease in the maximal temperature
and in the traveling wave speed with increasing moisture content M.
The surviving biomass fraction Y is identical for all three values of
M even though the maximal temperature is different in all cases. In
the complex system behavior, the larger maximal temperature values
are compensated by the faster traveling wave speeds. Note that this
inverse dependency between maximal temperature and traveling wave
speed is due to the non-linear radiation term. In previous investiga-
tions (Nieding et al., 2024), it was shown that a higher rate of spread
is connected to a larger remaining biomass fraction Y. In this case now,
the higher maximal temperature would lead to a smaller remaining
biomass fraction, but the faster rate of spread compensates this effect.

The slower traveling wave speed for higher moisture levels is con-
nected to a slower preheating process. Table 6 gives the preheating
time, so the time needed for heating to the pyrolysis temperature T,,
for different moisture levels.

The preheating time is non-linear related to the moisture level. In
particular, for this parameter setting, a moisture level of M > 0.4
stops the traveling wave behavior. The longer the preheating time is,
the slower are the traveling waves because it needs longer to start the
combustion process when the traveling wave front pushes forward.

Besides the influences on the traveling wave speed and the maximal
temperature, the moisture content changes the dynamical behavior
for large moisture levels with still propagating fronts. Fig. 8 shows
the phase portrait for the simple two-stage moisture model S2M and
the three moisture levels from Fig. 7. The trajectory for the highest
moisture level, M = 0.2, shows the most visible bumps.

The bumps in the phase portrait are a consequence of spatial
discretization in the numerical simulations. Fig. 9 shows in the upper
figure the time-dependent temperature curves for three neighboring
discretization cells. The three curves show a time-delayed identical
behavior, including the bumps. This is because the fire front takes the
form of a self-similar solution. In the lower plot of Fig. 9, the specific
heat value of the three discretization cells is given over time. The
discrete nature of the simulation requires a jump of the specific heat
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value once the system exceeds the pyrolysis temperature. This jump
occurs at different times for the three cells. Due to the interaction by
advection and diffusion, each cell is influenced as well by the jumps in
the neighboring cells, resulting in a changed behavior visible as bumps
in the temperature-time curve or the phase plot.

The occurrence of bumps is independent of the discretization param-
eters and desired for describing the temperature dependent evaporation
process. They do not change the traveling wave behavior, see Fig. 8.
Therefore, they are noticed as a feature of the model, not distracting
any other observations.

4.4. Investigation of the parameter-dependency of ROS

The S2M model is used for some further investigations on the
dependency of the rate of spread on the moisture content, the wind
velocity, the relative humidity and the surface coverage. These investi-
gations lead the path towards more realistic scenarios and deepen the
understanding of the influence of moisture models.

Effect of wind and moisture. The effect of wind on the solution of an
ADR model without moisture-influence was studied in Reisch et al.
(2024). There, it was shown that the wind strongly influences the
evolution of traveling wave fronts in only one or in two directions.
Further, the maximal temperature of the traveling wave in wind di-
rection is larger than the maximal temperature of a model without
wind. A higher rate of spread due to wind leads to less burned biomass,
compare (Nieding et al., 2024).

Fig. 10(a) shows the rate of spread (ROS) of the model in Eq. (32)
with respect to the total moisture content, M, computed using the
model S2M in Eq. (58). In the case without wind, w = 0, the traveling
wave stops for larger moisture contents. The fire front stops and the
fire is not spreading any further. This solution’s behavior is different
for situations with a small wind, w = 1 or w = 2 m/s. In these cases,
the moisture content slows down the rate of spread but does not lead
to a stopping of the fire front.

Remark 4. The observation that the traveling wave solution with some
wind w > 0 does not stop is in accordance with practical observations,
although the underlying mechanisms differ in reality and in this model.
In reality, a strong wind may lead to a heating of the fuel far ahead
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Fig. 8. Comparison of different moisture levels in the S2M model with fixed x = 350 m, w = 0, r = 1. Left: phase portrait of the solutions at a fixed x; right: time-depending
solution profiles showing the traveling wave front. Higher moisture level lead to a slower ROS and a lower maximal temperature.
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Fig. 9. Time-dependent temperature curves for three neighboring discretization cells (upper), and specific heat values in the three cells (lower). The moisture model is S2M with
M =02, w=0, r=1 and x = 350 m. The curves show a similar behavior with some time delay. The discontinuous values of c, lead to bumps in the temperature curves..

of the traveling wave front and therefore to an evaporation of the
fuel moisture before the fire front arrives. This long-distance effect,
however, is not represented in the current mathematical model. Here,
the model only considers local radiative effects through the Rosseland
approximation, which acts as a diffusion mechanism. As a result, heat is
transferred between adjacent areas in a manner similar to conduction.
To properly model this effect, the non-local effect of radiation should
be considered as proposed in Ferragut et al. (2007), Séro-Guillaume
et al. (2008). This implies the resolution of additional equations for
the radiation, thus increasing the complexity of the model.

In the mathematical model, the advection term dominates the ef-
fects of a varying specific heat. Note that the specific heat is multiplying
both terms (local and convective derivatives) on the left-hand side
of Eq. (31). This has a physical meaning, as the advection term is
modeling a transport of temperature of the gaseous phase across the
cell boundaries and does not depend on the bulk properties. Besides,
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the rise of temperature due to wind, as observed in Reisch et al. (2024),
enlarges the temperature gradient being relevant for all heat transport
mechanisms.

