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... Their friendship provided a much-needed sense of companionship. I would be failing in

my duty if I did not give a special mention to the members of Platypus in this paragraph:

Octavio, Colin, Sebastian, Geelon, Drew, Dustin, Jack, thanks for your contributions to

my world view.

The invaluable support of my family and friends deserves special credits, without whom

the scientific and engineering principles underpinning this dissertation would not have been

i



possible. I am proud to say that I am undoubtedly one of the most fortunate individuals

in the world. I have consistently received support from my family in the face of any life

challenge, specially from my parents and sister. The second category of family, namely

those friends that one encounters along the course of life, have also brought considerable

happiness, constituting the core of my principles. They have been the perfect feedback

loop, stabilizing my system dynamics.

The last words inevitably go to Rebeca, the necessary and sufficient condition of hap-

piness throughout these years. Looking back, you are the person that brings light to the

world. Everybody knows how fortunate I am of living along you. During the years encom-

passing this dissertation we moved in together, we traveled around the globe, and we got

engaged. The only thing I can say is: thank you.

ii





Abstract

Multi-robot systems emerge as a promising solution for tackling complex tasks that are

beyond the capabilities of a single robot. Their inherent parallelism, robustness to indi-

vidual failures, and ability to operate in large-scale environments make them particularly

appealing for applications such as search and rescue, environmental monitoring, herding

and agriculture, or warehouse automation. However, the coordination and control of multi-

ple robots operating in a distributed infrastructure pose significant challenges. Specifically,

this thesis aims to address four key aspects of distributed multi-robot systems: (i) effec-

tiveness of coordination in highly nonlinear, volatile environments; (ii) fast and accurate

reconstruction of collective information; (iii) scalability of the control policies in the num-

ber of robots; and (iv) power supply management. To address the four points, the thesis

exploits three main tools: (i) physical properties of networked systems, (ii) geometrical

control techniques and (iii) distributed optimization and machine learning methods.

The first part of the thesis addresses the problem of controlling input-nonaffine dy-

namical systems by means of a team of robots. The main motivation example is that of

multi-robot herding, where robots leverage the highly nonlinear input-nonaffine reactive

dynamics of the evaders to steer them to desired regions. We develop a novel control

technique, called Implicit Control, that is able to stabilize general continuous-time input-

nonaffine dynamics and impose desired transient behaviors. We formally characterize the

main properties of this new control method and show its beneficial properties for multi-

robot herding. The original Implicit Control formulation is suited for centralized systems.

Therefore, to enable decentralization, we design novel fast distributed optimization, con-

sensus and dissensus techniques. They achieve, respectively, the fastest existing first-order

distributed optimization method, effective robot reconstruction of control quantities of in-

terest, and perception-based effective coordination and collision avoidance.

The second part of the thesis targets distributed stochastic estimation for fast and accu-

rate global awareness acquisition. As departing point, we focus on recovering the optimality

properties of the centralized standard Kalman filter in distributed settings, preserving the

scalability properties of the existing algorithms. We resolve the problem by proposing the

first certifiable optimal distributed Kalman filter under unknown correlations. We find

that the consistent fusion of correlated estimates can be cast as a semi-definite program

that computes the tightest outer ellipsoid that encloses the intersection of a set of ellip-

soids. The local semi-definite program is seamlessly integrated in an event-triggered dis-

tributed Kalman filter algorithm to develop the most accurate and communication-efficient

distributed stochastic estimator for linear Gaussian systems. The success of the solution

motivates us to further work on reconstructing the global solution of the outer Löwner-John

ellipsoidal method, a semi-definite program with applications in robust control, computer

vision and stochastic estimation. The thesis derives, for the first time, continuous- and

discrete-time solutions for static and time-varying cases.

The third part of the thesis copes with the problem of learning distributed multi-

robot control policies that are scalable and effective in both cooperative and competitive

tasks. We detect that there is a variety of multi-robot tasks that are hard to model
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mathematically, motivating the use of learning techniques. We propose a novel physics-

informed policy parameterization tailored to simultaneously address scalability, sample

efficiency and accuracy in performance. The formulation builds upon port-Hamiltonian

systems, a general yet simple description of physical systems to encode the distributed

nature of multi-robot systems. We complement the design with a self-attention-based

parameterization to handle time-varying topologies. The success of this novel physics-

informed policy parameterization is proved to be effective in multi-agent reinforcement

learning and imitation learning settings.

The fourth and last part of the thesis revolves around how to transfer some of these

multi-robot control techniques to energy systems, an essential ingredient for robot au-

tonomy. The problems examined in this part are considered through the lens of control

theory: identification, estimation and control of power devices. We first propose a solution

for the problem of automatic thermal model identification of power devices from demon-

strations, with widespread applications in optimal thermal design of power devices. Next,

we consider the fault-tolerant stochastic estimation and prediction of photovoltaic battery

voltage, where Gaussian Process Regression allows effective online prediction of low-energy

scenarios in critical environmental infrastructures. The last application consists in the non-

linear implementable control of dual active bridge series resonant converters, a fundamental

component in many applications from robotic platforms to energy stations.
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Resumen

Los sistemas multi-robot se perfilan como una solución prometedora para abordar tar-

eas complejas, superando las capacidades de un solo robot. Su inherente paralelismo, su

robustez ante fallos individuales y su capacidad para operar en entornos a gran escala

los hacen especialmente atractivos para aplicaciones como búsqueda y rescate, vigilancia

medioambiental, pastoreo y agricultura o automatización de almacenes. Sin embargo, la

coordinación y el control de múltiples robots que operan mediante una infraestructura dis-

tribuida plantean retos fundamentales. En concreto, esta tesis aborda tres aspectos clave

de los sistemas multi-robot distribuidos: (i) la eficacia de la coordinación en entornos alta-

mente no lineales y volátiles; (ii) la reconstrucción rápida y precisa de información global;

(iii) la escalabilidad de las poĺıticas de control en el número de robots; y (iv) la gestión de

la alimentación y enerǵıa. Para abordar los tres puntos, la tesis explota tres herramientas:

(i) las propiedades f́ısicas de los sistemas distribuidos, (ii) técnicas de control geométrico y

(iii) métodos de optimización distribuida y aprendizaje automático.

La primera parte de la tesis aborda el problema de control de sistemas dinámicos no

lineales con respecto a la entrada mediante un equipo de robots. El principal ejemplo moti-

vador es el del pastoreo multi-robot, en el que los robots aprovechan la dinámica reactiva al-

tamente no lineal de los evasores para dirigirlos hacia regiones deseadas. Desarrollamos una

novedosa técnica de control, denominada Control Impĺıcito, capaz de estabilizar dinámicas

no lineales en entrada y salida en tiempo continuo e imponer comportamientos transitorios

deseados. Caracterizamos formalmente las principales propiedades de este nuevo método

de control y mostramos sus beneficios para pastoreo multi-robot. La formulación original

de Control Impĺıcito es adecuada para sistemas centralizados. Por lo tanto, para lograr

su descentralización, diseñamos nuevas técnicas de optimización distribuida, consenso y

disenso. Con ellas se consigue, respectivamente, el método de optimización distribuida de

primer orden más rápido que existe, la reconstrucción efectiva por parte de los robots de

las magnitudes de control de interés, y la coordinación y evitación de colisiones basadas en

percepción.

La segunda parte de la tesis se centra en la estimación estocástica distribuida para la

adquisición rápida y precisa de contexto global. Como punto de partida, nos centramos

en recuperar las propiedades de optimalidad del filtro de Kalman estándar centralizado

en entornos distribuidos, preservando las propiedades de escalabilidad de los algoritmos

existentes. Resolvemos el problema proponiendo el primer filtro de Kalman distribuido

óptimo certificable bajo correlaciones desconocidas. Descubrimos que la fusión consistente

de estimaciones correladas puede plantearse como un programa semidefinido que calcula el

elipsoide exterior más pequeño que encierra la intersección de un conjunto de elipsoides. El

programa local semidefinido se integra de forma transparente en un algoritmo de filtro de

Kalman distribuido activado por eventos, desarrollando el estimador estocástico distribuido

más rápido y eficiente, desde el punto de vista de la comunicación, para sistemas lineales

gaussianos. El éxito de la solución nos motiva a seguir trabajando en la reconstrucción

de la solución global del método elipsoidal de Löwner-John, un programa semidefinido con

aplicaciones en control robusto, visión por computador y estimación estocástica. La tesis
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deriva, por primera vez, soluciones en tiempo continuo y discreto para casos estáticos y

variables en el tiempo.

La tercera parte de la tesis aborda el problema del aprendizaje de poĺıticas de control

multi-robot distribuidas que sean escalables y efectivas tanto en tareas cooperativas como

competitivas. Detectamos que existe una variedad de tareas multi-robot que son dif́ıciles de

modelar matemáticamente, lo que motiva el uso de técnicas de aprendizaje. Proponemos

una novedosa parametrización de poĺıticas informada por la f́ısica y adaptada para abordar

simultáneamente la escalabilidad, la eficiencia muestral en entrenamiento y la precisión en

el comportamiento. La formulación se basa en los sistemas hamiltonianos, una descripción

general pero sencilla de los sistemas f́ısicos para codificar la naturaleza distribuida de los sis-

temas multi-robot. Complementamos el diseño con una parametrización basada en atención

para manejar topoloǵıas variables en el tiempo. El éxito de esta novedosa parametrización

se demuestra eficaz en entornos de aprendizaje por refuerzo y aprendizaje por imitación.

La cuarta y última parte de la tesis gira en torno a cómo trasladar algunas de estas

técnicas de control multi-robot a sistemas energéticos. Los problemas examinados en esta

parte se estudian desde la perspectiva de la teoŕıa de control: identificación, estimación

y control de dispositivos de potencia. En primer lugar, proponemos una solución para el

problema de identificación automática de modelos térmicos de dispositivos de potencia a

partir de demostraciones, con amplias aplicaciones en el diseño térmico óptimo de disposi-

tivos de potencia. A continuación, consideramos la estimación y predicción estocástica de la

tensión de bateŕıas en instalaciones fotovoltaicas, donde la regresión de procesos gaussianos

permite una predicción eficaz en infraestructuras medioambientales cŕıticas. La última apli-

cación consiste en el control implementable no lineal de convertidores resonantes en serie

de doble puente activo, un componente fundamental en muchos dispositivos, que van desde

los propios robots autónomos a las estaciones de enerǵıa.
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Chapter 1

Introduction

In the contemporary technological landscape, where innovation and automation converge,

a compelling paradigm is emerging: the confluence of collective intelligence, networked

systems, and robotics. This synthesis foresees a transformative era in decision-making and

problem-solving, wherein the aggregate capacity surpasses that of individual constituents.

Fundamentally, this phenomenon explores the dynamics of interaction and collaboration

among intelligent agents, encompassing both software algorithms and physical robots,

within complex networks to achieve common objectives. From the swarm robotics to sen-

sor networks, these systems exemplify the strength of collective intelligence in transcending

the limitations of individual entities. Beyond the spectacle, however, lies significant techni-

cal challenges comprising sophisticated algorithms, communication protocols, and control

mechanisms. This intricate apparatus empowers these systems to perceive their environ-

ment, negotiate consensus, and adapt to dynamic circumstances. It is through this synergy

of intelligence, connectivity, and autonomy that we unlock the potential to revolutionize

societal-scale domains [Christensen et al., 2021,Annaswamy et al., 2023], from search and

rescue [Heintzman et al., 2021] to autonomous manufacturing [Walke et al., 2023].

A primary instance of a collective system is that of multi-robot systems. Multi-robot

systems (see Fig. 1.1) are a class of complex systems comprising multiple autonomous

robots that interact and collaborate to achieve common objectives. These systems leverage

the collective capabilities of their constituent robots to accomplish tasks that might be

beyond the reach of a single robot, or that can be performed more efficiently or robustly

through cooperation. Multi-robot systems present different characteristics depending on

the targeted application. In this thesis we consider teams of robots with the following key

features:

• Multiple robots: The system involves two or more robots, which may be homoge-

neous (identical) or heterogeneous (with varying capabilities in terms of perception,

kinodynamics or goals).

• Autonomy: Each robot possesses a degree of autonomy, enabling it to sense its

environment, make decisions, and act independently to some extent.

1
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(a) (b)

(c) (d)

Figure 1.1: Applications of multi-robot systems. Teams of robots offer promising capabilities in a

broad range of applications, such as (a) agriculture (source: ALLERIN), (b) wildlife monitoring (source:

[Shah et al., 2020]), (c) search and rescue (source: [Queralta et al., 2020]), and (d) warehouse operation

(source: Amazon), tasks that are commonly challenging for single robot platforms.

• Cooperation and communication: Robots can communicate and coordinate their

actions to achieve shared goals. This may involve exchanging information about their

surroundings, tasks, or internal states. In this sense, the multi-robot infrastructure

can be centralized (a server gathers all the information for the robots, processes the

information and sends the result back to the robots) or distributed (robots exchange

information only with neighboring mates, and all computations are carried on locally

at each robot). In this thesis we will focus on distributed infrastructures.

Despite its promising capabilities, effective control of multi-robot systems is an open

question, because existing approaches struggle with scalability, resilience and modularity.

The future lies in distributed algorithms that leverage local multi-robot interactions

to achieve global objectives. Sadly, the benefits of distributed systems come at a high cost.

The mathematical formulation of task interactions between the robots and the environment,

the control of those interactions, and the acquisition of global awareness pose challenges

yet to be addressed. This thesis aims to develop solutions to these challenges by

harnessing the power of physics, geometry and learning, leading to scalable yet

accurate distributed multi-robot control policies.

More specifically, the main contribution of the thesis is a set of new control tech-

niques to solve distributed multi-robot problems in an effective yet scalable manner. The

proposed methods enable cooperative coordination of robotic teams independently on the

number of robots, solving problems that encompass nonlinear control in complex set-

tings, stochastic state estimation of dynamic processes, unknown task descriptions and
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Figure 1.2: Overview of the challenges addressed in the thesis, illustrated by a multi-robot herding

problem. Departing from a graph theoretical description of the multi-robot system, we propose to leverage

physics, geometry and learning to (i) design distributed input-nonaffine control policies that exploit physical

restrictions on the robots and interactions, (ii) obtain global awareness by exploiting geometry in distributed

estimation, (iii) model physical interactions between the robots and their environment that scale with the

dimensionality of the problem, and (iv) manage the power systems that supply the energy to the multi-robot

team.

constraints, and long-term operation through effective power management. The range of

applications spans across multiple domains, including cooperative active exploration, multi-

robot herding, search and rescue, cooperative transportation or navigation in cluttered en-

vironments, always performed by a team of robots in the absence of a central coordination

facility. In short, the contributed methods are of general applicability in all multi-robot

domains that are restricted to distributed interactions, since they require estimation of

observed external processes, demand coordinated control over nonlinear systems, involve

unknown phenomena to be learned, and necessitate of a correct power management.

As a guiding example, this introduction will talk about the problem of multi-robot

herding (Fig. 1.2). A team of robots is in charge of steering a group of non-cooperative

evaders to a desired region. Multi-robot herding is a thrilling problem that highlights the

four main challenges encountered in the thesis, leading to the four parts that form the main

body of the thesis.

The first part of the thesis is focused on how to address the control of net-

worked systems composed by highly nonlinear complex entities. In the case of

herding problems, the interactions between herders (human, animal, robot) and evaders

(e.g., ducks, sheep) involve complex nonlinear physical models that describe how evaders

feel attraction to other evaders, whereas they can either feel repulsion or attraction to the

herders. Moreover, the local interactions exerted by one of the evaders unchains a sequence

of interactions that scale to the whole herd. In general, there exist multiple multi-robot

problems that involve nonlinear interactions that, despite having a local origin, affect the

whole system. In the absence of a central coordination unit that collects all the information,

it is of key importance to develop novel solutions that are able to exploit these complex

nonlinear interactions to enforce a desired collective behavior.
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Figure 1.3: Multi-robot herding. The goal of multi-robot herding is to help human and animal herders

using robotic herders. The robotic herders leverage the nonlinear attractive and repulsive interactions

with the evaders (e.g., ducks or sheep) to steer them towards desired regions or motion patterns. Herding

encompasses unique challenges from a multi-robot perspective: the interactions herder-evaders are highly

nonlinear; the local interactions lead to collective effects that affect the whole herd; the environment is

volatile, uncertain and dynamic; and the task is very demanding from a power systems perspective due to

the long-term execution time.

The second part of the thesis studies how to exploit collaboration among robots

to reconstruct global information of the system. Particularizing to multi-robot herd-

ing, the effective control of the herd requires the herding team to agree on important cues

such that the shape and location of the herd, the configuration of the herding team, or what

is the prospective direction taken by the evaders. From a control systems perspective, the

distributed stochastic estimation of global quantities of interest is a fundamental ingredient

in sensor networks, camera tracking systems or multi-robot exploration. The term stochas-

tic refers to the fact that estimates on these quantities usually come from fusing sensor

information, known behavior models and other priors, all of which are subject to uncer-

tainty, noise, unexpected disturbances and other error sources. Therefore, one expects the

robots to collaborate on reconstructing global information of the system by also accounting

for how certain the robot is on the correctness of the estimated value.

The third part of the thesis copes with the problem of how to learn the distributed

interactions that emerge in collective tasks. In herding problems, it is extremely hard

to mathematically model all the possible behaviors of the evaders, the particularities of the

terrain, and all the environmental conditions that may affect the herd. In contrast, some

of these aspects are usually easier to model by means of a reward signal that recompenses

the robot team whenever a good action is exerted, or by expert demonstrations from actual

herders and evaders. Beyond herding, oftentimes, some of the goals, constraints or features

of the task are impossible to describe analytically. This motivates the use of machine

learning techniques that learn how to manage the complexities arising in complex tasks

and scenarios.

The fourth part of the thesis concentrates on how to exploit all the techniques

typically used in multi-robot systems to manage energy system. Not only in

herding, but also in other multi-robot domains, one aspect that is usually overlooked is the

power system that thrusts the robots, guaranteeing an energy supply. For instance, in a

multi-robot herding problem, the power system is subject to variations in the temperature
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Figure 1.4: Distributed Nonlinear Control. From nanobots (left, source: [Soto et al., 2020]) to micro-

grids (right, source: The Climate Center), there exists an increasing demand on distributed nonlinear control

systems. Distributed systems allow to operate in the absence of a central computer, whereas nonlinear

control accounts for complex dynamics and interactions.

and radiation conditions of the environment, which affect the power supply system in terms

of energy efficiency and state of the batteries. Also, the actions imposed by the control

policies of the robots might demand abrupt changes in the energy supply (e.g., the robot

needs to rush towards a particular configuration), which must be handled by the power

devices of the robot. All these situations require the application of system identification,

estimation and control of power devices.

The remainder of this chapter dives into each of the challenges faced at each part of

the thesis.

1.1 Distributed nonlinear control

Distributed nonlinear control is a domain of control theory devoted to study techniques

to govern complex systems composed of multiple interconnected subsystems, where the

dynamics of each subsystem, as well as the interactions between them, may exhibit non-

linear behavior (see Fig. 1.4). In contrast to centralized control schemes, which rely on a

single controller to manage the entire system, distributed control decentralizes the control

task among multiple local controllers, each responsible for a specific subsystem. In this

sense, the local computations carried on at each controller only depends on the information

from its adjacent subsystems, such that the information is eventually propagated across

the whole network. This approach offers enhanced scalability (the controller is invariant to

the size of the network), robustness (each subsystem only handles local information), and

adaptability (it is flexible to additions of new subsystems), particularly for large-scale and

geographically dispersed systems.

One of the open challenges in this domain is how to handle the interaction between

elements of a networked system when they are input-nonaffine, i.e, the system dynamics

is not only nonlinear with respect to the state of the system, but also with respect to the

action exerted by the controller. In complex settings such as multi-robot herding, system

dynamics is given by a general expression of the form ẋ = fθ(x,u). Function fθ(•) describes

input-nonaffine dynamics that depends on the configuration of all the entities x, the robot
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actions u, and a collection of parameters θ that might be learned from data. Standard non-

linear control techniques like feedback linearization [Westenbroek et al., 2020] fail because

they assume dynamics ẋ = f(x) +g(x)u. Other solutions [Pierson and Schwager, 2017,Lin

et al., 2020] propose control policies that only fit a certain election of the input-nonaffine

dynamics. This thesis proposes novel (distributed) nonlinear control techniques

that handle general input-nonaffine dynamics by exploiting numerical meth-

ods popular in the applied physics domain, combined with novel distributed

optimization, consensus and dissensus methods.

To tackle general input-nonaffine dynamics, we formalize the first nonlinear control tech-

nique that stabilizes general input-nonaffine dynamics, called Implicit Control [Sebastián

and Montijano, 2021]. The solution analyzes the flow of the Newton-Raphson method over

C1 functions f to obtain an explicit expression and design rules for the dynamics of the input

u̇ such that convergence to a desired behavior f∗ ∈ C1 is guaranteed. Implicit Control is

successfully applied to the adaptive multi-robot herding problem [Sebastián et al., 2022a],

validated in different herding dynamics and herd scales [Sebastián et al., 2022b]. The the-

sis also presents novel accelerated dynamic consensus algorithms [Sebastián et al., 2023c],

distributed optimization methods [Sebastián et al., 2024] and dissensus methods based on

opinion dynamics [Martinez-Baselga et al., 2024] to enable the extension to distributed

settings.

1.2 Fast accurate distributed estimation

For collective coordination under control policies, robots need global awareness of the task

in the form of approximations to the robots’ local and global team configurations [Lasserre,

2015, Saravanos et al., 2023], or the goals to achieve [Deits and Tedrake, 2015]. Robots

estimate and represent global quantities by exploiting perception cues or communication.

Stochastic distributed estimation emerges as a promising solution, enabling each robot to

leverage its own local observations, while collaborating with others to construct a globally

consistent “picture” of the system. This approach becomes particularly crucial in scenarios

where communication constraints or computational limitations hinder the feasibility of

centralized estimation schemes (see Fig. 1.5). Various techniques, such as consensus-

based algorithms or distributed Kalman filtering, can be employed to facilitate this process

[Olfati-Saber et al., 2007,Talebi and Werner, 2019]. These algorithms exploit the inherent

connectivity of the multi-robot network, allowing robots to exchange information with their

neighbors and iteratively refine their individual estimates. The convergence properties of

these algorithms ensure that, under suitable conditions, the collective estimate approaches

the true system state, even in the presence of stochastic disturbances or communication

delays.

One significant challenge is how to equip robots with methods that allow them to re-

construct the state of the system and build high-level representations (e.g., the shape of

the herd) that accommodate their control objectives. Methods for acquiring such global

awareness must be fast and accurate since they are intertwined with the control policies.
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Figure 1.5: Fast Accurate Distributed Estimation. Multi-robot coordination in distributed settings

requires the reconstruction of global quantities of interest, where ellipsoidal descriptions play a fundamental

role. The left pannel represents an IoT network, where each node acquires local information that shares

with neighboring nodes. The ellipsoidal description of the information is widespread across domains, such

as in industrial clustering, depicted in the right pannel (source: [Zhao et al., 2023]).

One fundamental representation related to robotics is ellipsoids, positive definite sym-

metric matrices that are present everywhere from the local robot level (e.g., uncertainty

of state estimates) to the system level (e.g., the herd’s shape). Existing distributed ap-

proaches [Olfati-Saber, 2007a, Talebi and Werner, 2019] rely on the exchange of estimates

with the neighboring robots. This exchange leads to cross-correlation of the estimates

of one robot with those from all the other robots. However, since robots cannot track

all the cross-correlations of the network for scalability, existing approaches assume that

cross-correlations are zero, leading to protocols that trade accuracy, scalability and speed.

This thesis develops distributed ellipsoidal methods that are optimal in

terms of accuracy and communication efficiency for distributed stochastic esti-

mation settings. We find that the distributed estimation problem can be reformulated as

finding the smallest outer ellipsoid that approximates the intersection of a set of ellipsoids

spanned across the nodes of a network. This leads to an optimization problem, called the

outer Löwner-John method [Henrion et al., 2001], that we have exploited to develop two

classes of algorithms. First, a novel certifiable distributed Kalman filter that recovers the

optimality guarantees of the centralized setting and has linear scalability with the number

of nodes [Sebastián et al., 2021b], along with its event-triggered version [Sebastián et al.,

2023a]. Second, a novel distributed version of the outer Löwner-John method [Aldana-

López et al., 2023, Sebastián et al., 2023b] that robots can use to reconstruct the global

optimal outer ellipsoid by exchanging their local ellipsoidal representations, reconstructing,

e.g., the shape of a herd in a distributed manner.

1.3 Learning distributed collective interactions

Learning distributed collective interactions involves understanding how individual agents

within a system interact to produce complex group behaviors. These interactions can be

found in various domains, such as flocks of birds, ant colonies, and even human social

networks [Nolfi, 2002, Strömbom et al., 2014a, Mavrogiannis et al., 2023] (see Fig. 1.6).
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Figure 1.6: Learning Distributed Collective Interactions. The local interactions among agents in a

network lead to global emergent behaviors. For instance, on the left pannel, birds in a flock only rely on

their sensors (eyes) to account for collision avoidance and velocity alignment, such that the flock navigates

in the sky. This idea also applies to competitive scenarios, like in StarCraft II (pannel on the right), where

units arrange in groups with different goals such that the whole team conquers a territory.

For instance, in a flock of birds, each bird might follow simple rules, such as maintaining

a certain distance from its neighbors and aligning its direction with the flock. These local

interactions can then lead to the emergence of beautiful and coordinated flocking patterns,

such as V-formations or swirling movements. Understanding these principles can help us

design better algorithms for swarm robotics and distributed control systems, where many

simple agents need to cooperate to achieve complex tasks.

Unfortunately, it is often the case that the complexity of such interactions impede the

derivation of an analytical description of such behaviors. Instead, it is possible to provide

a high-level description of the behavior that expresses the main goals and restrictions.

One option to this description is the use of reward functions, typical in reinforcement

learning settings [Sutton, 2018], where the reward signal is just a function that incentives the

fulfilment of task objectives (e.g., reaching a target) and penalizes forbidden behaviors (e.g.,

colliding with another robots). Another alternative is to leverage demonstrations provided

by experts (e.g., videos of bird flocks flying) to learn to mimic such behavior through

imitation learning [Ho and Ermon, 2016]. In all cases, data is required to capture the

underlying behaviors for a successful control. Meanwhile, models must respect the physical

and dynamical properties of the environment (cf. evader-herder interactions) and the robots

(e.g., the kinodynamic hardware constraints). In recent years, the area of physics-informed

neural networks [Cuomo et al., 2022, Nghiem et al., 2023] has emerged as an excellent

alternative to impose physical priors. Driven by Neural Ordinary Differential Equations

[Chen et al., 2018], we can learn neural-network-based models of the form ẋ = fθ(x,u),

bridging the gap between learned models and control. However, can we impose scalability

priors? Therefore, this thesis pursues data-driven methods than learn distributed

interactions that scale with the dimension of the system, and respect its network

and physical constraints.

We bring together the benefits of physics-informed neural networks to the problem

of learning local interactions by exploiting port-Hamiltonian mechanics and self-attention

networks, embedded in a Neural Ordinary Differential Equations model [Sebastián et al.,

2023b]. Port-Hamiltonian dynamics [Van Der Schaft et al., 2014] describes a system in

terms of input-output energy ports. This compositional property [Furieri et al., 2022a]
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Figure 1.7: Management of power systems. Power systems are fundamental for the operation and

energy supply of networked systems. The correct operation of power devices is subject to physical restrictions

and environmental conditions. For instance, on the left, a infrared frame from a thermal camera highlights

the significant differences in temperature of the different semiconductor devices within a few centimeters.

On the right, a photovoltaic standalone that supplies the batteries of a factory, where the radiation and

temperature impact the sustainability of the station (source: ARKA 306).

naturally imposes the network scalability constraints while the energy conservation laws of

the robots are respected. The self-attention networks [Vaswani et al., 2017] parameterize

the port-Hamiltonian model because they can handle the time-varying information available

at each robot from communication or perception. This approach exhibits promising results

in multi-robot learning-from-demonstrations [Sebastián et al., 2023b, Roche et al., 2025],

multi-robot reinforcement learning [Sebastian et al., 2023], dynamic multi-robot games

[Sebastián et al., 2025] and topology learning from multi-robot trajectories [Sebastián et al.,

2023a]. These works stand out in the ability to equal or surpass state-of-the-art centralized

control policies in performance while generalizing to unseen sizes without increasing the

computation and communication cost.

1.4 Management of power systems

Modern robots are complex systems demanding precise and efficient power management for

optimal performance and safety. Control techniques play a fundamental role in regulating

the power supply within these systems, ensuring reliable operation and extending opera-

tional life. From industrial manipulators to mobile service robots, sophisticated control

algorithms address challenges such as varying workloads, energy efficiency, thermal man-

agement, and fault tolerance (see Fig. 1.7). By intelligently adapting to dynamic conditions

and optimizing power utilization, these techniques enhance the capabilities and robustness

of robotic systems across diverse domains.

The effective supply of energy in robotic systems is subject to the correct thermal

design [Wattenberg et al., 2023], fault-tolerant estimation [Sechilariu et al., 2012] and

control [Tavakoli and Pantic, 2018] of power devices. In regard of thermal design, the

power-temperature dynamics of power converters are critical to characterize the behavior

of the energy supply to the robot under non-standard weather and environmental condi-

tions [Chang et al., 2023], which is not trivial due to the advances in semiconductors and

substrate technologies [Buffolo et al., 2024, Guacci et al., 2020]. Typical solutions rely on

model-based approaches [Azurza Anderson et al., 2021] or finite-element analysis [Van Der
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Broeck et al., 2018], which overlook the unmodeled effects that appear in the real devices

once fabricated. The limitations associated to the external conditions not only affect the

hardware, but also the source of energy supply itself [Vazquez et al., 2010], as with photo-

voltaic supply, where a medium- or long-term lack of radiation can lead to a deterioration

of the batteries and the inoperativeness of the robot. Existing solutions either obtain

temperature-voltage models from simulated data [Liu et al., 2019a, Liu et al., 2020, Liu

et al., 2019b] or classical model-based estimators [El Mejdoubi et al., 2015] that do not

consider complex meteorological phenomena captured in real data. In addition, although

the power devices and battery system were correctly supplied, then there is the question

on how to control the power supply to the other components of the robots. In particular,

bi-directional DC/DC resonant converters enable fast power conversion ratios [Zhao et al.,

2017], but their model complexities hindered the design of advanced control techniques

that fully exploit the capabilities of the power converter [Krismer and Kolar, 2009,Li and

Bhat, 2009]. Henceforth, this thesis solves problems on identification, estimation

and control of power devices, enabling optimal power converter design, fault-

tolerant prediction, and fast and stable energy supply of autonomous systems.

First, we develop an automatic data-driven method that is able to learn the opti-

mal power-temperature linear discrete-time dynamics of any power converter from just

temperature-power profiles [Sanz-Alcaine et al., 2024]. The method enables the addition of

other prior information to constrain the learning, surpassing existing model-based methods

in accuracy and flexibility. Second, we study Gaussian Process Regression to learn to pre-

dict the current/voltage battery profiles of autonomous systems supplied by photovoltaic

devices. We find that the use of inducing points enables fast yet accurate long-term predic-

tions from temperature information, a fundamental feature to predict potential failures in

the energy supply. Third, we develop a novel nonlinear implementable control of a dual ac-

tive bridge series resonant converter [Sebastián et al., 2021a]. Departing from a Generalized

Averaging Method model [Sanders et al., 1991, Mahdavi et al., 1997], we design a control

policy for switching frequency and phase shift of the converter, both of them affecting in

a nonlinear manner to the dynamics of the plant, which makes it particularly suitable for

the systems addressed in the thesis. The nonlinear technique, based on control Lyapunov

functions and hybrid control, is simple enough to be implementable in a microcontroller,

yet proved to be globally asymptotically stable with fast transient.

1.5 Summary of results

The outcomes of all the work developed during the thesis have resulted in 11 journal papers,

8 international conference papers and 2 workshop papers (* means equal contribution):

Journals

1. D. Martinez-Baselga*, E. Sebastián*, E. Montijano, L. Riazuelo, C. Sagüés, L. Mon-

tano. AVOCADO: Adaptive Optimal Collision Avoidance driven by Opinion. Sub-

mitted to IEEE Transactions on Robotics. 2024 Quartile: Q1. Impact Factor:
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9.4. [Martinez-Baselga et al., 2024]

2. E. Sebastián, T. Duong, N. Atanasov, E. Montijano, C. Sagüés . Physics-Informed

Multi-Agent Reinforcement Learning for Distributed Multi-Robot Problems. Submit-

ted to IEEE Transactions on Robotics. 2024 Quartile: Q1. Impact Factor: 9.4. [Se-

bastian et al., 2023]

3. E. Sebastián*, R. Aldana-López*, R. Aragüés , E. Montijano, C. Sagüés. Distributed

Discrete-time Dynamic Outer Approximation of the Intersection of Ellipsoids. Sub-

mitted to IEEE Transactions on Automatic Control. 2024 Quartile: Q1. Impact

Factor: 6.2. [Sebastián et al., 2023b]

4. J. M. Sanz-Alcaine, E. Sebastián, F. J. Perez-Cebolla, A. Arruti, C. Bernal-Ruiz, I.

Aizpuru. Estimation of Semiconductor Power Losses Through Automatic Thermal

Modeling. IEEE Transactions on Power Electronics. 2024 Quartile: Q1. Impact

Factor: 6.6. [Sanz-Alcaine et al., 2024]

5. E. Sebastián, M. Franceschelli, A. Gasparri, E. Montijano, C. Sagüés. Accelerated
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I00 funded by MCIN/AEI/10.13039/501100011033, by ERDF A way of making Eu-

rope and by the European Union NextGenerationEU/PRT.

• Spanish Project PGC2018-098719-B-I00 and Spanish Project PGC2018-098817-A-I00

(MCIU/AEI/FEDER, UE).

• Gobierno de Aragón projects DGA T45-17R, DGA T45-20R and DGA T45-23R.
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During this thesis, I also had the chance to undertake two research visits at the
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ference on Robotics and Automation (5), IEEE European Control Conference (1), Iberian

Robotics Conference (1), IEEE International Symposium on Multi-Robot and Multi-Agent
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Importantly, standing on the shoulders of giants, the results of this thesis derive from

the efforts and brilliant ideas from many other researchers from the present and the past.

Among the thousands of pages read in these 5 years, I have studied in-depth around 1600

papers. From these articles, around 500 papers have directly influenced the works that

encompass this thesis document.

Finally, in these five years I have participated in different representative and volunteer-

ing initiatives. I have been the representative of the graduate students of the Engineering

and Architecture School in the Graduate Commission of the Universidad de Zaragoza, from

2022 to 2025. I have been an organizational member of PIF (union in the defense of the

rights of graduate students) from 2020 to 2024, being part of the movement that achieved

labor rights for the Spanish graduate students, e.g., end-of-contract compensations. I par-

ticipated as a volunteer in the 5th Iberian Robotics Conference held in Zaragoza in 2022.

1.6 Manuscript organization

The thesis is divided in four parts:

• The first part deals with the problem of controlling input-nonaffine systems by means

of distributed control techniques. Specifically, Chapter 2 presents Implicit Control,

a novel control technique for general input-nonaffine dynamic systems, and presents

solutions for multi-robot herding applications. Chapter 3 proposes distributed opti-

mization, consensus and dissensus methods to enable distributed multi-robot control.

• The second part of the thesis describes novel ellipsoidal methods for distributed

stochastic estimation. Chapter 4 presents the first event-triggered certifiable optimal

distributed Kalman filter, the optimal and communication-efficient stochastic estima-

tor for distributed linear Gaussian systems. Chapter 5 extends the ellipsoidal notions

of Chapter 4 to general outer approximations of the intersection of ellipsoids, with

relevant applications in robust control, computer vision and estimation.

• The third part of the thesis develops novel methods for the learning of distributed

multi-robot policies. Chapter 6 presents a novel physics-informed policy parame-

terization that achieves scalability in the number of robots and sample efficiency in

training in both multi-agent reinforcement learning and imitation learning settings.

• The fourth part of the thesis studies how to transfer the control theoretical notions

developed in the previous chapters to power systems. This is done in Chapter 7, where
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the thesis solves problems of thermal-power system identification, state estimation in

fault-tolerant standalone installations and nonlinear control of power converters.

Each of these chapters contains a dedicated section discussing related work and conclusions.

Besides, due to the diversity of topics covered in the thesis, each chapter uses its own

symbols and notation.

Finally, Chapter 8 reflects on the main contributions of the thesis, discusses potential

opportunities of research and introduces future research directions related to the effective,

scalable control of distributed multi-robot systems.





Part I

Distributed Input-Nonaffine Control
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Chapter 2

Implicit Control for Multi-robot

Herding

Recent advances in multi-robot systems have favored the development of successful control

strategies in real-life problems such as entrapment [Antonelli et al., 2008], hunting [Zhu

et al., 2015] or escorting [Gao et al., 2018]. Despite the different nature of scenarios,

these problems can all be seen as instances of herding [Pierson and Schwager, 2018], where

the objective is to drive a group of targets or evaders to specific locations using a team of

robots or herders. Common to all of them is the non-cooperative nature of the evaders with

respect to the control objective, typically entangled in complex nonlinear and heterogeneous

behaviors. In fact, the difficulties hidden in the herding problem have motivated broad

interdisciplinary research assembling physiologists, mathematicians and neurologists with

engineers [Nolfi, 2002,Strömbom et al., 2014b,Long et al., 2020].

Figure 2.1: In herding, the robotic herders drive the evaders towards specific locations simultaneously.

The control strategy exploits repulsive forces (left) to place the evaders in their desired positions. The

experiment in the right depicts four robots herding four evaders. The symbols are explained in Table 2.1.

To cope with these difficulties, this chapter presents a novel control solution, called Im-

plicit Control, that is capable of steering a group of evaders towards individually assigned

goals simultaneously, irrespective of their heterogeneous and non-cooperative nonlinear dy-

namics. The proposal leverages numerical analysis theory to derive proofs of existence and

stability of the control. Furthermore, these fundamentals are used to develop a general

19
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adaptation law that tackles the herding in the presence of uncertainties in the evaders’

models. With the inclusion of a distributed estimator and a caging strategy we present a

complete, flexible, general herding solution. Finally, we present a new dynamic assignment

strategy that chooses the worthiest evaders to focus in terms of herd coalition. The flexi-

bility and generality of Implicit Control also allows to steer large herds to a common region

or to control different herds individually. Overall, the multi-robot Implicit Control of herds

stands as a representative solution for the control of input-nonaffine systems. The contri-

butions of this chapter have been published in [Sebastián and Montijano, 2021, Sebastián

et al., 2022a,Sebastián et al., 2022b].

2.1 Related work

Most of the existing works deal with the herding of a single entity. An early example is [An-

tonelli et al., 2008], which employs a Null space-based behavioral control to escort/entrap

the target. The authors of [Zhu et al., 2015] apply a Bio-inspired Neural Network to hunt in

an underwater environment. To produce an escorting behavior, [Du et al., 2017] develops

a distributed switching strategy, where the escorting task is assigned from one herder to

another when a Voronoi boundary is crossed. Few works solve the herding of more than

one evader. In [Jahn et al., 2017], a group of robots navigates around a certain area to

prevent evaders to cross its boundaries. The work in [Pierson and Schwager, 2018] drives

groups of entities by an active encirclement but does not consider specific final positions

for each evader. Following a similar approach, the authors in [Chipade and Panagou, 2019]

go a step further and propose an active encirclement which avoids obstacles. With the

same spirit, [Stilwell et al., 2005] and [Antonelli and Chiaverini, 2006] develop solutions to

drive a whole herd towards a certain region, where it is required that some global features

of the herd (e.g., mean position) converge to a desired equilibrium. Recently, [Auletta

et al., 2022] exploits simple local rules to push all herders towards the same containment

area. The authors of [Song et al., 2021] present an approach based on algebraic topology

called “herding by caging”, where repulsive forces are leveraged to steer the evaders, again,

towards a certain general region. In contrast to all these works, we seek a method for

the herding of all the evaders to precise individual locations simultaneously, such that the

method can also be used to steer large herds towards a global region or to split and steer

each sub-herd towards individually assigned regions simultaneously.

Another feature of herding problems is the behavior of the evaders, where two as-

sumptions are often considered: linear and homogeneous dynamics. The first assumption

is considered in, e.g., [Jiang et al., 2018], where the containment of linear heterogeneous

agents is performed by a time-varying formation. The second assumption is used in [Pier-

son and Schwager, 2018], where agents with nonlinear homogeneous repulsive dynamics are

controlled using a team of robots. A different instance is [Alexopoulos et al., 2017], where a

complete control structure is presented, from the hex-rotor motion to the pursuit layer. In

this chapter we pursue a method that is able to handle general nonlinear and heterogeneous

evaders.
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Most of the aforementioned solutions assume perfect knowledge of the herd dynamics.

To deal with uncertainty, a common approach is the design of model-free strategies. The

work in [Franchi et al., 2010] localizes the target with relative-position sensors and then

applies probabilistic tools for the encirclement. Similarly, [Zhu et al., 2018] includes in-

formation from a camera to learn the behavior of the target. These instances deal with

the herding of a single target. An extension to n robots detecting n targets can be found

in [Desouky and Schwartz, 2010], using a mixture of learning, optimization and fuzzy tech-

niques. The use of Gene Regulatory Networks is studied in [Peng et al., 2016] to entrap

groups of targets. In both cases, no accuracy in the final position of the evaders is required,

and in [Peng et al., 2016] the targets do not react against the robots’ efforts. This lack of

accuracy and flexibility in the number of evaders under uncertainty is another challenge

addressed in this chapter.

2.2 Problem statement

We consider the problem of herding a group of m evaders using a team of n robotic herders.

We denote the evaders by j ∈ {1, ...,m}, and the herders by i ∈ {1, ..., n}. Since we aim at

using the position of the herders to control the position of the evaders, we define the state

x ∈ X ⊆ R2m and the input u ∈ U ⊆ R2n as x = [x⊤
1 , . . . ,x

⊤
m]⊤ and u = [u⊤

1 , . . . ,u
⊤
n ]⊤,

where xj = [xej , y
e
j ] ∈ Xj ⊆ R2 is the position of evader j and ui = [xhi , y

h
i ] ∈ Ui ⊆ R2 is the

position of herder i, operating in a 2D space1. The movement of each evader is described

by general dynamics

ẋj = fj(x,u), (2.1)

allowing for any nonlinear behavior encoded in fj(x,u). Notice that we account for the

possibility of nonlinear dependencies on the input. The only assumption regarding fj is

that it is of class C1 for all j. We exemplify Eq. (2.1) using two dynamic models from the

literature. Their choice is motivated by the strongly nonlinear behavior in the position of

evaders and herders, described by input-nonaffine dynamics.

The Inverse Model (adapted from [Pierson and Schwager, 2018]) is

ẋj = f invj (x,u) = θj

n∑
i=1

dij

||dij ||3
, (2.2)

where dij = xj − ui is the relative position between evader j and herder i, and θj is

a positive constant which expresses the aggressiveness in the repulsion provoked by the

herders. Note that despite the model has a singularity in dij = 0, in practice the speed

remains bounded. The repulsion grows with 1
||dij ||3 so the closer the herders, the larger the

repulsion. The only way of achieving dij = 0 is that a perfectly evenly distributed number

of herders approaches the evader. This does not happen in practice because herders need

to impose non-zero repulsive forces to steer the evaders.

1The choice of a 2D space is to fit the real experiments, but the solution can be generalized to higher

dimensions without changes in the formulation.
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The Exponential Model (adapted from [Licitra et al., 2018]) is

ẋj = fexpj (x,u) = θj

n∑
i=1

dije
−χij (1− βjsigm(−||dij ||+ dmin)), (2.3)

where χij = 1
σ2
j
d⊤
ijdij and σj > 1. In this model there is a switching condition when

||dij || ≤ dmin, where the evader j becomes “scared” when the distance with some herder i is

smaller than dmin and the intensity of the repulsive interaction increases, due to 0 < βj < 1.

In practice, the sigmoid function sigm(•) is included in (2.3) to avoid the violation of the

C1 assumption. In a similar fashion, a sigmoid function or an hyperbolic tangent can be

used to model saturations in the speed of the evaders.

Given the individual dynamics of the evaders in Eq. (2.1), the joint system dynamics

can be defined as

ẋ = f(x,u), (2.4)

where f(x,u) simply comes from stacking all fj(x,u). This formulation allows to consider

heterogeneous herds, with different number of evaders and motion models.

Our goal is to herd the evaders towards the desired positions x∗ ∈ X simultaneously.

To do this, we define the position error of the evaders as x̃ = x−x∗, and we set the control

objective to be to drive x̃ to zero. This is what we call precise herding. A particular

instance of precise herding is the herding of a herd towards the same region, where some of

the elements of x∗ are specified by the practitioner and the rest of them are free or directly

dependent on the others. Nevertheless, in general, we consider the case where each evader

xj has an individually assigned x∗
j .

It is noteworthy that the reactive behavior of the evaders is with respect to the position

of the herders. Therefore, a control strategy which determines inputs in terms of herders’

positions is adequate to generalize the solution to different robotic platforms. This high-

level approach can be combined with any robot-specific low-level controller.

To keep the generality of the solution, in this work we assume that the maximum velocity

of both herders and evaders is vmax. This requires an initial caging phase, surrounding the

evaders to avoid their escape before the precision herding begins. It is not mandatory

to achieve a compact and closed encirclement to succeed but just the distribution of the

herders near the evaders. This is the reason of developing a caging stage to complete the

herding, described in Subsection 2.5.2.

2.3 Implicit Control

Herding seeks an expression for the input u such that the evaders go to their desired

positions x∗. Besides, the herding may need to accomplish other requirements, such as a

desired transient response. This can be translated into designing u such that the evaders

follow a desired dynamics f∗,

ẋ = f∗(x). (2.5)
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To ease the analysis we consider, without loss of generality, x∗ = 0 as the desired equilibrium

point of the system. The function f∗ can adopt any desired structure2 with the constraint

of being stable at the equilibrium point.

In order to control the evaders, the typical practice consists in finding a closed expression

for u that depends only on the state and maps (2.4) into (2.5). Unfortunately, due to the

complexity of the system, sometimes it is extremely challenging and time consuming to find

such explicit mapping. Indeed, trying to find it generally yields to an implicit expression

for the input. The analytical solution of the latter is not guaranteed, and the mechanisms

to calculate such input do not certify that the desired properties prevail anymore. In

contrast, we propose Implicit Control as a general control solution to achieve desired closed-

loop dynamics despite the complexity of (2.4), overcoming the necessity of looking for a

controller to perform the mapping from (2.4) to (2.5).

We study the conditions that allow to find u such that the evaders evolve according

to f∗. Then, we propose a design procedure to solve the control input. The description

is kept in general control terms since we believe that this procedure can be of interest in

other control problems.

2.3.1 Control existence

Firstly, it is necessary to know if there exists a smooth input that makes the actual dynamics

equal to the desired ones. For convenience, let define

h(x,u) = f(x,u)− f∗(x) (2.6)

as the working equation, shifting the analysis to that of looking for the existence of u such

that h(x,u) = 0, i.e., looking for the existence of the roots of h(x,u).

At this point, a straightforward solution can be to compute the input using a numerical

method to find the roots of h. This is a simple and powerful approach, but lacks of formal

guarantees, depends on the numerical method and is computationally expensive since we

must ensure that the numerical method finds the roots of h at all instants. Therefore, we

will use this approach as a baseline to compare the Implicit Control solution.

In any case, the first step is to determine the existence of the roots of h, which is, in

general, not trivial. We review some fundamentals of numerical analysis theory to show

sufficient conditions to ensure existence and smoothness3 of u. The Implicit Function

Theorem (Theorem 9.28 of [Rudin, 1976]), applied to h, offers a set of sufficient conditions

to guarantee the existence and smoothness of u in a local region.

Theorem 1 (Adapted from Theorem 9.28 of [Rudin, 1976]). Let

h : I = X × U ⊂ RM × RN 7−→ RN (2.7)

2The choice of f∗ as a state-dependent function is to follow the typical desired dynamics in regulation

problems. However, the results can be extended to desired dynamics that depend on the input as well.
3Smoothness is not mandatory, but it is a desirable property.
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a C1-mapping, such that h(x∗,u∗
0) = 0 for some point u∗

0 ∈ U . Additionally, consider the

Jacobian

J=(Jx|Ju)=


∂h1
∂x1

. . . ∂h1
∂xM

∂h1
∂u1

. . . ∂h1
∂uN

...
. . .

...
...

. . .
...

∂hM
∂x1

. . . ∂hM
∂xM

∂hM
∂u1

. . . ∂hM
∂uN

 (2.8)

such that Ju is non-singular in the point (x∗,u∗
0). Then, there exist I∗ ⊂ RM × RN and

X∗ ⊂ RM , with (x,u∗) ∈ I∗ and x ∈ X∗, having the following property: to every possible

x ∈ X∗ corresponds a unique u∗ such that (x,u∗) ∈ I∗ and h(x,u∗) = 0.

The Theorem imposes three conditions to be fulfilled. First, there must exist an input,

u∗
0, which solves the control in x∗. In the herding context, there must exist a stable

configuration of the herders when the evaders are in their desired positions. A general

condition to ensure this, for all x ∈ X, is to have at least the same number of inputs than

states to control. Otherwise, it is not always possible to control the system because there

are less degrees of freedom than states to control. In the case of the precision herding

problem, this means n ≥ m, since both evaders and herders are first order entities in the

space and we want to control all the evaders simultaneously; i.e., at all instants, all the

herders contribute to the motion of all the evaders. Besides, a team of herders is needed

so that, at equilibrium, the total repulsive force in each evader is zero. Nevertheless, we

demonstrate in Section 2.6 that Implicit Control can also be used to control large-scale

herds with only a few robotic herders if the control objective is the position of the centroid

of the herd.

Second, h must be of class C1 in (x∗,u∗
0). If f∗ is chosen of class C1 in x∗, then the

condition is accomplished because fj in (2.1) is of class C1 for all j, so f in (2.4) is of class

C1.

The last condition requires the Jacobian of h with respect to u, Ju, to be non-singular

in the desired location. Since for m ̸= n the matrix is not square, the right Moore-Penrose

inverse matrix J+
u = J⊤

u (JuJ
⊤
u )−1 is generally considered as the one to be non-singular. An

alternative is to resort to the Constant Rank Theorem (Theorem 5.22 in [Lee, 2003]) and

find a projection of lower dimension which locally preserves the properties of the Jacobians

but achieving a square matrix. The use of the pseudoinverse can be seen as this projection.

Given the aforementioned features of h and Ju, the last condition is accomplished in x∗.

Moreover, by restricting I to the subspace without collisions it is ensured that the two

last conditions of Theorem 1 hold for all x and, therefore, the Theorem holds for all x in

this subspace. Considering that each herder provokes a repulsive reaction in every evader,

collision among herders and evaders will not happen. Similarly, since herders are the

controlled entities, it is easy to prevent collisions among them.

Theorem 1 is an analytical tool to guarantee the necessary conditions to afford the

Implicit Control proposal. Further analysis on the existence of input will depend on the

particularities of the controlled system. Therefore, we consider the following assumption,

so that a suitable input can be computed.

Assumption 1. There exists u0 such that h(x,u0) = 0, the functions f and f∗ are of

class C1 and Ju has rank m for all (x,u) ∈ I.
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The problems of uniqueness of solution or existence of local minima are not a concern

since no cost function is being optimized. We underline this to emphasize that Implicit

Control does not search for any local or global optimum, but for the roots of h.

2.3.2 Control design

The proposed design method consists in expanding the initial system in (2.4) with an

input dynamics that converges to the roots of h. This transforms the problem to that of

computing the input u as part of an expanded explicit system, described in continuous time

and with analytical solution. To ease the presentation, we first assume n = m, generalizing

to n ̸= m later.

The function h is determined by the desired closed-loop behavior f∗. In an ideal sce-

nario, h = 0 always holds. However, achieving h = 0 for all time is generally not an easy

task. Our solution consists in considering h as a dynamic system. The evolution of h over

time is not determined a priori; therefore, the input dynamics can be designed such that

the evolution of h follows a desired dynamics h∗,

dh(x,u)

dt
= h∗(x,u), (2.9)

so that h converges to zero. From now on, we assume that h∗ is chosen to make h stable.

With this in mind, we propose the following expression for the input dynamics,

u̇ = J−1
u (h∗(x,u)− Jxf(x,u)) , (2.10)

where Jx is the Jacobian of h with respect to x and Ju is the Jacobian of h with respect

to u. This allows to build an explicit expanded system of the form{
ẋ = f(x,u)

u̇ = J−1
u (h∗(x,u)− Jxf(x,u))

. (2.11)

The control problem is then reduced to analyzing the stability of the system in (2.11). With

the proposed expansion the complete system becomes autonomous, i.e., the input becomes

part of the state of the expanded system. As the structure in (2.11) is very general, we

provide stability results for typical dynamics. The first one considers that the original

system is Input-to-State Stable (ISS).

Theorem 2. If the system defined in (2.4) is ISS and Assumption 1 holds, then the input

dynamics in (2.10) ensures the convergence of h towards zero and achieves the desired

closed-loop dynamics in (2.5).

Proof. Applying the chain rule over dh/dt yields to

dh(x,u)

dt
= Jx(x,u)

dx

dt
+ Ju(x,u)

du

dt
, (2.12)

where Jx and Ju are the Jacobians of h with respect to x and u. By Assumption 1, Ju is

full rank. Then, the substitution of the input dynamics in (2.10) gives (2.9), meaning that

u̇ imposes the desired dynamics over h.
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This ensures that, at some point, h = 0. However, in the transient, h ̸= 0 so the input u

is not the one that achieves f = f∗. This non-zero difference can be seen as a perturbation

in the input u of system (2.4). Nevertheless, since the system is ISS, the stability remains

despite the perturbation [Khalil, 2014]. Due to the stability of h, the perturbation vanishes

with time, and the expanded system in (2.11) makes (2.4) to converge to (2.5).

The ISS property is common but particular to some systems. The next case of study

aims at using Implicit Control for more general dynamics. First, we restrict the possible

desired closed-loop behaviors to

f∗(x) = −Kf (x)x, (2.13)

where Kf (x) is a function which returns a positive definite matrix. In particular, Kf (x)

can be a polynomial whose terms are all of even order. For instance, if Kf (x) = Kf , then

f∗(x) = −Kfx has a linear behavior with its corresponding exponential-like transient,

desired settling time and stability properties. Similarly, let

h∗(x,u) = −Kh(h(x,u))h(x,u), (2.14)

with Kh(h(x,u)) a function which returns a positive definite matrix as well.

Theorem 3. Given Assumption 1, the definition of f∗ in (2.13) and the definition of h∗

in (2.14), if matrices Kf (x) and Kh(h(x,u)) are chosen in such a way that

K =

(
−Kf (x) 0.5I

0.5I −Kh(h(x,u))

)
(2.15)

is negative definite, then the system in Eq. (2.11) is Globally Asymptotically Stable (GAS).

Proof. Consider V = 1
2x

⊤x + 1
2h

⊤h as a Lyapunov candidate function, whose derivative is

V̇ = x⊤ẋ + h⊤ḣ = x⊤f + h⊤h∗ (2.16)

and where ḣ is substituted by (2.9) following the same steps of the proof of Theorem 2.

Using the definition of h in (2.6) yields to

V̇ = x⊤h+ x⊤f∗ + h⊤h∗. (2.17)

Considering f∗ and h∗ from Eqs. (2.13) and (2.14), V̇ is

V̇ =
(
x⊤ h⊤

)
K
(
x⊤ h⊤

)⊤
. (2.18)

Then, designing Kf (x) and Kh(h(x,u)) such that K is negative definite guarantees that (2.11)

is GAS, and both h and x go to zero.

In practice, ||Kh|| ≫ ||Kf || imposes the convergence of h to be much faster than the

desired closed-loop dynamics, so the evaders will behave following f∗.
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2.3.3 Control extensions

Assuming n = m is a restrictive condition. We deal with the generalization to n ̸= m by

replacing J−1
u with the pseudoinverse J+

u . In the case that there are some states whose

dynamics are not explicitly dependent on u (for instance, the velocity of the evaders might

not depend on herders’ position, but their acceleration), then a linear transformation T

over h can be applied

h̄(x̄,u) = Th(x,u). (2.19)

The purpose is to create a new group of states x̄ combining all the states which do not

depend on the input with some of the states which do depend on the input. Then, Implicit

Control can be applied, over the new function h̄, to control states which do not explicitly

depend on the input.

Furthermore, all the previous results can be extended to dynamic references. Let con-

sider a desired state reference x∗ with desired dynamics ẋ∗.

Corollary 1. Assuming that ẋ∗ is smooth and bounded, the results in Theorems 2-3 hold

if the function h is redefined as

h(x,u) = f(x,u)− f∗(x)− ẋ∗. (2.20)

Proof. By assuming that ẋ∗ is smooth and bounded we maintain the existence and smooth-

ness of the input. The original system is still described by (2.4) but the control objective

changes to

f∗(x,u) = f(x,u)− ẋ∗. (2.21)

The expression comes from imposing that the error dynamics follow f∗. This information

can be incorporated in the design of the function h by adding the known time-varying

term in (2.21) to compensate the dynamic reference. The time derivative of ẋ∗ is implicitly

included in the Jacobians of the new h, therefore the structure in system (2.11) remains.

Moreover, since ẋ∗ does not depend on u, the Jacobians in Theorems 2-3 do not change

and the statements in Theorems 2-3 hold.

The importance of Corollary 1 is that our herding solution can be seen as a generaliza-

tion of previous herding works [Pierson and Schwager, 2018] [Song et al., 2021] where the

purpose is to drive the evaders to a certain region. By imposing a time-varying reference,

herders not only drive evaders towards particular positions but can impose a specific for-

mation. Besides, note that no particular restrictions regarding the initial configuration of

the entities is specified. Nevertheless, it is convenient that the herders surround the evaders

to avoid escapes before the beginning of the herding, so in Subsection 2.5.2 we develop a

secure caging stage.

From an algorithmic point of view, the calculation of the control input is very simple. At

each instant, the controller receives x and u from an observer and/or from measurements.

Then, f∗(x) is computed, which, together with the dynamic model of the evaders f(x,u)

(e.g., (2.2) or (2.3)), allows to compute h∗(x,u) with Eq. (2.14). Besides, the Jacobians Jx
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and Ju can be calculated either analytically or numerically, depending on their complexity.

Finally, u̇ is computed from Eq. (2.11). Regarding the estimation of x and u, another

advantage of Implicit Control is that u now belongs to the state of an expanded system.

Therefore, it is possible to apply the same estimation techniques as with x, robustifying

the herding solution.

2.4 Adding adaptation

In the previous section perfect knowledge of the evaders’ dynamics is assumed. However, in

real problems there exist sources of uncertainty. We derive a general adaptation law which

overcomes this issue and preserves the control properties.

Consider the parameters θj in Eqs. (2.2) and (2.3). Let θ = diag(θ1, . . . , θm) ∈ Rm×m,

then the original system (2.4) is rewritten to the following, with a little abuse of notation

for the sake of readability,

ẋ = fθ(x,u, θ) = θf(x,u). (2.22)

We assume a linear dependency with respect to the uncertain parameters, and that the

parameters are constant. This assumption is typical in adaptive control theory and, in

the case of Implicit Control, implies that the gradients with respect to the parameters do

not depend on the parameters, which is the key that yields to the proposed adaptation

law. Nevertheless, despite simple, linear parameters can still model the aggressiveness in

the repulsion provoked by the herders. Besides, notice that θj > 0 because otherwise the

evaders do not move or are not repelled by the herders.

We represent the uncertainty in θ by the vector of estimates θ̂, defining the error between

the real and estimated parameters as θ̃ = θ− θ̂. From now on, the symbols •̂ and •̃ denote

the quantities that depend on θ̂ and θ̃. In general, θ̃ ̸= 0 so Implicit Control no longer

guarantees stability. The difference between actual and estimated dynamics can be defined

by a new function

h̃(x,u, θ̃) = h(x,u, θ)− ĥ(x,u, θ̂) = θ̃f(x,u). (2.23)

This is a standard adaptive control problem, for which there exist different solutions for

both linear and nonlinear systems [Khalil, 2014]. Nevertheless, we propose a different

adaptation law, following the principles of Implicit Control, that simplifies the stability

analysis.

The objective of the adaptation law is to design
˙̂
θ such that h̃ converges to zero while

the closed-loop behavior of the system is preserved. The structure of the problem, and, in

particular, of h̃, is similar to that of Implicit Control. We can follow the same input design

procedure of Implicit Control, in this case over h̃, to design an adaptation law of the form

˙̂
θ = −J̃−1

θ (h̃∗ + Ĵx
˙̂x + Ĵuu̇). (2.24)
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Here,

Ĵx=


∂ĥ1
∂x1

. . . ∂ĥ1
∂xm

...
. . .

...
∂ĥm
∂x1

. . . ∂ĥm
∂xm

 , Ĵu=


∂ĥ1
∂u1

. . . ∂ĥ1
∂un

...
. . .

...
∂ĥm
∂u1

. . . ∂ĥm
∂un

 , (2.25)

J̃θ = diag(f), and h̃∗ is a free-design function.

As in the design of the input dynamics, h̃∗ determines the desired dynamic behavior

for the derivative of (2.23). Concatenating the new set of equations yields a new expanded

system 
ẋ = θf

u̇ = Ĵ+
u

(
ĥ∗ − Ĵx

˙̂x
)

˙̂
θ = −J̃−1

θ (h̃∗ + Ĵx
˙̂x + Ĵuu̇)

. (2.26)

Acknowledging the similarities between (2.26) and (2.11), we extend the results in Theo-

rems 2 and 3.

Proposition 1. If the system defined in (2.4) is ISS and Assumption 1 holds, then the

adaptive law in (2.24) preserves the properties of the Implicit Control if

h̃∗ = h∗θ − ḣ+ Ĵx(ẋ− ˙̂x), (2.27)

where h∗θ is a free-design function chosen to make h̃ stable.

Proof. The proof follows some of the steps in Theorem 2. Let consider the chain rule

expansion of dh̃/dt,

dh̃

dt
=
∂h̃

∂x
ẋ +

∂h̃

∂u
u̇ +

∂h̃

∂θ̃

˙̃
θ. (2.28)

Since θ is constant,
˙̃
θ = − ˙̂

θ and the substitution of Eq. (2.24) gives

dh̃

dt
= Jxẋ− Ĵxẋ + Juu̇− Ĵuu̇ + h̃∗ + Ĵx

˙̂x + Ĵuu̇. (2.29)

Note that Jxẋ + Juu̇ is equal to ḣ, and the Ĵuu̇ terms cancel out. Therefore, Eq. (2.29)

can be written as
dh̃

dt
= ḣ+ h̃∗ − Ĵx(ẋ− ˙̂x) = h∗θ, (2.30)

where the later follows from the definition of h̃∗ in Eq. (2.27). Now, let consider the chain

rule expansion of dĥ/dt,

dĥ

dt
=
∂ĥ

∂x
ẋ +

∂ĥ

∂u
u̇ +

∂ĥ

∂θ̂

˙̂
θ. (2.31)

If we use the definitions of u̇ and
˙̂
θ in Eq. (2.26), Eq. (2.31) reads

dĥ

dt
= Ĵxẋ + ĥ∗ − Ĵx

˙̂x− h̃∗ − Ĵx
˙̂x− ĥ∗ + Ĵx

˙̂x. (2.32)

By exploiting h̃∗ in Eq. (2.27), we get

dĥ

dt
= ḣ− h∗θ. (2.33)
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Finally, let consider the chain rule expansion of dh/dt

dh

dt
=
∂h

∂x
ẋ +

∂h

∂u
u̇ +

∂h

∂θ
θ̇ = Jxẋ + Juu̇. (2.34)

The substitution of u̇ in Eq. (2.26) gives

dh

dt
= Jxẋ + JuĴ

+
u

(
ĥ∗ − Ĵx

˙̂x
)

= Jx(ẋ− ˙̂x) + h∗ = Jx
˙̃
h+ h∗. (2.35)

With Eqs. (2.30), (2.33) and (2.35) we use the same arguments in the proof of Theorem 2.

