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Resumen

Los análisis de sistemas dinámicos son de gran relevancia para detectar o explicar ciertos fenómenos.
Para ello, se usan técnicas como la continuación numérica de bifurcaciones o el espectro de exponentes
de Lyapunov.

En el caso de las células excitables como las neuronas y los cardiomiocitos (células musculares
cardiacas), que suelen tener un comportamiento de tipo bursting (con una dinámica tipo fast-slow), es
importante entender fenómenos como el proceso de spike-adding, que provoca cambios en las órbitas
periódicas y en los atractores caóticos. Para estudiarlos, es necesario utilizar un modelo matemático que
sea computacionalmente simple y al mismo tiempo replique adecuadamente el comportamiento básico
de una célula excitable. Uno de estos modelos es el modelo de Hindmarsh-Rose, en el que utilizando
técnicas de continuación numérica de bifurcaciones, plantillas topológicas y bifurcaciones geométricas
se puede explicar el fenómeno de spike-adding, su impacto en la estructura de los atractores caóticos, y
los cambios drásticos de la dinámica en el espacio de parámetros. Además, con estos y otros métodos se
puede estudiar dicho fenómeno de spike-adding en el movimiento de insectos y en la dinámica cardiaca
a nivel celular a través de modelos más realistas.

Aunque muy útiles y necesarias, algunas de las técnicas utilizadas para estos análisis dinámicos son
computacionalmente caras. Por eso, analizar si se pueden realizar dichos estudios con otros métodos
como el aprendizaje automático (Machine Learning) y, en particular, el aprendizaje profundo (Deep
Learning), es fundamental.

El aprendizaje automático es el campo de la Inteligencia Artificial (IA) enfocado en programar
sistemas que puedan aprender de los datos. Las redes neuronales artificiales (Artificial Neural Net-
works), a las que nos podemos referir como aprendizaje profundo, son un algoritmo de aprendizaje
automático diseñado para aprender de datos complejos, es decir, con varios niveles de abstracción. Al-
gunas redes muy conocidas son el perceptrón multicapa (Multi-Layer Perceptron), las redes neuronales
convolucionales (Convolutional Neural Networks), y las redes neuronales recurrentes (Recurrent Neural
Networks).

El aprendizaje profundo permite realizar estudios de detección de caos de un sistema dinámico en
el espacio paramétrico con gran precisión y reduciendo el tiempo computacional respecto al utilizado
por las técnicas clásicas. Por ejemplo, nos permite obtener un estudio triparamétrico denso del sistema
de Lorenz disminuyendo el tiempo de computación en un 95% aproximadamente respecto a las técnicas
estándar. Además, aplicando métodos de preprocesamiento gráfico (time series imaging), se puede
analizar el comportamiento dinámico en varios modelos discretos utilizando una red neuronal artificial
que ha sido entrenada exclusivamente con datos del mapa logístico.

Cuando se trabaja con datos experimentales, son múltiples los inconvenientes a los que tenemos que
hacer frente (pequeñas cantidades de datos, grabaciones cortas y ruidosas, etc.) y que dificultan el uso
tanto de técnicas clásicas como de aprendizaje profundo. En estos casos, es necesario complementar
los métodos con estrategias adecuadas para obtener algoritmos automáticos apropiados. Para realizar
detección de caos en series temporales experimentales de un cardiomiocito de rana, el uso de redes neu-
ronales artificiales entrenadas en el mapa logístico y su posterior validación con un modelo matemático
de la misma naturaleza que los datos parece dar buenos resultados.

Además de detectar caos y hacer estudios de comportamiento dinámico (tareas de clasificación), el
aprendizaje profundo nos permite cuantificar la caoticidad de un sistema. El espectro de exponentes de
Lyapunov es una propiedad de los sistemas dinámicos que permite caracterizar su dinámica. Utilizando
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2 Resumen

aprendizaje profundo, podemos obtener el espectro completo de exponentes de Lyapunov usando series
temporales de una única variable del sistema. En general, en los métodos estándar se necesitan todas
las variables del sistema para obtener todos los exponentes, si únicamente se utiliza una variable sólo se
puede aproximar el conocido como máximo exponente de Lyapunov (maximum Lyapunov exponent).
Otra de las ventajas que nos proporciona el aprendizaje profundo respecto a las técnicas clásicas es la
reducción del tiempo de computación en un 90% aproximadamente.

El aprendizaje profundo parece ser un método prometedor para el análisis de sistemas dinámicos al
proporcionar buenos resultados y reducir el tiempo de computación. Sin embargo, cambiando el punto
de vista, también podemos utilizar las matemáticas, y los sistemas dinámicos en particular, para mejorar
las técnicas de aprendizaje profundo.

Uno de los puntos clave en el aprendizaje profundo es el entrenamiento de las redes neuronales
artificiales, que involucra un problema de minimización. En general, se suelen utilizar optimizadores
derivados del método de gradiente descendiente (Gradient Descent) como el Adam. Sin embargo, al
existir múltiples familias de optimizadores en la literatura, explorar otras opciones es interesante. En
particular, el optimizador conocido como BPGe por sus siglas en inglés (Bregman Proximal Gradi-
ent with extrapolation) adaptado a una red de tipo recurrente (Reservoir Computing) para tareas de
clasificación binaria proporciona resultados competitivos y una convergencia más rápida que los opti-
mizadores más utilizados.

Estudios dinámicos realizados en una red de generadores centrales de patrones (Central Pattern
Generator) utilizada para simular el movimiento de hexápodos han mostrado que el patrón de movimien-
to dominante es el conocido como tripod gait (tres patas en movimiento y tres en reposo). Dado que la
red utilizada tiene una conectividad bipartita y el patrón dominante obtenido es bipartito, parece haber
una correlación entre la topología de la red y la activación de las neuronas. De hecho, estudiando todas
las redes de 6 a 9 neuronas con conectividad bipartita se ha obtenido que el patrón bipartito de cada
configuración es siempre dominante. Análisis de este tipo que relacionan la estructura de una red y
su dinámica proporcionan un buen punto de partida para el estudio de otro punto clave del aprendizaje
profundo: la relación entre la arquitectura de la red neuronal artificial y su funcionamiento.



Abstract

The analyses of dynamical systems are very useful to detect and explain some phenomena. They are
carried out using techniques such as numerical continuation of bifurcations and the full Lyapunov ex-
ponents spectrum, among others.

In the case of excitable cells such as neurons and cardiomyocytes (cardiac muscle cells), that usually
present bursting behavior (following fast-slow dynamics), it is important to understand some phenomena
like the spike-adding process, which produces changes in periodic orbits and chaotic attractors. To
study such phenomena, it is necessary to use mathematical models that preserve the basic behavior
of an excitable cell while being computationally simple. One of these models is the Hindmarsh-Rose
model, in which using numerical continuation of bifurcations, topological templates and geometric
bifurcations we can explain the spike-adding process, its impact in the structure of the chaotic attractors,
and the drastic changes in the dynamics throughout the parameter space. Moreover, with these and
other techniques we can study the spike-adding phenomenon in more realistic models related to insect
movement and single-cell cardiac dynamics.

Although these methods used for dynamical analyses are very useful, some of them are highly
computationally expensive. For this reason, it is necessary to study if these analyses can be carried out
using other techniques as Machine Learning and, in particular, Deep Learning.

Machine Learning (ML) is the field of Artificial Intelligence (AI) devoted to programming systems
capable of learning from data. Artificial Neural Networks (ANNs), which we can refer to as Deep
Learning (DL), are a Machine Learning algorithm focused on learning from complex data, that is, data
with several levels of abstraction. Some commonly used Artificial Neural Networks are the Multi-Layer
Perceptron (MLP), the Convolutional Neural Networks (CNNs), and the Recurrent Neural Networks
(RNNs).

Deep Learning allows performing chaos detection analyses of a dynamical system in the parameter
space with high accuracy, while reducing computational time compared to classical techniques. For
example, we can carry out a dense triparametric study of the Lorenz system and time savings are ap-
proximately 95% relative to standard techniques. In addition, we can analyze the dynamical behavior
of several discrete dynamical systems using graphical preprocessing methods (time series imaging) and
an Artificial Neural Network only trained with data from the Logistic map model.

When working with experimental data, there are many drawbacks that we have to face (small amount
of data, short and noisy recordings, etc.), and that make difficult to apply both classical and Deep
Learning techniques. In these situations, it is necessary to use certain strategies to complement the
methods and obtain appropriate automatic algorithms. To perform chaos detection in experimental
time series of a frog cardiomyocyte, the use of Artificial Neural Networks trained in the paradigmatic
Logistic map model and their subsequent validation with a mathematical model of the same nature as
the real-world data seems to provide good results.

In addition to detecting chaos and carrying out behavior dynamical analyses (classification tasks),
Deep Learning allows quantifying the chaoticity of the systems. The Lyapunov exponents spectrum is a
property of dynamical systems that allows characterizing their dynamics. With Deep Learning, we can
obtain the full Lyapunov exponents spectrum using just single-variable time series. In general, standard
methods need all the system variables to obtain all the Lyapunov exponents, and if only single-variable
time series are used, just the maximum Lyapunov exponent is approximated. Another advantage of
Deep Learning compared to classical techniques is the time savings, which are approximately 90%.
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4 Abstract

Deep Learning seems to be a promising technique to study dynamical systems as it provides good
results while reducing computational time. However, if we change the point of view, we can also use
mathematics, and dynamical systems in particular, to improve Deep Learning.

One of the key points of Artificial Neural Networks is the training process, which involves a mini-
mization problem. In general, optimizers derived from the well-known Gradient Descent method, such
as Adam, are used. But, as in the literature there are many other families of optimizers, it is interesting to
explore more options. In particular, the Bregman Proximal Gradient with extrapolation (BPGe) method
reformulated to perform binary classification tasks with a recurrent-like network (Reservoir Computing)
provides competitive results and faster convergence compared to commonly used optimizers.

Dynamical studies of a Central Pattern Generator used to emulate the locomotion of hexapods have
shown that the dominant movement pattern is the so-called tripod gait (three legs moving and three at
rest). Since the considered network has a bipartite connectivity and the obtained dominant pattern is
bipartite, there seems to be a correlation between the topology of the network and the activation of the
neurons. In fact, if we study all the network of 6 to 9 neurons with bipartite connectivity, we obtain that
the bipartite pattern of each configuration is always the dominant one. This kind of analyses that relates
the structure of a network and its dynamics can shed light on the study of another key point of Deep
Learning: the relationship between the architecture of the Artificial Neural Network and how it works.



Introduction

The dynamical studies performed using numerical continuation of bifurcations, spike-counting sweep-
ing technique, or Lyapunov exponents spectrum, among others, are of great interest to understand some
underlying phenomena of the systems, such as different regimes in the parameter space, multistability,
or spike-adding processes. When applied to problems in clinical or biological contexts, they can provide
clear insight into what is happening and reveal the core of the phenomena.

The dynamics of the excitable cells, such as neurons and cardiomyocytes (cardiac muscle cells), is
mainly described by their membrane potential. Cells are covered by a membrane with various functions
such as protecting them from the environment and regulating ionic concentrations through ion channels.
The difference in potential between both sides of the membrane (outside and inside the cell) is the
so-called membrane potential. The electrical signals generated as a consequence of changes in the
membrane potential are known as action potentials. The dynamical analyses of the action potentials of
excitable cells can provide insight into their behavior.

The first mathematical model that described the action potential of a neuron is the well-known
Hodgkin-Huxley model [8]. Because of the similarities between neurons and cardiac muscle cells,
this neuron model has been considered as a paradigmatic example for the development of both neuron
and cardiomyocyte models. In fact, the Hodgkin-Huxley model has facilitated the creation of simplified
models that, while preserving the basic behavior of an excitable cell, are computationally simple enough
to study their dynamics using dynamical systems techniques. One of these simplified systems is the
Hindmarsh-Rose model [9], that has been widely studied [10, 11, 12, 13]. It is a neuron model with
bursting behavior given by three nonlinear ordinary differential equations. It has 8 parameters, one of
them is the so-called small parameter ε that controls the fast-slow dynamics of bursting behavior [14].
Moreover, the spike-adding phenomenon is present in this system.

The spike-adding process in a fast-slow system results in the addition of one extra spike in a bursting
orbit. This process is significant because of the changes it can induce in periodic orbits and chaotic
attractors [13, 15, 16, 17]. From cardiac dynamics perspective, the spike-adding process corresponds
to the creation of Early Afterdepolarizations. An Early Afterdepolarization is an unexpected rise in the
membrane potential of a cardiac muscle cell that occurs at a specific phase of the action potential. Under
some circumstances, they can give rise to abnormal electrical activity [18], which makes understanding
their creation a relevant topic.

In the published article Dynamics of excitable cells: Spike-adding phenomena in action (SeMA
Journal) [1] we study the spike-adding process in neurons and cardiomyocytes using techniques such as
spike-counting sweeping, numerical continuation of bifurcations, among others. In particular, we per-
form a global study of the fast-slow Hindmarsh-Rose model (with explicit parameter ε). The objectives
of this analysis (which can be extended to other neuron models) are to highlight the significant role of
certain bifurcations in the spike-adding phenomenon [19, 20, 21], to explain using geometric bifurca-
tions [22] the drastic changes in the dynamics when the small parameter ε is varied beyond its standard
range [23], and to use topological templates [24] to investigate how the spike-adding process impacts
the topological structure of chaotic attractors [25]. Moreover, we consider the aforementioned creation
of Early Afterdepolarizations, and the transition between gaits in insects movement (modeled using
Central Pattern Generators [26, 27]) to emphasize the importance of the spike-adding phenomenon (and
consequently its dynamical analysis) in real processes [28, 29, 30].

Some techniques used to perform dynamical studies, like the ones in [1], provide detailed analyses,
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6 Introduction

but they can be highly computationally expensive. In recent years, Machine Learning (ML), and in
particular Deep Learning (DL), has been proposed as an alternative method to deal with dynamical
analyses as chaos detection (or similar studies as classification of arrhythmias) [31, 32, 33, 34, 35],
approximation of Lyapunov exponents (LEs) [36, 37, 38, 39, 40, 41], forecasting [42, 43, 44, 45],
detection and characterization of basins of attraction [46, 47], identification of critical transitions and
bifurcations [48, 49, 50, 51], and detection of chimera states [52, 53], among others.