Consequently, the effect of advection dominates any effects of mois-
ture in the model. This results in the non-zero rate of spread in Fig. 10
for non-zero wind and any moisture content. Nevertheless, the effect of
moisture decreases with wind up to a point where this effect may be
underestimated. At this point, the consideration of non-local radiation
effects could improve our results.

The stopping rate of spread in Fig. 10(a) for w = 0 is in accordance
with an empirical model for laboratory and field experimental data
in Rossa et al. (2016). There, the rate of spread shows a qualitatively
similar dependency on the moisture content. The result in Fig. 10(a)
for non-zero wind speed reproduce the results in Asensio et al. (2023a)
qualitatively. In Asensio et al. (2023a), an advection-diffusion-reaction
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Fig. 10. Dependency of the rate of spread (ROS) on the moisture content M and the wind velocity w. The S2M model is used for modeling the moisture. Higher moisture levels
lead to smaller rate of spread while a higher wind velocity increases the rate of spread. If the wind is zero and the moisture level is high, the traveling wave stops.

model for temperature and fuel was fitted to various fuel types in the
literature, including the experiments in Rossa et al. (2016). The rate
of spread in Asensio et al. (2023a) relates to the fuel moisture content
with an exponential decay function. This exponential decay is visible
as well in Fig. 10(a), which validates our modeling assumptions.

Remark 5. The impact of increasing fuel moisture on the ROS would
be higher if, instead of considering a constant factor g, the expression in
Eq. (39) is used, introducing a dependency f = §(M). As M increases,
¢, s also increases, leading to a decrease in f, which results in a larger
reduction of the ROS for high moisture and wind values. Nevertheless,
given the level of simplification in our model, we limit ourselves to
a constant value for g and defer this option for future research. This
approach could improve the results for strong wind situations, where
the effect of moisture is underestimated.

Fig. 10(b) shows the dependency of the rate of spread on the wind
velocity for three different moisture levels. The different moisture levels
become almost irrelevant for high wind velocities but play a more
important role for lower wind velocities. Fig. 10(b) shows a tendency of
convergence for large wind velocities towards a common rate of spread,
at least in the case that the moisture percentage is non-zero.

In Section 2.3, the connection between wind velocity and topogra-
phies with constant slopes was drawn. Recall the key idea: Even though
the investigations in Fig. 10 were carried out for a wind velocity,
they are valid as well for a non-flat topography with a constant slope.
Further effects of the topography on the spread of fire will be studied
with simulation in two spatial dimensions in Section 4.5.

Effect of relative humidity. In the next step, the relative humidity and
the live to dead ratio r of the fuel are varied. The live to dead ratio is
relevant only for the complete two-stage moisture model C2M, which
will be used for the following investigations.

The relative humidity, RH or ¢, influences the dead wood moisture,
as described in Section 2.6.4 and in particular in Eq. (61) for ambient
temperature. The variation of relative humidity in Fig. 11(a) shows a
decrease in the rate of spread for higher humidity values. In this case,
only dead wood is regarded, r = 0, because only this type of wood
is influenced by the humidity of the air. The different wind velocities
affect, as already known for the basic model, the rate of spread and
lead to a nearly constant offset between the different curves. The curve
for w = 0 shows for high relative humidity a decrease that is similar
to the decrease in the rate of spread in Fig. 10(a). Due to the more
complex influence of the relative humidity on the total moisture level
in the C2M model, the drop in the rate of spread is not that drastically
as in the S2M model when increasing the total moisture content.
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For mixed wood, Fig. 11(b) shows the dependency of the rate of
spread on both, the relative humidity influencing the dead wood, and
on the green wood moisture content M,. Compared to Fig. 11(a), the
rate of spread is slower and the effect of relative humidity is less strong
due to the wood mixture.

The two figures show a behavior that is expected from literature:
In Moinuddin et al. (2021, Fig. 6), the comparison of different (empiri-
cal) models with simulation results is shown. All the models there show
a decaying tendency. The different empirical models describe the decay
either by a linear or an exponential decay function. The model results
differ from this behavior in the case of very high relative humidity
values, where an additional drop occurs. As a relative humidity near
100% is not the typical wildfire condition, the fit of the model to the
literature values is still good.