Let h̃ ̸= 0 be considered as a perturbation. Due to Eq. (2.30), h̃ converges to zero at

some point. In the meantime, since the system is ISS, the stability remains. Besides, h̃ is

stable, so the perturbation vanishes with time. Then, according to Eq. (2.33),
˙̂
h = ḣ and,

according to Eq. (2.35), ḣ = h∗. Therefore, we recover the expanded system in Eq. (2.11)

and the results of Theorem 2 hold.

Proposition 2. Given Assumption 1,

h∗θ(x,u) = −Kθ(x,u)h̃ (2.36)

with Kθ(x,u) a function which returns a positive definite matrix, and K(h(x,u)) defined

as in (2.15), if

K̄=

−Kf (x) 0.5I 0

0.5I −Kh(h(x,u)) −0.5JxKθ(x,u)

0 −0.5JxKθ(x,u) −Kθ(x,u)

 (2.37)

is negative definite, then the adaptive law preserves the stability properties of Theorem 3.

Proof. The proof follows from Theorem 3 by considering

V =
1

2
x⊤x +

1

2
h⊤h+

1

2
h̃⊤h̃ (2.38)

as a Lyapunov candidate function. Developing its derivative and using Eqs. (2.30) and (2.35)

from Proposition 1, we obtain

V̇ =x⊤h+ x⊤f∗ + h⊤ḣ+ h̃⊤
˙̃
h =

x⊤h− x⊤Kfx− h⊤JxKθh̃− h⊤Khh− h̃⊤Kθh̃.
(2.39)

As in Theorem 3, the latter reads

V̇ =
(
x⊤ h⊤ h̃⊤

)
K̄
(
x⊤ h⊤ h̃⊤

)⊤
. (2.40)

Then, if K,Kθ are designed such that K̄ is negative definite, then the adaptation law

preserves the stability properties of Theorem 3.

The adaptation law, then, evolves the estimates towards the values which ensure the

correct behavior of the control. Remarkably, the convergence of h̃ to zero implies that

ĥ converges to h. Therefore, the convergence of ĥ to zero implies the convergence of h
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to zero, and the evaders behave as desired. In practice, to implement the controller, a

slight change in Eq. (2.26) is required to compute h̃∗. Since ẋ = θf is not available, an

approximation (e.g., by finite differences) must be used to obtain ẋ. Note that this only

affects the implementation, as long as the stability analysis involves the real dynamics of

the evaders.

Example. We provide a brief description of how to design the control and adaptation

gains.

The first step is to set the desired behavior of the herd. Theorem 3 and Proposition 2

allow for several possible choices, but to keep it simple, consider a desired settling time of

1/τ = 12s and an exponential transient according to m first order independent systems.

Thus,

f∗(x) = −Kf (x)x = −Kfx = −(3τI)x = −0.25Ix. (2.41)

Then, according to Theorem 3, Kh(h(x,u)) in Eq. (2.15) must be such that K is negative

definite. To preserve simplicity, let Kh(h(x,u)) = Kh be a constant matrix. Under these

conditions, for example Kh = 50I works.

In the same way, if an adaptation law is desired, then Kθ(x,u) in Eq. (2.37) must be

such that K̄ is negative definite. In the herding case, the speed of evaders and herders

is bounded, so Jx is bounded and there always exist a matrix Kθ(x,u) that makes K̄

negative definite. To preserve simplicity again, let Kθ(x,u) = Kθ be a constant matrix.

For instance, Kθ = 200I works in the examples of Section 2.6. In general, starting from Kf ,

choosing the other gains such that ||Kf || < ||Kh|| < ||Kθ|| will make the system stable.

Nevertheless, there are no particular restrictions on the gains, providing a lot of design

possibilities. If needed/desired, Kf might not be a constant, nor f∗ a linear function of

the state. Similarly, Kh can change with time to preserve the negative definiteness of K,

and the same applies to Kθ.

2.5 Herding solution

Implicit Control, along with the adaptation law, constitutes the core of our proposal.

Nonetheless, to have a complete herding solution, additional issues are considered.

2.5.1 Distributed estimator

Up to now, the solution assumes that herders know the state and input of the system

perfectly, i.e., the position of all the herders and evaders. This subsection describes a

distributed estimator that fulfills this assumption. Particularly, we develop an Extended

version of the Distributed Kalman Filter [Olfati-Saber, 2007a] (E-DKF), tailored to work

with the Implicit Control expanded dynamics. The objective is, for all the herders, to

have an accurate estimation of evaders’ and herders’ position, aggregated in the vector

ξ = [x⊤
1 , . . . ,x

⊤
m,u

⊤
1 , . . . ,u

⊤
n ]⊤. Notice that, in contrast with typical DKFs, the control
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inputs must be included as quantities to be estimated. In typical control solutions this is

not possible because the input has no dynamics because it is just an algebraic expression.

Implicit Control addresses this issue by providing the input dynamics. In particular,

for the prediction step of the filter we consider

ξ̇ =
∂Σ(ξ)

∂ξ

∣∣∣∣
ξ=ξ(t)

+ w, (2.42)

where Σ(ξ) denotes the expanded system in (2.11) and w ∼ N (0,Q) is a zero mean

Gaussian noise with covariance Q. Note that the linearization in Eq. (2.42) is necessary

because the overall expanded dynamics are strongly nonlinear, so we use ∂Σ(ξ)
∂ξ evaluated

at ξ = ξ(t). Since the evaders’ dynamics are deterministic, Q will have small values, useful

to mitigate the effects of the uncertainty during the adaptation law’s transient.

For the filter update, it is important to note that the herders’ measurements will depend

on its position, i.e., a herder will only be able to measure the entities that are close to it.

Therefore, the measurement equation is of the form

zi = Hi(ξ)ξ + vi, (2.43)

where zi is the measurement taken by herder i, vi ∼ N (0,Ri) is the measurement noise

with covariance Ri, and Hi depends on ξ. This dependency makes the dimension of zi to

change at each filter iteration, complicating the implementation.

The solution lies in using an information form of the E-DKF so, at each instant, each

herder has a vector of measurements and a vector of booleans. The latter says whether an

entity has been sensed or not, whereas the former contains the actual measurements and

zeroes for the rest of entities, i.e., zi ∈ R2m+2n. Given the two vectors, the information

form of the E-DKF permits to add up all the measurements in common state coordinates,

only adding those measurements where the boolean vector is equal to one. Besides, com-

munication among herders happens only if the distance between two herders is less than

dc. Thus, the estimator is input-dependent in the topology as well.

It is noteworthy that the stochastic nature of the estimator can absorb discrepancies

from the adaptation and the unmodeled perturbations. This, together with the information

form of the filter, permits to run the control and the estimation at different frequencies.

The control loop can be the fastest while the estimation runs slower to account for commu-

nication bandwidth issues. Regarding the influence of the estimator in the overall stability

of the system, if the estimator is designed to converge sufficiently fast, from a practical

point of view its influence in the controller can be overlooked, and the controller works

with accurate states and inputs. Regarding global awareness, the estimator still assumes

a common reference frame for all the agents (herders and evaders) as well as knowledge

of their number. Nevertheless, there are works available that deal with the distributed

computation of these quantities [Franceschelli and Gasparri, 2013,Montijano et al., 2014a].
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2.5.2 Caging the evaders

To avoid escapes, herders must be close to the evaders before beginning the precision

herding using Implicit Control. This is not a complete solution because robots might not

be deployed in the proximity of the evaders. Therefore, we propose a caging stage to prevent

these escapes.

We consider a caging strategy based on the mean position and covariance of the herd.

We denote them by xavg := 1
m

∑
j xj and Pavg := 1

m

∑
j(xj − xavg)(xj − xavg)⊤. The

combination of both gives a description of the herd in terms of an ellipsoid centered in xavg.

The geometry of the setup for a 2D herding is depicted in Fig. 2.2. It can be observed

that the ellipse (in red) delimits a region around the evaders (in green) which suggests a

uniform distribution of the herders along the perimeter. However, these locations might

be too close to the evaders. Therefore, it is convenient to use an augmented version of the

ellipse, µ1Pavg with µ1 > 1, to place the herders sufficiently far from the evaders. We do

not make any assumptions about the initial distribution of the evaders. For instance, a

very spread distribution of evaders with a large Pavg will only imply that it will take more

time for the herders to surround the evaders. Moreover, µ1 can be tuned so that herders

provoke weak repulsive forces in the evaders. During the caging, evaders will not escape,

and afterwards, the herders will approach the evaders to provoke large enough repulsive

forces to steer the herd. Anyway, this is transparent for both the caging and the precise

herding stage.

Figure 2.2: Geometrical view of the caging

stage. The evaders (green dots) are in the re-

gion determined by their mean position and co-

variance (in red). To avoid escapes and high

repulsive forces, the herder (blue dot) must be

placed in the perimeter (blue diamonds) of an

augmented ellipse (black-dashed). Besides, since

there is uncertainty, CBFs prevent the herders

to enter in the magenta ellipse, computing the

closest point to its perimeter (blue triangle).

To solve the caging, we propose a controller,

adapted from [Montijano et al., 2013], that

steers the herders towards an even distribution

along the perimeter of µ1Pavg. The position of

herder i, in polar coordinates with respect to the

ellipse, is driven by

ψ̇i = (ψi+1 − ψi) + (ψi−1 − ψi) (2.44)

ρ̇i = ρi − ρ∗i (2.45)

where ψi and ρi are the angular and radial po-

sitions, and i+ 1, i− 1 denote the left and right

closest herders. The policy is inspired in the well

known N -bugs problem, that evenly distributes

N agents over a closed curve. An even distribu-

tion of herders along the perimeter of an ellipse

requires the herders to be distributed with a uni-

form angle. The agreement in the angle is given

by Eq. (2.44). Meanwhile, to each angle corre-

sponds a certain radial position to place herders

over the desired ellipse, given by ρ∗i . Therefore,

the controller of the radial position is just the linear feedback controller in Eq. (2.45). For

formal guarantees of convergence, we refer to [Montijano et al., 2013].
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Herder i only needs to measure the closest left and right neighbor. These commands are

then translated to Cartesian coordinates. Under this control policy the herders arrive to

equally-distributed positions along the perimeter of the ellipse, denoted by u∗
i and depicted

in blue in Fig. 2.2.

Due to perturbations or unmodeled phenomena, the caging might not prevent herders

to move too close to the evaders. To solve this issue, we propose the use of CBFs [Wang

et al., 2017]. The controller in Eqs. (2.44)-(2.45) computes the velocity u̇nom
i , which is

then translated into Cartesian coordinates. This is called the nominal action. The nominal

action might move the herder towards a region where the interaction with the evaders is

not convenient. We define this region by µ2Pavg, where µ1 > µ2 > 1, and it is depicted in

purple in Fig. 2.2.

To correct the nominal action, we use a quadratic program based on CBFs. In partic-

ular, at each instant, the closest point in the perimeter of the ellipse µ2Pavg to herder i is

computed, denoted by ei [Eberly, 2011]. Then, an optimization process [Wang et al., 2017]

is carried out,

u̇cbf
i = arg min

u̇cbf
i

||u̇cbf
i − u̇nom

i ||2 (2.46a)

s.t. Lfh(∆i) + Lgh(∆i)u̇
cbf
i ≥ −κ(h(∆i)) (2.46b)

Here, ∆i = ui − ei, depicted in orange in Fig. 2.2. Moreover, u̇cbf
i is the action to be

optimized, h(∆i) is the control barrier function, κ(h(∆i)) is a class K function and Lf ,

Lg denote the Lie derivatives. It is important to remark that the abuse of notation with

function h is to fit the typical notation of CBFs [Wang et al., 2017].

Finally, a high-level algorithm of the complete herding sequence is described in Algo-

rithm 1.

Algorithm 1 Complete herding for herder i

1: Receive xavg and Pavg

2: while True do

3: Compute estimate ξ̄i with E-DKF

4: if herders are far from evaders then

5: Do caging: compute ψ̇i, ρ̇i, calculate u̇cbf
i

6: else

7: Do precise herding: compute u̇i,
˙̂
θi with Adaptive Implicit Control, and update

θ̂i
8: end if

9: Update ui

10: end while
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2.6 Simulation results

The purpose of these simulations is to validate and demonstrate the success of the proposal

against challenging situations using the models in Section 2.2. The herding solution is

formed by different parts, so the simulations will be conducted progressively to analyze

each individual component.

2.6.1 Implicit Control and adaptation law

The first case of study consists in the herding of 5 evaders by 5 herders. The herders

receive perfect measurements and they are already deployed near the evaders. The details

are in Table 2.2. We set Kf = 0.25I2m, yielding a settling time of 12s with an exponential

transient according to 2m first order independent systems. To ensure that the conditions of

Theorem 3 and Proposition 2 hold, we set Kh = 50I2m and Kθ = 200I2m. For the sake of

comparison, we use the Levenberg-Marquardt (LM) numerical method [Marquardt, 1963]

as a baseline to compute the control input.

Table 2.1: List of symbols in the figures.

Symbol Meaning

Desired positions

Symbol Meaning

Initial position herders

Final position herders

Trajectories herders

Symbol Meaning

Initial position evaders

Final position evaders

Trajectories evaders

Table 2.2: Parameters of the simulations.

θj (Inv.) θj (Exp.) βj σj dmin T vmax dm dc

1.0 0.5 0.5 2.0 1.0m 10ms 0.4m/s 6.5m 6.5m

The first row of Fig. 2.3 shows the trajectories followed by herders and evaders for the

different test cases. Implicit Control (IC) is able to herd the evaders successfully, achieving

almost the same trajectories obtained by the numerical baseline in all the experiments.

Conversely, the trajectories of the herders present some differences depending on the motion

model, which highlights the complexity of the control problem at hand, greater for the

Exponential Model due to the switching dynamics. The second row of Fig. 2.3 represents

the evolution over time of the evaders’ position error. Implicit Control achieves the desired

settling time of 12s and the state evolves as an exponential function according to the

imposed closed-loop dynamics. Interestingly, it is corroborated that the Implicit Control

solution does not assign any particular evader to any robotic herder, so herders just move
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Inverse, IC Exponential, IC Inverse, LM Exponential, LM

Figure 2.3: Simulation results of the herding of 5 evaders by 5 herders. The first row shows the trajectories

followed by the herders and the evaders. The symbols are explained in Table 2.1. The second row presents

the evolution of the error between desired and current position of the evaders.

to steer all the evaders towards their particular assigned positions simultaneously. All

herders are contributing at all instants to the motion of all evaders. But, to achieve a

stable equilibrium, a team of herders is needed because otherwise the herding can not be

simultaneous, as it is seen in the second row of Fig. 2.3. At equilibrium, each herder is

compensating the repulsive forces provoked by the other herders, reason why the evaders

end up in the desired positions with zero velocity.

The only discrepancy between Implicit Control and the numerical baseline is in the

first instants of the transient. The numerical baseline applies the “correct input” from

the beginning, because at each instant it iterates until it solves f(x,u) − f∗(x) = 0.

Inverse Model Exponential Model

Inverse evaders Exponential evaders

Figure 2.4: The top row shows the difference in the

control input calculated by Implicit Control and the

numerical baseline (ui and ue respectively). An ar-

bitrary color has been assigned to each input for the

sake of visibility. The bottom row shows the adapta-

tion results of the herding of 5 evaders by 5 herders,

with the evolution of the estimated parameters.

Meanwhile, Implicit Control requires some

time to converge to f(x,u) − f∗(x) = 0,

which is when the “correct input” is ap-

plied. Therefore, what only differs between

methods is the shape of the transient in the

first instants. Then, the total settling time

with the Implicit Control is at most the set-

tling time of f∗(x) plus the time h(x,u)

takes to converge to zero. If Kh is large

enough, then the latter is negligible. This is

why the differences in the transient are min-

imal in the second row of Fig. 2.3. Mean-

while, the differences in the input are much

greater, as it is seen in Fig. 2.4. The con-

trolled system is strongly input-nonaffine,

so there are many roots of h that solve

h(x,u) = 0. After Implicit Control con-

verges to h(x,u) = 0, herders are in a

different configuration with respect to the

herders driven by the numerical baseline,
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and this difference implies different roots for h(x,u) until the evaders are close to the

desired configuration.

Fig. 2.4 also shows how the adaptation law adjusts the parameters to ensure stability.

Initially, all the parameters are equal; however, they evolve differently because each evader

is in a specific situation with respect to its desired position and the herders. At steady-state,

the estimated parameters are equal to the real ones.

2.6.2 Effects of the E-DKF in the herding

The first series of simulations has validated the success of Implicit Control and the adap-

tation law. Next, we show how the herding works when perfect state and input knowledge

is replaced by the distributed estimator. The communication and sensing thresholds are in

Table 2.2. We set Q = 0.02I2m+2n and Ri = 0.07I2m+2n ∀i to simulate a scenario with bad

sensing capabilities, i.e., Ri ≻ Q to illustrate how incorporating Implicit Control in the pre-

diction stage is useful. Finally, to be realistic in the use of the communication bandwidth,

messages are exchanged every 100ms, i.e., the communication process runs 10 times slower

than the control. Fig. 2.5 depicts the performance of the herders against the same herding

scenario of Fig. 2.3. The results are almost identical, with herders and evaders following

similar trajectories as if there was perfect feedback. The reason for that is answered in

the second row of Fig. 2.5. The Root Mean Square Error (RMSE) between the estimates

and real positions of the entities rapidly decreases to the noise level. We remark that both

axis of the panels are in logarithmic scale. Thus, before the first 400ms (4 communication

rounds) the estimator has converged, which justifies the assumption of perfect knowledge in

the control and adaptation. Despite the different frequencies between communication and

control, the herders are successful because they can predict the movement of the evaders

and the other herders.

Inverse evaders Exponential evaders

Figure 2.5: Simulation results of the herding of 5 evaders by 5 herders using Implicit Control with

adaptation law and the distributed estimator. The first row shows the trajectories followed by the herders

(same symbols of Table 2.1). The second row depicts the RMSE in the estimation of evaders’ (blue) and

herders’ (red) position, averaged over the five herders.

In this vein, it is interesting to analyze how increasing the noise covariance affects the

performance. To do so, we have run the same simulations in Fig. 2.5 but changing the

measurement covariance matrix, checking to what extent the noise can increase without

affecting the performance. The results are in Table 2.3. Implicit Control is robust against

measurement noise, achieving good performance with noises up to 0.3m2. We underline

that this implies measurement errors in the order of 0.5m, which is significant considering
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that the herding takes place in a 5× 5m square (i.e., a 10% of the side size of the arena).

It is also observed that the tolerance to noise depends on the evaders’ dynamics. On the

other hand, we do not consider changes in Q because the movement of herders and evaders

is deterministic, so Q just models the noise associated with the difference between real and

estimated parameters during the adaptation.

Table 2.3: Impact of the measurement noise in the herding.

R [m2]
Steady-state error ||x− x∗|| [m]

Inverse Model, 5vs5 Exponential Model, 5vs5

0.07I20 0.02 0.01

0.15I20 0.06 0.06

0.30I20 1.34 0.12

2.6.3 Complete precise herding

The flexibility and generality of the solution can be extended to heterogeneous groups and

time-varying references, resulting in a more realistic herding. In this example we evaluate

the inclusion of the caging stage as considered in Algorithm 1. Fig. 2.6 shows how three

herders herd a group of three evaders using the complete herding solution in Algorithm 1.

The red evader is Exponential while the purple evaders are Inverse. The CBFs have been

tuned as follows, choosing

h(∆i) = ||∆i||+ T
∆iδu

nom
i

||∆i||
− φ (2.47)

and

κ(h(∆i)) = kcbfh(∆i)
3, (2.48)

where T is the sampling time, φ = 3 is a desired distance with the perimeter of µ2Pavg

(µ1 = 7 and µ2 = 4) and kcbf = 50 is a gain which modulates how strong is the repulsion

provoked by the proximity with ei. We recall that in the caging stage the dynamics of the

herders are

ui = ui + Tδucbf
i . (2.49)

Meanwhile, the desired herding configuration evolves with

ẋ∗j = v∗j , ẏ∗j = 0.5w∗
j cos(w∗

j t+ 2π/j),

where w∗=[0.05, 0.1, 0.02]rad/s and v∗=[0.05, 0.05, 0.05]m/s. Due to the distances involved

in this herding instance, we set dm = dc = 15m.

Initially, the herders move to uniformly surround the evaders, positioning themselves

on the perimeter of the desired ellipse. Once the herders are there, the precise herding

begins, driving the evaders to their sinusoidal references. This yields to herders’ trajectories

surrounding and modulating the interaction forces with the evaders. With the evaders in

their desired trajectories, the system reaches a steady-state behavior where the periodic

movement of the evaders is shared by the herders.
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Global Caging Meantime snapshot Desired trajectories

Figure 2.6: Three robotic herders herding three heterogeneous evaders. The magenta trajectories corre-

spond to Inverse evaders while the red trajectory is an Exponential evader. The other symbols follow the

convention in Table 2.1.

2.6.4 Controlling large herds with a few herders

To demonstrate the generality and flexibility of Implicit Control, we conduct some ex-

periments where Implicit Control is used to control a large number of evaders with a few

herders. To do this, the control goal is to steer the centroid of the herd towards a particular

location. At each instant, the control algorithm first calculates the centroid of the herd and,

then, it computes the input with Implicit Control, using the centroid as if it was a virtual

evader with its corresponding evader’s dynamics. The computation of the centroid induces

a little noise in the dynamics of the virtual evader, but it is negligible because, point-wise,

the centroid’s dynamics is still that of the virtual evader. Besides, this discrepancy can be

absorbed by the adaptation law.

In Fig. 2.7 it is shown how 5 herders can control 50 evaders. There are 10 inputs and

2 states to control (the x and y position of the centroid). To maintain cohesion of the

herd, but also to avoid collisions among the evaders, we have added very weak repulsive

and coalition forces among evaders

ẋj=f
inv/exp
j (x,u) + ϑ

m∑
j′=1

djj′

(
1

||djj′ ||3
− ||djj′ ||2

)
(2.50)

with djj′ = xj−xj′ and ϑ = 2×10−4, i.e., 4 orders of magnitude smaller than the dynamics

in Eqs. (2.2) and (2.3).

The first row of Fig. 2.7 shows how the five herders can steer the whole herd towards a

certain region. As a curiosity, since the number of available control inputs is much greater

than the number of states to control, there is a “leftover” herder in steady-state (right

pannel): there are two herders which share a similar position. More interestingly, the

second row of Fig. 2.7 shows how the herders can split the herd in two sub-herds and steer

each of them, simultaneously, towards individually assigned locations. This confirms that,

with our herding, it is possible to consider each evader to virtually represent a herd (see,

e.g., [Pierson and Schwager, 2018] for a similar consideration).

2.6.5 Dynamic assignment for massive herding

In previous examples, herders under Implicit Control can steer as many evaders as herders

unless we use the centroid of the herd as a virtual evader. Nevertheless, it is not required,
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Figure 2.7: 5 herders herding 50 Inverse evaders. In the first 50 seconds, the herd is steered towards the

desired location (first row). Afterwards, the herd is split in two sub-herds and driven towards two different

desired locations simultaneously (second row).

a priori, that the evaders targeted by each robot are the same for all time. In this section

we design a dynamic assignment strategy to select, at each instant, the most convenient

evaders to be directly controlled. Therefore, the constraint in the number of controlled

evaders is always preserved, whereas the other evaders are steered indirectly.

The first step is to compute the convex hull of the herd (Fig. 2.8a). Let X = {xj}m0 be

the set with all the evaders’ positions. The convex hull of X is

CH =


m∑
j=0

λjxj , λj ≥ 0 ∀j and
m∑
j=0

λj = 1

 (2.51)

We denote cj ∈ CH the evaders that form the convex hull, i.e., λj ̸= 0, and C = {cj |λj ̸=
0}m0 . Fig. 2.8b shows the convex hull of an illustrative herd configuration. The convex

hull is important because it delimits the herd, so the smaller the area of C, the more

compact is the herd formation. It also characterizes whether an evader has escaped from

the herders or not. In particular, we use the Quickhull Algorithm [Barber et al., 1996] for

a fast computation of CH and C. With C, we are interested in finding a uniform partition

of these evaders. A uniform partition allows to evenly cover all the herd and helps in

avoiding escapes. Inspired by Voronoi diagrams [Aurenhammer, 1991], we propose a K-

Means clustering [Likas et al., 2003] over the C. Formally, the objective is to find clusters

K = {K1, . . . ,Kp|K1 ∪ . . . ∪ Kp = C} such that

K = arg min
K̂

p∑
k=0

∑
kl∈K̂k

||kl − µk||2. (2.52)

Here, Kk = {kl}pk0 is the set of convex-hull evaders that belong to cluster k, µk is the cen-

troid of cluster Kk, pk > 0 is the number of evaders in cluster k and p = min(|C|, n). The

latter means that the strategy selects as many evaders as herders, unless |C| < n, where

we select all the evaders. Note that the K-Means algorithm [Dempster et al., 1977] gives the

Voronoi centers µk ∀k. Fig. 2.8c shows the resulting clusters.
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(a) (b)

(c) (d)

Figure 2.8: Visualization of the dynamic as-

signment strategy: (a) configuration at instant

t, (b) convex hull of the herd, (c) computed clus-

ters, (d) final assignment.

The final step is to select the evaders to be di-

rectly herd. The centers of the clusters can not

be chosen because their dynamics are not the

ones modeled in Eq. (2.1). For each cluster, the

furthest evader to the cluster’s center is com-

puted. This promotes the compactness of the

herd. Formally, we solve

ek = arg max
kl∈Kk

||kl − µk||, ∀k. (2.53)

After solving (2.53), new set of evaders

{e1, . . . , ep} is obtained. Fig. 2.8d shows the

assigned evaders in an illustrative herd configu-

ration. These evaders are the ones that are di-

rectly controlled by the herders. In other words,

the controlled state employed in Eq. (2.11) is

x =
[
e⊤1 . . . e⊤p

]⊤
.

The overall dynamic assignment strategy

along with Implicit Control is summarized in

Algorithm 2. Roughly speaking, at each instant

the algorithm ensures that the convex hull of the herd converges towards the desired refer-

ence. Therefore, since Implicit Control ensures global asymptotic stability, the convex hull

converges to a region near the desired reference. In particular, the convex hull is steered

to be as close as possible to x∗. However, the repulsive forces among evaders prevents to

obtain ek = x∗ for all k because there are evaders within the herd that repel them. Since

at each instant the furthest evaders are selected, evaders do not escape and the center of

the herd converges asymptotically to x∗.

Algorithm 2 Implicit Control and Dynamic Assignment Strategy at time t

1: X (t),u(t)← obtain herders’ and evaders’ positions at instant t

2: C(t)← ConvexHull(X (t))

3: if |C(t)| < n then

4: K(t)← KMeans(|C(t)|, C(t))
5: else

6: K(t)← KMeans(n, C(t))
7: end if

8: for Kk(t) in K(t) do

9: ek(t)← arg maxkl(t)∈Kk(t) ||kl(t)− µk(t)||
10: end for

11: u(t)← ImplicitControl(e(t),u(t))

To validate the proposal, we conduct different simulated experiments. The purpose

is to verify that the herding is achieved for (i) different numbers of evaders and herders,

where m≫ n; (ii) heterogeneous groups of evaders, where each evader may have different

dynamics; (iii) both fixed and time-varying references.
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The values of the parameters are: θj = 1.2, γj = 2 × 10−4, βj = 0.5, σj = 2.0,

dmin = 10m, the sample time for the simulation is T = 40ms, and vmax = 4m/s for both

evaders and herders. The sample time is chosen for the robots to have enough time for all

the calculations, while the maximum speed and the other aforementioned parameters are

chosen to obtain realistic results in terms of distances, velocities and times. Nonetheless,

any combination of parameters is possible. We set F = 0.25I2p and H = 50I2p in (2.13) to

ensure the stability of Implicit Control. We test three scenarios: (i) all evaders follow Inverse

model dynamics, (ii) all evaders follow Exponential model dynamics and (iii) evaders follow

either Inverse or Exponential model dynamics. When the experiments involve both models,

we initialize the model of each evader randomly from a Bernoulli distribution. The evaders’

positions are initialized from a normal distribution of mean [20.0, 0.0]m and covariance I2.

Meanwhile, robots are deployed in an even distribution around the evaders, with center

[20.0, 0.0]m and radius 70m. The desired tracking reference is x∗ = [−35.0,−35.0]m and

ẋ∗ = [0.0, 0.0]m/s for t ∈ [0.0, 160.0)s and ẋ∗ = [ν, ωA cos(ωtT )]m/s for t ∈ [160.0, 400.0]s,

with ν = −0.2m/s, A = 5m/rad and ω = 0.1rad/s.

t ∈ [0, 160)s t ∈ [160, 400]s

Figure 2.9: Illustrative example. Herding of 50 Inverse evaders by 4 robotic herders. The symbols are

explained in Table 2.1. The left pannel also shows the results of the dynamic assignment strategy for the

first instant: each color represents a cluster, the square marks represent the assigned evaders while the star

marks represent the other evaders that belong to the convex hull.

Fig. 2.9 shows 4 robotic herders herding 50 Inverse model evaders. In Fig. 2.9a it is

depicted the first part of the herding, where the four herders are successful in steering all

the evaders towards the desired static reference. From the trajectories it is verified that

none of the evaders escape and they all remain within the influence of the herders. The

convex hull is pushed towards the desired reference. Once the evaders are close to the

desired location, the herders move to make the herd more compact. The final configuration

of the herd is the compact black circle in Fig. 2.9a, with the centroid in x∗ and with the

herders in a symmetric position to preserve the convex hull compactness around x∗. After

160s the time-varying herding begins, and in Fig. 2.9b it is demonstrated that the herders

are capable of steering the herd throughout a complex tracking reference. The compactness

is preserved, and the centroid of the herd accurately follows x∗. To complement Fig. 2.9,

Fig. 2.10 depicts the same experiment but with either Inverse, Exponential or a mix of
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Exponential evaders, m = 20, n = 3 Mix of evaders, m = 50, n = 3

Inverse evaders, m = 100, n = 4 Mix of evaders, m = 300, n = 5

Figure 2.10: Illustrative examples. The pannels depict the overall trajectories from t = 0s to t = 400s.

In the mixed configurations, we use green and black for the initial and final configuration of the Inverse

evaders whereas orange and brown for the initial and final configuration of the Exponential evaders. The

other symbols follow Table 2.1.

Inverse and Exponential evaders in different configurations. The results are as accurate as

in the previous example.

As a last remark, the computational time of the proposal does not vary significantly

when the number of evaders increases. The only part that depends on the size of the herd

is the computation of the convex hull. However, the Quickhull Algorithm [Barber et al.,

1996] has an average complexity O(n log n), so it can compute the convex hull of up to

thousands of evaders in a few milliseconds. After that, the number of evaders involved

in the computations is bounded by the number of herders, and since we only use a few

herders, the proposal is cheap to compute. This is why T = 40ms is enough for computing

Algorithm 2.

2.7 Real experiments

In this section we extend the simulations to the real framework provided by the Robotar-

ium [Wilson et al., 2020]. To do so, some robots play the role of herders while the others

act as evaders, following the dynamics in Section 2.2. The robots are GRITSBot X moving

on a 3.2m x 2m area, coordinated by a central server which receives odometry and sends

velocity commands at an approximately delay of 0.033s. Thus, a low level controller is used

to translate the control output into velocity commands, with vmax = 0.2m/s. We use the
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experiments to validate Implicit Control, the adaptation law and the caging stage. Finally,

we adjust some parameters to fit the conditions of the experiment: T = 0.033s, θ = 0.02,

θ̂(0) = 0.015 (Inverse), θ = 0.05, θ̂(0) = 0.04 (Exponential), σ = 1.2.

3 Inv. evaders 3 Exp. evaders 2 Inv. + 1 Exp. evaders 2 Inv. + 2 Exp. evaders

Initial configuration Caging Meantime snapshot Final trajectories

Figure 2.11: Results of the herding using Robotarium [Wilson et al., 2020]. The symbols are explained

in Table 2.1. When evaders’ dynamics are mixed, initial, final and desired position of Exponential evaders

are yellow. The second row shows snapshots of three herders herding two heterogeneous evaders in a time-

varying path.

The experiment in Fig. 2.1 exhibits a similar behavior to the simulations in Section 2.6.

The evaders try to evade the herders, going in the direction of lower density of herders.

To tackle this, the closest herders surround the evaders to align with the other herders,

which move away to modulate the interaction forces. These conclusions are reaffirmed by

the experiments in Fig. 2.11, where different combinations of evaders, in their number and

dynamics, are tested. Additionally, the herders successfully herd heterogeneous groups of

evaders. The last experiment consists in the herding of an Inverse evader and an Expo-

nential evader by three herders, where the caging stage has been included. Initially, the

herders approach the evaders, surrounding them to avoid escapes. Then they steer the

evaders towards the desired trajectories (in red). Despite the space limitations and the

complex nonlinear repulsive dynamics, the evaders successfully follow the references.

2.8 Conclusions

This chapter has presented a novel control strategy for input-nonaffine dynamical systems in

multi-robot control problems. This strategy, based on numerical analysis theory and coined

as Implicit Control, finds suitable inputs even when, due to the complex nonlinearities, the

control law is given by a set of implicit equations. Implicit Control develops a continuous-

time expansion of the system, and comes with formal proofs of convergence. In addition,

it is flexible in the number of evaders and general with respect to their motion model. The

theoretical concepts of Implicit Control allow to derive an adaptation law. It preserves the

stability properties of the control while naturally integrates in the control architecture. As

motivating example, we have exemplified the design on an Implicit Control law in a multi-

robot herding problem. To complete the proposal in terms of multi-robot herding, we

have developed a novel solution for the caging problem. The herders can depart from any
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arbitrarily far region because they are able to approach and surround the evaders. This is

done in conjunction with a novel version of an Extended Distributed Kalman Filter, which

has solved the problem of complete perfect measurements. Furthermore, we have developed

a new dynamic assignment strategy that selects the evaders to be targeted by the robotic

herders, such that herd coalition is achieved. The flexibility, robustness, and generality of

the solution has been demonstrated in numerous simulations and experiments with real

robots.

Implicit Control paves the way for the distributed control of general input-nonaffine

systems, which is one of the challenges targeted in this thesis. Nonetheless, the original

Implicit Control formulation is restricted to centralized systems. Despite the fact that this

chapter already proposes a distributed estimator to overcome this limitation, the results of

the chapter inspire novel research lines of potential interest, including the full distribution

of the control computation, e.g., using distributed optimization and consensus techniques.

These ideas are explored in the next chapter.





Chapter 3

Distributed Optimization,

Consensus and Dissensus

Nonlinear control techniques such as Implicit Control are tailored for centralized systems,

where robots have access to all the information of the environment. This limits its appli-

cability to distributed multi-robot systems, where information such as the location of all

the robots is not readily available at the local robot level. In this chapter, we elaborate

on distributed optimization, consensus and dissensus tools that allow to recover the global

quantities of interest necessary to apply nonlinear control techniques. More specifically, we

cover the following three topics:

• Distributed optimization refers to the problem of finding the global optimum of

an optimization problem where the cost function, the constraints or the available

information is distributed over a network [Nedić et al., 2018]. Of particular interest

is the case of unconstrained consensus optimization [Nedić and Liu, 2018], where the

global cost function is the sum of local cost functions. Practical instances of such a

setting are federated learning [Nedic, 2020], networked games [Parise and Ozdaglar,

2019] or multi-robot control [Shorinwa et al., 2024]. In all these applications, it is

of key importance to reconstruct the global optimum as fast as possible to reduce

the number of gradient computations, the communication efforts and adapt to evolv-

ing environments. To cope with this, we propose a novel accelerated distributed

optimization algorithm that exploits momentum to outperform existing first order

approaches in convergence speed, while leveraging the robustness of the alternating

direction method of multipliers (ADMM) and the computational simplicity of gradi-

ent tracking (GT).

• The problem of consensus in control theory [Garin and Schenato, 2010] consists of

finding a protocol such that a set of nodes in a network agree on the value of a certain

quantity of interest. In particular, the discrete time dynamic average consensus [Kia

et al., 2019] is interesting because the tracked signals usually evolve with time, and

protocols are implemented in computing units that work in discrete steps. Despite

the existing literature, current solutions still suffer from some of the following issues:

47
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(i) integral and difference input terms are not robust against input and initialization

noise, or changes of network size; (ii) trade-off between convergence speed and steady-

state accuracy; (iii) absence of robustness against packet losses and communication

delays. These aspects affect the applicability of consensus in real-world scenarios such

as smart grids [Franceschelli et al., 2020] or sensor networks [Sebastián et al., 2021b].

To overcome these issues, we propose a novel algorithm that combines a multi-stage

consensus protocol and a second order diffusion method, along with its asynchronous

and randomized version.

• Distributed dissensus is a less explored problem compared to consensus, since it

studies how to enforce disagreement among agents in a network. A particularly rele-

vant example in robotic systems is that of robot navigation in dynamic environments,

where robots move from one location to another while avoiding collisions with obsta-

cles that are in motion around the environment [Choset et al., 2005]. Existing solu-

tions assume the degree of cooperation between the robot and an agent [Van Den Berg

et al., 2011,Alonso-Mora et al., 2018,Han et al., 2020,Boldrer et al., 2023], assume the

robot can communicate with other robots [Bajcsy et al., 2019, Li et al., 2020b, Pat-

wardhan et al., 2022,Zhang et al., 2023], or assume the computational capabilities of

the robot are sufficient to do inference on learning-based policies or long-term hori-

zon planning [Long et al., 2017, Everett et al., 2021, Brito et al., 2019, Poddar et al.,

2023].To cope with all these issues, we propose a novel adaptation law based on non-

linear opinion dynamics [Bizyaeva et al., 2022], a sophisticated dissensus technique

that guarantees fast and flexible decision-making.

In the following three sections we dive into each of these problems separately, including

a description of the related work, the proposed method, and simulations and experiments

that validate them.

3.1 Distributed optimization: accelerated alternating direc-

tion method of multipliers gradient tracking

3.1.1 Related work

The evolution of distributed optimization algorithms can be divided in three stages. The

first approaches departed from subgradient [Sundhar Ram et al., 2010], gradient [Jakovetić

et al., 2014] and proximal methods [Bertsekas, 2011] to derive distributed versions that

achieve convergence to the optimum if and only if the step size diminishes with time.

This property poses a fundamental trade-off between speed and accuracy because fixed

step sizes lead to convergence within a given distance from the optimum. To overcome

the speed-accuracy trade-off, several works capitalized from different points of view the

properties of dynamic average consensus [Franceschelli and Gasparri, 2019,Sebastián et al.,

2023c] and splitting methods to develop GT [Shi et al., 2015,Qu and Li, 2017,Nedic et al.,

2017, Xin and Khan, 2019], and Alternating Direction Method of Multipliers (ADMM)
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or primal/dual methods for distributed optimization [Wei and Ozdaglar, 2013,Bastianello

et al., 2020, Notarnicola et al., 2019]. In both cases, linear convergence is achieved for

constant step sizes; however, these approaches suffer from their respective caveats. GT is

simple to compute but is inherently non-robust against non-ideal affections such as initial-

ization errors, gradient noise or communication disturbances [Bin et al., 2022]. ADMM is

robust against those undesirable effects but, as a proximal method, it has a non-negligible

computational cost at each iteration [Bastianello et al., 2020]. In both cases, due to the

importance of convergence speed, different works have exploited acceleration methods to

improve convergence rate such as momentum [Nguyen et al., 2023,Huang et al., 2024], Nes-

terov acceleration [Qu and Li, 2019], Anderson acceleration and adaptive preconditioning

for proximal-based optimization such as ADMM and Douglas-Rachford Splitting [Fu et al.,

2020, Adil et al., 2021] or smooth/non-smooth regularizers [Li et al., 2019b]. Many of the

aforementioned methods work for time-varying and/or directed graphs, whereas here we

focus on the static undirected case.

Recently, a distributed optimization protocol that combines ADMM and GT [Carnevale

et al., 2023a,Carnevale et al., 2023b] was proposed as an alternative to combine the benefits

of both approaches. The key idea is that GT can be reformulated in ADMM form, where

the ADMM cost function is quadratic in the optimization variables. Therefore, it is possible

to obtain a closed analytical solution that is cheap to compute and robust. Nevertheless,

despite proving linear convergence for strongly convex cost functions, the algorithm needs

time-scale decoupling between the optimum estimate and auxiliary dynamics, limiting the

achievable convergence speed.

3.1.2 Preliminaries

A network of N > 0 nodes cooperates to find the global optimum x∗ ∈ Rn of the consensus

optimization problem

x∗ = arg min
x∈Rn

N∑
i=1

fi(x), (3.1)

where x ∈ Rn is the n−dimensional decision variable. Each node i ∈ V = {1, . . . ,N} only

has access to its local objective function fi(•) and the local estimate of global optimum xt
i,

with t ∈ N denoting the discrete time steps. Problem (3.1) is reformulated in distributed

form by including the consensus constraint as follows

x∗ = arg min
xi∈Rn

N∑
i=1

fi(xi) s.t. xi = xj ∀i, j ∈ V. (3.2)

We assume that fi(•) is c-strongly convex and the gradients ∇fi(x) are L-Lipschitz con-

tinuous ∀i ∈ V. This assumption guarantees that x∗ is unique.

The network of nodes is described by an undirected connected graph G = {V, E}, where

E ⊆ V×V is the set of edges of the graph, such that (i, j) ∈ E means that nodes i and j can

communicate with each other. The set of neighbors of node i is Ni = {j|(i, j) ∈ E}. Note

that i /∈ Ni. The degree of node i is di = car(Ni) and d =
∑N

i=1 di, where car(•) denotes

the cardinality of a set.
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The goal of this section is to develop a distributed algorithm such that each local

estimate xt
i linearly converges to the global optimum x∗, respecting the topology structure

of G.

3.1.3 Singularly perturbed systems

Some of the mathematical derivations exposed in this section are based on singularly per-

turbed systems theory [Carnevale et al., 2024]. Singularly perturbed systems are dynamical

systems composed by two interconnected dynamics, each of them evolving at different time-

scales. Typically, the slow dynamics corresponds to the desired states to be controlled (e.g.,

the estimates xt
i) while the fast dynamics corresponds to auxiliary variables. To ensure sta-

bility, the speed of the slow system is constrained by the speed of the fast dynamics. For

clarity, we reproduce a theorem that establishes that, for a sufficiently slow dynamics,

the slow system (3.3a) is decoupled from the fast system (3.3b) and they are both globally

exponentially stable. We will use this fact to prove convergence properties of our algorithm.

Theorem 4 (Theorem II.3, [Carnevale et al., 2023b]). Let

pt+1 =pt + γf(pt,qt, t) (3.3a)

qt+1 =g(qt,pt, t), (3.3b)

with p ∈ Rn, q ∈ Rm, γ > 0 and f(•), g(•) Lipschitz continuous uniformly over t. Let

assume that there exists a function qeq(p) that is Lipschitz continuous such that

0n =γf(0n,qeq(0n), t) (3.4a)

qeq(p) =g(qeq(p),p, t). (3.4b)

We call reduced system the system given by

pt+1 = pt + γf(pt,qeq(pt), t) (3.5)

and boundary system layer with q̃ ∈ Rm the system

q̃t+1 = g(q̃t + qeq(pt),pt, t)− qeq(pt). (3.6)

Assume that there exist continuous function u(•) and gain γ̄1 > 0 such that, for any

γ ∈ (0, γ̄1), there exist b1, b2, b3, b4 > 0 and values q̃, q̃1, q̃2 ∈ Rm such that

b1||q̃||2 ≤ u(q̃, t) ≤ b2||q̃||2 (3.7a)

u(q̃t+1, t+ 1)− u(q̃t, t) ≤ −b3||q̃||2 (3.7b)

|u(q̃1, t)−u(q̃2, t)|≤b4||q̃1−q̃2||(||q̃1||+||q̃2||). (3.7c)

Symbol || • || denotes the L2-norm. Also, assume that there exists a continuous function

w(•), and gain γ̄2 > 0 such that, for any γ ∈ (0, γ̄2), there exist c1, c2, c3, c4 > 0 and values

p,p1,p2 ∈ Rn such that

c1||p||2 ≤ w(p, t) ≤ c2||p||2 (3.8a)

w(pt+1, t+ 1)− w(pt, t) ≤ −c3||p||2 (3.8b)

|w(p1, t)−w(p2, t)|≤c4||p1−p2||(||p1||+||p2||). (3.8c)



3.1. Distributed optimization: accelerated alternating direction method
of multipliers gradient tracking 51

Then, there exists γ̄ ∈ (0,min(γ̄1, γ̄2)) and gains κ1, κ2 > 0 such that, for any γ ∈ (0, γ̄)

and (p0,q0), it holds that∣∣∣∣∣
∣∣∣∣∣
(

pt − p∗

qt − qeq(pt)

)∣∣∣∣∣
∣∣∣∣∣ ≤ κ1

∣∣∣∣∣
∣∣∣∣∣
(

p0

q0 − qeq(p0)

)∣∣∣∣∣
∣∣∣∣∣ e−κ2t, (3.9)

where p∗ ∈ Rn is the desired equilibrium of p.

Conditions (3.7a), (3.8a), (3.7b), (3.8b) come from standard Lyapunov stability argu-

ments, whereas (3.7c) and (3.8c) bound the changes in the Lyapunov functions w(p, t) and

u(q̃, t) to apply Lyapunov exponential stability arguments.

3.1.4 ADMM gradient tracking

The authors of [Carnevale et al., 2023b] propose a first order distributed optimization

algorithm that combines ADMM and GT to obtain a robust linearly convergent algorithm.

Algorithm 3 presents such scheme. Each node i updates four variables. First, xt
i is the

Algorithm 3 Original [Carnevale et al., 2023b] ADMM-GT at node i

1: State of agent: x0
i ∈ Rn, z0ij ∈ R2n ∀j ∈ Ni

2: Parameters: γ > 0, ρ > 0, α ∈ (0, 1)

3: for t = 1, . . . do

4: yt+1
i = 1

1+ρdi
(xt

i +
(
In 0n×n

)∑
j∈Ni

ztij)

5: st+1
i = 1

1+ρdi
(∇fi(xt

i) +
(
0n×n In

)∑
j∈Ni

ztij)

6: zt+1
ij = (1− α)ztij − α

(
ztji − 2ρ

(
yt+1
i

st+1
i

))
∀j ∈ Ni

7: xt+1
i = xt

i + γ(yt+1
i − xt

i)− γs
t+1
i

8: end for

variable that estimates the global optimum x∗. The variable yt
i reconstructs the average

of the estimates over the nodes of the network 1
N

∑N
i=1 x

t
i and aims at eliminating the

consensus error. The variable sti reconstructs the average of the gradients 1
N

∑N
i=1∇fi(xt

i)

and aims at reducing the error eti = ||xt
i − x∗||. Finally, ztij ∈ R2n are auxiliary variables

that enforce consensus over yt
i and sti [Bastianello et al., 2020].

One fundamental aspect of Algorithm 3 is that, by conveniently rewriting the dynamics

of xt = [(xt
1)

⊤, . . . , (xt
N)⊤]⊤ and zt = [(zt1)

⊤, . . . , (ztN)⊤]⊤ (with zti = [(zti1)
⊤, . . . , (ztidi)

⊤]⊤),

it can be shown that the overall dynamics of the scheme have the structure of a time-varying

singularly perturbed system [Carnevale et al., 2023a]. Therefore, relying on Theorem 4, for

a sufficiently small γ, Algorithm 3 converges linearly to the global optimum of (3.1).

In the following section, we present an algorithm that, by adding momentum to the

dynamics of yt
i, sti and ztij , speeds up the convergence while preserving the computation

and communication properties of Algorithm 3.
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3.1.5 Accelerated ADMM gradient tracking

The proposed accelerated distributed optimization scheme is presented in Algorithm 4. Al-

Algorithm 4 A2DMM-GT at node i

1: State of agent: x0
i ∈ Rn, z0ij ∈ R2n∀j ∈ Ni, z

−1
ij ∈ R2n∀j ∈ Ni, y

0
i ∈ Rn, s0i ∈ Rn

2: Parameters: γ > 0, ρ > 0, α ∈ (0, 1), λ ∈ (1, 2), µ ∈ (1, 2), ϵ ∈ (0, 1)

3: for t = 1, . . . do

4: ȳt+1
i = 1

1+ρdi
(xt

i +
(
In 0n×n

)∑
j∈Ni

ztij)

5: s̄t+1
i = 1

1+ρdi
(∇fi(xt

i) +
(
0n×n In

)∑
j∈Ni

ztij)

6: yt+1
i = yt

i + λ(ȳt+1
i − yt

i)

7: st+1
i = sti + λ(s̄t+1

i − sti)

8: z̄t+1
ij = (1− α)ztij − α

(
ztji − 2ρ

(
yt+1
i

st+1
i

))
∀j ∈ Ni

9: zt+1
ij = µ(ztij + ϵ(z̄t+1

ij − ztij)) + (1− µ)zt−1
ij ∀j ∈ Ni

10: xt+1
i = xt

i + γ(yt+1
i − xt

i)− γs
t+1
i

11: end for

gorithm 4 adds momentum to the dynamics of yt
i and sti (lines 6 and 7) and the dynamics

of ztij (line 9). The former allows to write Algorithm 4 as a chain of two singularly per-

turbed systems. The outer singularly perturbed system interconnects the dynamics given

by yt
i and sti with the dynamics given by xt

i and zti. The inner singularly perturbed system

interconnects the dynamics given by zti with the dynamics given by xt
i. In terms of conver-

gence speed, there are three time-scales, from the fastest to the slowest: (1) yt
i, ȳ

t
i, s

t
i, s̄

t
i; (2)

zti, z̄
t
i; and (3) xt

i. This time-scale separation leads to a novel convergence analysis of the

ADMM-GT algorithm, discovering a limitation in the maximum achievable convergence rate

of the dynamics of zti. By adding momentum to zti this bound is overcome, enhancing the

overall convergence rate when compared to Algorithm 3. Additionally, by respecting the

ADMM gradient tracking structure of Algorithm 3, Algorithm 4 preserves the robustness

from ADMM proved in [Carnevale et al., 2023b] and the computational simplicity of gradi-

ent tracking methods (the momentum operations are inexpensive to compute). Comparing

Algorithms 3 and 4, their communication cost is the same since only the ztij are exchanged.

In terms of memory, each node has to additionally store zt−1
ij , yt

i, s
t
i.

To analyze the convergence properties of Algorithm 4, we define the following matrices:

Ax=diag

{(1di,n
0di,n

)}N

i=1

 ,Az=diag

{(0di,n
1di,n

)}N

i=1


A = diag

(
{1di,2n}

N
i=1

)
,H = diag

({
In

1 + ρdi

}N

i=1

)
.

We use diag({Ei}Ni=1) for the block diagonal matrix whose i−th block element matrix

is Ei. Symbol 1N,p = 1N ⊗ Ip where ⊗ denotes the Kronecker product. Besides, let

P ∈ {0, 1}2nd×2nd be a permutation matrix that exchanges auxiliary variable ztij with
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auxiliary variable ztji and implements the pairwise message passing found in line 8 of Al-

gorithm 4, xt = [(xt
1)

⊤, . . . , (xt
N)⊤]⊤, zt = [(zt1)

⊤, . . . , (ztN)⊤]⊤, zti = [(zti1)
⊤, . . . , (ztidi)

⊤]⊤,

yt = [(yt
1)

⊤, . . . , (yt
N)⊤]⊤ and st = [(st1)

⊤, . . . , (stN)⊤]⊤. Finally,

g(xt) = [(∇f1(xt
1))

⊤, . . . , (∇fN(xt
N))⊤]⊤ and v(yt, st) = [(yt

1)
⊤, (st1)

⊤, . . . , (yt
N)⊤, (stN)⊤]⊤.

Exploiting these definitions, Algorithm 4 for the whole network can be written as

yt+1 =(1− λ)yt + λH(xt + A⊤
x z

t), (3.10a)

st+1 =(1− λ)st + λH(g(xt) + A⊤
z z

t), (3.10b)

zt+1 =µFzt+(1− µ)zt−1+2µϵαρPAv(yt+1, st+1), (3.10c)

xt+1 =xt + γ(yt+1 − xt)− γst+1, (3.10d)

where F = (1 − ϵα)I2nd − ϵαP. The compact expression in (3.10) can be reformulated

as an interconnection of two singularly perturbed systems. In Fig. 3.1 we represent the

interconnections between the dynamics of xt, zt, yt and st. The inner system (green)

connects the dynamics of xt (slow) and the dynamics of zt (fast). Indeed, if µ = ϵ = 1, the

inner system corresponds to the singularly perturbed system studied in [Carnevale et al.,

2023b]. On the other hand, the outer system is also a singularly perturbed system given

by rt = [(yt)⊤, (st)⊤]⊤, wt = [(xt)⊤, (zt)⊤, (zt−1)⊤]⊤, v(rt) = v(yt, st), and

rt+1 = (1− λ)rt + λ
(
H(xt + Axz

t)H(g(xt) + Azz
t)
)

= (1− λ)rt + λh(wt), (3.11)

wt+1 =

(1− γ)INn 0Nn×2nd 0Nn×2nd

02nd×2nd µF (1− µ)I2nd
02nd×2nd I2nd 02nd×2nd

wt +

γ
(
INn −INn

)
rt

2µϵαρPAv(rt)

02nd

 = Qwt + B(rt).

(3.12)

Given an arbitrary constant wt = w for all t, let function req(w) from (3.11) be

req(w) = (1− λ)req(w) + λh(w)⇒ req(w) = h(w). (3.13)

Then, we define the error coordinates r̃t = rt−req(w). Regarding the slow system dynamics

(3.12), we define the desired equilibrium w∗ as

w∗ =

 x∗

2(I2nd + P)−1ρPAv(req(wt))

2(I2nd + P)−1ρPAv(req(wt))

 , (3.14)

where we have exploited the fact that z∗ can be arbitrarily chosen, making it coincide with

the value of zt when zt = zt−1, which is the steady-state value of zt in Eq. (3.10c). Finally,

we define the error dynamics w̃t = wt −w∗.

We aim at exploiting Theorem 4 to prove the convergence properties of Algorithm 4. To

do so, we first study the convergence properties of the boundary system layer error dynamics

r̃t+1 and the reduced system error dynamics w̃t+1 by drawing their equivalence with the fast

(3.3b) and slow (3.3a) dynamics respectively, proving that (3.7a)-(3.7c) and (3.8a)-(3.8c)

hold.
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Figure 3.1: Representation of Algorithm 4 as an

interconnection of two singularly perturbed systems.

The outer singularly perturbed system connects the

dynamics of the consensus variables rt and the esti-

mates/auxiliary variables wt. The inner singularly

perturbed system connects the dynamics of the esti-

mates xt and the auxiliary variables zt.

In Lemmas 1 and 2 we prove that r̃t+1 can

be written in the form of Eq. (3.3b) and

w̃t+1 in the form of Eq. (3.3a). After

that, Proposition 3 resorts to Theorem 4

to prove the global exponential stability of

the dynamics of r̃t+1 and w̃t+1 and, con-

sequently, the global exponential stability

of Algorithm 4. Finally, we use Lemma 2

to demonstrate that Algorithm 4 leads to

acceleration with respect to Algorithm 3,

formalized through Theorem 5, where we

substitute the slow state from p to w̃ and

the fast state from q to r̃.

Lemma 1. Let wt = w. There exists a

continuous function u(r̃t, t) such that, for

λ ∈ (1, 2), (3.7a), (3.7b) and (3.7c) hold.

Proof. The boundary system layer dynamics of (3.11) is

r̃t+1=rt+1 − req(w)=(1− λ)(r̃t + req(w)) + λh(wt)− req(w), (3.15)

from which, using (3.13), it is derived that r̃t+1 = (1 − λ)r̃t. Thus, if λ ∈ (1, 2), then the

error dynamics of r̃t+1 is globally exponentially stable and the conditions (3.7a), (3.7b) and

(3.7c) are satisfied by choosing as Lyapunov function u(r̃t, t) = 1
2(r̃t)⊤r̃t.

Lemma 2. Let rt = req(wt), λ, µ ∈ (1, 2), γ > 0, ϵ, α ∈ (0, 1) and ρ > 0. There exists a

continuous function w(w̃t, t) such that (3.8a), (3.8b) and (3.8c) hold.

Proof. First, the error dynamics w̃t+1 are

w̃t+1 = Q(w̃t+w∗)+B(req(wt))−w∗ ⇒ w̃t+1=Qw̃t+

 −γx∗

µFz∗ − µz∗

z∗ − z∗

+B(req(wt)). (3.16)

By substituting the definition of z∗ from Eq. (3.14) in matrix B(req(wt)) of Eq. (3.16), we

obtain that

w̃t+1 = Qw̃t +

−γx∗ + γ
(
INn −INn

)
h(wt)

02nd
02nd

 . (3.17)

According to (3.17), the error dynamics associated to zt+1 and zt do not depend on xt(
z̃t+1

z̃t

)
=

(
µF (1− µ)I2nd
I2nd 02nd×2nd

)(
z̃t

z̃t−1

)
=L

(
z̃t

z̃t−1

)
, (3.18)

so they can be independently analyzed. Moreover, (3.18) can be rewritten in the form of

(3.3a) by adding and subtracting the identity matrix from L. On the other hand, the error

dynamics associated to xt

x̃t+1 = x̃t+γ(H(xt+Axz
t)−xt)−γH(g(xt)+Azz

t) (3.19)
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are the error dynamics of the reduced system of the inner singularly perturbed system,

which are the same to those analyzed in [Carnevale et al., 2023b]. In particular, Theorem

III.1 in [Carnevale et al., 2023b] proves that Algorithm 3 is globally exponentially stable

when ρ > 0, α ∈ (0, 1) and γ > 0 sufficiently small. Conveniently, the proof of Theorem

III.1 in [Carnevale et al., 2023b] refers to the same dynamics in (3.19), and therefore the

result can be applied. However, this result holds only if the dynamics in (3.18) are also

globally exponentially stable. Otherwise, Theorem 4 applied to the dynamics of xt and

zt does not hold. Therefore, the next step is to prove the global exponential stability

of (3.18). The error dynamics in (3.18) are globally exponentially stable if and only if

{|σl(L)| < 1}4ndl=1, where σi(•) denotes the i-th eigenvalue of a matrix. Taking into account

that det(L− σI4nd) = 0 and that F = (1− ϵα)I2nd − ϵαP, the eigenvalues of L are

−σ2 + σ(µ− µαϵ± µαϵ) + (1− µ) = 0. (3.20)

The ± in (3.20) comes from the fact that det(P) = (−1)p, where p is the number of

permutations. If p is even,

−σ2 + µσ + (1− µ) = 0⇒ σ =
µ

2
±
√
µ2

4
+ (1− µ). (3.21)

From (3.21), −1 < σ < 1. If µ ∈ (1, 2). If p is odd, then

−σ2 + µ(1− 2αϵ)σ + (1− µ) = 0. (3.22)

Equation (3.22) implies that

−1 <
µ(1− 2ϵα)

2
±
√
µ2

4
(1− 2ϵα)2 + (1− µ) < 1. (3.23)

By solving the four inequality equations in (3.23) and taking the more restrictive conditions,

we obtain that ϵα ∈ (0, 1), and since α ∈ (0, 1), then ϵ ∈ (0, 1). Therefore, if ϵ ∈ (0, 1)

and µ ∈ (1, 2), then the error dynamics in (3.18) are globally exponentially stable. This

implies that the error dynamics in (3.19) are globally exponentially stable as well and the

conditions for the inner singularly perturbed system in Theorem 4 hold. Subsequently,

the error dynamics in (3.17) are globally exponentially stable and there exist a Lyapunov

function w(w̃t, t) such that (3.8a), (3.8b) and (3.8c) are satisfied.

Proposition 3. Consider Algorithm 4 with ρ > 0, α, ϵ ∈ (0, 1) and λ, µ ∈ (1, 2). Then,

there exists γ̄, c1, c2 > 0 such that, for any γ ∈ (0, γ̄), (x0, z0, z−1,y0, s0), it holds that

||xt − 1⊤N,nx
∗|| ≤ c1e−c2t.

Proof. Let w̃t correspond to the error state of the slow dynamics in (3.3a) and r̃t the error

state of the fast error dynamics in (3.3b). According to Lemmas 1 and 2, the conditions

(3.7a)-(3.8c) hold for the error dynamics of w̃t and r̃t respectively. Besides, from the

definition of req(wt) it can be verified that condition (3.4) holds. Then, Theorem 4 can be

invoked to prove the global exponential stability of w̃t and r̃t. By changing the coordinates

from w̃t and r̃t to wt and rt, the proof ends.

Proposition 3 establishes that Algorithm 4 linearly converges to the global optimum x∗.

Nevertheless, acceleration is not proved yet. This is proved in the next theorem.
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Theorem 5. Consider ρ > 0, α ∈ (0, 1) and λ ∈ (1, 2), and γ > 0 sufficiently small.

Also, let β1 and β2 be the convergence rate of the dynamics of zt for Algorithm 3 and 4

respectively. Then, Algorithm 4 always converges faster than Algorithm 3 (β2 < β1) for

any ϵ ∈ (0, 1) and µ ∈ (1, 2).

Proof. In Lemma 2 Eq. (3.18) it is proven that the dynamics of z̃t are determined by L.

Therefore, the convergence rate of z̃t and subsequently zt is given by max({|σl(L)|}4ndl=1).

Therefore, we have that

max({|σl(L)|}4ndl=1)=max

(∣∣∣∣∣µ2+

√
µ2

4
+(1− µ)

∣∣∣∣∣,
∣∣∣∣∣µ(1−2ϵα)

2
+

√
µ2

4
(1− 2ϵα)2 + (1−µ)

∣∣∣∣∣
)
.

Moreover, notice that Algorithm 3 is Algorithm 4 with µ = ϵ = 1. Thus, β1 = max(1, |1−
2α|) for Algorithm 3. Under the assumption that no integral term is present, β1 = |1− 2α|;
otherwise, β1 = 1. On the other hand, under the constraints on µ, α, ϵ in Proposition 3, we

have that
∣∣∣µ2+

√
µ2

4 + (1− µ)
∣∣∣ < 1, and also

∣∣∣µ(1−2ϵα)
2 +

√
µ2

4 (1− ϵα)2 + (1− µ)
∣∣∣ < |1− 2α|.

Henceforth, β2 < β1.

Proposition 3 establishes that the slow and fast dynamics of Algorithm 4 must evolve at

different time-scales to ensure convergence. Therefore, the convergence rate of the auxiliary

variables determines the convergence speed of the optimum estimates. Thanks to adding

momentum, γ, ρ and α can be increased without violating the conditions of time-scale

decoupling of singularly perturbed systems, improving the convergence speed.

3.1.6 Illustrative example

We compare our algorithm (A2DMM-GT) with the one in [Carnevale et al., 2023b] (ADMM-

GT), the accelerated gradient tracking approaches in [Xin and Khan, 2019] (AGT) and

[Nguyen et al., 2023] (A2GT), and the distributed gradient tracking in [Nedic et al., 2017]

(DIGing).

Figure 3.2: Evolution of the error with time. Left is

the quadratic programming setup, right is the linear

classification setup.