Dynamical behavior analyses in the parameter space have allowed us to study in detail the global
dynamics of many systems [54, 55, 56, 57]. In general, these studies are performed using classical
techniques for the computation of Lyapunov exponents [58, 59, 60], fast chaos indicators [61], or the
0-1 test for chaos [62]. As already mentioned, Deep Learning has been used to detect chaotic behavior
in different dynamical systems [33, 34, 35]. However, one main question arises: Can Deep Learning
provide detailed parametric studies while also offering advantages over classical methods? To answer
this question is the main objective of the published article Deep Learning for chaos detection (Chaos:
An Interdisciplinary Journal of Nonlinear Science) [2]. In this paper we show how DL networks, once
trained in a few one-parameter lines of a dynamical system, are able to determine the behavior of the
whole parameter space of such system using just short time series. In particular, a dense triparametric
study of the Lorenz system [63] can be obtained with a Long Short-Term Memory (LSTM) network
with an accuracy of almost 100% in the detection of regular and chaotic regions and a reduction of
approximately 95% in computational time compared to classical techniques [58]. This result highlights
the power of Deep Learning for dynamical analyses. Although some previous articles [54, 55] recon-
structed the triparametric analysis of the Lorenz system using biparametric planes, to the best of authors’
knowledge this is the first time in the literature that a dense triparametric study of the Lorenz system is
obtained with DL or any other method.

One of the key points of Deep Learning is to have enough data to train the network. However, in
some cases, the available data is limited. This can occur when working with experimental data. It is
necessary to analyze real-world data, but sometimes the small number of samples and the short noisy
recordings can make its study a challenging task for both classical and Deep Learning techniques [64].
Our objective in the unpublished work Deep Learning for analyzing chaotic dynamics in biologi-
cal time series: Insights from frog heart signals (Preprint) [5] is to define an automatic DL-based
algorithm to perform chaos analysis of data obtained experimentally from a frog cardiomyocyte. In par-
ticular, the experimental dataset consists of short time series whose elements correspond to the duration
of the action potentials of membrane potential signals from a single cardiac muscle cell under different
pacing rates. Some pathologies such as arrhythmias are related to the well-proven phenomenon of chaos
in the heart [65, 66, 67], so the detection of chaos in whatever type of experimental heart time series
is crucial. The algorithm [5] described to deal with this chaos analysis in real-world data is based on
the universality of the Logistic map [68] and the validation using an appropriate mathematical model.
Several LSTM networks are trained to perform the chaos detection task in the Logistic map following
the approach of the previous article [2]. Then, all of them carry out chaos analyses in a cardiac math-
ematical model [69] that emulates, for different pacing rates, the duration of the action potentials in a
membrane potential signal, that is, the dynamics of the real-world data. Some restrictive criteria are
defined to select the network that has successfully detected the behavior of the cardiac model. Such
network is used to obtain the chaos analysis of the experimental dataset. The accuracy of the results is
of 90% approximately. This exhibits the utility of Deep Learning combined with other tools (as validity
in mathematical models) to carry out studies that because of the nature of the data (limited short noisy
time series) would be complicated with standard techniques.

Notice that one of the limitations of the DL approach for chaos detection proposed in the article [2] is
that the parametric analyses are performed in the same system in which the DL network has been trained.
As demonstrated in the preprint [5], it is not immediate to use a network trained in a particular system to
perform dynamical behavior analyses in another system. In the unpublished work Graphical prepro-
cessing techniques to generalize dynamical behavior analysis with Deep Learning (Preprint) [6],
our objective is to deal with this lack of generality. For this purpose, we adapt one of the workflows pro-
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posed in [70]. In such article, the authors summarize all the possible combinations of Machine Learning
and Recurrence Plots (RPs) [71] that can be useful to perform a classification or a prediction task in a
dynamical system. While in [72] the authors perform dynamical classification applying the workflow
that uses Recurrence Quantification Analysis (measures provided by the Recurrence Plot) as input in-
formation for Machine Learning methods, we propose to consider the procedure that directly uses the
Recurrence Plot as input for a Convolutional Neural Network. In [6] we utilize the Recurrence Plot and
two time series imaging methods (Gramian Angular Field -GAF- [73, 74], and Markov Transition Field
-MTF- [73, 74]) as graphical preprocessing techniques to convert time series into images that embed
their dynamics and can be used as input in a Convolutional Neural Network. This allows us to general-
ize dynamical behavior analysis to different discrete dynamical systems. That is, complete biparametric
studies of the Circle map [75] and the Hénon map [76] can be obtained using a DL network trained only
with data from the Logistic map [68]. This represents a significant improvement over usual classical
techniques of Lyapunov exponents [77] that are used for dynamical classification purposes: while these
standard methods particularize the formula for each discrete dynamical system, in our Deep Learning
approach just the time series are involved in the studies and no particularization is necessary.

However, the possible behaviors of a dynamical system can be classified into a broader range of dy-
namical regimes (such as hyperchaos or tori) beyond the regular and chaotic ones detected with a chaos
detection strategy [2, 6]. The Lyapunov exponents spectrum of a dynamical system is a property that
permits us to characterize its dynamics easily. For instance, if the first two LEs are positive, the system
presents hyperchaos, while if both are zero, torus dynamics emerge. Some classical algorithms [58]
that use information from all the system variables provide the full Lyapunov exponents spectrum, while
other methods [58, 59] approximate just the first Lyapunov exponent (the so-called maximum Lya-
punov exponent) using single-variable time series. As indicated previously, Deep Learning techniques
have been proposed for LEs approximation. In particular, DL has been used to directly approximate
the LE of a one-dimensional discrete dynamical system [40], or as a forecasting or data assimilation
tool to obtain the proper information to apply standard techniques to compute LEs [36, 37, 38, 39, 41].
Our objective in the published article Full Lyapunov exponents spectrum with Deep Learning from
single-variable time series (Physica D: Nonlinear Phenomena) [3] is to use Deep Learning techniques
to approximate the full Lyapunov exponents spectrum of a dynamical system using just short single-
variable time series and no additional dynamical information. Whether training the DL network with
a few one-parameter lines or with random data (which provides more dynamical variability), a good
estimation of the full Lyapunov exponents spectrum in a whole biparametric plane can be obtained with
time savings of more than 90% compared to standard techniques [58]. In fact, an accurate dynamical
study (chaos, hyperchaos and tori) of a biparametric plane of the six-dimensional system of two almost-
identical coupled Lorenz models (coupling strategy of [78] has been used) is carried out with the DL
approximations of the Lyapunov exponents. These results highlight that Deep Learning is a powerful
technique for dynamical systems studies. To the best of the authors’ knowledge, no other techniques
can estimate the full Lyapunov exponents spectrum only using single-variable time series.

As demonstrated, Machine Learning and, in particular, Deep Learning are promising techniques to
perform dynamical systems studies. However, we can change the point of view: Can dynamical systems
theory and mathematics help improve Machine Learning? Bifurcation analyses, Lyapunov exponents,
and graph theory, among others, have been used to provide insights and to improve Artificial Neural
Networks [79, 80, 81, 82].

To train the Deep Learning networks used in previous works [2, 5, 6, 3], we have applied the
commonly used optimizers Stochastic Gradient Descent (SGD) [83] and Adaptive Moment estima-
tion (Adam) [84]. Both, as well as Root Mean Square Propagation (RMSProp) [85], are variants of
the well-known Gradient Descent. Nevertheless, in the literature there are other families of optimizers
as those based on Proximal Gradient algorithms [86, 87]. Can any of these optimizers outperform the
standard ones? Our objective in the unpublished work Bregman Proximal Gradient with extrap-
olation to train a Reservoir Computing network (Preprint) [7] is to adapt the recently introduced
Bregman Proximal Gradient with extrapolation (BPGe) optimization algorithm [88] to the supervised
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training process of a Reservoir Computing network for binary classification tasks, and compare it with
the optimizers mentioned above that are widely used (SGD, RMSProp and Adam). BPGe can deal
with non-convex and non-smooth minimization problems, which makes it really appropriate to train
Artificial Neural Networks. While considering a Reservoir Computing network (in particular, an Echo
State Network) facilitates the adaptation of BPGe to supervised DL training, working with a binary
classification task and consequently with the Cross-Entropy loss function makes it a bit challenging.
Comparing SGD, RMSProp, Adam and BPGe in two binary classification problems of different nature,
we can conclude that the new proposed optimizer is highly competitive. In addition to provide better re-
sults, Bregman Proximal Gradient with extrapolation highlights because of its convergence speed (with
just a few number of epochs good accuracy is achieved). The obtained results make evident that Deep
Learning can benefit from the application of new optimization methods.

Central Pattern Generators (CPGs) are small neuron networks driving some rhythmic and coordi-
nated biological processes. In fact, once activated, CPGs generate rhythmic motor patterns even in
absence of sensory input. In [28, 89] (and briefly in previous work [1]), the bursting neuron CPG
model of Ghigliazza and Holmes [26, 27] with bipartite connectivity for the movement of insects (cock-
roaches) is studied, concluding that the dominant gait pattern throughout the parameter space seems to
be the tripod gait. This pattern corresponds to two disjoint subgroups of synchronized neurons (from
the point of view of insect movement, three legs moving and three at rest). As the analyzed network
has bipartite connectivity and the tripod gait corresponds to a bipartite pattern, this ubiquity suggests
a possible correlation between the patterns of activation of the neurons and the topology of the net-
work. This is an interesting topic since bipartite networks naturally emerge in many situations [90],
and the interplay between network topology (underlying graph) and its dynamics [81] can shed light on
the relationship between the architecture (number of neurons, connectivity, . . . ) of an Artificial Neural
Network and how it works. The main objective of the published article Dominant patterns in small
directed bipartite networks: Ubiquitous generalized tripod gait (Nonlinear Dynamics) [4] is to ana-
lyze if the bipartite pattern is the predominant one in all bipartite networks of 6 to 9 neurons. Using the
quasi-Monte Carlo sweeping technique [89], the dominance of bipartite pattern in the studied bipartite
networks is exhibited. In addition, in cyclic graph networks with non-bipartite connectivities, the star
traveling wave patterns are the dominant ones. These analyses show the correlation between network
topology and dominant patterns.

1.1 A Brief Introduction to Machine Learning

Machine Learning (ML) [83, 91] is the field of Artificial Intelligence (AI) focused on programming sys-
tems capable of learning from data. It includes algorithms such as Support Vector Machines, Principal
Component Analysis, Reinforcement Learning, and Artificial Neural Networks.

Artificial Neural Networks (ANNs) are ML architectures based on their biological counterparts. At
the end of the 20th century, Deep Learning (DL) was described as the branch of Machine Learning
including ANNs with at least three hidden layers. However, nowadays, as it is common to use a large
number of layers, the term Deep Learning is ambiguous and in general it refers to all Machine Learning
algorithms and techniques related to Artificial Neural Networks (with any restriction in the number of
hidden layers) devoted to learn from complex data (that is, with multiple levels of abstraction).

The first artificial neuron, proposed by McCulloch and Pitts in 1943 [92], was based on propositional
logic (binary inputs and a binary output). Later, the Threshold Linear Unit (TLU) with numerical (not
necessarily binary) inputs and outputs was the basic unit (artificial neuron) to construct the simplest
ANN architecture. It was the Perceptron, a layer of TLUs developed by Rosenblatt in 1958 [93]. To face
some limitations, several Perceptrons were stacked creating the Multi-Layer Perceptron architecture.

The Multi-Layer Perceptron (MLP) is a feed-forward fully connected ANN with an input layer,
m−1 hidden layers and an output layer that computes as

y = A (W [m]A (W [m−1](· · ·(A (W [2]A (W [1]x+b[1])+b[2]) · · ·)+b[m−1])+b[m]),
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where x is the input, y is the output, A is the (non-linear) activation function, {W [i]}m
i=1 are the weights

of the connections between layers i− 1 and i (layers enumerated from input to output with index 0
for input layer and index m for output layer), and {b[i]}m

i=1 is the bias of each layer. The information
flow goes from the input to the output layer, passing through all hidden layers from index 1 to index
m−1 (feed-forward ANN). The activation of the neurons of each layer is the result of applying a (non-
linear) function to the linear combination of the activation of all the neurons of the previous layer (fully
connected ANN). Despite its simplicity, we have obtained quite good results using an MLP to perform
chaos detection in a dynamical system [2]. See Figure 1.1 for a graphical representation of an MLP.

Notice that an ANN is used to process input data in order to obtain the correct output (or at least
a good approximation). However, for this we need an appropriate value for the weights and biases in-
volved in the computations of the network. These weights and biases are the so-called trainable parame-
ters fine-tuned during training. This training process is actually a minimization problem that consists of
finding the value of the trainable parameters that minimizes the loss function (error between the network
output and the expected output) for the given (training) data. That is, the network learns from the data
to fit the weights and biases. Such minimization problem is usually solved using standard optimizers as
SGD or Adam, but in [7] we have adapted the Bregman Proximal Gradient with extrapolation algorithm
to deal with it. After training, to check that learning has been successful, unseen data (test dataset) is
used to test performance.

In addition to the trainable parameters, Artificial Neural Networks have other parameters, such as
the number of layers, that are not fine-tuned during training and we have to fix properly in advance.
They are known as hyperparameters. In [4] we have seen that the topology of a bursting neuron network
is correlated with its behavior. From this, we can infer the importance of setting hyperparameters
appropriately in ANNs.

Input
Layer

Output
Layer

Hidden Layers

c(t)
c(t-1)

h(t-1)

h(t)
y(t)

x(t)

f g i o
bf � bg bobi ��tanh

tanh

 *W 
[h]  *W 

[x]

...

Layers

yy

MLP

W 
[1]

W 
[2] W 

[3]

Input
Layer Convolutional LayersLayer y

CNN

W 
[2]

 1

b[2]; AA                   1 

b[1]; AA                   

b[2]; AA                   

b[3]; AA                   

LSTM
Input
Layer

Reservoir
Output
Layer

W in

W res

W out

bout; softmax 

ESN

Figure 1.1: Graphical representation of several Artificial Neural Networks: Multi-Layer Perceptron
(MLP), Convolutional Neural Network (CNN), Long Short-Term Memory (LSTM) cell, and Echo State
Network (ESN).
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Several studies of the visual cortex, conducted by Hubel and Wiesel in 1959 [94, 95], showed that
many neurons only react to stimuli in a small region of the visual field (local receptive field). Some of
them react to different simple patterns, while others with larger receptive fields react to more complex
structures that are combinations of the simpler ones. This suggests that neurons reacting to complex
patterns work with the information from neurons processing the simpler ones. These ideas led to the
development of the neocognitron by Fukushima in 1980 [96]. This architecture evolved to the well-
known Convolutional Neural Network [97].