Influence of bulk density and packing ratio. The dependence of the rate
of spread on the bulk density of the fuel has been a widely studied topic
for decades (Catchpole et al., 1998; Cruz et al., 2018). This dependency
is highly significant in heterogeneous environments, and recent ADR
models have demonstrated the ability to accurately reproduce it (Vo-
giatzoglou et al., 2024). Here, the focus is on studying the influence of
the fuel bulk density, ;R in Eq. (9), in the ROS. For this numerical
experiment, a fixed fuel density is considered (see Table 2) and the fuel
volume ratio, R, also called packing ratio in this context, is changed.
Three different models for the dependency of the bulk density on the
fuel load are compared. Egs. (6) and (7) give the first approximation,
where both, the gaseous and solid phase, are regarded. Additionally,
their portion varies in time due to the combustion process. This mod-
eling approach is referred to as “mixture (time varying)”. The next
approximation is given by Eq. (8), taking into account the mixture but
not the time variation. As the simplest approximation, Eq. (9) does not
depend on the gaseous phase but regards only the fuel (solid phase).
Fig. 12 shows the dependency of the rate of spread on the fuel bulk
density for the three approaches. The results evidence that there are
two well-defined regions. For lower values of the fuel bulk density (and
packing ratio), there is a transition from no fire conditions to wave
propagation, increasing the ROS up to a maximum value. For larger
densities (and packing ratio), the ROS decreases slowly, in accordance
with the results reported in the literature. We believe that the role of
the T3 term in the non-local radiation model is the key to reproduce
this particular behavior. This pattern was reported in Cruz et al. (2018),
where a Ricker function was proposed as an approximation for this
dependency relationship. The proposed Ricker function accounts for
a constant contribution that dominates at low densities, transitioning
to an exponentially decaying function at higher densities. The specific
density value for this transition does not coincide with that in Cruz
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Fig. 12. Rate of spread (ROS) depending on the bulk density and the packing ratio
for the three different models. The simulations are without moisture M =0 and wind
w = 0. For sufficiently large fuel bulk densities the rate of spread decreases with
increasing fuel bulk densities.

et al. (2018) because no calibration has been performed in our model.
Differences between the three models considered herein are more
noticeable in the region near the maximum ROS. For the ’only fuel’
model, the transition is very sharp, whereas the other models show a
smoother transition.

Influence of surface coverage. The rate of spread depends as well on the
surface coverage, which is relevant for heterogeneous environments.
Here, the surface coverage is modeled as a factor multiplying the
fuel packing ratio, R, (, when assuming a theoretical maximum value
Ry ax> 8s defined in Eq. (4). The previous study was carried out for
a wide range of fuel packing ratios. Here, the maximum packing ratio
is assumed to be R;, = 0.01, and the propagation regime up to this
value is analyzed to identify the transition from no fire to propagation
conditions. Within this range, the fuel load can be considered a limiting
factor for propagation. Experiments show a non-linear dependency of
the rate of spread on the surface coverage (Miller and Gollner, 2015).
Again, the three different models described above for the dependency
of the bulk density on the fuel load are compared.

Fig. 13 shows the dependency of the rate of spread on the surface
coverage for all three approaches for describing the bulk density.
The results of all three approaches have in common that there is a
threshold value of surface coverage between 25 and 40% such that the
traveling wave solution is stopped. For higher surface coverage ratios,
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Fig. 13. Rate of spread (ROS) depending on the surface coverage (SC) for three
different fuel models. The simulations are without moisture M = 0 and wind w = 0.
The fire stops propagating for very small surface coverage.

the temperature forms a traveling wave solution with a certain rate of
spread.

The two approaches representing the mixture of solid fuel and gases
show only slight differences, whereas the rate of spread for the most
simplified model regarding only the fuel shows a higher rate of spread.
From an applied point of view, the simplified ’only fuel’ model for the
bulk parameters provides a conservative approximation that estimates
a higher rate of spread than the more complex models.

Remark 6. The key aspect when considering local radiation lies in
the strong non-linearity of the diffusion term. In Reisch et al. (2024),
it was shown that a variation of the diffusion coefficient produces
a change in the ROS. In the present model, the dependency of the
diffusion mechanism on T allows to connect the ROS with the energy
contained in the medium, which is proportional to its temperature.
This dependency is required to produce physically consistent results,
reproducing the trends observed in all the cases discussed above.

4.5. Two-dimensional domains

Now the spatial domain is extended to two spatial dimensions (2D)
and different scenarios with spatial heterogeneity are considered. Be-
low, results are presented for four different cases and the observations
made above for one spatial dimension are now extended to more
realistic fire propagation patterns in two-dimensional landscapes.
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Fig. 14. Fire spread for different moisture content levels with a wind velocity w = (0.25,0.25)" m/s, starting at (x,y) = (100, 100). Temperature and remaining fuel mass fraction
are shown at the final time. The red isochrones provide information on the temporal evolution of the fire. Contour levels are depicted from 300 K to 1400 K for the temperature

and from 0 to 1 for the biomass fraction.

4.5.1. Propagation in a homogeneous environment: assessing the effect of
fuel moisture

The aim of this case is to assess the effect of fuel moisture in 2D
fire propagation across homogeneous land, under a low wind velocity
w = (0.25,0.25)7 m/s. The computational domain is [0,200] x [0,200]
m?. The initial condition for the temperature is given by

_ 670 K if r(x,y)<5m,
T(xy.0) = { 300 K otherwise &0
with
r(x,y) =4/ (x = x)? + (y = y;)? (81)

with (x;,y;) = (100,100) m. Under these wind conditions, the predom-
inant propagation direction points toward the top-right corner of the
domain.

The computational mesh has 400 cells in each Cartesian direction.
The simulation runs for 1400 s using CFL = 0.4. The complete model
with radiation and constant reaction rate is used, assuming the sim-
plification in Eq. (9). The S2M model is used to represent the effect
of moisture. The model parameters are taken from Tables 2-4, unless
otherwise specified.