We consider two settings. First, a quadratic

programming setup, that arises in robotic,

smart grid or feature selection applications

[Ubl and Hale, 2019]. We set N = 200,

n = 2 and fi(x) = x⊤Bix + aix, where Bi

is a positive definite matrix with uniformly

random eigenvalues in the range [1, 5] and

ai is a random vector with elements uni-

formly drawn in the range [−10, 20]. Note

that fi(x) fulfills the assumptions in terms

of strong convexity and Lipschitzness of

the gradients. Graph G is generated

as a sparse undirected connected proxim-

ity graph, where the nodes are randomly
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placed in a 2 × 2 square if and only if the new node is within [0.1, 0.17] from an already

placed node. The parameters for the all the approaches are hand-tuned to achieve fastest

convergence possible: γ = 1.6, α = 0.9924, ρ = 3.028, λ = 0.2, µ = 1.6, ϵ = 0.6 for

A2DMM-GT; γ = 0.4865, α = 0.8924, ρ = 0.528 for ADMM-GT; α = 0.001, β = 0.9 for

AGT (we use the notation in [Xin and Khan, 2019]); α = 0.0008, β = 0.7, γ = 0.2 for A2GT

(we use the notation in [Nguyen et al., 2023]); γ = 0.0127 for DIGing. We simulate 500

steps. Convergence is assessed using the evolution of the error et = ||xt − 1N,nx
∗||.

The second setup is a logistic regression scenario where nodes cooperate to train a

linear classifier. In this case, N = 50, where each node has a local dataset of m = 10 one-

dimensional points pji drawn from a normal distribution of mean 0 and standard deviation

1. The labels are also randomly drawn, such that lji ∈ {−1, 1}. We define x = [q1, q2] and

fi(x) =
∑m

j=1 log(1+exp−lji (q1p
j
i+q2))+C||x||2, with C = 1 to ensure strong-convexity. The

parameters for all methods are the same that in quadratic programming setup.

The evolution of the error (Fig. 3.2) shows that A2DMM-GT is the fastest method among

all the approaches for both numerical settings, with different network configurations and

local costs. Importantly, this is achieved without increasing the number of gradient com-

putations per time step nor the communication burden, leading to a significant reduction

in power consumption and total bandwidth usage in practical applications. This comes

at the cost of increasing the memory burden compared to the non-accelerated methods.

However, given current advances in MEMS technology, it is generally better to leverage

memory against communication burden. The idea of exploiting current advances in MEMS

and memory to achieve acceleration in convergence speed is further studied in the next

section, where a novel discrete-time consensus technique for dynamic average consensus is

proposed.

3.2 Consensus: accelerated multi-stage discrete-time dynamic

average consensus

3.2.1 Related work

Several solutions have been proposed to improve the capabilities of discrete time dy-

namic average consensus algorithms. For instance, some works achieve an arbitrarily small

steady-state error by exploiting the k-th differences of the input signal [Zhu and Mart́ınez,

2010, Montijano et al., 2014b]. This is problematic when the inputs are noisy since noise

breaks the boundedness of the input signal. An alternative is to rely only on the input

signal, achieving an arbitrarily small steady-state error by concatenating a cascade of con-

sensus filters [Franceschelli and Gasparri, 2016,Franceschelli and Gasparri, 2019], as we do

here. Besides, this leads to other desirable properties like robustness against non-averaged

initializations and changes in the network size. The counterpart is a slow convergence.

Regarding robustness, there exist continuous-time algorithms [Olfati-Saber and Shamma,

2005, Bai et al., 2010, Nosrati et al., 2012, George and Freeman, 2019] that address initial-

ization issues and time-varying networks.



58 Chapter 3. Distributed Optimization, Consensus and Dissensus

The issue of slow convergence has been considered from two main perspectives. Ghosh

et al. [Ghosh et al., 1996] present second order diffusion methods, which significantly speed

up the convergence [Liu and Morse, 2011] by increasing the memory requirements with

the previous estimate. These works are for static problems, while ours deals with the

dynamic consensus problem. On the other hand, polynomial filters [Kokiopoulou and

Frossard, 2008] consider a sequence of consensus iterations as the evaluation of a polynomial.

For instance, Montijano et al. [Montijano et al., 2012, Montijano et al., 2014b] analyze

Chebyshev polynomials, proving that they significantly increase the convergence speed.

However, the k-th order differences of the input signal are exploited. Beyond consensus,

compression techniques [Donge et al., 2023] or decomposition principles [Sadamoto et al.,

2020] can be used to reduce the dimensionality of the data and computational cost.

Finally, regarding robustness against potential communication delays and packet losses,

many applications deal with time-varying networks, where nodes connect and disconnect

depending on events exogenous to the consensus protocol. To account for this, gossip

algorithms [Boyd et al., 2006, Liu et al., 2011] propose consensus protocols computed at

random asynchronous instants and neighbors. Other works either propose reformulations

over linear proportional consensus protocols against packet drops [Fagnani and Zampieri,

2009] or continuous-time protocols against delays [Moradian and Kia, 2018].

3.2.2 Preliminaries

The system under study is a network composed by N > 1 nodes. The network is described

by an undirected graph G = {V, E}, where V = {1, . . . , i, . . . ,N} is the set of nodes and

E is the set of edges. Nodes i and j can exchange information if and only if (i, j) ∈ E ,

which implies that (j, i) ∈ E . Ni = {j|(j, i) ∈ E} is the neighborhood of node i. The

adjacency matrix A ∈ RN×N associated to G is such that Aij = 1 if (i, j) ∈ E and 0

otherwise. Aii = 0 always because we do not allow self-loops. The degree matrix D

associated to G is such that Dij = car(Ni) ∀i = j and 0 otherwise. The Laplacian matrix

associated to G is L = D −A. For undirected graphs, it holds that L is symmetric and

has real eigenvalues. The sorted eigenvalues of L are λ1(L) < . . . ≤ λN (L) ≤ 2Dmax,

where the relation Dmax = max({Dii}Ni=1) holds. The second smallest eigenvalue, λ2(L), is

called algebraic connectivity. We denote vr,i(L),vl,i(L) the right and left eigenvectors of L

associated to the i-th eigenvalue.

3.2.3 Second order diffusion methods

The linear (first-order) discrete time static average consensus algorithm [Bullo et al., 2009]

is

xi(k + 1) = Wiixi(k) +
∑

j∈Ni
Wijxj(k), (3.24)

with xi(0) the initial condition and W ∈ RN×N a weighted matrix. In matrix form, (3.24)

leads to

x(k + 1) = Wx(k). (3.25)
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If W is doubly stochastic, i.e., 1TW = 1T and W1 = 1, then it is known that the protocol

in Eq. (3.25) converges to the average of the initial states x̄i(0) = (1/N)
∑N

i=1 xi(0).

Without loss of generality, we consider W = I− ϵL. The convergence speed can be too

slow, specially in networks with a small algebraic connectivity (λ2(W) = 1 − ϵλ2(L)). To

accelerate convergence, Ghosh et al. [Ghosh et al., 1996] proposed a second-order modifi-

cation:

x(k + 1) = γWx(k) + (1− γ)x(k − 1). (3.26)

The properties of the protocol in Eq. (3.26) are well-studied. In particular, protocol (3.26)

improves the convergence speed of (3.25) if γ ∈ (1, 2).

3.2.4 Multi-stage discrete time dynamic average consensus

The concepts in subsection 3.2.3 apply to the static consensus problem, but this section

deals with a dynamic consensus problem. Node i has an input ri(k) ∈ R and an estimate

xi(k) ∈ R associated to a quantity of interest r(k) ∈ R. x(k) = [x1(k), . . . , xN (k)]T is the

joint estimate and r(k) = [r1(k), . . . , rN (k)]T is the joint input of the network. Nodes,

by means of x(k), cooperate to track the average r̄(k) = 1
N

∑N
i=1 ri(k) by exchanging

information with their neighbors j ∈ Ni.

The multi-stage discrete time dynamic average consensus algorithms presented in the

works [Franceschelli and Gasparri, 2016,Franceschelli and Gasparri, 2019] solve the problem

for two cases: the synchronous and time-invariant topology, and the asynchronous and

randomized topology. The former is solved by the following protocol:

xs(k + 1) =(I− ϵL)xs(k) + α(xs−1(k)− xs(k)). (3.27)

Here, s = {1, . . . ,m} denotes the stages of the filter, xs(k) is the estimate at instant k and

stage s, x0(k) = r(k), parameter ϵ < 1
2Dmax

to ensure stability, and α ∈ (0, 1) is a parameter

that trades-off steady-state accuracy and convergence speed. From (3.27) it is seen that

the protocol is a chain of linear discrete dynamic average consensus filters indexed by s.

The asynchronous and randomized algorithm follows the same multi-stage architecture.

In this case, each node selects randomly and at each instant a single node j ∈ Ni to

communicate. For a given edge (i, j), the algorithm is:

xs(k + 1) =Pijx
s(k) +

α

Dii
pip

T
i x

s−1(k), (3.28)

with Pij = I +
pip

T
j

2 − (1+2/Dii)pip
T
i

2 and pi ∈ RN a vector of zeros except for the i−th

element, which is equal to 1.

As shown in [Franceschelli and Gasparri, 2016, Franceschelli and Gasparri, 2019], the

steady-state error and convergence rate of protocols (3.27) and (3.28) are tied together

by α: for a fixed m, small values of α lead to quick convergence but large steady-state

error and vice versa. The trade-off can be alleviated by m, but at the expense of an

increase of computation, memory and convergence time at final stages. Importantly, it
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is proved in [Franceschelli and Gasparri, 2019] that both algorithms are robust against

arbitrary initializations and noisy and unbounded inputs due to the absence of integral

control actions and input differences respectively. We propose a second order diffusion

protocol that, by adding an additional parameter, decouples the steady-state error and the

convergence speed, overcoming the undesired trade-off in the multi-stage protocols.

As a remark, the stages of protocols (3.27), (3.28) run in parallel, in the sense that, to

estimate at stage s and instant k+ 1, we only need information from s− 1 and s at time k.

3.2.5 Accelerated multi-stage filter

The first proposed consensus protocol is based on two steps. Given the current input ri(k)

and estimates from neighbors {xsj(k)}ms=0 ∀j ∈ Ni∪{i}, node i updates {xsi (k)}ms=0 following

the multi-stage filter in Eq. (3.27), obtaining {x̃si (k)}ms=0, where x̃si (k) ∈ R for s = 1, . . . ,m

is a temporal estimate used in the second step of the protocol. The updated estimate is

then corrected using the second order method in Eq. (3.26), leading to the next estimate

{xsi (k + 1)}ms=0. Algorithm 5 details the protocol.

Algorithm 5 Accelerated Multi-Stage Dynamic Consensus Protocol at node i

1: State of agent: xsi (−1) and xsi (0), for s = 1, . . . ,m

2: Parameters: γ ∈ (1, 2), ϵ ∈ (0, 1
2Dmax

), α ∈ (0, 1γ )

3: while True do

4: Measure ri(k) and gather xsj(k) for all s and j ∈ Ni

5: Update xsi (k) for s = 1, . . . ,m as follows:

x̃si (k) =xsi (k)−
∑

j∈Ni

ϵ(xsi (k)−xsj(k))+α(xs−1
i (k)−xsi (k))

xsi (k + 1) = γ(x̃si (k)) + (1− γ)xsi (k − 1) ∀s

6: end while

Note that Algorithm 5 is equal to (3.27) for γ = 1. First, for space convenience, in

the following we use the sub-index k to abbreviate (k). We now prove the convergence

properties of the proposed protocol. The next result shows that the second order method

does not alter the steady-state properties of the original multi-stage filter in [Franceschelli

and Gasparri, 2016,Franceschelli and Gasparri, 2019], which is important in the subsequent

results about the convergence rate of the accelerated protocol.

Proposition 4. Assume that rk = r, G connected, α ∈ (0, 1), and ϵ ∈ (0, 1
2Dmax

). Then,

the steady-state equilibrium xm,∗ of the protocol in (3.27) and Algorithm 5 is

xm,∗ = r̄1 +
∑N

i=2(1 + ϵλ2(L)/α)−mvr,i(L)vT
l,i(L)r. (3.29)

Proof. From Algorithm 5 and using the matrix form, the operations at stage s = 1 and

steady-state can be written in a single equation

x1,∗ = γ(I− ϵL)x1,∗ + γαr− γαx1,∗ + (1− γ)x1,∗. (3.30)
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This leads to ((1 + γα− 1 + γ − γ)I + γϵL)x1,∗ = γαr. Dividing both sides by γ, and

concatenating the m stages,

xm,∗ = (αI + ϵL)−1αmr, (3.31)

which is the steady-state equilibrium in the proof of Theorem 3.1 in [Franceschelli and

Gasparri, 2019]. The rest of the proof follows from there.

Corollary 2. Assume that rk = r is constant and G connected. Then, the 2-norm of the

error at equilibrium of a network under Algorithm 5 is

||r̄1− xm,∗|| ≤ (N− 1)(1 + ϵλ2(L)/α)−m||r̄1− r||. (3.32)

The statement is a direct consequence of Proposition 4 and Theorem 3.2 in [Franceschelli

and Gasparri, 2016], showing that the steady-state error decreases when: the graph is

more connected (greater λ2(L)), the protocol has more stages (greater m), and α gets

smaller. The following result proves necessary equivalences to demonstrate the convergence

properties of Algorithm 5.

Proposition 5. Let ys
k = xs

k−xs,∗ be the error at the s-th stage of the filter in Algorithm 5.

Then, the error dynamics can be expressed as(
ys
k+1

ys
k

)
= Q̂

(
ys
k

ys
k−1

)
+ αR̂

(
∆us

k

∆us
k−1

)
, (3.33)

where Q̂ =

(
γQ (1−γ)I

I 0

)
, R̂ =

(
R R(1−γ)

0 0

)
, Q = (1−α)I−ϵL, R = (αI+ϵL)−1,

∆us
k = us

k − us
k+1, u

1
k = rk and us

k = xs−1
k for s = 2, . . . ,m.

Proof. Using the steps in Algorithm 5 in a single operation and matrix form,

ys
k+1 = γQys

k+γx
s,∗−xs,∗+(1−γ)xs

k−1 = γQys
k+γx

s,∗−xs,∗+(1−γ)ys
k−1+(1−γ)xs,∗ (3.34)

Eq. (3.34) can be rewritten using Eq. (3.31):

ys
k+1 = γQys

k+(1−γ)ys
k−1+αR∆us

k+(1−γ)αR∆us
k−1. (3.35)

Eq. (3.33) follows from Eq.(3.35), concluding the proof.

Now we are ready to prove the convergence rate of Algorithm 5 .

Theorem 6. Consider a network that executes Algorithm 5 with rk = r constant, with

α ∈ (0, 1/γ), γ ∈ (1, 2) and ϵ ∈ (0, 1/2Dmax). Then, the convergence rate for the s-th stage

is βs = 1− αγ.

Proof. Let us consider the following Lyapunov function:

V s
k =

(
ys,T
k ys,T

k−1

)(
ys,T
k ys,T

k−1

)T
= ŷs

kŷ
s,T
k , (3.36)
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with ŷs
k=
(
ys,T
k ys,T

k−1

)
. Then, the Lyapunov difference is

∆V s
k = V s

k+1 − V s
k = ŷs

k+1ŷ
s,T
k+1 − ŷs

kŷ
s,T
k . (3.37)

Exploiting Eq. (3.33) and the fact that rk is constant, Eq. (3.37) leads to

∆V s
k = ŷs

k(Q̂Q̂T − I)ŷs,T
k . (3.38)

Now, since γ ∈ (1, 2) and the spectral radius of Q is less than 1 by construction, it can be

shown that Eq. (3.38) is upper-bounded by the following inequality:

∆V s
k ≤ −ŷs

k

(
γ2I− γ2Q2 0

0 I

)
ŷs,T
k = −ŷs

kFŷ
s,T
k . (3.39)

The eigenvalues of matrix F are the eigenvalues of γ2I− γ2Q2 and I. If α < 1
γ , then

γ2I − γ2Q2 ⪰ γI − γQ and σ(γI − γQ) > 0, where ⪰ denotes positive semidefiniteness.

Therefore, F is positive definite, and

V s
k+1 − V s

k ≤ −λ̄ŷs
kŷ

s,T
k = −λ̄V s

k . (3.40)

It turns out that λ̄ = minλi∈σ(γI−γQ)∪σ(I){λi} = αγ. Thus, V s
k+1 ≤ (1− αγ)V s

k .

Once the convergence rate of Algorithm 5 is proved, we can compare it with its non-

accelerated counterpart.

Proposition 6. Algorithm 5 always converges faster than the protocol in Eq. (3.27) if

γ ∈ (1, 2).

Proof. The convergence rate of the protocol in Eq. (3.27) is βs = 1−α, which coincides with

the convergence rate obtained in [Franceschelli and Gasparri, 2016]. By comparing both

convergence rates, we have that 1−α > 1−αγ for γ ∈ (1, 2). Thus, the bound in Eq. (3.40)

is smaller, and the decrease in the Lyapunov function defined in Eq. (3.36) is greater, which

implies a faster convergence of Algorithm 5 than the protocol in Eq. (3.27).

These results draw interesting properties. First, for any choice of m and α of the

original algorithm, such that α also fulfills the condition α ∈ (0, 1/γ) with γ ∈ (1, 2), then

Algorithm 5 always converges faster than the non-accelerated protocol (3.27). Besides,

while α ties together steady-state and convergence rate in both the original and accelerated

algorithm, on the original protocol we can only exploit m to further tune the steady-state

error. Meanwhile, on Algorithm 5, by introducing γ, we have an additional degree of

freedom to also further tune the convergence, independent from the steady-state error.

Thus, the accelerated protocol provides more flexibility in simultaneously tuning the steady-

state error and convergence rate.

All the previous results address the case where the input is constant. The following

result considers a dynamic input.
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Proposition 7. Consider a time-varying input rk and a network under Algorithm 5, with

α ∈ (0, 1/γ). Besides, define ∆us
∞ = supk=0,...,∞∆us

k. Then,

||ys
k|| ≤ (1− γα)k||ys

0||+ 1/(αγ) ·∆us
∞. (3.41)

Proof. The result follows from Input-to-State Stability results for linear systems. From

Eq. (3.35) we have that

||ys
k|| ≤ ||Kk|| · ||ys

0||+ α
(∑k

h=0 ||Kh||||R||
)

∆us
∞, (3.42)

with K = (γQ+ (1− γ)I). First, note that ||R|| ≤ 1
α . Second, ||K|| ≤ (1− γ) + γ(1−α) =

1− γα. Then,

||ys
k|| ≤ (1− γα)k||ys

0||+ α
(∑k

h=0
(1−γα)h

α

)
∆us

∞. (3.43)

Eq. (3.43) directly yields to Eq. (3.41).

Therefore, under dynamic inputs the system still converges. Moreover, the convergence

rate only depends on the variations of the signal.

Corollary 3. The convergence rate of Algorithm 5 is faster than the convergence rate of

the original filter in (3.27) under time-varying input signals rk, α ∈ (0, γ−1) and γ ∈ (1, 2).

Proof. In Proposition 3.5 from [Franceschelli and Gasparri, 2016] it is shown that

||ys
k|| ≤ (1− α)k||ys

0||+ 1/α ·∆us
∞. (3.44)

Comparing Eqs. (3.43) and (3.44), the first term experiences a faster decay in (3.43) since

1− γα < 1− α. The second term is lower in (3.43) since (αγ)−1 < α−1.

In summary, the proposed algorithm proves to enhance the convergence speed towards

the dynamic average consensus without modifying the steady-state error at any of the

stages of the filter. This is achieved by using an additional memory slot for the estimate

at the previous instant of time.

To design the algorithm, a possible way of proceed is the following: (i) set βs ∈ (0, 1),

which implies that αγ = 1− βs ∈ (0, 1); (ii) therefore, α = (1 − βs)/γ, which is always

feasible because (1 − βs)/γ < 1/γ; (iii) at this point, set the desired steady-state error

and choose m according to Corollary 2 to achieve the desired performance. Notably, the

computational and memory cost of Algorithm 5 grows linearly with the number of stages,

and thus increasing m is a scalable design decision, considering also the current advances

in PMEMS technology. For instance, if we consider the Ethernet protocol, with a frame

between 64 and 1518 bytes and a 18-byte header, we can send between 11 and 375 floating

point numbers, equivalent to m ∈ [11, 375]. Thus, we can fully exploit the real structure of

communication networks. In addition, by leveraging the results provided in [Franceschelli

and Gasparri, 2019], Algorithm 5 inherits the robustness against initialization and noisy

unbounded inputs.
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3.2.6 Accelerated asynchronous randomized protocol

The second contribution of this section is the asynchronous and randomized version of

Algorithm 5. Now, instead of using all the estimates from the neighborhood, node i selects

one of its neighbors j ∈ Ni according to an independent and identical distribution (i.i.d.)

with uniform probability. The rest of the protocol follows the same reasoning, detailed in

Algorithm 6.

The main result in this section shows the equivalence in expectation between Algo-

rithm 6 and Algorithm 5. Then, the results provided in subsection 3.2.5 can be extrapolated

to the asynchronous and randomized setting.

Theorem 7. Consider a network under Algorithm 6 with G connected, r(k) = r constant,

α ∈ (0, 1γ ), and γ ∈ (1, 2). If the sequence of selected edges is i.i.d. with uniform probability,

then Algorithm 6 preserves the steady-state error properties of the original filter in (3.28),

i.e,:

• xm(k) converges in distribution to a random variable xm
∞, and this distribution is

unique.

• limk→∞ E[xm(k)] = E[xm
∞] = xm,∗, where E[•] is the expectancy operator.

Proof. The first statement of the proof is a direct extrapolation of the proof of Theorem

6 in [Franceschelli and Gasparri, 2019]. Algorithm 6 fulfills all the following requirements:

discrete time, Schur stability, affine dynamics and the sequence of edges is i.i.d. with

uniform probability. Regarding the second statement, Theorem 4.1 in [Franceschelli and

Gasparri, 2016] proves

E[x̄1(k + 1)] = (I− ϵ′L)E[x1(k)] + α′(r− E[x1(k)]), (3.45)

with ϵ′ = 1
2car(E) and α′ = α

car(E) . Accordingly, the protocol in Algorithm 6 is

E[x1(k + 1)] = γ(I− ϵ′L)E[x1(k)]+γα′(r− E[x1(k)]) + (1− γ)E[x1(k − 1)]). (3.46)

The rest of the proof follows from the fact that, if we replace E[x1(k)] = E[x1(k + 1)] =

E[x1(k−1)] = E[xm,∗(k)], then Eq. (3.46) and Eq. (3.30) are the same, so the same procedure

can be followed to prove the second statement.

Therefore, Algorithms 5 and 6 are equivalent in expectation. Interestingly, another ad-

vantage of our accelerated proposal is that α can be tuned to have lower values while pre-

serving the convergence speed, leading to lower noise. In addition, Algorithm 6 is easier to

implement in a real device because no synchronization is needed, and an inherent robustness

against delays and packet losses is achieved, following the considerations in [Franceschelli

and Gasparri, 2019]. Besides, since the tracking properties are independent on the initial-

ization, the protocol is robust against a varying number of nodes. Regarding the estimates’

variance, the sequence of consensus stages act as a filter, reducing the variance from stage

to stage. This is observed in Algorithm 6, where the neighboring estimates are averaged
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Algorithm 6 Accelerated Asynchronous Randomized Multi-Stage Dynamic Consensus

Protocol at node i

1: State of agent: xsi (−1) and xsi (0), for s = 1, . . . ,m

2: Parameters: γ ∈ (1, 2), α ∈ (0, 1γ ), Di = Lii

3: while True do

4: Measure ri(k) and pick a random neighbor xsj(k)

5: Update xsi (k) for s = 1, . . . ,m as follows:

x̃si (k) = (xsi (k) + xsj(k))/2 + α/Di(x
s−1
i (k)− xsi (k))

xsi (k + 1) = γ(x̃si (k)) + (1− γ)xsi (k − 1) ∀s

6: end while

and corrected by the estimate from the previous stage. We empirically verify this fact in

section 3.2.7, leaving its theoretical characterization for future work.

Finally, while protocols (3.27) and (3.28) allow α ∈ (0, 1), Algorithms 5 and 6 constrain

α ∈ (0, 1/γ). This is not a limitation of the proposed algorithms. The discussion after

Corollary 3 shows how to ensure that α < 1/γ always.

3.2.7 Illustrative examples

To evaluate Algorithms 5 and 6, we consider an undirected graph of N = 8 nodes with

E = {(1,2),(1,5),(1,8),(2,3),(2,8),(3,4),(3,6),(4,8),(6,7),(7,8)}. The parameters are α = 0.04,

ϵ = 0.01, and m = 5. The signals ri(k) evolve according to a uniform random process,

such that, every 2000 steps, ri(k) ∼ U(0, 1) ∀i ∈ V. Besides, we set the initial estimates

for all stages as xs(0) = [0.99, 0.27, 0.02, 0.48, 0.18, 0.24, 0.65, 0.50]T . This initialization is

random, according to the inherited robustness of the multi-stage protocol [Franceschelli

and Gasparri, 2019]. The value of γ can be computed by means of distributed algorithms

that estimate the algebraic connectivity of the graph (see, e.g., [Franceschelli et al., 2013,

Montijano et al., 2017]).

Figure 3.3: Evolution of the error between the aver-

age of the estimates and the input signals. The accel-

erated multi-stage filter is in solid lines, whereas the

original multi-stage filter is in dashed lines.

The evolution of the estimates for

the synchronous and non-randomized al-

gorithms is shown in Fig. 3.4. With

the additional memory slot, the conver-

gence time has been substantially improved

by Algorithm 5 (Fig. 3.4 (right)) com-

pared to the original non-accelerated proto-

col (Fig. 3.4 (left)), while maintaining the

steady-state performance. To better com-

pare the steady-state error and convergence

speed, Fig. 3.3 draws the absolute error be-

tween the average estimate across the net-

work es(k) = 1
N

∑N
i=1 |xsi (k)−ri(k)| and the
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Figure 3.4: Simulation results for (left) the original multi-stage and (right) the accelerated multi-stage

algorithm (ours). The red bold line is the average to be tracked, whereas the local estimates are depicted

in thin random color lines.

average of the input signals e(k) = [e1(k), . . . , em(k)]T . For the same convergence speed,

the accelerated filter can be designed with more stages and improve the steady-state error

in various orders of magnitude.

In the randomized algorithms, we set α = 0.0005. Besides, since the topology changes

arbitrarily, we fix γ = 1.7. Finally, the signals ri(k) change every 20000 steps. Fig. 3.4

also represents the result of the experiments. With a low value of α, the noise due to

the randomized links is filtered. The accelerated filter can compensate the degradation in

convergence speed, while the original filter is too slow to converge before the signals change.

Thus, a single additional memory slot per stage leads to an acceleration that overcomes

the trade-off between speed and accuracy present in the original protocols in [Franceschelli

and Gasparri, 2016,Franceschelli and Gasparri, 2019].

The methods presented in this section and the previous section address problem settings

where robots aim to agree on common optimization goals or the average of quantities of in-

terest. Nevertheless, there are problem settings, such as in multi-robot collision avoidance,

where robots aim to disagree on, e.g., their motion. The next section explores novel dis-

sensus techniques based on nonlinear opinion dynamics for fast and flexible decision-making

in collision avoidance in dynamic environments.

3.3 Dissensus: adaptive optimal collision avoidance driven

by opinion

3.3.1 Related work

Research on collision avoidance was primarily dominated by geometrical approaches. De-

parting from robot observations, methods like potential fields [Khatib, 1986], dynamic
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window [Brock and Khatib, 1999], inevitable collision states [Petti and Fraichard, 2005]

or social forces [Ferrer et al., 2013] compute control actions that steer the robot towards

collision-free regions; they are simple to compute but lack formal performance guarantees,

leading to over-conservative policies. By contrast, VO-based methods [Vesentini et al.,

2024] preserve the computational simplicity but guarantee optimality in terms of devia-

tion with respect to the desired predefined velocity either for holonomic or non-holonomic

robots [Alonso-Mora et al., 2013,Rufli et al., 2013,Bareiss and Van den Berg, 2015]. Spe-

cially relevant is ORCA [Van Den Berg et al., 2011], which builds a half-space geometrical

constraint per agent that is incorporated in a linear program. ORCA and other methods

based on Reciprocal VO (RVO) assume reciprocity [Van den Berg et al., 2008], i.e, the

robot and agent cooperate equally to avoid the collision, which is not the case in mixed

cooperative/non-cooperative environments such the ones considered in this chapter.

More recent solutions [Qin et al., 2023, Han et al., 2022] propose deep learning ap-

proaches for collision avoidance in robot navigation [Long et al., 2017,Everett et al., 2021].

Either from a supervised [Tai et al., 2018,Pokle et al., 2019,Xie et al., 2021,Sebastián et al.,

2023b] or reinforcement learning perspective [Long et al., 2018,Fan et al., 2020,Ourari et al.,

2022,Cui et al., 2023,Martinez-Baselga et al., 2023,Sebastian et al., 2023], deep learning de-

velop end-to-end policies that map the perception observations into control commands [Han

et al., 2020] or sub-goals that are fed into a low-level horizon planning controller [Brito et al.,

2021]. The lack of guarantees of purely learning-based methods is addressed by reachabil-

ity methods [Bajcsy et al., 2019], control barrier functions [Wang et al., 2017] and model

predictive control [Morgan et al., 2014]. Different from these alternatives, our proposed

approach is inexpensive to compute, is not over-conservative as it minimizes the deviation

with respect to the desired velocity, and does not suffer from symmetry deadlocks and

oscillations.

One key characteristic of the aforementioned methods is that, in non-cooperative en-

vironments with unknown intents, a prediction model of the behavior of the other agents

is required to effectively avoid collisions [de Groot et al., 2023,de Groot et al., 2024]. The

first option is to use learned predictors that directly obtain future trajectory states of the

agents given current and past samples [Katyal et al., 2020, Liu et al., 2023]. The second

option is to rely on a learned model [Mavrogiannis et al., 2022, Poddar et al., 2023]. In

both cases, the success of the collision avoidance module is subject to the accuracy of the

complex prediction modules; instead, we exploit dissensus techniques to adapt to unknown

degrees of cooperation through a novel nonlinear opinion dynamics adaptive law that is

inexpensive to compute, does not require learning and is only based on perception obser-

vations. Opinion dynamics [Altafini, 2012, Jia et al., 2015, Cisneros-Velarde et al., 2020]

originate from studies on how to model social interactions. The ineffectiveness of linear

models to represent behaviors like saturation of information leads to nonlinear opinion dy-

namics [Bizyaeva et al., 2022], standing out as a promising dissensus method for fast and

flexible decision-making. Regarding collision avoidance, an important property of nonlin-

ear opinion dynamics is that they ensure the existence of a bifurcation in the state-space,

i.e., the existence of two simultaneous stable equilibrium points. This feature has been ex-

ploited [Cathcart et al., 2023] to design a collision avoidance method that avoids deadlocks,

where the opinion represents the preference of the robot to move left or right; nevertheless,
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this approach does not guarantee collision avoidance.

3.3.2 Problem formulation

Consider a robot navigating in an environment populated with N > 0 agents. The robot

follows single integrator holonomic dynamics given by

ṗr = vpre
r , (3.47)

where pr ∈ R2 is the position of the robot and vpre
r ∈ R2 is a prescribed velocity command

generated by a higher-level motion planner. On the other hand, each agent is associated

with an index i ∈ {1, . . . ,N}, and has a position pi ∈ R2 and a velocity vi ∈ R2. The

robot can only sense the agents that are within a disc centered in the robot position and

of perception radius rp > 0

Dp(pr, rp) = {p | ||p− pr|| < rp}, (3.48)

where p ∈ R2. Therefore, N = {i | pi ∈ Dp(pr, rp)} is defined as the set of neighboring

agents of the robot. Our goal is to develop an algorithm that avoids collisions between the

robot and the agents. To that end, we define the set of locations that lead to collisions as

a disc centered in the position of the robot and security radius rs > 0

Dc(pr, rs) = {p | ||p− pr|| < rs}, (3.49)

where rs is given by the geometry of the robot and safety requirements. Agents are also

characterized by a collision radius ri > 0. The degree of cooperation of agent i with respect

to the robot is modeled through a continuous variable αi ∈ [0, 1], where αi = 1 means that

the agent is fully cooperative with the robot (i.e., agent i will do all the efforts at its hands

to avoid collision), whereas αi = 0 means that the agent is completely non-cooperative (i.e.,

agent i will ignore the robot and continue its movement without any collision avoidance

effort). We assume that agents are not competitive, i.e., agents do not try to force collision

with the robot as in, e.g., pursuit-evasion [Chung et al., 2011] or herding [Sebastián et al.,

2022a] problems. As in realistic mixed cooperative/non-cooperative environments, the

degree of cooperation of the agents is unknown.

To model collisions, we exploit the concept of Velocity Obstacle [Fiorini and Shiller,

1993, Fiorini and Shiller, 1998]. Given a certain time instant t ≥ 0, the Velocity Obstacle

of the robot and agent i is the set of velocities that can lead to a collision

VOi = {vr | ∃t ∈ [0, τ ] s.t. tvr ∈ Dc(pi − pr, rs + ri)}. (3.50)

In VOi, τ > 0 is the time horizon to check collisions between the robot and agent i happens

for any velocity vr ∈ R2. We make use of VOi to develop an optimization program that

uses the adapted degree of cooperation to compute a velocity v∗
r as close as possible to vpre

r

that guarantees collision avoidance.

To adapt to the unknown degree of cooperation, we rely on the concept of nonlinear

opinion dynamics [Bizyaeva et al., 2022]. Opinion dynamics emerge as a means of modeling
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interactive behaviors where nodes in a network can choose among a discrete set of options

regarding one or more topics. Let xj ∈ [−1, 1] be the opinion that node j has about

a certain topic. Typically, xj = 0 represents neutrality whereas xj = {−1, 1} represent

extreme opinions over a topic with two possible opinions. By interacting with other nodes,

node j can evolve its opinion. For a topic with two opinions, one possible nonlinear opinion

dynamics design is

ẋj = −djxj + g(xj)f

ajxj +
M∑

k=1,k ̸=j

cjkxk

+ bj . (3.51)

In the equation above, dj > 0 tunes how fast the current opinion vanishes with time;

bj ∈ R is a bias that models inherent priorities that the node j has on the topic; g(xj) is an

attention term that evolves with time and weights the importance of the influence of other

nodes; aj > 0, cjk > 0 are consensus-like weights that model the exchange of opinions among

the M > 0 nodes of the network; and f(•) is a nonlinear function, such as tanh or sigmoid,

that bounds the influence of the interactions. More importantly, the nonlinear function

in the opinion dynamics enforces a bifurcation phenomenon. The bifurcation phenomenon

is characterized by the appearance of a pitchfork bifurcation in the evolution of the state

variable xj that leads to two non-zero stable equilibrium, each of them associated to one

of the opinions. Whether the state evolves to one or another depends on the interactions

between nodes. For more details on this, we refer the reader to [Bizyaeva et al., 2022].

We exploit nonlinear opinion dynamics to design a novel adaptive law that adjusts

the unknown degree of cooperation of the agents in real-time, using only relative position

and velocity measurements from onboard sensors and without the need of any communi-

cation infrastructure, prior knowledge on their degree of cooperation or other unfeasible

assumptions. As a practical note, all the expressions that involve continuous-time dynamic

systems are implemented using an Euler forward discretization scheme, with sample time

T > 0. We select T = 0.05s to match the real-time operation of the onboard sensing and

computation capabilities of the robot.

3.3.3 Optimal collision avoidance for unknown degrees of cooperation

We propose AVOCADO to address the robot collision avoidance problem in multi-agent dy-

namic environments. The first step towards deriving AVOCADO is to consider the geometry

defined by VOτ
i for all i ∈ {1, . . . ,N}. Let assume that the relative velocity vpre

r −vi ∈ VOτ
i

for some agent i. This means that, if robot and agent i follow vpre
r and vi respectively, then

collision will happen at any time in [0, τ ]. The velocity vpre
r is provided by some higher-level

planner, while vi is known from onboard sensor measurements. The latter can be measured

or estimated in real-time from onboard cameras or LiDAR [Eppenberger et al., 2020,Dong

et al., 2020]. Since cooperation of agent i cannot be assumed, then the robot needs to

choose a new velocity v∗
r to avoid the collision.

Let ∂VOτ
i denote the boundary of the velocity obstacle set VOτ

i . Then, the minimum
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change in velocity that makes vpre
r − vi /∈ VOτ

i is given by the vector ui

ui = arg min
vr∈∂VOi

||vr − (vpre
r − vi)|| − (vpre

r − vi) (3.52)

Figure 3.5: Geometry of VOi (purple) and admissi-

ble velocities’ regions associated to different degrees of

cooperation (orange, green, blue). AVOCADO selects

the closest velocity to the desired one that is inside all

the admissible velocity sets.

Figure 3.5 depicts the geometrical reason-

ing behind Eq. (3.52). Given the Euclidean

space of 2D velocities, vector ui is a perpen-

dicular vector to the boundary of the ve-

locity obstacle set and with minimum mag-

nitude. To ensure collision avoidance, the

robot and agent i together must, at least,

exert vector ui. Let αi be the degree of

cooperation of agent i with respect to the

robot such that agent i exerts the αi part

of ui. Then, to ensure collision avoidance,

the robot has to exert, at least, the (1−αi)

part of ui, which defines a constraint set of

admissible velocities

OCAi = {vr | (vr − (vpre
r + (1− αi)ui)) · n ≥ 0}, (3.53)

where n is the normal to ∂VOi at the point given by the head of vector ui. The set OCAi

defines a half-space constraint of admissible velocities for the robot to avoid collision. As

depicted in Fig. 3.5, the greater the value of αi, the more cooperative is agent i and

therefore the less severe the restriction on the admissible velocities for the robot. Note that

αi = 0.5 corresponds to the ORCA algorithm [Van Den Berg et al., 2011], which corresponds

to perfect reciprocity between the robot and agent i.

Given OCAi for all i ∈ {1, . . . ,N}, AVOCADO selects the closest velocity to vpre
r that

respects all the constraints sets. Formally, this is given by the following linear program

v∗
r =arg min

vr

||vpre
r − vr|| (3.54a)

s.t. vr ∈ OCAi ∀i ∈ N . (3.54b)

We remark that (3.54) is a natural extension of ORCA to settings where the degree of

cooperation of the agents is not necessarily reciprocal. The challenge, in this sense, is how

to estimate αi for all perceived agents i ∈ N from local sensing. Next, we describe how

AVOCADO exploits opinion dynamics to adapt online to the degree of cooperation of each

agent.

3.3.4 Nonlinear opinion dynamics adaptive law

To derive the adaptive law based on nonlinear opinion dynamics, we firstly define, for

convenience, the following change of coordinates:

xi = 2αi − 1⇔ αi =
xi + 1

2
. (3.55)
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The purpose of this change is to shift the degree of cooperation from the interval [0, 1] to the

interval [−1, 1], which better suits the definition of nonlinear opinion dynamics provided

in Eq. (3.51). From now on, we refer to xi as the shifted degree of cooperation of agent i

with respect to the robot.

The (shifted) degree of cooperation associated to each agent is a quantity that only

involves a pair-wise interaction between the robot and the agent. This motivates the

following design for the nonlinear opinion dynamics adaptive law

ẋi = −dixi + diAitanh (aixi + ciyi) + bi. (3.56)

Compared to (3.51), Eq. (3.56) simplifies the consensus term to a weighted sum of the cur-

rent shifted degree of cooperation xi and a quantity yi that will be defined later and which

represents the opinion would the agent i have about xi. Ideally, the consensus term would

include not only yi, but also all the other agents. However, this would require some sort of

communication infrastructure or k-hop neighboring dependence that is not feasible in a real

setting that only depends on onboard sensing.

Figure 3.6: Evolution of the nonlinear opinion dynamics adap-

tive law for a non-cooperative (top, orange) or a cooperative

(bottom, blue) agent.

Therefore, we assume that the

opinion of the robot on the de-

gree of cooperation of agent i is a

pair-wise interaction isolated from

other agents. In this sense, the de-

sign of (3.56) manifests a funda-

mental difference with respect to

existing nonlinear opinion dynam-

ics formulations, tailored towards

a feasible implementation in a real

robotic platform. The quantities

ai, bi, ci, di are gains with similar

meaning to those in Eq. (3.51)

and which parameterized the adaptive law. For instance, bi = −0.5 represents some induc-

tive bias on the degree of cooperation of agent i towards not cooperating with the robot. As

nonlinear function, we choose tanh to respect the domain of xi. Finally, Ai represents the

attention, and is a variable that dynamically evolves with time, in contrast to the algebraic

relationship g(xj) formulated in Eq. (3.51). As depicted in Fig. 3.6, the idea is to design

and tune (3.56) such that, when the agent i is close to the robot and does not collaborate

to avoid the collision, the (shifted) degree of cooperation associated to agent i evolves such

that the robot takes the responsibility. On the other hand, if agent i modifies its velocity to

avoid collision, then the (shifted) degree of cooperation evolves to enable the robot a more

selfish behavior. The attention term Ai appears scaled in (3.56) by gain di. The reason

behind this scaling will be explained later, in Section 3.3.5.

There are two variables in Eq. (3.56) that are not readily available at the robot. The

first one is the attention, which should capture the importance of adapting the shifted

degree of cooperation or if, otherwise, the shifted degree of cooperation must not change.

The second quantity is yi, which a priori depends on the information at agent i. We will

later prove how the robot can estimate yi from just onboard sensor observations. Now, we
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focus on the attention Ai.

The goal is to design an attention mechanism for the nonlinear opinion dynamics adap-

tive law that evolves such that the shifted degree of cooperation changes when the robot

and agent i are close to each other, whereas it remains constant if the robot and the agent

are far. The attention Ai is modeled as a dynamic quantity that evolves with time

Ȧi = −δiAi + (1− δi)tanh(κiτ
−1
i ), (3.57)

where κi > 0 and δi ∈ [0, 1) are gains and τi > 0 is the expected collision time. The

dynamics in (3.57) evolve such that Ai = 0 when the robot and agent i are far from each

other, and Ai tends to 1 when the robot and agent i are close to collision. To compute the

time to collision, we exploit the geometry of the problem.

A potential collision between the robot and agent i happens at the intersection between

(i) a circumference of radius R = rs + ri and center pi and (ii) the line vpre
r − vr passing

through point pr. Let pr = (pxr , p
y
r) and pi = (pxi , p

y
i ). The equation of the circumference

with center pi and radius R is

(px − pxi )2 + (py − pyi )2 = R2, (3.58)

where the circumference is parameterized by p = (px, py). Let ṽi = vpre
r − vi = (ṽxi , ṽ

y
i ).

Then, the intersection between (i) the circumference defined in (3.58) and (ii) a line of

slope given by vector ṽi and point pr happens at:

(pxr + τiṽ
x
i − pxi )2 + (pyr + τiṽ

y
i − p

y
i )2 = R2. (3.59)

The above equation leads to the second order equation

β1τ
2
i + β2τi + β3 = 0 (3.60)

with β1=(ṽxi )2+(ṽyi )2, β2=2ṽxi (pxr − pxi )+2ṽyi (pyr − pyi ) and β3 = R2− (pxr − pxi )2− (pyr − pyi )2.

The solutions of the quadratic equation can be the following:

1. if β22 < 4β1β3, then there is no intersection and, therefore, no potential collision. As

a consequence, we set τi =∞.

2. if β22 = 4β1β3, then the solution is given by a double root τi = −β2

2β1
. Otherwise, if

β22 > 4β1β3, then there are two real roots. In both cases, the following reasoning

holds: (i) if both roots are positive, then we take the minimum among them; (ii) if

both roots are negative, then there is no collision and τi = ∞; (iii) if one root is

positive and one root is negative, then collision has already happened and, therefore,

motion is terminated.

Note that τi is inexpensive to compute and enables time-to-collision checking in real-time.

The next step is to define yi and develop a method to compute it from sensor obser-

vations. According to the definition of the nonlinear opinion dynamics in Eq. (3.56), yi
represents the opinion that agent i has on the value of the shifted degree of cooperation
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xi. Recalling the reasoning behind the nonlinear opinion dynamics design in (3.51), the

consensus term aixi + ciyi aims at fusing the values that the robot and agent i have on the

degree of cooperation xi. In the case of the robot, this is simply the current value of xi;

in the case of agent i, this is precisely the the opinion that agent i has on the value of the

shifted degree of cooperation xi. In typical opinion dynamics formulations it is assumed

that these values can be communicated. This is not the case in our problem setting, so we

need to recover yi using an estimation method that relies solely on onboard sensing.

Figure 3.7 depicts the geometry of the problem. At a certain instant, the robot has a pre-

defined velocity vpre
r but executes v∗

r to avoid collision. The difference between both veloci-

ties is v∗
r − vpre

r = (1 − αi)ui due to constraint (3.54b) in (3.54).

Figure 3.7: Geometry behind the projection estima-

tor for yi.

On the other hand, agent i executes vi, and

executed v−
i in the previous instant, where

v−
i ∈ R2 denotes the velocity of agent i

sensed by the robot at the previous time

instant. Since the robot has been in charge

of exerting (1 − αi)ui, the remaining part

of ui to avoid collision must be exerted

by agent i, i.e., αiui. Recall that ui rep-

resents a change in the velocity. Hence-

forth, the remaining part of αiui is exerted

through the change in velocity of agent i,

namely, ∆vi = vi − v−
i . However, in gen-

eral, ∆vi · αiui ̸= 0, i.e., vectors ∆vi and

αiui are not aligned. This means that it is

the component of ∆vi parallel to αiui the one that exerts the change in velocities to avoid

collision. Therefore, if we compute the magnitude of vector component of ∆vi parallel to

ui and compare it to the magnitude of ui, then we can obtain αi.

These insights motivate the following projection estimator of yi:

yi = tanh

(
ε

(
||proj(∆vi,ui)||

||ui||
− 1

2

))
. (3.61)

The projection operator proj(a,b) = a·b
b·bb projects the vector ∆vi on vector ui. Further-

more, by normalizing with the norm ||ui||, the estimate of αi, α̂i, is extracted. The other

operations translate the estimated degree of cooperation to the estimated shifted degree of

cooperation yi, where ε > 0 tunes how sensitive is the tanh function to changes in ∆vi. In

this sense, we remark that Eq. (3.61) is not a perfect estimator since it only relies on the

sensor observations of the change in velocities ∆vi. This motivates the use of the function

tanh, which simultaneously restricts the domain of the estimation to [−1, 1] and allows a

fast evolution of the estimated shifted degree of cooperation. For instance, if the robot

observes that agent i moves straight to it and ∆vi ≈ 0, then this means that yi ≈ −1 and

the robot estimates that agent i is not cooperating.
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3.3.5 Nonlinear opinion dynamics adaptive law tuning

To achieve fast and effective adaptation to the unknown degree of cooperation of the agent,

the nonlinear opinion dynamics adaptive law of AVOCADO must be appropriately param-

eterized.

First, we examine the stability properties of the adaptive law and the conditions under

which bifurcation, i.e., instability of the initially stable equilibrium point of Eq. (3.56),

happens. To do so, we use the expression sech(x) = 1/ cosh(x).

Proposition 8. Let di > 0, ai > 0 and bi ∈ [−1, 1]. Then, xi = bi/di is an unstable

equilibrium point of (3.56) if Ai > 1/
(
aisech

2
(
ai

bi
di

))
.

Proof. Initially, Ai = 0, yi = 0 and ẋi = 0. Therefore, the robot has an initial opinion xi =

bi/di that is an equilibrium of the nonlinear opinion dynamics adaptive law in Eq. (3.56).

Nevertheless, whether this equilibrium is stable or unstable depends on the parameters of

the adaptive law. Let

λ = −di + diAiaisech2

(
ai
bi
di

)
(3.62)

be the unique eigenvalue of (3.56) after linearization at xi = bi/di. Equilibrium becomes

unstable when λ > 0. Assuming that ai, di and bi are fixed, and taking into account

that sech(x) ∈ (0, 1] in all its domain, xi = bi/di becomes an unstable equilibrium when

Ai > 1/
(
aisech2

(
ai

bi
di

))
.

Corollary 4. If bi = 0, then sech2
(
ai

bi
di

)
= 1 and the condition on the attention level

reduces to Ai > 1/ai. Since sech2
(
ai

bi
di

)
∈ (0, 1), Ai > 1/ai is an upper bound on the at-

tention value beyond which the equilibrium xi = bi/di becomes an unstable equilibrium and,

therefore, Ai > 1/ai is a sufficient condition for xi = bi/di being an unstable equilibrium.

When the robot and agent i are far from each other, the dynamics of the attention in

(3.57) are designed such that Ai = 0. When the robot and agent i approach each other in

a trajectory of potential collisions, tanh(κiτ
−1
i ) > 0 and attention evolves towards Ai > 0,

with a speed determined by δi. Since the attention dynamics in (3.57) is a linear system with

bounded input, the attention is stable with equilibrium given by Aeq
i = tanh(κi(τ

eq
i )−1).

Therefore, κi must be large enough to ensure that Ai >
1
ai

when the time to collision τi is

large enough to avoid collision. Moreover, since Ai ∈ [0, 1], ai must be designed such that
1
ai
< 1 to ensure that the condition Ai >

1
ai

is possible for some τi.

Now, we examine the stability properties of the nonlinear opinion dynamics adaptive

law in Eq. (3.56) after bifurcation.

Proposition 9. Let, di > 0, ai > 0 and bi ∈ [−1, 1]. Assume that Ai >
1
ai

holds. Then,

the nonlinear opinion dynamics adaptive law in Eq. (3.56) exhibits two stable equilibrium

points, given by the following expression:

xeqi = Aitanh(aix
eq
i + ciyi) +

bi
di
. (3.63)
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Besides, |xeqi | ∈
[
|bi|
di
− 1, |bi|di

+ 1
]
.

Proof. From the assumption that Ai >
1
ai

holds, in the transition Ai = 1
ai

bifurcation

happens [Bizyaeva et al., 2022]. The dynamics in Eq, (3.56) are bounded due to the term

−dixi, so equilibrium(s) point(s) exist(s) after bifurcation. By enforcing the equilibrium

condition ẋi = 0 in Eq. (3.56), Eq. (3.63) is obtained. We recall that Ai ∈ [0, 1] and

|tanh(•)| ∈ [0, 1]. Therefore, the absolute value of the equilibrium |xeqi | is bounded and

such that |xeqi | ∈
[
|bi|
di
− 1, |bi|di

+ 1
]
.

If there is no bias, bi = 0 and xeqi ∈ [−1, 1]; otherwise, the bias introduces a shift in

the domain that naturally encodes a priori knowledge on the degree of cooperation of the

agent. Proposition 9 motivates the use of the scaling factor di in the attention Ai: in the

absence of this factor, the expression of the equilibrium points is xeqi =
Aitanh(aix

eq
i +ciyi)+bi
di

,

leading to an asymmetrical domain for |xeqi | with respect to bi/di, i.e., not symmetrical with

respect to the initial equilibrium before bifurcation. This asymmetry would derive in an

intrinsic bias towards any of the two subsequent equilibrium points, which is an undesired

effect that we overcome by including the scaling factor di.

Finally, ci shall be designed to guarantee that the nonlinear term tanh(•) in the adaptive

law is enough sensitive to the behavior of agent i, reacting fast enough to avoid collisions.

On the other hand, ε in (3.61) tunes how sensitive is the estimator of yi to changes in the

speed of agent i.

In summary, the nonlinear opinion dynamics adaptive law depends on six parameters:

(i) ε > 0 determines how sensitive is the estimator of yi and should be chosen large enough

to ensure yi ≈ 1 with enough time to avoid collision but small enough to avoid noisy

estimations; (ii) κi > 0 and δi ∈ [0, 1) determines how fast the adaptive law approaches the

bifurcation point, and therefore establishes when the robot decides its opinion about the

degree of cooperation of agent i; (iii) di > 0 sets the convergence speed of the dynamics of

the adaptive law, associated to the forgetting factor −dixi; (iv) ai determines the attention

level necessary to reach the bifurcation, taking into account the value of di; (v) bi is a bias

that encodes potential prior knowledge on the (shifted) degree of cooperation of agent i;

(vi) ci weights the importance of the estimate yi compared to the current value of aixi
such that, if ai >> ci, the robot tends to preserve its opinion over the (shifted) degree of

cooperation, or heavily relies on the estimator if ci >> ai.

3.3.6 Exploiting attention to overcome deadlocks

The previous sections address the problem of unknown degree of cooperation in collision

avoidance. However, there is an additional issue, typical in geometrical methods like ORCA,

that is characterized by navigation deadlocks under symmetrical configurations [Battisti

and Muradore, 2020]. To overcome them, AVOCADO exploits attention Ai.

Our solution consists in injecting some small noise to the perceived velocity of agent i
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when the agent is far from the robot, decreasing the noise to zero when the robot and the

agent are close to a potential collision. When the robot and the agent are far from each

other, the impact of noise is negligible because attention Ai ≈ 0 and bifurcation does not

happen. This preserves the neutrality of the opinion on the (shifted) degree of cooperation.

When the robot and the agent are close to each other, noise is removed, so the performance

guarantees on the adaptive law and the collision avoidance are preserved.

Mathematically speaking, we reformulate Eq. (3.52) as

ui = arg min
vr∈∂VOi

||vr − (vpre
r − vµ

i )|| − (vpre
r − vµ

i ) with vµ
i = vi + (1−Ai)µ(σ), (3.64)

and µ(σ) ∼ U(−σ, σ) a uniformly distributed perturbation bounded by σ > 0.

In essence, our method adds a uniformly distributed noise to the velocity of agent

i sensed by the robot. This noise depends on the attention mechanism developed for

the nonlinear opinion dynamics adaptive law. This perturbed velocity is the one used to

compute vector ui and the OCAτ
i constraint sets. Hence, the noise perturbs the potential

symmetry between vpre
r and vi only when the robot and agent i are sufficiently close to

each other. The intensity of the perturbation increases when the distance between robot

and agent i decreases in order to ensure that there is an effective deadlock breaking when

robot and agent i approach each other. It is interesting to remark that this deadlock

breaking approach can also be applied to other VO-based methods such as ORCA, since it

only requires the implementation of the attention mechanism in Eq. (3.57).

AVOCADO is summarized in Algorithm 7. By combining a geometrical approach with

a nonlinear opinion dynamics adaptive law, AVOCADO is able to adapt in real-time to the

unknown degree of cooperation of the agents in a multi-agent setting. No communication is

involved, only relying on the perceived position and velocity of the nearby agents. All the

mathematical operations are inexpensive to compute, except for the optimization program

in line 11. Nonetheless, since it entails a linear program, with an efficient implementation it

is proven that a robot can process thousands of nearby agents in milliseconds [Van Den Berg

et al., 2011]. We validate the computational simplicity of AVOCADO in Section 3.3.7.

3.3.7 Simulated results

First, we evaluate AVOCADO in simulated scenarios. In Section 3.3.10 we describe the

results obtained in real settings with robots and humans.

In Section 3.3.8 we analyze the impact of the different parameters in the behavior of

AVOCADO. Next, in Section 3.3.9 we conduct extensive multi-agent simulations using

two navigation settings. For each setting, we compare qualitatively and quantitatively

AVOCADO with existing state-of-the-art planners against other cooperative robots and non-

cooperative agents. In all the simulated scenarios, we consider that robots are cooperative,

i.e., they act using the same motion planner under comparison. For instance, if AVOCADO

is assessed, then all robots use AVOCADO. Importantly, a robot being cooperative does not

mean knowledge on the degree of cooperation nor communication exchange, but just the
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Algorithm 7 AVOCADO

1: Parameters: rs, rp > 0, ε > 0, κi > 0, di > 0, ai, bi, ci ∈ R, σ > 0, δi ∈ [0, 1)

2: for all t do

3: Get pr and vpre
r from a higher-level planner.

4: Measure pi,vi ∀i ∈ N from sensors and get the stored v−
i ∀i ∈ N .

5: Update the attention level Ai using pr, vpre
r , pi and vi through Eqs. (3.57) and

(3.60), for all i ∈ N .

6: Apply Eq. (3.64) to compute vµ
i ∀i ∈ N .

7: Calculate ui through Eq. (3.64).

8: Estimate yi through Eq. (3.61).

9: Update the opinion on the shifted degree of cooperation using the adaptive law in

Eq. (3.56).

10: Build all admissible sets OCAi through Eq. (3.53), for all i ∈ N .

11: Solve optimization problem (3.54) to obtain v∗
r .

12: Apply v∗
r and store vi as v−

i ∀i ∈ N .

13: end for

robot uses a planner to avoid collisions. In contrast, agents are non-cooperative, i.e., they

are blind against the robots. Non-cooperative agents resolve (3.54), but their neighbor set

Ni never includes the robots, only other agents. This is done to ensure collision avoidance

among agents but complete non-cooperation with the robots, so the behavior is more

complex than a simple dynamic obstacle with a fixed trajectory. A mixed cooperative/non-

cooperative navigation scenario involves cooperative robots and non-cooperative agents.

Finally, robots and agents have a disc shape of radius rs = 0.2m and a sensor range of

rp = 2.5m.

The maximum velocity, vmax
r , of the robots is set to 1m/s and vmax

i of the agents is set to

0.75m/s. The agents have a lower velocity than the robots, allowing the robots to escape if

the agents move quickly towards them. For robots using AVOCADO, vpre
r = vmax

r
p∗
r,j−pt

r,j

||p∗
r,j−pt

r,j ||
,

where p∗
r,j denotes the desired goal for robot j and pt

r,j is the position of robot j at time

t. Therefore, robots using AVOCADO are not helped by any higher-level planner to choose

the desired velocity.

3.3.8 Head-on scenarios

We simulate head-on scenarios to analyze the impact of the different parameters in AVO-

CADO.

A robot and either a cooperative robot or a non-cooperative agent face each other,

where their goals are the starting position of the other. Fig. 3.8 illustrates these scenar-

ios for different values of bias bi (a, c, e for the non-cooperative agent; b, d, f for the

cooperative robot). The robot using AVOCADO starts, in scenarios a) and b), assum-

ing that the other robot or agent is non-cooperative with a low degree of cooperation; in

scenarios c) and d), the robot initially assumes reciprocity, with a degree of cooperation
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equal to 0.5; and in e) and f) the robot initially assumes a great degree of cooperation.

a) bi/di = −0.9 b) bi/di = −0.9

c) bi/di = 0 d) bi/di = 0

e) bi/di = 0.9 f) bi/di = 0.9

Figure 3.8: Head-on scenarios for different ratio

bi/di and degree of cooperation. The robot (blue)

navigates using AVOCADO, whereas the agent is ei-

ther non-cooperative (black, left column) or navigates

using AVOCADO (red, right column). The motion of

the robot and the agent is represented with disks of

increasing transparency as time advances, and solid

dots represent the center of the disks.

Extreme bias values can lead to collisions,

as in b) and e). In a), the robot smoothly

avoids the collision with the agent, as the

highly negative biased initial degree of co-

operation (pessimistic robot) corresponds

to reality. However, when the bias is in-

correct, even if the agent is cooperative as

in b), the robot takes some time to recover

from the incorrect prior, resulting in shaky

trajectories and even collisions in b). The

opposite conflict arises when there is an ini-

tial highly positive bias in the degree of co-

operation (optimistic). In case e), the robot

is unable to correct the estimated degree of

cooperation fast enough to realize that the

agent is non-cooperative and take all the

responsibility to avoid collision. Collision

is avoided in case f), but the extreme bias

leads to sub-optimal trajectories. Finally,

a balanced bias allows the robot to react

effectively to non-cooperative agents in c)

and cooperative agents in d).

The impact of the other parameters is

evaluated by studying the evolution of xi
when the parameters change. The default

parameters are specified in Table 3.1. Now, we focus on the non-cooperative head-on

scenario.

Parameter ai bi di κi ε δi bi

Value 0.3 0.7 2 14.15 3.22 0.57 0

Table 3.1: Default parameter values

Fig. 3.9 depicts the evolution of xi for the different cases. When the simulation starts,

xi = bi/di. Then, as the robot detects that agent i does not cooperate, xi decreases,

trying to reach xi = −1. Finally, when the collision is avoided and Ai = 0, xi = bi/di
again. In some cases, as in Fig. 3.9e) with δ = 0.1, xi does not recover to xi = bi/di
because agent i leaves the sensor range of the robot before letting the nonlinear opin-

ion dynamics to converge to xi = bi/di. First, regarding di (Eq. (3.56)), greater val-

ues imply a greater forgetting factor and therefore, a faster convergence according to the

eigenvalue study from Eq. (3.62). For very large values (di = 6.5), the nonlinear opin-

ion dynamics are too reactive to the estimate yi and to the noise introduced (Eq. 3.64),

leading to abrupt changes in xi. Second, regarding ai, ci (Eq. (3.56)), since ci = 1 − ai
and ai ∈ {0.1, 0.3, 0.6, 0.9}, greater values of ai imply less reactivity against changes in

the estimate yi and, henceforth, slowest convergence of the nonlinear opinion dynamics.
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a) Different di b) Different ai, ci = 1− ai

c) Different ε d) Different κi

e) Different δi f) Different bi

Figure 3.9: Evolution of the degree of cooperation in

the head-on scenario against a non-cooperative agent,

varying the value of each parameter of AVOCADO.

Third, regarding ε (Eq. (3.61)), it is ob-

served that beyond some value around ε =

1, the estimate of yi is reactive enough to

guarantee a fast convergence of the nonlin-

ear opinion dynamics. Fourth, the behav-

ior of κi (Eq. (3.57)) is similar to that of

ε, in the sense that there is a point be-

yond which increasing κ does not provide

any improvement. Fifth, the same holds

for δi (Eq. (3.57)). Finally, regarding the

ratio bi/di (Eq. (3.56)), it is very interest-

ing to observe that different values lead to

different initial and final equilibrium, equal

to xi = bi/di. In all the cases, since the

agent is always non-cooperative, xi evolves

towards a low value in order to take the re-

sponsibility of avoiding the collision. The

plots of Fig. 3.9 show that, in general, very

low parameters’ values are not desirable, as

they make the opinion grow slowly and the

robot to react late. Nevertheless, very large

values can make the nonlinear opinion dy-

namics adaptive law to be too sensitive to

changes in the agent and the estimate yi, leading to a non-smooth evolution of xi. There-

fore, it is suggested to design the parameters as low as possible to guarantee collision

avoidance but obtain smooth maneuvers. The nominal parameters described in Table 3.1

have been tuned using Bayesian Optimization, constrained the domain of the parameters

according to the conclusions drawn from Fig. 3.9.

3.3.9 Multi-agent scenarios

After studying the influence of the different parameters in AVOCADO, we conduct a series

of multi-agent simulations to evaluate the performance of AVOCADO compared to exist-

ing state-of-the-art planners. We compare AVOCADO with ORCA [Van Den Berg et al.,

2011] and RVO-RL [Han et al., 2022] as baselines planners that consider reciprocal collision

avoidance, and T-MPC [Mavrogiannis et al., 2022, Poddar et al., 2023] and SARL [Chen

et al., 2019] as baseline planners for non-cooperative collision avoidance. The former is

based on a model predictive control formulation and the latter is a neural-network-based

planner trained using reinforcement learning. In this sense, SARL is retrained to satisfy the

constraints in perception from the limited sensing radius of robots and agents. Moreover,

we set σ = 0.0001 for AVOCADO.