Convolutional Neural Networks (CNNs) are ANNs organized into convolutional layers (with several
feature maps) that extract information, and pooling layers that reduce dimensionality. CNNs are not
fully connected ANNs, they share weights across multiple neurons, and allow different input formats
(vectors, matrices, tensors, etc.). In particular, in a 1D CNN, the activation x[l]i, j of neuron i of feature
map j in convolutional layer l is computed as

x[l]i, j = A

(
b[l]j +

K[l]

∑
k=1

F [l−1]

∑
f=1

w[l]
k, f , j x[l−1]

k+(i−1)s[l]+(k−1)(d[l]−1), f

)
,

where A is the (non-linear) activation function, b[l]j is the bias shared by neurons in feature map j of

layer l, W [l]
j = {w[l]

k, f , j}k=1,...,K[l]; f=1,...,F [l−1] is the filter or kernel (weight matrix) shared by all neurons in
feature map j of layer l, K[l] is the dimension of the receptive field (kernel size) of neurons in layer l,
F [l] is the number of feature maps in layer l, s[l] is the stride (distance between the receptive field of two
consecutive neurons) of layer l, and d[l] is the dilation (distance between neurons of the same receptive
field) of layer l. This type of architecture allows us to deal with several dynamical systems problems as
chaos detection [2, 6] and the approximation of Lyapunov exponents [3]. See Figure 1.1 for a graphical
representation of a CNN.

Another type of ANN that shares weights, but in time rather than in space like CNNs, is the Re-
current Neural Network (RNN). It is especially useful to process sequential data as, in some sense, it
has memory (it retains information). Two examples of RNNs are the Long Short-Term Memory cell
network and the Echo State Network.

The Long Short-Term Memory (LSTM) cell, proposed by Hochreiter and Schmidhuber in 1997 [98],
is a modification of the basic cell of original RNNs that increases the long-term memory. The informa-
tion is retained through two states h(t) and c(t) that at time step t are updated as

c(t) = f (t)⊗ c(t−1)+ i(t)⊗g(t), h(t) = o(t)⊗ tanh(c(t)),

with ⊗ the element-wise product, tanh the hyperbolic tangent activation function, and f (t), g(t), i(t)
and o(t) given by

f (t) = σ(W [x]
f x(t)+W [h]

f h(t−1)+b f ), g(t) = tanh(W [x]
g x(t)+W [h]

g h(t−1)+bg),

i(t) = σ(W [x]
i x(t)+W [h]

i h(t−1)+bi), o(t) = σ(W [x]
o x(t)+W [h]

o h(t−1)+bo).

In these expressions, x(t) is the external input information at time t, σ is the sigmoid activation function,
and W [{x,h}]

∗ and b∗ (∗ ∈ { f ,g, i,o}) are the weights and biases shared through time. It is common to
take the output of the cell y(t) equal to the state h(t). Notice that as the sigmoid activation function σ is
applied, f , i and o act as gates that filter the information. This ANN has allowed us to analyze chaotic
dynamics in both theoretical [2] and experimental data [5]. See Figure 1.1 for a graphical representation
of an LSTM cell.

The Echo State Network (ESN), described by Jaeger in 2001 [99], is a type of Reservoir Computing
(RC) architecture [100]. In particular, it is a Recurrent Neural Network with three main structures:
the input layer, the reservoir (set of connected neurons), and the output layer. Particularizing to a
classification task, it works as

h(t) = α tanh(Win x(t)+Wres h(t−1))+(1−α)h(t−1) for t ∈ [1,T ], y = softmax(Wout h(T )+bout),
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where x(t) is the external input at time t, h(t) is the state of the reservoir neurons at time t, α ∈ [0,1]
is the leaking rate parameter, tanh and softmax are the hyperbolic tangent and the softmax activation
functions, T is the length of the input sequence, bout is the bias term of the output layer, and Win, Wres

and Wout are the weights of the connections of the input layer with the reservoir, the reservoir with itself,
and the reservoir with the output layer, respectively. Just Wout and bout have to be fitted during training,
the remaining weights are set randomly (following some recommendations [101]). This fact reduces
considerably the training process, and has facilitated us the adaptation of Bregman Proximal Gradient
with extrapolation algorithm to ANNs [7]. See Figure 1.1 for a graphical representation of an ESN.
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Abstract
We study the dynamics of action potentials of some electrically excitable cells: neurons
and cardiac muscle cells. Bursting, following a fast–slow dynamics, is the most character-
istic behavior of these dynamical systems, and the number of spikes may change due to
spike-adding phenomenon. Using analytical and numerical methods we give, by focusing
on the paradigmatic 3D Hindmarsh–Rose neuron model, a review of recent results on the
global organization of the parameter space of neuron models with bursting regions occurring
between saddle-node and homoclinic bifurcations (fold/hom bursting). We provide a generic
overview of the different bursting regimes that appear in the parametric phase space of the
model and the bifurcations among them. These techniques are applied in two realistic frame-
works: insect movement gait changes and the appearance of Early Afterdepolarizations in
cardiac dynamics.

Keywords Excitable cells · Bifurcations · Mathematical neurons · Cardiomyocytes ·
Dynamical systems · Fast–slow systems

Mathematics Subject Classification 34C23 · 34Cxx · 37G15 · 37G20 · 92C20 · 92B05

1 Introduction

Cells are covered with a membrane that isolates and protects them from the environment. It
also acts as a regulator of ionic concentrations in the cellular plasma of important elements
for biological processes, such as Ca, K, etc. As a consequence, the ionic concentration of
some elements is different on both sides of the membrane. Since the relative permeability of
the cell membrane is also different for those elements, there exists a difference in potential
between the inside and outside of the cell, which is called the membrane potential. This is
particularly important for the study of electrically excitable cells (muscle cells, secretory cells
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Fig. 1 Left: Fast/slow decomposition that illustrates the bifurcation scenario in which a fold/hom (or square-
wave) bursting occurs in the HR model (1). Fixed points occur along the Meq curve (stable when continuous,
unstable when discontinuous), and limit cycles occur between both branches of Mlc . Andronov–Hopf (AH),
saddle-node (SN) and primary homoclinic (Hom) bifurcations are shown. Right: Zoom showing a fold/hom
bursting orbit in blue. For more details see [7]

and neurons), which perform their functions by actively changing their membrane potential
and thus generating electrical signals, called action potentials (APs). Therefore, to understand
the behavior of an excitable cell we should study the dynamics of their APs. The excitable
cells that concern us are neurons and cardiac muscle cells.

Hodgkin and Huxley proposed the first neuron (HH) model [1] describing the action
potentials in the neuron membrane. It has given rise to several mathematical models for
diverse kinds of neurons in different animals. Among them, some simplified models, like
the 3D Hindmarsh–Rose (HR) model, have been developed to help in the study of realistic
models based on the HH framework [1].We consider the HRmodel [2] for a detailed analysis
(a similar study can be carried out to other models) given that, even if it is computationally
simple, it reproduces quite well the rich firing patterns exhibited by a biological neuron as
well as the main behavior in general. The HR model is the following set of three nonlinear
ODEs

⎧
⎨

⎩

ẋ = y − ax3 + bx2 − z + I ,
ẏ = c − dx2 − y,

ż = ε[s(x − x0) − z],
(1)

where x , y and z are the membrane potential, the fast and the slow gating variables, respec-
tively. Regarding parameters, (a, c, d, s, x0) are set to the typical values (1, 1, 5, 4,−1.6),
(b, I ) take values in specific ranges where the bursting or spiking behavior is exhibited and,
along the paper, the value of the small parameter ε is taken from different intervals in which
it has different magnitude to achieve a global analysis of this fast–slow system.

Bursting is the main behavior present in neuron models, and follows a fast–slow dynamics
[3] (it is also common in laser dynamics and chemical reactions, among other practical
applications [4, 5]). The fold/hom (or square-wave) bursting, following the Izhikevich [6]
classification, is one of the main bursting regimes. In a fold/hom bursting, the active regime
begins in a fold (or saddle-node) bifurcation of equilibria and ends at a homoclinic bifurcation
in the fast subsystem. In Fig. 1, the conditions for this type of bursting in the HR model and
one orbit are shown. Spike-adding bifurcations are a common set of bifurcations in systems
that present fast–slow dynamics. Such special bifurcations give rise to the appearance of extra
spikes (turns) in the fast manifold region. They are of interest due to the progressive change
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Fig. 2 Taken from [7] (Figure 6). Left: 3D projections of bursting orbits of the HR model (1) for three
different values of parameter b. Right: Waveforms of four bursting orbits (three of them shown on the left) of
Hindmarsh–Rose model for a fixed value of I and four distinct values of parameter b. A spike-adding process
can be appreciated when going from A to D

that they cause in the spectrum of periodic orbits and the structure of chaotic attractors of the
system [8–11]. In Fig. 2 several bursting orbits and a spike-adding process in the HR model
are represented. In the aforementioned type of bursting, this spike-adding phenomenon is
associated with the existence of canard explosions and certain codimension-two homoclinic
bifurcations (inclination-flip and orbit-flip) [8, 12–14].

This paper is organized as follows. Section2 deals with the description of the dynamical
properties of the HR model, and is divided into three parts: Sect. 2.1 is devoted to studying
slices of the three-parameter space for the HR model, with each slice determined by the
values of ε within a standard range of small values; Sect. 2.2 presents the changes observed
when we consider the full three-parameter space and the parameter ε is allowed to take larger
values, and it also shows the geometric bifurcations that can be found in the HR model;
Sect. 2.3 shows the limit behavior when the small parameter ε ↘ 0. Section3 introduces
more realistic models of Hodgkin–Huxley type, one used to analyze insect gait movement
changes in Sect. 3.1, and the other to study Early Afterdepolarizations in cardiac dynam-
ics in Subsection 3.2. Section4 gives some conclusions. Finally, Appendix A provides for
completion some theoretical aspects of the homoclinic bifurcations used in the paper.

2 Characterization of the HR neuronmodel

In this section we provide an exhaustive analysis of the dynamical characteristics of the HR
model introduced in (1), and in particular we show how they depend on the values of the small
parameter ε. Each of the following subsections deals with a different situation regarding this
parameter.

2.1 Dynamics at standard values of the small parameter "

In this section, we study the behavior of the HR model when the small parameter ε is in a
standard range. The main bifurcations of the system are described, thus providing a complete
description of the parameter space.
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Fig. 3 Taken from [19] with modifications (Figures 1 and 4). Top: Spike-counting (SC) diagram on the (b, I )
plane, for ε = 0.05 and ε = 0.01, classifying the AP as quiescent (0 spikes, i.e. fixed point), spiking (1 spike)
or bursting (2 or more spikes). Andronov–Hopf (AH) and primary homoclinic (Hom) bifurcations correspond
to curves shown in red and black, respectively. Bottom: The first primary homoclinic bifurcations curves are
shown for different values of the small parameter ε. The curves have been computed using the continuation
software AUTO [17, 18]

In recent years, the HR model has been thoroughly analyzed (see [7, 8, 15, 16]) applying
different techniques, such as the spike-counting (SC) method [7, 16]. This technique, applied
to a periodic orbit of a dynamical system, determines the number of spikes that a certain
variable shows during a period. In the case of excitable cells, the SC technique allows us to
compute the number of spikes of the membrane potential during each activation period of
the cell. Figure3 shows the number of spikes of the membrane potential for stable solutions
of the HR model, codified with colors, along the (b, I )-plane. This allows us to distinguish
between the regions of chaotic bursting, periodic tonic spiking and regular bursting. Stable
spiking is shown as APs with a single spike, while quiescence of neurons occur when a
fixed point is reached (in SC terms, the AP shows 0 spikes). Ranging from blue to green,
we can see the stripes of a spike-adding cascade that corresponds to bursting that becomes
chaotic in a chain of onion-like bulbs colored in brown [8]. In this review paper, we briefly
focus on the development of a global study of the complete homoclinic structure that gives
rise to the complete phenomena. To that goal, a detailed numerical study with continuation
techniques is required (we used the well-known software AUTO [17, 18]) as well as with the
SC technique.

Andronov–Hopf (AH) bifurcations, in red, and primary homoclinic (Hom) bifurcations,
in black, are superimposed in both representations of Fig. 3. These bifurcations, further char-
acterized in [19], correspond to bifurcations shown in Fig. 1. Also in [19], it was studied how
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Fig. 4 a Theoretical unfolding of the codimension-two IF and OF homoclinic bifurcations of types Cin and
Cout describing the pencils of period-doubling and fold bifurcations. b Spike-counting diagram on the (b, I )
plane for ε = 0.01. Superimposed, the bifurcation curves (yellow—fold or saddle-node of periodic orbits,
red—period-doubling (PD), black—primary homoclinic bifurcations) and some codimension-two bifurcation
points (purple—IF and green—OF) (Color figure online)

the first primary homoclinic bifurcation curve modifies its geometry when different values
of the small parameter ε are considered and how this phenomenon is related with being in
a fast–slow regime or not. At the bottom of Fig. 3, it is shown that the number of “visible”
foldings (with respect to parameter b) of the homoclinic curve varies when larger values of
ε are considered [19].

A deep use of the SC and continuation techniques also provides a theoretical scheme of
the generation of the spike-adding and chaotic regions in fold/hom bursters, related with
canard phenomena [20] and codimension-two homoclinic bifurcations [8], respectively. For
instance, Fig. 4b shows, for ε = 0.01, a two-parameter plot (plane (b, I )) of the HR-model
with the SC technique. Superimposed to it, the figure displays the main bifurcation curves
for the spike-adding process (yellow—fold or saddle-node of periodic orbits (SN), red—
period-doubling (PD), black—primary homoclinic bifurcations) and the codimension-two
bifurcation points (purple—inclination-flip (IF) and green—orbit-flip (OF))where the pencils
of period-doubling and fold bifurcations are generated. In Fig. 4a we depict the theoretical
unfolding ( [21] and Appendix A) of the “in” and “out” versions of the codimension-two IF
and OF homoclinic bifurcations of type C, describing the pencils of period-doubling and fold
bifurcations. Although there are more types of IF andOF bifurcations, in HRmodel only type
C is present. See Appendix A for a more detailed mathematical description of homoclinic
bifurcations.

All the above results provide us with some global information of the structure of the
parameter space of theHRsystem, but since inmost cases only the first homoclinic bifurcation
was used, this information is just partial. In Fig. 5we display the complete scenario that shows
the interlaced bifurcation diagram for the n to n + 1 spike-adding process when ε is small.
Note that the homoclinic curves contain the codimension-two homoclinic bifurcation points
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Fig. 5 Taken from [22] with modifications (Figure 6). Generic theoretical scenario (for the case of n > 2)
that shows the interlaced bifurcation diagram for the n to n + 1 spike-adding process when ε is small. The
notation hom(n,n+1) is used for the isola of homoclinic bifurcations for which parameters on one side generate
homoclinic orbits with n spikes and on the other side with n + 1 spikes

that generate the bifurcations leading to the change from n to n + 1 spikes, and that they
are connected with the other homoclinic curves and with chaotic regions. Moreover, these
homoclinic curves are isolas, that is, closed curves in the parameter space. See [22, 23] for
a complete description of the theoretical scheme.