Four different simulations are compared considering different mois-
ture levels, M = 0.0, M = 02, M = 04, M = 0.6. Fig. 14 shows the
predicted temperature and biomass distribution at the final time. Be-
sides, the fire isochrones are depicted in red every 200 s. These results
evidence that the fuel moisture level has a strong impact on the shape of
the burned area, as well as on the rate of spread. When considering zero
moisture, the propagation takes place in all directions, being slightly
faster in the direction of wind. Contrarily, when increasing the moisture
level, propagation mainly takes place in the direction of wind. Besides,
the width of the fire front and the rate of spread reduces as the moisture
level increases. From a geometric perspective, the angle of the fire front
decreases with increasing moisture level.

The reduction of the rate of spread in direction of the wind is in
accordance with Fig. 10 showing the decrease in spreading rate with
increasing moisture level. More detailed, the spread orthogonal to the
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wind direction is reduced the most. This is in line with the zero wind
case of Fig. 10 where the rate of spread drops to zero for moisture levels
above 80%. In contrast, for non-zero wind speed, the decrease in the
rate of spread is less significant and reaches a non-zero threshold. The
two-dimensional simulation combines these two results when regarding
either the direction of the wind or the orthogonal direction. As the
moisture levels regarded are all below the critical threshold of M = 0.8,
there is still a fire spread orthogonal to the wind velocity, but the rate
of spread in this direction is small.

Table 7 shows the total burned area at the final time of the sim-
ulation. The burned area is calculated considering the points with a
biomass fraction below the threshold Y 0.99. The results show
a strong reduction of burned area for higher moisture levels, e.g. a
reduction of 80% for a moisture level M = 0.2 compared to the no
moisture case.

Including moisture in the model shows a significant difference in the
system behavior, which is even more crucial in the two-dimensional
setting. The burned area and the rate of spread differ strongly in the
direction of the wind and orthogonal to it.

4.5.2. Propagation in heterogeneous environments: assessing the effect of
fuel moisture

The aim of this case is to understand the model behavior when
changing the fuel moisture in a heterogeneous landscape composed of
four quadrants with different fuel moisture content. The computational
domain is [0,200]x[0,200] m?. The initial condition for the temperature
is given by

670 K
300 K

if r(x,y)<5m,

2
otherwise 82)

T(x,y,0) = {

with r in Eq. (81) and (x;,y;) = (100,100) m. The moisture content
differs in the four quadrants,

00 if x<100and y> 100,
0.1 if x> 100and y> 100,

MOY'=9 02 if x<100and y< 100, &3)
0.3 if x> 100 and y < 100.
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Table 7
Burned area at the final time (z = 1400 s) of the simulation, threshold for burning Y < 0.99.
M 0.0 0.2 0.4 0.6
Burned area (m?) 19979.5 4052.0 1564.0 890.25
M=0.1
175 1 175
150 A 150
125 A 125
£ 100 - - N\ - - - £ 100
= =
75 1 75
1
50 A : 50
1
1
25 1 : 25
M=0.2 - M=0.3
1
25 50 15 100 125 150 175 25 50 75 100 125 150 175
x(m) x(m)

Fig. 15. Temperature (left) and biomass fraction (right) for fire propagation in a case with a different moisture content in each quadrant. The isochrones show continuous
connections of the solution at the intersections of different moisture content regions. Contour levels are depicted from 300 K to 1400 K for the temperature and from 0 to 1 for

the biomass fraction.

The computational mesh has 400 cells in each Cartesian direction.
The simulation runs for 1400 s using CFL = 0.4. The complete model
with radiation and constant reaction rate is used, assuming the sim-
plification in Eq. (9). The S2M model is used to represent the effect
of moisture. The model parameters are taken from Tables 2—4, unless
otherwise specified, with zero wind conditions.

Fig. 15 shows the predicted temperature and biomass distribution
at the final simulation time. Besides, the fire isochrones are depicted in
red every 200 s. The results evidence that the ROS is higher in those
quadrants with lower fuel moisture content, as observed in the one-
dimensional setting of Fig. 10(a) and the two-dimensional setting of
Fig. 14.

The fuel moisture content has discontinuous jumps at the interface
of two quadrants. However, the simulation results in Fig. 15 show
that those sharp discontinuities can be handled by the model, without
producing any numerical artifact at the interfaces. Based on these
results, it is possible to have smaller patches of heterogeneous moisture
content levels, modeling more realistic scenarios, without running into
numerical problems due to discontinuous parameters.

4.5.3. Propagation in heterogeneous environments: assessing the effect of
surface coverage

The aim of this case is to understand the model behavior when
changing the fuel load by modifying the surface coverage, SC, assum-
ing that the fuel load is a limiting factor for the parameters chosen here
—i.e., corresponding to the region of Fig. 12 where the ROS increases
with fuel load-. Those areas with a lower value of SC are expected to
act as a firebreak. The computational domain is [0,200] x [0,200] m?.
The initial condition for the temperature is given by

670 K if r(x,y) <5 m,

300 K otherwise &4

T(x,y,0)= {
with r in Eq. (81) and (x;,y,) = (50,50) m. The surface coverage is set
as a piecewise constant distribution in space

1o if
sC, if

x <100 m,

x> 100 m (85)

SC(x,y)={
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The computational mesh has 400 cells in each Cartesian direction.
The simulation runs for 2200 s using CFL = 0.4. The complete model
with radiation and constant reaction rate is used, assuming the sim-
plification in Eq. (9). The S2M model is used to represent the effect
of moisture. The model parameters are taken from Tables 2—4, unless
otherwise specified above.