We design two evaluation settings. The circle scenario is characterized by an evenly

spaced initial position of robots and agents, forming a circle and with the goal of reaching

the initial position of the opposite robot or agent. On the other hand, the crossing scenario
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a) ORCA b) T-MPC c) SARL d) RVO-RL e) AVOCADO

Figure 3.10: Non-cooperative circle (top) and crossing (bottom) scenarios with 10 agents and different

planners. The robot is colored in purple, and the non-cooperative agents are in black. When the robot

collides with an agent, it becomes transparent. The episode finishes when all the agents and the robot reach

the goal or collide, or the simulation lasts more than 100s.

is characterized by a random initial position of all the agents and robots in the border of

a square. Robots and agents must navigate to a individually assigned random goal in the

opposite side of the square. Cooperative robots are placed in the sides oriented to one

axis and non-cooperative agents are placed in the sides oriented to the other axis. This

arrangement enforces that cooperative robots traverse non-cooperative agents that move

perpendicularly as a traffic flow they have to cross. Besides, to ensure that robots do not

take trivial motion strategies (e.g., wait until all the agents have reached the goal), once

an agent reaches its goal, the goal is modified to be the initial position of the agent, so the

environment is always dynamic.

We show the qualitative behavior of the robots in non-cooperative circle and crossing

scenarios in Fig. 3.10. The planners address the navigation conflict at the center of the

circle in two different ways. T-MPC and RVO-RL completely avoid dangerous zones by

taking a detour; this might not be possible in a constrained scenario with boundaries.

Among the other three approaches, ORCA is the one that takes more risks, since it assumes

reciprocity in the degree of cooperation, colliding in both scenarios. SARL and AVOCADO

achieve adaptation to the unknown degree of cooperation of the agents and other robots

and manage to reach the goal in both scenarios; nonetheless, the movements exerted by

the robots using AVOCADO are much smoother than those exerted by SARL, which is a

key aspect when transferring navigation policies to real robots.

Fig. 3.11 shows examples of scenarios only populated with robots. Fig. 3.11a demon-

strates the deadlocks suffered by reciprocal approaches like ORCA when symmetries are

encountered. AVOCADO overcomes this problem, as seen in Fig. 3.11e, by exploiting the

attention mechanism in the nonlinear opinion dynamics adaptive law. T-MPC and RVO-RL

take long unnecessary detours, as they are designed for scenarios with fewer robots and to

take larger safety margins. T-MPC even presents many collisions, as it is not prepared to

interact with other robots, and some of the RVO-RL robots do not reach the goal before the

time out of 100s. Trajectories of robots using SARL lack, again, smoothness, probably due
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a) ORCA b) T-MPC c) SARL d) RVO-RL e) AVOCADO

Figure 3.11: Cooperative circle (top) and crossing (bottom) scenarios with 10 robots and different plan-

ners. Each robot is depicted with a different color. The representation follows the same rules in Fig. 3.10.

a) ORCA b) T-MPC c) SARL d) RVO-RL e) AVOCADO

Figure 3.12: Mixed cooperative/non-cooperative circle (top) and crossing (bottom) scenario with 4 agents,

6 robots and different planners. Each robot is depicted with a different color. The representation follows

the same rules in Fig. 3.10.

to a reciprocal dance problem, specially noticeable in circle scenarios where this leads to

collisions. All the robots using AVOCADO reach their goals avoiding collisions, with short

path lengths and smooth trajectories, in both scenarios.

Mixed cooperative/non-cooperative scenarios are the most challenging for most of the

planners, as they assume some sort of degree of cooperation, either reciprocity or com-

plete absence of cooperation. Fig. 3.12 provides examples of such scenarios. T-MPC and

RVO-RL avoid passing through the center of the stage, as there are many non-cooperative

agents. However, they encounter cooperative robots during the detour, so they are unable

to avoid collisions. SARL faces again the reciprocal dance problem when evading both

non-cooperative agents and other robots avoiding collisions. ORCA and AVOCADO per-

form similar trajectories, but AVOCADO adaptation capabilities makes it safer, avoiding

all collisions unlike ORCA.
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We conduct a systematic series of circle and crossing runs to extract quantitative met-

rics to compare all the planners, using an increasing total number of agents. The circle

size of circle scenarios is set to max(2.5, 2.3Nrs
π )m and the square size of crossing scenarios

is set to 1.5Nrsm. These numbers guarantee that there is enough space for the initial and

final position of all robots and agents while enforcing collision conflicts. Simulation runs

range from N = 10 to N = 25 in steps of 3. For each value of N, we test five different pro-

portions P of cooperative robots. In particular, we set the number of cooperative robots

equal to ⌈PN⌉, with P = {0.01, 0.25, 0.5, 0.75, 1}, where ⌈•⌉ is the operator that rounds a

real number to the closest greater integer. The others are non-cooperative agents. We run

128 random scenarios for each combination of planner, number of cooperative robots and

non-cooperative agents. Each run in circle scenarios randomizes the identity of each agent

(non-cooperative or the planner under evaluation), while each run in crossing scenarios

randomizes the initial and goal positions of each agent. We compare the state-of-the-art

planners with 4 versions of AVOCADO with the following parameters:

• AVOCADO 1: Table 3.1.

• AVOCADO 2: Table 3.1 but di = 5.

• AVOCADO 3: Table 3.1 but bi = 1 ( bi
di

= 0.5).

• AVOCADO 4: Table 3.1 but bi = −1 ( bi
di

= −0.5).

Figure 3.13: Success rates of robots with

the different planners in circle scenarios.

Red crosses mark the best planner.

We define the success rate as a evaluation metric.

Let M be the number of runs; succj,k ∈ {0, 1} the

indicator that is equal to 1 if ||pr,j − p∗
r,j || < ξ at

the end of run k or 0 otherwise, where pr,j is the

position of robot j, p∗
r,j is the desired goal of robot

j, and ξ > 0 is a small tolerance. Then, the success

rate is defined as

1

MN

M∑
k=1

N∑
j=1

succj,k.

The success rates are in Fig. 3.13 and Fig. 3.14

for circle and crossing scenarios, respectively. AV-

OCADO outperforms all other approaches in success

rate. AVOCADO 2, with a higher value of di than

AVOCADO 2, has a greater success rate in circle sce-

narios where the number of cooperative robots is

greater, as it is more sensitive to the introduced noise

that breaks symmetries. AVOCADO 1 is more stable

and has a better performance in partially cooperative scenarios. AVOCADO 3 presents a

worse success rate due to the bias, that assumes low degrees of cooperation when it is often

not true. In this sense, it is very interesting to see how AVOCADO 4, with a bias towards

great degrees of cooperation, presents the worst results among the AVOCADO versions in
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Fig. 3.13 unless in fully-cooperative cases. However, AVOCADO 4 achieves the best success

rates in Fig.3.14. This is probably due to the fact that, in crossing scenarios, the robot

first faces non-cooperative perpendicular traffic, where being cautious is desirable; mean-

while, in circle scenarios the robot faces agents coming in their same direction, leading to

conflicts similar to the one previously seen in Fig. 3.8b. ORCA experiences deadlocks from

geometrical symmetries, so it fails in all cooperative circle scenarios. The performance of

T-MPC degrades when the number of cooperative agents increases, since, as it is observed

in [Mavrogiannis et al., 2022, Poddar et al., 2023], the method is suited for scenarios with

less than 10 robots or agents. RVO-RL, tuned for fully-cooperative environments, achieves

its best performance for P = 1, decreasing the success rate as non-cooperative agents

appear. SARL, due to the non-smooth behavior, obtains poor success rates.

We show in Fig. 3.15a the mean navigation time that every planner takes to reach the

goal in square scenarios with P = 0.5. The mean time to goal is computed taking into

account only the robots that do not collide:

1

MN

M∑
k=1

N∑
j=1

succj,k=1

tj,k,

Figure 3.14: Success rates of robots with

the different planners in crossing scenarios.

where tj,k > 0 denotes the instant when robot j

reaches its goal at run k. The results are aligned with

the qualitative results depicted in Figs. 3.10, 3.11,

and 3.12). RL-RVO and SARL exhibit the largest

time to goal because their trajectories are irregular

and present many detours. Meanwhile, the rest of

the planners reach the goal in similar times. T-MPC

manifests slightly lower times to reach the goal even

tough the resulting trajectories are longer than those

of AVOCADO or ORCA. This is due to the fact that

T-MPC exerts higher velocities and it is, therefore,

more risky, which explains its success rate metrics

shown in Figs. 3.13 and 3.14.

Finally, regarding computation times, Fig. 3.15b

collects the mean and standard deviation compu-

tation times for all the planners under compari-

son. The pure geometrical methods (AVOCADO and

ORCA) share the same inexpensive computational

cost, requiring hundreds of milliseconds to compute a solution in crowded environments.

The time increases with the number of robots and agents since the number of entities un-

der consideration grow, but this growth is linear with the number of agents and robots

within the sensor range. The other methods take, by orders of magnitude, much more time

to compute their navigation commands. This computational burden may prevent their

use in real hardware applications with constrained resources, specially if there are other

higher-level tasks that use those resources.
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(a) (b)

Figure 3.15: (a) Mean and standard deviation of navigation times (in seconds) of successful robots for

the different planners, gathered in 128 square scenarios with P = 0.5. (b) Mean and standard deviation of

the computational times (in milliseconds) for the different planners. Y-axis is in a logarithmic scale.

3.3.10 Experimental results

After evaluating AVOCADO in simulated environments, in this section we conduct exper-

iments with real ground robots. We use three Turtlebot 2 robotic platforms that use

AVOCADO, and up to three pedestrians as external non-cooperative agents. The experi-

ments involve 19 pedestrians, 15 of them external to the project. The pedestrians, as the

robots, have a fixed starting point and final goal for each experiment, but they have no

instructions on how to behave and interact with the robots. In this way, the pedestrians

decide by themselves their degree of cooperation with the robots and other pedestrians,

their own velocity and the trajectory to follow to reach the goal, making each experiment

different and unpredictable from the perspective of the robots. The robots use AVOCADO

with the same parameterization as the default ones detailed in Table 3.1. The purpose is

to prove that AVOCADO presents zero-shot-transfer capabilities.

We conduct the experiments in an arena of 6 × 6m. We used an Optitrack PrimeX

13W system of markers and 12 cameras to localize the robots and the pedestrians. We also

design and implement an Extended Kalman Filter with a constant velocity assumption to

track the positions and velocities of all the robots and pedestrians.

We design three representative experimental scenarios, running them using different

combinations of pedestrians, leading to a total of 33 experiments. Videos of the experiments

can be found in the supplementary material. The three scenarios are as follows:

• Head-on: two robots are placed next to each other in two corners of the arena, and

two pedestrians are placed in the other two corners of the arena, each of them facing

one of the robots. The goal of the robots and the pedestrians is to exchange their

position with the pedestrian or robot that is in front of them.

• Circle: as in the simulations, pedestrians and robots are arranged in an evenly spaced

circular formation, alternating robots and pedestrians. The goal of all the players is

to go to the opposite side of the circle.

• Crossing: two robots are located in the medium point of two opposite sides of
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a) Group 2 b) Group 4

Figure 3.16: Head-on experiment, groups 2 and 4. Two robots face two pedestrians, exchanging their

initial position. The pedestrians trajectories are represented in black and the robots with different colors.

the arena, facing each other. In one of the other sides we place a pedestrian and

a robot, while two pedestrians are placed in the remaining side of the arena. The

team robot-pedestrian and the team pedestrian-pedestrian are told to cross the arena

towards the position of the other team. The goal of the first two robots is to cross

the perpendicular traffic flow to exchange their position.

Fig. 3.16 shows two examples of head-on experiments. In the first experiment (a) one

of the pedestrians (bottom) decides to evade the robot. AVOCADO detects that and adapts

to the situation, following a straight trajectory. Reciprocal dance problem is not observed.

The other pedestrian in Fig. 3.16a slightly modifies the trajectory to cooperate with the

robot. Fig. 3.16b shows the same experiment with other pedestrians, that decide to not

cooperate at all, demonstrating how the robots are able to take all the responsibility to do

the collision avoidance maneuver.

In Fig. 3.17a, pedestrians participating in the circle experiment walked with different

velocities. When the person starting in the down-right leaves the intersection, the person

starting in the top-center is still starting the trajectory. The robots adapt to the different

velocities and safely reach the goal with smooth trajectories. The purple robot traverses

the intersection moving to its right side, as there is free space there. Fig. 3.17b depicts a

situation where the human starting in the down-right and the one starting in the top-center

have similar behaviors as in the previous experiment in terms of speed. The pedestrian

starting in the bottom-left, however, is faster than its previous homologous. The robots

accommodate to this situation by being more cooperative and more reactive (yellow and

blue) or choosing a different trajectory in the space that pedestrian is leaving behind

(purple).

A standard crossing scenario is represented in Fig. 3.18a. All the agents forming the

traffic in the middle of the arena respect their lane. The two robots in opposite sides choose

a side to cross the intersection, passing between the two nearby agents and the two far ones.

The girl starting behind the purple robot overtakes it safely, through the open space that

is in their left. The robot collaborates but giving her more space to do it. Fig. 3.18b,

however, shows a different situation. The pedestrian behind the other pedestrian decides
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a) Group 3 b) Group 5

Figure 3.17: Circle experiment, groups 3 and 5. Three robots and three pedestrians, evenly spaced in a

circle, exchange their positions with the opposite player.

a) Group 4 b) Group 5

Figure 3.18: Crossing experiment, groups 4 and 5. Two robots, in opposite sides, exchange positions by

crossing an intersection with one robot and three pedestrians.

to accelerate and overtake through the central lane. The purple robot has to slow down

to evade a frontal collision. This delay in the central traffic makes the blue robot avoid it

through the right side, and the yellow adapt to it as it arrives there.

Overall, extensive real experiments with multiple robots and humans prove that AV-

OCADO is effective navigation strategy for collision avoidance in mixed cooperative/non-

cooperative environments. AVOCADO is a zero-shot approach since no further tuning is

required to transfer the algorithm from simulations to real robots. In this sense, AVOCADO

preserves the properties observed in simulations in terms of success rate, smoothness, adap-

tation to unknown degrees of cooperation and computational efficiency.

3.4 Conclusions

This chapter has presented a suite of novel distributed algorithms that enhance coordination

and control in multi-robot systems, particularly for complex tasks like herding. These

algorithms address the challenges of distributed optimization, consensus, and dissensus,
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providing efficient and robust solutions for multi-robot collaboration:

• Accelerated distributed optimization: A novel accelerated distributed optimiza-

tion method for consensus optimization has been proposed. This method combines

the benefits of momentum with gradient tracking and ADMM algorithms, result-

ing in fast convergence, computational simplicity, and robustness. By incorporating

momentum, the algorithm overcomes limitations in the convergence rate of existing

ADMM-GT approaches, providing faster optimization without increasing computa-

tional or communication overhead.

• Accelerated dynamic average consensus: Two accelerated discrete-time dy-

namic average consensus protocols have been introduced. These protocols leverage a

sequence of proportional consensus filters and a second-order recurrence to overcome

the trade-off between convergence speed and steady-state error. The algorithms are

robust against initialization errors, input noise, and communication delays, making

them suitable for real-world multi-robot applications where these factors are preva-

lent.

• Adaptive collision avoidance: AVOCADO, a novel collision avoidance strategy for

mixed cooperative/non-cooperative multi-agent environments, has been presented.

AVOCADO utilizes a nonlinear opinion dynamics adaptive law to estimate the un-

known degree of cooperation of external agents in real-time. This allows the robot to

effectively avoid collisions even with non-cooperative agents, addressing a significant

challenge in multi-robot navigation. The algorithm’s computational efficiency and

zero-shot transfer capabilities make it suitable for real-world deployment on robotic

platforms.

These contributions collectively enhance the capabilities of distributed multi-robot sys-

tems, enabling efficient coordination and control in complex, dynamic environments. The

algorithms presented in this chapter offer improved performance and robustness compared

to existing approaches, paving the way for more sophisticated and reliable multi-robot ap-

plications. Future research directions include extending these algorithms to broader classes

of distributed control problems and incorporating learning-based techniques to further en-

hance adaptability and performance in complex tasks. It also remains to be explored how

to combine Implicit Control, presented in Chapter 2, with the techniques presented in this

chapter to derive a fully distributed input-nonaffine control method multi-robot problems.
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Chapter 4

Event-triggered and Certifiable

Optimal Distributed Stochastic

Estimation

The first part of the thesis revolves around distributed input-nonaffine control, where the

goal is, given known dynamics of the system and a team of robots with information on the

configuration of the system, to drive the system towards a desired configuration. Nonethe-

less, up to now, few attention has been paid to how to provide the robots with such

information on the configuration of the system. Specially relevant is the work exposed in

Chapter 2: robots needed full-state feedback for the multi-robot Implicit Control of herds.

The prototypical solution was to use an extended distributed Kalman filter to obtain global

awareness of the herd and other robot mates. However, from a broader perspective, a couple

of questions arise.

The first one, closely related to the extended distributed Kalman filter, involves the

optimality properties of the distributed Kalman filter. It is well-known that the centralized

Kalman filter is optimal in the mean square error sense. Then, what about the distributed

setting? This chapter explores this question, finding as answer the first event-triggered

certifiable optimal distributed Kalman filter under unknown correlations, overcoming the

traditional trade-off between convergence speed, communication efficiency and memory in

distributed stochastic filtering settings.

The second question is also related to the the problems encountered in the first part

of the thesis. A widespread mathematical representation of quantities of interest is that of

ellipsoids. Examples can be found in the caging, dynamic assignment and CBF methods

developed in Chapter 2, where the herd is represented as a 2D ellipse. On the other

hand, stochastic estimates are also ellipsoids given by the covariance matrix associated

to the uncertainty in the estimate. The question then is how to exploit the geometrical

properties of ellipsoids to enhance distributed stochastic estimation over positive semi-

definite matrices. This is explored in Chapter 5.
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For now, in this Chapter 4 we focus on the first of the questions.

4.1 Related work

The Kalman Filter (KF) [Kalman, 1960] is a cornerstone in control theory. Its elegance

and optimality has motivated its extension towards distributed setups. However, two ma-

jor issues prevent a direct deployment in real setups. First, the conservation of the KF

optimality. Second, the efficient usage of the communication bandwidth.

Regarding optimality, the works by Olfati-Saber [Olfati-Saber, 2005,Olfati-Saber, 2007b]

opened an era of consensus-based Distributed Kalman Filters (DKF). However, it is proved

that the computation of the estimator’s gains is not scalable [Olfati-Saber, 2009,Zhu et al.,

2013]. Since then, several works have aroused searching for an Optimal DKF (O-DKF) [Ka-

mal et al., 2013, Battistelli et al., 2014, Das and Moura, 2016] by either keeping track of

the whole network error covariance matrix or neglecting the information encoded in the

covariance error matrices. In a recent work [Battilotti et al., 2021] it is discussed that, to

reach optimal centralised KF performance, the state-of-the-art DKFs typically resort to

multiple consensus steps among instants. The absence of solutions which optimally and

scalably integrate the neighbouring estimates and error covariances motivated the develop-

ment of Diffusion KFs (DfKF). The most popular approach is the Covariance Intersection

(CI) method [Julier and Uhlmann, 1997, Julier and Uhlmann, 2001, Hu et al., 2011]. The

CI method is generally suboptimal [Reinhardt et al., 2015], thus arising a necessity of

certification. The solution to approach optimality goes through convex optimisation prob-

lems [Cattivelli and Sayed, 2010], sequential algorithms [Deng et al., 2012] or diffusion steps

that require global topology knowledge [Zhang et al., 2015].

Regarding communications, the amount of information sent through the network is

related to its energy consumption and the available bandwidth [Wu et al., 2012], so an

Event-Triggered (ET) estimator is desirable. The most popular ET rule is the Send-on-

Delta (SoD) [Suh et al., 2007], which computes the difference between estimates [Li et al.,

2015,Liu et al., 2015a,Liu and Sun, 2021,Zhang and Jia, 2017], measurements [Suh et al.,

2007,Liu and Sun, 2021,Zhang and Jia, 2017] and/or innovations [You and Xie, 2012,Liu

et al., 2015b,Battistelli et al., 2018] to trigger the information when the difference exceeds

some tuned threshold. SoD is popular because it is easy to compute and agnostic to the

employed estimator. A work conducted by Trimpe and Campi [Trimpe and Campi, 2015]

compared the most popular ET rules, concluding that leveraging the error covariance in

the decision improves performance, e.g., the Kullback-Leibler (KL) divergence. Regarding

KFs, ET Centralised Kalman Filters (CKF) [Battistelli et al., 2012, Wu et al., 2012, You

and Xie, 2012, Han et al., 2013, Trimpe and D’Andrea, 2014] are subject to a critical

arrival rate beyond which the error covariance becomes unbounded [Sinopoli et al., 2004],

underlining the importance of a carefully designed ET protocol. On the other hand, both

the SoD [Battistelli et al., 2018,Zhang and Jia, 2017,Liu and Sun, 2021] and KL [Battistelli

et al., 2018,Battistelli et al., 2019] protocols are very popular in non-optimal DKFs.
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4.2 Problem formulation

The target system is described by linear dynamics

x(k + 1) = Ax(k) + w(k), (4.1)

where k ∈ N≥0 denotes the discrete time, x ∈ Rn is the state of the system to estimate,

A ∈ Rn×n is a matrix comprising the dynamics of the target system, and w(k) ∼ N (0,Q)

is a white process. The system is tracked by a network of sensors described by a directed

communication graph G(k) = (V, E(k)). The number of nodes is N = |V|, where |•| denotes

cardinality. Ni(k) = {j|(i, j) ∈ E(k)} is the set of neighbours of node i at instant k and

Ji(k) = Ni(k)∪i. We use ⌊•⌋ij to denote the ij-th element or block component of a matrix.

Sensors are described by a linear model

zi(k) = Hix(k) + vi(k). (4.2)

In this expression, zi ∈ Rmi is the measurement of node i, Hi ∈ Rmi×n is the (unbiased)

sensor model of node i, mi is the dimension of zi and vi(k) ∼ N (0,Ri) is a white pro-

cess. The measurements are independent between nodes. Notice that we are considering

heterogeneous sensors. Unless unclear, from now on we will omit the dependencies with k.

Regarding observability, we assume network-observability, defined as follows.

Definition 1. System (4.1) is network-observable if the pair (A, [H⊤
1 ,H

⊤
2 , . . . ,H

⊤
N ]⊤) is

observable.

The objective of the network is to cooperatively estimate the state of system (4.1).

Each node has an estimate of the state of system (4.1), x̂i, with associated error covariance

matrix P̂i := E[(x̂i − x)(x̂i − x)⊤]. Besides, similarly to other typical filter algorithms, the

nodes use an auxiliary variable for the prediction stage, x̄i, and P̄i := E[(x̄i−x)(x̄i−x)⊤].

In the classical CKF, the estimate x̂i(k− 1), P̂i(k− 1) is first used to obtain the prediction

x̄i(k), P̄i(k) by propagation through the target dynamics. Then, the measurement is used

to correct the prediction, leading to the updated estimate x̂i(k), P̂i(k). The CKF is not

scalable in networked applications because a central computation unit is needed to aggre-

gate the measurements from all the nodes. An alternative is to develop a DKF, where each

node uses only local and neighbouring information.

Given, P̄i(k), we define S̄i(k) = P̄−1
i (k) as the predicted error covariance matrices in

information form. Specifically, we are interested in viewing these matrices as ellipsoids,

defined as follows.

Definition 2. Given S̄i and assuming unbiased sensors, the ellipsoid εii is

εii := {x |x⊤S̄−1
i x ≤ 1 }.

In our proposal, this absence of global knowledge leads to an NP-hard optimisation

problem, caused by the unknown correlations between the nodes’ estimates, forcing the use

of convex relaxations to solve it. Despite enabling tractability, the solution of the relaxed

problem is not guaranteed to be the optimum of the original problem. This motivates the

need of certifiability on the optimisation, formally defined as follows:
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Definition 3 (From Definition 19 in [Yang et al., 2020]). Given an optimization

problem O(D) that depends on input data D, we say that an algorithm A is certifiable

if, after solving O(D), A either provides a certificate for the optimality of its solution or

declares failure otherwise.

Besides, to avoid divergence of the estimation, the result of the optimisation must be

consistent, defined as follows:

Definition 4. An approximation P̃ of P and x̃ of x is consistent if and only if P̃−P ⪰ 0

and E[(x̃− x)] = 0, where ⪰ means positive semi-definiteness.

Many DKFs rely on time-triggered communications of all the nodes, requiring an in-

tensive bandwidth usage. Instead, event-triggered communications save energy and band-

width. In this regard, we define two concepts. The first is Periodic Joint Connectivity

(PJC):

Definition 5. Consider a sequence of graphs {G(k),G(k + i), . . . ,G(k + t)} with t ∈ N.
If G(k, t) = ∪ti=0G(k + i) is a strongly connected graph, then G(k, t) is a periodic joint

connected graph with period t at instant k.

Second, we define a metric to measure the communication usage in the network. Before,

we define the concept of “triggering function”:

Definition 6. A triggering function gi(•, k) ∈ {0, 1} is an indicator function that depends

only on local information at node i and such that, if gi(•, k) = 1, then node i broadcasts at

instant k, and, if gi(•, k) = 0, then node i does not broadcast at instant k.

Definition 7. The Number of Broadcasts (NoB) at instant k in network G(k) is

NoB(k) :=
N∑
i=1

gi(•, k). (4.3)

We now formulate the problem addressed in the chapter.

Problem 1. Find an event-triggered stable algorithm that certificates locally and in real

time if, at each k, each node i minimises E[||x̂i(k)−x(k)||2], under the following restrictions:

1. Locality: At instant k and ∀i, node i only uses A, Hi, Q, and Ri as parameters.

From instant k to k + 1 and ∀i, node i stores x̂i(k), P̂i(k), A, Q, Hi and Ri.

2. One-hop communication: At instant k and ∀i, node i communicates at most once

with its neighbours j ∈ Ni(k).

3. Consistency and connectivity: The ET rule ensures consistency ∀i, k, and PJC

of G(k) ∀k and some finite t.

4. Network-observability.
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Remark 1. From Problem 1, each node seeks to minimize E[||x̂i(k)− x(k)||2]. Therefore,

globally, the network minimises
∑

i E[||x̂i(k) − x(k)||2]. Note that this definition holds

because the minimisation refers to the current instant rather than a finite or infinite horizon

of time.

We will use ∗ to denote optimality in the sense of Problem 1. We assume that com-

munication delays, quantisation effects and dropouts are negligible, a common assumption

in many works (see [Shi et al., 2014,Liu et al., 2015b,Battistelli et al., 2012,You and Xie,

2012] among others).

4.3 ECO-DKF algorithm

The proposed solution for Problem 1 is the ECO-DKF algorithm. We first offer an overview

of ECO-DKF and then, in Sections 4.4, 4.5 and 4.6, we formally study the main properties

of the estimator.

ECO-DKF algorithm is based on a novel optimization problem to aggregate predicted

KF estimates. We propose to use the outer Löwner-John (LJ) method [John, 2014], which

computes the smallest ellipsoid that surrounds the intersection of a set of ellipsoids,

S̄∗
i ,λ

∗
i = arg min

S̄,λ

tr(S̄−1) (4.4a)

s.t. 0 ≺ S̄ ⪯
|Ji|∑
j=1

λjS̄j , (4.4b)

|Ji|∑
j=1

λj ≤ 1, λj ≥ 0 ∀j ∈ Ji, (4.4c)

where S̄j = P̄−1
j characterise the ellipsoids, tr(•) is the trace of a matrix, λj is the j-th

element of vector λ, and ≺ and ⪯ denote definiteness and semi-definiteness. The selection

of the trace as the optimisation cost function follows from minimising the square error

E[||x̂i − x||2] in Problem 1, proved later on Theorem 9. The input of the outer LJ method

is the predicted covariance, in information form, from node i and its neighbours. Meanwhile,

λi weights the importance of each prediction. The output of (4.4) is used to aggregate the

predictions as follows

x̄∗
i = P̄∗

i

∑
j∈Ji(k)

λ∗ij s̄j and P̄∗
i = (S̄∗

i )
−1. (4.5)

The study of this aggregation is developed in Section 4.4, including the certification guar-

antees on (4.4) which permits the formal results about optimality in Section 4.5. To the

best of our knowledge, this is the first time optimisation problem (4.4) is applied in a DKF.

Interestingly, the output of (4.4) allows to develop a novel ET rule to decide if a node

broadcasts a message to its neighbours:

gi(λ
∗
i (k − 1), k) ≡ gi(λ∗

i ) =

{
1, if (max(λ∗

i ) = λ∗ii) ∨ (Ji = {i} ∧ Ber(p) = 1)

0, otherwise
(4.6)
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where λ∗ii ∈ [0, 1] is the weight of λ∗
i associated to node i, ∨ is the logical “OR”, ∧ is

the logical “AND”, and Ber(p) represents the Bernoulli distribution of probability p. The

messages are defined by msg = {Ui,ui, S̄i, s̄i}, where

ui = H⊤
i R

−1
i zi, Ui = H⊤

i R
−1
i Hi, s̄i = P̄−1

i x̄i, S̄i = P̄−1
i .

The quantities are in information form [Anderson and Moore, 2012] to comply with re-

striction 1 of Problem 1. We use the term “broadcast” because, when a node sends its

information, there is no distinction to which neighbours the message arrives. A selective

communication requires establishment of particular communication channels and a priori

knowledge on the set of neighbours. Besides, we do not allow multiple communications

within an instant.

Now, we are ready to present ECO-DKF in Algorithm 8. Given x̂∗
i (k−1), P̂∗

i (k−1) and

λ∗
i (k − 1), each node first computes the prediction of the state through the target system

dynamics,

P̄i(k) = AP̂∗
i (k − 1)A⊤ + Q, (4.7)

x̄i(k) = Ax̂∗
i (k − 1). (4.8)

Then, each node obtains its measurement zi(k) and decides whether to broadcast a mes-

sage or not according to the ET rule (4.6). Node i receives messages from broadcasting

neighbours. The information from the messages is aggregated to compute the values that

will be used in the correction step. In the case of the measurements, this is direct because

they are independent

yi =
∑
j∈Ji

uj and Yi =
∑
j∈Ji

Uj . (4.9)

On the other hand, the aggregation of predictions is harder because we must consider the

unknown correlations between them. To solve this, we use (4.4) and (4.5).

Finally, each node calculates the estimated error covariance matrix

P̂∗
i =

(
S̄∗
i + Yi

)−1
. (4.10)

This is analogous to the correction step of the information form [Anderson and Moore,

2012] DKF presented by Olfati-Saber (Eq. (10) in [Olfati-Saber, 2009]), where the optimal

predicted information covariance matrix, S̄∗
i , is fused with all the measurement information

covariance matrices, Yi, because the measurements are uncorrelated and S̄∗
i is consistent

(proven in Proposition 12). The estimated state is obtained as follows:

x̂∗
i = x̄∗

i + P̂∗
i (yi −Yix̄

∗
i ). (4.11)

It is noteworthy to see that Eq. (4.11) is similar to

x̂i = x̄i + P̂∗
i (yi −Yix̄i) + γP̂∗

i

∑
j∈Ni

(x̄j − x̄i), (4.12)

which comes from the consensus-based DKF in [Olfati-Saber, 2007b]. However, in ECO-

DKF the consensus is implicit in the optimisation, overcoming the dependence for stability

on the parameter γ.
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Algorithm 8 ECO-DKF in node i

1: Initialisation: P̂∗
i (0) = P0, x̂

∗
i (0) = x0, λ

∗
i (0) = λ0

2: while True do

3: Prediction: P̄i(k) = AP̂∗
i (k − 1)A⊤ + Q, x̄i(k) = Ax̂∗

i (k − 1)

4: Measurement: get zi(k)

5: Broadcasting:

6: if gi(λ
∗
i (k − 1), k) == 1 then

7: Send {Ui(k),ui(k), S̄i(k), s̄i(k)}
8: end if

9: Receive {Uj(k),uj(k), S̄j(k), s̄j(k)} ∀j ∈ Ni(k)

10: Aggregation of measurements’ data: Yi(k) =
∑

j∈Ji(k)
Uj(k), yi(k) =∑

j∈Ji(k)
uj(k)

11: Aggregation of predictions’ data: S̄∗
i (k),λ∗

i (k) ← Solution of (4.4)

P̄∗
i (k) = (S̄∗

i (k))−1, x̄∗
i (k) = P̄∗

i (k)
∑

j∈Ji(k)
λ∗ij(k)s̄j(k)

12: Correction: P̂∗
i (k) = (S̄∗

i (k) + Yi(k))−1, x̂∗
i (k) = x̄∗

i (k) + P̂∗
i (k)(yi(k)−Yi(k)x̄∗

i (k))

13: end while

We briefly discuss the communication and computational burden. Regarding commu-

nication, the size of each message is constant with the number of nodes, so the proposal is

scalable. Besides, nodes do not need any global knowledge of the topology nor sensor mod-

els of neighbours. Regarding the computational cost, the bottleneck is (4.4). However, the

current hardware can solve large instances of this optimisation problem in real-time [Yang

et al., 2020].

4.4 Certifiable covariance bounding

To achieve the optimality pursued in Problem 1 it is necessary to deal with the optimal

aggregation of neighbouring predictions under unknown correlations. This fusion can be

described as finding the minimum volume ellipsoid containing the intersection of the p

ellipsoids [Boyd et al., 1994] formed by the matrices P̄j in the set Ji(k). Thus, we first

define the concept of intersection of ellipsoids.

Definition 8. The intersection of p ellipsoids, at node i, is the convex set

Fi := εi1 ∩ . . . ∩ εij ∩ . . . ∩ εip.

From Definitions 2 and 8, volume minimisation can be transformed into a maximisation

over the information matrices. In particular since the expected square error is equivalent

to the trace of P̂∗
i , the objective of ECO-DKF is to optimise this metric.

Problem 2 (Adapted from [Boyd et al., 1994]). Find (εii)
∗ such that it contains Fi

and tr(S̄∗
i ) is maximised.



98
Chapter 4. Event-triggered and Certifiable Optimal Distributed

Stochastic Estimation

Problem 2 is solved by the following optimisation problem [Henrion et al., 2001]:

max
X

tr(X) (4.13a)

s.t. X ⪰ 0, tr(XS̄j) ≤ 1 ∀j ∈ Ji(k), (4.13b)

rank(X) = 1. (4.13c)

This problem is NP-hard due to the non-convex constraint (4.13c). Thus, it is necessary

to find a convex relaxation to make the optimisation tractable. The simplest solution is to

drop the non-convex constraint,

max
X

tr(X) (4.14a)

s.t. X ⪰ 0, tr(XS̄j) ≤ 1 ∀j ∈ Ji(k), (4.14b)

However, it is not possible to use (4.14) in ECO-DKF because it does not provide an

estimate nor an error covariance matrix, but X. Instead, we propose to use the outer

Löwner-John (LJ) method [John, 2014], which leads to the relaxed optimisation problem

in (4.4). The input of the outer LJ method is the |Ji(k)| ellipsoids described by matrices S̄j

∀j ∈ Ji(k). Then, it computes the smallest ellipsoid that includes Fi(k). The intersection

always exist since the ellipsoids are all centered at 0 [Henrion et al., 2001]. From (4.4b), S̄∗
i

is upper-bounded by the weighted sum of matrices S̄j ∀j ∈ Ji(k). Therefore, S̄∗
i depends

on the topology and the target system dynamics, for they determine the set of predicted

error covariance matrices considered in the optimisation (Eq. (4.4b)) and the value of

each prediction (Eqs. (4.7)-(4.8)) respectively. Problem (4.4) outputs an estimate and

error covariance matrix. Nevertheless, problem (4.14) is important because it enables the

certification of optimality. This is formally stated in the next Proposition, whose proof can

be found in [Sebastián et al., 2021c]:

Proposition 10. Let X∗ be the solution of (4.14). Define

Ci := rank (X∗) and ρi := tr(X∗)ϑ(S̄∗
i ) ∈ [0, 1], (4.15)

where ϑ(S̄∗
i ) denotes the minimum eigenvalue of S̄∗

i , obtained by solving (4.4). If it holds

that Ci = ρi = 1, then the solution of (4.4) is the optimum of the original non-relaxed

problem (4.13).

Proof. If constraint (4.13c) holds for X∗, then it is also the optimum of (4.13). This can

be demonstrated by contradiction. Consequently, Ci = 1 is a certificate of this equivalence.

The next part is to show that the optimums of (4.14) and (4.4) are equivalent. This

is described in detail in Section 2 of [Henrion et al., 2001], so we only sketch here the

procedure. Obtained the Lagrangian of (4.14) and assuming that F does not reduce to

zero, by Slater’s condition both dual and primal have the same optimum. Then, by the

S-procedure, (4.4) is equivalent to the dual and hence equivalent to (4.14).

If it is the case, then outputs of (4.14) and (4.4) can be compared to see how close is

the solution of (4.4) to the solution of Problem 4.13. To do so, Theorem 4 of [Henrion

et al., 2001] states that the optimal value of (4.4) is bounded by 1/ϑ(S̄∗
i ), where S̄∗

i is the
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output of the optimisation in (4.4). Therefore, ρi assesses the output of (4.4) comparing it

with the optimal value certified by the constraint (4.13c). If Ci = 1 and ρi = 1, then the

solution of (4.4) is the optimum of the original Problem 2.

The proposition gives a procedure where each node can check, locally and in real-time,

the performance of its optimisation process and assess it by finding the optimal value for

Problem 2. This is of key importance not only to verify the optimality of the estimation,

but also the certificate can be used in other parts of the control pipeline to, e.g., assure

optimality of the controller. In our case, we will leverage this process to design an ET

communication rule.

4.5 Stability and optimality

In this section we analyse the stability and optimality of ECO-DKF. For clarity, we assume

that all nodes broadcast their information to neighbours at all instants, such that the

underlying communication graph is undirected and connected. In the next section we will

relax the assumption.

Define ηi = x̂i − x,

η =[η⊤1 , . . . , η
⊤
N ]⊤, H =block-diag(H1, . . . ,HN)

z =[z⊤1 , . . . , z
⊤
N ]⊤, R =block-diag(R1, . . . ,RN),

y =[y⊤
1 , . . . ,y

⊤
N ]⊤, U =block-diag(U1, . . . ,UN),

A =I⊗A, P̂∗ =block-diag(P̂∗
1, . . . , P̂

∗
N),

Q =I⊗Q, P̄∗ =block-diag(P̄∗
1, . . . , P̄

∗
N),

and

Y
Eq. (4.9)

= NwU , where
⌊Nw⌋ij = I if j ∈ Ji
⌊Nw⌋ij = 0 ∗ I otherwise

. (4.16)

To demonstrate the global asymptotic stability of ECO-DKF, we adapt and prove two Lem-

mas from [Olfati-Saber, 2009], extending them from the discrete-time centralized Kalman

filter setting to our ECO-DKF setting. The first builds some useful matrices.

Lemma 3 (Adapted from Lemma 2 in [Olfati-Saber, 2009]). Given Eqs. (4.10)-

(4.11), the following holds:

1. F = I− P̂∗Y = P̂∗(P̄∗)−1.

2. P̂∗ = FGF⊤ with G = AP̂∗A⊤ +Q+ TR−1T⊤ and T = P̄∗NwH
⊤.

Proof. Let F = I− P̂∗Y, by Eq. (4.10) we can write P̂∗ = ((P̄∗)−1 + Y)−1. Then,

P̂∗((P̄∗)−1 + Y) = I⇒ I− P̂∗Y = P̂∗(P̄∗)−1 (4.17)
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and the first statement is proved. Regarding the second statement, notice that Eq. (4.11)

can be stacked as follows

x̂∗ = x̄∗ + P̂∗(y −Yx̄∗). (4.18)

Then, taking into account that y = NwH
⊤R−1z and Y = NwU = NwH

⊤R−1H, Eq. (4.18)

is rewritten from its information form as

x̂∗ = x̄∗ + P̂∗NwH
⊤R−1(z−Hx̄∗) = x̄∗ + K(z−Hx̄∗) (4.19)

with K = P̂∗NwH
⊤R−1 the Kalman Gain of the standard KF formulation. Let now

consider the update of P̂∗, where by update, denoted as (P̂∗)+, we refer to the operations

that compute P̂∗(k) from P̂∗(k − 1) and P̄∗(k − 1)

(P̂∗)+ = FP̄+F⊤ + KRK⊤, (4.20)

which comes from the standard KF [Olfati-Saber, 2009]. By substituting K we obtain

(P̂∗)+ = F(AP̂∗A⊤ +Q)F⊤+ P̂∗NwH
⊤R−1HN⊤

w(P̂∗)⊤. (4.21)

Given statement 1 of the Lemma,

(P̂∗)+= F(AP̂∗A⊤ +Q+ P̄∗NwH
⊤R−1HN⊤

w(P̄∗)⊤)F⊤, (4.22)

and statement 2 is proved.

The next Lemma proves global asymptotic stability for general dynamics, used later to

prove ECO-DKF global asymptotic stability.

Lemma 4 (Adapted from Lemma 3 in [Olfati-Saber, 2009]). Suppose that the error

dynamics without noise are η+ = FAη, with F as in Lemma 3. Then, the error dynamics is

globally asymptotically stable system with a Lyapunov function V(η) = η⊤(P̂∗)−1η, provided

that gi(λ
∗
i ) = 1 for all i, k and G(k) is undirected and connected for all k.

Proof. Given V (η) = η⊤(P̂∗)−1η as Lyapunov function candidate,

δV =(η+)⊤((P̂∗)+)−1η+ − η⊤(P̂∗)−1η =

η⊤ (A⊤F⊤((P̂∗)+)−1FA− (P̂∗)−1) η =

η⊤ (A⊤G−1A− (P̂∗)−1) η =

− η⊤ ((P̂∗)−1 −A⊤(AP̂∗A⊤ + W)−1A) η =

− η⊤Λη,

(4.23)

with W = Q + TR−1T⊤ ≻ 0 and Λ = (P̂∗)−1 − A⊤(AP̂∗A⊤ + W)−1A. The rest of the

proof directly follows from Lemma 3 of [Olfati-Saber, 2009], showing that Λ ≻ 0.

Finally, to prove stability of ECO-DKF we employ a Lemma, whose proof can be found

in [Sebastián et al., 2021c], which allows to rewrite ECO-DKF filter equations and show

that the optimum of optimization problem (4.4) is such that inequality (4.4b) is an equality.
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Lemma 5. Given optimisation problem (4.4), S̄∗
i =

∑
j∈Ji

λ∗ijS̄j, for all i.

Proof. Problem (4.4) is a convex maximisation with respect to S̄ and λ, which means that

its optimum is unique. Notice that the cost function is the trace of S̄. Therefore, maximi-

sation of tr(S̄) with respect to λ implies that the maximum is found when constraint (4.4c)

is an equality and
∑p

j=1 λ
∗
j S̄j is the convex combination of S̄j with maximum trace. This

can be demonstrated by contradiction: if
∑p

j=1 λj < 1 then there exists another convex

combination of S̄j with a higher trace, which means that the optimum is with
∑p

j=1 λj = 1;

in addition, the values of λj must be such that
∑p

j=1 λjS̄j is maximised, otherwise there

exists a different convex combination of S̄j with a higher trace.

Now, notice that
∑p

j=1 λ
∗
j S̄j is in constraint (4.4b) bounding the value of S̄ such that

matrix
∑p

j=1 λ
∗
j S̄j − S̄ must be positive semi-definite. Therefore, the optimal value of

problem (4.4) must be the supremum of constraint (4.4b) and the optimal value of S̄ must

share eigenvalues with
∑p

j=1 λ
∗
j S̄j . Since they share eigenvalues, the trace of both quantities

are equal and tr(S̄∗
i ) = tr(

∑p
j=1 λ

∗
j S̄j) holds. Given the uniqueness of optimum, the optimal

value of S̄ is
∑p

j=1 λ
∗
j S̄j and the statement of the Lemma is proved.

Lemma 5 says that the optimisation in (4.4) becomes a standard discrete-time consensus

protocol tuned to optimise the trace of the final consensus value of each node. Interestingly,

the optimisation will implicitly assign largest λ∗ij to nodes equipped with better sensors and

estimates, which is a positive side effect.

These ingredients lead to the stability of the filter.

Theorem 8. Algorithm 8 is a globally asymptotically stable estimator if gi(λ
∗
i ) = 1 for all

i, k.

Proof. First, rewrite Eq. (4.11) like Eq. (4.12). The aggregated prediction x̄∗
i in Eq. (4.11)

is

x̄∗
i = P̄∗

i

∑
j∈Ji

λ∗ijP̄
−1
j x̄j . (4.24)

This expression can be rewritten as

x̄∗
i = P̄∗

i

∑
j∈Ji

λ∗ijP̄
−1
j x̄i + P̄∗

i

∑
j∈Ni

λ∗ijP̄
−1
j (x̄j − x̄i). (4.25)

From Lemma 5, P̄∗
i

∑
j∈Ji

λ∗ijP̄
−1
j = I. Using (4.25) in (4.11) gives

x̂∗
i = x̄i + P̂∗

i (yi −Yix̄i) + (I− P̂∗
iYi)P̄

∗
i

∑
j∈Ni

λ∗ijP̄
−1
j (x̄j − x̄i). (4.26)

Eq. (4.26) is equivalent to Eq. (4.12) but weighting each term with the result of optimis-

ing (4.4). Then, the noiseless dynamics of ηi is

η+i = Aηi − P̂∗
iYiAηi + (I− P̂∗

iYi)P̄
∗
i

∑
j∈Ni

λ∗ijP̄
−1
j A(ηj − ηi) (4.27)
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which can also be written in compact form for the whole network as

η+ = F Lw Aη. (4.28)

where (•)+ is the update operator defined as in Lemma 4 and the proof of Lemma 3,

F is defined as in Lemma 3, and Lw is such that ⌊Lw⌋ij = P̄∗
iλ

∗
ijP̄

−1
j for all j ∈ Ji

and 0 otherwise. The last expression is similar to the error dynamics proved as globally

asymptotically stable in Lemma 4, but with Lw in between. In the proof of Lemma 4 it is

shown that

Λ = (P̂∗)−1 −A⊤G−1A ≻ 0. (4.29)

Instead, we have that Λ
′

= (P̂∗)−1 −A⊤L⊤
wG

−1LwA. If

A⊤G−1A ⪰ A⊤L⊤
wG

−1LwA ⇒ I ⪰ Lw, (4.30)

then Λ
′ ≻ 0 and global asymptotic stability is proved. Given Lemma 5, Lw is a row-

stochastic matrix. Therefore, by linear algebra results, the absolute value of any eigenvalue

of Lw is less than or equal to 1. This means that the eigenvalues of matrix Lw − I are all

negative or equal to 0 and

0 ⪰ Lw − I⇒ I ⪰ Lw. (4.31)

Thus, (4.30) holds and Λ
′ ≻ 0, concluding the proof.

Notice that stability holds independently on certification. The next step is to demon-

strate optimality under positive certification.

Theorem 9. Assume that the solution of (4.4) is certified as optimal. Then, Algorithm 8

is optimal in the sense of Problem 1 and (4.4) provides the optimal consensus gain of

Eq. (4.12).

Proof. We reformulate Problem 1 as an optimal Bayesian estimation problem over the

network G. Let Z(k) = {z(0), . . . , z(k)}, where z = [z⊤1 , . . . , z
⊤
N ]⊤. The posterior that

minimises the MSE is given by x̂(k) = E[x(k)|Z(k)] =
∫
x(k)P (x(k)|Z(k))dx(k). To

obtain P (x(k)|Z(k)) from P (x(k − 1)|Z(k − 1)), the Bayesian prediction and correction

equations are:

P (x(k)|Z(k − 1)) =

∫
P (x(k)|x(k − 1))P (x(k − 1)|Z(k − 1))dx(k − 1)

P (x(k)|Z(k)) =
P (z(k)|x(k))P (x(k)|Z(k − 1))∫

P (z(k)|x(k))P (x(k)|Z(k − 1))dx(k)

(4.32)

Under unknown correlations, P (x(k)|Z(k − 1)) = N (x̄(k), P̄(k)) :

x̄(k) = Ax̂∗(k − 1) and P̄(k) = AP̂∗(k − 1)A⊤ +Q, (4.33)

with P̂∗(k−1) = block-diag(P̂∗
1(k−1), . . . , P̂∗

N (k−1)). This is the prediction step. Regard-

ing the correction step, we have that y = [y⊤
1 , . . . ,y

⊤
N ]⊤, R = block-diag(Y−1

1 , . . . ,Y−1
N ),

and P (z(k)|x(k)) = N (Hx(k),R), where H is such that Y−1y(k) = Hx(k). On the other

hand, P (x(k)|Z(k)) = N (x̄∗(k), P̄∗(k)), where x̄∗(k) and P̄∗(k) are the fused predictions
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at each node. In particular, given the restrictions in Problem 1, the fused prediction that

ensures consistency (constraint 3) under unknown correlations (constraint 1) and one-hop

communications (constraint 2) is given by the outer Löwner-John (LJ) method [John, 2014].

Among the different measures of ellipsoid size, tr(S̄−1) in problem (4.4) minimises the MSE

because

MSE = E

[
1

N

N∑
i=1

||x̂∗
i − x||2

]
= tr(block-diag(P̂∗

1, . . . , P̂
∗
N )) = tr(P̂∗) = tr((Ŝ∗)−1).

By assumption of the theorem, the solution of (4.4) is optimal, so the associated unbi-

ased optimal fused prediction at each node is x̄∗
i = P̄∗

i

∑
j∈Ji

λ∗ijP̄
−1
j x̄j , which is equal to

Eq. (4.5).

Using the fundamental Gaussian identity (Appendix D in [Mahler, 2007]),

N (Hx(k),R)N (x̄∗(k), P̄∗(k)) =

N (Hx̄∗(k),R+HP̄∗(k)H⊤)N (x̄∗(k), ((P̄∗(k))−1 +HR−1H⊤)−1).

Besides, the integral∫
N (Hx(k),R)N (x̄∗(k), P̄∗(k))dx(k) = N (Hx̄∗(k),R+HP̄∗(k)H⊤),

and, therefore,

P (x(k)|Z(k)) = N (x̂∗(k), P̂∗(k)).

Finally, by definition,

(P̂∗(k))−1x̂∗(k) = (P̄∗(k))−1x̄∗(k) +HR−1z(k),

and

P̂∗(k)(P̂∗(k))−1x̂∗(k) = x̂∗(k) = x̄∗(k) + K(k)(z(k)−Hx̄∗(k)).

Using Lemma 3, the update/correction operations are written in information form:

P̂∗(k) = ((P̄∗(k))−1 +R−1)−1

x̂∗(k) = x̄∗(k) + P̄∗(k)(y(k)−R−1)x̄∗(k)).
(4.34)

Equations (4.33) and (4.34), together with optimisation problem (4.4), are the ECO-DKF

filter in Algorithm 8. Besides, the expression in Eq. (4.26) can be reformulated as

x̂∗
i = x̄i + P̂∗

i (yi −Yix̄i) + γP̂∗
i

∑
j∈Ni

λ∗ijP̄
−1
j (x̄j − x̄i) (4.35)

with γ = (I − P̂∗
iYi)P̄

∗
i (P̂

∗
i )

−1. The latter is equivalent to Eq. (4.12) but weighting each

term with the result of optimising (4.4).

Therefore, Algorithm 8 is optimal in the sense of Problem 8 and (4.4) provides the

optimal consensus gain of Eq. (4.12).

4.6 Event-triggered scheme

In this section we describe the proposed ET general scheme and we study its theoretical

properties to show that the stability and optimality results are preserved under PJC of the

network.
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4.6.1 Description of the ET scheme

Under an ET scheme, a node should communicate when it possesses relevant information

for the network. Our ET rule leverages the output of (4.4) to decide the triggering. Re-

member that (4.4) finds the optimal combination of estimates under positive certification.

In particular, λ∗
i weights how important is each prediction in the optimal fused estimate. If

at instant k, max(λ∗
i ) = λ∗ii, then the greatest contribution to x̄∗

i is x̄i, so the information

at node i is the best in its neighbourhood and should be broadcast. The result is the ET

rule in Eq. (4.6).

Some aspects must be underlined. On the one hand, at instant k, node i receives |Ni(k)|
messages from broadcasting neighbours. Thus, the network topology is time-varying. On

the other hand, two situations are possible in the ET rule at node i and instant k: |Ni(k)| >
0 and |Ni(k)| = 0. The former is the core of the ET rule because it determines the

communication usage. The latter, despite influencing in the bandwidth as well, must be

designed to avoid that the network converges to N individual KFs. As we will see later,

this is key to assure stability.

4.6.2 Theoretical analysis

The two main properties analysed in Section 4.5 are stability and optimality. Regarding

stability, the next Theorem shows that ECO-DKF is globally asymptotically stable under

PJC.

Theorem 10. ECO-DKF is global asymptotically stable for any time-varying graph se-

quence that satisfies PJC with t <∞.

Proof. The error dynamics η+ in Theorem 8 now depends on time

η+ = F(k) Lw(k) Aη, (4.36)

From Theorem 8, since Lw(k) is row stochastic for any graph, the absolute value of its

eigenvalues is always less than or equal to 1. Besides, F(k) is always a positive definite

matrix and I ⪰ F(k) according to its definition in Lemma 3. Therefore, as a worst case

scenario, we can consider Lw(k) = I⇒ η+ = F(k)Aη.

Let j be one of the nodes. The error dynamics, η+j , are then determined by the eigen-

values and eigenvectors of Fj(k)A. The convergence rate of the KF is upper bounded by

its steady-state gain Kss [Grewal and Andrews, 2014], so let instead consider

η+j = Fss
j Aηj . (4.37)

Let vj = {v1j , . . . , vrj , . . . , vnj } and Vj = {v1
j , . . . ,v

r
j , . . . ,v

n
j } be the eigenvalues and eigen-

vectors of Fss
j A. The initial conditions are expressed as ηj(0) =

∑n
r=1 γ

r
jv

r
j and the norm of

the error dynamics in Eq. (4.37) can be upper bounded by ||η+j (k)|| ≤
∑n

r=1 ||
(
vrj

)k
γrjv

r
j ||.

Network observability implies that for each node j and eigenvalue vrj , there exist at least a
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node j′ such that κ|ℜ(vrj )| < 1, with κ ∈ R>0 and ℜ(vrj ) the real part of vrj . Otherwise, it

would not be possible to reconstruct the state, even if the network was fully connected. In

the worst case, due to the PJC with period equal to t, the estimation of node j′ associated

to vrj is updated through t(N − 1) ECO-DKF instants before reaching node j. At each

instant, ECO-DKF corrects the estimates in two main phases: the optimisation in (4.4)

and the KF steps. The former consists in finding the intersection of |Ni(k)∪{i}| ellipsoids.

Since the intersection can not be larger than the smallest ellipsoid, then the result is upper

bounded by the best estimate among estimates at instant k. Thus, in the worst case the

estimation error associated to vrj remains that of j′. On the other hand, in the worst case,

the estimation error associated to vrj is only predicted in the KF steps without using the

measurements to perform the correction step of the filter, and the estimation error associ-

ated to vrj increases as a function of the eigenvalues of A. Therefore, when the estimation

of node j′ associated to vrj reaches node j, the error associated to vrj is, in the worst case,

the error for j′ increased by a constant value that depends on the eigenvalues of A and

t(N− 1).

Since the estimation error associated to vrj in j′ tends to zero when k →∞, then so does

the error in node j. Applying this result to all the eigenvectors and nodes in the network,

the result is proved.

The next Proposition addresses optimality.

Proposition 11. Theorem 9 holds under PJC and network-observability conditions.

Proof. At instant k, node i receives |Ni(k)| messages and conducts optimisation (4.4) and

certification (4.14) steps. The case where |Ni(k)| = 0 is trivial and x̄∗
i (k) = x̄i(k) and

P̄∗
i (k) = P̄i(k), according to restrictions 1 and 2 in Problem 1. In the general case, certifia-

bility and optimality in Proposition 10 and Theorem 9 are proved for any |Ni(k)|. Therefore,

Theorem 9 holds irrespective of the connectivity and observability of the network.

The previous results are interesting not only because they demonstrate that ECO-

DKF is still optimal and stable under PJC, but also because this can be done without

requiring any additional information. Regarding the ET rule (4.6), by letting each node to

communicate with probability p > 0 when it does not receive information, we force that

nodes do not isolate forever, and ET rule (4.6) guarantees PJC with an expected value of

t bounded.

To complete the solution, we show that ECO-DKF is a consistent estimator under PJC

conditions.

Proposition 12. ECO-DKF is a consistent estimator under PJC conditions.

Proof. Recalling the definition of (4.4), the outer LJ method gives a fused S̄∗
i which is

always consistent. Moreover, considering that we assume unbiased sensors, x̄∗
i preserves

consistency. This is because: (i) constraint (4.4c) ensures positive weights and their sum

less or equal to 1, so it is a non-increasing combination of estimates; (ii) Lemma 5 shows
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that the sum of the weights is always equal to 1, so it is a non-decreasing combination of

estimates. Thus, the aggregation of estimates in (4.5) is also unbiased. Besides, Theorem 10

states that ECO-DKF is globally asymptotically stable under PJC conditions, which means

that once estimates are aggregated, the update and prediction steps preserve consistency

as well. Therefore, the whole algorithm is consistent.

4.7 Illustrative results

We first evaluate the performance of the Time-Triggered (TT) ECO-DKF, i.e., ECO-DKF

with gi(λ
∗
i (k−1), k) = 1 for all i, k, to verify the stability and optimality properties. Then,

different ET rules are compared, studying their impact in the communication bandwidth

and convergence speed.

4.7.1 Time-triggered ECO-DKF vs time-triggered DKFs

We compare ECO-DKF in the TT setting with respect to other TT DKFs: (i) AtA-ECO-

DKF, our proposal but assuming that (i, j) ∈ E(k) ∀i ̸= j, k, (ii) OCDFK, Algorithm 3

from [Olfati-Saber, 2007b] with consensus gain γi(k) = 10−4/(1 + ||Mi(k)||F ) to ensure

stability, with || • ||F the Frobenius norm, (iii) TCDFK, Algorithm 2 from [Talebi and

Werner, 2019] with one consensus step for a fair comparison, (iv) HDfKF, complete algo-

rithm in [Hu et al., 2011], (v) HADfKF, simplified algorithm in [Hu et al., 2011], (vi) CKF,

centralised equivalent KF. The target system is the same 2D particle in a circular orbit

used in [Sebastián et al., 2021c], with the same parameters.

We analyse two scenarios. Experiment 1 initialises a random sensor network, with

appropriate parameters to obtain a sparse connected topology. Then, a random uniform

distribution decides the quantities sensors measure among two options: measuring x or

y. Note that local observability never holds, to test ECO-DKF in a network-observability

setting. Hi is picked uniformly in the range [1, 3]. A Bernoulli distribution with p = 0.5

decides the diagonal of Ri in the range [3, 5] × 10−2 or [3, 5], i.e., high-quality or low-

quality. This is done 100 times, computing the averaged MSE:= 1
100

∑N
i=1 E[||x̂i − x||2]

over the experiments as in [Cattivelli and Sayed, 2010] and [Hu et al., 2011]. Experiment

2 is the same as Experiment 1, but only one sensor is of high quality, and sensors now can

measure x, y or both.

The results of Experiments 1 are shown in Fig. 4.1a. The best performance among

the distributed estimators is obtained by ECO-DKF, with a difference of more than an

order of magnitude with the other state-of-the-art filters in steady-state MSE. Besides,

ECO-DKF is also the fastest filter, with the fastest asymptotic convergence to the CKF.

The OCDKF achieves similar MSE performance than the AtA-ECO-DKF: adding more

neighbours hinders the optimization problem in ECO-DKF. The other consensus-based

DKF, TCDKF, is far from them because it needs multiple consensus steps within instants

for a good performance [Talebi and Werner, 2019]. The diffusion-based DKF, HDfKF

and HADfKF, exhibit worse suboptimal performance as well. These differences also hold
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in Experiment 2, as it is shown in Fig. 4.1b. Therefore, ECO-DKF obtains the best

performance among DKFs.

Experiment 1 Experiment 2

Figure 4.1: MSE for the different estimators in the TT case.

We have assessed the tightness of the relaxation by checking the certification values. A

99.33% of the times in Experiment 1 and 95.92% of the times in Experiment 2, Ci = ρi = 1,

so the SDP relaxation is tight. It is also noteworthy that the lower values of ρ are at 0.65,

and this is only in the initialisation.

In relation with times, the computation of optimisations (4.4) and (4.14), run at each

iteration, takes 50ms using a standard laptop. This is consistent with the election of the

sample time T = 100ms. Problem (4.4) is solved in a polynomial number of iterations and

arithmetic operations [Nesterov and Nemirovskii, 1994], so the computational cost scales

with the number of neighbours. Whether it is preferable to compute more or communicate

more will depend on the network resources, but in general, communicating multiple times

may imply a total run time and risk of disturbances greater than ours. In this sense, we

recall that ECO-DKF only communicates, at most, once per instant k.

4.7.2 Evaluation of event-triggered schemes in ECO-DKF

We now evaluate the impact of the ET rules in the NoB and MSE. We repeat Experiment

1 and 2 but with different ET rules: TT ECO-DKF (#O), the original TT ECO-DKF

tested in Subsection 4.7.2; connected ECO-DKF (#C), which corresponds to ET rule (4.6)

with p(k) = 1 ∀k; disconnected ECO-DKF (#D), which corresponds to ET rule (4.6)

with p(k) = 0 ∀k; stochastic ECO-DKF (#S), which corresponds to ET rule (4.6) with

p(k) ∼ NBB(α, β, n, kl, k). Here, NBB(α, β, n, kl, k) is a normalised beta-binomial distri-

bution whose shape is given by α, β, n. Given the shape, p(k) increases when kl increases,

where kl ∈ N is the number of instants that have passed since the last time gi(λ
∗
i ) = 1.

The normalisation of the beta binomial is to force that, at some point, p(k) = 1, i.e., to

force PJC. Finally, we also test a Jensen-Shannon (JS) divergence ECO-DKF (#J), which
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corresponds to a SoD rule based on the JS divergence

gi(λ
∗
i ) =

{
1, if DJS(S̄∗

i (k)||S̄∗
i (k − k′)) > τ

0, otherwise
∀i ∈ V (4.38)

where τ is a tuned threshold, k′ is the last time gi(λ
∗
i ) = 1 and JS is a symmetric version

of the KL divergence. Note that ET rule (4.38) implicitly depends on λ∗
i since it is the

divergence between the latest computation of (4.4) and the latest time node ET rule (4.38)

was equal to 1. For #S, we have calibrated two combinations of parameters: α = {5, 2},
β = {1, 2} and n = {10, 15}. For #J we have empirically tuned the threshold to be τ = 100.

Figure 4.2 shows the evolution of NoB with time for the different ET rules, taking the

average over the simulation runs. We can see that for #O, NoB = N always, since it is a

TT version of ECO-DKF. In contrast, #C reduces to a half the NoB, which is a significant

decrease with a very simple tuning-free ET rule. As expected, #D evolves to 0 as the

network tends to be disconnected. Regarding the stochastic rules (#S), depending on the

shape of the beta-binomial distribution the network converges to a different steady-state

NoB. This also affects the NoB transient, in the sense that a sharper distribution at lower k′

values imply less time to trigger, reason why in #S2 there is a very low NoB before k = 30.

Finally, the Jensen-Shannon trigger protocol achieves a trade-off between TT ECO-DKF

(in the first instants) and a connected ECO-DKF (for k > 60).
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Figure 4.2: Evolution of NoB average over simulation runs with time for the different ET rules:
(left) Experiment 1, (right) Experiment 2.

Efficiency in communications is followed by a non-degraded performance. In Fig. 4.3 we

depict the MSE of the ET rules in Experiments 1 and 2. In the first instants, those protocols

with more communications have the worst MSE (e.g., #O) due to the poor initial estimates.