The discovery of the relevant role of the homoclinic bifurcations in the fold/hom spike-
adding process [8, 12] also allows us to classify the different types of spike-adding processes
[14]. See in Fig. 6 how the homoclinic bifurcation acts as a boundary of a continuous case
spike-adding involving canard orbits (to the left) and the isola-type one (to the right). The
top plot shows the AUTO L2-norm of the periodic orbits, while the bottom plot displays the
Interspike Bifurcation Diagram (IBD), giving the time between two consecutive spikes of
the periodic orbits. The bottom plot clearly indicates the number of spikes per orbit, while
the top plot indicates the type of spike-adding process (see [14] for more details).

2.2 A global three-parameter analysis: case " ↗ O(1)

The previous subsection showed the behavior of the parameter planes when the small param-
eter ε was taken in a standard range. In this subsection we focus on studying the global
parametric phase space. Just to give an idea of the global parametric panorama, Fig. 7 presents
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Fig. 6 Taken from [22] with modifications (Figure 11). Top: AUTO L2-norm of the orbit for x0 = −1,
b = 2.7 and ε = 0.01 (several fold and period-doubling bifurcations are represented with black and red
points, respectively). Bottom: IBD for the same orbit (Color figure online)

a three-parameter plot using the spike-counting technique. As it can be seen from two-
parameter plots on the right side of Fig. 7, bifurcation curves of periodic orbits emerge from
codimension-two homoclinic bifurcation points, in this case, the HR model exhibits IF, OF
and Belyakov bifurcations (see [13] for a complete description). Further details about the
bifurcations shown in Fig. 7 will be provided later, but the figure shows us that, by increasing
the small parameter ε, some structures change and even disappear. Two-parameter plots show
that some color bands and also some codimension-two bifurcation points are present no more
when the value of parameter ε is larger than its standard values. This fact leads us to wonder
if there are codimension-three bifurcation points or any other mechanism responsible of the
disappearance of the codimension-two bifurcation points.

In most fast–slow systems with explicit small parameters, these parameters play a signifi-
cant role and drastic changes in the global phase space are exhibited under their variation. As
commented before, in the HR model, increasing ε leads to numerous changes, and in what
follows, wewant to show how theHRmodel exhibits geometric bifurcations [24]with respect
to ε that, linked with dynamical bifurcations, explain the observed phenomena. The concept
of geometric bifurcations was introduced in [24] to visually classify observed changes in
the parameter space when special points “seem” to collide and disappear in points that are
not topological bifurcations. These changes are due to the way of observing the dynamics
and, although they are not true bifurcations, provide useful insights on the global parametric
phase space of the model. Therefore, we add, to the standard codimension of a bifurcation,
extra codimensions referred to these geometric bifurcations (see [24] for more details).

We are going to show that codimension–one-plus-one, two-plus-one and one-plus-two
geometric bifurcations occur in the HR model. We will see how codimension-one bifurca-
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Fig. 7 Left: Three-parameter (b, I , ε) spike-counting diagram of the HR model. Right: Two-parameter plots
showing slices for ε = 0.018, 0.03 and 0.08, with bifurcation lines and points: homoclinic and period-doubling
codimension-one curves, IF, OF and Belyakov codimension-two bifurcation points

tion surfaces which are unfolded generically from codimension-two bifurcation curves are
affected by the existence of codimension–two-plus-one degenerations on these curves.

From the analysis in [13], it follows that in the HR model there exist many codimension-
one homoclinic bifurcation surfaces which are exponentially close to each other, and that
their number grows to infinity when the small parameter ε tends to zero. The intersection
of each surface with horizontal planes produces isolas (closed curves) as these homoclinic
surfaces are tubular. Moreover, these isolas exhibit a pair of extremely sharp folds and their
width is also exponentially small. Folding points determine two different sides in each isola
and also in each bifurcation surface. Typically, the number of spikes of the homoclinic orbit
for parameter values on one side of a homoclinic bifurcation isola and on the other side differ
in 1. The isola for which parameters on one side generate homoclinic orbits with n spikes
and on the other side with n + 1 spikes, with n = 1, 2, . . ., will be denoted by hom(n,n+1),
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Fig. 8 Three-parameter plot showing codimension-one homoclinic bifurcation surfaces. In plots a–c the
homoclinic surfaces hom(1,2), hom(2,3), hom(6,7) and hom(11,12) are shown together using three points of
view to illustrate how close are one to each other and to compare their respective sizes. In plot d it is presented
the hom(11,12) homoclinic bifurcation surface with some codimension-two homoclinic bifurcation curves and
some geometric bifurcations

and so will be the corresponding surface. In Fig. 8 we show three-parameter plots with some
codimension-one homoclinic bifurcation surfaces and codimension-two homoclinic bifurca-
tion curves computed using the AUTO continuation software [17, 18]. In plots (a), (b) and
(c) the hom(1,2), hom(2,3), hom(6,7) and hom(11,12) surfaces are given. In plot (d) we include
Belyakov and IF bifurcation curves. This partial bifurcation diagram allows us to illustrate
a collection of geometric bifurcations, some of which are quite evident, while others not so
much. First, we observe the existence of some codimension–two-plus-one geometric bifur-
cations that correspond to folds, with respect to ε, of curves of codimension-two homoclinic
bifurcations. Nevertheless, we will distinguish between “visible” and “invisible” folds (see
plot (d)) depending on whether the fold is clearly visible or another kind of analysis is needed
to ensure its presence (this happens in the very sharp folds of the homoclinic isolas where it
is needed a plot of the bifurcation curve showing the AUTO L2-norm of the homoclinic orbit
as in Fig. 9). Recall that in all 2D-manifolds of codimension-one homoclinic bifurcations
we distinguish two leaves which are exponentially close (in fact the two leaves that form the
isolas) and therefore they are indistinguishable in the visualization of our numerical results.
They glue together along curves of sharp folding marked with a red line in plot (d) of Fig. 8.
If a curve of codimension-two homoclinic bifurcation folds inside one of the leaves, that
folding is said a codimension–two-plus-one visible fold. If the fold is along one of the folding
curves of the whole surface (that is, going from one leaf to the other), and hence it is hidden
for visualization, we refer to the bifurcation as a codimension–two-plus-one invisible fold. In
any case, both types of folding are codimension–two-plus-one geometric bifurcations. Note
that visible folds appear in pairs, one on each leaf, but invisible folds are unique points. In
[24] it is shown that on the surface hom(1,2), both the Belyakov and the IF bifurcation curves
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Fig. 9 Saddle-type codimension–one-plus-one geometric bifurcation located on the homoclinic bifurcation
surface hom(2,3). Bottom line: theoretical scheme showing the connection of two folds of two disconnected
isolas giving rise to just one isola. Middle-top lines: numerical continuation illustrating the saddle-type bifur-
cation in parameter space, showing the connection of the isolas and also a continuation in the AUTO L2-norm,
to show that really we have two or just one isola

exhibit “visible” folds, and that, on the surface hom(2,3), the Belyakov bifurcation curve also
undergoes a “visible” fold, but the IF curve presents an “invisible” fold. Note that, as shown
in Fig. 8, on the surface hom(11,12), both curves exhibit “invisible” folds.

In plots (a), (b) and (c) of Fig. 8 the homoclinic surfaces hom(1,2), hom(2,3), hom(6,7) and
hom(11,12) are shown together using three different points of view to show how close they
are to each other and to compare their respective sizes. The hom(1,2) homoclinic surface is
the biggest one and so over this surface mainly “visible” folds are observed. On the contrary,
over the other surfaces, as the size of the homoclinic surface is smaller, and some bifurcations
are located in a small region, there are some “invisible” folds because the codimension-one
curves reach the fold of the homoclinic isola and go to the other side of the homoclinic surface
via an “invisible” fold.
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Fig. 10 “Invisible” fold phenomenon giving rise to a codimension-two Belyakov homoclinic bifurcation isola
on the surface hom(6,7). a Theoretical scheme of the process. b Projection of the homoclinic surface on the
(b, ε) parameter plane and location of the Belyakov isola. c–e Homoclinic orbits on the Belyakov isola on
both sides of the curve for the indicated values of I . One side has one extra spike as shown both on the time
series (t, x) and (z, x) pictures for three values of the parameter b

Now, looking for codimension–one-plus-one geometric bifurcations, we pay attention to
the bifurcation surfaces themselves. In Fig. 8d we see how hom(11,12) splits into two discon-
nected components and each of them has a maximum (with respect to ε). These two points
are isola-type codimension–one-plus-one geometric bifurcations with respect to ε. Also, a
saddle-type codimension–one-plus-one geometric bifurcation is detected on the bifurcation
surfaces hom(2,3) and hom(6,7) (see Fig. 9). Saddle-type codimension–one-plus-one bifurca-
tions do not appear on hom(1,2) for the studied values of ε, but they are present in hom(n,n+1),
when 1 < n < ns , for certain small ns . Nevertheless, for n ≥ ns , the surface hom(n,n+1)

splits into two pieces (see Fig. 8d) and hence saddle-type codimension–one-plus-one bifur-
cations are no longer present. Most likely, isola-type codimension–one-plus-one geometric
bifurcations are present in all homoclinic surfaces if the small parameter ε is large enough.
This fact explains why, as the small parameter grows, fewer color bands appear in the 3D
graph of Fig. 7 indicating that the bursting orbits have fewer spikes. Note that this struc-
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ture provides a complete explanation of the maximum number of spikes in models once the
parameter ε is no longer small.

In order to show more clearly a saddle-type codimension–one-plus-one bifurcation we
show in Fig. 9 the theoretical scheme of the connection of two folds of two disconnected
isolas giving rise to an isola, and therefore giving rise to just one tubular surface from two
previous tubular surfaces. On the upper plots, several numerical continuation results permit
to illustrate the saddle-type bifurcation in parameter space showing the connection of the
isolas. AUTO L2-norm is used to show that really we have isolas of homoclinic bifurcations.
Note that the numerical software AUTO stops the continuation process at the dotted areas
of the blue curves because of numerical limitations. The magnifications illustrate the very
sharp folds of the isolas, only visible with zooms on the AUTO L2-norm plots up to some
parameter values due to the numerical precision of the program.

The phenomenon of the “invisible” folds is a direct consequence of the existence of very
squashed tubular structures (and therefore isolas when a two-parameter section is considered)
where the two leaves are infinitesimally close to each other. Thus, if a codimension-two
homoclinic bifurcation curve reaches the homoclinic surface folding curve, then it continues
to the other side because the conditions in the phase space that are required to have the
codimension-two bifurcation are still satisfied on the other side. So, the bifurcation curve
has experimented an “invisible” fold. Figure10 details a complete process of creation of
“invisible” folds on a codimension-twoBelyakov homoclinic bifurcation curve on the surface
hom(6,7). The plot (a) shows the theoretical scheme of the process and illustrates how one
side of the Belyakov isola is on one leaf of the tubular surface and the other side on the other
leaf, and so we have “invisible” folds due to the very small distance between the leaves. On
the plot (b) the projection of the homoclinic surface on the (b, ε) parameter plane and the
location of the Belyakov isola are shown. In order to illustrate that indeed the Belyakov curve
forms an isola on both leaves of the homoclinic surface, we present on plots (c), (d) and (e)
the time series (t, x) and (z, x) pictures of two homoclinic orbits, one on each side of the
surface, for three values of parameter b: b = 2.1597, 2.1999 and 2.2478, respectively. Note
that on one side the homoclinic orbit has one extra spike (7 spikes versus 6 spikes).

Figure 7 shows how some codimension-two points disappear. Now we have enough ele-
ments to describe the process and also to explain that a subsidiary effect is the fact that different
curves of periodic bifurcations may connect together. We can connect all these phenomena
with some geometric bifurcations illustrated in Fig. 8, in particular “visible” or “invisible”
folds depending on the size of the homoclinic isolas. As ε increases, the first geometric bifur-
cation shown in Fig. 8 that explains what happens in Fig. 7 is a codimension–two-plus-one
bifurcation on the IF homoclinic bifurcation curve. For the hom(1,2) case, as the homoclinic
surface is big enough, what happens is a maximum of each of the IF curves (one on each
leaf of the tubular surface), and so we have a “visible” fold and we observe the geometric
“collision” of two pairs of IF points, one pair on each of the leaves of the homoclinic surface
(the white points on the figure). On the contrary, for the rest of homoclinic surfaces, the IF
bifurcation curves have “invisible” folds, as they are smaller and the surfaces are composed
of isolas disconnected for small values of the parameter. Moreover, when n grows enough
hom(n,n+1) has only one branch of the IF curve, that is, IF points are only present on one of
the two disconnected components of the isolas for a small value of ε. In these cases, the IF
point seems to disappear on the limit of a homoclinic curve, and what really happens is that
geometrically “collides” with the corresponding point of the another leaf of the surface that
we cannot see. The evolution of the Belyakov curve is similar but for higher values of the
small parameter ε.
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Fig. 11 Left: Fold/hom homoclinic “mille-feuille" organization. Right: Simile of the structure on the left.
The behavior of the curves of codimension-two bifurcations is compared to the spine-of-a-book placed on
a bookstore that corresponds with the homoclinic surface. The pages of such books consist of surfaces of
bifurcations of periodic orbits and secondary homoclinic bifurcations involved in the spike-adding process

Finally, Fig. 11a shows the schematic distribution of the homoclinic bifurcation surfaces
giving rise to what we have called fold/hom homoclinic “mille-feuille" organization [13]. On
plot (b) we show a simile comparing the structure with a bookstore, where each homoclinic
surface is compared with a bookstore shelf, and where each book will take the role of the
codimension-two homoclinic bifurcations on the homoclinic surface. They will give rise to
the spine-of-a-book structure (plot (c)) with the countable set of bifurcations emanating from
the codimension-two points (the “sheets of the book”). Note that this structure provides a
complete explanation of the global homoclinic bifurcation in the HR model and in other
fold/hom bursters.