Four different simulations consider different fuel surface coverages,
SC,, namely SC, = 0.2, SC, = 04, SC, = 0.6, SC, = 0.8, setting a
wind velocity w = (1, 1)T m/s. Fig. 16 shows the predicted temperature
and biomass distribution at the final time. Besides, the fire isochrones
are depicted in red every 200 s. These results confirm that higher fuel
loads, regarded as higher .SC, enhance fire propagation. Besides, there
is a threshold at which the fire extinguishes and propagation stops,
acting as a firebreak. In this example, the threshold appears for a value
of SC between 0.2 and 0.3. Fig. 16 shows a strong dependency on
stopping the fire on the surface coverage but, in oppose to the influence
of the moisture content, the rate of spread is less strongly affected by
the reduced surface coverage. This tendency is supported by the one-
dimensional simulation in Fig. 13, where the drop from a higher rate
of spread for high surface coverage values to zero for small surface
coverage values is very abrupt.

As in the previous case, these results also evidence that sharp
discontinuities in the fuel load can be adequately handled by the model,
without producing numerical artifacts at the interface.

4.5.4. Propagation in heterogeneous environments with topography

This case examines fire propagation across uneven vegetation, both
with and without the influence of topography. The computational
domain is [0,200]x[0,200] m?. The initial condition for the temperature
is given by

670 K
300 K

if r(x,y)<5m,

otherwise (86)

T(x,y,0)= {
with r in Eq. (81) and (x;,y;) = (100,50) m. A heterogeneous biomass
distribution is modeled by the function

—gin (2 2 _
Wt =55 o (135 20)

20.0



A. Navas-Montilla et al.

T(K)
i
1
150 - &
~ y
= ! =
E 100 i N
£ ] \
- i M
50 ] M
i
: ! .
50 100 150 50 100 150
x(m) x(m)
(a) SCr =0.2
T(K)
i
150 -
1
. 1
£ 100 - ]
> 1
1
50 - ]
1
1
: ! .
50 100 150 50 100 150
x(m) x(m)

(c) SCr =0.6

Environmental Modelling and Software 192 (2025) 106511

T(K)
i
150 - N
1
. 1
£ 1001 i
> 1
1
50 - !
1
1
. ! ;
50 100 150 50 100 150
x(m) x(m)
(b) SC, = 0.4
T(K)
i
150 150
1
~ ] ~
E 100 1 i £ 100
= 1 =
1
50 - ! 50
i
. ! ;
50 100 150 50 100 150
x(m) x(m)
(d) SC, =08

Fig. 16. Fire spread at the interface of a changing surface coverage (SC), starting from (50,50) m with a wind velocity w = (0.25,0.25)" m/s. The temperature and remaining fuel
mass fraction are shown at final time, the isochrones give information on the temporal evolution. The area with .SC = 0.2 acts as a fire break, areas with low SC slow down the
rate of spread. Contour levels are depicted from 300 K to 1400 K for the temperature and from O to 1 for the biomass fraction..

+ sin (i - 40.0)2 sin (L) +20. (87)

20.0 10.0
setting 5, = 400 kg/m* and R, = 0.01.

Two different scenarios are considered, the first subcase consid-
ers flat topography whereas the second subcase considers a smoothly
varying topography given by

(x — 200)? 4 (y — 200)?
Z(x,y)-SOexp(— 20000 )

The computational mesh has 400 cells in each Cartesian direc-
tion. The simulation runs for 2600 s using CFL = 0.4. The complete
model with radiation and constant reaction rate is used, assuming
the simplification in Eq. (9). The bulk density and heat capacity are
computed using the more realistic mixture approximation in Eq. (8).
The moisture is zero and the wind is given by w = (0.0,0.5)" m/s. The
model parameters are taken from Tables 2—4, unless otherwise specified
above.

Fig. 17 shows the evolution of the fire (isocrhones) and the final
state for the temperature and fuel load. A tendency to spread to areas
with higher fuel load is observed. Additionally, there are fire breaks
for small fuel loads, which is comparable to the situation in Fig. 16(a).
The wind direction is parallel to the y-axis, but there is a strong
propagation as well in the areas with high fuel load orthogonal to the
wind direction.

Fig. 17 shows the spread of fire in the same biomass configuration
but now with additional uneven topography. The topography acts as an
additional advective influence, compare Section 2.3. The topography in
Eq. (87) has a gradient pointing towards (x, y) = (200, 200) m, therefore
there is an additional advective influence towards the upper right-hand
corner. Fig. 17 shows this influence by having a stronger tendency to
spread towards this corner.

(88)

4.5.5. Validation using an experimental field study: case F19

The experimental case F19 (Mell et al., 2007) belongs to a set of
experiments conducted in the Northern Territory of Australia, during
July and August 1986 (Cheney and Gould, 1995; Cheney et al., 1993).
For all the experiments, fuels were open grasslands and grasses were
continuous and normally fully cured; besides, the topography was flat.
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For case F19, the fuel was Themeda grass. The grass-land plot was
200 x 200 m and the ignition line fire was 175 m long. This line fire
was created with drip torches carried by two field workers walking for
56 s in opposite directions from the center point to the ends of the line
fire. The average wind speed was 4.8 m/s. The resulting average rate
of spread is around 1.45 m/s (87 m/min).