However, afterwards, the tendency is inverted, (e.g., #J). In steady-state, the improvement

in communications given by #S1 and #S2 is followed by a slight improvement in MSE. #C

has a good trade-off between MSE and NoB. #D is the worst estimator; indeed, #D failed

10 runs in Experiment 1 and 13 runs in Experiment 2. From Fig. 4.1, the MSE of ECO-

DKF is the closest to the CKF. In fact, given the high number of positive certifications,

ECO-DKF is almost always optimal in the TT version. For general ET cases, ECO-DKF

obtains almost the same performance compared to the TT version (Fig. 4.3), so the ET

rule does not significantly affect the performance.
Finally, in Table 4.1 we evaluate certifiability and optimality. To do so, those cases

where |Ni(k)| = 0 are removed from Ci and ρi since they are trivial to compute, denoted
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Experiment 1 Experiment 2

Figure 4.3: MSE for the different estimators in the ET case.

Experiment 1 Experiment 2

ET rule Avg(Cf
i = ρfi = 1)

#O 99.33%

#C 79.30%

#D 11.80%

#S1 44.11%

#S2 69.88%

#J 47.69%

ET rule Avg(Cf
i = ρfi = 1)

#O 95.92%

#C 77.74%

#D 12.11%

#S1 44.14%

#S2 69.16%

#J 67.24%

Table 4.1: Certification results during the ET simulations.

by Cf
i and ρfi respectively. The results are averaged over the sensors of the network at

each instant. Apart from #O, the only ET rule which resists with reasonable certification

levels is #C: the disconnected rule hardly ever certifies as optimal; #S1 and #S2 have

worse certification results; and #J has a large variability among experiments, so it is hard

to predict its certification performance.

4.8 Conclusions

This chapter has presented ECO-DKF, the first event-triggered and certifiable optimal

DKF. It has solved two main problems regarding DKFs: optimality in the estimation and

reduction of the communication bandwidth. The outer LJ fuses neighbouring estimates

with certifiable guarantees of optimality. The output is integrated in an information DKF,

achieving a stable filter on heterogeneous sensor networks, with minimal message size and

no tuning. We have proved global asymptotic stability of the estimator and optimality

under positive certification. Moreover, a novel ET theory has been derived from the outer

LJ method output. Under PJC, ECO-DKF preserves the properties of the algorithm.

The ET rule is inexpensive to compute, and avoids individual communication links and

multiple information exchanges. ECO-DKF surpasses the existing state-of-the-art DKFs

while decreasing the communication bandwidth usage. The improved capabilities of ECO-
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DKF are specially suited to distributed multi-robot systems, where the stochastic filter is

part of a control module that relies on accurate state estimation and the restrictions in

communication bandwidth demands efficiency.



Chapter 5

Distributed Outer Approximation

of the Intersection of Ellipsoids

The certifiable optimal distributed Kalman filter developed in the previous chapter mo-

tivates an important question from a distributed stochastic estimation perspective. The

filter successfully applies the outer Löwner-John ellipsoid method locally at each node of

the network. However, sensor fusion could be improved if the local outer approximation

considered not only the neighboring covariances, but also the rest of the covariances of the

network. By doing so, the estimation would be refined, even though cross-correlations are

still considered unknown. Besides, beyond a Kalman filter setting, one fundamental prob-

lem in control systems is how to approximate system measurements, states, or constraints

such that their essential features are preserved, being simple enough to be handled. One of

the most popular representations is ellipsoids [Lasserre, 2015], characterized by symmetric

and positive semi-definite n-dimensional matrices. Ellipsoids are chosen to describe the

conservative shape of an obstacle [Malyuta et al., 2021], obstacle-free regions [Deits and

Tedrake, 2015], estimated quantities with their associated uncertainty [Sebastián et al.,

2023b], very large multi-agent populations [Saravanos et al., 2023], or patterns and geo-

metrical objects to be identified and clustered [Yang and Carlone, 2022]. All these examples

are related to or can be posed as finding the tightest outer ellipsoid approximating a convex

set [Vandenberghe and Boyd, 1996]. Therefore, the question is: is it possible to compute

the equivalent centralized optimum of the outer Löwner-John ellipsoid method across the

network using distributed techniques?

In this chapter we propose two distributed algorithms to compute the solution of the

original centralized outer Löwner-John method. Both of them are the first of their kind.

We first develop a continuous-time distributed protocol that operates in static settings,

where the input ellipsoids at each node remain constant throughout time. The limitations

of the first algorithm in terms of applicability to time-varying settings and implementability

in a processing unit motivate the second algorithm, a distributed discrete-time dynamic

algorithm that deals with both static cases and time-varying cases. The chapter also dis-

cusses how to integrate the discrete-time algorithm in sensor fusion applications to enhance

distributed stochastic estimation algorithms.

111
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5.1 Related work

The Löwner-John (LJ) methods [Henrion et al., 2001] are a series of ellipsoidal approxi-

mations for convex sets. Of particular interest are the convex sets generated by the in-

tersection of n-dimensional ellipsoids, described by symmetric and positive semi-definite

n-dimensional matrices. LJ methods have a significant presence in a wide variety of appli-

cations [Lasserre, 2015], such as robust control [Henrion and Lasserre, 2011] or statistical

analysis [Lu et al., 2018]. Specially important is in the field of data fusion and state es-

timation [Julier and Uhlmann, 2017], where the ellipsoids represent the measurements or

estimates’ uncertainty. However, there are no distributed algorithms to compute LJ ellip-

soids, despite their potential application in sensor networks where the measurements are

scattered over a communication network [Sebastián et al., 2021c]. The outer Löwner-John

method has three main characteristics: (i) the objective function is not necessarily sepa-

rable, so it cannot be expressed as the sum of local functions; (ii) some of the constraints

couple all the optimization variables; and (iii) the optimization variables are symmetric

positive definite variables. All together, these features lead to a challenging problem from

a distributed algorithmic perspective.

Many distributed optimization solutions depart from a centralized optimization for-

mulation and then derive consensus-based algorithms to reconstruct global quantities and

converge to the global minimizer [Notarstefano et al., 2019]. When the objective function

is separable as a sum of local (strongly) convex smooth functions, dynamic consensus over

the optimization variables and the gradients [Carnevale et al., 2023c] can be exploited to

design distributed versions of gradient descent [Nedić and Olshevsky, 2014], general first

order optimization methods [Van Scoy and Lessard, 2022] or second order Newton-Raphson-

like methods [Varagnolo et al., 2015]. Despite proving the success of consensus-based ap-

proaches for distributed optimization, these solutions are not suitable when the objective

function cannot be decomposed into local smooth convex functions.

To deal with constraints, some works propose extensions of consensus-based algo-

rithms that rely on projection methods [Mai et al., 2023], population dynamics equa-

tions [Martinez-Piazuelo et al., 2022], or subgradient methods [Romao et al., 2021]. The

most popular alternative to address global coupling constraints is the use of a primal

and/or dual proximal stage at each node [Notarnicola and Notarstefano, 2019]. In par-

ticular, the alternating direction method of multipliers [Bastianello et al., 2022] and the

Douglas-Rachford splitting [Bredies et al., 2022] allow to handle equality coupling con-

straints among nodes by solving simultaneously the primal and dual optimization problem.

Typically, these distributed proximal methods either assume separability of the original

objective function [Meng et al., 2015] and/or are restricted to scalar quantities [Parikh

and Boyd, 2014]. Therefore, they are not suitable for distributing the outer Löwner-John

method. In the presence of constraints and a linear objective function, it is possible to find

distributed semi-definite problem reformulations [Li et al., 2021b] that are solved through

primal-dual methods. With a similar spirit to our work, [Bürger et al., 2013] proposes

a polyhedral outer approximation in a distributed optimization context. Nevertheless, in

this case the polyhedral approximation represents a convex constraint set rather than the
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optimization objective.

To address the non-separability of the objective function [Yang et al., 2019], some

works assume that the optimization variables can be divided in two subsets [Wendell and

Hurter Jr, 1976], which is not possible in the outer Löwner-John method since it entails

an ellipsoidal object and not scalars. Thus, it is common to develop ad hoc solutions that

are based on successive approximations [Scutari and Sun, 2019] or decompositions [Meselhi

et al., 2022], again not suitable for symmetric positive semi-definite matrix variables.

5.2 Preliminaries

Consider a network of N agents which communicate according to an undirected graph

G = (I,F), where I = {1, . . . ,N} is the vertex set and F ⊂ I×I is the edge set representing

the communication links between agents. The set of neighbors of agent i, including i, is

Ni = {j ∈ I|(i, j) ∈ F} ∪ {i}. Each agent i is described by a n−dimensional ellipsoidal set

E(Pi) = {y ∈ Rn : y⊤P−1
i y ≤ 1}, given 0 ≺ Pi ∈ Rn×n.

The problem addressed in this chapter is considered from a continuous-time and a

discrete-time perspective, leading to two different problem formulations.

5.2.1 Continuous-time problem formulation

The goal for the agents is to cooperate to find an ellipsoidal set E(P) covering the in-

tersection Ě :=
⋂N

i=1 E(Pi), characterized by some P ≻ 0. A wide family of ellipsoidal

sets covering Ě is the one parameterized by P(λ)−1 :=
∑N

i=1 λiP
−1
i with

∑N
i=1 λi = 1 and

λ = [λ1, . . . , λN]⊤ ∈ RN
≥0. It can be verified that E(P(λ)) ⊃ Ě [Henrion et al., 2001].

Therefore, designing P(λ)−1 as a convex combination of {P−1
i }Ni=1 defines a family of LJ

outer ellipsoids for the intersection of {E(Pi)}Ni=1. The weights λ can then be optimized

by solving the following optimization program:

min
λ∈RN

≥0

f(P(λ)−1), such that
∑N

i=1 λi = 1, (5.1)

where f(•) is a function that measures the size of E(P(λ)). For instance, f(•) = log(det(•))
can be used to minimize the volume of E(P(λ)). Other popular choices of f(•) are in Table

5.1. Due to the numerical difficulties found when dealing with equality constraints in

practice, we recast (5.1) into

min
x∈M

f(Q(x)), Q(x) := 1/N
∑N

i=1 x
2
iP

−1
i , (5.2)

where instead of an equality constraint, the solution is restricted to a wider feasible manifold

M = {x ∈ RN : 1 − ε ≤ s(x) ≤ 1} of x = [x1, . . . , xN]⊤, s(x) := ∥x∥2/N and ε ∈ (0, 1).

By using the change of coordinates λi = x2i /N, we ensure λi ∈ R≥0 and that the unique

minimizer of (5.1) follows from the minimizer of (5.2) when ε = 0. For any other ε > 0,

we use (5.2) to approximate solutions of (5.1) with arbitrary accuracy dictated by the size

of ε. The first goal of the chapter is to provide a distributed algorithm to solve (5.2).
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5.2.2 Discrete-time time-varying problem formulation

At each discrete-time step k ∈ {0, 1, . . . }, each agent i ∈ I is endowed with a positive

definitive input matrix Pi[k] ∈ Sn++. Note that in this case we allow for a time-varying

evolution of the input matrices. In practice, the input matrices Pi[k] cannot have arbitrarily

large values, and the variation of Pi[k] from instant k to k + 1 cannot be arbitrarily large,

so in this work we do the following assumption.

Assumption 2. There exist 0 < p ≤ p such that the input matrices Pi[k], ∀i ∈ I and

∀k ∈ {0, 1, . . . }, satisfy
pI ⪯ Pi[k] ⪯ pI

The previous inequalities provide bounds for the eigenvalues of Pi[k] for all time.

The goal for all the agents is to agree on a matrix Q∗[k] that represents the tightest outer

approximation of the intersection of the ellipsoids E(Pi[k]−1). Intuitively, Q∗[k] represent

the information matrix for such covering ellipsoid. Formally, Q∗[k] is the result of the

following optimization problem:

Q∗[k] = arg min
Q∈C∗[k]

f(Q)

C∗[k] =

{
Q ∈ Sn+ : ∃λ1, . . . , λN ∈ [0, 1],

N∑
j=1

λj ≤ 1,0 ⪯ Q ⪯
N∑

j=1

λjPj [k]−1

} (5.3)

where we make the following assumption on the function f :

Assumption 3. The function f : Sn+ → R satisfies:

1. f has continuous derivative over all Sn+.

2. f is strictly convex, meaning that, for any λ1, λ2<0, Q1,Q2 ∈ Sn+ with λ1 +λ2 = 1 it

follows that: f(λ1Q1 + λ2Q2) ≤ λ1f(Q1) + λ2f(Q2).

3. f has no lower bound over Sn+, meaning that infQ∈Sn+ f(Q) does not exists.

4. f is bounded over any closed bounded convex set C ⊂ Sn+ meaning that infQ∈C f(Q) ∈
R.

Assumption 3 holds for many popular choices of f(•) related to the volume of ellip-

soids or information theoretic measures, such as log( det((•)−1)) or tr((•)−1). Moreover,

Assumption 3-4) is an instrumental property to be used in subsequent analysis. The second

goal of the chapter is to design an algorithm that solves (5.3) in a distributed manner.

5.3 Distributed continuous-time ellipsoid computation

To solve problem (5.2) in a distributed fashion, we propose a novel distributed protocol

based on Projected Gradient Flow (PGF) [Hauswirth et al., 2016] methods. The idea is to
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µ f(Q(x)) gi(xi,Q(x))

0 −tr(Q(x)) −2xitr(P
−1
i )

1 log(det(Q(x)−1)) −2xitr(Q(x)−1P−1
i )

2 tr(Q(x)−1) −2xitr(Q(x)−1P−1
i Q(x)−1)

Table 5.1: Different measure functions f(•) with Q(x) = (1/N)
∑N

i=1 x
2
iP

−1
i as well as the components of

the gradient ∇f(Q(x)) = [g1(x1,Q(x)), . . . , gN(xN,Q(x))]⊤/N. We label each choice by µ for its reference

in Theorem 11.

drive the trajectories of x(t) towards the feasible manifold where the equality constraint in

(5.1) holds. Once there, the trajectories of x(t) flow towards the optimum while fulfilling

the equality constraint. To do so, we set a suitable virtual control action ẋi(t) = ui(t) using

only local information.

To design a PGF-based protocol, we first need agreement on some global quantities

across the nodes of the network. Therefore, the first stage of our algorithm computes

local estimates {ŝi(t), Q̂i(t)}Ni=1 for s(x(t)),Q(x(t)) using the following Exact Dynamic

Consensus (EDC) protocols:

ŝi(t) = xi(t)
2 − vi(t)

v̇i(t) = κs
∑

j∈Ni
ϕ (ŝj(t)− ŝi(t); ζs; q)

Q̂i(t) = xi(t)
2P−1

i −Vi(t)

V̇i(t) = κQ
∑

j∈Ni
ϕ
(
Q̂j(t)− Q̂i(t); ζQ; q

) (5.4)

with auxiliary variables Vi(t), vi(t) initialized as Vi(0) = 0, vi(0) = 0. Moreover, the gains

κQ, κs, ζQ, ζs > 0, q ∈ (0, 1) are design parameters. We define the function ϕ(•; ζ; q) =

(| • |1−q + | • |1+q + ζ)sign(•) for a scalar parameter •, and component-wise for • of any

other dimension. After a transient of prescribed duration Tc, these estimates will comply

Q̂i(t) ≡ Q(x(t)), ŝi(t) ≡ s(x(t)), ∀t ≥ Tc for suitable κQ, κs. This is possible since ζQ, ζs
introduce a discontinuous sliding mode term in ϕ allowing (5.4) to achieve EDC even with

time-varying consensus inputs. Then, all agents estimate its local component of the gradient

gi(xi(t),Q(x(t))) ≡ gi(xi(t), Q̂i(t)),∀t ≥ Tc, as in Table 5.1.

During the first consensus stage defined in (5.4), we set a control action ui(t) = 0, for

all time in [0, Tc]. The second stage of our algorithm consists of taking the arbitrary initial

conditions xi(0) = xi(Tc) and update xi(t) towards M. Then, nodes do PGF to find the

global optimum of (5.2). This is achieved by a discontinuous controller. For all t ≥ Tc:

ui(t)=

{
κMxi(t)sign

((
1−ε

2

)
−ŝi(t)

)
, ŝi(t)/∈[1− ε, 1]

−κMgi(xi(t), Q̂i(t)), ŝi(t)∈[1− ε, 1]
(5.5)

with design parameter κM > 0, which leads to:

ẋ(t) =

{
κMx(t)sign

((
1− ε

2

)
− s(x(t))

)
, x(t) /∈M

−κMN∇f(Q(x(t))), x(t) ∈M
(5.6)
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under the synchronization conditions Q̂i(t) ≡ Q(x(t)), ŝi(t) ≡ s(x(t)). Using the idea of

PGF, when x(t) /∈ M, x(t) flows towards M, in order to fulfill the equality constraint of

the outer LJ method in (5.1). On the other hand, for x(t) ∈M, x(t) flows in the direction

opposite to the gradient, towards the optimum of the outer LJ method in (5.1). This results

in x(t) flowing in the direction of the projected gradient of f(Q(x(t))) with respect to M
in any case, allowing to maintain feasible trajectories and converge to the optimum. In the

following, we state our main result as well as a practical assumption under which it holds.

Assumption 4. Let 0 < b < b, b > 1 and σ, σ > 0. Then, xi(0) ∈ [b, b] and σI ⪯ P−1
i ⪯

σI,∀i ∈ I, and with p the maximum scalar component among all {Pi}Ni=1.

Theorem 11. Let G be a connected undirected graph with N nodes, ℓ edges, algebraic

connectivity λG, and consider protocols (5.4). Let κM > 0, ε ∈ (0, 1), and Assumption 4

hold. Let f(•) in Table 5.1 be labeled by µ ∈ {0, 1, 2} and

h(N) = κM max{
√
Nb, 2bσNµ+1(σmin{b2, 1− ε})−µ}.

Let ẋi(t) = ui(t) with ui(t) = 0, ∀t ∈ [0, Tc] and ui(t) defined as in (5.5) for t ≥ Tc. For

any κM > 0, if

κs, κQ >
ℓπ

qλGTc
, ζs >

4bh(N)

κs
√
λG
, ζQ >

4pbh(N)

κQ
√
λG
, (5.7)

then, there exists Tε > 0 such that x(t) ∈M, ∀t ≥ Tc + Tε. In addition,

E(Q(x(t))−1) ⊃ Ě , ∀t ≥ Tc + Tε

and f(Q(x(t))) converges asymptotically towards the optimum of (5.2).

Remark 2. After consensus has been reached for t ≥ Tc, each agent can check the condition

ŝi(t) = s(x(t)) ∈ [1 − ε, 1] to verify if x(t) ∈ M and compute Tε. Hence, the proposed

algorithm obtains an outer LJ ellipsoid from t = Tc + Tε, since x(t) ∈ M ∀t ≥ Tc + Tε.

Thus, the ellipsoid E(Q̂i(t)
−1) = E(Q(x(t))−1) is already valid to use. Note that the greater

t, the tighter E(Q(x(t))−1), so the user can design the algorithm depending on the computing

resources available and the desired accuracy for the LJ ellipsoid.

Remark 3. The powers 1 − q, 1 + q with q ∈ (0, 1) in ϕ are known to induce a fixed

settling time bound, regardless of the initial conditions. This allows all agents to make

sure consensus has been reached before t = Tc without having to individually check this

condition, avoiding additional synchronization issues. The function ϕ along with q and

κs, ζs (similarly κQ, ζQ) were introduced for static consensus with disturbances in [Aldana-

López et al., 2019].

Before proving Theorem 11, we need some auxiliary results. Systems (5.4) is discon-

tinuous due to the use of the sign(•) function and the discontinuous nature of (5.6) at the

boundary of M. Hence, these systems are better understood in the sense of Filippov [Fil-

ippov, 1988], devised to study discontinuous dynamics.

We start by analyzing the consensus protocols in (5.4). Note that all these protocols

have the structure:

υ̇i(t)=κz
∑
j∈Ni

ϕ (ẑj(t)− ẑi(t); ζ, q) , ẑi(t)=zi(t)−υi(t) (5.8)
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for suitable input zi(t), either xi(t)
2 or the elements of xi(t)

2P−1
i . Now, we show conver-

gence of (5.8) before t = Tc.

Proposition 13. [Aldana-López et al., 2019, Special case of Theorem 6] Let G be a

connected undirected graph with N nodes, ℓ edges, algebraic connectivity λG, and consider

ėi(t) = di(t)− κz
∑

j∈Ni
ϕ(ej(t)− ei(t); ζ, q) (5.9)

where |di(t)| ≤ L′,∀t ≥ 0. Moreover, given Tc > 0 let κz ≥ ℓπ/(qλGTc), ζ ≥ L′/(κz
√
λG).

Then, ei(t) ≡ (1/N)
∑N

i=1 ei(0),∀t ≥ Tc.

Lemma 6. Let G be a connected undirected graph with N nodes, ℓ edges, algebraic connec-

tivity λG and
∑N

i=1 υi(0) = 0. Moreover, let z̄(t) = (1/N)
∑N

i=1 zi(t) and |żi(t)| ≤ L,∀t ≥ 0.

Then, (5.8) satisfies that ẑi(t) ≡ z̄(t),∀t ≥ Tc and ∀i, provided that κz ≥ ℓπ/(qλGTc) and

ζ ≥ 2L/(κz
√
λG).

Proof. Let ei(t) = υi(t)− (zi(t)− z̄(t)) such that:

ėi(t) = ( ˙̄z(t)− żi(t))− κz
∑
j∈Ni

ϕ (ej(t)− ei(t); ζ, q)

equivalent to (5.9) with di(t) = ˙̄z(t)− żi(t). By assumption, |di(t)| ≤ 2L. Thus, Proposition

13 is used with L′ = 2L to conclude that ei(t) ≡ (1/N)
∑N

i=1 ei(0) = 0, ∀t ≥ Tc. Hence,

υi(t) = zi(t)− z̄(t) and ẑi(t) = z̄(t) for t ≥ Tc.

Now, we study the ideal PGF trajectories for x(t), dictated by (5.6). The following

result shows that x(t) converge to the feasible region M, a requirement for a solution of

(5.2).

Lemma 7. Let (5.6) and b > 0. Then, ∀x(T0) /∈ M, xi(T0) ≥ b there exist Tε > 0 such

that x(t) ∈M,∀t ≥ T0 + Tε.

Proof. We split the proof in two cases:

• (a) (1−ε/2)−s(x(T0)) > 0: in this case, note that ẋi(t) = κMxi(t) for t ∈ [T0, T0+T ′)

with T ′ = inf{t > T0 : x(t) ∈ M}. Thus, xi(t) is increasing in such interval and

∥x(t)∥ ≥
√
Nmini∈I xi(t)2 ≥

√
Nb, ∀t ∈ [T0, T0 + T ′). Now, consider a Lyapunov

function candidate V1(x(t)) = (1− ε)− s(x(t)), whose time derivative is

V̇1(x(t))=−(2/N)x(t)⊤ẋ(t)=−(2/N)κM∥x(t)∥2≤−2κMb2.

Thus, integrating from T0 to t, V1(x(t)) ≤ V1(x(T0))− 2κMb2(t− T0) which satisfies

V1(x(T0 +Tε)) = 0 with T ′ ≤ Tε := V1(x(T0))/(2κMb2). Hence, s(x(T0 +Tε)) = 1− ε
and thus x(T0 + Tε) ∈M.

• (b) (1− ε/2)− s(x(T0)) < 0: note that ẋi(t) = −κMxi(t) implies xi(t) is decreasing

for t ∈ [T0, T0 + Tε) and thus, ∥x(t)∥ =
√

Ns(x(t)) ≥
√
N since s(x(t)) ≥ 1. The rest

of the argument for this case follows as before using V2(x) = s(x) − 1. Thus, x(t)

reaches M in finite time. In addition, x(t) remain inside M for t ≥ T0 + Tε since

V1(x(t)) (resp. V2(x(t))) cannot increase at the inner (resp. outer) boundary of M.
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Now, we recall the definition of the projected gradient with respect to a manifold and

then apply the definition to the problem of interest in (5.2).

Definition 9. [Hauswirth et al., 2016] Let F : Rn → R be differentiable and the con-

strained manifoldM = {x ∈ Rn : γi(x) ≤ 0, i ∈ {1, . . . ,m}} for m differentiable constraint

functions γi : Rn → R. Then, the projected gradient of F (x) with respect toM is given by:

projM(x,−∇F (x)) = arg min
w∈Rn

∥w − (−∇F (x))∥2

such that w⊤∇γi(x) ≤ 0,∀i ∈ J (x)
(5.10)

where J (x) = {i ∈ {1, . . . ,m} : γi(x) = 0}.

Lemma 8. LetM with γ1(x) = ∥x∥2/N−1, γ2(x) = (1−ε)−∥x∥2/N in Definition 9 with

m = 2. Then, for any differentiable F (•) and any x ∈M,

projM(x,−∇F (x)) =


−∇F (x) +

(
x⊤∇F (x)

N2

)
x γ1(x) = 0,x⊤∇F (x) ≤ 0

−∇F (x)−
(

x⊤∇F (x)
(N(1−ε))2

)
x γ2(x) = 0,x⊤∇F (x) ≥ 0

−∇F (x) otherwise

(5.11)

Proof. First, ∇γ1(x) = 2x/N,∇γ2(x) = −2x/N. Consider the following cases:

• (a) γ1(x) < 0, γ2(x) < 0: since (5.10) is unconstrained, w = −∇F (x).

• (b) For γ1(x) = 0,x⊤∇F (x) ≥ 0 or γ2(x) = 0,x⊤∇F (x) ≤ 0: w = −∇F (x) satisfies

the constraint w⊤∇γ1(x) ≤ 0 and w⊤∇γ2(x) ≤ 0 in (5.10) respectively.

• (c) γ1(x) = 0,x⊤∇F (x) ≤ 0: let h(w) = ∥w + ∇F (x)∥2 and define the quantity

w∗ = −∇F (x) +
(
x⊤∇F (x)

N2

)
x. Note that (w∗)⊤∇γ1(x) = 0 making w∗ is feasible

for (5.10) and ∇wh(w) = 2(∇F (x) +w) = λx/N = (λ/2)∇w(w⊤∇γ1(x)) is satisfied

with w = w∗ and Lagrange multiplier λ = 2x⊤∇F (x)/N where ∇w denotes gradient

with respect to w. Hence, w = w∗ satisfies the optimality conditions for (5.10) and

is the unique minimizer [Bertsekas, 1999, Proposition 3.1.1].

• (d) γ2(x) = 0,x⊤∇F (x) ≥ 0: the same reasoning of (c) applies.

In the following, we show that the ideal system (5.6) flows in the direction of the

previously obtained projected gradient.

Lemma 9. Let (5.6) with x(T0) ∈M. Then, under Definition 9,

ẋ(t) = α(x(t)) projM(x(t),−∇f(Q(x(t)))

for some positive scalar function α : Rn → R>0.
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Proof. In this proof, we omit time dependence for conciseness. We compare the right

hand side of (5.6) with (5.11) in Lemma 8 under F (x) = f(Q(x)):

• (a) γ1(x) < 0, γ2(x) < 0: ẋ = −α(x)∇F (x) = α(x) projM(x,−∇F (x)) due to (5.11)

with α(x) = κMN.

• (b) γ1(x) = 0: we invoke the Filippov interpretation of solutions to write ẋ. Call

w1 = κMxsign((1 − ε
2) − s(x)) and w2 = −κMN∇f(Q(x)). Filippov solutions in

this manifold have ẋ in the convex hull of {w1,w2}. Concretely, if γ1(x) = 0, then

x⊤∇F (x) ≥ 0, then w1,w2 point insideM, and s(x(t)) = 0 is satisfied for an isolated

instant t, hence ignored by the trajectory [Cortes, 2008]. In the case of γ1(x) = 0,

we have x⊤∇F (x) ≤ 0, w1,w2 point in different directions with respect to the inner

boundary ofM, inducing sliding motion along γ1(x) = 0. Therefore, ẋ is the convex

combination of w1,w2, lying in the tangent plane of γ1(x) = 0 [Cortes, 2008]. Note

that

w = −∇F (x) +

(
x⊤∇F (x)

N2

)
x =

(
x⊤∇F (x)

κMN2sign((1− ε
2)− s(x))

)
w1 +

(
1

κMN

)
w2

with w⊤x = 0, lying in such tangent plane. Hence, ẋ is proportional to w and

ẋ = α(x)w = α(x) projM(x,−∇F (x)) for some α(x) > 0.

• (c) γ2(x) = 0: the proof follows from (b).

Lemma 10. Consider (5.6) under Assumption 4 and f(•) in Table 5.1 labeled by µ ∈
{0, 1, 2}. For any x(T0) /∈ M it follows that ∥ẋ(t)∥ ≤ h(N),∀t ≥ T0 with h(•) as in

Theorem 11.

Proof. First, we show that |xi(t)| ≤ b,∀t ≥ T0 by contradiction. Assume there exists

T2 ≥ T0 such that |xi(T2)| > b. By continuity of the solution, there must have existed

T1 = sup{t ∈ [T0, T2] : |xi(t)| = b} such that ai(t) = |xi(t)| is increasing for t ∈ [T1, T2].

However, in this interval, x(t) /∈M since s(x(t)) = ∥x(t)∥2/N ≥ mini∈I |xi(t)|2/N ≥ b
2
> 1.

Therefore, due to (5.6), ȧi(t) = −κMai(t) which means that ai(t) is decreasing in t ∈ [T1, T2]

leading to a contradiction.

Now, we show tr(Q(x(t))−1) ≤ N(σmin{b2, 1− ε})−1, ∀t ≥ T0. From Lemma 7’s proof,

s(x(t)) = ∥xi(t)∥2/N ≥ b2,∀t ∈ [T0, T0 + Tε] and s(x(t)) ≥ 1− ε, ∀t ≥ T0 + Tε. Henceforth,

Q(x(t)) ⪰ (1/N)
∑N

i=1 xi(t)
2σI ⪰ σmin{b2, 1 − ε}I for t ≥ T0. Then, it follows that we

have Q(x(t))−1 ⪯ (σmin{b2, 1− ε})−1I from which tr(Q(x(t))−1) ≤ N(σmin{b2, 1− ε})−1

is obtained. From the previous bounds, and the gradient in Table 5.1:

∥∇f(Q(x(t)))∥ ≤ max
i∈I

2|xi|tr(P−1
i )tr(Q(x(t))−1)µ ≤ 2bσNµ(σmin{b2, 1− ε})−µ,

and

∥ẋ(t)∥ ≤ κM max{∥x(t)∥,N∥∇f(Q(x(t)))∥} ≤ κM max{
√
Nb, 2bσNµ+1(σmin{b2, 1−ε})−µ}.
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Recalling from Lemma 7 that (5.6) flows in the direction of the projected gradient, the

following result characterizes convergence of such flow towards the optimum of (5.2) (the

result follows from [Hauswirth et al., 2016, Theorem 3].).

Proposition 14. Let F (•), γi(•),M defined as in Definition 9 and α : Rn → R>0 be

a positive scalar function such that ẋ(t) = α(x(t)) projM(x(t),−∇f(x(t))) has unique

forward solution for t ≥ T0 and any x(T0) ∈ M. Then, x(t) converges asymptotically

towards arg minx∈M F (x).

Proof of Theorem 11: We start by analyzing (5.4) for t ∈ [0, Tc], in which xi(t)
2P−1

i

and xi(t)
2 remain constant because ui(t) = 0. The result from Lemma 6 is valid obtaining

ŝi(t) ≡ s(x(t)), Q̂i(t) ≡ Q(x(t)) at t = Tc. Assume that the condition ŝi(t) ≡ s(x(t)) is

maintained for some open interval T ⊂ [Tc,∞). Then, x(t) is dictated by (5.6) for any

t ∈ T and thus zi(t) = xi(t)
2 comply |żi(t)| ≤ 2|xi(t)|∥ẋ(t)∥ ≤ 2bh(N) due to Lemma 10.

Hence, the conditions of Lemma 6 are fulfilled with L = 2bh(N) due to the choice of κs in

Theorem 11 for such interval T .

Now, we show that ŝi(t) ≡ s(x(t)) is maintained ∀t ∈ [Tc,∞). We verify this by

contradiction. Assume that there exists T2 = inf{t ≥ Tc : ∥ẋ(t)∥ > 2bh(N)}. Then, there

must have existed some T1 = sup{t < T2 : ŝi(t) ̸= s(x(t)) or Q̂i(t) ̸= Q(x(t))} since the

system could not have been the ideal one in (5.6). Hence, the system is not synchronized

for some time t ∈ [T1, T2] for which ∥x(t)∥ ≤ 2bh(N), which is impossible since this means

that the inputs for the consensus protocols have bounded derivative, and Lemma 6 ensure

synchronization. Hence, ŝi(t) ≡ s(x(t)), ∀t ≥ Tc. The same reasoning applies to the

synchronization condition Q̂i(t) ≡ Q(x(t)).

Now, use Lemma 7 with T0 = Tc to obtain x(t) ∈ M, ∀t ≥ Tc + Tε. We can verify

E(Q(x(t))−1) ⊃ Ě ,∀t ≥ Tc + Tε by taking any y ∈ Ě which satisfy

y⊤Q(x(t))y =

N∑
i=1

(xi(t)
2/N)y⊤P−1

i y ≤
N∑
i=1

(xi(t)
2/N) = s(x(t)) ≤ 1.

Hence, y ∈ E(Q(x(t))−1). Use Lemma 9 with T0 = Tc + Tε to write (5.6) as ẋ(t) =

α(x(t)) projM(x(t),−∇f(Q(x(t))), implying convergence towards the optimal weights due

to Proposition 14.

5.4 Distributed discrete-time outer ellipse computation

To compute the global optimum of problem (5.3), we propose that, at each instant k, each

agent i solves the semi-definite program:

Qi[k] = arg min
Q∈Ci[k]

f(Q)

Ci[k] =

{
Q∈Sn+:∃λij , λiP ∈ [0, 1], j∈Ni, λ

i
P+

N∑
j∈Ni

λij ≤ 1,0 ⪯ Q ⪯ λiPPi[k]−1+
1

θ

∑
j∈Ni

λijQj [k−1]

}
(5.12)
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for k ≥ 1, with initial conditions Qi[0] = Pi[0]−1 and a parameter θ to be specified

subsequently. Note that each node only requires the solution of (5.12) at each neighbor

in the previous instant. Therefore, (5.12) defines a distributed algorithm, described in

Algorithm 9. Its properties are summarized in Theorem 12.

Algorithm 9 Distributed estimation of (5.3) at node i

1: Initialization: λij , λ
i
P = 0 ∀j ∈ Ni, θ̄i = θ̄ ≥ 1 and Qi[0] = Pi[0]−1

2: for k = 1, 2, . . . do

3: Information exchange:

Send Qi[k − 1] to neighbors j ∈ Ni.

Receive Qj [k − 1] from neighbors j ∈ Ni.

4: Solve local reformulated outer Löwner-John program:

Qi[k] = arg minQ∈Ci[k] f(Q), with Ci[k] given in (5.12).

5: end for

Theorem 12. Let Assumptions 2 and 3 hold and G be connected. Then, for a network

that executes Algorithm 9, the following statements are true:

1. (Robustness) Ci[k] ⊆ C∗[k] for all k ∈ {1, 2 . . . }, i ∈ I.

2. (Boundedness) Qi[k] ⪯ (1/p)I for all k ∈ {1, 2 . . . }, i ∈ I.

3. (Convergence) Given any choice of norm ∥ • ∥ in Sn+ and any δ > 0, there exists K ∈
{1, 2, . . . }, 0 ≤ θ < 1 < θ̄ such that if θPi[k − 1] ⪯ Pi[k] ⪯ θ̄Pi[k − 1],∀k = 1, 2, . . .

then,

∥Qi[k]−Q∗[k]∥ ≤ δ for any k ≥ K, i ∈ I.

In addition, if θ = θ̄ = 1, then Qi[k] = Q∗[k].

First, the intuition behind robustness is that, given arbitrary input matrices {Pi[k]}Ni=1

under Assumption 2, the feasible set of the local optimization problem at each node is

always contained inside the feasible set of the global optimization problem; this is important

because, if robustness did not hold, then the optimum of the local optimization problem at

node i might be such that Qi[k] /∈ C∗[k] and, therefore, it would not be possible to converge

arbitrarily close to the global optimum. Second, boundedness implies that, irrespective of

the changes in the input ellipsoids, the estimate of the global optimum at each node never

escapes to infinity. Third, convergence means that our algorithm converges in finite time K

to a region around the optimum of the global problem, where the size of the region depends

on how fast the input ellipsoids vary with time: in particular, if the input ellipsoids are

constant, then δ = 0 and the global optimum is perfectly recovered; besides, the estimates

remain inside that region for k > K.

Remark 4. In many applications, the inputs {Pi[k]}Ni=1 come from the discretization of the

continuous-time dynamics of {Pi(t)}Ni=1. In this case, the designer can choose the sampling
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step sufficiently small, such that Assumption 2 holds for θ ≃ θ̄ ≃ 1 and a desired accuracy

δ is achieved.

Remark 5. The tracking error depends on the rate of change of the input ellipsoids. This

suggests an adaptive scheme over parameter θ̄. One can follow similar procedures to those

found in [Lippi et al., 2022, Deplano et al., 2022] but adapted to positive definite matri-

ces. The rate of change of local input matrices at instant k is approximately given by

Pi[k − 1]Pi[k]−1. Then, in practice, one can choose θ̄i[k] = κPi[k − 1]Pi[k]−1 with κ > 0

in place of θ̄ in (5.12).

After discussing the proposed algorithm and its main properties, the next section is

devoted to prove Theorem 12.

5.5 Convergence analysis

To prove Theorem 12, we first present some auxiliary results (Sec. 5.5.1) helpful for the

main proofs. After that, we prove the theorem for the static case, i.e., Pi[k] = Pi ∀i, k
(Sec. 5.5.2). This intermediate step provides the tools and insights to prove Theorem 12

in Section 5.5.3.

5.5.1 Auxiliary results

First, we characterize some properties of general closed convex sets that are useful for the

subsequent study of the properties of the feasible sets Ci[k] and C∗[k].

Lemma 11. Let C1, C2 two closed and convex sets such that C1 ⊆ C2 ⊆ Sn+. Moreover,

denote by
Q1 = arg min

Q∈C1
f(Q) and Q2 = arg min

Q∈C2
f(Q).

Then, the following holds:

1. If Q2 ∈ C1 then Q1 = Q2.

2. If Q2 /∈ C1 then Q1 ∈ rebdr(C1).

Proof. For the first item, since f(•) is strictly convex and C1, C2 are convex, then Q1,Q2

must be unique. Hence, if Q2 ∈ C1, then Q1 = Q2 must follow. For the second item, C1
is closed, so the relative boundary rebdr(C1) exists and contains all its relative boundary

points. The next steps of the proof follow by contradiction. Assume that Q1 ∈ relint(C1),
where relint(•) represents the relative interior operator. Then, there exist a ball B ∈
relint(C1) centered at Q1 such that f(Q1) ≤ f(Q),∀Q ∈ B. Thus, Q1 is a local optimum

of f(•), and, as a result of convexity of f(•) and C1, C2, it is the global optimum of f(•)
in any case. By assumption of the lemma, Q1 ∈ C1 ⊆ C2 and thus Q1 = Q2. However, by

assumption of the second item, Q2 /∈ C1, which leads to the contradiction Q1 /∈ C1.



5.5. Convergence analysis 123

The next lemma demonstrates properties of the feasible set Ci[k] and C∗[k] that are

important to study the relationships between the centralized and distributed optimization

problems (5.3) and (5.12).

Lemma 12. Let Assumptions 2 and 3 hold. Then, the following statements are true:

1. The sets Ci[k], C∗[k] are closed and convex for all k ∈ {1, 2, . . . } and i ∈ I.

2. Denote Q∗[k] = minQ∈C∗[k] f(Q) for arbitrary fixed k ∈ {0, 1, . . . , }. Then, we have

Q∗[k] ∈ co{Pi[k]−1}Ni=1, where co(•) denotes the convex hull of a set.

3. Ci[k] ⊆ C∗[k] for all k ∈ {1, 2, . . . }, i ∈ I.

Proof. For item 1), the result is straightforward since the sets come from the standard

semi-definite programs defined in (5.3)-(5.12). For item 2), let C1 = C∗[k], C2 = Sn+. Hence,

item 3) of Assumption 3 implies that Q2 from Lemma 11 does not exist and as a result

Q2 /∈ C1 and Q∗[k] = Q1 ∈ rebdr(C1). Note that points in the relative boundary of C1 are

convex combinations of {Pi[k]−1}Ni=1 from which the result follows.

For item 3) we proceed by induction. As induction base, set an arbitrary agent i ∈ I
and define Ci[0] only for k = 0 as Ci[0] := {Pi[0]−1}, so that the initial condition comply

Qi[0] = P−1
i [0] ∈ Ci[0]. Now, referring to the centralized optimization problem (5.3), let

λj = 1 if j = i and λj = 0 otherwise. Hence, Qi[0] =
∑N

j=1 λjPj [0]−1 ∈ C∗[0]. Henceforth,

Ci[0] ⊆ C∗[0].

Now, assume that Ci[k − 1] ⊆ C∗[k − 1] for some k ∈ {1, 2, . . . }. Then, it follows

Qi[k − 1] ∈ C∗[k − 1], meaning that there exists βj1, . . . , β
j
N ∈ [0, 1] with

∑N
ℓ=1 β

j
ℓ ≤ 1 and

0 ⪯ Qj [k − 1] ⪯
N∑

ℓ=1

βjℓPℓ[k − 1]−1 ⪯ θ̄
N∑

ℓ=1

βjℓPℓ[k]−1

For an arbitrary Q ∈ Ci[k], k = 1, 2, . . . it follows that

Q ⪯ λiPPi[k]−1 +
1

θ̄

∑
j∈Ni

λijQj [k − 1] ⪯ λiPPi[k]−1 +
∑
j∈Ni

λij

N∑
ℓ=1

βjℓPℓ[k]−1

Now, consider

λℓ =

{
λiP +

∑
j∈Ni

λijβ
j
l if ℓ = i∑

j∈Ni
λijβ

j
ℓ otherwise

Then, it follows that

N∑
ℓ=1

λℓ = λiP +
∑
j∈Ni

λijβ
j
i +

∑
l ̸=i

∑
j∈Ni

λijβ
j
ℓ = λiP +

∑
j∈Ni

λij

N∑
ℓ=1

βjℓ ≤ λ
i
P +

∑
j∈Ni

λij ≤ 1

and
N∑

ℓ=1

λℓPℓ[k]−1 =

λiP +
∑
j∈Ni

λijβ
j
i

Pi[k]−1 +
∑
l ̸=i

∑
j∈Ni

λijβ
j
ℓ

Pℓ[k]−1 =

λiPPi[k] +
N∑

ℓ=1

∑
j∈Ni

λijβ
j
ℓ

Pℓ[k]−1 ⪰ Q
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Figure 5.1: Illustrative visualization of the cases 3) and 4) of the proof of Lemma 14. The figure leverages

the representation of ellipsoids in Sn
+ projected to R3 and R2.

Therefore, the feasible solution set for agent i of problem (5.12) is a particular case of the

feasible solution set of problem (5.3), Q ∈ C∗[k] and, as a result, Ci[k] ⊆ C∗[k].

5.5.2 Constant inputs

In this section we focus on the static case, i.e., the input ellipsoids do not change with

time. Henceforth, it is assumed that Assumption 2 holds with θ = θ = 1, meaning that the

inputs Pi[k] are constant.

Lemma 13. Let Assumptions 2 and 3 hold and θ = θ = 1. Then,

f(Qi[k]) ≤ f(Qi[k − 1]). (5.13)

for all i ∈ I, k = 1, 2, . . .. Moreover, there exists a sequence f1, . . . , fN ∈ R such that it

holds that limk→∞ f(Qi[k]) = fi.

Proof. Let λij = 1 if j = i and λij = 0 otherwise, and λiP = 0. Therefore,

λiPPi[k]−1 +
∑
j∈Ni

λijQj [k − 1] = Qi[k − 1]

and λiP +
∑

j∈Ni
λij = 1. Hence, Qi[k − 1] ∈ Ci[k]. Therefore, (5.13) follows by noting that

both Qi[k],Qi[k − 1] ∈ Ci[k] but that Qi[k] is the minimizer of f(•) over Ci[k].

For the last part of the lemma, note that C∗ is closed and convex due to Lemma 12-

1) such that item 4) of Assumption 3 implies f is lower bounded over C∗. Moreover,

since Ci[k] ⊆ C∗ then f attains the same lower bound over Ci[k]. Furthermore, combine

(5.13) with such lower bound to conclude that fi := limk→∞ f(Qi[k]) must exist due to

monotonicity in (5.13).

Lemma 14. Let Assumptions 2 and 3 hold, and θ = θ = 1. Moreover, let G be connected.

Then, limk→∞Qi[k] = Q∗ for all i ∈ I where Q∗ is the (constant) optimum of (5.3).
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Proof. First, we study the equilibrium of (5.12) as follows. Let ℓ = arg mini∈I f
∗
i with f∗i

taken from Lemma 13. Moreover, let N r
ℓ = {i ∈ I : i ∈ Nj , j ∈ N r−1

ℓ } and N 0
ℓ = Nℓ.

This is, N r−1
ℓ contains the set of neighbors of neighbors of ℓ ∈ I after r hops. We now

show that fℓ = fi for all i ∈ N r
ℓ and all r ∈ {0, 1, . . . } by induction, for some k in which

equilibrium is attained. For the induction base, note that there exists Q′
ℓ ∈ Sn+ such that

f(Q′
ℓ) = fℓ ≤ fi ≤ f(Q) for all Q ∈ Ci[k] with i ∈ Nℓ. Thus, (5.12) implies fi = f(Q′

ℓ)

since Q′
ℓ ∈ Ci[k]. The induction step follows in the same way. Finally, since G is connected,

then N d
ℓ = I where d is the diameter of G. Therefore, fi = fℓ for all i ∈ I. Finally, note

that (5.12) being a strictly convex program implies that f(Q) = fℓ is attained for a single

Q ∈ Sn+ which we denote as Qeq.

Moreover, item 3) of Lemma 12 implies that in equilibrium, Ci ⊆ C∗, which are constant

Ci = Ci[k], C∗ = C∗[k] for k ≥ 1. Now, assume Q∗ /∈ Ci for all i for a contradiction. Item 2)

of Lemma 11 implies Qeq ∈ rebdr(Ci). In equilibrium, it follows that

rebdr(Ci) = {Q ∈ Sn+ : λPP
−1
i + λeqi Qeq, λP + λeqi = 1}

since Qi[k] = Qeq and with constant Pi = Pi[k]. This is, Qeq is at the intersection of

the N lines {rebdr(Ci)}i∈I . Denote the star S =
⋃

i∈I{rebdr(Ci)} for the rest of the proof,

and note that Qeq = arg minQ∈S f(Q). On the other hand, note that, item 2) of Lemma

12 implies Q∗ ∈ P := co{P−1
i }Ni=1. Denote with dim(P) the dimension of the manifold

P ⊂ Sn+. Using these properties, we distinguish the following cases:

1) dim(P) = 0, with P consisting of a single point Q∗ = P−1
1 = · · · = P−1

N . However,

note that from (5.12) it follows that Qi[k] = Qeq = P−1
i = Q∗ and thus Q∗ ∈ Ci, which is

a contradiction.

2) dim(P) = 1 and Qeq ∈ P. In this case, P necessarily consists of a line segment from

P−1
i and P−1

j with i ̸= j. Note that in this case, the line segment must comply P = S
for the star S. However, this imply f(Qeq) ≤ f(Q∗). Due to strong convexity of f , either

f(Qeq) < f(Q∗) which is impossible, or Q∗ = Qeq = Qi[k] which leads to a contradiction

similar to case 1).

3) dim(P) ≥ 1 and Qeq /∈ P. In this case, denote with H = co(P ∪{Qeq}). Note that H
is a polytope over the (possibly) lower dimensional space span{P−1

1 , . . . ,P−1
N ,Qeq} ⊂ Sn+,

with Qeq as one corner, with at least two faces touching it due to the dimension of P.

Let W(α) := {Q ∈ Sn+ : f(Q) ≤ α} the level sets of f , which are convex for any α ∈ R.

Moreover, note thatW(f(Qeq)) ⊆ C∗∩H. Otherwise, there would exist smaller α < f(Qeq)

such thatW(f(Qeq))∩S ̸= ∅, which contradicts the fact that f(Qeq) ≤ f(Q) for all Q ∈ S.

Using the previous fact in combination with Qeq ∈ W(f(Qeq)) hence, W(f(Qeq)) has at

least two supporting hyper-planes at Qeq, namely the faces of H meeting at that point.

However, f is smooth by Assumption 3, which imply that W(f(Qeq)) must have a single

supporting hyperplane at all points (see [Rockafellar, 1970, Theorems 23.3 and 25.1]),

contradicting the previous fact that W(f(Qeq)) has two supporting hyper-planes.

4) dim(P) > 1 and Qeq ∈ P. Set Q′ ∈ rebdr(P) be the point such that Q∗ ∈ P is

contained in the line segment between Q′ and Qeq. Pick an arbitrary face P ′ ⊆ rebdr(P) of

the polytope P with Q′ ∈ P ′, which is of lower dimension than P. Hence, distinguish the
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same cases 1), 2), 3) and 4), with P replaced by the face P ′, H with H′ = co(P ′ ∪ {Qeq})
and noting that Q∗ ∈ H′ allowing to follow the same reasoning, reaching a contradiction in

cases 1), 2) and 3) directly. Case 4) is used recursively until other cases are reached, which

always happens since dimension of P is decreased every recursion step.

Henceforth, a contradiction is reached in any case implying that Q∗ ∈ Ci for some

i ∈ I. Then, item 1) of Lemma 12 allows the usage of item 1) of Lemma 11, which implies

Q∗
i = arg minQ∈Ci f(Q) = Q∗, being Q∗

i = Qeq the unique equilibrium of (5.12).

5.5.3 Dynamic inputs

In this section, we provide a proof for Theorem 12 in the general case with dynamic

inputs.

Item 1): The result follows from item 3) of Lemma 12.

Item 2): We proceed by induction. For the induction base, note that Qi[0] = Pi[0]−1

from which the bound follows directly by Assumption 2. Now, assume the bound for

arbitrary time k−1 ∈ {0, 1, . . . }. Item 3) of Assumption 3 and item 2) of Lemma 11 imply

that Qi[k] ∈ rebdr(Ci[k]). As a result

Qi[k]=λiPPi[k]−1+
1

θ

∑
j∈Ni

λijQj [k − 1] ⪯ 1

p

(
λiP+

1

θ

∑
j∈Ni

λij

)
I ⪯ 1

p
I.

Item 3): First, let ε, θ, θ be such that [θ, θ] ⊆ [1 − ε, 1 + ε]. Note that if ε = 0, then

θ = θ = 1 which corresponds to the static case. Hence, we expect that small δ > 0 will

lead to a small ε > 0, preventing it to be arbitrarily big. To quantify this, we now show

the existence of K ≥ 1, ε > 0 such that ∥Qi[K]−Q∗[K]∥ < δ independently of the initial

conditions, by repeated use of a continuity argument. We denote the trajectories of a nom-

inal version of the algorithm (5.12) with constant inputs Pi[k] = Pi[0] as Qε=0
i [k], k ≥ 1.

Due to stability and optimally of the nominal system established in Lemma 14, for any

δ1 > 0 there exist K ′ ≥ 0 such that ∥Qε=0
i [K ′] −Q∗,ε=0[K ′]∥ < δ1. Moreover, note that

(1 − ε)K′
Pi[0] ⪯ Pi[K

′] ⪯ (1 + ε)K
′
Pi[0] by Assumption 2. Henceforth, for any δ2 > 0,

there exists ε > 0 sufficiently small to make Pi[K
′] as close as desired to Pi[0] to make

dH(C∗[K ′], C∗,ε=0[K ′]) < δ2, where dH denotes the Hausdorff distance and C∗,ε=0[K] the

feasible set in (5.3) in the nominal case. Similarly, for any δ3 > 0 there exists ε > 0 such

that dH(Ci[K ′], Cε=0
i [K ′]) < δ3. Henceforth, by picking δ1, δ2, δ3 appropriately, ε > 0 exist

to make Qi[K
′] as close as desired to Qε=0

i [K ′] (with error related to δ3), to Q∗,ε=0[K ′]

(with error related to δ1) and to Q∗[K ′] (with error related to δ2) in that order, allowing

∥Qi[K
′]−Q∗[K ′]∥ < δ for some δ.

Note that such ε,K ′ depend on the initial conditions Qi[0] since they might be different

between trajectories. Make this dependence explicit in K ′ = K ′(Q1[0], . . . ,QN[0]) and

note that K(δ) := supK ′(Q1[0], . . . ,QN[0]) exists since Q1[0], . . . ,QN[0] lie in a compact

set defined by Qi[0] = Pi[0]−1 ⪯ pI. Similarly, ε(δ) = inf ε(Q1[0], . . . ,QN[0]) > 0 exists.

Henceforth, for any 0 < ε < ε(δ) it follows that ∥Qi[K(δ)] −Q∗[K(δ)]∥ < δ regardless of
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the initial conditions.

Assume that ∥Qi[k]−Q∗[k]∥ < α holds for some arbitrary k ≥ 0 and α < δ. Now, we

show ∥Qi[k+ 1]−Q∗[k+ 1]∥ < α. The property follows by making ε and α > 0 sufficiently

small by taking Q∗[k] as close as desired to Q∗[k + 1] and Qi[k] close to Qi[k + 1], using

a similar reasoning as before. Hence, there exists ε̃ = inf ε(Q1[k], . . . ,QN[k]) > 0 and

α̃ = inf α(Q1[k], . . . ,QN[k]) if the infimum is taken over the set of possible Qi[k], which is

compact by the boundedness property established in item 2) of Theorem 12.

Henceforth, we take ε < min(ε̃, ε(α̃)) and K = K(α̃). This allows ∥Qi[K]−Q∗[K]∥ < α̃,

maintaining such property for all subsequent steps. The result follows by noting that α̃ < δ

and that, if ε = 0, the static case is recovered, optimal from Lemma 14.

5.6 Application: distributed Kalman filter

To further motivate the distributed discrete-time dynamic outer approximation of the in-

tersection of ellipsoids, we exemplify how to exploit Algorithm 9 to improve the mean

square error performance of distributed Kalman filtering. To achieve this, we first need

to ensure consistency, i.e., the fusion of predicted covariance matrices is such that the up-

dated covariance matrices are still (tight) outer-approximations of the true covariance we

would have if all the nodes tracked all the cross-correlations among nodes (see [Julier and

Uhlmann, 2017] for further details). The next proposition proves consistency in the fusion

of predicted covariances using Algorithm 9.

Proposition 15. Let Assumptions 2-3 hold. Moreover, let {x[k]}k≥0 be a Gaussian stochas-

tic process and x̄i[k], i ∈ I be Gaussian distributed correlated unbiased estimates for x[k]

with covariance matrices given by Pi[k] and unknown correlations. Let Q∗[k] the solution

to (5.3) with its corresponding weights {λ∗i }i∈I and

x̂[k] = Q∗[k]−1
∑
j∈I

λ∗jPj [k]−1x̄j [k]. (5.14)

Then, the covariance matrix cov{x̂[k]− x[k]} ⪯ Q∗[k]−1 always.

Proof. Assumption 3 implies Q∗[k] =
∑

j∈I λ
∗
jPj [k]−1 due to Q∗[k] ∈ rebdr(C∗[k]). This

means that (5.14) is the standard covariance intersection fusion rule, whose consistency

was proven in [Niehsen, 2002].

Proposition 15 exploits consistency to guarantee that the estimates at each node can

be fused when cross-correlations are unknown, either for static of dynamic input matrices.

The previous result motivates estimating (5.14) in a distributed way:

Qi[k]x̂i[k] =
1

N

∑
j∈I

(
λjP[k]

1−
∑

l∈Nj
λjl [k]

)
Pj [k]−1x̄j [k], (5.15)

where the right hand side of (5.15) can be computed using standard dynamic consensus

tools with local inputs

(
λj
P[k]

1−
∑

l∈Nj
λj
l [k]

)
Pj [k]−1x̄j [k].
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Proposition 16. Consider the same setting as in Proposition 15. Moreover, let θ̄ = 1.

Then, the update rule in eq. (5.14) leads to limk→∞ ∥x̂i[k]− x̂[k]∥ = 0.

Proof. First, let λ∗i = 1
N

(
λi
P

1−
∑

j∈Ni
λi
j

)
, where λiP and λij come from (5.12) in equilibrium

at agent i ∈ I. Then,

Q[k]∗ ⪯
N∑

j=1

λ∗jPj [k]−1. (5.16)

and
∑N

j=1 λ
∗
j ≤ 1 with λ∗j ≥ 0. Moreover, if Assumption 3 is satisfied, (5.16) is complied

with equality. Now, note that Lemma 14 implies that in equilibrium all agents are in

consensus at Qi[k] = Q∗ with constant Q∗ = Q∗[K]. Moreover, due to the constraints in

(5.12): Qi[k]= Q∗ ⪯ λiPPi[k]−1 +
∑

j∈Ni
λijQ

∗ implies Q∗
(
−
∑

j∈Ni
λij

)
⪯λiPPi[k]−1. Now,

dividing by 1−
∑

j∈Ni
λij and applying a summation over all agents in the previous relation:

NQ∗ ⪯
∑N

i=1

(
λi
P

1−
∑

j∈Ni
λi
j

)
Pi[k]−1 which reduces to (5.16) by the definition of λ∗i . Now,

note that 0 ≤ λiP ≤ 1 −
∑

j∈Ni
λij implying λ∗i ≥ 0 and as a result that λ∗i ≤ 1/N. Hence,∑N

j=1 λ
∗
j ≤ 1. In addition, if Assumption 3 is satisfied, the all previous inequalities are

interchanged with equalities.

As a result, the proof of the proposition follows by noting that (5.16) is satisfied with

equality as well as Theorem 12 ensuring limk→∞ ∥Qi[k]−Q∗[k]∥ = 0.

The results of Proposition 15 and 16 lead to a novel distributed Kalman filter with

the following four steps: at instant k and given x̂i[k − 1], P̂i[k − 1], each node (i) pre-

dicts x̄i[k], P̄i[k] using the linear stochastic dynamics x[k] = Ax[k − 1] + w[k], with w[k] a

zero-mean Gaussian noise with covariance W; (ii) exchanges of x̄i[k], P̄i[k],Qi[k − 1] with

neighbors i ∈ Ni; (iii) uses Algorithm 9 to obtain Qi[k], which is employed as the new

covariance matrix to be updated; (iv) updates the predictions using (5.14) and the Kalman

filter update equations using the measurements yi[k] = Hixi[k−1]+vi[k], with vi[k] a zero-

mean Gaussian noise with covariance Vi, obtaining x̂i[k], P̂i[k]. We refer to [Olfati-Saber,

2007b,Sebastián et al., 2021c] for the explicit expressions for the prediction and correction

steps of distributed Kalman filtering. It is interesting to remark that, even though Eq.

(5.14) is similar to a batch version of CI, it is not since it incorporates information from

all nodes through Q∗[k], λ∗j , which are computed using Algorithm 9. Hence, while existing

methods are limited to local CI, our method can calculate a global CI once Algorithm 9

has converged.

5.7 Illustrative examples

In this section, we simulate the proposed methods to illustrate their properties.
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Figure 5.2: (left) Convergence of the estimates ŝi(t) which reach consensus towards s(x(t)) at t ≈ 0.05,

with zoom in t ∈ [0, 0.06]. Moreover, the evolution of the surface s(x(t)) towards achieving x(t) ∈ C is

shown. (right) Evolution of the trajectories λi(t) = xi(t)
2/N which converge towards the global optimal

values of (5.1) asymptotically, up to error less than ε = 0.05.

5.7.1 Continuous-time algorithm

We assume that each agent reads a noisy measurement from a sensor with covariance

matrix {Pi}Ni=1. For the sake of generality, we set Pi = M⊤
i Mi where Mi was drawn with

uniformly distributed components. The purpose of each agent i is to compute Nλi,P(λ)

from xi(t)
2, Q̂i(t)

−1. We choose f(Q(x)) = tr(Q(x)−1) as a performance index.

All the differential equations, namely, (5.4) and ẋi(t) = ui(t) under (5.5), where sim-

ulated using the forward Euler method with time step ∆t = 10−4. In the sake of inter-

pretability, we set n = 2 and a graph G of N = 6 agents with edges

F = {(1, 4), (1, 5), (2, 4), (2, 6), (3, 6), (5, 6)}.

In addition, we set ε = 0.05 as well as Tc = 1, q = 1/2, b = 0.1, b = 1.1, κC = 0.1, κs = κQ =

10, ζQ = ζs = 1, ζg = 4. Figure 5.2a shows the local estimates ŝi(t) which reach consensus

towards the global value of s(x(t)) at t ≈ 0.05, occurring before t = Tc = 1, which is a con-

servative prescribed convergence time bound.

-2 -1 0 1 2
-2

-1

0

1

2

Ě

E(Q(x(Tc + Tε))
−1)

E(Q(x(30))−1)

Figure 5.3: Ellipses {E(Pi)}Ni=1 (shown in grey) as

well as E(Q(x(t))−1) with t = Tc + Tε (blue) and

t = 30 (red).

After t = Tc, s(x(t)) increases until it

reaches s(x(t)) = 1 − ε, which means that

x(t) ∈ C from t ≥ Tc + Tε with Tε ≈ 0.57.

Figure 5.2b shows that, once x(t) ∈ C, then,

the trajectories of λi(t) = xi(t)
2/N con-

verge towards the global minimizer of (5.2)

which corresponds to λ∗1 = λ∗2 = λ∗3 = λ∗4 =

0, λ∗5 = 0.6582, λ∗6 = 0.3418 in this example,

up to some error less than ε = 0.05. Finally,

Figure 5.3 show the ellipses {E(Pi)}Ni=1 as

well as E(Q(x(t))−1) with t = Tc + Tε and

t = 30, which shows that E(Q(x(t))−1) ⊃ Ě
in both cases, but the latter case leads to a

tighter outer LJ ellipse.

Moreover, we evaluate the time it takes for the agents to reach consensus Tcons and

Tε by repeating the same experiment as before with a circular graph G of N = 10 and
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20 agents and with n = 2 and 4. We set κs, κQ, ζs, κQ the same in all cases, adjusted

accordingly to account for ℓ, λG in both networks as required in Theorem 12. The results

are summarized in Table 5.2 where it is observed that Tcons increases with N as expected

from [Aldana-López et al., 2019]. On the other hand, Tcons is similar as before when n is

increased. The reason is that (5.4) is executed in parallel for each component of Q̂i(t) such

that there is no influence of n in the protocol convergence itself. Note that Tε is similar

in all cases since once consensus has been reached, the system is equivalent to (5.6) which

does not depend on N, n for x(t) /∈ C.

N ℓ λG n Tcons [s] Tε [s]

10 9 0.3819
2 0.0371 0.169

4 0.0368 0.172

20 19 0.0978
2 0.085 0.170

4 0.088 0.181

Table 5.2: Values for the consensus and feasible region reaching times Tcons, Tε, for a circular graph with

N nodes.

5.7.2 Discrete-time with constant inputs

First, we evaluate Algorithm 9 in the static case, i.e., Pi[k] = Pi ∀i ∈ I. We gen-

erate a random connected graph G of N = 6 nodes, leading to the following edge set:

F = {(1, 2), (1, 3), (1, 5), (2, 4), (2, 5), (2, 6)}. Input matrices are of dimension n = 2, and

they are initialized as Pi = L⊤
i Li, where the elements of each Li are randomly generated

using a uniform distribution between −1 and 1. The resulting ellipses are characterized by

the following matrices:

P−1
1 =

(
4.6 −3.8

−3.8 4.2

)
P−1

2 =

(
1.5 −0.2

−0.2 2.0

)
P−1

3 =

(
9.5 0.4

0.4 2.3

)

P−1
4 =

(
2.8 −2.2

−2.2 4.5

)
P−1

5 =

(
11.0 7.9

7.9 6.7

)
P−1

6 =

(
11.5 −3.9

−3.9 3.1

)
Since the input ellipsoids are constant, we set θ̄ = 1. Also, let qi1[k] ≤ qi2[k] ≤ . . . ≤ qin[k]

the sorted eigenvalues of Qi[k] and q∗1[k] ≤ q∗2[k] ≤ . . . ≤ q∗n[k] the sorted eigenvalues of

Q∗[k].