2.3 Topological structure of chaotic attractors: limit case " ↘ 0

In addition to studying the different bifurcations that periodic orbits undergo, we can analyze
the topological structure of chaotic attractors and their evolution when the parameter values
vary. One of the fundamental tools in such analysis for dissipative three-dimensional dynam-
ical systems are topological templates, which are constructed as a version of the system in the
limit case of infinite dissipation. That is, a projection of its flow is made by squeezing it along
its stable direction, so that the three-dimensional flow becomes a two-dimensional branched
manifold (see Fig. 12). The projection preserves the relative positions of the periodic orbits,
so that the crossings between them are neither created nor destroyed in the projection. The
template is therefore a useful tool for analyzing the stretching and squeezing processes that
shape the chaotic attractor and how the unstable periodic orbits (UPOs) are organized in
these processes. To determine the topological template, the intertwining of the low-period
periodic orbits must be studied through their topological periods (number of spikes) and link-
ing numbers (number of turns that one orbit makes around another). With that information,
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Fig. 12 Top: Basic elements of topological template analysis. Bottom: Global topological template obtained
for HR model, the complete Smale horseshoe template. See [25] for the analysis of the templates and the
description of allowed and forbidden symbolic sequences associated to periodic orbits

the corresponding topological template will be the simplest one that has the characteristics
detected in the UPOs.

When the chaotic attractor is hyperbolic, there is a biunivocal correspondence between
the periodic orbits of the template and those which foliate the attractor. In the case of the
HR system, the attractor is not hyperbolic, which implies that some orbits in the template
do not appear in the attractor. However, those that do exist in the attractor have the same
internal organization as in the template. This results in the concrete template of the attractor
being a subtemplate of the global template in which certain paths of the template are closed
(those corresponding to the orbits that are not in the attractor). This gives a Cantor structure
in the subtemplate depending on the closed paths and corresponding to the structure of the
chaotic attractor, where the “holes” correspond to the periodic orbits laying on those close
paths. See [25] for a full analysis of these templates, making use of symbolic dynamics,
topological templates and first return maps (FRMs) [26, 27]. In that study, it was found
that the topological template of each chaotic attractor corresponds to a subtemplate of the
complete Smale horseshoe template where there are paths that are closed, and how they relate
with certain forbidden symbolic sequences (Fig. 12).

Following a line crossing different chaotic regions in the parameter space, we can study
how the chaotic attractor changes in the different regions. To do this, we can take, for example,
ε = 0.01 and I = (100 − 26.5b)/6.91 (see Fig. 4). The upper part of Fig. 13 shows how the
shape of these attractors changes along that line. Now, using the symbolic dynamics theory,
we get that those chaotic invariants with more foliated periodic orbits have more symbolic
chains allowed in their topological template than those with a smaller number of them. That
is, depending on the number of periodic orbits that foliate (or not) the chaotic attractor, its
generic topological template will have certain open (or closed) paths forming a subtemplate
with holes.

According to the classification of the different types of spike-adding processes provided
in [14], we have a chaos-induced discontinuous spike-adding (Terman [11]) case. This case
is generated by a type C OF homoclinic bifurcation (see Sect. 2.1). This codimension-two
point generates a countable set of saddle-node and period-doubling bifurcation pencils.More-
over, in [25] it was seen that a symbolic-flip bifurcation occurs before each period-doubling
bifurcation. This bifurcation does not change the stability of the periodic orbit or any of its
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Fig. 13 Top: Chaotic attractors for different values of b in the line I = (100 − 26.5b)/6.91 (with ε = 0.01).
Middle-bottom: Two of these chaotic attractors with all their UPOs with multiplicity m from 1 to 4. We can
check how, when parameter b decreases, the number of orbits foliated to the attractor increases

topological properties, but it does modify the symbolic sequence of the periodic orbit and
it allows generating new symbolic chains. That is why, as more spike-adding pencils are
traversed, more symbolic chains are allowed. Figure14 plots the number of spikes reached
by the periodic attractor as a function of the values of b and ε. The number of spikes grows
exponentially as ε decreases to zero.

Thus, we can elaborate the hypothesis represented schematically in Fig. 15. The template
of any chaotic attractor in the system is a subtemplate of the complete Smale template with
closed paths corresponding to the forbidden symbolic chains in the symbolic dynamics of
that chaotic attractor. However, when ε tends to zero, choosing the right path to go through
all the different spike-adding pencils as they occur indefinitely, the subtemplate is being filled
in and the Smale horseshoe template is completed as the limit case.
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Fig. 14 Spike-counting in the bursting attractor along the line I = 14.4 − 4b for ε ∈ [10−4, 10−2] (in
logarithmic scale to show exponential increment in the number of spikes) and b ∈ [2.9, 3.25]. The time series
for three particular examples are shown too

Fig. 15 Theoretical scheme showing how, through infinite spike-adding pencils, the topological template of
the chaotic attractors fills more andmore gaps and tends (when ε tends to zero) to the complete Smale template
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Fig. 16 Left and center: Illustration of the tetrapod and tripod insect movement gaits. Each leg is associated
to a neuron, whose activation (bursting) sets the leg into motion. Bottom figures show the temporal bursting
pattern, from left to right, of each neuron, with shaded regions indicating the activation of the corresponding
neuron. Right: Network of neurons used as a model for hexapods, with the corresponding connections. Each
connection from neuron j to neuron k has an associated non-symmetric relative inhibitory strength c j ,k , with

the indicated values: c1,2 = 1
2 , c2,1 = 1, and so on

3 Realistic models applications

In this section we illustrate how spike-adding phenomena are involved in several real pro-
cesses, such as changes in movement gaits and the creation of Early Afterdepolarizations in
cardiac dynamics.

3.1 Insect gait movement changes

The generation of rhythmic or coordinated behaviors in different organisms, such as heart-
beat, respiration, swimming or walking, is an important research topic in neuroscience with
applications to other fields like biological-inspired robotics.

Many animals, including humans, present Central Pattern Generators (CPGs) to produce
the basics of such rhythms (see [28] and the references therein). A CPG is a small biological
neuron circuit, a small network of interconnected neurons, that produces a rhythmic output
without needing a rhythmic input, while also adapting it when an input is present. Hence,
the organism can modify the rhythms according to the environment as needed. Its dynamics
depends on intracellular, synaptic, and network level phenomena.

Classic examples of CPGs driven rhythmic behavior are direct-reverse flow of circulatory
system on leeches [29, 30] and locomotive patterns [31–33]. Of special interest, on both
insect movement and robotics research, is the case of the movement of hexapods. In Nature,
hexapod insects can present different gaits, most common (and idealized) ones are shown in
Fig. 16. In the tetrapod gait there are four legs in the ground and the other two are moving,
while in tripod gait, usually present when the insect wants to go faster, three legs are moving
while the other three are at rest.

Researchers on both mentioned areas have proposed simplified CPGs to describe those
movements, usually including six motoneurons [34–40]. There are more complex models
which include biomechanical information [41–43], but those simplifiedCPGs are rich enough
to represent the usual patterns and exhibit some of the changes one may observe in the
movement of real insects.
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Fig. 17 The spike-counting diagram for an isolated neuron varying the parameters Iext and vth
K S of (2). On the

right there are three selected membrane potential time series showing the usual behavior in the three different
regions [37, 38, 44]

Ghigliazza and Holmes [37, 38] introduced one of those simple models for the movement
of cockroaches, and examined it analytically using some reductions, which unfortunately
hide some non-symmetric patterns that may occur. In this subsection we want to explore its
dynamics numerically without resorting to such reductions.

The dynamics of one isolated neuron is described in terms of a fast nonlinear calcium
current ICa , a slow potassium current IK , a very slow potassium current IK S [37], a linear
leakage current IL and an external current Iext . The ODEs describing the dynamics of the
membrane potential v, the potassium gate variable m, and the slow potassium gating variable
w are

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C v̇ = −(ICa + IK + IK S + IL) + Iext ,

ṁ = ε

τm(v)
[m∞(v) − m],

ẇ = δ

τw(v)
[w∞(v) − w],

(2)

with the auxiliary ionic current functions defined by

ICa = gCa n∞(v) (v − ECa), IK = gK m (v − EK ),

IL = gL (v − EL), IK S = gK S w (v − EK ),

and where the different time scales and steady state gating variables are

τm(v) = sech
(
k0K (v − vth

K )/2
)
, τw(v) = sech

(
k0K S (v − vth

K S)/2
)
,

m∞(v) = (
1 + e−2k0K (v−vth

K )
)−1

, w∞(v) = (
1 + e−2k0K S (v−vth

K S)
)−1

,

n∞(v) = (
1 + e−2k0Ca (v−vth

Ca)
)−1

.

The parameters C , ε and δ determine the time scales of v, m and w, EX are the Nernst
potentials, gX are maximal conductances, k0X is the steepness of the transition happening at
threshold potential vth

X , where X denotes each of the considered ions. See [37, 38, 44] for
the parameters and the exact values used in the simulations.
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Figure 17 shows the behavior of the membrane potential for the stable periodic orbit
when varying parameters vth

K S and Iext . Within the colorful droplet-shaped region we can
observe the characteristic neuronal bursting of the model. Outside of it we have two opposite
behaviors: quiescence (an attracting equilibrium) and spiking (a small periodic orbit with
one spike). The global picture is similar for any other set of parameters [44].

When the six neurons (each driving the movement of a leg of the hexapod) are coupled,
they are arranged in a network shown in the right part of Fig. 16.We assume that the inhibitory
coupling is achieved via synapses that produce negative postsynaptic currents (we obtain this
by subtraction of positive postsynaptic currents instead of adding negative terms as in the
original model). Therefore, the first equation of (2) is modified in each neuron i from 1 to 6
to include the postsynaptic current Is,i :

C v̇i = −(ICa,i + IK ,i + IL,i + IK S,i ) + Iext − Is,i , Is,i = gs(vi − E post
s )

∑

j∈Ni

c j,i s j ,

with Ni the set of neighbors of neuron i as indicated in Fig. 16, c j,i the network parameters
shown in the same picture, and a new synapse variable si associated to each neuron, whose
dynamics is described by

ṡi = αs∞(vi )(1 − si ) − βsi , s∞(vi ) = Tmax

1 + e−ks (vi −E pre
s )

,

where α and β are voltage-independent forward and backward rate constants, and gs , Tmax ,
E pre

s and E post
s are parameters describing the synapses (see [44] for details).

Having a roadmap (Fig. 17) for the dynamics of a single neuron allows us to explore the
connected case, focusing on the relevant regions of the parameter space. To exemplify this,
let us consider the straight line Iext = 35.5 in the plane depicted in Fig. 17. We perform a
quasi-Monte Carlo sweeping, that is, we sweep for values of vth

K S between−30 to−22.5 and
we compute for each parameter set the orbits for 200 initial conditions selected using a low
discrepancy sequence to cover nicely the region of reasonable initial conditions (remember
that the phase space is 24-dimensional). For each of these orbits we compute the periodic
orbit towards which it converges after a large transient of 105 ms and automatically deduce
the patterns (as in Fig. 16) it describes. We are not interested in the number of spikes in this
case, but only in knowing if a neuron is active (bursting) or not. Figure18 shows the results of
this numerical experiment. At the bottom of the figure, we can see the main obtained patterns.

The histogram represents the perceptual amount of initial conditions that converges to
a particular pattern. Patterns related by symmetry (interchanging either left and right or
front and back neurons) are considered identical. Below the histogram, we have the spike-
counting diagram on the line Iext = 35.5. We can observe that the spike-adding areas affect
the smoothness of the transition among patterns, which helps us to locate the regions where
most changes are performed. Those changes are related with bifurcations on the system that
are explained in [45].

The main observation about our computations is the fact that the tripod gait is ubiquitous:
it is a possible movement pattern for any choice of the parameters, although it is unstable
for some parameter values. However, when it becomes stable, for vth

K S > −25, it quickly
becomes dominant. This result is general, in the sense thatwe canobserve the samedominance
for other sets of parameters. Those results are quite stable under small perturbations [45].
An open problem regarding the different existing gaits and their stability is the interesting
question of the dynamic change between them when parameters are varied. While animals
are able to change from one gait to another one without tripping, it yet remains to be solved
how these smooth transitions can be incorporated in the model.
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Fig. 18 The histogram with the percentage of the different gaits corresponding to the parametric line Iext =
35.5 for variable vth

K S using 200 initial conditions for each parametric set. The main patterns are depicted at
the bottom. The thick black lines describe the bursting time of each neuron along the periodic orbit; for each
pattern, time goes from left to right, and neurons i = 1 to i = 6 from top to bottom. See [44] for details

3.2 Early afterdepolarizations in cardiac dynamics

In previous sections we have centered our study in neurons, either isolated or connected.
Nowwe are going to study other excitable cells, the myocytes (or muscle cells), in particular,
heart myocytes. We want to show how the spike-adding phenomenon is relevant in cardiac
dynamics, but now with the name of Early Afterdepolarization (EAD).

Although the Hodkin–Huxley model [1] was initially proposed to simulate the behavior
of a neuron, this model established a useful mathematical formalism to describe the ionic
kinetics of themembranewhich has been used as a basis for the development of mathematical
models for other excitable cells. In thisway,DenisNoble [46] published the firstmathematical
model of a cardiac cell based on the adaptation of the equations of the Hodkin–Huxleymodel.
After some improvement byMcAllister et al. [47], Beeler and Reuter [48] developed the first
ventricular myocyte model in 1977, later reformulated by Luo and Rudy in 1991 [49] and
1994 [50, 51].

In the left plot of Fig. 19a we can see an example of an AP for a cardiomyocyte. It has
several phases. The first one, after being stimulated, is an increment in their transmembrane
voltage (depolarization or phase 0). This increment is followed by a small partial voltage
decrease (transient repolarization or phase 1) and a prolonged phase where voltage remains
approximately constant (plateau phase or phase 2). In the final part of the AP, transmem-
brane voltage decreases (repolarization or phase 3) while returning to the resting potential
level, which is maintained until receiving the next stimulus. The time elapsed between two
stimuli applied to the cell is called Pacing Cycle Length (PCL). Under some circumstances,
transmembrane potential can experience an unexpected rise during AP phase 2 or phase
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Fig. 19 In the top panel (a) we can see different APs without (left) with one (middle) and with several (right)
EADs depending on the PCL value (taken from Fig. 1 of [52]). In lower panel (b) we show some experimental
recordings where for different values of the PCL we detect some APs with one EAD (taken from Fig. 1A of
[53]). This is also observed in our numerical simulation (taken from Fig. 1c and d of [54]) for a biophysical
realistic model (c) and for a simpler one (d). In all cases, as we increase the PCL, more and more APs show
an EAD

3, which is termed Early Afterdepolarization (EAD). If EADs at cellular level are of large
enough magnitude and occur over a substantial tissue area, they can lead to triggered activ-
ity and arrhythmias [55] which makes the study of EADs highly relevant. Recall that, in
the mathematical neuroscience notation, the creation of EADs is denoted as a spike-adding
process.

For our study we have used two mathematical models, the biophysically realistic Sato
model [53] (with 27 variables) and a simpler one (the 3D Luo–Rudy model [49, 56] with
just three variables). As we can see in Fig. 19c, d both models show the EADs observed in
experimental recordings (as illustrated in Fig. 19b).