The experiment F19 has been extensively used in the literature for
model validation (Mell et al., 2007) and is herein reproduced using the
proposed model for the same purpose. A spatial domain [0, 250]%[0, 250]
m? is considered, setting the remaining biomass fraction at zero along
a 25 m wide strip along the edges of the domain. The resolution of the
mesh is 1 m, which leads to an average time step of 0.05 s. The initial
condition is set as a constant temperature — ambient temperature —
in the whole domain. To reproduce the ignition process, a moving heat
source term is added on the left side of the domain, mimicking the
operation carried out by the field workers.

The parameter values for this case are shown in Table B.8 B. It must
be noted that there are different choices for the parameters reproducing
the observed ROS, with differences in the width of the fire front,
maximal temperature, and other variables. Furthermore, note that the
ROS in this case is unusually high, which amplifies the difference
between the parameters in Table B.8 and the default parameters. A
domain height of / = 1 m is considered, but other values will be
explored in the future to obtain more suitable parameter values, e.g. for
the optical path length.

Fig. 18 shows the fire front at + = 56 s, t = 86 s and t = 138 s
reproduced by the model and it is compared with the experimental
measurements from (Cheney and Gould, 1995; Cheney et al., 1993)
and the numerical results provided by the WFDS model from (Mell
et al., 2007). The proposed model reproduces the reported ROS and
the shape of the fire front, which evolves from a triangular shape to a
more rounded shape. The computed results closely match those of the
WFDS model (Mell et al., 2007).

5. Conclusions

We presented an ADR wildfire propagation model that accounts for
the effect of fuel moisture, and also considers wind, local radiation,
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Fig. 17. Temperature (left) and fuel load (right) at the final time for the simulation of fire with (b) and without topography (a), considering spatially heterogeneous fuel with
wind w = (0.0,0.5)" m/s, M = 0.0, and the mixture approximation in Eq. (8). (a) Flat terrain is considered: The fire spreads faster in areas with high fuel load, influenced by the
wind in y—direction. (b) Gaussian topography is considered: The slope towards (x, y) = (200,200) enhances the fire spread in this direction..

natural convection, and topography. Special attention has been given
to the derivation of the governing equations from the fundamental
conservation laws within an idealized vegetation stratum which is
modeled as a two-phase porous flow. The proposed model includes
different mechanisms for live and dead fuel by using the apparent
calorific capacity method, which models the effect of thermal phase
changes through an apparent heat capacity. Three different moisture
models — the S2M, C2M, and S3M — have been presented to represent
the evaporation process and the constituents of fuel with different
levels of detail, being the S2M the preferred option when total fuel
moisture data are available and the C2M model used when willing to
distinguish between live and dead fuels. The use of the C2M model will
benefit wildfire propagation predictions, because dead fuel moisture is
often considered to be the main control on fire characteristics and fire
impact on fuel and vegetation, see, e.g., Rakhmatulina et al. (2021)
and Van Wagtendonk (1977). A limitation of this model is that the
relative humidity does not vary over time. A more complete approach,
see, e.g., Perello et al. (2024), could be easily adapted. Also note that
the utilization of dead fuel moisture data in the model, if available,
is straightforward by substituting this approach -i.e., M; would be
considered as an input parameter—.

Our work provides new insights on ADR-based wildfire propagation
modeling that complement previous studies, e.g., Babak et al. (2009),
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Grasso and Innocente (2018), Mandel et al. (2008), Mitra et al. (2024),
Nieding et al. (2024), Reisch et al. (2024) and Weber (1991b). Key
modeling decisions have been carefully analyzed and justified through
both theoretical analysis and simulation results. One of the fundamen-
tal findings of this analysis is related to the degree of simplification
that can be applied to the terms in the advection-diffusion-reaction
equation. Whereas the combustion heat and atmospheric cooling source
terms can be significantly simplified without excessively compromising
the physical realism of the solution, the diffusion term requires, at least,
a non-linear model for the diffusion parameter to obtain physically
consistent results. This is addressed through Rosseland’s approximation
of local radiation. With regard to the combustion heat source term, it
is shown that the commonly used Arrhenius combustion function can
be approximated by a constant as long as the switching function for
activating and deactivating the combustion process is still included.
This approximation is in line with the macroscopic scale of the wildfire
model: The Arrhenius law is based on chemical processes on a much
smaller length scale, and the resulting non-linear combustion term con-
trasts the model accuracy on the macroscopic scale. For the combustion
model, the key parameters are the combustion heat of the fuel, H, and
the kinetic constant, A, the latter depending on the physio-chemical
structure of the fuel. With respect to radiation, the fundamental aspect
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Fig. 18. Fire fronts at t = 56 s, t = 86 s and 7 = 138 s reproduced by the model (shading
and contour lines), compared with the experimental measurements from Cheney et al.
(1993) and Cheney and Gould (1995) (black markers) and the numerical results
provided by the WFDS model from Mell et al. (2007) (green dashed line). Contour
lines are shown for the temperature every 100 K, from 900 K to 1400 K. Temperatures
below 900 K are represented in light yellow (background color) to better visualize the
fire front.

when considering local radiation through Rosseland’s approximation
lies in the strong non-linearity of the diffusion term. The dependence
of the diffusion mechanism on 77 links the ROS to the energy of the
medium, which is proportional to its temperature, ensuring physically
consistent results and reproducing the observed trends. The optical path
length, &, is the key parameter for the Rosseland approximation and can
be retained as a calibration parameter.