Fig. 5.4 shows the evolution of the estimates at each node with time. To measure

the difference between Qi[k] and Q∗ we compute the absolute error between their sorted

eigenvalues as |qij [k] − q∗j | ∀j ∈ {1, . . . , n} and ∀i ∈ I. We can observe how the estimates

converge in finite time to the global optimum of the centralized outer Löwner-John method,

with K = 3. By focusing on node i = 1, we can see how the estimates are refined at each

time step, reaching the global optimum at k = 2. The value of K depends on the topology

and how the input ellipsoids are across the network. However, for any case, the global

minimum is perfectly attained in finite time.
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Figure 5.4: Illustrative example of Algorithm 9 applied to a static problem. At each time step, the error

between the eigenvalues of the global optimum matrix and the local estimates |qij [k] − q∗j | decreases until

the error becomes zero in finite time (in this case, K = 3). The top left pannel shows the initial ellipsoids

at each node and the optimal solution from the original centralized Löwner-John method. The top right

pannel shows, for node 1, its estimate after using Algorithm 9 at k = 1 and the ellipsoids exchanged with its

neighbors. The bottom right pannel depicts the estimate at node 1 and k = 2 after using again Algorithm

9, depicting that node 1 already recovers the desired Q∗. The bottom left pannel depicts the evolution of

the error with time for all the nodes.

5.7.3 Discrete-time with dynamic inputs

For the dynamic case where the input matrices evolve with time, we use the same graph

from Subsection 5.7.2. We use the same initial ellipsoids of Section 5.7.2 and apply a

different oscillatory rotation to each of them at each time step. In particular, we set

Pi[k] = (1+ϕi[k])Ri[k]⊤Pi[0]Ri[k] where Ri[k] is a 2D rotation matrix with rotation angle

ψi[k] = A sin(ωik), and ϕi[k] = B sin(ωik). We choose A = π
25 , B = 1

200 and ωi ∈ [1, 2]. It

can be shown that θ̄ = 1
0.98 complies Assumption 2.

Fig. 5.5 depicts the evolution of the error between the eigenvalues of the global optimum

matrix and the average of the local estimates |q̃j [k] − q∗j | with time, where it holds that

q̃j [k] = 1
N

∑N
i=1 q

i
j [k]. It is observed the error trajectories converge in finite-time to some

bounded region around the global optimum after a transient, which is maintained invariant

for the rest of the experiment, consistent with the sub-optimality result in Theorem 12.

5.7.4 Application example: distributed Kalman filtering

We compare the our novel distributed Kalman filter developed in Section 5.6 with the

consensus distributed Kalman filter in [Olfati-Saber, 2007b] (CDKF) and the equivalent

centralized Kalman filter that we obtain by collecting all the measurements acquired by each

node at a central server, fusing them and using a standard Kalman filter [Kalman, 1960].

The former serves as a comparison with an establish distributed Kalman filter whereas the

latter serves as a baseline. We run 100 simulations with randomly generated connected

graphs of N = 50 nodes. The target system is the same in [Sebastián et al., 2021c], and the
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Figure 5.5: Illustrative example of Algorithm 9 applied to a dynamic problem. The plot depicts the time

evolution of the error between the eigenvalues of the global optimum matrix and the average of the local

estimates |q̃j [k]− q∗j |, for j ∈ {1, 2}.

Figure 5.6: Evolution of the averaged mean square error with time for our novel distributed Kalman filter,

the CDKF and the equivalent centralized Kalman filter.

ellipsoids are of n = 4. We replicate the experimental setting reported in [Sebastián et al.,

2021c], choosing x̄i[0], P̄i[0] randomly. We set W = 2× 10−8I and Vi = µiI with µi drawn

from a uniform distribution between 0.03 and 0.05.

Fig. 5.6 reports the average of the mean square error across nodes and simulation runs

for the two distributed Kalman filters: MSE[k] = 1
100

∑100
s=1

1
N

∑N
i=1 ||x̄s

i [k] − xs[k]||2. Our

proposed algorithm surpasses CO-DKF by exploiting a better approximation of the true

fused covariance matrix under known correlations: while our approach tracks the global

minimum across all the nodes, CO-DKF only computes the outer approximation of the

intersection of the neighboring ellipsoids. The difference between both approximations is

greater for larger and sparser networks.

5.8 Conclusions

In this chapter, we have focused on a fundamental question: Is it possible to compute

the equivalent centralized optimum of the outer Löwner-John ellipsoid method across the
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network using distributed techniques? We have found that the answer is yes. To address

this challenge, we have developed two novel distributed algorithms.

The first is a continuous-time algorithm designed for static scenarios where the ellip-

soids at each node remain constant over time. This algorithm provides a theoretical foun-

dation for understanding the problem and its potential solutions, exploiting fundamentals

on project gradient flow methods and exact dynamic consensus. However, it has limitations

in terms of applicability to dynamic, real-world situations, where the computation units

work at discrete steps.

To overcome these limitations, we have also developed a second algorithm: a discrete-

time algorithm capable of handling both static and time-varying ellipsoids. This algorithm

is particularly well-suited for sensor fusion applications, as demonstrated in the chapter.

It allows robots to estimate global properties of the system, such as the shape of a herd

(Chapter 2) or the collective uncertainty of a sensor network, by exchanging information

only with their neighbors. The discrete-time algorithm achieves this by reformulating the

centralized outer Löwner-John method into a local semi-definite program. Robots then

exchange and scale their estimates of the global optimum with their neighbors. In static

problems, this process leads to perfect recovery of the global optimum in finite time. In

dynamic problems, the algorithm tracks the global optimum in finite time with bounded

accuracy.

We have provided a rigorous theoretical analysis of both algorithms, proving their con-

vergence properties. Additionally, we have conducted numerical experiments to illustrate

their effectiveness in practice. The results confirm that our distributed algorithms can

achieve the same level of accuracy as the centralized method, while also offering the advan-

tages of scalability and robustness.
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Chapter 6

Learning Distributed Multi-robot

Interactions exploiting Physics

The methods derived in Part I and II offer improved performance in distributed multi-

robot problems. However, something that we have not discussed so far is how to obtain

the dynamical models subsequently exploited by the distributed estimation and control

techniques to achieve the desired goals. For instance, the Implicit Control presented in

Chapter 2 requires an analytical model of the behavior of the evaders. In general, it turns

our that the complexity of describing mathematically the objective and constraints in many

of multi-robot problems makes the design of analytical controllers a challenging task. To

address this issue, there exist two fundamental approaches:

• Multi-agent reinforcement learning [Matarić, 1997, Matignon et al., 2007, Matignon

et al., 2012,Munikoti et al., 2023,Serra-Gómez et al., 2023] addresses this issue by only

requiring a high-level mathematical specification of the task (the reward function),

which is commonly available.

• Imitation learning [Jiahao et al., 2022, Bloembergen et al., 2015, Khan et al., 2020,

Tolstaya et al., 2020,Tolstaya et al., 2021,Yang and Matni, 2021,Gama et al., 2022,

Furieri et al., 2022b,Han et al., 2020,Shi et al., 2020,Long et al., 2018,Semnani et al.,

2020, Dasari et al., 2020, Bogert and Doshi, 2018, Zhu et al., 2021, Zhou et al., 2019]

addresses this issue by exploiting information from expert demonstrations of the task.

A fundamental limitation of existing approaches in both formulations is the poor scala-

bility they offer against increasing and time-varying numbers of robots. Centralized control

policies do not scale whereas independent control policies neglect the information that other

robots can offer. How to design and train control policies based on neural networks that

are distributed and use all the available information is still an open problem [Lo et al.,

2023,Qu et al., 2022,Munikoti et al., 2023].

The main contribution of this chapter is a novel distributed and scalable by design

neural network architecture to describe multi-robot control policies. This is achieved by

137
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combining a physics-informed port-Hamiltonian description of the multi-robot system with

self-attention. The former naturally encodes the distributed nature of the policy and re-

spects the energy conservation laws of the individual dynamics of the robots. The latter

handles the information coming from communication or perception in time-varying neigh-

borhoods.

6.1 Related work

The learning of distributed interactions for multi-robot control deals with two challenges.

The first challenge is the mathematical formulation of the problem, where we must

consider the task and the constraints inherited from the cooperative-competitive nature of

the multi-robot team. To address this, recent works exploit machine learning and focus on

learning control policies for optimal control or reinforcement learning problems [Bloember-

gen et al., 2015, Long et al., 2018, Semnani et al., 2020]. When demonstrated data from

an expert are available, inverse reinforcement learning [Ng et al., 2000] can be used to

learn centralized [Dasari et al., 2020, Bogert and Doshi, 2018] or distributed [Han et al.,

2020, Gharbi et al., 2023] policies from task demonstrations. However, finding experts for

multi-robot applications is difficult. It is also possible to apply supervised learning ap-

proaches to learn multi-robot control policies [Zhu et al., 2021, Zhou et al., 2019], but,

again, collecting labeled trajectories is hard.

The second challenge is that the learning and execution of control policies for multi-

robot systems should scale favorably with an increasing numbers of robots. Learning a

joint policy function is challenging due to the exponential growth of the state and action

space [Qu et al., 2020]. Attention mechanisms are widely used in multi-agent reinforce-

ment learning problems [Zambaldi et al., 2018,Iqbal and Sha, 2019,Li et al., 2020a,Parnika

et al., 2021] to enhance the performance of centralized training settings where the agents

are isolated from each other and do not consider communication during deployment. Graph

neural networks [Munikoti et al., 2023] have been utilized as a stable [Marino et al., 2023],

scalable and communication-aware policy representation in path planning, coverage, explo-

ration, and flocking problems [Li et al., 2021a,Khan et al., 2020,Tolstaya et al., 2020,Tol-

staya et al., 2021, Yang and Matni, 2021, Gama et al., 2022]. These approaches assume

discrete robot dynamics, fixed or known communication topology, or prior knowledge on

the formulation of the control policy.

6.2 Problem formulation

Consider a team of robots, indexed by V = {1, . . . , n}. The robot team motion is governed

by known continuous-time control-affine stochastic dynamics:

ẋ(t) = f(x(t),u(t)) + Lω(t), (6.1)
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where x(t) = [(x1(t))⊤, . . . , (xn(t))⊤] ∈ X ⊆ Rn×nx is the joint state of the robot team at

time t ≥ 0, with xi(t) the state of robot i at time t. On the other hand, we define the

joint input as u = [(u1(t))⊤, . . . , (un(t))⊤] ∈ U ⊆ Rn×nu , with ui(t) the input of robot i at

time t. The term ω(t) is white noise modeling the uncertainty in the robot sensors and

actuators and Ξ = LL⊤ is the noise diffusion matrix. Let {tτ}∞τ=0 be a sequence of discrete

time instants such that tτ+1 − tτ = T > 0 and assume zero-order hold inputs such that

u(t) = u(tτ ), ∀t ∈ [tτ , tτ+1). Then, from Eq. (6.1), we can obtain an Euler discretization

of the dynamics with discrete-time state sτ = x(tτ ), action aτ = u(tτ ), and dynamics:

sτ+1 = sτ + T f(sτ ,aτ ) + nτ , (6.2)

where nτ is zero-mean Gaussian noise with covariance TΞ. We will formulate the dynam-

ics f using port-Hamiltonian mechanics as its modularity in terms of energy effectively

describes the networked interactions in a robot team.

The multi-robot task and the interactions among the robots are modeled as a Markov

Decision Process (MDP), defined as a tuple (X ,U , p, r, γ). In the tuple, p : X ×X ×U → R
is the probability density of the next joint state sτ+1 conditioned on the current joint state

sτ and joint action aτ , r : X × U → [rmin, rmax] is a reward function encoding the objectives

of the multi-robot task, and γ ∈ (0, 1) is the discount factor. Whereas the robot dynamics

are formulated in continuous time, the MDP is formulated in discrete time based on the

zero-order hold discretization in Eq. (6.2). Accordingly, p(sτ+1|sτ ,aτ ) is a Gaussian density

with mean sτ + T f(sτ ,aτ ) and covariance TΞ.

The robots interact in a distributed manner, described by a time-varying undirected

graph Gτ = (V, Eτ ), where Eτ ⊆ V × V is the set of edges. An edge (i, j) ∈ Eτ exists when

robots i and j interact at time τ . Let Aτ ∈ {0, 1}n×n be the adjacency matrix associated

to Gτ , such that [Aτ ]ij = 1 if and only if (i, j) ∈ Eτ , and 0 otherwise. The set of k-hop

neighbors of robot i at time τ is N i,k
τ = {j ∈ V | [Ak

τ ]ij ̸= 0}, where Ak
τ is the k-th power

of matrix Aτ . We remark that N i,k
τ includes robot i.

The goal is to learn distributed control policies that solve a given multi-robot task, such

that they respect the networked structure of the multi-robot team and the MDP model.

We represent the policies as stochastic Markov control policies that depend on the k-hop

neighbors of robot i:

aiτ ∼ πθ

(
aiτ |siN i,k

τ

)
. (6.3)

Here, si
N i,k

τ
= {sjτ |j ∈ N i,k

τ } denotes the states of robot i and its k-hop neighbors, and

θ denotes the control policy parameters. The use of a stochastic Markov policy is not

only motivated by the MDP model but also by the fact that distributed control policies

are prone to uncertainty from the communication-perception modules, control goals, and

interaction with the environment. We assume that the policy in Eq. (6.3) is the same for

all the robots. The joint control policy of all the robots is denoted by

Πθ = [π⊤
θ

(
a1τ |s1N 1,k

τ

)
, . . . ,π⊤

θ

(
anτ |snNn,k

τ

)
]⊤.

Learning a distributed control policy πθ that solves a certain multi-robot task is equiv-

alently posed as learning the parameters θ such that πθ maximizes the expected sum of
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rewards over time, i.e.,

max
θ

QΠθ
(s,a) = (6.4)

max
θ

Esτ∼pEaτ∼Πθ(·|sτ )

[ ∞∑
τ=0

γτr(sτ ,aτ )|s0 = s,a0 = a

]
.

In Eq. (6.4), the function QΠθ
(s,a) is known as the action-value (Q) function associated

with the policy Πθ [Buşoniu et al., 2010].

We do not make any assumptions on the reward function or action-value function, such

as a specific factorization [Qu et al., 2020,Qu et al., 2022]. The purpose of this work is to

design a control policy that maximizes QΠθ
(s,a) and enforces the distributed factorization

expressed in Eq. (6.3).

6.3 Physics-informed multi-agent reinforcement learning

In this section, we present a novel physics-informed multi-agent reinforcement learning

approach to find distributed control policies that solve multi-robot tasks as defined in

Eq. (6.4), under the restrictions on the robot dynamics and available information defined

in Eq. (6.3). Our formulation is done in continuous time, following the continuous-time

definition of the robot dynamics in Eq. (6.1). Later, zero-order hold control is used to utilize

a discrete-time version of the control policies in the reinforcement learning algorithm. To

simplify the notation, we omit the time dependence of the states x and controls u.

6.3.1 Port-Hamiltonian dynamics for multi-robot energy conservation

Port-Hamiltonian mechanics are a general yet interpretable modeling approach for learning

and control. On the one hand, many physical networked systems can be described as a port-

Hamiltonian system [Furieri et al., 2022b] using the same formulation and with a modular

and distributed interpretation. Meanwhile, the port-Hamiltonian description allows to

derive general energy-based controllers with closed-loop stability guarantees. Since robots

are physical systems that satisfy Hamiltonian mechanics, we model each robot as a port-

Hamiltonian system [Van Der Schaft et al., 2014]:

ẋi =
(
Ji(xi)−Ri(xi)

) ∂H i(xi)

∂xi
+ Fi(xi)ui, (6.5)

where the skew-symmetric interconnection matrix Ji(xi) represents energy exchange within

a robot, the positive semi-definite dissipation matrix Ri(xi) represents energy dissipation,

the Hamiltonian H i(xi) represents the total energy, and the matrix Fi(xi) is the input

gain.

The interconnection of port-Hamiltonian systems leads to another port-Hamiltonian

system [van der Schaft, 2004]. Therefore, if the control and state of each robot are consid-

ered as input and output energy ports, then, due to the modularity of port-Hamiltonian
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dynamics, the multi-robot system with joint state x also follows port-Hamiltonian dynam-

ics:

ẋ = (J(x)−R(x))
∂H(x)

∂x
+ F(x)u, (6.6)

where J(x), R(x), and F(x) are block-diagonal:

J(x) = diag
(
J1(x1), . . . ,Jn(xn)

)
,

R(x) = diag
(
R1(x1), . . . ,Rn(xn)

)
,

F(x) = diag
(
F1(x1), . . . ,Fn(xn)

)
,

(6.7)

and H(x) =
∑n

i=1H
i(xi). It is noteworthy that the expression in Eq. (6.6) is control-

affine and follows Eq. (6.1), with f(x,u) = h(x) + g(x)u, h(x) = (J(x)−R(x)) ∂H(x)
∂x ,

g(x) = F(x), and L = 0 since we are considering a deterministic setting for now.

Without control, the trajectories of the open-loop system in (6.6) would follow the

dynamics of the robots in the absence of interactions with the environment or other robots.

The dynamics need to be controlled by a policy in order to accomplish the desired task. We

propose to design a control policy µθ(x) and, then, obtain the desired policy in Eq. (6.3).

Policy µθ(x) is designed using an Interconnection and Damping Assignment Passivity-

Based Control (IDA-PBC) approach [Van Der Schaft et al., 2014], which injects additional

energy in the system through the control input u to obtain closed-loop dynamics that

achieve the desired task:

ẋ = (Jθ(x)−Rθ(x))
∂Hθ(x)

∂x
, (6.8)

with Hamiltonian Hθ(x), skew-symmetric interconnection matrix Jθ(x), and positive semi

definite dissipation matrix Rθ(x), which depend on the control policy µθ(x). By matching

the terms in (6.6) and (6.8), one obtains the joint policy:

u = Πθ(x) = (6.9)

F†(x)

(
(Jθ(x)−Rθ(x))

∂Hθ(x)

∂x
−(J(x)−R(x))

∂H(x)

∂x

)
,

where F†(x) =
(
F⊤(x)F(x)

)−1
F⊤(x) is the pseudo-inverse of F(x).

If the robots are fully-actuated, i.e., F(x) is full-rank, then the input u in (6.9) exactly

transforms the open loop system in (6.6) to the closed-loop system in (6.8). For under-

actuated systems, the transformation may not be exact [Blankenstein et al., 2002]. Being

able to maximize QΠθ
is, hence, related to whether the robot configurations that solve the

task are realizable by the class of control policies in (6.9). Even if goals of the task are not

realizable, the policy parameters θ may still be optimized to achieve a behavior as good as

possible to solve the task.

Let [Jθ(x)]ij and [Rθ(x)]ij denote the nx×nx blocks with index (i, j), representing the

energy exchange between robot i and j and the energy dissipation of robot i caused by

robot j, respectively. Since the input gain F(x) in (6.7) is block-diagonal, the individual

control policy of robot i is:

µθ(x) = (Fi)†(xi)

(∑
j∈V

([Jθ(x)]ij − [Rθ(x)]ij)
∂Hθ(x)

∂xj
−
(
Ji(xi)−Ri(xi)

) ∂H i(x)

∂xi

)
.

(6.10)
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Note that the individual control policy µθ(x) in (6.10) does not necessarily respect the hops

in the communication network as desired in (6.3) because it depends on the structure of

Jθ(x), Rθ(x), and Hθ(x). In Sec. 6.3.2, we impose conditions on these terms to ensure that

they respect the communication topology and are skew-symmetric, positive semi-definite

and positive respectively, as required for a valid port-Hamiltonian system and to find a

policy µθ that only depends on the k-hop neighbors.

6.3.2 Self-attention parameterization to enforce communication patterns

We seek to learn distributed control policies that follow the structure of Eqs. (6.9)-(6.10)

and (i) scale with the number of robots, (ii) handle time-varying communication and (iii)

guarantee the port-Hamiltonian constraints. To do so, we first derive conditions on the port-

Hamiltonian terms of the controller, Jθ(x), Rθ(x) and Hθ(x), which are the terms to be

learned from the reinforcement learning experience. Then, we develop a novel architecture

based on self-attention to ensure that the learned control policies guarantee the desired

requirements. We summarize the overall neural network architecture in Fig. 6.1.

To respect the robot team topology defined by the graph G, we first impose Jθ(x) and

Rθ(x) to be block-sparse,

[Jθ(x)]ij = [Rθ(x)]ij = 0, ∀j /∈ N i,k. (6.11)

From the perspective of robot i, this means that the controller only considers information

from its k-hop neighbors. Moreover, we require that the desired Hamiltonian factorizes

over the k-hop neighborhoods:

Hθ(x) =

n∑
i=0

H i
θ(xi

N i,k), (6.12)

with xi
N i,k = {xj |j ∈ N i,k}. The factorization in (6.12) ensures that each robot i can

calculate
∂Hθ(x)

∂xi
=
∑

j∈N i,k

∂Hj
θ(xj

N j,k)

∂xi
(6.13)

by gathering ∂Hj
θ(xj

N j,k)/∂xi from its k-hop neighbors. Then, the control policy µθ of

robot i becomes:

µθ(x) = (Fi(xi))†
( ∑

j∈N i,k

([Jθ(x)]ij−[Rθ(x)]ij)
∂Hθ(x)

∂xj
−
(
Ji(xi)−Ri(xi)

) ∂H i(x)

∂xi

)
.

(6.14)

Imposing the requirements in (6.11)-(6.12) is a first step towards making the control

policy in (6.14) distributed. Note that the terms [Jθ(x)]ij and [Rθ(x)]ij might still depend

on the joint state vector x even though the sum runs over the k-hop neighbors in N i,k.

Next, we discuss how to remove this dependence and achieve a similar factorization as

(6.12).
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Figure 6.1: Physics-informed policy parameterization. At each instant, robot i receives state information

from its neighbors, typically associated to a perception or communication radius. Then, three self-attention-

based modules, each one associated to a component of the desired closed-loop port-Hamiltonian dynamics

([Rθ(x)]ij , [Jθ(x)]ij , H
i
θ(x)), uses the information from the neighbors to compute the parameters of the

IDA-PBC policy, which is then used to execute the desired control action.

First, we model [Jθ(x)]ij , [Rθ(x)]ij , and H i
θ(x) in Eq. (6.14) with the parameters θ

shared across the robots, so that the team can handle time-varying communication graphs.

Specifically, we propose a novel architecture based on self-attention [Vaswani et al., 2017].

Self-attention layers extract the relationships among the inputs of a sequence by calculat-

ing the importance associated to each input using an attention map. The length of the

sequences can vary as the number of parameters of the self-attention is constant with the

number of inputs. Our key idea is to consider the self and neighboring states as the se-

quence, where each neighbor’s state is an input. We now detail how to model each of the

port-Hamiltonian terms.

To learn [Rθ(x)]ij , robot i will use, at instant t, the state xj from all k-hop neighbors

j ∈ N i,k. The sequence of states is given by xi
N i,k . The proposed architecture is composed

by a sequence of layers, indexed using the subscript w = 1, . . . ,W . Following a self-attention

mechanism, each layer computes the operations presented below:

Qi
1 = AR

1 x
i
N i,k , K

i
1 = BR

1 x
i
N i,k , V

i
1 = CR

1 x
i
N i,k

Yi
1 = χ

(
softmax

(
β(Qi

1)β((Ki
1)

⊤)√
|N i,k|

)
β(Vi

1)

)
,

Xi
1 = ψ(DR

1 Y
i
1),

...

Qi
w = AR

wX
i
w−1, K

i
w = BR

wX
i
w−1, V

i
w = CR

wX
i
w−1

Yi
w = χ

(
softmax

(
β(Qi

w)β((Ki
w)⊤)√

|N i,k|

)
β(Vi

w)

)
,

Xi
w = ψ(DR

wY
i
w),

(6.15)

where β(·), χ(·), and ψ(·) are nonlinear activation functions. In the aforementioned op-

erations, AR
w ,B

R
w ,C

R
w ∈ Rrw×hw and DR

w ∈ Rnx×rw for w = 1, . . . ,W are matrices to be
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learned and shared across robots; and hw, rw, dw > 0, with dW = nx and h1 = nx for valid

matrix multiplications. Matrices AR
w ,B

R
w ,C

R
w are of fixed size, so they are independent of

the number of robots and neighbors. Thus, robot i can deal with time-varying neighbors.

In particular, AR
1 ,B

R
1 ,C

R
1 transforms the states to features encoded in the query Qi

1, key

Ki
1 and value Vi

1 matrices. Then, [Rθ(x)]ij is constructed as a weighted matrix that models

the interactions of robot i with its k-hop neighbors, and a diagonal positive semi-definite

matrix that accounts for the self-interactions:

ZR
ij = diag(xi,j

W ),

[Rθ(x)]ij = −(ZR
ij + ZR

ji), ∀j ∈ N i,k,

[Rθ(x)]ii = ZR
ii +

∑
j∈N i,k

(ZR
ij + ZR

ji),
(6.16)

where xi,j
W is the column that corresponds to neighbor j in Xi

W , and diag(·) is the operator

that reshapes the nx × 1 vector to a nx × nx diagonal matrix. If the nonlinear activation

function ψ(·) is designed such that the elements of the output Xi
W are positive, then ZR

ij is

a diagonal positive semi-definite matrix and Rθ(x) is a diagonally dominant matrix. This

way, Rθ(x) is positive semi-definite by design. In fact, note the similarities between (6.16)

and a weighted Laplacian matrix. More importantly, each element [Rθ(x)]ij depends only

on the information from robot i and its neighbor j, so the computation is distributed.

To learn [Jθ(x)]ij , we follow the same steps in (6.15), with parameters AJ
w,B

J
w,C

J
w,D

J
w

instead of AR
w ,B

R
w ,C

R
w ,D

R
w , to obtain encodings ZJ

ij instead of ZR
ij . Due to the reciprocal

communication between robots i and j, we enforce the skew-symmetry of Jθ(x) by:

[Jθ(x)]ij = ZJ
ij − ZJ

ji ∀j ∈ N i,k. (6.17)

Since [Jθ(x)]ii = 0, the interconnection matrix is such that Jθ(x)+J⊤
θ (x) = 0 and, thus, is

skew-symmetric by design. Again, each element [Jθ(x)]ij depends only on the information

from robot i and its neighbor j, so the computation is distributed.

Finally, to learn H i
θ(xi

N i,k), we represent it as follows:

H i
θ(xi

N i,k) = vec(xi
N i,k)⊤Mi

θ(xi
N i,k)vec(xi

N i,k) + U i
θ(xi

N i,k). (6.18)

The first term in the right-hand side of Eq. (6.18) is a kinetic-like energy function and the

second terms is a potential energy function with

Mi
θ(xi

N i,k) = diag(1⊤ZM
i ) and U i

θ(xi
N i,k) = 1⊤ZU

i 1.

The encodings ZM
i and ZU

i are calculated using the same steps in (6.15), with parameters

AM
w , BM

w , CM
w , DM

w and AU
w , BU

w , CU
w , DU

w , respectively. Once we have H i
θ(xi

N i,k), we

obtain ∂Hj
θ(xj

N j,k)/∂xi from all the neighboring robots and compute Eq. (6.13). Therefore,

since all the operations are only dependent on the available information in robot i and its

neighbor j, the computations involving the Hamiltonian function are distributed by design.

To deploy the control policy (6.14), we design a message mi,j
τ , encoding information

that robot i needs from robot j at time τ to calculate [Jθ(x)]ij , [Rθ(x)]ij , and H i
θ(x). When

there is no communication among robots, i.e., k = 0, no message is needed. For k ≥ 1,

robot i uses the following communication protocol:
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Figure 6.2: Overview of our physics-informed soft actor-critic multi-agent reinforcement learning approach.

The main differences with respect of other actor-critic methods are the following: (a) the actor is the multi-

robot network modeled as a port-Hamiltonian system and with a policy given by a self-attention-based

IDA-PBC; (b) the replay buffer not only stores action, states and reward, but also the graph structure

of the multi-robot network to enforce the desired distributed structure; (c) the reward is global because

the actor is the whole multi-robot team and the physics-informed parameterization already conditions the

policy on the graph structure of the team; (d) the output of the critic is shared across robots and the policy

parameters are the same for all robots, so for the same critic gradient step, n policy gradient steps are

taken.

1. Robot i receives messages mi,j
τ,1 = xj from its k-hop neighbors in N i,k. Then, robot

i computes ZR
ij , ZJ

ij , H
i
θ, and ∂H i

θ/∂xj .

2. Robot i receives messages mi,j
τ,2 = {∂Hj

θ/∂xi,Z
R
ji ,Z

J
ij} from its k-hop neighbors in

N i,k and computes ∂Hθ/∂xi, [Jθ]ij , [Rθ]ij .

3. Robot i receives messages mi,j
τ,3 = ∂Hθ/∂xj from its k-hop neighbors in N i,k and

computes the control input ai.

In summary, each robot i receives a message mi,j
τ = [mi,j

τ,1,m
i,j
τ,2,m

i,j
τ,3] in 3 communication

rounds from its neighboring robot j. We assume negligible delays between communication

rounds. If the delay is large, Wang et al. [Wang et al., 2022] suggest to learn a function that

predicts quantities such as ∂Hθ(x)/∂xj , Z
J
ji, Z

R
ji , leading to one communication round. We

leave this for future work.

6.4 Physics-informed multi-robot soft actor-critic

The previous section describes how to parameterize the distributed control policies to be

learned. In this section, we present a soft actor-critic algorithm [Haarnoja et al., 2018b] to

train the self-attention port-Hamiltonian neural network, detailing the main features that

allow the integration of our physics-informed policy representation. The key components

are presented in Fig. 6.2, namely: (a) actor, (b) environment, (c) reward, and (d) critic.
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6.4.1 The actor

First, we model the actor with the port-Hamiltonian system detailed in Sec. 6.3.1 and we

use the IDA-PBC policy in Eq. (6.14) parameterized by the self-attention architecture pro-

posed in Sec. 6.3.2. The known robot dynamics are typically provided by the simulation

environments or the hardware specifications of the robots [Bettini et al., 2022]. Neverthe-

less, two aspects must be adapted to match the soft actor-critic formulation: (i) the MDP

formulation and the stochastic Markov policy are in discrete time while the robot dynam-

ics and the IDA-PBC are in continuous-time, and (ii) the actions in the soft actor-critic

method are stochastic while the port-Hamiltonian formulation is deterministic.

To address the continuous versus discrete time mismatch, we use the zero-order hold

control approach described in Sec. 6.2. More specifically, u(t) = aτ = µθ(x(tτ )) for t ∈
[tτ , tτ+1). This means that we can write the control policy as dependent on the discrete-

time state sτ rather than the continuous-time state x(tτ ), leading to µθ(sτ ) with the same

expression in Eq. (6.14).

To address stochasticity and maintain the desired distributed structure already derived

in Sec. 6.3.1 and 6.3.2, we model the distributed control policies as (squashed) Gaussian

distributions, whose mean is given by the IDA-PBC controller in (6.14), therefore respecting

the distributed policy factorization. Meanwhile, the variance of the policy distribution

is provided by a neural network that is learned during training. Overall, we obtain a

distributed and stochastic Markov control policy of the form:

aiτ ∼ πθ(aiτ |siN i,k
τ

) = tanh(µθ(siN i,k
τ

) + σϱ(aiτ , s
i
N i,k

τ
)ξ), (6.19)

where µθ(si
N i,k

τ
) is the IDA-PBC policy parameterized by self-attention neural networks

under the restrictions imposed by the networked structure of the robot team.

On the other hand, σϱ(aiτ , s
i
N i,k

τ
) is a vector of standard deviations given by a neural net-

work that approximates the variance of the squashed Gaussian distribution with parameters

ϱ. Besides, ξ ∼ N (0, I), so the control policy is a Gaussian distribution with mean µθ(si
N i,k

τ
)

and diagonal covariance matrix whose diagonal is equal to (σϱ(aiτ , s
i
N i,k

τ
))2. The control is

constrained to aiτ ∈ [−1, 1]nu by means of a tanh function [Haarnoja et al., 2018a,Haarnoja

et al., 2018c, Haarnoja et al., 2018b], leading to a squashed Gaussian policy. In practice,

the control input can be constrained to aiτ ∈ [amin, amax]nu with −∞ < amin ≤ amax < ∞
by scaling the output of the tanh function. It is also important to remark that σϱ(aiτ , s

i
N i,k

τ
)

only depends on the available information at each robot, such that the desired distributed

factorization of the control policy is preserved.

During training, the control inputs are sampled from the Gaussian distribution, as

stated in Eq. (6.3). After training, the mean control input is chosen, i.e., aiτ = tanh(µθ(si
N i,k

τ
)).

In the case that an additional layer of robust, adaptive or active control is desired, then

σϱ(aiτ , s
i
N i,k

τ
) can be used as a proxy of the uncertainty in the control policy, since it only

depends on the neighboring information at robot i. The design of σϱ(aiτ , s
i
N i,k

τ
) is free to

choose, but in this work we opt for the same architecture in Eq. (6.15).
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6.4.2 The environment

The second modification over the soft actor-critic algorithm is in the collection of expe-

riences from the environment. The main difference with other multi-agent reinforcement

learning works is that, to build the replay buffer that stores the trial and error experience

used for training the control policies, we take into account all the interactions among the

robots. Differently from centralized-training decentralized-deployment approaches, where

the experience of each agent is recorded independently of the other agents, we record for

each experience all the robot states, actions, and interaction graph together. Thanks to

that, we keep track of the correlation among robots during training. This also allows us to

condition the trained control policies on the available information at each robot, therefore

only providing the information robots will have access during deployment.

6.4.3 The reward

The reward function can be shared across robots and include global terms because the actor

is the whole multi-robot network. This is important because, from the perspective of the

soft actor-critic algorithm during training, the whole robot network is a single centralized

agent. Other state-of-the-art multi-agent reinforcement learning approaches (see Sec. 6.1)

require a factorization of the reward function because each agent is considered as an iso-

lated learning unit which does not exploit neighboring information during the execution

of the control policy. In contrast, in our approach the shared distributed control policy is

simultaneously learned at all the robots used in training, and since the experience records

the underlying communication graph, we can seamlessly associate global rewards with dis-

tributed cooperative control policies through communication. It is worth to note that, as

in any classical soft actor-critic approach, the maximization objective is changed to include

an entropy term H(Πθ(a|s)) that measures the entropy of the control policy. This entropy

term, weighted by a temperature parameter α > 0, trades off exploration (high value) and

exploitation (low value). The value of α changes over time according to a gradient descend

law which manages automatically the exploration/exploitation dichotomy.. The details of

this automatic temperature adjustment rule can be found in [Haarnoja et al., 2018b].

6.4.4 The critic

Finally, regarding the critic, its main purpose is to learn the action-value function of the

environment, encoded in QΠθ
(s,a). This approximation steers the training of the control

policy towards the maximization objective. Nevertheless and importantly, the critic is

only used during training. Thus, it is not necessary to design it to be distributed and an

existing centralized neural network architecture can be used. In this work, we opt for a

multi-layer perceptron with parameters ϑ to learn Qϑ,Πθ
(s,a). As with the reward, since,

from the perspective of the soft actor-critic algorithm, the single agent is the whole robot

network described by the port-Hamiltonian dynamics, a single centralized critic can learn

the appropriate action-value function to condition the training of the distributed control
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policy.

A shared centralized action value function implies that each optimization step considers,

simultaneously, all the policies gathered in the joint policy Πθ. Since the policies are

homogeneous, each optimization step is simultaneously updating the policy πθ n times.

This is achieved without any particular specification of the gradients nor factorization of the

action value function. This is one of the key properties and advantages of our proposed soft

actor-critic algorithm compared to other state-of-the-art algorithms. Typical multi-agent

reinforcement learning approaches, by factorizing the policy and/or the value functions,

arrive to a different set of policy parameters, one per agent used in training. In cooperative

tasks where the robots share the same goal, there should be a single policy that resolves

the task independently on the configuration of the robot. In our case, by appropriately

integrating the modular port-Hamiltonian description of the multi-robot system with the

soft actor-critic algorithm, we train a single distributed control policy which takes into

account the current available information at each robot. Using the soft actor-critic update

rules [Haarnoja et al., 2018c,Haarnoja et al., 2018b,Haarnoja et al., 2018a], the gradients

with respect to θ are, simultaneously for all the robots, already conditioned on the multi-

robot communication topology.

In conclusion, in contrast with other solutions, ours explicitly considers the exchanges

of information among robots by modeling the multi-robot system as a graph. This allows

to use a reinforcement learning algorithm for single-robot problems, where the single agent

is the multi-robot network. From the perspective of the reinforcement learning algorithm,

the actor is centralized. However, by means of a physics-informed self-attention parame-

terization of the dynamics and control of the robots, the learned policies are distributed by

design, modeling the robot team as a modular port-Hamiltonian system.

6.5 Results

To assess our physics-informed multi-agent reinforcement learning approach, we present

seven multi-robot scenarios. The first three are extracted from the VMAS simulator [Bettini

et al., 2022]. The next three are adaptations from the MPE simulator [Mordatch and

Abbeel, 2018,Lowe et al., 2017] that can be found in [Wang et al., 2022]. The last scenario

comes from the Multi-Agent MuJoCo benchmark [Peng et al., 2021]. The overview of the

scenarios are detailed in the following:

a. Reverse transport: the robots are randomly spawned inside a box that they must

push towards a desired landmark in the arena. The initial position of the box and

the landmark is random. Compared to [Bettini et al., 2022], we decrease the mass of

the box to 1 kg to ensure that the box can be moved even with a small number of

robots. Also, when the box is in the landmark, the reward is set to 1.

b. Sampling: the robot team is randomly spawned in an arena with an underlying

Gaussian density function composed of 3 modes. The field is discretized to a grid.

Robots must collect samples of the field such that once a robot visits a cell its sample
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is collected without replacement and given as reward to the team. Robots use a

LiDAR to sense each other, and they observe the samples in the 3× 3 grid around it.

c. Navigation: each robot has a landmark to reach. The initial position of the robots

and landmarks are randomly spawned in a 2×2m square arena. Robots must navigate

to reach their corresponding landmarks while avoiding collisions with other robots.

Compared to [Bettini et al., 2022], we encourage collision avoidance by changing

the collision penalty from −1 to −5. Besides, each robot only observes its desired

landmark instead of all the landmarks.

d. Food collection: it is a version of the simple spread scenario [Lowe et al., 2017]

where a team of robots and food landmarks is randomly spawned in an arena. There

are as many landmarks as robots. Robots must cooperate to cover as many food

landmarks as possible. Each time a robot covers a new landmark, the whole team is

rewarded.

e. Grassland: A team of robots must collect food resources that are randomly spawned

in an arena, while evading multiple predators. There are as many robots as predators,

and the former move twice faster than the latter. The predator team is positively

rewarded when some member captures a robot, whereas the robot team is negatively

rewarded and the robot is deactivated. On the other hand, the robots receive a

positive reward if they reach a food landmark, which is then spawned again in a new

position.

f. Adversarial: two robotic teams compete for the same food landmarks. Both teams

have the same number of robots. When a member of a team reaches a food landmark,

the landmark is randomly spawned and the team is positively rewarded. When two

members of a team collide with one member of the other team, then the first team is

positively rewarded, while the second team is penalized and the robot deactivated.

g. 6x1-Half Cheetah: a robotic cheetah with two legs and 6 joints, where each joint

is a different agent. The multi-agent team is distributed in the sense that each agent

can communicate only with the adjacent joints, enforced by a ring graph topology.

The task is to make the robot run as fast as possible. The reward is global and is

composed by a first term that favours forward movements and a second term that

penalizes too large actions.

The first three scenarios are used for ablation studies, where the main goal is to evaluate

how our physics-informed policy parameterization improves upon existing standard policy

parameterizations. The second three are used to compare our method with other state-of-

the-art multi-agent reinforcement learning approaches that are not physics-informed. The

last scenario is used to validate our approach in a realistic robotic platform.

All robots have a communication radius rcomm > 0 which allows to exchange infor-

mation with 1-hop neighbors. The communication radius and other hyperparameters of

the soft actor-critic algorithm are specified in Section 6.9. Each robot observes its posi-

tion, velocity, position and velocity of the landmarks or objects of interest (e.g., the box

in reverse transport). The particularities of the observation space of each robot can be
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(a) Reverse transport (b) Sampling (c) Navigation

Figure 6.3: Comparison of the performance of the ablated control policies when we scale the number

of robots in deployment. In all the scenarios, our proposed combination of a port-Hamiltonian modeling

and self-attention-based neural networks achieves the best cumulative reward without further training the

control policy. Each bar displays the mean and standard deviation of R̄ over 10 evaluation episodes.

Table 6.1: Averaged training convergence cumulative reward for the four ablated methods. In all the

cases, n = 4 robots are used.

Method
Mean and std of R̄ over 10 evaluation episodes

Reverse transport Sampling Navigation

pH-MARL 213± 21 161± 41 −53± 101

MLP 64± 38 73± 25 −280± 98

MSA 57± 43 82± 32 −353± 99

GSA 90± 49 89± 38 −204± 87

found in [Bettini et al., 2022, Lowe et al., 2017, Wang et al., 2022]. In some scenarios, the

robot observation vector changes its dimension depending on the number of robots. Specif-

ically, in the food collection, grassland and adversarial scenarios the number of landmarks

changes with the number of robots. Therefore, to accommodate the proposed self-attention

port-Hamiltonian neural network with an observation vector which may change its size, we

use an additional neural network to pre-process the observation vector. In particular, we

concatenate a self-attention layer with a dense layer which receives, as input, the food

landmarks’ positions and outputs a feature vector of constant dimension that is used as

part of the state vector to build Si
t. The details can be found in Section 6.8.

6.5.1 Ablation results

We conduct ablation studies using the reverse transport, sampling and navigation scenar-

ios. The goal is to evaluate how our proposed physics-informed policy parameterization

improves upon existing standard policy parameterizations. We compare the proposed self-

attention port-Hamiltonian neural network (pH-MARL) with a classical multi-layer per-

ceptron (MLP), a modular self-attention-based neural network (MSA) and a graph- and

attention-based neural network (GSA). The implementation details can be found in Section

6.8.

The MLP network is an unstructured neural network that receives, as input, the current
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Figure 6.4: Examples of multi-robot scenarios for different initial conditions and number of robots. In

the sampling scenario, LiDAR measurements are depicted as points forming a star pattern centered at the

position of the robot, and regions already explored are painted in orange. It is interesting to see that some

aspects of the environment do not scale with the team size, e.g., the size and weight of the box in the

reverse transport scenario, the number of hot spots in the sampling scenario or the size of the arena in the

navigation scenario.

states and actions of the robots and outputs the action vector. The MSA network replaces

the dense layers of the MLP network with an architecture based on self-attention, but has

the same input and output. The GSA network is similar to the MSA network but has the

adjacency matrix as additional input. The three neural networks constitute a sequential

improvement from a standard neural network to our port-Hamiltonian formulation. It

is important to note that, with the current formulation, it is not possible to try a port-

Hamiltonian neural network which is not based on self-attention because each element of

the processed input sequence is employed to compute the port-Hamiltonian terms, that

are also a sequence spanned from i ∈ N i,k
t . This is key for the scalability of the policy

and is a feature that is not provided by other architectures based on, e.g., multi-layer

perceptrons or convolutions. Finally, we employ the same architecture used in pH-MARL

to learn the standard deviation for all the options, along with the same critic and soft

actor-critic algorithm (Section 6.8).

Table 6.1 shows the averaged cumulative reward R̄ = 1
nR = 1

n

∑τmax−1
τ=0 r(sτ ,aτ ) after

convergence of the training, where τmax is the maximum number of steps per episode.

For the three scenarios and the four neural network architectures, we use n = 4 robots.

The table reports the mean of R̄ over 10 evaluation episodes. In all the cases, pH-MARL
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surpasses the other three architectures, with a particularly significant difference in the

reverse transport and navigation scenarios. Given the same number of parameters in the

four architectures, the use of a physics-informed formulation of the neural network leads

to a structured learning with efficient sampling in training. The difference in the reverse

transport scenario is due to the fact that the other networks sometimes fail in reaching the

landmark, despite arriving to a very close position. In the sampling scenario, pH-MARL

is the fastest in inspecting the environment, therefore covering more informative cells. It

is followed, in decreasing order, by GSA, MSA and MLP, which is reasonable since the

three neural networks are in decreasing order of architecture complexity in terms of neural

network modules and input information. The navigation scenario is the simplest among

the three. Nevertheless, pH-MARL is still the best because it better learns the collision

avoidance constraint.

To assess the scalability of the different architectures, in Fig. 6.3 each trained neural

network is evaluated with a different number of robots, showing the mean and standard

deviation of R̄ over 10 episodes. The first conclusion is that pH-MARL and GSA scale well

with the number of robots, achieving the same cumulative reward per robot for all team

sizes. In contrast, MSA and MLP do not scale because their architectures considers directly

the global observation and action vectors, so their modules are not ready to process an

input vector of different dimension. On the other hand, pH-MARL achieves much better

performance than the other networks in all the scenarios and team sizes, thus confirming

the importance of using physics-informed priors to ease the learning. The single exception is

in the navigation example, where the performance deteriorates when the number of robots

increases.

Fig. 6.4 provides some qualitative examples for the three scenarios and helps to un-

derstand some limitations of our approach. Beginning with the navigation scenario, we

can see that the size of the arena does not scale with the number of robots, it is always

2 × 2m. Hence, taking into account that the robots have a radius of 15cm, the space is

very small to navigate towards the landmarks without colliding. According to the reward,

the robots search for safe motions, so they prefer to avoid collisions rather than moving

to their landmarks (Fig. 6.4, navigation with 8 robots). There are other features that do

not scale in the reverse transport and sampling scenarios: size of the box, weight of the

box, size of the arena and number of Gaussian modes. Nonetheless, pH-MARL is capable

of generalizing, scaling and circumventing these issues and achieve the desired tasks. In

the reverse transport scenario, even with 16 robots that are highly packed inside the box,

the robots manage to push the box and avoid erratic movements caused by the low weight

of the box. In the sampling scenario, robots learn to spread and coordinate to cover more

cells when there are more robots. Interestingly, when there are a lot of robots (n = 9),

some robots move to the corners because they annoy the others by increasing the potential

number of collisions.

Summing up, the combination of a port-Hamiltonian formulation and self-attention

mechanisms leads to superior performance and the desired scalability with the number of

robots, learning control policies that are distributed by design and fully exploit the graph

structure of the multi-robot system.
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6.5.2 Comparative results

We compare the performance of our proposed physics-informed multi-agent reinforcement

learning approach with other state-of-the-art multi-agent reinforcement learning approaches

that are not physics-informed. In particular, we compare with: Multi-Agent Deep Deter-

ministic Policy Gradient (MADDPG) [Lowe et al., 2017], Mean Field Actor Critic (MFAC)

[Yang et al., 2018], Evolutionary Population Curriculum (EPC) [Long et al., 2019], Dis-

tributed multi-Agent Reinforcement Learning with One-hop Neighbors (DARL1N) [Wang

et al., 2022] and Multi-Agent Proximal Policy Optimization (MAPPO) [Yu et al., 2022].

The comparison results of the first four methods are extracted from [Wang et al., 2022].

We use the food collection, grassland and adversarial scenarios for the comparison.

Following the same procedure in [Wang et al., 2022], for the scenarios with an adversarial

team (grassland and adversarial), we first use MADDPG to learn the control policies of

both teams. Then, the adversarial team control policy is frozen and the policy of the other

team is learned using any of the aforementioned approaches.

Next, we assess the scalability of our proposed approach in this second series of scenarios.

We train the other state-of-the-art approaches for each specific number of robots, ranging

from 3 to 48 robots. In contrast, we train pH-MARL n = 4 robots and evaluate the

trained control policies with the other number of robots, without further training. Fig. 6.5

demonstrates that pH-MARL achieves better or similar results than the other approaches

without further training the control policies. When the team size is close to the one used

during training (n = 3, 6, 12) pH-MARL surpasses the other methods in the three scenarios,

proving the accuracy of combining a physics-informed description of the multi-robot team

with self-attention mechanisms. In this sense, MAPPO in the grassland scenario with

n = 6 robots is the only case that obtains better results than pH-MARL. When the team

size is much greater than the one used during training (24, 48), pH-MARL outperforms

(MADDPG, MFAC) or achieves similar results (EPC, DARL1N, MAPPO) as the state-of-

the-art. Notably, pH-MARL outperforms all the state-of-the-art methods in the adversarial

scenario even when n = 48, which is significant considering that they are all trained with

n = 48 robots except pH-MARL, which is trained with n = 4 robots. Regarding MAPPO,

despite its strong performance in some cases (e.g., food collection with n = 3 robots,

grassland with n = 6 robots or grassland with n = 48 robots), it generally exhibits poor

results when the number of robots is larger than 10 robots. Besides, MAPPO is unable to

learn successful policies that avoid collision and find the food resources for any of the teams

in the adversarial scenario.

The reason why pH-MARL exhibits a slight drop in performance when n = 24, 48 robots

is the same discussed in the ablation experiments. There are some features of the scenarios,

like the size of the arena, that do not scale with the number of robots. Robots are not

trained to move in configurations that far from those experienced during training. How

to design the control policy to be invariant to environmental changes is part of the future

work.

Regarding the computational cost, it is worth-noting that, given the same scenario,
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(d) Food collection (e) Grassland (f) Adversarial

Figure 6.5: Comparison of our proposed physics-informed multi-agent reinforcement learning approach

with other state-of-the-art approaches. pH-MARL is only trained with n = 4 robots and deployed with

different team sizes, while the state-of-the-art control policies are trained for each specific number of robots.

(a) Reverse transport (b) Sampling (c) Navigation

Figure 6.6: Averaged cumulative reward obtained by pH-MARL for different numbers of robots at training.

optimizer and replay buffer hyperparameters, the main differences among methods come

from the parameterization of the actor. In this sense, our approach involves greater training

times per sample and robot compared to other non-physics-informed methods. Specifically,

the increase in computational burden comes from the differentiation of the Hamiltonian

∂Hθ(x)/∂xj at each time step. However, by restricting the space of admissible policies, we

have better sample efficiency during training compared to non-physics-informed parame-

terizations. Therefore, the increase of computational burden per sample and robot is com-

pensated by the sample efficiency of the method, leading to similar overall computational

times in robot tasks during training. Besides, as it has been observed in the scalability

results, our approach needs a very small number of robots to reproduce or even outperform

the other methods when they are trained with larger numbers of robots, saving additional

computation. Importantly, the computational cost during deployment scales with the num-

ber of neighbors rather than the network size, therefore preserving the desirable properties

coming from a distributed multi-robot setting.

6.5.3 Sensitivity analysis

Regarding the evaluation of the training scalability of our approach, we have conducted a

series of experiments using the same scenarios of Section 6.5.1 and Section 6.5.2. Given

those scenarios, we have trained our ph-MARL with an increasing number of robots, namely,

n = {2, 4, 8, 12} (see Fig. 6.6). The first interesting conclusion is that the increase in

number of robots does not necessarily lead to better performance because the interactions
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among robots always happen at the robot neighborhood level. In the reverse transport

scenario, more robots inside the cage implies a greater number of robot contacts with the

cage and, therefore, a drop in averaged cumulative reward. In the sampling scenario, a

greater number of robots leads to an improvement in performance because, for the same

time horizon, robots can explore the arena faster and localize the informative regions faster.

In the case of the navigation scenario, due to space constraints, an increase in the number of

robots during training leads to a significant drop in averaged cumulative reward because the

space available to each robot is smaller, so more collisions happen (specially with n = 12).

In all the scenarios, n = 2 is a too small multi-robot team size to capture the richness of

distributed multi-robot interactions, so the training process is unable to learn a successful

policy in terms of averaged cumulative reward.

Therefore, in general, the optimal number of training robots depends on constraints

of the scenario and the task. Nonetheless, as a rule of thumb, increasing the number of

training robots towards a large multi-robot team only leads to greater sample complexity,

whereas decreasing the number of training robots does not allow to learn sufficiently varied

behaviors to scale with the number of robots. Henceforth, we conclude that our approach is

best suited for training with a small number of training robots (relative to the task/scenario)

but still sufficiently large to capture all possible neighborhood interactions.

From a behavioral analysis perspective, the results in Fig. 6.6 suggest that the learned

distributed multi-robot policies benefit from small neighborhoods, irrespective of the net-

work size. In scenarios with a fixed arena size, an increase in the number of robots indirectly

leads to an increase in neighborhood sizes, with a subsequent drop in averaged cumulative

reward both in training and evaluation (see Fig. 6.5). The appropriate number of training

robots depends on the scenario, e.g., in the reverse transport scenario the best performance

is achieved with n = 4 while in the sampling scenario this is obtained with n = 8. In any

case, as concluded above, our approach requires a sufficiently large team size to capture a

variety of local interactions.

6.5.4 Validation on a realistic robot platform

We further validate pH-MARL in a realistic robot setting using MuJoCo [Todorov et al.,

2012]. MuJoCo is a general purpose physics engine that replicates multi-joint dynamics with

contacts, allowing for fast yet realistic physical behaviors. Specifically, we use the Multi-

agent MuJoCo benchmark [Peng et al., 2021], where the task is to learn coordination poli-

cies for multi-joint robots that make them walk along the environment. Our approach has

been validated using the 6x1-Half Cheetah environment, consisting of a robotic cheetah with

two legs and 6 joints, where each joint is a different agent and distribution is achieved by

enabling agent communication only with the adjacent joints, enforced by a ring graph topol-

ogy. Since our fundamental contribution is the physics-informed distributed and scalable

policy parameterization, we have integrated our proposed policy design in a Trust-Region

Policy Optimization reinforcement learning algorithm [Schulman et al., 2015]. This allowed

us to test the flexibility of the physics-informed policy parameterization in the sense that it

can be integrated in different reinforcement learning algorithms, although it is better suited
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to a soft actor-critic approach. Besides, the benchmark includes other state-of-the-art multi-

agent reinforcement learning approaches for comparison. These are Heterogeneous Agent

Trust Region Policy Optimization (HATRPO) and Heterogeneous-Agent Proximal Policy

Optimization (HAPPO) [Kuba et al., 2021], MAPPO, IPPO [De Witt et al., 2020], and MAD-

DPG. Importantly, in all these state-of-the-art methods, the policy of each agent/joint de-

pends on the global observation vector, whereas our policy only depends on the neighboring

information.

Figure 6.7: Average episode reward obtained by ph-

MARL and other existing MARL approaches in the

6x1-Half Cheetah environment.

As it can be observed in Fig. 6.7, our

proposed approach is not only able to sur-

pass other methods in multi-robot tasks

with simple robot motion dynamics, but

also in multi-agent coordination tasks that

involve complex robotic platforms. Our

method, although less informed than the

others due to the networked constraints,

improves upon the existing state-of-the-art

methods in average episode reward. Be-

sides, by fully exploiting the physical dy-

namics of the robots, our method presents

better sample efficiency than MADDPG,

IPPO and MAPPO, and similar sample efficiency than HAPPO and HATRPO. In this sense,

our method leverages the fact that the acceleration of the joints is available, so in the open-

loop feed forward term (J(x)−R(x)) ∂H(x)
∂x of Eq. (6.9) can be known without explicit

knowledge on the values of J(x), R(x) and ∂H(x)/∂x. With this experiment we have

proved that our approach is also a promising alternative to multi-joint dynamical robots,

thus strengthening the utility of the proposal.

6.6 Extensions to imitation learning

The physics-informed policy parameterization proposed in this chapter can also be ap-

plied to imitation learning settings. Now, we assume that state trajectories from suc-

cessful task executions are available as training data. Let x(t) = [x⊤
1 (t), . . . ,x⊤

n (t)]⊤

and u(t) = [u⊤
1 (t), . . . ,u⊤

n (t)]⊤ denote the joint state and control of the robot team.

Given an initial state x(0) = x0, let x̄0:K := [x̄(0), . . . , x̄(rT ), . . . , x̄(KT )] and x0:K :=

[x(0), . . . ,x(rT ), . . . ,x(KT )] be demonstrated and learned policy’s trajectories, respec-

tively, with K denoting the number of discrete samples r along the trajectories with

sampling interval T . Let D̄ := {x̄l
0:K}l=L

l=0 denote a dataset of L > 0 demonstrated tra-

jectories. Let D := {xl
0:K}l=L

l=0 be the generated trajectories under policy πθ. We aim to

learn a control policy that minimizes the distance between the demonstrated and generated

trajectories:

L(D, D̄) =
1

KL

L∑
l=0

K∑
r=0

||xl(rT )− x̄l(rT )||22. (6.20)



6.6. Extensions to imitation learning 157

Formally, the problem we consider is:

min
θ
L(D, D̄) (6.21a)

s.t. ẋl
i(t) = fi(x

l
i(t),u

l
i(t)), x

l
i(0) = x̄l

i(0), ∀i, l, (6.21b)

ul
i(t) = πθ(xl

N k
i

(t)), ∀i, l, t. (6.21c)

As specified in the formulation above, the learned control policy should also handle time-

varying communication and should be adaptable to changes in the total number of robots

or the number of neighbors for each robot. Besides, a particular problem of the imitation

learning setting is that, if the value of K in the dataset is large, the high dimensionality

of the problem and the cumulative nature of the loss between the sequential states of the

predicted and demonstrated trajectories leads to exploding gradients. The consequence is

either convergence to wrong policy parameters that display poor long-term behaviors, or

even an unstable training.

The latter issue can be resolved using Curriculum Learning (CL), a learning paradigm

where an agent is trained iteratively following a curriculum to ease learning in difficult

problems, such as (6.21). A curriculum is a sequence of training criteria over E training

steps, Q = {Q1, . . . , QE}, where Qe, for e = 1, . . . , E, denotes the training criterion at

training step e. The training criterion encompasses the training parameters and features

that characterize the complexity of the task, e.g., the features of the scenarios that compose

the training set, the optimization goals included in the loss function, or the set of model

parameters being optimized [Wang et al., 2021].

Following [Wang et al., 2021], we identify three key elements that we need to specify

for each Qe: (i) a Difficulty Measurer to sort the dataset in elements of increasing difficulty

for the learning algorithm, (ii) a Training Scheduler to describe when we should increase

the difficulty and for how many training steps and (iii) a loss function capable of adapt to

the difficulty of the dataset at each training stage.

Difficulty Measurer. The Difficulty Measurer is responsible for sorting the available

data according to its complexity. It uses the length of the trajectories as the complexity cri-

terion to sort the dataset based on the difficulty.

Figure 6.8: Trajectories of length Ke sampled by

the Difficult Measurer from the original trajecto-

ries of the training dataset.

We denote by Ke the maximum trajectory

length considered for the training criterion

Qe.

Since it might be difficult to have ex-

ample trajectories of every required length,

Ke, we propose a partitioning method of

the existing trajectories to obtain such data

dynamically at each training stage. Be-

sides, with this approach we are also able

to fully exploit the information provided by

the expert trajectories. In this sense, we assume that the task and the trajectories respect

the Markov property, i.e., the evolution of the trajectories over time does not depend on

its history. In our context, this implies that transition from xl(k) to xl(k+1) only depends
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on the configuration of the system at sampled instant k.

Given a trajectory of the dataset DK , xl
0:K = [xl(0), . . . ,xl(KT )], we generate a sub-

trajectory by randomly picking an initial time step, k0, in the interval [0,K −Ke]. Then,

we obtain a demonstrated trajectory of length Ke by considering the following Ke states

in the data (see Figure 6.8),

xl
0:Ke

= [xl(k0T ), . . . ,xl((k0 +Ke)T )]. (6.22)

Following this procedure multiple times we generate the training dataset of difficulty Ke,

DKe .

By randomly sampling sub-trajectories from the original set of expert demonstrations

the curriculum is able to gradually move from local short-term interactions to long-term

behaviors, avoiding biases with respect to the initial configuration or the goal of the demon-

strations. For instance, in a multi-robot navigation task, the initial training criteria, as-

sociated to a small Ke, enables the learning of velocity constraints and collision avoidance

among robots; the subsequent training criteria, associated to an increasing Ke, enables the

learning of trajectory smoothness and goal-oriented maneuvers.

Training Scheduler. The Training Scheduler is in charge of defining the training step

in which the curriculum transitions from training criterion Qe to training criterion Qe+1.

We denote by Ne the number of training steps executed with criterion Qe. Our proposed

design uses a discrete Baby Step approach to model the evolution of Ne and the level of

difficulty, specified by Ke. In this algorithm, the increments are equal for every training

step, identified by the parameters cK and cN respectively.

Training Loss. We update the general loss function in Eq. (6.20) to reflect the

time-horizon’s dynamic behaviour along the training. The proposed dynamic training loss

normalizes the error by the time-horizon Ke,

Le(DKe ,DKe) =
1

KeL

L∑
l=0

Ke∑
k=0

||xl(kT )− xl(kT )||22, (6.23)

to make sure that gradients are informative enough in all training stages, but especially

during the first training steps, when the value of Ke is much smaller than K.

We evaluate the proposed curriculum strategy in three different tasks:

• Fixed Swapping (FS): robots are initially arranged in two columns, each robot nav-

igates to a diagonally opposite position in the other column. The communication

graph is fixed to a ring topology, where each robot i communicates with robots (i±1)

mod n.

• Time Varying Swapping (TVS): the task to accomplish is the same as in Fixed Swap-

ping, but considering a time-varying communication topology. The communication

graph dynamically adjusts during task executions depending on the distance between

robots.
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• Flocking (Flock): robots begin scattered in space, and their goal is to navigate towards

a common goal destination. Robots should avoid collisions, thus forming an evenly

distributed formation around a target location. This scenario also considers a time-

varying communication graph, that depends on the distance between robots.

Examples of these tasks are given in Figure 6.10.

We consider a 2-dimensional space for all scenarios, defining the state of a robot as

xi(t) = [pi(t),vi(t)] ∈ R4, which contains the robot’s position pi(t) ∈ R2 and velocity

vi(t) ∈ R2. For each task, we generate a training dataset composed by L = 10000 tra-

jectories of length K = 50 and a sampling period T = 0.05s. Unless otherwise stated, all

the demonstrations include n = 4 robots. The trajectories are generated using an expert

analytical controller. For the Fixed Swapping and Time-Varying Swapping, the controller

is a proportional-derivative regulator that includes a reactive term to avoid collisions (see

Eq. (26) in [Sebastián et al., 2023b]). For the Flocking, the controller is the one derived

in [Olfati-Saber, 2006].

We evaluate our proposed physics-informed imitation curriculum learning approach with

three different policy parameterizations. The first is a Multi Layer Perceptron (MLP), an

architecture that assumes a fully connected graph. Second, we design a Graph Neural

Network (GNN) parameterization that considers the distributed nature of the multi-robot

team and uses A(t) as graph shift operator. Finally, we employ the architecture proposed

in Section 6.3, that we call LEMURS (LEarning Distributed MUlti-Robot interactionS).

The curriculum proposed is parameterized with cK = 1, and cN = 800 epochs. A non-

curriculum training with a fixed horizon of K = 5 serves as a baseline to measure improve-

ments. All the models are trained using the Adam optimizer with a learning rate of 0.001

for E = 40000 training steps.