The high-dimensional model, updated by Sato et al. [53] to properly reproduce EADs,
simulates a rabbit ventricular myocyte. The total ionic current is the sum of nine ionic
currents including the L-type Ca2+ current, the fast sodium current (INa), five components
of the potassium current and two pump currents (INaK transporting potassium into the cell
in exchange for sodium out of the cell and INaCa transporting sodium in and calcium out of
the cell). An additional stimulus current Istim is included, which in this study is delivered at a
constant stimulus period defined by the PCL. The complete description of the ionic currents
involves 27 ordinary differential equations for the 27 state variables, in which 177 model
parameters are used (see [53, 57, 58] for full details and equations).

In Fig. 20 we show some results obtained for the Sato model [59]. In Fig. 20a we show
the biparametric bifurcation diagram taking into account the PCL and the Km Nao parameter
which is the extracellular sodium dissociation constant used to calculate the INaCa current
and, in turn, update sodium and calcium concentrations. For each configuration we integrate
until we find the periodic orbit and we count the number of peaks and the number of APs.
The ratio between both quantities indicates the progressive appearance of EADs: a ratio of 1
indicates that no EADs are present, while a ratio of 2 shows that every AP has an EAD; a ratio
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Fig. 20 Results for the EAD transition region using the high dimensional Sato model. In plot a we show the
biparametric bifurcation diagram taking into account the PCL and the Km Nao. In b one-parameter bifurcation
diagram varying PCL. The points correspond to the transmembrane potential of the AP-peaks. See text for
explanation

of 1.5would thus indicate that an EAD is present in one out of twoAPs, and so on. This ratio is
plotted following a color code. The red bar in the diagram corresponds to the transition region
from no EAD to EAD for the standard value of the Km Nao. The one-parameter bifurcation
diagram varying PCL is plotted in Fig. 20b. The points correspond to the peaks of the AP.
On the left (where only the blue line is visible) the ratio is 1 and all APs have a single peak,
i.e. present no EADs. On the right (where two red lines are present) the orbit will show two
APs: one with EAD and another one without it (both with different AP-peak). Blue points
are obtained for increasing PCL values (from left to right) and red points for decreasing PCL
values (from right to left). It can be seen that for some PCLs there is coexistence phenomenon,
it means that for the same configuration but different initial conditions we obtain different
periodic orbits (one with EAD and another one without EADs). Based on our simulations
[59] using the 27D Sato model we can conjecture one possible theoretical scheme of the
creation of the EAD. First, a torus bifurcation occurs, which allows the creation of alternans
and an orbit with different APs. Moving on the bifurcation line, some of the APs of the
orbit start to create an EAD and the orbit goes from the configuration without EAD (ratio
1, blue region) towards the configuration with EAD (ratio 1.5, green region). We plot white
points and gray lines in Fig. 20b to explain this conjecture. To prove this conjecture we need
a simpler model to do a theoretical study.

As with the Hodkin–Huxley model, where a more simplified model was used (the three-
dimensional HR model), also for the myocyte we use a more simplified model than Sato,
the modified Luo–Rudy 3D model. This model meets, like the HR model, the two basic
conditions of being computationally simple but at the same time capable of reproducing the
behavior we want to study: the EADs.

The Luo–Rudy 3Dmodel [49, 56] is a simplification of the original Luo–Rudymodel [49]
following the approach of [56]. This simplified model contains an intermediate time-scale
Ca current and a slow K current. The fast Na current was discarded due to its little effects
on EAD generation, as it is activated mostly during the AP upstroke but it is practically
null during the plateau and repolarization AP phases where the EAD appears. We include,
as in Sato model, an additional stimulus current Istim at a constant period defined by the
PCL. The three variables of this model correspond to the inactivation gating variable of the
Ca current ( f ), the activation gating variable of the K current (x) and the transmembrane
potential (V ). After checking that both models experience similar behavior [54], we study
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Fig. 21 Taken from [54]withmodifications (Figure 6). The top panel shows the EAD transition region between
periodic orbits (PO) without and with EAD using the transmembrane potential of the AP-peaks for the low
dimensional Luo–Rudy 3D model. The lower panel shows the above bifurcation diagram, but with the AUTO
L2-norm (‖ · ‖2) of the periodic orbits. We can also see some time series of the existing attractors for three
different values of the PCL. See explanation on the text

the same transition from non-EAD to EAD obtaining the complete families of periodic orbits
(stable and unstable ones) using the AUTO continuation software [17, 18].

We can see the results in Fig. 21. Top panel shows the EAD transition region between
periodic orbits without and with EAD for the Luo–Rudy 3D model. This bifurcation dia-
gram has been completed with the unstable branches calculated by the AUTO continuation
software. This gives us the opportunity to visualize the complete evolution of the different
periodic orbits [54]. The main bifurcations (period-doubling (PD, in red), and fold of limit
cycles (in yellow)) that influence the stability of the periodic orbits are marked with dots
of different colors. We distinguish between P D1, responsible of the alternans generation,
and P D2, responsible of destabilization of the red family and creation of some transient
behaviors. In the fold point the periodic orbit family turns generating hysteresis phenomena
with different coexistence orbits (with or without bistability). We are also able to detect the
EAD generation point (blue dot) which is located in the top plot as the point where a low
voltage peak is created in the unstable branch. This point is not visible in the lower panel
where we represent the AUTO L2-norm of the periodic orbits but with this representation is
more evident the hysteresis phenomena since it can be easily seen how both stable branches
connect through an unstable branch that evolves continuously from one to the other as we
conjectured with Sato model in Fig. 20. The bistability and coexistence regions have been
marked in green and purple, respectively.

This theoretical scheme explains what we observe in the more biophysical realistic model,
i.e., a possible mechanism in the generation of the first EAD. This mechanism is not unique,
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alternans generation can be caused by another type of bifurcations, but it seems that the
generation of alternans is a necessary previous step for the subsequent appearance of the first
EADs.

In summary, we have observed, in both the Sato model and the Luo–Rudy 3D model,
how the periodic orbit without EAD experiences a bifurcation (torus bifurcation or period-
doubling bifurcation) that generates the appearance of alternans. Later, the family with
alternans evolves and some of them begin to experience EADs. This evolution occurs in
the unstable branch, so it can only be detected by continuing that branch, but its effects are
evident in the stable branch.

4 Conclusions

Simplified neuron models can be used to better understand more complex models, once we
have ensured that they faithfully reproduce the main dynamic patterns of the complex ones.
Low-dimensional fold/hom bursting models can be studied in detail using analytical and
numerical methods in order to obtain a full portrait of the different dynamical regimes and
bifurcations that appear in their parametric phase space. We have exemplified this for the 3D
Hindmarsh–Rose neuron model. We have provided an account of recent results about the
behavior of this model when its parameters ε, b and I take values along some specific ranges.
Our analysis can be reproduced for other models as well.

For fixed values of the small parameter ε, spike-counting methods give snapshots of the
different bursting regions into which the (b, I ) parameter plane is divided and the bifurcation
lines between them. Adding continuation techniques provides a deeper understanding of
these snapshots. Homoclinic bifurcations appear as a key element in spike-adding processes
that allows to classify them. We have given a complete theoretical scenario of the interlaced
bifurcation diagram for the n to n + 1 spike-adding process.

If we let the parameter ε vary, new phenomena are observed. For each number of spikes
there appears a homoclinic codimension-one bifurcation surface having a spike-adding role
(themodel has different number of spikes on different sides of the surface). These surfaces are
exponentially close to each other, and their number grows as the small parameter ε tends to
zero. Using continuation techniques we have been able to give a detailed description of these
surfaces through the concept of geometric bifurcations. Some of these geometric bifurcations
are “visible”: they can be easily detected from the plots; but some others (“invisible”) require
further analysis in order to be detected.

The topological structure of chaotic attractors changes with the parameters of the system.
We have studied these changes using symbolic dynamics and topological templates. The
topological templates of the attractors appear as subtemplates of the complete Smale horse-
shoe template. Moreover, the complete Smale template is obtained as a limit case when the
parameter ε tends to zero.

These types of analysis can be applied to other models and in different realistic situations.
We have illustrated this with two examples. Once we have tools for studying the dynamics of
a single neuron in the 3D Hindmarsh–Rose neuron model, we have studied the dynamics of
sets of neurons that are coupled via synapses having inhibitory effect. In particular, we have
studied a network of six neurons modeling a CPG for hexapod insects movement. Different
values of the parameters for the neuronmodel produce different gait movements of the insect,
and we have shown that some of the main gait movements observed in Nature (tripod and
tetrapod gaits) appear as dominant gaits for some regions of the parameter space. Finally, we
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have studied a different type of electrically excitable cells: cardiomyocytes (cardiac muscle
cells). In this case, spike-adding processes are related with Early Afterdepolarization (EAD),
a phenomenon of high clinical interest. Numerical simulations on high-dimensional Sato
model of the APs of these cells allowed us to conjecture a theoretical scheme for the creation
of EADs. As we did in the neuron case, we have driven a more detailed study on a simplified
model (Luo–Rudy 3Dmodel), and this study has proved the conjecture about EADgeneration
that we stated for the high-dimensional model.

Summarizing, spike-adding phenomena are present in numerous theoretical and realistic
excitable cells as key ingredients in important changes of the cells.
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Appendix A: Short survey on homoclinic bifurcations

Since this paper deals with homoclinic structures arising in the HRmodel, we include, for the
convenience of the reader, an overview about homoclinic bifurcations, with focus on those
detected in the HR model. We mainly follow [21, 60].

Consider a smooth family of vector fields Xμ on R3 depending on a parameter μ ∈ Rk

and suppose that there exist μ0 ∈ Rk and p0 ∈ R3 such that p0 is a saddle type hyperbolic
equilibrium point of Xμ0 . Without loss of generality we can assume μ0 = 0 and p0 = 0.
In fact we can assume that Xμ(0) = 0 for all μ ∈ Rk . Because this is the case in the HR
model, we only pay attention to saddles with stability index 1 (note that the discussion in the
case of stability index equals 2 is identical, but reversing time); hence the vector field has
a one-dimensional stable manifold W s(0) and a 2-dimensional unstable manifold W u(0).
Suppose now that �0 is a homoclinic orbit of X0 asymptotic to 0. We distinguish two cases:

• All eigenvalues of DX0(0) are real.
• Unstable eigenvalues of DX0(0) are complex conjugate.

Moreover, we assume that the connection splits generically when μ = 0.
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Fig. 22 Unstable manifold, when followed backwards along the homoclinic orbit, can change its orientation

Remark 1 A distance function 	(μ) between W s(0) and W u(0) is well defined (see [21])
and we say that the splitting of the connection is generic when Dμ	(0) does not vanish.
Roughly speaking, using Fig. 22 as reference, genericity of the splitting means that W s(0)
splits inwards or outwards, that is, to the left or to the right of W u , according to the sign of
μ.

A.1 Codimension-one homoclinic bifurcations

A.1.1 All eigenvalues are real

In this case, DX0(0) has real eigenvalues λs , λu and λuu such that λs < 0 < λu < λuu and
we define the so called saddle quantity

σ = λs + λu . (3)

A negative (resp. positive) saddle quantity means, geometrically, that the local forward (resp.
backward) flow contracts area.

Codimension 1 homoclinic orbits are characterized by the following conditions:

(H1) σ �= 0.
(H2) �0 �⊂ W uu(0).
(H3) W cs(0) intersects W u(0) transversally along �0.

Here W uu(0) denotes the one-dimensional strong unstable manifold at 0, whose tangent
space at 0 is given by the eigenspace associated with the eigenvalue λuu (the strong unstable
direction), and W cs(0) denotes the 2-dimensional center-stable manifold at 0, whose tangent
space at 0 is given by the eigenspace associated with eigenvalues λu and λs (see Fig. 22).

Condition (H1) is a non-resonance condition and (H2) means that �0 is tangent to the
weak unstable direction, that is, the direction given by the eigenspace associated with the
weak unstable eigenvalue λu . Condition (H3) is a non-inclination property and it requires
that the 2-dimensional unstable invariant manifold W u(0), when followed by the backward
flow along �, returns along the strong unstable manifold W uu or, equivalently, a transverse
intersection between W u(0) and W cs(0) along the homoclinic connection.

When σ > 0, a single unstable (repelling) periodic orbit is born from the homoclinic loop
whenμ > 0 and there is no periodic orbit whenμ ≤ 0 (see [60, Theorem 13.6]). For positive
saddle quantities (H2) and (H3) play no role. Nevertheless, when σ < 0 those hypotheses
are required and moreover one needs to pay attention to orientability (see Fig. 22) of W u

when followed by the backward flow (see [60, Theorem 13.7]). In the orientable (resp. non-
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orientable) case a saddle periodic orbit with orientable (resp. non-orientable) stable invariant
manifold emerges when μ < 0 (resp. μ > 0).

A.1.2 Complex eigenvalues

In this case the linearization at the equilibrium point has a pair of complex unstable eigen-
values ρu ± ωu i and a real stable eigenvalue λs , and we define again the saddle quantity as
σ = ρu + λs . When σ > 0, the result [[60], Theorem 13.6] remains valid and we know
that there exists an unstable periodic orbit when μ > 0. When σ < 0 it follows from [[60],
Theorem 13.8] the existence of infinitely many saddle periodic orbits in any neighborhood
of the homoclinic orbit. In fact, as argued in [61], there exist infinitely many horseshoes in
any neighborhood of the homoclinic orbit �0. Whenμ �= 0 and the connection splits, finitely
many of the horseshoes persist and hence it follows the existence of an infinite number of
periodic solutions for any value of μ small enough. In fact, each time that a horseshoe is
created or destroyed more complex dynamics emerge.

A.2 Codimension-two homoclinic bifurcations

Attending to the description of codimension-one homoclinic bifurcations contained in the
previous section, it follows that there may appear the following codimension-two cases:

• Resonant bifurcation: σ = 0.
• Orbit-flip (OF) bifurcation: σ < 0 and �0 ⊂ W uu(0).
• Inclination flip (IF) bifurcation: σ < 0 and the intersection between W cs(0) and W u(0)

is not transversal along �0.

Since no resonant bifurcation is detected in the HR model, we do not discuss details of
its unfolding. Nevertheless, orbit- and inclination-flips do appear and seem to be essential
ingredients in the dynamics of the system.

A.2.1 Inclination-flips

The essential feature of an inclination-flip is that the intersection between W cs(0) and W u(0)
is not transversal along�0.As afirst consequence, the biparametric unfolding includes a curve
of homoclinic bifurcations but the orientation is reversed (see Fig. 22) at the IF point.