The parametric analyses presented herein provide evidence of the
model’s ability to reproduce the expected fire propagation behavior
and the dependence of the ROS on the main drivers of fire spread. The
model reproduces both the exponentially decaying trend of the ROS
as fuel moisture increases (live fuels) and the nearly linearly decaying
trend of the ROS as relative humidity increases (dead fuels). Moreover,
the model reproduces an increase in ROS with the fuel load when the
latter is a limiting factor, showing a threshold for no-fire conditions.
When the fuel load is not a limiting factor, a Ricker-like function
behavior is reproduced, with an exponentially decaying ROS for large
fuel load values.

A limitation of this model is that the effect of radiation is only
considered locally. The model uses the Rosseland approximation to
model the local radiative effects as a diffusion mechanism. Therefore,
heat is transferred between adjacent areas in a manner similar to
conduction and the long-distance effect of radiation is not represented,
which results in short pre-heating times. Consequently, the influence
of topography must be approximated as an advective phenomenon.
The use of non-local radiation models would avoid this unphysical
representation of topography and would improve the effect of wind,
which should not be only represented through the advective term. In
any case, the present approach based on local radiation offers a good
balance between accuracy and complexity in the model.

So far, the optical path length § was treated as a constant. A more
detailed modeling approach may include a connection between the
optical path length and the vegetation structure, for example, through
the packing ratio R/, the fuel fraction Y, or the radiation parameter k.
Something else to explore in the future is the dependence of the wind
correction coefficient, §, on the moisture content, which may improve

21

Environmental Modelling and Software 192 (2025) 106511

the model’s predictions in presence of strong wind conditions. Addi-
tionally, a more complete definition of the chemical reaction processes
through the consideration of oxygen, water vapor, and combustion
products would also improve the physical realism of the model.

Accounting for fuel moisture effects on wildfire dynamics opens
possibilities to consider hydrological and plant physiological controls
on the wildfire propagation. This is already done in the context of
wildfire risk, see, for example, Ruffault et al. (2020, 2022), but is not
common for wildfire propagation. Another interesting topic that could
be explored with this model is the link between vegetation pattern
dynamics in water-limited systems and wildfire propagation in these
systems. A spatially aggregated modeling approach has been applied
in Crompton et al. (2022) to study wildfire regime-vegetation feedback.
In this context, spatially distributed modeling of wildfire propaga-
tion could further provide insights into wildfire—ecosystem structure
relations.

As a next step of this research, we plan to use the presented model
to reproduce real-world fire events by calibrating the parameters in
Table 3. While we are confident that the model will reproduce the fire
dynamics sufficiently well, a systematic study on real-world fire events
is necessary to build confidence in the model’s predictive capability.
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Appendix A. Energy conservation equations in the model

In this section, the conservation of energy and the assumptions
made to develop the model herein are presented. Refer to Bird (2002)
for a complete description of these equations. For the sake of clarity,
notation has been simplified and subscripts for the material proper-
ties for the fluid and solid cases have been omitted when analyzed
independently.

Conservation of energy in a fluid:
The partial differential equation describing the conservation of
internal energy, e, in a gas is expressed as follows

98 LV (pev) =

E -V.-q-pV-Vv+¢,+q,,

(A1)
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Table B.8
Parameter values for the case F19.
Source: Adapted from Mell et al. (2007).
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Parameter Symbol Value Units
Ground elevation z 0 m
Wind velocity w 4.8 m s~}
Initial fuel volume ratio Ry, 0.00061 -
Fuel density Py 512 kg m™3
Initial fuel load W 0.31 kg m™2
Specific heat of dry fuel ¢ s0 1.5 kJ kg™! K!
Fuel pyrolysis temperature T, 400 K
Fuel combustion heat H 15000 kJ kg™!
Reaction rate A, 0.1 st
Fuel moisture content M 0.06 -
Thermal conductivity k. 0.0001 kW m™! K-!
Optical path length ) 10.0 m
Ambient cooling coefficient & 0.2 kW m~2 K~!
Wind correction coefficient B 0.15 -
0.0630 A
0.028 1
0.0625 A
0.026 A
w p w
2 0.0620 @ 07
8 8
& 0.0615 & 0.022 A
0.0610 A 0.020 4
0.0605 A 0.018 4
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Fig. C.19. Rate of spread depending on the number of cells for different moisture and wind scenarios at 7, = 2000 s. All scenarios show a convergence tendency for high number

of cells.

where p is density, p is pressure, v is the flow velocity, q is a diffusion
heat flux —e.g., Fourier law and Rosseland approximation of radiation-,
pV - v is the volume expansion term, ¢, is the viscous dissipation and
g, represents other heat sources (expressed per unit volume). It must
be noted that the volume expansion term, pV - v, cannot be neglected
even for low Mach number flows near the incompressibility condition,
such as those considered in this paper.
Making use of the definition of enthalpy, that is

h=e+?, (A.2)
p
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one can rewrite Eq. (A.1) as

dph Dp

AV vy =LV .q+ ¢, +q,, A3
o (phv) = - q+¢, +q (A.3)
where the term % = ;—’t + v - V represents the material derivative

operator.