We consider five different metrics for evaluation. The first two are the most relevant

since they represent errors between predictions and demonstrations: The square euclidean

loss L defined in Eq. (6.20) and the area A between predicted and demonstrated trajecto-

ries, computed as proposed in Algorithm 1 of Appendix A of [Jekel et al., 2018]. The three

other metrics reflect information about a single trajectory. The first two are the average

and minimum distances between robots:

dµ(x0:K)=
1

K(n2−n)

K∑
k=1

n∑
i=1

n∑
j=1

||pi(kT )−pj(kT )||2, (6.24)

dmin(x0:K) = min
i,j∈V,k<K

||pi(kT )− pj(kT )||2. (6.25)

The last metric is trajectory smoothness, defined as

s(x0:K) =
1

n

K∑
k=1

n∑
i=1

a2i (kT ), (6.26)

where ai(t) ∈ R2 represents the acceleration of robot i at a time t. Acceleration is estimated

from the expert trajectories using finite differences.
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Figure 6.9: Radar pannels for the three tasks and three architectures. Each radar compares the

normalized metrics for the case of using the proposed Curriculum Learning (blue) and the non-

curriculum counterpart (yellow). The normalization, between 0 and 1, is for each task across all

architectures (e.g., same column).

To report the results on dµ(x0:K), dmin(x0:K) and s(x0:K), we compute the absolute

difference between the demonstrated and predicted trajectories, d̃µ = |dµ(x0:K)−dµ(x̄0:K)|,
d̃min = |dmin(x0:K) − dmin(x̄0:K)| and s̃ = |s(x0:K) − s(x̄0:K)|. The results are the average

of the metrics over 100 randomly selected unseen test trajectories.

Table 6.2 presents the metrics obtained for every architecture in each scenario, with and

without Curriculum Learning. First of all, in all the cases, LEMURS presents significantly

better results than the other two policy parameterizations. On the other hand, the use of

Curriculum Learning always improves L, which is the metric that is directly minimized in

imitation learning. This improvement is specially significant in the MLP, which is sample

inefficient as long as, being the centralized baseline, it considers a fully connected graph

where all the robots are aware of the others. In contrast, LEMURS, since it is already sam-

ple efficient due to its physics-informed parameterization, exhibits a reduced improvement

in the final value of L because the margin for improvement is tighter. A similar conclusion

can be drawn from the area between curves A, which characterizes the long-term behavior

of the learned policies. The few cases where the training without Curriculum Learning per-

form better than with Curriculum Learning present very similar values, so the differences
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are not particularly significant.

The other three metrics are not directly optimized during training. Nevertheless, as

with A, they are generally better when Curriculum Learning is used during training; and

for the cases where the results are worse, the difference with and without curriculum are

slight.

Task+Policy CL L A s̃ d̃µ d̃min

FS+MLP No 1.384 1.837 260.98 0.686 0.026

FS+MLP Yes 0.420 1.602 13.04 0.206 0.019

FS+GNN No 4.408 3.067 573.57 0.216 0.256

FS+GNN Yes 3.485 2.618 530.30 0.979 0.138

FS+LEMURS No 0.021 0.391 43.66 0.002 0.020

FS+LEMURS Yes 0.017 0.405 39.33 0.004 0.005

TVS+MLP No 7.351 8.121 562.21 0.340 1.510

TVS+MLP Yes 1.713 2.886 163.04 0.270 0.031

TVS+GNN No 5.441 4.553 550.75 0.740 0.319

TVS+GNN Yes 4.624 4.178 650.51 0.616 0.283

TVS+LEMURS No 0.026 0.527 30.11 0.042 0.002

TVS+LEMURS Yes 0.016 0.457 29.76 0.008 0.008

Flock+MLP No 0.165 0.296 13.29 0.622 0.032

Flock+MLP Yes 0.144 0.608 12.25 0.608 0.0006

Flock+GNN No 0.664 0.511 29.61 0.918 0.017

Flock+GNN Yes 0.641 0.534 26.90 0.953 0.004

Flock+LEMURS No 0.023 0.102 0.95 0.055 0.050

Flock+LEMURS Yes 0.016 0.082 1.44 0.104 0.054

Table 6.2: Results for the three architectures and the three tasks, with and without Curriculum

Learning (best in bold).

For a more visual comparison among architectures and curriculum options, Figure 6.9

represents the five metrics aggregated in a radar pannel, normalizing the metrics with

respect to the best performer of each task. It is important to remark that the focus is not

on studying which architecture is the best one, but to analyze the impact of our proposed

Curriculum Learning algorithm in improving the long-term performance of the learned

policies. In this sense, Fig. 6.9 shows that it generally improves all the metrics for all
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Fixed Swapping Time Varying Swapping Flocking

Figure 6.10: Qualitative visualization of the trajectories predicted by LEMURS. The solid lines

correspond to the demonstrated trajectories. The dashed lines correspond to the trajectories pre-

dicted by the policy trained without curriculum. The trajectories visualized using circle marks

correspond to policy trained with curriculum.

Fixed Swapping Time-Varying Swapping Flocking

Figure 6.11: Evolution of L during training for the LEMURS policies. The pannels compare the

evolution of the loss using Curriculum Learning (blue) and not using curriculum (green).

architectures and tasks. An interesting case is LEMURS. Table 6.2 proves that there is

indeed improvement thanks to the Curriculum Learning, but, since it is the best performer,

those improvements are harder to visualize in Fig. 6.9. Fig. 6.10 corroborates that the

improvement achieved by the Curriculum Learning leads to qualitative improvement in the

long term. The trajectories predicted by the control policies learned using our proposed

curriculum are closer to the expert trajectories in the three tasks. Anyways, both Table 6.2

and Fig. 6.9 show that the improvement achieved by Curriculum Learning is greater when

the policy parameterization is not sample efficient, i.e., does not consider the networked

nature of the multi-robot team.

Another important aspect to consider when using the Curriculum Learning approach is

whether it is effective or not in reducing the number of training steps needed to converge to

a good policy in terms of accurate long-term behavior. Fig. 6.11 represents the evolution

of L along the training using the LEMURS policy parameterization, with and without

curriculum. As it can be observed, even if the final improvement in metrics achieved using

Curriculum Learning ends to be marginal, the number of training steps to converge is

reduced. This is specially highlighted in the case of Flocking, which is the most complex

task among the three. This is an additional advantage of using Curriculum Learning.

Finally, we evaluate the scalability of LEMURS with the number of robots, with and

without curriculum. It is worth noting that one of the motivations of designing a curriculum

on the length of the trajectories is that graph-based policies already enable scalability with
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Figure 6.12: Radar pannels for the three tasks and two team sizes, using LEMURS. In all the cases, the

policy is trained with n = 4 robots. Each radar compares the normalized metrics for the case of using the

proposed Curriculum Learning (blue) and the non-curriculum counterpart (yellow).

the number of robots. It is instrumental to assess if the use of a curriculum in the length

of the trajectories deteriorates the scalability on the number of robots. Fig. 6.12 uses the

same radar representation employed in Fig. 6.9, but in this case we compare performance

with and without Curriculum Learning when the number of training robots is n = 4 but

the number of robots in evaluation is scaled to n = 8, 16. Fig. 6.12 allows us to conclude

that the scalability with the number of robots is not deteriorated by the use of a curriculum

in the length of the trajectories.

6.7 Conclusions

In this chapter, we have addressed the challenge of learning distributed multi-robot con-

trol policies that scale with the number of robots. As highlighted in the introduction,

the complexity of the interactions between robots and the environment often impedes the

analytical derivation of these policies. Our solution focuses on the design of a novel physics-

informed policy parameterization based on the combination of port-Hamiltonian mechanics

and self-attention networks. The port-Hamiltonian formulation offers several advantages.

It naturally encodes the distributed nature of the multi-robot system, ensuring that the

control policy only depends on the information available to each robot and its neighbors.

Additionally, it respects the energy conservation laws of the individual robot dynamics,

leading to a more physically realistic and interpretable model. To handle the time-varying

information available to each robot from communication or perception, we have employed

self-attention networks. These networks can effectively process variable-length sequences

of neighboring states, enabling the control policy to adapt to changes in the communica-

tion topology or the number of robots. We have integrated this physics-informed policy
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parameterization into a soft actor-critic algorithm, a reinforcement learning approach that

has shown promising results in single-robot problems. By treating the entire multi-robot

network as a single agent, we have been able to leverage the power of this algorithm

while still learning distributed control policies. The effectiveness of our approach has been

demonstrated in seven multi-robot scenarios, covering a wide range of cooperative and com-

petitive behaviors, and including a validation experiment in a realistic robotic platform. In

all cases, our method has shown superior performance in terms of cumulative reward per

robot and scalability compared to other state-of-the-art multi-agent reinforcement learning

approaches.

Furthermore, we have extended our physics-informed policy parameterization to imita-

tion learning settings. To address the challenge of learning long-term behaviors, we have

proposed a curriculum learning approach that gradually increases the length of expert tra-

jectories used during training. This curriculum has been shown to improve the accuracy

and stability of the learning process, particularly in scenarios with complex interactions.

The work presented in this chapter has significant implications for the design and con-

trol of multi-robot systems. By enabling the learning of distributed control policies that

scale with the number of robots, we open up new possibilities for applications in areas

such as environmental monitoring, search and rescue, and cooperative robotics. One mo-

tivating future direction is to study how to exploit the physics-informed port-Hamiltonian

parameterization of the control policies to enforce performance or safety guarantees. For

instance, passivity theory or control barrier functions can be employed to ensure conver-

gence properties of the control policy or design safety modules on top of the control policy

that provide collision avoidance guarantees. It also remains to be explored how to bypass

the three-message passing scheme to compute ∂Hθ(x)/∂xj and rely only on, e.g., single-

message broadcasting protocols or perception cues, since it is currently a computation and

implementation bottleneck.

From a broader perspective, there still exist some open questions that deserve further

exploration:

• The experiments conducted in competitive scenarios do not allow the simultaneous

learning of the teams, i.e., each team must be trained separately, which leads to

some performance gap with respect to the theoretical Nash Equilibrium that arises

in dynamic multi-agent games. Therefore, a promising research direction is to exploit

ideas on distributed policy parameterization developed in this chapter to address

multi-agent dynamic games, where agents’ interactions are restricted to neighboring

intra- and inter-agent constraints. The initial steps have been already taken in [Se-

bastián et al., 2025].

• The multi-robot tasks considered so far are restricted to low-level commands, such

as navigation, collision avoidance, resource collection or exploration. Higher-level

commands, such as search and rescue assistance, requires a hierarchical control able

to integrate natural language prompts and sensor information to decompose the high-

level task and plan in the task space. It remains as open question how to build such

hierarchy for multi-robot distributed task planning. Fortunately, there is already
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some initial progress on this side [Zhan et al., 2025].

• Finally, a feature that has been assumed so far, particularly in the imitation learn-

ing setting, is whether the graph interactions during training are known. This is

reasonable in a simulation environment, but harder to sustain when our data comes

from recordings of experts. Therefore, the question is: is it possible to learn the

underlying graph modeling the interactions among robots or agents within a network

from trajectories? This research direction has been started recently, with some initial

promising results [Sebastián et al., 2023a].

6.8 Network parameters

The self-attention-based control policy in ph-MARL is parameterized as follows:

• [Rθ]ij : W = 3, hw = [nx, 16, 8], rw = [8, 16, 8], dw = [16, 8, 16]; functions β = sigmoid,

χ = ψ = swish [Ramachandran et al., 2017].

• [Jθ]ij : W = 3, hw = [nx, 16, 8], rw = [8, 16, 8], dw = [16, 8, 16]; functions β = sigmoid,

χ = ψ = swish [Ramachandran et al., 2017].

• H i
θ: W = 3 layers, hw = [nx, 16, 8], rw = [16, 8, 8], dw = [16, 8, 25]; with functions

β = sigmoid, χ = ψ = swish [Ramachandran et al., 2017].

For the variance network we use the same architecture of [Rθ]ij but with h1 = nx +nu and

dW = 2. The other networks used in the ablation studies are as follows:

• MLP: the policy is a single multi-layer perceptron of size [n×nx, n×nu, n×nu] with

swish hidden activation function and linear output. For the variance network we use

the same architecture but with size [n(nx + nu), n× nu, n× nu].

• MSA: the policy is a single multi-layer perceptron of size [n× nx, n× nx] with linear

output followed by a self-attention layer where query, key and values are directly

the feature vector from the multi-layer perceptron, and an additional multi-layer

perceptron of size [n × nx, n × nu] with linear output. For the variance network we

use the same architecture but with size [n(nx + nu), n × nu] for the first multi-layer

perceptron.

• GSA: the policy is the same one used to predict [Rθ]ij but with dW = 2. For the

variance network we use the same architecture but h1 = nx + nu.

The QΠθ
(st,at) function is always parameterized as a multi-layer perceptron with layers

of size [n(nx +nu), 2n(nx +nu), n(nx +nu), (nx +nu), 1] with swish [Ramachandran et al.,

2017] activation functions except the last layer, that is linear.

The food collection, grassland, and adversarial scenarios use a neural network to pre-

process the observation vector to move from a time-varying observation size to a fixed
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state size compatible with the control policies. To do so, the state is a concatenation

of the position (2-dimensional vector), velocity (2-dimensional vector), aliveness (boolean

quantity), closest goal relative distance (2-dimensional vector) and a 2-dimensional feature

vector provided by a neural network. The neural network is composed by a multi-layer

perceptron with no hidden layers of size [nx − 2, 2] and swish activation function, a self-

attention layer of size hw = rw = dw = 2, and another multi-layer perceptron with no

hidden layers of size [2, 2] and linear output.

6.9 Soft actor-critic parameters

The following table details the parameterization of the soft actor-critic algorithm for the

different scenarios.

Table 6.3: Soft actor-critic hyperparameters.

Parameter Scenario Value

optimizer all Adam [Kingma and Ba, 2015]

rcomm
reverse transport, naviga-

tion
0.45m

sampling 0.75m

food collection, grassland,

adversarial
0.15m

n training
reverse transport, sam-

pling, navigation
4

food collection, grassland,

adversarial
8

# par-

allel

environ-

ments

all 96

shared r all True

maximum

steps per

episode

reverse transport, naviga-

tion, food collection, grass-

land, adversarial

400

sampling 1000

replay

buffer

size

all 2× 106

initial

random

steps

all 103

γ all 0.99

Continued on next page
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Table 6.3: Soft actor-critic hyperparameters. (Continued)

α0 all 5

αmin all 0.1

αmax all 10

ρ all 0.005

learning

rate α
all 10−5

learning

rate
all 10−4

batch

size
all 1024

# train-

ing steps

navigation, reverse trans-

port, sampling, food collec-

tion, grassland

2× 106

adversarial 6× 105

clip

gradients
all False

reward

scaling
all False

σmin all e−5

σmax all e2

landmark

mass

sampling, navigation, food

collection, grassland, ad-

versarial

default

reverse transport 1

evaluation

interval
all 104

# eval-

uation

episodes

per in-

terval

all 10
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Chapter 7

Identification, Estimation and

Control of Power Systems

Modern robots are complex systems demanding precise and efficient power management

for optimal performance and safety. Control techniques play a fundamental role in regu-

lating the power supply within these systems, ensuring reliable operation and extending

operational life. From industrial manipulators to mobile service robots, sophisticated con-

trol algorithms address challenges such as varying workloads, energy efficiency, thermal

management, and fault tolerance. By intelligently adapting to dynamic conditions and

optimizing power utilization, these techniques enhance the capabilities and robustness of

robotic systems across diverse domains. Parts I, II and III of this thesis focus on how to do

distributed multi-robot control of input-nonaffine systems, how to provide the associated

stochastic estimates in a distributed manner, and how to learn the underlying interac-

tion models to, overall, accomplish the distributed multi-robot control of complex systems.

However, we should answer the question on how, given such control commands, the robots

can effectively exert them by ensuring an effective power supply.

Chapter 7 delves into the crucial role of control techniques in power systems. It empha-

sizes the increasing importance of precise and efficient power management to ensure optimal

performance, safety, and operational longevity in autonomous applications. The chapter

explores three core aspects of power systems: identification, estimation, and control, high-

lighting how advanced techniques address the growing complexities in these systems.

• Identification: Section 7.1 underscores the need for accurate models of power system

components and their interactions. It discusses the use of black-box models derived

from measured data. Advanced techniques like infrared thermal measurements and

machine learning algorithms are presented as means to identify system parameters

and behaviors under various operating conditions.

• Estimation: Real-time state determination in power systems is described as essential

for monitoring, predicting potential issues, and enabling effective control actions.

Section 7.2 examines how state estimation algorithms process sensor measurements

171
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to provide a coherent picture of the system’s condition.

• Control: Section 7.3 emphasizes the aim of maintaining stability and desired oper-

ating conditions despite disturbances and uncertainties. It discusses how controllers

utilize real-time information and system models to adjust power generation, load

shedding, and other control actions for efficiency, reliability, and cost optimization.

The chapter showcases the application of these concepts in various power electronic

problems. It presents solutions for optimal power converter design, fault-tolerant prediction

in photovoltaic-supplied systems, and the development of a nonlinear implementable control

for a dual active bridge series resonant converter to provide a fast and stable energy supply.

Each section is self-contained, including an introduction, problem formulation, proposed

solution, and simulations and experiments.

7.1 Identification: Estimation of Semiconductor Power Losses

Through Automatic Thermal Modeling

7.1.1 Introduction

Classical electrical characterization methods such as the double pulse test [Hu and Biela,

2023] do not satisfy the new high-speed switching conditions of devices, which require

novel multiple pulse techniques [Li et al., 2019a] for an accurate characterization of power

losses. These methods isolate the device from its desired used topology, therefore neglecting

the overall parasitics and thermal coupling of the final target power converter [Bahman

et al., 2017, Shahjalal et al., 2020]. In this sense, thermal coupling, parasites, limited

probe bandwidth and calibration problems lead to robust time-frequency characterization

techniques [Azpúrua et al., 2022].

A different line of research is to consider non-invasive methods based on indirect mea-

surements. The most common approach is to take the difference between the measured in-

put power and the output power [Xiao et al., 2007]. However, this is strongly dependent on

the precision of the power meter and the losses between the different components cannot be

distinguished. Instead, calorimetric methods propose to estimate the power losses through

thermal measurements [Anderson et al., 2017]. Calorimetric methods have been applied not

only to transistors [Rogers et al., 2023], but also to inductors [Papamanolis et al., 2021],

capacitors [Coday and Pilawa-Podgurski, 2023], or microelectronic devices [Cruz-Duarte

et al., 2021]. Despite the advantages in accuracy compared to other methods [Anurag

et al., 2020], typical calorimetric methods must enclose the device under test inside an in-

sulated chamber, which is not always feasible due to size restrictions [Weimer et al., 2022].

On the other hand, calorimetric methods need an equivalent analytical thermal-electric

model of the power converter to relate the temperature and power losses [Foster, 1924,El-

effendi and Johnson, 2016]. For steady-state identification, the analytical models are based

on equivalent thermal resistances [Koch et al., 2019, Schiestl et al., 2020, Kohlhepp et al.,

2021]. If the dynamical behavioral model is desired, then thermal equivalent capacitors are
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included [Hauck and Bohm, 2000,Herrera et al., 2013,Eleffendi and Johnson, 2016] [Kuprat

et al., 2023]. Nevertheless, these models are highly dependent on the substrate [Yang et al.,

2023] and the technology of the devices, as the coupling effects vary between the compo-

nents, so these techniques are currently only suitable for simple circuits [Guacci et al.,

2020]. When the complexity of the circuit increases, the thermal model becomes more

challenging as more power and coupling sources arise [Azurza Anderson et al., 2021,Laloya

et al., 2016].

Another alternative is to rely solely on a priori finite element analysis [Bohm et al.,

2004, Van Der Broeck et al., 2018]. These methods exploit complex computer tools [AN-

SYS, 2022] that implement physical electrothermal interactions [Cheng et al., 2020] to

model the effects of environmental temperature [Mian et al., 2013], control [Oetinger and

Sawodny, 2015], or packaging conductivity analysis [Bohm et al., 2004]. Despite its accuracy

in single devices and potential model reduction [Entzminger et al., 2024], the complex pa-

rameterization hinders its flexible applicability in real power converters, where it is usually

easier to obtain experimental temperature-power profiles that capture all thermal processes.

Besides, specially in intricate topologies such as multi-level power converters, it is rather

possible to forget to model coupling power-thermal factors, leading to a miss-match between

a priori simulated power losses and the actual ones. Therefore, a post-design approach to

characterize the actual power losses in the device from thermal measurements is necessary

for optimal power converter design.

7.1.2 Problem formulation

The device under study is a general power converter formed by dissipate power sources, like

transistors, inductors, or printed circuit board (PCB) tracks. The topology of the power

converter is not assumed a priori, so it can be a buck converter, a full-bridge resonant

converter, etc. The power dissipation of the converter is characterized by temperature

and power measurements, which can be acquired by any available means. For instance,

in a transistor, the temperature might be measured from its top capsule surface, using

a thermocouple or an infrared camera. On the other hand, the power of the devices is

measured in DC, e.g., using low continuous current methods to decouple the effects of the

tracks in the power measurements. Section 7.1.4 details how to measure the power in the

devices.

Formally, the power converter is characterized by a set of n power measurement points

P := {1, . . . , i, . . . , n} and a set of m temperature points T := {1, . . . , j, . . . ,m}. We

denote by P i ∈ P and T j ∈ T the power at measurement point i and the temperature at

measurement point j respectively.

Given all these measurable quantities, we aim to identify the relationship between power

and temperature in the power device as a linear discrete-time dynamical system. To do

so, we define the state and input of the thermal dynamics of the power converter as x =

[P 1, . . . , P i, . . . , Pn]⊤ and u = [T 1, . . . , T j , . . . , Tm]⊤. The ordering of the quantities in x

and u is arbitrary and does not affect the automatic modeling process. Then, the linear
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discrete-time power-temperature dynamics is defined as

x(k + 1) = Ax(k) + Bu(k). (7.1)

In Eq. (7.1), A and B are unknown matrices, whereas k ∈ N denotes the discrete instants

when the system is sampled, with ∆t > 0 the sample time. This model can be considered as

the Generalized Average Model [Sanders et al., 1991,Mahdavi et al., 1997] of the relation-

ship between the power and temperature in the converter elements in discrete time. The

linear assumption is also supported by the fact that the relationship between temperature

and power in a semiconductor device is dominated by linear dynamics, whereas the rela-

tionship between current, voltage and power is non-linear, as it is observed in Fig. 7.1. Note

that there is no assumption regarding the underlying structure of both matrices, in contrast

to classical power losses identification techniques where the elements of these matrices are

parameterized by equivalent resistance and capacitor parameters.

Figure 7.1: Block diagram of the dynamics of a tran-

sistor. The dynamics can be decoupled in two terms,

(i) a non-linear term that models the relationship be-

tween current, voltage and power, and (ii) a linear

term that models the relationship between power and

temperature. In this work we are interested in the

latter.

Now, assume that the quantities in x

and u can be measured and recorded dur-

ing K > 0 instants of time. We can build

a set of data D = {x(k),u(k)}Kk=1. Given

a collection of measurements D, the goal

is to identify the dynamics in (7.1) charac-

terized by A and B, such that the model

is as accurate as possible in estimating the

power losses and it fulfils any a priori con-

straint of the power converter. The a priori

constraints can be, e.g., the sign of an ele-

ment of matrix B or a rank condition over

matrix A to ensure a well-conditioned iden-

tification. Formally, the problem to solve is the following:

min
Â,B̂
L(D) (7.2a)

s.t. x(k + 1) = Âx(k) + B̂u(k), (7.2b)

gA(Â) ≤ 0, hA(Â) = 0, (7.2c)

gB(B̂) ≤ 0, hB(B̂) = 0. (7.2d)

In problem (7.2), L(D) is an objective function that measures the quality of the estimation

accuracy of the identified model given by Â and B̂. Meanwhile, gA(Â), hA(Â), gB(B̂) and

hB(B̂) are functions that model any constraint on Â and B̂.

7.1.3 Optimization-based identification

To find the solution for problem (7.2) we need, first, to generate the dataset D. Ideally, a

temperature input u(k) would be applied to the power converter, measuring the evolution

of the power x(k). However, in practice, this not practical because the temperature in

the devices is a consequence of the power losses during the operation of the power con-

verter. Thus, in real power converters, the power losses are generated from an electrical
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excitation and the temperature is allowed to evolve freely. More information is provided

in Section 7.1.4. For now, the consequence is that problem (7.2) cannot directly be solved

nor A and B identified from D and through Â and B̂, so an alternative method must be

developed to estimate the power losses given the temperature of the power converter.

To do so, the first step is to identify the complementary dynamic temperature-power

model. This is described by the following discrete-time linear dynamics:

u(k + 1) = Āu(k) + B̄x(k). (7.3)

This model is directly related to the collection of the dataset D, where the power converter

is excited with electrical signals such that power losses appear in the different components

of the converter and the temperature evolves accordingly.

The next step is to identify Ā and B̄ such that they can be used later to estimate

power losses from temperature measurements, and the requirements in terms of accuracy

and restrictions in problem (7.2) are accomplished. Let reformulate Eq. (7.3) as:

u(k + 1) =
(
Ā B̄

)(u(k)

x(k)

)
= Wz(k). (7.4)

The idea of this reformulation is to allow to frame the identification problem as a least-

squares minimization. Thus, we define Ŵ =
(

ˆ̄A ˆ̄B
)

as the estimated temperature-power

model, and we define the error between predicted and actual temperature as

e(k) = u(k)− Ŵz(k − 1) (7.5)

Then, to identify the most accurate model in terms of Mean Square Error (MSE), we have

to minimize the sum of the norm of all the errors, leading to(
ˆ̄A∗ ˆ̄B∗

)
= arg min

ˆ̄A, ˆ̄B

K∑
k=2

||e(k)||22, (7.6)

where ||•||2 is the L2-norm. Under the assumption that no further requirements are needed,

the solution of (7.6) is given by(
ˆ̄A∗ ˆ̄B∗

)
= (Z⊤Z)−1Z⊤U = Z†U. (7.7)

Matrix Z = [z(1), z(2), . . . , z(K − 1)] and matrix U = [u(2),u(3), . . . ,u(K)] stack the z(k)

and u(k) elements of the dataset D to form the input and output data matrices respectively.

Meanwhile, Z† = (Z⊤Z)−1Z⊤ is the Moore-Penrose inverse of Z.

Given the optimal ˆ̄A∗, ˆ̄B∗ in the MSE sense, the power losses can be estimated from

temperature measurements using the identified dynamics from Eq. (7.3). The temperature-

power dynamics leads to:

x(k) = (( ˆ̄B∗)⊤ ˆ̄B∗)−1( ˆ̄B∗)⊤(u(k + 1)− ˆ̄A∗u(k))⇒

x(k − 1) = (( ˆ̄B∗)⊤ ˆ̄B∗)−1( ˆ̄B∗)⊤(u(k)− ˆ̄A∗u(k − 1))
(7.8)

Equation (7.8) defines an estimator for the power losses given the temperature at the power

converter.
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At this point, a few considerations are in order. First, according to Eq. (7.8), the

estimator has a delay of one discrete step. This is not a problem since (( ˆ̄B∗)⊤ ˆ̄B∗)−1( ˆ̄B∗)⊤

and ˆ̄A∗ can be pre-computed from the calibration data in D, and a sufficiently small ∆t

can be chosen to fit the application requirements. Second, Eqs. (7.7) and (7.8) include

the Moore-Penrose inverse of the matrices Z and ˆ̄B∗. The Moore-Penrose inverse matrix

of any real n × m matrix K exists if and only if the rank of K is maximum, that is, if

rank(K) = min(n,m). For Eq. (7.7), this means that there are as many linearly independent

measurements z(k) as the number of temperature and power test points, which is easy to

accomplish since, typically, K >> (n + m). Another option is to use a regularizer that

avoids ill-conditioned identification, so (Z⊤Z)−1 in Eq. (7.7) is replaced by (Z⊤Z + εI)−1,

where ε > 0 is a small constant designed by the practitioner and I is the identity matrix.

This regularizer penalizes large values of ˆ̄A∗, ˆ̄B∗ and, therefore, provides robustness against

the noise or possible outliers in the measurements used for the identification. On the other

hand, to ensure that ˆ̄B∗ in Eq. (7.7) has full rank, a constraint can be used, leading to the

following reformulation of the optimization problem:(
ˆ̄A∗ ˆ̄B∗

)
= arg min

ˆ̄A, ˆ̄B

K∑
k=2

||e(k)||22 (7.9a)

s.t. rank( ˆ̄B) = n+m, (7.9b)

Finally, we can include additional constraints to (7.9) from, e.g., a priori knowledge on

the properties of the power converter. For instance, the element (i, j) of ˆ̄B∗ is necessarily

positive if we know that the power losses of the measurement point i of vector x always

increase the temperature at the measurement point j of vector u. Thus, with the additional

constraints, problem (7.9) turns to be

(
ˆ̄A∗ ˆ̄B∗

)
= arg min

ˆ̄A, ˆ̄B

K∑
k=2

||e(k)||22 (7.10a)

s.t. rank( ˆ̄B) = n+m, (7.10b)

gĀ( ˆ̄A) ≤ 0, hĀ( ˆ̄A) = 0, (7.10c)

gB̄( ˆ̄B) ≤ 0, hB̄( ˆ̄B) = 0. (7.10d)

The optimization problem in (7.10) is non-convex due to constraint (7.10b). Neverthe-

less, there exist many solvers and optimization methods that find the local/global minima

of (7.10) with guarantees of convergence to a local minima, including those based on con-

vex relaxations [Sebastián et al., 2021b,Sebastián et al., 2023a] or proximal-gradient-based

methods [Henrion and Lasserre, 2004].

7.1.4 Characterization methodology

After providing the theoretical foundations, we illustrate the experimental procedure to

characterize the thermal properties of a power converter. We recall that our goal is, given

an already designed power converter, identify its actual power-thermal dynamics, with the

main target on the semiconductor power losses estimation.
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Figure 7.2: Hardware design of the synchronous buck converter under study (the left figure is for illustra-

tion purposes, source: [McLurkin and Yamins, 2005]). (a) Illustration of the entire power converter, along

with its main parts. (b) Half-bridge board, along with its main components. (c) Schematic circuit of the

synchronous buck converter, highlighting the main thermal sources and connections.

First, for a consistent characterization of a linear system, all the power sources are

excited independently. In addition, all the components must remain connected and the

different power sources cannot be removed for an independent characterization, because

any change in the physical connection of the devices can modify the thermal behavior.

Second, the complexity of the coupling thermal dynamics depends on the physical design

of the converter. Typically, high-frequency low-power converters tend to have a more

compact design, leading to greater couplings between components, whereas the design of

the modules in high-power converters tends to be thermally isolated. In this sense, not all

power sources have the same level of interest. Therefore, for every power converter, a study

of the influence of the surrounding components on the semiconductors must be performed

for a higher accuracy of the power estimation. As most power converters have transistors,

PCB tracks, drivers and inductors, these are the target power sources we will consider. To

measure temperature with a low level of noise, a general rule is to choose representative

points in terms of power loss sensitivity. For instance, the most representative point in a

semiconductor is the junction; however, since the junction is usually inaccessible, a closed

enough location can be used. Another example is the inductor: depending on its geometry,

different measurement points can be placed on the copper or the core.

Figure 7.3: Calibration circuit diagrams and associated calorimetric measurements. (a) Transistors (sat-

uration configuration) and power loop tracks (linear configuration). (b) Driver (driver configuration). (c)

Inductor and output tracks (inductor configuration). The infrared camera frames illustrate the main sources

of thermal dissipation for each calibration circuit.
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We study a synchronous buck power converter to illustrate the approach. The setup

is shown in Fig. 7.2. To generate D, thermocouples capture the thermal measurements,

with a sampling rate of 1 s. In this section, we use thermal frames from an infrared camera

for visually understanding the characterization process, they are not used as inputs of the

model. It is noteworthy the importance of a proper attachment of the thermocouples to

ensure the repeatability of the tests. In addition, the thermocouples may suffer from pickup

noise in switching conditions. This depends on the specific power converter design; if nec-

essary, screened extension cables, shielded thermocouples or other thermal measurements

methods as infrared thermal cameras or optical fiber can be used.

On the other hand, the microcontroller’s ADCs capture the electrical measurements

with a sampling rate of 100 ms. Nonetheless, any other measurement means is valid.

The DUTs are 100 V@ 3 mΩ Infineon OptiMOS™ 6 silicon transistors [Technologies, 2021].

Fig. 7.2c presents the circuit diagram of the topology along with its PCB tracks and the

available voltage measurement points. The different heat sources are highlighted in red.

Ground PCB tracks are overlooked because they are designed as large copper planes, so

they can be considered as an equipotential surface.

After describing the general practical background and the power converter under study,

in the following subsections we detail how to calibrate each component.

7.1.5 Transistors calibration

In all power converters there exists a high thermal coupling between the transistors and the

PCB tracks, which is crucial to characterized for an accurate thermal modeling. Typically,

to calibrate the transistors, high currents are needed to generate large losses on the semi-

conductors since this calibration stage is done in DC. Instead, to isolate switching and DC

losses from each other, the transistor gate voltage shall not be fully activated, forcing its

operation in the saturation region. In this region, a low DC current is enough for bringing

the transistor to its thermal limit without heating up the tracks. This method is univer-

sal as it is valid for any transistor technology [Sanz-Alcaine et al., 2023]. On the other

hand, the gate voltage shall be below the temperature compensation point to ensure that

the temperature coefficient of the current, α = dID
dT , is always positive. To avoid thermal

instability, the transistor current must be limited.

The circuit diagram to calibrate the devices is shown in Fig. 7.3a, where the input

power supply is used in current mode (1 A for the target converter). The probe test points

(MMCX) in Fig. 7.2b are used as connectors for an external voltage supply. Due to

transconductance effects, it is desirable to use a linear power supply such that ripples

in the gate voltage do not provoke ripples in the power. On the other hand, a resistor

Rext is placed externally to the PCB, in series between the gate and the power supply, to

mitigate potential oscillations between the power supply and the parasitic capacitances of

the MOSFET. The existing surface-mount gate resistors are removed to avoid undesirable

current flows between driver and transistors. Furthermore, the converter load is removed

to allow free DC current flow when its impedance is similar to Ql in the saturation region.
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Figure 7.4: Collected dataset to evaluate the synchronous buck converter under study. The four calibration

steps are separated by dashed lines.

This external supply injects gate voltages slightly above the threshold voltage of the device.

For illustration purposes, Fig. 7.3a. shows thermal images of the low side transistor, Ql

and the high side transistor, Qh when they are electrically excited independently. Tracks

are heated up as a consequence of the transistors’ thermal load and not because of their

self-heating effect.

7.1.6 Power loop tracks calibration

Once the transistors are calibrated, it is possible to force large currents through them

(up to 25 A for the target converter) to excite PCB power loop tracks, characterizing

the thermal properties of the PCB by using the same setup of Fig. 7.3a, but with the

gate voltage recommended by the manufacturer for switching in the linear region of the

MOSFET (10 V). Since the calibration data already includes the individual excitation of

the transistors, the temperature increase can only be due to the power loop tracks. These

are RPCB1 and RPCB2, which have been grouped into a single power source (RPCB1+PCB2)

as shown in Fig. 7.2c. For simplicity and without loss of generality, power losses that

depend on the frequency, such as the skin effect, are overlooked, but could be included as

a perturbation in the system dynamics.

7.1.7 Driver calibration

Simultaneous high switching speed and large semiconductors’ gate current produce a self-

heating effect on the driver output stage. To minimize the gate loop inductance, the

distance between the drivers and the semiconductors is usually reduced as much as possible.

Therefore, they are considered an additional power source that needs to be calibrated.

The driver is the Infineon dual-channel isolated MOSFET gate-driver 2EDF7275K

[Technologies, 2018]. It is optimized for the driving of OptiMOS™ devices, being able
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to provide a 4 A/8 A source/sink from its output stage. This is possible thanks to two

rail-to-rail output stages, built from complementary pairs of PMOS and NMOS transistors

for the high side (Drvh) and low side (Drvl) inside the same package. When both Ql and

Qh switches operate in the same regime, the shape of their current evolution is similar, and

therefore it is hard to disambiguate their thermal behavior. In contrast, when they are in

different operating conditions, the devices present differences in their thermal curves. Thus,

it is recommended to consider them as independent power sources for a greater accuracy

of the calibration stage.

A power supply can be used to limit the DC current and sweep it through each of the

outputs pairs (up to 300 mA for the target converter). The output NMOS transistor is

self-polarized due to the drain-source resistor and has the effect of thermal load, so there

is no need of fixing the gate voltage as in the transistor calibration stage. This way, it is

possible to generate the corresponding dataset of power and temperature for both output

ports. To do so, we re-solder the RG,h and RG,l gate resistors with a value of 0 Ω and use

the MMCX connector of VGS for the current source connection, as shown in Fig. 7.3b.

Current only flows in the direction of the driver due to the high input impedance of DUT

MOSFETs. Fig. 7.3b also depicts the associated thermal images of this process. On the

left, only the high side (Drvh) is excited, whereas on the right only the low side (Drvl) is

excited.

7.1.8 Inductor and output tracks calibration

The ideal converter modeling entails the individual calibration of every power source. How-

ever, due to the importance of minimizing changes to the mechanical system, it is not

possible to attach wires to the inductor [VISHAY, 2021] connectors, as this could intro-

duce additional power sources or act as a heat sink. In addition, since our main goal is to

estimate the semiconductor power losses, and the current that flows through the inductor

also flows through its surrounding PCB tracks, then RPCB3, RPCB4 and RPCB5 are grouped

into an individual power source (RPCB3+PCB4+L+PCB5) as highlighted in Fig. 7.2c. For its

calibration, we use the configuration illustrated in Fig. 7.3c, where a power supply is used

in current mode and forced to circulate through the high side MOSFET (up to 15 A because

of inductor thermal limitations). The effects of power loop tracks RPCB1, RPCB2, and Qh

have already been independently characterized in previous tests, so additional heat on the

system is due to this new power source. Thermal images of Fig. 7.3c show the heating on

the high side device (Qh) while the resistance RPCB4 is also heated up. The image on the

right shows the heated inductor.

7.1.9 Automatic thermal modeling results

We evaluate the automatic approach proposed in Section 7.1.3 with the synchronous buck

converter described in Section 7.1.4. Fig. 7.4 represents the collected data that builds the

dataset D. The temperature measurements are oversampled (×10) to match the available

power data and represented as relative quantities with respect to measured ambient tem-



7.1. Identification: Estimation of Semiconductor Power Losses Through
Automatic Thermal Modeling 181

Figure 7.5: Quantitative results. The figure shows, for the four different configurations, the following

dynamic information, where dashed lines represent the measurement and bold lines the estimations: (first

row) temperature estimation from the identified ˆ̄A and ˆ̄B, obtained from the solution of (7.9); (second row)

power losses estimation results from the estimator developed in Eq. (7.8), where each column depicts the

relevant heating elements; (third row) evolution of the mean µRMSE and confidence interval between real

and estimated power with time; (fourth row) evolution of the normalized mean µ̃RMSE between real and

estimated power with time. It is seen that, for all the regimes, both temperature and the power losses are

accurately estimated.

perature. To generate the dataset, we sequentially conduct all the calibration steps detailed

in Section 7.1.4, as depicted in Fig. 7.4. To ensure well-posedness in the generation of the

dataset, we leave enough time between calibration steps to ensure that the boundary con-

ditions are respected and steady-state is reached. In this sense, for each power converter

configuration, we wait until the steady-state is also reached (≈ 2h for the power converter

under study).

Regarding the voltage measurements, in constant current conditions, we remark that

its dynamics behavior changes along with the sign of α (value of VGS) [Sanz-Alcaine et al.,

2023], which can be seen at the beginning of the transient interval in Fig. 7.4. Thus, in

the saturation regime, the temperature in Qh increases while the power decreases. On the

other hand, in the linear regime, the temperature in Qh increases when the power increases.

This nonlinear behavior in the electrical data does not affect the linear relationship between

temperature and power as illustrated in Fig. 7.1. The experiments also prove the impor-

tance of calibrating the PCB tracks: in the linear regime, the power losses are similar to

those in the transistors, despite reaching different temperature values.

To evaluate the proposed approach, we split the dataset D in two different sets. The

first set, D1, gathers most of D and is used for identifying the temperature-power dynamics
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of the power converter. The second dataset, D2, composed by the rest of D, is used for

evaluation. In particular, this split is conducted for each calibration step independently,

so we ensure that both the identification and evaluation stages have data from all the

calibration steps.

7.1.10 Automatic identification of power-temperature dynamics

The results of the identification are shown in Fig. 7.5. To assess the model, we initialize

the state and input vectors of the identified dynamics with the initial configuration of the

test dataset D2. After that, we conduct two types of open-loop simulations. The first one

assesses the accuracy of the identified ˆ̄A and ˆ̄B. Using as input the sequence of power

measurements x ∈ D2, we leave the temperature û evolve freely, comparing the obtained

estimates with the associated real temperature measurements u ∈ D2. However, the main

goal of this work is to estimate power losses from temperature measurements. Therefore,

the second type of open-loop simulations assesses the estimator proposed in Eq. (7.8).

Using as input the sequence of temperature measurements u ∈ D2, we leave the power

losses x̂ evolve freely, comparing the obtained estimates with the associated real power

losses x ∈ D2. In Fig. 7.5, the real measurements are depicted in dashed lines while the

estimates are represented with bold lines with less color opacity. Besides, for quantitative

analysis, we compute the mean, the standard deviation and the normalized mean of the

Root Mean Square Error (RMSE) across power losses as

µRMSE=

∑n
i=1 ||x̂i − xi||2

n
, σRMSE=

√∑n
i=1(x̂i − µRMSE)

µRMSE

and
µ̃RMSE(k) =

µRMSE

||x(k)||2 .

The standard deviation is used to depict the 95 % confidence interval of the estimation

(µRMSE + 2σRMSE). Success in power and temperature estimation can be verified from

the dynamic results of Fig. 7.5 where, for the four configurations, low estimation error is

achieved. For the case of temperature estimation, the model is able to accurately follow

the real system dynamics for all situations. Slightly larger errors are found in the inductor

configuration. This could be due to the reduced number of temperature measurement

points in this area. On the other hand, to reduce the impact of noise measurement in the

data, a moving average of 5 s was used. This filtering enhanced the estimation, but it can

increase the instantaneous error in the transient due to the time delay inherent to the noise

filtering. This effect seems to be more predominant in the semiconductors. To compensate

these errors, it is enough to wait the delay time. Higher order filters can be applied to the

measurements if larger noise is found.

Importantly, thanks to identifying the optimal linear discrete-time dynamic system in

terms of the acquired data, systems theory tools can be used to analyze the behavior of the

real power converter. Fig. 7.7 represents the sensitivity matrix in steady-state given by

S = (I− ˆ̄A∗)−1 ˆ̄B∗
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Figure 7.6: Circuit diagram of each of the configurations needed to validate the power semiconductor

losses in the (a) low side and (b) high side semiconductors. The figure displays power estimations and

measured values for two different test operating points, along with an oscilloscope capture.

after identification. The element (i, j) of matrix S expresses how sensitive is the power at

measurement point i to changes in the temperature at measurement point j

[S]i,j =
∆P i

∆T j
,

where ∆P i and ∆T j denote an infinitesimal increment in P i and T j respectively.

Figure 7.7: Representation of the steady-state sen-

sitivity matrix S of the identified model for the power

converter.

From matrix S, as an example, we can see

that 1 W of power dissipation on Qh pro-

duce a 13.5 ◦C increment on its own tem-

perature and only 0.5 ◦C on the inductor.

Due to their small size, the drivers of the

high and low sides are the two main sources

of sensitivity to changes in power. On the

other hand, it can be observed that the

transistors and the PCB tracks are highly

coupled to the other parts of the converters,

proving that the coupling effects have a ma-

jor impact in their power losses. It is also

seen that the inductor is the most isolated

part of the power converter. Our proposed

approach can be directly used to conduct this kind of analyses without the need of complex

analytical formulations, applicable to any power converter topology and configuration. By

identifying a linear discrete-time dynamical system, our approach cannot only be used to

analyze the sensitivity of the power converter, but also leverage other control theory tools

to analyze the controllability and stability of the power-temperature dynamics. None of

this is possible with a black-box model.
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7.1.11 Validation through direct measurements

The previous section has validated the performance in the estimation of semiconductor

power losses through the novel automatic thermal modeling technique in static conditions.

However, a validation in switching operating conditions is required to show the potential

of the technique. Limitations on actual state-of-the-art methods for the switching losses

measurements, as calorimetric or invasive current measurements, lead to a lack of a ground-

truth model. Therefore, we validate the model with a switching power converter where

almost all semiconductor dissipation is due to conduction losses and therefore easy to

measure with conventional voltage and current probes. The converter switches at 1 kHz

with a bus voltage from 1 V to 1.5 V, so large power losses on the components are produced.

Despite having high speed turn ON and OFF on the semiconductors (7 ns), the absence of

high frequency switching and reduced bus voltage eliminates measurements complexities,

such as possible switching effects from the output capacitance Coss. To do so, we enforce

all losses to occur in the internal body diode of the MOSFET, as shown in Fig. 7.6.

The topology uses the internal DC resistance of the inductor (DCR, 21.5 mΩ) and shorts

the output to produce a large current bias while keeping one of the semiconductors with

zero gate voltage input. Fig. 7.6a shows the configuration where Qh switches and Ql is

used as a diode. As it can be observed from the oscilloscope capture, when Qh turns OFF,

the current slope becomes negative along with a 12 A bias and the internal Ql diode starts

its conduction with forward voltage drop of around 0.65 V. This operating point produces

large losses that are only a consequence of conduction effects. Due to the large bias current,

the inductor is also heated up so the model is fully validated as in a higher frequency point.

Voltage variations on the ON state are provoked by a lack of decoupling capacitance; hence,

for this low frequency operating point, an external 75 mF capacitance was included. The

output capacitors are not relevant as most of the energy on the circuit is DC and not

AC. Henceforth, the miss-match between the actual power losses in the device and the

ones predictable from the manufacturer data sheets is directly proportional to the forward

voltage drop. We measured a forward voltage drop of 0.65 V, whereas the manufacturer

provides a value at room temperature of 0.82 V. This non-linear variability in production

stands out the need for experimental methods for power semiconductor losses estimation,

because if the value of the manufacturer is used instead of the actual one, then we would

have an error of (0.82 − 0.65)/0.82 × 100 = 26% with respect to the actual power losses.

An error of 26% is significant in power converters design and highlights the importance of

our approach instead of purely relying on manufacturer’s data sheets.

Similar effects take place when driving Ql and forcing losses to occur on Qh. These are

shown in Fig. 7.6b where the voltage supply along with its decoupling has been placed on

the right side of the schematic. When Ql turns OFF the current slope becomes negative

and large losses are produced on both the high side device and the inductor. Alternately,

when Ql turns ON, the device stands no voltage due to the short-circuit.

Fig. 7.6 depicts the estimated and real power values for each of the two configurations

for Qh and Ql. For each of the operating points, four oscilloscope captures were processed

and used for power representation. Estimates in Fig. 7.6a match the measured values with
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errors of less than 1% in steady state. On the other hand, the error in Fig. 7.6b does not

exceed the 3%. These results validate the performance of our approach for estimating the

semiconductor losses on switching conditions. Moreover, the experiment also validates the

superposition principle underpinning our approach, since the inductor, the PCB tracks,

and one transistor (low-side in Fig. 7.6a, high-side in Fig. 7.6b) present significant thermal

coupling, and still a worst-case accuracy below the 3% of estimation error is achieved.

7.1.12 Comparison with existing post-design approaches

We now compare our proposed method with to other existing a priori approaches.

Figure 7.8: Thermal equivalent circuit of the semi-

conductors power losses. The figure is inspired by

[Guacci et al., 2020].

The state-of-the-art in physical-based ther-

mal models either depart from Cauer or

Foster models [Ma et al., 2016]. Although

Cauer models provide more information

about each layer of the thermal path, they

are often complex to obtain, requiring FEM

simulations. On the other hand, Foster

models are more popular on power con-

verters thermal modeling because they are

based on the measurement of the tempera-

ture dynamics and are independent of the

internal structure of the materials. There-

fore, for this comparison, we extract a physical-based dynamic thermal model based on

a Foster model [Guacci et al., 2020]. The equivalent thermal circuit, shown in Fig. 7.8,

contains the heat sources PQ,h and PQ,l, which denote the power losses in each of the semi-

conductors; the thermal capacitance Cth,hs of the heat sink connected to Qh and Ql; and

the thermal resistance Rth,hs-a between the heat sink and the ambient; Tamb denotes the

ambient temperature. In addition, it includes the thermal capacitances Cth,h and Cth,l of

the case of Qh and Ql, and the network of resistances formed by Rth,h, Rth,l and Rth,m.

The resistances Rth,h and Rth,l denote the thermal resistance between the heat sink and

the case of Qh and Ql, respectively, while Rth,m models the thermal coupling between Qh

and Ql.

The system of ordinary differential equations describing the evolution of Tc is

[
Ṫc,h
Ṫc,l

]
=

[
− Rth,h+Rth,m

Cth,hRth,hRth,m

1
Cth,hRth,h

1
Cth,lRth,m

− Rth,l+Rth,m

Cth,lRth,lRth,m

] [
Tc,h
Tc,l

]
+

[ PQ,h

Cth,h
PQ,l

Cth,l

]
(7.11)

where Rth,hs and Cth,hs are not included, as no heat sink was mounted on our setup. To

proceed with the identification of P = {Rth,h, Rth,l, Rth,m, Cth,h, Cth,l}, we use a trust region

reflective nonlinear optimization method [Li, 1993] under the following cost function

min
P

K∑
k=2

||u(k)− (I−∆tF)u(k − 1)−Gx(k − 1)||22, (7.12)
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Table 7.1: Parameters of the thermal equivalent circuit.

Initial 1 Final 1 Initial 2 Final 2

Rth,h(◦C/W) 3.9 87.1 0.8 3.4

Rth,l(
◦C/W) 3.3 96.0 0.1 1.2

Rth,m(◦C/W) 30 41.4 0.6 2.9

Cth,h(J/◦C) 1.5 3308.7 0.9 15699.0

Cth,l(J/
◦C) 1.8 393.6 0.9 13936.1

where

F =

[
− Rth,h+Rth,m

Cth,hRth,hRth,m

1
Cth,hRth,h

1
Cth,lRth,m

− Rth,l+Rth,m

Cth,lRth,lRth,m

]
, G =

[
1

Cth,h
1

Cth,l

]
(7.13)

and ∆t = 1 s. The expression (I−∆tF)u(k−1) +Gx(k−1) comes from the Euler-forward

discretization of (7.11). Observe that the cost function of the optimization problem is

nonlinear and nonconvex with respect to the parameters to be identified. Fig. 7.8 represents

the dynamic equivalent circuit model that leads to (7.11).

Fig. 7.9 compares the identification error µ̃RMSE for our approach and that from [Guacci

et al., 2020] by using operating points from saturation regime.

Figure 7.9: Comparison of the equivalent circuit

method and the automatic methods. Top figure shows

one saturation regime operating point. Bottom figure

shows the relative error between the equivalent circuit

method and the automatic method.

It can be seen that both methods achieve

the same accuracy after only a few seconds

from changing the working point, proving

that, despite its generality, ours preserves

the identification accuracy of state-of-the-

art methods. Significantly, this is done

without the need of physical and mathe-

matical modeling, which is a key aspect for

more intricate topologies. Besides, there is

an additional caveat observed in [Guacci

et al., 2020]. Since the cost function is

nonlinear and nonconvex in the parameters,

the solution obtained by the trust region

method is highly dependent on the initial-

ization value. We tried two initialization

shown in Table 7.1. In this sense, in Table

7.1 it can be observed that, after optimiza-

tion, the final values can change dramati-

cally depending on the initial seeds. There-

fore, it is hard to extract a physical meaning from the method in [Guacci et al., 2020]. In

fact, Foster models do not provide a unique representation of a specific system. In contrast,

our method, by proposing a linear method and a linear convex cost function, obtains the

unique minimizer of the optimization function and, therefore, there is no dependence on

the initialization of the parameters, leading to a unique representation.

To conclude, once the power device optimally design and correctly characterized, it is



7.2. Estimation: Online Voltage Prediction Using Gaussian Process
Regression for Fault-Tolerant Photovoltaic Applications 187

time to deploy it in a real system. Usually, tracking of the internal factors that affect the

operation of the power devices is feasible, since probes and measurement points can be

included in design time. However, the operation of the power devices is also influenced by

external factors that cannot be predicted a priori, which demands estimation techniques

that provide such information in order to develop fault-tolerant power systems. The next

section is devoted to this problem.

7.2 Estimation: Online Voltage Prediction Using Gaussian

Process Regression for Fault-Tolerant Photovoltaic Ap-

plications

7.2.1 Introduction

The progress in technological infrastructures and the awareness about environmental re-

source consumption are driving a revolution in how energy is supplied [Vazquez et al.,

2010]. There is a need of not only providing stable energy but also accomplishing efficiency

requirements and prediction capabilities to anticipate issues. The energy is not consumed

at the same rate at which is generated so, e.g., robotic systems, need an Energy Storage

System (ESS) to provide a stable power supply. This stability is subject to unpredictable

meteorology phenomena, turning the efficient autonomy into a challenge. The solution

involves designing an intelligent system capable to predict future low power generation sce-

narios, preserving the infrastructures typically coordinated by low-cost embedded systems.

In this sense, data-driven techniques are a must. Among others, GPR appears as a promis-

ing tool [Quinonero-Candela and Rasmussen, 2005] because of the absence of overfitting

and the measurement of the uncertainty of the prediction. However, GPR requires a large

computational effort, limiting its use in real-time applications.

The problem of feature prediction in ESSs based on Battery Management Systems

(BMSs) is a motivating topic. For instance, [El Mejdoubi et al., 2015] works in predict-

ing both State of Charge (SoC) and State of Health (SoH) by an Extended Kalman Filter

(EKF) and an adaptive observer. A Probabilistic Neural Network is presented in [Lin et al.,

2012] to predict the SoH. Following with the learning tools, [Hu et al., 2014] proposes a

Support Vector Machine (SVM) model for regression. Nevertheless, due to the aforemen-

tioned advantages, GPR is a cornerstone in the state-of-the-art discussion. The authors

in [Sahinoglu et al., 2017] apply Regular GPR to the prediction of the State-of-Charge

(SoC) of a single battery. A similar approach is presented in [Pajovic et al., 2017], focused

on the voltage prediction in a certain horizon applying a recursive GPR. Another interesting

parameter to predict in BMSs is the SoH [Liu et al., 2012] and the Remaining Useful Live

(RUL). In this regard, recent works like [Cong et al., 2020,Liu and Chen, 2019] explore the

use of GPR to determine the aging of Lithium-ion batteries and control their SoH under

different life-cycle. Furthermore, the authors of [Liu et al., 2019a,Liu et al., 2020,Liu et al.,

2019b] have proved the convenience of GPR techniques to predict the health of Lithium-ion

batteries under uncertain scenarios, modifying the structure of the underlining kernels to
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better consider empirical and electrochemical knowledge. Despite the great promise of the

aforementioned instances, GPR is typically studied with artificial and/or informal datasets.

7.2.2 Dataset development

We first present the real data set used, its main features and the context in which it has

been obtained. The dataset comes from a photovoltaic system powered by 24 lead-acid

batteries (VRLA, Exide Classic Solar 2V 4600Ah C120) with nominal voltage of 2V in

series and for a total nominal voltage of 48 and a capacity of 4600Ah. The system has 24

solar panels (Scheuten multi 180P6), with 4680W of rated power. The equipment of the

system has a typical consumption of 350W, with occasional peaks up to 550W.

The control system monitors the current, voltage and temperature waveforms of the bat-

teries. Photovoltaic systems features irregular generation profiles that depend on weather

and sun irradiation. They have three main generation-consumption dynamics: day-night

cycles, cloudy periods (days or weeks), and the annual dynamic. Therefore, the reliabil-

ity of the system is subject to significant uncertainties. In this application in particular,

the prediction of a short-term system failure is especially interesting due to the expensive

actions needed to restart the system. These critical system failures are mainly related

to insufficient charge in the battery and could be detected by predicting an excessive low

voltage level in the battery. A GPR based voltage predictor is a suitable option for this

task, since not only provides the prediction, but it also indicates the confidence interval of

the prediction [Quinonero-Candela and Rasmussen, 2005]. Data has been recorded during

2 years with a sampling rate of one sample every hour. Voltage, current and temperature

waveforms are the information available and, as they are the typical variables in this type

of system, this work can be easily extended to similar systems. Fig. 7.10 shows examples

of current waveforms recorded in different weather scenarios, manifesting clear differences.

According to the specifications of the client, i.e., the CHE, a failure prediction of 48 hours

ahead is sufficient to avoid a critical failure, which is tackled by increasing the battery

charge voltage level (floating voltage). As the consumption of the system is nearly con-

stant, the critical moment is the moment just before the sunrise, where the amount of

charge is the lowest of the cycle. Our data set is different from others due to the amount of

real data available. In this sense, it is noteworthy that there are two different phenomena

in the dataset. The first is the periodical dynamics, which are predictable with an accurate

model of a battery. The other is the random events associated with weather from which,

due to its inherent quasi-chaotic nature, it is difficult to predict its impact in the batteries.

The purely periodical dynamics are related to several phenomena: day/night, yearly and

season-based dynamics. Thus, to account for all of them, the training set has been selected

according to the greatest period, using a complete year of data. Thanks to the size of the

dataset, tests are performed with data from the next year.

Fig. 7.10 illustrates the voltage waveforms recorded in the system in 2008, from where

it is clear that the floating voltage of the batteries is not constant. This is due to the

temperature-regulated charge strategy of the solar regulator. Thus, the information en-

coded in that strategy provides important knowledge to our problem.
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(a) (b)

Figure 7.10: (a) Example of the current waveforms recorded in different weather scenarios. (b) Voltage

waveforms from 2008.

To end up this section, we introduce the metrics we will use to evaluate and study

the different methods and hyperparameter selections. To evaluate the performance of the

models, we choose the Root Mean Square Error (RMSE) and the Maximum Absolute Error

(MaxAE) as metrics, defining them as

RMSE(l) =

√√√√ 1

Ntest

Ntest∑
t=1

(Vt+l − V̂t+l)2, (7.14)

MaxAE(l) = max
i=1,...,Ntest

|Vt+l − V̂t+l|, (7.15)

where Ntest refers to the number of test samples and l = 1, . . . ,M, where M = 48 hours for

this work. In addition, we present two additional metrics which refer to RMSE and MaxAE

at the end of the night

RMSEEON(l) =

√√√√ 1

Ntest

Ntest∑
t=1

(V EON
t+l − V̂ EON

t+l )2, (7.16)

MaxAEEON(l) = max
i=1,...,Ntest

|V EON
t+l − V̂ EON

t+l |, (7.17)

This value of voltage is crucial in photovoltaic systems as it gives the BMS the information

of the voltage of the system if no more solar energy can be absorbed.

7.2.3 GPR models for large datasets

Let D = (X,y) denote a training dataset, comprising n D−dimensional input and scalar

output pairs X = {xi}ni=1, where xi ∈ RD, and the corresponding outputs y = {yi}ni=1,

where yi ∈ R. It is assumed that there is an underlying nonlinear latent function f(•),
which can be used to parameterize the probabilistic mapping between inputs and outputs

yi = f(xi) + ϵi, (7.18)

where ϵi denotes zero-mean additive Gaussian noise with variance σ2i . The GPR main hy-

pothesis relies on assuming a priori that function values behave according to a multivariate

Gaussian distribution

p(f |X) = N (0,Kf ,f ), (7.19)
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where, f = [f(x1), f(x2), . . . , f(xn)]⊤ is a vector of latent function values, and 0 is an n×1

vector whose elements are all 0. In addition, Kf ,f is a covariance matrix, whose entries

are given by the covariance function Ki,j = k(xi,xj), from now on named kernel function,

evaluated at each pair of training inputs.

In GPR, the kernel function plays a major role, since it encodes the prior assumptions

about the properties of the underlying latent function that we are trying to model.

Indeed, one of the tasks of the designer is to select the kernel which best fits the

phenomena modelled. An instance of kernel typically adopted is the Squared Exponential

(SE) kernel, defined as

ks(xi,xj) = ϱ20 exp

(
−1

2

D∑
d=1

(
xid − xjd

ld

))
, (7.20)

where xid and xjd correspond to the d−th element of vectors xi and xj , respectively,

and Θ = [ϱ0, l1, . . . , lD]⊤ denotes the hyperparameters. Distinctly, ϱ20 denotes the signal

variance and quantifies the variation of the underlying latent function from its mean, and

lD represents the characteristic length scale for each input dimension. Finally, lD fixes the

width of the kernel and thereby represents how smooth the functions in the model are. In

addition to the aforementioned kernel function, we incorporate the additive Gaussian white

noise term into the selected kernel function

k(xi,xj) = ks(xi,xj) + σ2i δij , (7.21)

where δij denotes the Kronecker delta, which takes value of 1 if i = j and 0 otherwise.

Then, the distribution of y, conditioned on the latent function values f and the input X,

is given by

p(y|f ,X) = N (f , σ2i I), (7.22)

where I is an n×n identity matrix. Throughout integration over the latent function values

f and by using (7.19) and (7.22) the marginal distribution of y can be obtained:

p(y|X,Θ) =

∫
p(y|f ,X)p(f |X)df = N (0,Kf ,f ) + σ2i I. (7.23)

Then, the marginal log-likelihood, which refers to the marginalization over the function

values y can be written as

log p(y|X,Θ) =
−1

2
y⊤(Kf ,f + σ2i I)

−1 − 1

2
log |Kf ,f + σ2i I| −

n

2
log 2π, (7.24)

where | • | is the determinant of a matrix. The optimum hyperparameters are found by

maximizing the marginal log-likelihood. To do so, we use the partial derivatives of the

marginal log-likelihood, from where we obtain that

∂

∂θi
log p(y|X,Θ)=−1

2
tr((Kf ,f+σ

2
i I)

−1∂(Kf ,f+σ
2
i I)

∂θi
+

1

2
y⊤σ−2

i I
∂(Kf ,f+σ

2
i I)

∂θi
(Kf ,f+σ

2
i I)

−1y.

(7.25)

It is important to notice that the complexity of computing (7.24) is dominated by the

inversion of Kf ,f +σ2i I, which requires a computational time of O(n3). Hence, a simple im-

plementation of the GPR is advisable for datasets with up to a thousand training examples.
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The characterization in (7.25) allows the use of any gradient based optimization method to

optimize the marginal log-likelihood function (7.24). It is important to note that, generally,

objective functions are nonconvex with respect to the hyperparameters which can lead to

converge to a local optimum. In order to tackle this problem, gradient-based optimization

can be performed with different initial points, and the optimal hyperparameters that yield

the largest marginal log-likelihood can be chosen. Once we obtain the optimal hyperpa-

rameters, it is possible to express the joint distribution of the training outputs y and the

test output y∗ as

p(y,y∗|X,x∗,Θ) = N

([
0

0

]
,

[
Kf ,f + σ2i I K∗,f

Kf ,∗ K∗∗ + σ2i

])
, (7.26)

where the asterisk ∗ is used as a shorthand for f∗, which is the corresponding latent function

value at the test input, K∗,f = [k(x1,x∗), . . . , k(xn,x∗)]
⊤ and K∗∗ = ks(x∗,x∗). The target

of the GPR is to find the predictive distribution of the test output y∗ which are conditioned

on both the dataset D and test input x∗. Thus, it is possible to marginalize the joint

distribution (7.26) over the training dataset output y and to obtain that the predictive

distribution of the test output, y∗, is Gaussian distributed, i.e.,

p(y∗|X,y,x∗,Θ) = N (µ∗,Σ∗), (7.27)

where the mean and the covariance of the predictive distribution are given, respectively, in

the following

µ∗ = K∗,f (Kf ,f + σ2i I)
−1y, (7.28)

Σ∗ = σ2i + K∗∗ −K∗,f (Kf ,f + σ2i I)
−1Kf ,∗. (7.29)

This mean, which is effectively the point estimate of the test output, is obtained as a

linear combination of the noisy dataset outputs y. Also, the variance of the predictive

distribution, Σ∗ in (7.29), serves as a measure of the uncertainty in the estimate of the test

output. After performing the inversion of Kf ,f + σ2i I, the computational complexity of the

testing stage is O(n) and O(n2) for the mean µ∗ and the variance Σ∗ respectively, which

makes the proposed method highly appropriate for online operation.