We introduce the following ratios between eigenvalues

α = −λuu

λs
, β = −λu

λs
, (4)

and note that α > β. We distinguish the following three cases (see Fig. 23):

Case A: β > 1.
Case B: α > 1 and 1

2 < β < 1.
Case C: α < 1 or β < 1

2 .

Each case has its own bifurcation diagram, but we only pay attention to Case C (see Fig. 4).

Hypothesis 1 Type C inclination-flips are codimension-two bifurcations characterized by the
following generic assumptions:

(I1) σ < 0.
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Fig. 23 Regions in the (α, β)-plane corresponding to different cases of orbit-flip (left) and inclination-flip
(right)

(I2) β �= 1
2α.

(I3) If β > 1
2α, the homoclinic orbit does not lie in the unique smooth leading unstable

manifold.
(I4) If β < 1

2α, there is a quadratic tangency between W cs(0) and W u(0) along the
homoclinic orbit.

Hypothesis (I3) makes sense in the region C1 depicted in Fig. 23 (right). In this case there
exists a unique leading unstable manifold which is smooth. Hypothesis (I4) makes sense in
the region C2 depicted in Fig. 23 (right). In this case, when followed by the backward flow,
W u(0) strikes out a parabola-shaped curve on the local center-stable (see lower part of Figure
2 in [62]). Moreover, when β < 1

2α, W cs(0) is a C2 manifold and hence a quadratic tangency
is feasible and both branches (the two branches separated by the connection) converge to the
same branch of the local strong unstable manifold. Note that in the region C1 the tangency
is not assumed to be quadratic.

Theorem 2 ([21, 60]) Assume Hypothesis 1 is satisfied. Depending on a global condition on
the stable and unstable manifolds, the bifurcation diagram is given by one of the two cases
shown in Fig.4a. In particular, infinitely many one-sided curves of N-homoclinics emerge
for each N ≥ 2 from the inclination-flip point at μ = 0 on the branch of primary homoclinic
orbits.

To explain the global condition stated in Theorem 2 we need to consider the Poincaré map
around the homoclinic orbit. As before, let �0 denote the homoclinic orbit and take a cross-
section � transversely intersecting �0 at a point p0. It is easy to verify that the Poincaré map
� is defined on a cusp-shaped domain D ⊂ � bounded by curves a, b and c as in Fig. 24 and
such that the point p0 is the cusp point but it is not in D. This domain is mapped by � to
a region �(D) limited by curves a′, b′, c′, images of a, b, and c, respectively, and a curve
lu = W u ∩ �. There are two possibilities, either a′ is above lu (left panels in Fig. 24), or
a′ is below lu (right panels in Fig. 24). The first (resp. second) case is called inward (resp.
outward) twist and leads to bifurcation diagrams as that depicted in the left (resp. right) panel
of Fig. 4 and labeled as type Cin (resp. Cout ).

Let lcs = W cs ∩ � and note that � is split into two connected components by lcs . When
β > 1

2α, to assume that, as in hypothesis (I3), the homoclinic orbit does not lie in the unique
smooth leading unstable manifold means, geometrically, that D is included in one of such
connected components (see top panels in Fig. 24). Note that in these cases the tangency
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Fig. 24 Blue colored regions represent the domain D where the Poincaré map � is defined. Red colored
regions correspond to �(D). Top (resp. bottom) panels correspond to the case β > α

2 (resp. β < α
2 ). Left

(resp. right) panels correspond to the inward (resp. outer) twist

between lu and lcs is not assumed to be quadratic. On the other hand, hypothesis (I4) means
that lu and lcs have a quadratic contact at p0 (see bottom panels in Fig. 24).

The distinction between regions C1 and C2 corresponds to different ways that a curve
which is tangent to the local center stablemanifold evolves by local transitions. If (α, β) ∈ C1

then, by a local transition map, such curve will leave a neighborhood of the equilibrium
through a weak unstable direction, otherwise, if (α, β) ∈ C2, it will do it through a strong
unstable direction (see details in [62]). Nonetheless, this local property, which only depends
on eigenvalues, does not lead to differences in the bifurcation diagrams. Another distinction,
which leads to different unfoldings and does not depend on eigenvalues, has to do with
the behavior of a normal vector when followed by the non-local flow in between two local
cross-sections along the homoclinic orbit. This leads to the cases Cin and Cout .

It should be noticed that following a homoclinic orbit through a primary homoclinic bifur-
cation curve, an inclination (or orbit) flip bifurcation point drives a change in the orientation
of the unstable manifold (see Fig. 22). In both cases Cin and Cout a region of parameters
corresponding to a horseshoe dynamics exists. For inclination-flips of type Cin the closure
of such region contains one of the branches of primary homoclinic bifurcations; namely, the
branch of orientable homoclinic orbits. This is not the case for inclination-flips of type Cout ;
the closure of the region corresponding to shift dynamics does not contain any of the branches
of primary homoclinic bifurcations. On the other hand, in both unfoldings a homoclinic dou-
bling cascade appears but, in case Cin one of the primary branches of homoclinic orbits
separates the cascade from the region of horseshoe dynamics while, in case Cout , one of such
branches is placed at the beginning of the cascade. As shown in Fig. 4 the region of horseshoe
dynamics is placed in between a homoclinic doubling cascade, as already mentioned, and a
complicated structure of period-doubling cascades and saddle-node bifurcations of periodic
orbits.
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A.2.2 Orbit-flips

Bifurcation diagrams at orbit-flips closely resemble those at inclination-flips. The essential
feature of an orbit-flip is that the homoclinic orbit approaches the equilibrium along the
strong unstable manifold as t → −∞. With α and β as defined in (4), we distinguish the
following three cases (see Fig. 23):

Case A: β > 1.
Case B: β < 1 and α > 1.
Case C: α < 1.

As we do for inclination-flips, we only pay attention to Case C because none of the others
arises in the HR model. Additionally, the following nondegeneracy conditions are required:

(O1) σ < 0.
(O2) W cs(0) intersects W u(0) transversally along �0.

Theorem 3 ([21, 60]) Assume that the nondegeneracy conditions (O1) and (O2) are satis-
fied. Depending on a global condition on the stable and unstable manifolds, the bifurcation
diagram is given by one of the two cases shown in Fig.4a. In particular, infinitely many
one-sided curves of N-homoclinics emerge for each N ≥ 2 from the orbit-flip point at μ = 0
on the branch of primary homoclinic orbits.

A.2.3 Belyakov points

The last codimension-two homoclinic bifurcation that we need for our purposes is the
Belyakov bifurcation. Original analysis is due to Belyakov [63] but we follow [64] and
[21].

Main feature of a Belyakov homoclinic bifurcation is that DX0(0) has a simple negative
real eigenvalue λs and a double positive real eigenvalue λu with geometric multiplicity one.

We recall that the imaginary part of the unstable eigenvalues at 0 is nonzero if the dis-
criminant 	(μ) of DXμ(0) restricted to the unstable generalized eigenspace is negative.
Considering μ = (μ1, μ2) we can assume, without loss of generality, that ∂	/∂μ1(0) �= 0.

We assume that λu < −λs . Otherwise, the bifurcation set is simple, a unique unstable
cycle bifurcates from the homoclinic orbit forμ2 > 0. In both cases, crossing the lineμ2 = 0
when μ1 < 0 results in the appearance of a single limit cycle.

As in the previous configurations, the splitting of the homoclinic connections is supposed to
be generic, and hence the two-parameter unfolding includes a curve of homoclinic bifurcation
through μ = 0 and crossing transversely the line μ1 = 0.

We also assume conditions which play the role of non orbit-flip and non inclination-
flip properties. We assume that the homoclinic orbit does not belong to the strong unstable
manifold, that is, ‖h(t)‖ ≈ K teλu t as t → −∞, where h(t) denotes the homoclinic orbit.
Moreover following the unstable manifold backwards along the homoclinic orbit, the mani-
fold tends toward the strong unstable direction.

Hence we have the following result:

Theorem 4 ([21, 60]) We may assume that the primary homoclinic orbit exists for μ2 = 0.
Hence the homoclinic orbits are of saddle-focus type for μ1 > 0 and of saddle-node type
for μ2 < 0. There are then infinitely many one-sided curves of 2-homoclinic orbits in the
half plane μ1 > 0 that emerge from μ = 0, they are tangent to μ2 = 0 at μ = (0, 0) and
accumulate onto μ2 = 0 from one side. Furthermore, there are infinitely many one-sided
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curves of saddle-node and period-doubling bifurcation of periodic orbits in μ2 > 0 that
emerge from μ = 0. They are tangent to μ2 = 0 at μ = (0, 0), and accumulate onto μ2 = 0
from both sides.

Bifurcation diagrams are similar to those in Fig. 4a (right panel) but saddle-node and period-
doubling bifurcations curves arise at both sides of the homoclinic bifurcation curve.

Remark 2 It can also be proved that N -homoclinic orbits bifurcate for each N ≥ 2.
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ABSTRACT

In this article, we study how a chaos detection problem can be solved using Deep Learning techniques. We consider two classical test examples:
the Logistic map as a discrete dynamical system and the Lorenz system as a continuous dynamical system. We train three types of artificial
neural networks (multi-layer perceptron, convolutional neural network, and long short-term memory cell) to classify time series from the
mentioned systems into regular or chaotic. This approach allows us to study biparametric and triparametric regions in the Lorenz system due
to their low computational cost compared to traditional techniques.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0143876

Deep Learning techniques have recently been introduced in the
area of dynamical systems. These new tools can speed up studies
and permit us to go deeper into simulations. Of all the problems
in which these methodologies can help us, we focus on the prob-
lem of detecting chaos, showing how Deep Learning allows, in
a fast way, us to handle large amounts of data, such as 2D and
3D parametric phase space studies, and therefore, they can be
powerful techniques in the global analysis.

I. INTRODUCTION

One of the main topics in Dynamical Systems is the detec-
tion of chaotic regions in the parameter space. The classical tech-
nique to detect chaos is the use of Lyapunov exponents (LEs).1,2,4

Recently, some authors have applied Deep Learning (DL) techniques

in dynamical systems to handle different tasks, mainly for fore-
casting problems,7,19 but also for chaos detection.3,6,14 Here, we are
interested in the latter of these tasks.

In this paper, we choose three common DL architectures
(multi-layer perceptron, convolutional neural network, and long
short-term memory cell) for chaos detection in time series from a
dynamical system. We provide a detailed analysis of the learning
process of the networks, and we are able to use the trained networks
to reproduce 1D, 2D, and 3D parametric plots. Remarkably, we are
able to obtain the behavior of a dynamical system in regions of the
parameter space where the DL techniques have not been trained.
Moreover, as far as we know, this is the first time in the literature
that a dense 3D parametric plot of a continuous dynamical system,
such as the Lorenz system, is represented.

This paper is organized as follows. In Sec. II, we describe the
chosen DL networks giving a brief introduction of each of them. In
Secs. III and IV, we perform the chaos detection task in the Logistic
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map and the Lorenz system, respectively. We give a detailed descrip-
tion of the datasets and network architectures and comment on the
obtained results. In Sec. IV E, we present 2D and 3D parametric
diagrams of the Lorenz system computed with trained networks.
Finally, we draw some conclusions in Sec. V.

All the DL experiments in this paper have been performed
using PyTorch.17 The code was executed on a Linux box with
dual Xeon ES2697 with 128 Gb of DDR4-2133 memory with a
RTX2080Ti GPU.

II. INTRODUCTION TO THE DEEP LEARNING

ARCHITECTURES USED TO DETECT CHAOS

Deep Learning9,11 is the branch of machine learning that uses
deep artificial neural networks to learn from data with several lev-
els of abstraction. Artificial Neural Networks (ANNs) are formed by
artificial neurons (loosely inspired by their biological counterparts)
organized in layers.

Of all the DL architectures found in the literature, the multi-
layer perceptron (MLP) is the simplest one and it is widely used
for this reason. Convolutional neural networks (CNNs) and long
short-term memory networks (LSTMs) have been previously used to
analyze time series data,3,6,14 as in our chaos detection experiments.
We have tested these three well-known ANN architectures to detect
chaos.

For the MLP, we start with a similar architecture to that used in
Ref. 3. For the CNN and LSTM, we use a not very complicated struc-
ture, and we do not perform hyperparameter optimization. A more
detailed study of network architectures may improve our results,
and it is part of our future research.

Remark II.1. Although our mathematical problem is called
chaos detection, from the point of view of DL, it is a binary classi-
fication task instead of a detection task: our networks classify the
input vectors (time series corresponding to an orbit of a dynamical
system) into two disjoint categories (regular vs chaotic).

A. Multi-layer perceptron

One of the fundamental Deep Learning architectures is multi-
layer perceptron.9 It operates by taking a linear combination
of inputs in each layer, followed by a non-linear activation func-
tion. In Fig. 1(a), we have an example of an MLP whose output y
is given by

y = W[3]A
(

W[2]A
(

W[1]x + b[1]
)

+ b[2]
)

+ b[3],

where x is the input, W[l] is the matrix of weights of the connec-
tions between layer l − 1 and layer l (layers are enumerated from
0 to 3 from left to right), b[l] represents the bias vector of layer l,
and A is a non-linear activation function such as the rectified linear
unit ReLU(x) = max(0, x), the sigmoid σ(x) = (1 + e−x)

−1, or the
hyperbolic tangent tanh(x) = 2σ(2x) − 1.

B. Convolutional neural network

Convolutional neural networks were originally developed for
image recognition tasks13 and are organized into convolutional
and pooling layers to capture features and reduce dimensions,
respectively. One of the key features of CNNs is that they share

weights across multiple neurons5 for more efficient processing. They
handle different input formats such as vectors, matrices, or 3D ten-
sors, depending on the type of convolution used. In this paper, the
input data are in the vector form, and therefore, we focus on the use
of 1D CNNs, as depicted in Fig. 1(b).

To exemplify how a CNN works, we show how to compute the
value of the shaded neuron in the second layer of the network in
Fig. 1(b), which is given by

x[1]
0,0 = A



b[1]
0 +

1
∑

j=0

2
∑

k=0

w[1]
j,k,0 x[0]

j,k



 ,

where x[l]
j,k is the activation of neuron j of channel k at layer l

(the first index for the neurons, the channels, and the layers is 0),
W[1]

0 = (w[1]
j,k,0)j=0,1; k=0,1,2

is the weight matrix, b[1]
0 is the bias vec-

tor, and A is the activation function. We could have more com-
plex CNN architectures10,18 if we consider stride, dilation, residual
connections, etc.