Now, by expanding the left-hand side of Eq. (A.3) and making use
of the mass conservation equation—i.e. g—’: + V- (pv) =0, Eq. (A.3) is
rewritten in its non-conservative form

Dh  Dp

pm =Py

A.
Dt Dt A4

qt+d,t+yqs.
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Fig. C.20. Profiles of the solution depending on the number of cells for different wind and moisture scenarios at a final time ¢, = 2000 s. Top: M = 0.0, w = 0.2; middle: M =0.2,
w = 0.0; bottom: M = 0.5, w = 0.5. The simulations show a convergence tendency for the traveling wave front and the maximal temperature.

By expressing enthalpy differential in terms of pressure and temper-

ature (Bird, 2002), Eq. (A.4) becomes

DT olnp\ Dp

- - _ —~Z_v. R A.5
" "Dr <01nT>p D1 4+ ot (A-5)
where ¢, is the specific heat at constant pressure. Considering an
ideal gas, the relation (g::;) = —1 holds and the previous equation

p

becomes

DT  Dp

—=—-V- . A6
"D = Dr q+¢, +aq, (A.6)
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When considering the application to wildfire modeling in this paper,
a simple analysis of order of magnitude of the terms in Eq. (A.6) shows
that the total derivative of pressure as well as the viscous dissipation
term can be neglected. Comparing the magnitude of these terms with
the left-hand side of Eq. (A.6), we obtain

o VU2 At o vU
pT LZAT<<1’ or LAT<<1’
v pepus— S
Dp 4 (A.7)
D;)T ~ ZT <1,
ey PO



A. Navas-Montilla et al.

for the characteristic scales of our problem, being the time scale related
to the heating time from ambient temperature to the maximal tempera-
ture (AT ~ 600 K). The term 4p is negligible for a constant atmospheric
pressure.

Considering the previous assumptions, the equation for the conser-
vation of energy can be written as follows

DT
pcpE =-V.q+g,. (A.8)
Analogously, the conservative form of the equation becomes
oph
Pl AV - (phv) =V -q+4,. (A.9)

ot

Conservation of energy in a solid:

The partial differential equation for the conservation of energy, e,
in a solid, also known as the heat equation, is expressed as
dpe
“or
where p is the density of the solid, q is a diffusion heat flux and ¢,
represents other heat sources.

For a solid assumed incompressible, the specific heats at constant
volume and pressure coincide, ¢ = ¢, = c,. Therefore, internal energy
and enthalpy can be considered equal, e = h. If neglecting the variation
in time of the material properties, we can rewrite equation Eq. (A.10)
as

oo
P o0

- _V.q+4q,, (A.10)

=-V.q+g,. (A.11)
Conservation of energy in a two-phase porous medium:

Following Section 2.1, the medium can be represented by a two-
phase porous flow, where the solid phase or fuel is denoted by f and the
gaseous phase, or air, is denoted by a. The volume fraction of fuel in the
domain is given by R,. Assume having a perfect mixture and all vari-
ables are homogenized. All the material properties — e.g., density, spe-
cific heat — are defined in Section 2.1. By combining the conservation
equations for enthalpy in a fluid and a solid, see Vafai (2015), under the
assumption of thermal equilibrium (T, = T, = T), we obtain a single-
equation model as described in Séro-Guillaume and Margerit (2002):

dph

ot
where ph = ph;R; + p,h,(1 — Ry) is the enthalpy per unit volume of
the mixture, q is the total diffusion heat flux and ¢, represents all the
heat sources (in both phases). Analogously,

+ V- (Bahg(1 = RV, ==V - q+4q,. (A.12)

pe, ‘Z_f (A.13)

where pc, = ¢, rR;+p,¢, ,(1-R;) is the specific heat per unit volume
of the mixture and q and ¢, represent heat fluxes and sources in both
phases.

+ Palpa(l = RV, - VT ==V - q+q,,

Appendix B. Parameter values for the case F19

In this appendix, the parameter values for the test case F19 com-
puted above are described. Table B.8 shows the numerical values for
the parameters, which have been adapted from Mell et al. (2007).

Appendix C. Verification of the numerical solvers—mesh conver-
gence analysis

This section provides a mesh convergence analysis of the model
(using S2M), with and without moisture and wind. Fig. C.19 shows the
rate of spread depending on the number of mesh cells N, in the spatial
discretization, compare Section 3.1. Low wind conditions, i.e. w =
0.2 m/s and the default parameters from Tables 2—4 are used. The initial
condition in Eq. (79) is used. The domain length is 500 m.

Additionally, Fig. C.20 shows the profiles of the solutions. The
traveling wave fronts are approaching a limit and the shape of the
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fronts is almost identical for N, = 1600 and more. In the case of having
both moisture and wind, convergence is slightly slower than in the
case without the combined effect. Nevertheless, smooth convergence
is achieved for a sufficient number of cells and the error in ROS is
very small for meshes of N, = 1600 cells and above, e.g. the position
of the front varies less than 6 m. These results motivate our choice of
N, = 1600 throughout the paper (for 1D cases in a domain with length
L =500 m).

Data availability

The link to the data has been included in the manuscript.
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