The output of the GPR model is an estimation of the future sample of voltage data,

Vk+1, predicted from L+ 1 past samples of voltage Vk, . . . , Vk−L, current Ik, . . . , Ik−L, and

temperature Tk, . . . , Tk−L; and future current Ik+1 and temperature Tk+1 samples. Thus,

L is the memory length of the number of previous samples processed. Since the power

demand of the system is known, we can feed the GPR models with future current and

temperature waveforms. This data is assembled in a vector x∗k, of length 3(L + 1) + 2,

formatted as:

x∗k = [Ik+1, Tk+1, Vk, Ik, Tk, . . . , Vk−L, Ik−L]⊤. (7.30)

The output yk of the algorithm is the voltage at the sample k + 1

yk = Vk+1. (7.31)

GPR techniques consist in two processes. In the first part, GPR is trained offline to

learn the relationship between the inputs xki and outputs y. Then, optimal values of
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the hyperparameters of the chosen kernel are determined through a conjugate gradient

method based on a training dataset, D. In the second part, online voltage prediction of

the battery is performed based on voltage, current, and temperature measurements of the

battery. The mean µ∗k of the predicted distribution represents the estimated voltage Vk+1.

Additionally, the variance of the predicted distribution gives us a measure of the confidence

of the prediction. We consider a confidence interval to the 95%

[Vk+1 − 1.96Σ
1/2
∗k , Vk+1 + 1.96Σ

1/2
∗k ]. (7.32)

As variance decreases, the confidence interval becomes smaller and it indicates a more

accurate prediction. GPR techniques can be used to directly provide the prediction of a

variable one sample ahead.

7.2.4 Regular GPR

The scope of this method is to obtain the estimated voltage corresponding to k + z time,

until reaching the desired M = 48 hours prediction for our purposes. This means that

the predicted output of the method corresponds to the expected voltage at time instant

k + z + 1. Due to the recursive structure, in the first step, what it is estimated is the

mean µ
(1)
∗k calculated trough (7.28). This value is then fed back along with voltage, current

and temperature at time instants k, k − 1, . . . , k − L − 1, and current and temperature

Ik+1, Tk+1, Ik+2, Tk+2 in a one-step prediction algorithm to obtain µ
(2)
∗k . This process is

repeated until we obtain the 48 step-ahead voltage prediction. In the testing stage vectors

are formatted as

x
(z)
∗k = [Ik+m Tk+m V

(z)
k I

(z)
k T

(z)
k ]⊤, (7.33)

with

V
(z)
k = [µ

(z−1)
∗k . . . µ

(1)
∗k Vk . . . Vk−L+z−1]

⊤ (7.34)

I
(z)
k = [Ik+m−1 . . . Ik+1Ik . . . Ik−L+z−1]

⊤ (7.35)

T
(z)
k = [Tk+m−1 . . . Tk+1Tk . . . Tk−L+z−1]

⊤ (7.36)

The GPR model is trained with 720 samples of data, i.e., a complete month. To

capture all kind of phenomena, the 720 samples comes from an equally spaced selection of

the original training dataset (the complete year of 2008). In each selection, a complete day

is captured in order to preserve the temporary properties and waveform features, so the

training set can be seen as a cascade of days from different seasons and weather conditions.

For testing, the complete month of March 2009 has been used, selected due to the fact

that it involves all kinds of uncertain phenomena (both sunny and cloudy periods) since it

belongs to a low irradiation season.

The selection of the kernel used in the GPR model is required. Conceptually, the kernel

is the tool that captures the relationships with the training data. In this application, it

is especially difficult to detect these hidden relations because of the 48 hours recurrent

approach. In non-recurrent previous related works [Sahinoglu et al., 2017, Pajovic et al.,

2017] SE kernel exhibits good performances. However, in this work we make an extensive
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RQard SEard SEard + SEard + NN [Pajovic et al., 2017] Matenard

RMSE(V ) 0.592 3.315 1.699 3.071

MaxAE(V ) 1.596 1.635 1.919 2.045

Train time (s) 13.2 13.4 31.6 10.7

Test tie (s) 51.0 50.1 369.2 67.6

Table 7.2: Comparative of kernels using Regular GPR.

test of different kernels, as proposed in [Duvenaud, 2014]. According to the results over

the RMSE and MaxAE, the kernel that gives a better performance for our dataset is the

Rational Quadratic (RQ) [Rasmussen and Nickisch, 2010]

ks(xi,xj) = ϱ21

(
1 +

1

2α

D∑
d=1

(
xid − xjd

µd

)2
)−β

(7.37)

where ϱ21 is the signal variance, β is a smoothness parameter and µd is the characteristic

length scale. Table 7.2 shows the best results of the tests, where it can be appreciated

that more complex kernels do not improve the performance whilst computational cost is

increased. In all cases, Automatic Relevance Determination is used [Wipf and Nagarajan,

2007].

7.2.5 GPR based multiple experts

Regular GPR considers equally all the patterns, irrespective of classes. The idea now is

to model different types of canonical current waveforms (related to specific daily dynamics

during a year), or classes. Several GPR-based “experts” are designed, each one related to

a class. A non-supervised clustering algorithm is used for establishing the different areas

of expertise of each “GPR expert”. Self-Organizing Maps (SOM) [Kohonen, 1997] is the

selected technique that makes the non-linear projection of a high dimensional input space

(dataset) to a two-dimensional map processing element (neurons). After the SOM training,

every input pattern (each day) is projected into five classes:

• Voltage at the beginning of the discharge.

• Voltage at the end of the discharge (at the sunset of the day).

• Duration in hours of the charging process.

• Hours of the discharge.

• Charge stored.

After training a 10× 6 SOM by using the SOM Toolbox [Vesanto et al., 1999] library, the

well-known K-means clustering algorithm [Wagstaff et al., 2001] has been applied to the

outputs of the SOM to establish the different classes obtained. K-means needs the number

of clusters to make the separation, so for establishing this number of clusters the algorithm
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Figure 7.11: (left) Results of K-means applied to SOM. (right) Mean waveforms of the five classes of days

from SOM.

has been applied several times changing this parameter. The results show that using more

than five classes does not provide relevant information. Fig. 7.11a is the final result of this

process. Each sample is labelled regarding its characteristics in the following classes: low

irradiation days, winter days with high SoC, winter days with low SoC, spring days, and

summer days. For a better understanding of the differences among the type of days, Fig.

7.11b, shows the mean current waveform of each data related to each type of day. With this

tool all the days of the original training dataset are classified and tagged. Afterwards, five

GPR experts are designed and trained, using for training days of their corresponding class.

The same parameters obtained with Regular GPR (train size, test set, memory length of

15 hours, RQ kernel) are used in the five experts. In the inference stage, after each expert

estimates the future sample, one of the experts is chosen and its output is fed back for

the next iteration. As the confidence interval calculated by the GPR provides information

about the accuracy of the estimation, the expert with the most accurate confidence interval

is selected as the one to provide the final output.

7.2.6 Sparse GPR

Sparse GPR [Quinonero-Candela and Rasmussen, 2005] is a modification of the Regular

GPR that enables large dataset processing. For larger datasets, sparsity solves the prob-

lem of the computational cost. The computational cost of a regular GPR is reduced by

introducing inducing variables and modifying the joint prior distribution, p(f∗, f). Let

u = [u0, ..., um]⊤ denote the inducing variables which correspond to a set of input locations

Xu called inducing points, where m ≤ n is the number of inducing points. The inducing

points are chosen as a subset of the data points. Given the inducing points, the joint prior

distribution, p(f∗, f) can be rewritten as

p(f∗, f) =

∫
p(f∗, f |u)p(u)du, (25) (7.38)

where p(u) = N (0,Ku,u). For the approximation of p(f∗, f), it is assumed that f∗ and f

are conditionally independent given u in the following [Quinonero-Candela and Rasmussen,

2005]

p(f∗, f) ≈ q(f∗, f) =

∫
q(f∗|u)q(f |u)p(u)du. (7.39)
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Storage Training Mean Variance

Regular O(n2) O(n3) O(n) O(n2)

FITC O(mn) O(m2n) O(m) O(m2)

Table 7.3: Computational cost of Regular and FITC GPR.

Besides, it is assumed that the training conditional q(f |u) is fully independent and the test

conditional keeps exact as

q(f |u) = Πn
i=1p(fn|u) = N (Kf ,u,K

−1
u,uu,diag(Kf ,f −Qf ,f )), (7.40)

q(f∗|u) = p(f∗|u), (7.41)

where diag(A) denotes the diagonal matrix in which the entries outside the main diagonal

are all zero. The distributions in (7.40) and(7.41) can be substituted in (7.39), so that

integrating over u gives the the joint prior

q(f , f∗) = N

(
0,

[
Qf ,f − diag(Qf ,f −Kf ,f ) Qf ,∗

Q∗,f K∗,∗

])
(7.42)

where Qa,b = Ka,uK
−1
u,uKu,b is a low-rank matrix (i.e., rank m). The predictive distribu-

tion can be obtained by using the above joint prior distribution,

q(y∗|X,y,x∗,Θ) = N (µ̃∗, Σ̃∗), (7.43)

where

µ̃∗ = K∗,uΩKu,fΛ
−1y, (7.44)

Σ̃∗ = σ2i + K∗,∗ −Q∗,∗ + K∗,uΩKu,∗. (7.45)

Here, Ω = (Ku,u+Ku,fΛ
−1Kf ,u)−1 and Λ = diag([Kf ,f −Qf ,f +σ2i I]). Notice that the only

matrix requiring inversion is the n × n diagonal matrix Λ, which translates into a signifi-

cant reduction in computational complexity. The computational cost of training becomes

O(m2n), i.e., linear in n and quadratic in m. Larger values of m should yield to better ac-

curacy at the expense of an increase in the computational requirements. Additionally, the

complexity of the testing stages is O(m) and O(m2) for calculating the mean and the vari-

ance, respectively. Among many different kinds of sparsity algorithms [Quinonero-Candela

and Rasmussen, 2005], Fully Independent Training Conditional (FITC) seems to get the

best performance [Chalupka et al., 2013] and, therefore, it is the one used in this work. Ta-

ble 7.3 shows a comparison of computational cost between Regular GPR and FITC Sparse

GPR.

7.2.7 Results and discussion

We validate the proposed models in the experimental dataset. The experiments are imple-

mented in MATLAB2020a in a 1.8-GHz Intel Core i7-10510U CPU. In order to test the

performance of the three proposed models, it is first necessary to see the relevance of the

selection of the input variables. By this, we study which variables (voltage, current and

temperature) are relevant to predict future voltage. There are four possibilities
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I and T I only T only

RMSE(V) 0.592 0.590 2.283

MaxAE(V) 1.596 1.603 5.700

RMSEEON(V) 0.225 0.228 0.279

MaxAEEON(V) 0.739 0.728 1.539

Table 7.4: Error metrics as a function of the inputs considered in the models.

• Future current and temperature profiles known.

• Only future current profile known.

• Only future temperature profile known.

• Neither current nor temperature known (not possible in the context of this problem).

In all cases past profiles are known. To test the influence of the input parameters in

the prediction we use the Regular GPR, as long as the results are expandable to the

other models. The resulting error metrics are listed in Table 7.4. The results show that

temperature has almost no influence on voltage prediction and therefore it can be omitted

in future analysis. This is related to the high thermal inertia of the battery pack, since they

contain tons of liters of water. Sudden irradiation changes caused by a cloud are not enough

to vary relevantly the temperature. In practice, this result helps to reduce the complexity

of the system since the matrix dimensions get reduced. As the second method in Table 7.4

gets similar error metrics to the first method but with less measures, it is chosen to test

the models. Once the future input profile has been chosen, we discuss the performance of

the three different algorithms. In contrast with Regular and ME GPR, as Sparse GPR can

deal with larger datasets, it is trained with the entire 2008 year. In order to keep a fair

comparison between the algorithms, they all are tested with March 2009.

To illustrate the performance of the three methods, in Fig. 7.12 we show the wave-

forms obtained with the Regular GPR implementation. The model fits the real waveform

accurately even in the isolation days. These results manifest that there exists a periodic

error located at midday which matches with the highest value of the confidence interval,

and therefore of standard deviation, of the day. This is because, at this point of the day,

any interfering cloud may reduce the irradiation on the panels and, thus, there is a higher

uncertainty. The error at the end of the night is low in all cases. This is an intuitive result

since clouds do not really have an impact on the irradiation at night (which is nonexistent).

As the waveforms from the three GPR models are similar, Table 7.5 provides quantitative

information.

All methods perform, to a greater or lesser extent, a proper voltage estimation in a

month with heterogeneous events. ME GPR improves the RMSE of Regular GPR but

Sparse GPR gets the better performance of all methods when it comes to this metric. Be-

sides, Regular GPR has the lower MaxAE so it seems to be the most reliable option when

the system needs accurate voltage estimation. In the photovoltaic systems field, where the

EON voltage estimation has a strong interest, all methods reduce RMSE and MaxAE values
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(a) (b) (c) (d)

Figure 7.12: Results of the prediction with Regular GPR and current as the only known future value: (a)

waveforms over the month test, (b) zoom to the crucial days of the month, (c) RMSEEON obtained in the

month test, (d) Σ obtained in the crucial days of the month.

Regular ME Sparse

RMSE(V) 0.590 0.517 0.469

MaxAE(V) 1.603 2.751 2.138

RMSEEON(V) 0.228 0.190 0.238

MaxAEEON(V) 0.728 0.308 0.127

Table 7.5: Error metrics with only future current profile as input, for a battery with a total nominal

voltage of 48V.

with a noteworthy performance of ME and Sparse. We remark that using GPR for predic-

tion (extrapolation) in photovoltaic applications represents a more demanding task than

in the typical regression problem (interpolation) because of the uncertainty of the results.

As means of comparison, we apply the same approach to two non GPR related algorithms

in this application: Nonlinear Autoregressive Exogenous Model (NARX) networks [Chen

et al., 1990] and Long Short-Term Memory (LSTM) [Graves and Schmidhuber, 2005], both

well-known techniques to process and predict real time data series. The tests are carried

with the same conditions of GPR: the same year for training, the same month for testing,

same L and failure prediction of 48 hours ahead. Results are shown in Table 7.6.

Results are rather similar, which confirms the usefulness of GPR as a prediction tool.

Only NARX shows slightly better results predicting EON situations (40mV better than

GPR) but, in contrast, it has higher MaxAE figures (1.6V worse than GPR). Train and test

times information are not especially important because they are only related to the design

ME Sparse NARX LSTM

RMSE(V) 0.517 0.468 0.469 0.454

MaxAE(V) 2.751 2.138 3.741 3.861

RMSEEON(V) 0.190 0.238 0.095 0.220

MaxAEEON(V) 0.308 0.127 0.083 0.197

Train time (s) 60 24 55.7 5437

Test time (s) 416 47 0.041 2.7

Execution time (ms) 610 69 0.06 4

Table 7.6: Error metrics of GPR techniques vs NARX and LSTM for a battery with a total nominal

voltage of 48V.
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phase of the algorithm. Execution time (Execution Time), which is the time needed to make

one single prediction of a sample, is more important regarding to implementation. However,

as a single prediction is carried out each hour, there is enough time for each execution. For

example, the most time-consuming technique (ME) spends only 0.61 seconds. Besides, it

is important to note that GPR algorithms have an advantage over other techniques, that

is, it provides the confidence interval. This measure of the algorithm accuracy enhances

the robustness and allows to design more sophisticated fault-tolerant protocols.

7.3 Control: Nonlinear Implementable Control of a Dual

Active Bridge Series Resonant Converter

7.3.1 Introduction

Power electronics is present in many of today’s technological advances. In particular, bi-

directional DC/DC resonant converters are an efficient option when high voltage and power

conversion ratios are required [Pavlović et al., 2012], enabling applications with fast and

changing dynamics [Zhao et al., 2017] such as autonomous robot systems. Another ap-

plication example can be found on automated guided vehicles (AGV), where a DC/DC

converter links the low voltage (48V) battery with the industrial level voltage (600V) DC

bus of the inverter. Due to the small value of the DC bus capacitor, fast load steps lead

to deep voltage variations at the bus capacitor. The DC/DC converter must exhibit a fast

control response. Similar conclusions can be derived from other applications such as renew-

able energy stations [Baroudi et al., 2007] or the electric car [Tavakoli and Pantic, 2018]. A

popular topology in this kind of applications is the Dual Active Bridge (DAB) [De Doncker

et al., 1991, Kheraluwala et al., 1992] due to its low stress and small filter components.

When low switching losses are required, the best option is to include a Series Resonant

Converter (SRC) [Vorperian and Cuk, 1982,Oruganti and Lee, 1985a,Erickson and Maksi-

movic, 2007]. All the aforementioned features make the control of the DAB-SRC [Krismer

and Kolar, 2009, Li and Bhat, 2009] specially challenging, evidenced in the absence of

advanced controllers on the DAB-SRC in the literature.

A common practice in the control of complex converters is the use of nested feedback

loops [Vasca and Iannelli, 2012] based on linear techniques. This is the case of [Seltzer

et al., 2011] and [Seltzer et al., 2012] for the DAB. Indeed, the use of linear regulators is

the standard in several industrial applications [Engel et al., 2012] because they are simple

to tune and enough for a stable and robust performance, at the expense of slowing down the

system to reject perturbations and nonlinear effects. The resulting poor transient dynamic

is not a problem in many applications, e.g., when charging batteries. However, there are

other applications where the transient response of the DC/DC converter is critical, as it

is the case of regulating the voltage of the DC bus capacitor of an inverter. In this case,

the DC/DC converter must react rapidly in order to avoid strong voltage variations at the

DC bus capacitor. A DAB converter with a PI controller exhibits a fast response but in

the case of a DAB-SRC converter, its strong nonlinearities and resonance behavior makes

almost impossible to get a fast response based on linear converters.
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In the search of faster and more robust control solutions, several works employ nonlinear

control techniques. An instance is [Zhang et al., 2015], where robust control is used to

ensure the stability of a Buck against uncertain parameters. Lyapunov’s stability theory

is the base of [Meza et al., 2012] to develop a passive, adaptive control in a single-phase

inverter. Compared to them, we deal with a more complex topology due to the DAB

topology and the SRC circuit. A well-known technique to regulate power converters is the

Sliding Mode Control [Slotine et al., 1991], approach taken by [Jeung and Lee, 2018] in

a DAB converter. Nevertheless, this approach requires high control frequency and precise

knowledge of the parameters to perfectly compensate the nonlinear dynamics. There are

two other control alternatives with interesting properties. The first one is the deadbeat

control [Saggini et al., 2007,Cortés et al., 2008,Rodŕıguez and Cortés, 2012], which obtains

the fastest response in simple topologies [Saggini et al., 2007] and can be integrated in

optimal controllers [Cortés et al., 2008]. The second alternative is State Trajectory Control

(STC) [Oruganti and Lee, 1985b,Oruganti et al., 1988]. The seminal work in [Feng et al.,

2012] proposes a simplification which enables its implementation in an LLC converter.

However, both methodologies, deadbeat and STC, require the control frequency to be

similar to the switching frequency, which in the converter used in our experiments is not

possible because the control frequency is 15 to 40 times slower than the switching frequency.

7.3.2 Model description

The converter under study is shown in Fig. 7.13a. There are two full bridges interconnected

by an LC series resonant tank and a transformer. In this case Va is the high voltage side

and Vo corresponds with the low voltage side. Parameter L models both the resonant

inductance and the leakage inductances of the high frequency transformer. A resistor R

includes power losses at the resonant tank, transformer and semiconductors.

(a) (b)

Figure 7.13: (a) DAB-SRC under study. (b) Equivalent circuit of the DAB-SRC under study.

One of the bridges works as an inverter and the other as a rectifier. In the example,

the power flows from Va to Vo. Fig. 7.13b is the transformer-left-side equivalent circuit of

the converter, where Vb = nVo, with n the transformer turns ratio.

Signals u1, u2 ∈ {−1, 1} are switching variables in such a way that S1 and S4 (S5 and

S8) are on if u1 = 1 (u2 = 1) whereas S2 and S3 (S6 and S7) are on if u1 = −1 (u2 = −1).

A full wave modulation is applied at each bridge (u1Va and u2Vb), being δ the phase shift

between the output waves of both bridges. As the switching frequency is above the resonant
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frequency ZVS operation is assured and therefore only turn-off losses must be considered,

i.e., losses due to itoffa at the high-side bridge and caused by itoffb at the low-voltage side.

The switching frequency w (shared by the two bridges) and the phase shift δ are the control

variables. The topological model of the converter is represented by Eqs. (7.46)-(7.47)

diL
dt

=
1

L
(u1Va −RiL − vC − u2Vb) (7.46)

dvC
dt

=
iL
C

(7.47)

Applying the Generalized Averaging Method up to the first harmonic [Sanders et al., 1991,

Mahdavi et al., 1997], it yields to (7.48)-(7.49)

d⟨iL⟩1
dt

=
⟨u1⟩1Va
L

− R⟨iL⟩1
L

− ⟨vC⟩1
L
− ⟨u2⟩1Vb

L
− jw⟨iL⟩1 (7.48)

d⟨vC⟩1
dt

=
⟨iL⟩1
C
− jw⟨vC⟩1 (7.49)

Considering the phase of the output modulation wave u2 as the phase reference, the

next variable changes are possible

⟨iL⟩1 = iLR + jiLI ⟨vC⟩1 = vCR + jvCI

⟨u1⟩1 =
2

π
sin(δ)− j 2

π
cos(δ) ⟨u2⟩1 = −j 2

π

where iLR and iLI (resp. vCR and vCI) are the real and imaginary part of iL (resp. vC).

Finally, the model of the converter is described by

diLR
dt

= −RiLR
L

+ wiLI −
vCR

L
+

2Va
Lπ

sin(δ), (7.50)

diLI
dt

= −wiLR −
RiLI
L
− vCI

L
+

2Vb
Lπ
− 2Va
Lπ

cos(δ), (7.51)

dvCR

dt
=
iLR
C

+ wvCI , (7.52)

dvCI

dt
=
iLI
C
− wvCR, (7.53)

where iLR, iLI are the controlled variables, and vCR, vCI are the so-called free variables.

The selection of this controlled variables provides both flexibility and generality in the

proposal, allowing the practitioner to map in them any desired application requirement

regarding the power conversion, efficiency and technological requests. The control variables

are the switching frequency, w, which is normally related to the converted power, and the

phase shift δ, which has a great influence in the turn-off current. As it can be observed

in Eqs. (7.50)-(7.53), the control variables drive the dynamics of the controlled variables

through strongly nonlinear equations. Therefore, conventional control strategies as PI

controllers are not able to provide fast and stable transients.

7.3.3 Control law

In order to adequate to the control notation, let x = [x1, x2, x3, x4]
⊤ = [iLR, iLI , vCR, vCI ]⊤

denote the state vector and u = [δ, w]⊤ the action vector. The goal is to drive the converter
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to a desired configuration, denoted by x∗, so that the control error is x̃ = x−x∗. According

to the description of the model in Section 7.3.2, x1 and x2 are the controlled states, so

x∗3 = x3(t) and x∗4 = x4(t) for all t. Recalling our objectives, we seek an expression for u

to achieve stability of the converter ∀x.

To this end, we propose a nonlinear control strategy based on two types of controllers.

The intuition is the following. When the converter is far from the desired state, we apply

nonlinear control expressions in δ and w which achieve a fast initial transient response and

small error. Near the desired configuration we also include in the control law two PIs, one

for δ and the other for w, to ensure a smooth convergence of the converter to the desired

configuration. The control expressions are described by

δ =


arctan 2 (K2x̃2,K1x̃1) , if τ > ε

Kδ
P x̃1 +Kδ

I

∫ t

0
x̃1dt, otherwise

(7.54)

w =


1
LK1x3x̃1 − R

LK1x1x
∗
1 + 1

LK2x4x̃2

K1x2x̃1 −K2x1x̃2
+
−2Vb

LπK2x̃2 − R
LK2x2x

∗
2

K1x2x̃1 −K2x1x̃2
, if τ > ε

Kw
P x̃2 +Kw

I

∫ t

0
x̃2dt, otherwise

(7.55)

with K1,K2,K
δ
P ,K

δ
I ,K

w
P ,K

w
I and ε positive constants and

τ =

∣∣∣∣ x̃2x2
∣∣∣∣ . (7.56)

The inclusion of the PIs is required because the nonlinear control law for w has a division

by zero in the desired configuration, i.e., when x̃1 = x̃2 = 0 the denominator in (7.55),

K1x2x̃1−K2x1x̃2, is zero. From an application point of view, this also becomes a problem

near x∗ because small changes in the error result in big changes in the action w. The

transition between the nonlinear expression and the PIs is done in such a way that the

action preserves continuity, initializing the integral terms by∫ t

0
x̃1dt = (δLy −Kδ

P x̃1)/K
δ
I (7.57)∫ t

0
x̃2dt = (wLy −Kw

P x̃2)/K
w
I (7.58)

with δLy and wLy the actions from the nonlinear terms when the transition occurs. The

parameter ε defines the transition moment. On one hand it needs to be big to prevent

undesired behaviors of the nonlinear term in (7.55) near the singularity. On the other

hand, since the model is nonlinear, the PIs will only stabilize the system if the state

is sufficiently close to the desired configuration, which requires a small value of ε. The

following proposition demonstrates that there is always a sufficiently small value of ε that

formally guarantees the global and asymptotic stability (GAS) of the converter.

Proposition 17. Let Kδ
P ,K

δ
I ,K

w
P ,K

w
I be some constants such that x̃ = 0 is a stable

point of the linearized system in (7.50)-(7.53) under the PI control. Then, there exists a

sufficiently small ϵ such that the control strategy of Eqs. (7.54)-(7.55) is GAS.
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Proof. Let V (x̃) = 1
2K1x̃

2
1 + 1

2K2x̃
2
2 ∈ R be a Lyapunov function candidate. By developing

V̇ it follows that

V̇ (x̃) =K1x̃1 ˙̃x1 +K2x̃2 ˙̃x2 =

K1x̃1ẋ1 +K2x̃2ẋ2 =

wK1x2x̃1 −
R

L
K1x

2
1 −

1

L
K1x3x̃1 +

R

L
K1x1x

∗
1−

− wK2x1x̃2 −
R

L
K2x

2
2 −

1

L
K2x4x̃2 +

2Vb
Lπ

K2x̃2+

R

L
K2x2x

∗
2 +K1x̃1

2Va
Lπ

sin δ −K2x̃2
2Va
Lπ

cos δ.

(7.59)

If τ > ε, substitution of Eqs. (7.54) and (7.55) in Eq. (7.59) gives

V̇ (x̃) = −R
L
K1x

2
1 −

R

L
K2x

2
2, (7.60)

which is negative ∀x̃. This means that from any initial conditions, there will be a time

such that τ ≤ ε, forcing the switch to the PI controllers. The initialization in (7.57)-

(7.58) ensures continuity of the action. By assumption in the claim, the PIs are designed

such that the linearized system is stable in x̃ = 0. This implies [Khalil, 2014] that there

exists a neighborhood D of x̃ = 0 where the PIs achieve local asymptotic stability of the

nonlinear system. Thus, there exists a sufficiently small ε such that the control achieves

GAS, concluding the proof.

The only missing part is the choice of an appropriate value for ε. This could be tackled

by means of simulations and optimization search over the state space of the converter.

Nonetheless, in practice it is just enough to set ε to a sufficiently small value, e.g., 0.05 in

our experiments, to obtain a stable and fast response even with an aggressive PI design.

7.3.4 Adaptations

In an ideal scenario, this proposal is ready to control the converter. However, some issues

arise from the implementation requirements.

Firstly, the control strategy depends on x3 and x4. In particular, this dependence is

represented in Eq. (7.59) by

− 1

L
K1x3x̃1 −

1

L
K2x4x̃2. (7.61)

However, this information is not accessible in the real system since x3 and x4 correspond

to the real and imaginary part of vC . As we can not measure them, a sensorless method is

proposed which eliminates this dependence.

Considering the limitations in the design of power converters, the voltage at the reso-

nance capacitor vC is always below a certain value Vlim. Recalling the harmonic approxi-

mation in Section 7.3.2,

vC,pp =
√

2vC,rms =
√
x23 + x24, (7.62)
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and so both x3 and x4 are limited by the maximum admissible voltage in the capacitor

vC,pp =
√

2vC,rms =
√
x23 + x24 ≤ Vlim → |x3|, |x4| ≤ Vlim. (7.63)

In the worst case, that is, Eq. (7.61) is at its maximum value, the term

1

L
Vlim(K1|x̃1|+K2|x̃2|) (7.64)

must be compensated. The modification consists in replacing (7.61) by (7.64) in the nonlin-

ear term of (7.55). Additionally to the sensorless feature, this adaptation has the advantage

that it only adds speed to the transient response since the numerator in Eq. (7.55) when

τ > ε increases. Finally, the value of C is no longer required, so the control is robust to

any uncertainty or tolerance with respect to the resonance capacitor.

The second modification is related to the difference between the characterized parame-

ters and the real ones. This could lead to an incorrect compensation of the terms in (7.54)

and (7.55) and destabilize the system. To overcome this circumstance, we propose an adap-

tive law which works in real time. Let us define a1 = R
L and a2 = 1

L to ease the design.

These parameters correspond to the coefficients multiplying the terms in the model (7.50)-

(7.53). In case R and L are not known with prevision, a1 and a2 can be expressed as

the sum of two terms a1 = â1 + ã1 and a2 = â2 + ã2. Here, â1 and â2 are the estimated

parameters whilst ã1 and ã2 are the error between the real and estimated parameters.

The adaptation law seeks to ensure the stability of the converter by evolving the values

ã1 and ã2, in such a way that the control defined in Eqs. (7.54) and (7.55) still works. So

the condition of negative derivative over V̇ must be preserved.

Proposition 18. Given the control law defined by Eqs. (7.54)-(7.55) and the design con-

ditions described in Proposition 17, the adaptation law

˙̂a1 = − 1

Ka1

(K1x1x̃1 +K2x2x̃2) (7.65)

˙̂a2 = − 1

Ka2

(K1Vlimx̃1 +K2Vlimx̃2 −
2Vb
π
K2x̃2) (7.66)

preserves the GAS, with Ka1 and Ka2 two positive gains.

Proof. Redefine the Lyapunov function in Proposition 17 to consider the error in the pa-

rameters

V (x̃, ã1, ã2) =
1

2
K1x̃

2
1 +

1

2
K2x̃

2
2 +

1

2
Ka1 ã

2
1 +

1

2
Ka2 ã

2
2. (7.67)

Then, V̇ changes to

V̇ (x̃, ã1, ã2) =K1x̃1ẋ1 +K2x̃2ẋ2 +Ka1 ã1 ˙̃a1 +Ka2 ã2 ˙̃a2 =

Ka1 ã1 ˙̃a1 +Ka2 ã2 ˙̃a2 − ã1K1x1x̃1 − ã2K1x3x̃1

+ ã2K1x̃1
2Va
π

sin δ − ã1K2x2x̃2 − ã2K2x4x̃2

+ ã2
2Vb
π
K2x̃2 − ã2K2x̃2

2Va
π

cos δ +W,

(7.68)
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where W includes all the terms which depend on â1 and â2 and it is strictly negative, since

is the result of applying the control law in Eqs. (7.54) and (7.55). To preserve the GAS

properties over V̇ , the other terms are distributed

Ka1 ã1 ˙̃a1 = ã1K1x1x̃1 + ã1K2x2x̃2, (7.69)

Ka2 ã2 ˙̃a2 = ã2K1x3x̃1 + ã2K2x4x̃2 − ã2
2Vb
π
K2x̃2, (7.70)

considering that ã2K1x̃1
2Va
π sin δ = ã2K2x̃2

2Va
π cos δ by the definition of δ. Then,

˙̃a1 =
1

Ka1

(K1x1x̃1 +K2x2x̃2), (7.71)

˙̃a2 =
1

Ka2

(K1x3x̃1 +K2x4x̃2 −
2Vb
π
K2x̃2). (7.72)

Assuming that the real parameters are quasi-static,

˙̂a1 = − ˙̃a1, ˙̂a2 = − ˙̃a2. (7.73)

The sensorless term in (7.64) is included in Eq. (7.66) to consider the absence of measure-

ments in x3 and x4. Additionally, Eq. (7.55) changes to

w =


−â2Vlim(K1|x̃1|+K2|x̃2|)− â1K1x1x

∗
1

K1x2x̃1 −K2x1x̃2
+
−2Vb

LπK2x̃2 − â1K2x2x
∗
2

K1x2x̃1 −K2x1x̃2
, if τ > ε

Kw
P x̃2 +Kw

I

∫ t

0
x̃2dt, otherwise

(7.74)

At this point, following a similar procedure to the one described in the proof of Proposi-

tion 17, GAS is proved.

It is underlined that the adaptation law does not seek to obtain the precise real value

of the parameters. It simply evolves the estimates to ensure the stability of the converter.

The last aspect to address is the discretization of the control strategy. Its implementa-

tion is done by a digital device, which immediately implies that the control strategy must

work in discrete time with a sampling time Ts. This contrast with the continuous time

control proposal. Aiming to preserve the properties and structure of the nonlinear con-

troller, a limitation in the velocity of the actions is considered, |δ̇| < δ̇max and |ẇ| < ẇmax,

with δ̇max and ẇmax part of the design. Thanks to this, the control strategy can be im-

plemented in discrete time by a Zero Order Hold (ZOH). By limiting the change in u,

the behavior of the converter is smoothed out because the overdamped dynamic domi-

nates the underdamped dynamic characteristic of the resonant circuit. The speed of the

transient response is not deteriorated because the control strategy pursues to control the

overdamped dynamic. Furthermore, by limiting |δ̇| and |ẇ| the devices are being protected

from premature degradation.

Algorithm 10 summarizes the sequence of control steps of the complete strategy, and

Fig. 7.14 details the design process for the control parameters. Constants K1 and K2

are tuned according to the desired settling time of x1 and x2 respectively, since they are
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multiplied by the corresponding errors in Eq. (7.74). Then, we obtain the linearized model

in Eqs. (7.50)-(7.53) to design Kδ
P ,K

δ
I ,K

w
P ,K

w
I using pole placement, to ensure stability in

the small gain. Nevertheless, any other classic technique can be applied for this step and,

if needed, it can be further refined in experiments. The transient response is finally tuned

by Ka1 and Ka2 , which permit us to speed up x1 and x2 since they drive the evolution of

â1 and â2. The selection of ε is empirical and depends on the model of the DAB-SRC: it

must be sufficiently small to leverage the speed of the nonlinear controller and big enough

to satisfy stability and obtain zero steady-state error. Finally, δ̇max, ẇmax are selected to

verify security, sampling time and other constraints on the real device.

Algorithm 10 Complete control strategy

1: Initialize variables

2: while True do

3: Read Sensors and References: x1, x2, x
∗
1, x

∗
2, Va, Vb

4: if Change in references or voltages and τ > ε then

5: Change to Lyapunov mode

6: end if

7: if Lyapunov Mode then

8: Calculate adaptation law: â1, â2, Eqs. (7.65) (7.66)

9: Calculate δ and w, Eqs. (7.54) and (7.74)

10: Calculate τ, Eq. (7.56)

11: if τ < ε then

12: Load integrals of PIs, Eqs. (7.57) and (7.58)

13: Activate PI mode

14: end if

15: else {PI mode}
16: Calculate δ and w, Eqs. (7.54) and (7.74)

17: end if

18: Apply saturations

19: Wait until (k + 1)Ts
20: end while

Figure 7.14: Flow chart detailing the design of the control parameters.

Note that all expressions can be implemented in a digital device. The only operation

that might not be available is the arc tangent, but in that case it could be implemented

through a LUT. The design formally guarantees the stability of the converter and, therefore,

zero error in the steady state. On the other hand, the design constants allow to regulate

the transient behavior although, due to the changing structure of Eqs. (7.54) and (7.74),

as well as the saturations in δ̇ and ẇ, the settling time can not be set a priori.



206 Chapter 7. Identification, Estimation and Control of Power Systems

Lastly, it is noteworthy that the expressions of the control proposal are independent on

the particular operating point the converter is: it only needs to track the difference between

the desired reference and the actual configuration to decide the operating control mode

(checking τ) and to calculate the inputs w and δ. This is a consequence of Propositions 17

and 18, which prove global asymptotic stability. Therefore, it is not necessary to study

whether there are multiple solutions for a given operating point of the converter or it is

unique, and no special treatments given the operating point are required.

7.3.5 Simulations

A complete model has been created in Simulink®2011b, testing the control strategy di-

rectly with the circuit equations (7.46)-(7.47). Besides, the control algorithm has been

implemented in C language (S-Function Builder [MathWorks®, 2020a] [MathWorks®,

2020b]), so the code can be directly transferred to a microcontroller or DSP. The model

includes the filters to measure iLR and iLI , the modulator to generate u1 and u2 and a

worst-case latency of a sampling period Ts between the calculation of the action and its

application.

To validate the proposal, we compare the results with those obtained by two other

control strategies. The first one is based on PIs, which is the existing policy in the device

and it is the common alternative in industrial applications [Engel et al., 2012]. The second

one implements a more advanced control, namely, a Sliding Mode Control, taking the state-

of-the-art solution proposed in [Jeung and Lee, 2018]. We have adjusted the values of the

control parameters to fit our controller. It is noteworthy that [Jeung and Lee, 2018] deals

with a DAB converter without resonance, so our problem is harder to solve due to the SRC

circuit. Besides, its proposal applies to Single-Input Single-Output systems; therefore, to

implement it in our setup we have fixed one of the inputs and used the solution in [Jeung

and Lee, 2018] to control the other one. In particular, we have fixed δ = arctan 2(x̃2, x̃1),

and apply the Differential Integral Sliding Mode controller from [Jeung and Lee, 2018] in

w to be able to cover the entire dynamic range of the converter. Finally, the Sliding Mode

controller includes PIs adjusting the steady-state error since, unlike [Jeung and Lee, 2018],

the sampling frequency is 15− 40 times lower than the switching frequency, making them

necessary to avoid oscillations around the desired reference.

It must be underlined that iLI is obtained from the full-wave rectification of iL and its

subsequent filtering by an analogue filter. Moreover, to avoid the influence of spurious in

iLR and mitigate high frequency noise, a digital filter is included after the measurement

to achieve a slight filtering without modifying the hardware. In particular, a first order

Butterworth low-pass filter is considered, with a sampling frequency of Ts = 2.5kHz and a

normalized cut-off frequency of 0.6

F (z) =
0.5792z + 0.5792

z + 0.1584
. (7.75)

This filter is auxiliary and does not belong to the control strategy. The amplitude of the

measurement noise has been scaled to fit the one obtained with the real hardware equip-

ment of the experiments on Section 7.3.6, which is in the range [0.25, 0.30]V of maximum
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amplitude. Table 7.7 summarizes the main features of the commercial converter.

Parameter Symbol Value

Sample time Ts 400µs

High bridge voltage Va [325− 400]V

Nominal high bridge voltage Va,n 375V

Low bridge voltage Vo [93− 138]V

Nominal low bridge voltage Vo,n 116V

Equivalent coil L 110µH

Capacitor C 254nF

Equivalent resistance R 1Ω

Transformation ratio n 2.17

Minimum frequency fmin 35kHz

Maximum frequency fmax 100kHz

Resonance frequency fo 30kHz

Maximum δ δmax π/2rad

Minimum δ δmin −π/2rad

Maximum admissible voltage in C Vlim 450
√

2V

Table 7.7: Main parameters of the converter.

(1) (2) (3) (4) (5) (6) (7) (8) (9)

Va(V) 375 375 375 400 400 400 325 325 325

Vo(V) 116 138 93 116 138 93 116 138 93

Table 7.8: Simulated combinations of voltages Va and Vo.

Given the voltage ranges of Va and Vo in Table 7.7, 9 combinations are selected to

cover all possible scenarios, listed in Table 7.8. For each combination, three situations are

studied: given a fixed reference value i∗LR = 1A, we apply either positive or negative steps

on the reference value i∗LI (denoted as ∆iLI), always starting from the midpoint of the

characterized static range. For each case we record the settling time, checking if iLR goes

below 0A during the transient for security reasons. These metrics are named tscp, tspi and

tssm for our proposal, the PIs and the Sliding Mode respectively.

The control parameters are adjusted to the following: K1 = 1, K2 = 1, Kδ
P = 0.0002,

Kδ
I = 0.015, Kw

P = 10, Kw
I = 5000, Ka1 = 2000, Ka2 = 1000, δ̇max = 2π/360rad, ẇmax =

2π5000rad/s, ε = 0.05. We compare with two PIs with the following parameters: Kδ
P =

0.0001, Kδ
I = 0.015, Kw

P = 1, Kw
I = 1000. The difference between the PIs of the proposed

control strategy and the latest is due to the fact that, in our proposal, the PIs perform

in the small signal range, in contrast with the existing control policy which works in the

entire dynamic range. Thus, in the existing control policy the PIs must be slow enough

to reject the effects of nonlinearities and to evade instability. This is another advantage of

the proposal, where the PIs can be tuned to be more demanding since they always work

in the small signal range. Besides, the Sliding Mode Controller has been tuned as follows

(following the notation from [Jeung and Lee, 2018]): K1 = 50, K2 = 50, K3 = 1000,

µ = 20000, Kδ
P = 0.0002, Kδ

I = 0.015, Kw
P = 10, Kw

I = 5000.
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The results are shown in Table 7.9. The control strategy achieves a fast dynamic

response for all initial and desired configurations, with settling times between 3ms and

6ms. Obtaining such a uniform settling time is an advantage because the convergence time

can be known in advance despite the amplitude of the step. Taking into account that

Ts = 400µs, the controller employs 8 − 15 samples to drive the converter to the desired

configuration, which is the limit usually considered in discrete control theory to capture

the relevant information during the transient. In all cases the requirements with regard to

iLR are accomplished.

Combination ∆iLI (A) i∗LI (A)
Settling Times (ms)

tscp tspi tssm

(1) 4.0− 8.5 4.75 4.0 16.0 4.0

(1) 4.0− 8.5 7.25 3.0 10.0 3.5

(1) 4.0− 8.5 8.25 4.0 12.0 4.0

(2) 3.5− 6.5 4.0 4.0 12.0 5.0

(2) 3.5− 6.5 5.5 3.0 10.0 3.0

(2) 3.5− 6.5 6.25 5.0 12.0 4.5

(3) 4.5− 9.5 5.5 4.0 16.0 5.0

(3) 4.5− 9.5 8.0 4.0 10.0 4.5

(3) 4.5− 9.5 8.75 4.0 12.0 4.5

(4) 4.0− 10.0 5.0 4.0 18.0 5.0

(4) 4.0− 10.0 7.5 3.0 8.0 3.5

(4) 4.0− 10.0 8.5 3.0 10.0 4.0

(5) 3.5− 7.0 4.0 4.0 14.0 4.5

(5) 3.5− 7.0 5.75 3.0 10.0 3.0

(5) 3.5− 7.0 6.25 5.0 12.0 4.0

(6) 5.0− 11.0 6.0 4.0 14.0 4.0

(6) 5.0− 11.0 9.0 4.0 6.0 4.0

(6) 5.0− 11.0 10.0 4.0 8.0 4.0

(7) 3.0− 6.5 3.5 4.0 20.0 5.0

(7) 3.0− 6.5 5.5 5.0 10.0 5.0

(7) 3.0− 6.5 6.0 6.0 12.0 6.0

(8) 2.5− 5.0 3.0 5.0 8.0 5.0

(8) 2.5− 5.0 4.25 4.0 8.0 4.5

(8) 2.5− 5.0 4.75 6.0 8.0 6.0

(9) 3.0− 8.0 4.0 4.0 16.0 4.5

(9) 3.0− 8.0 6.5 4.0 10.0 4.5

(9) 3.0− 8.0 7.25 4.0 10.0 5.0

Table 7.9: Results of the systematic evaluation of the converter. Red cell means a violation in the condition

ILR > 0A.

Comparing the static ranges it can be deduced that greater jumps between Va and Vo
yield to greater static ranges, which is reasonable since there is a greater voltage in the

resonant tank. Furthermore, the higher the value of Va and Vo, the higher the values of

∆iLI . Table 7.9 also shows the results obtained by the PI control. The settling time is of
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the order of 2-4 times greater than with our control proposal. In addition, it depends on the

amplitude of the step and the specific configuration in which the DAB-SRC is, so it is more

complicated to predict. Regarding the Sliding Mode solution, Table 7.9 shows that the

speed of the transient response is a bit slower than the one achieved by our proposal. The

settling time is almost constant as well, but with a very important disadvantage. It can be

seen that the red cells marking the cases where the condition ILR > 0A is violated appear

when we impose a negative step in the ILI reference. This is not allowed in our application.

The reason of this is that the Sliding Mode Control requires high control frequencies to be

able to correctly approach the sliding surfaces. In our setup, with an appropriate tuning

of control parameters, the small control frequency makes the states overpass the sliding

frontiers, which in the end make iLR to go beyond 0A.

Evolution of iLI over time Evolution of iLR over time

Our proposal PIs SMC Our proposal PIs SMC

Evolution of δ over time Evolution of f = w/2π over time

Our proposal PIs SMC Our proposal PIs SMC

Figure 7.15: Behavior of the converter against a uniformly random sequence of steps in i∗LI , where

Va = Va,n and Vo = Vo,n. Green flag indicates the operation mode of our control strategy. PI label means

PI mode and NL label means Nonlinear mode.

Evolution of estimates during simulation

Figure 7.16: Evolution of the estimation of R and L.

To exemplify the behavior of the converter with the control policies, Fig. 5 shows the

evolution of the converter against a uniformly random sequence of steps of iLI every 40ms,
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with nominal values in Va and Vo. Thanks to the proposed control strategy, the response is

satisfactory covering all the static range of the converter with identical settling times. In the

first moments after a reference change, iLR and iLI exhibit some overshoot due to the speed

demanded, but always satisfying the operation requirements. The actions are achievable

and the adaptation law modifies the values of R̂ and L̂ (see Fig. 7.16) to ensure the stability

of the system. In this case, the reset of R̂ and L̂ to the original estimation is not considered

but it can be done to guarantee that they prevail near the characterized values. No effect

caused by control latency is appreciated. With the PI policy, the response of the converter

is slower than before and is dependent on the amplitude of the step introduced. As δ hardly

changes, iLR does not change either. The current circulating through the transistors is very

stable but since the control barely has δ to regulate iLI , w must take care of regulating the

power, with a response in iLI much slower than with the control proposal. This justifies

the differences in the response of iLR, which influences the transient in iLI and explains

the brief overshoot in our control strategy. With the Sliding Mode Control, the transient

response is the most spiky in both iLR and iLI . In the case of iLR this yields to violations

in the condition iLR > 0A. Besides, a small control frequency with respect to the switching

frequency makes the sliding controller to overpass the sliding frontiers between surfaces

and, thus, achieve the spiky transient response in iLI as well. As a last remark, the Sliding

Mode Control has moderate robustness against uncertainties in the parameters. However,

this intrinsic robustness is highly dependent on the particularities of the system and is not

quantified, so at some point degradation or uncertainty may destabilize the converter. On

the other side, our proposal has theoretical guarantees of robustness due to the adaptive

law and global asymptotic stability is irrespective of uncertainty.

The advantages and disadvantages of our proposal, compared to the other techniques,

are summarized in Table 7.10. Green color is advantage, red color is disadvantage, and

yellow is neutral.

Our proposal PI Control Sliding Mode Control

Global Asymptotic

Stability

Small Gain Stability Global Asymptotic

Stability

Constant Fast Settling

Time

Step-dependent Slow

Settling Time

Constant Fast (less than

our proposal) Settling

Time

Overshoot may appear No overshoot Overshoot may appear

Preserves iLR > 0A Preserves iLR > 0A Does not preserve

iLR > 0A

Adaptation adds

robustness against

uncertainty and keeps fast

transient

Dynamics must be slowed

down for robustness

Sliding is robust against

moderate levels of

uncertainty

Table 7.10: Comparison among controllers. Green color is advantage, red color is disadvantage, and yellow

is neutral.
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7.3.6 Experiments

The setup of the experiments is shown in Fig. 7.17. The converter, provided by Epic

Power®, is disassembled, with access to the motherboard, the microcontroller and the aux-

iliary measuring devices. The oscilloscope is a model MSO7104B of InfiniiVision® [Tech-

nologies, 2010] and has four channels and a bandwidth of 1GHz. The oscilloscope is over a

bank of power supplies, which provide the energy to the converter. Specifically, these power

supplies can set the voltage for bi-directional current demands, so they can supply energy

(load) or recover it (discharge). The 32-bit microcontroller that implements the control

strategy comes with floating point unit (FPU) and can perform the arctan 2 operation [In-

struments, 2018]. It also has enough configurable output pins to monitor, either through

serial communication or direct measurement with an oscilloscope, internal variables for

debugging.

Figure 7.17: Setup of the experiment.

The results of the experiments are shown in figures. 7.18-7.20. The first series of ex-

periments, in Fig. 7.18, consists in applying reference steps of different amplitude (positive

and negative) with different voltages and starting up conditions. Fig. 7.18 shows that the

control strategy achieves a fast and stable response even when the converter is turned on.

In relation with iLR, the microcontroller receives a data each 10ms so it is not possible to

follow its transient response. However, we have verified that after 10ms from the change

in the reference, iLR converges to i∗LR, a hundred times faster with our control solution

than with the previous policy. The experiments validate that the control strategy globally

achieves a fast and stable response, converging to the desired configuration in not more

than 6ms. It is noteworthy that in Fig. 7.18c and Fig. 7.18e a spike appears in the ref-

erence change. This is due to the influence of the output filter of the converter when it

is started up. By construction of the commercial converter and for security reasons, the

PWM lasts one sample time to apply the control inputs, so the first 400µs the converter

is alone against the predefined values of w and δ, resonating with the 4.5kHz frequency of

the output filter. After that, the control is applied and the spike disappears.

To further investigate our proposal, the next experiment evaluates the response of the

converter against uncertainties in R and L, recalling that our proposal is immune to the
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value of C. To do so, we have mapped the uncertainty by initializing the control with values

of R and L different from those characterized. In particular, we have assumed differences

of the 50%, which is much higher than the typical deviation of these parameters. The

experiments have been conducted with the converter operating at Va = 375V, Vo = 116V,

i∗LI from 7A to 11A. As we can see in Fig. 7.19, the transient and steady-state response

is almost mirrored irrespective of the uncertainty in R and L. This is an evidence of the

robustness achieved by the adaptation law of our proposal. In all the cases the control

obtains zero steady-state error.

(a) (b) (c) (d) (e) (f)

Figure 7.18: Results of the experiment with the commercial converter against different values of voltage

and current. All of them have been conducted using the nominal parameters of the converter. Green

flag indicates the operation mode. PI label means PI mode and NL label means Nonlinear mode. The

configurations are: (a) Va=375V,Vo=117V, i∗LI from 2.4A to 3.8A; (b) Va=375V,Vo=116V, i∗LI from 4.2A

to 3.1A; (c) Va=375V,Vo=116V, i∗LI from 0A to 4.2A; (d) Va=325V,Vo=138V, i∗LI from 2.1A to 2.8A; (e)

Va=325V,Vo=93V, i∗LI from 0A to 2.4A; (f) Va=400V,Vo=93V, i∗LI from 2.1A to 3.5A.

(a) (b) (c) (d) (e) (f)

Figure 7.19: Results of the experiment with the commercial converter against uncertainty in the parame-

ters. All of them have been conducted with the converter operating at Va = 375V, Vo = 116V, i∗LI from 2.4A

to 3.8A. Green flag indicates the operation mode. PI label means PI mode and NL label means Nonlinear

mode. The configurations are: (a) L̂(0)=L,R̂(0)=R; (b) L̂(0)=0.5L,R̂(0)=R; (c) L̂(0)=1.5L,R̂(0)=R; (d)

L̂(0)=L,R̂(0)=0.5R; (e) L̂(0)=L,R̂(0)=1.5R; (f) L̂(0)=0.5L,R̂(0)=1.5R

The final experiment assesses the robustness of the control strategy against sudden

changes in Va and Vo. We have programmed a sequence of random uniformly random steps

in Va and Vo, positive or negative, each 40ms. The delay between steps in Va and Vo is

also random. The converter has been driven to steady-state at Va = 375V, Vo = 116V, and

ILI = 3.1A. Fig. 7.20 shows that the converter is completely robust against sudden changes

in the voltages at both sides. The worst case, around t = 120ms, corrects ILI in less than

5ms and corresponds to a high-amplitude step in Va. The rest of the time ILI follows the

reference irrespective of the disturbances.

7.4 Conclusions

This chapter has contributed onto the critical aspects of identification, estimation, and

control in power systems, with a focus on their significance in modern robotics systems.
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Figure 7.20: Results of the experiment with the commercial converter against disturbances on Va and Vo:

(top) evolution of iLI ; (bottom) disturbances in Va (blue) and Vo (green). The converter has been firstly

driven to Va = 375V, Vo = 116V, and ILI = 3.1A

By addressing the increasing complexities in these systems, the chapter has presented novel

solutions and insights:

• Automatic identification of power-temperature dynamics: An innovative au-

tomatic technique for estimating semiconductor power losses in power converters has

been introduced. This method, based on an optimization-based identification of the

linear discrete-time dynamic system, offers high accuracy and the flexibility to in-

corporate desired requirements and constraints. It surpasses traditional post-design

approaches in terms of accuracy and interpretability, proving its efficacy in various

scenarios, including switching operating conditions.

• Voltage prediction using Gaussian Process Regression: The chapter addressed

the challenges of future voltage estimation in photovoltaic systems by employing three

different GPR recursive multistep models: Regular GPR, Multiple Expert GPR, and

Sparse GPR. Extensive analysis, utilizing a large dataset with voltage, current, and

temperature data, revealed that simple kernels like RQ offer a good balance between

computational efficiency and accuracy. The results demonstrated the robustness and

effectiveness of GPR models, particularly the ME and Sparse models, in providing

accurate voltage predictions and facilitating fault-tolerant applications.

• Nonlinear control of a dual active bridge series resonant converter: A novel

control strategy for a series resonant converter in a dual active bridge topology has

been proposed. This nonlinear control approach ensures global asymptotic stability,

leading to significant improvements in response speed and overall performance com-

pared to traditional PI and Sliding Mode control loops. The strategy’s robustness and

stability properties have been validated through both simulations and experiments

with a commercial converter.

These contributions collectively address the growing demands for precise and efficient
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power management in modern robots and sustainable energy applications. The insights

and solutions presented in this chapter pave the way for future research and development

in the field, promising further advancements in the identification, estimation, and control

of complex power systems.
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Chapter 8

Conclusions

This thesis explored the exciting domain of distributed multi-robot coordination, with a

particular focus on the formulation of control policies that are simultaneously scalable and

accurate. The research exposed in the thesis proposes novel control theoretical mechanisms

to guarantee effective collaboration in teams of robots subject to a distributed infrastruc-

ture, regardless of the number of robots involved. The research adopted a synergistic

approach, integrating principles from physics, geometric control theory and machine learn-

ing, enabling robots to interact with their environment and with each other in the absence

of a central coordination unit, thereby advancing the frontiers of robotic autonomous col-

laboration.

In particular, the thesis first addressed the control of input-nonaffine systems, a class

of nonlinear systems that has historically presented significant challenges for traditional

control design, and which underlies distributed multi-robot applications from herding to

navigation in cluttered environments. Moreover, the thesis pioneered new approaches to

distributed stochastic estimation. These methods enable robots to estimate and track

variables of interest in a distributed manner, even when faced with noisy or incomplete in-

formation, thereby enhancing their perception and situational awareness; these tools are of

general applicability in multi-robot domains, with special significance in active exploration

or search and rescue. Another pioneering contribution of this thesis is the introduction

of innovative techniques for the learning of distributed multi-robot policies, which enable

robots to learn and adapt their behavior through experience and interaction with their sur-

rounding environment. These techniques capitalize on the capabilities of machine learning

algorithms, with robots acquiring new skills and refining their performance over time, ulti-

mately leading to more intelligent and autonomous systems in multi-robot applications such

as cooperative transportation of unknown objects or competitive resource collection. Fur-

thermore, recognizing that the realization of such sophisticated multi-robot control policies

hinges critically on a stable and reliable power supply, the thesis extends its investigation

to encompass the control of power devices. This aims to ensure that the robots maintain

operational integrity and efficiency, even under demanding conditions, by addressing chal-

lenges related to energy consumption, thermal management, and power conversion, with

applicability beyond robotics in general power electronics problems.
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8.1 Contributions

Specifically, the research conducted in this thesis has yielded the following key contributions:

• Implicit Control for input-nonaffine systems: We introduced Implicit Control

(Chapter 2), a groundbreaking technique capable of stabilizing general input-nonaffine

dynamics, which are prevalent in many real-world multi-robot systems. This new

control framework offers a solution to the limitations of traditional nonlinear control

techniques that struggle to handle such dynamics. We demonstrated the efficacy

of Implicit Control in challenging multi-robot herding scenarios, where robots must

coordinate to steer a group of non-cooperative evaders to a desired region. Our

results showed that Implicit Control can effectively stabilize the system and achieve

the desired herding behavior even with limited knowledge of the evaders’ dynamics.

• Distributed control techniques: To extend the applicability of Implicit Control

to decentralized settings, we developed novel accelerated dynamic consensus algo-

rithms, distributed optimization methods, and dissensus methods based on opinion

dynamics (Chapter 3). These techniques enable robots to coordinate their actions

and achieve global objectives in a distributed manner, without relying on a central

coordinator. Our accelerated consensus algorithms allow robots to quickly agree on

shared information, while our distributed optimization methods enable them to solve

complex optimization problems in a decentralized way. The dissensus methods based

on opinion dynamics offer a mechanism for robots to negotiate and resolve conflicts

when their individual objectives diverge.

• Ellipsoidal methods for distributed stochastic estimation: We devised el-

lipsoidal methods that leverage the outer Löwner-John method to achieve optimal

accuracy and communication efficiency in distributed stochastic estimation. This led

to the creation of a certifiable distributed Kalman filter, which is the first of its kind

to offer optimality guarantees under unknown correlations (Chapter 4). This filter

allows robots to estimate the state of the system in a distributed manner while ac-

counting for uncertainties and communication constraints. We also developed two

distributed versions of the outer Löwner-John method, enabling robots to recon-

struct global optimal outer ellipsoids by exchanging local ellipsoidal representations

(Chapter 5). This method has applications in various domains, including multi-robot

herding, where robots can use it to estimate the shape and position of the herd in a

distributed way.

• Physics-informed policy parameterization: We presented a physics-informed

policy parameterization that combines port-Hamiltonian mechanics and self-attention

neural networks to learn distributed interactions in a scalable and sample-efficient

manner (Chapter 6). This approach encodes the distributed nature of multi-robot

systems and their physical constraints into the learning process, leading to more

efficient and effective learning. Our method has shown promising results in multi-

robot learning from demonstrations and multi-robot reinforcement learning. It has

the potential to revolutionize the way we design and implement distributed control
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policies for multi-robot systems, enabling them to learn and adapt to complex tasks

in a more efficient and scalable way.

• Control techniques for power systems: We addressed critical challenges in power

systems (Chapter 7) by developing an automatic data-driven method for learning op-

timal power-temperature dynamics. This method allows for the accurate characteri-

zation of power converters under varying environmental conditions, which is essential

for ensuring the reliable operation of robots in real-world scenarios. We also studied

Gaussian Process Regression for predicting battery profiles in photovoltaic systems,

enabling the prediction of potential failures in the energy supply. Furthermore, we de-

signed a novel nonlinear implementable control for a dual active bridge series resonant

converter, which offers fast and stable energy supply for autonomous systems.

8.2 Limitations and future work

While the research conducted in the thesis has made substantial progress in distributed

multi-robot control, some limitations pave the way for future research directions:

• Robustness and applicability of Implicit Control: Implicit Control, as ex-

plained in Chapter 2, relies on the accurate estimation of system dynamics. Future

research could explore robust variations of Implicit Control to handle uncertainties

and disturbances more effectively. This could involve incorporating uncertainty mod-

els into the control design to adjust the control policy in response to unexpected

changes in the system dynamics. Another promising research direction is to exploit

the generality of Implicit Control to foster the integration of nonlinear control tech-

niques and learning-based models. In this sense, the neural network can be viewed as

an input-nonaffine dynamical model that can be queried to compute an Implicit Con-

trol policy, regardless of the underlying complexity of the neural model. Finally, the

methods derived in Chapter 3, despite promising, have not been fully integrated in a

multi-robot team to achieve effective distributed input-nonaffine control. Therefore,

another exciting research direction is to explore how to bring together the theoreti-

cal insights on Implicit Control, distributed optimization, consensus and dissensus to

develop novel distributed input-nonaffine control techniques.

• Extending ellipsoidal methods: The ellipsoidal methods we developed in Chap-

ter 4 primarily focus on stochastic estimation of linear Gaussian systems. Extending

these methods to nonlinear and non-Gaussian systems would broaden their applica-

bility to a wider range of real-world scenarios. This could involve exploring alternative

geometric representations or developing new optimization techniques that can han-

dle nonlinear and non-Gaussian distributions. On the other hand, the fundamental

research on distributed ellipsoidal methods described in Chapter 5 focuses on outer

Löwner-John methods; however, there exist many other ellipsoidal methods, with

applications such as safe path planning or clustering, that are worth to investigate.
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• Real-world validation of physics-informed policy parameterization: The

physics-informed policy parameterization has shown promising results in simulation

and initial real-world experiments, both in multi-agent reinforcement learning and

imitation learning settings (Chapter 6). However, further validation on a wider range

of robotic platforms and in more complex real-world scenarios is necessary to fully

assess its potential and identify any limitations. This could involve conducting ex-

periments with different types of robots, varying environmental conditions, and more

complex task objectives. Complementary to this objective, it remains to be explored

alternative policy parameterizations that do not rely on port-Hamiltonian systems

but, still, guarantee scalability and sample efficiency by enforcing sparse structures

in the policy by construction.

• Comprehensive energy management solutions: Our work on power systems

explored in Chapter 7 has focused on specific applications that are not necessarily

close to robotic platforms. Future research could explore more comprehensive energy

management solutions for multi-robot systems, considering factors such as energy

harvesting, wireless power transfer, and energy-aware task allocation. This could

involve developing integrated energy management frameworks that optimize energy

usage across the entire multi-robot system, taking into account the energy require-

ments of individual robots, the availability of energy sources, and the overall task

objectives.

The quest for scalable and accurate distributed multi-robot control is a continuous

journey. As technology progresses and new challenges surface, the ideas and contributions

presented in this thesis lay the groundwork for future innovations. By persistently exploring

the interplay between physics, geometry, and learning, we can unlock the full potential

of multi-robot systems and pave the way for their transformative impact across diverse

domains.
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Event-triggered and certifiable optimal distributed Kalman filter under unknown corre-

lations. IEEE Transactions on Automatic Control.

[Sebastián et al., 2023b] Sebastián, E., Montijano, E., and Sagüés, C. (2023b). ECO-DKF:
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