C. Long short-term memory

Recurrent neural networks (RNNs) are commonly used for
sequential processing since they retain some information from past
inputs. Long short-term memory cells12 represent a specific type of
RNN architecture. Among the distinctive elements of an LSTM are
the hidden state h and the cell state c, which are the elements keeping
information from previous steps. Computations performed by such
type of memory cells [represented in Fig. 1(c)] are as follows:

f(t) = σ

(

W[x]
f x(t) + W[h]

f h(t − 1) + bf

)

,

g(t) = tanh
(

W[x]
g x(t) + W[h]

g h(t − 1) + bg

)

,

i(t) = σ

(

W[x]
i x(t) + W[h]

i h(t − 1) + bi

)

,

(1)
c(t) = f(t) ⊗ c(t − 1) + i(t) ⊗ g(t),

o(t) = σ
(

W[x]
o x(t) + W[h]

o h(t − 1) + bo

)

,

y(t) = h(t) = o(t) ⊗ tanh(c(t)),

where x(t) is the external input, y(t) is the usual output, W[x,h]
∗

and b∗ represent the matrix of weights and the bias term for the
external input or the hidden state, ⊗ is the element-wise product,
and σ and tanh are activation functions. Roughly speaking, as a
consequence of the application of the sigmoid activation function
in left formulas in (1), f, i, and o are deciding which information
is kept and which is removed in the output and hidden and cell
states.
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FIG. 1. Simple graphic representations of the architectures of (a) an MLP with two hidden layers, (b) a 1D CNN with three channels in the represented convolutional layers,
and (c) a generic LSTM cell.

III. TEST EXAMPLE OF DISCRETE DYNAMICAL

SYSTEMS: THE LOGISTIC MAP

The Logistic map16 is a well-studied model that describes the
dynamics of animal populations. It is given by the equation

xn+1 = αxn(1 − xn), (2)

where xn is the variable in the nth iteration and α is the bifurcation
parameter. Note that since (2) is symmetric with respect to x = 0.5,
the evolution of the initial condition x0 is exactly the same as the one
of 1 − x0. The Lyapunov exponent for this map is

LE = lim
k→+∞

1

k

k−1
∑

n=0

log|α(1 − 2xn)|, (3)

where log is the natural logarithm.

A. Dataset

To prepare the training, test, and validation sets for the Logis-
tic map, we generate multiple raw datasets of time series samples,
which are subsequently screened. Each raw dataset comprises time
series with a fixed length of 1000. The initial condition x0 is fixed
for all the time series in each raw dataset (x0 ∈ {0.5, 0.9} for train-
ing dataset, x0 = 0.75 for validation, and x0 = 0.8 for test), and the
bifurcation parameter α takes 12 000 equidistant values in the inter-
val [0, 4). The time series of the raw datasets are the last 1000 time
steps obtained applying the iterative formula (2) for 12 000 time
steps. The LE of each sample is approximated applying formula (3)
with the last 11 000 time steps of the time series (the first 1000 time
steps are considered as transient time).

From the union of the raw datasets with x0 = 0.5 and x0 = 0.9,
we obtain the training dataset. In particular, we split the joint dataset
into regular and chaotic samples (chaotic if the approximated LE is
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TABLE I. Loss and accuracy (%) of training, validation, and test datasets for the Logistic map test problem. Results in this and similar tables or figures are given asmean±standard

deviation for 10 different trials (see Remark III.1).

MLP CNN LSTM

Loss Accuracy (%) Loss Accuracy (%) Loss Accuracy (%)

Training 0.026 ± 0.001 99.302 ± 0.161 0.018 ± 0.007 99.383 ± 0.335 0.059 ± 0.020 97.979 ± 0.584
Validation 0.107 ± 0.003 96.775 ± 0.068 0.037 ± 0.004 98.925 ± 0.203 0.104 ± 0.048 96.605 ± 1.337
Test 0.046 ± 0.002 97.865 ± 0.098 0.018 ± 0.004 99.410 ± 0.239 0.045 ± 0.013 98.565 ± 0.279

greater than 0.1, to reduce the transient behavior as done in several
studies; and regular otherwise), obtaining 21 791 regular and 2209
chaotic time series. We delete the samples that are similar (we con-
sider that two samples are similar if their distance in infinity norm
is less than 10−4) to avoid repeated time series. In this process, the
number of chaotic samples is not reduced, but the number of regu-
lar samples decreases to 6402. After shuffling these datasets (to have
time series from different space regions in the subsequent selection),
we choose 2000 chaotic and 2000 regular samples for the training set.

Validation dataset is obtained from raw dataset with x0 = 0.75
(it contains 10 896 regular and 1104 chaotic samples). The training,
test, and validation datasets have to be pairwise disjoint. So, we drop
any validation sample similar in the previous sense to a training sam-
ple. After this process, we have 1268 regular and 1104 chaotic time
series. We build the validation dataset with 1000 regular and 1000
chaotic samples randomly taken.

For test dataset, we use raw dataset with x0 = 0.8 (it has 10 896
regular and 1104 chaotic time series). After data selection, the num-
ber of chaotic samples does not change, but the number of regular
ones decreases to 5705. After shuffling, we build the test dataset with
1000 regular and 1000 chaotic samples.

To perform a supervised DL training as the one that concerns
us, we need the network inputs (that we have already created) and
the expected labels, i.e., whether the inputs are regular or chaotic.
We label a times series with 0 if it is regular and with 1 if it is chaotic.
To input the data into networks, we split each dataset into different
batches. The batch sizes of the training, validation, and test sets are
128, 100, and 100, respectively (in the case of the training set, the last
incomplete batch is deleted).

B. Multi-layer perceptron

Our architecture is inspired by the one in Ref. 3, with some
changes as the overfitting technique (instead of dropout, we per-
form early stopping and L2-regularization). It has five layers: an
input layer with 1000 neurons (the length of the input), three hid-
den layers with 500 neurons each one, and an output layer with

TABLE II. Accuracy (%) of regular and chaotic samples in the test set for the Logistic

map test problem.

MLP CNN LSTM

Regular 99.860 ± 0.049 99.710 ± 0.094 99.030 ± 0.827
Chaotic 95.870 ± 0.200 99.110 ± 0.509 98.100 ± 0.775

2 neurons (regular vs chaotic). The ReLU activation function is
applied in the hidden layers and the softmax function in the out-
put layer. This network is trained for 2000 epochs, saving the first
model with the lowest value of the loss function for the validation
dataset (early stopping technique). Here, we use the cross-entropy
loss with weight decay of 10−5 for the L2-penalty, optimized with
the stochastic gradient descent with learning rate of 10−3.

C. Convolutional neural network

Our CNN architecture has two 1D convolutional layers with
5 and 10 channels, kernel size 10 and 5, dilation equal to 2 and 4,
respectively, and stride 1 for both. Each convolutional layer adds
a bias term and applies the ReLU activation function. We use
zero-padding and cropping to ensure that the length of the output
sequence remains the same as the input since the stride is equal to
one. A global average pooling layer is applied after the last convolu-
tional layer. A binary classification layer with two neurons is stacked
at the end. A bias term is added and the softmax activation func-
tion is applied. The CNN is trained for 2000 epochs using the early
stopping technique. The loss function is the cross-entropy loss with
a weight decay of 10−5 for L2-regularization. For this architecture,
the optimizer is Adam with a learning rate of 0.008.

D. Long short-term memory

Our LSTM architecture consists of two stacked layers followed
by a linear layer with two output neurons for classification. Both
LSTM layers are unidirectional, their states have dimension 4, and
bias terms are considered. The input of the linear layer is the last
hidden state of both LSTM cells. The network is trained for 2000
epochs with early stopping. The loss function and the optimizer are
the same as the ones used for the CNN in Sec. III C.

E. Results

The accuracy is the measure used to determine the performance
of all the networks. It is computed with the following formula:

Accuracy (%) =
TR + TC

TR + TC + FR + FC

· 100,

where TR and TC represent the number of regular and chaotic sam-
ples, respectively, that the network has classified correctly and FR

and FC are the number of chaotic and regular samples, respectively,
that have been wrongly classified. To assure that the network has
learnt correctly, that is, the percentage of correct classifications of
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FIG. 2. Evolution along 2000 epochs of the loss (left panel) and accuracy (right panel) in training (blue) and validation (red) datasets for one MLP trained in the Logistic map
test problem. Green line corresponds to the best epoch (1770) and purple line to the recommended epoch (1000).

both classes is balanced, the following magnitudes are computed:

Accuracy Regular (%) =
TR

TR + FC

· 100 and

Accuracy Chaotic (%) =
TC

TC + FR

· 100.

Remark III.1. The performance results of the networks
indicated in this subsection and Secs. IV C and IV D are
the mean and the standard deviation of the binary classifica-
tion of 10 trained networks randomly initialized by PyTorch
(the graphic results correspond to a unique network). The
experiments in Sec. IV E are carried out using one of the trained
networks.

FIG. 3. Chaos detection task with the MLP, the CNN, and the LSTM in an α-parametric line (x0 = 0.6) of the Logistic map test problem. From top to bottom, three color bars
with the results (light for regular, dark for chaotic) of the trained networks (MLP in blue, CNN in pink and LSTM in green), approximated LEs, and table with the accuracy of
regular and chaotic samples for the three types of architectures. In yellow, α values of the orbits in Fig. 5.
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FIG. 4. Histogram of the percentage of correct detections according to the value
of the approximated LE (blue for the MLP, pink for the CNN, and green for the
LSTM) for the α-parametric line with x0 = 0.6 (see Fig. 3) of the Logistic map
test problem.

We show in Table I the loss and accuracy of training,
validation and test datasets for the three ANNs (MLP, CNN, and
LSTM). Notice that for all the networks, the training and test losses
are quite small, so we can consider that the ANNs have been able to

learn from data correctly. If we compare the results for the test data,
we can see that our CNN seems to give better results than the other
two networks. For completion, we can compute the accuracy in the
regular and chaotic samples of the test set, obtaining the results
in Table II. As we can see, the percentages of regular and chaotic
samples are quite similar (and always close to 100%), so our ANNs
have learnt correctly the main features of both types of dynamical
regimes.

We can also analyze the evolution of the loss and accuracy of
the training and validation datasets along the 2000 epochs to study
the learning process of the networks. To exemplify it, we choose
one of the trained MLPs (for all the trained networks, a similar sit-
uation occurs). In Fig. 2, we have drawn the evolution of the loss
and accuracy of training (blue) and validation (red) datasets along
2000 epochs. Notice that from epoch 1000 (approximately), the loss
and the accuracy of the training dataset do not change significantly,
so although we can see that the mathematical optimum of the loss
function for the validation dataset has been obtained at epoch 1770
(best epoch, see green line in Fig. 2), we could say that the compu-
tational optimum has been achieved in epoch 1000 approximately
(see purple line in Fig. 2). We can conclude that we could train the
network for less number of epochs, and the obtained minimum of
the loss function would be similar and still acceptable (moreover,
the training time would be less).

Once we have successfully trained our networks, we carry out
the chaos detection task in one parametric line of the Logistic map:
we fix x0 = 0.6 (we cannot take x0 ∈ {0.1, 0.2, 0.25, 0.5, 0.75, 0.8, 0.9}
as these are the values used to create datasets and their symmetric
cases with respect to x = 0.5), we take 12 000 values of α ∈ [0, 4),
and we use each network to detect the behavior of the system. In
Fig. 3, we have a table with the accuracy of the networks for each
dynamical regime. We have also drawn the approximated LEs in red

FIG. 5. Some orbits of the Logistic map, their true dynamical behavior, and the success or error of the classification made by different networks. For a correct visu-
alization, only the first 200 steps of the Logistic map have been drawn. In all cases x0 = 0.6, (I) α = 3.432 333 230 972 29, (II) α = 3.655 999 898 910 522 5, (III)
α = 3.856 666 549 414 062, and (IV) α = 3.999 666 690 826 416 (see yellow points in Fig. 3).
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TABLE III. Loss and accuracy (%) of training, validation, and test datasets for the Lorenz system test problem.

MLP CNN LSTM

Loss Accuracy (%) Loss Accuracy (%) Loss Accuracy (%)

Training 0.072 ± 0.002 98.844 ± 0.074 0.046 ± 0.011 98.194 ± 0.464 0.045 ± 0.006 98.125 ± 0.271
Validation 0.194 ± 0.002 94.125 ± 0.189 0.063 ± 0.006 97.720 ± 0.205 0.042 ± 0.005 98.120 ± 0.200
Test 0.179 ± 0.002 93.350 ± 0.613 0.085 ± 0.071 97.575 ± 0.990 0.051 ± 0.030 97.870 ± 1.326

(that have been computed with a classical technique as explained in
Sec. III A) and in three color bars we have the results given by the
networks. Light colors are used for regular regimes and dark ones for
chaotic behavior. Blue is the color chosen for the MLP, pink for the
CNN, and green for the LSTM. As we can see in the aforementioned
table, all the networks are able to perform the chaos detection task:
the accuracy is close to 100% for all the architectures and dynamical
regimes. Furthermore, in three color bars, we can see that all the
networks are able to detect quite well the boundaries between both
dynamical regimes (see the first dotted line from left to right), and
they have detected the regular windows in the chaotic region (see the
remaining dotted lines in the image).

In Fig. 4, we have a histogram with the percentage of correctly
classified time series in the α-parametric line according to the value
of the approximated LE (100% means that all the samples whose LE
is in the corresponding interval have been correctly detected). Blue
bars correspond to the MLP, pink ones to the CNN, and green ones
to the LSTM network. Notice that when the LE is far from 0, the
three networks perform the task perfectly. Otherwise, the percentage
of correct detections is lower but still larger than 90%, with the MLP
giving the worst results.

It is interesting to analyze some correct and incorrect classifi-
cations of the DL networks (see yellow points in Fig. 3). In case I of
Fig. 5 we show a periodic orbit (regular behavior) time series that
all the networks have been able to classify correctly. The sample of
case II is also regular, but in this case, it is misclassified by all the
models. In case III, the orbit is chaotic and only the CNN detects it
correctly. Finally, in case IV, the sample is chaotic too, and all the
networks classify it correctly. Case II illustrates a periodic orbit with
many oscillations, being extremely difficult to recognize as it has a
similar behavior to some chaotic samples in the dataset. Case III
illustrates another common dynamical situation, a chaotic behav-
ior but where the chaos is weak, that is, the “irregularity” is small,
being quite similar to a periodic orbit, and so, the DL techniques can
also be wrong. Note that these two cases with wrong detections are
also complicated cases for standard techniques. In these cases, expert

TABLE IV. Accuracy (%) of regular and chaotic samples in the test set for the Lorenz

system test problem.

MLP CNN LSTM

Regular 92.680 ± 0.481 97.710 ± 1.724 97.770 ± 2.759
Chaotic 94.020 ± 0.306 97.440 ± 0.709 97.970 ± 0.438

researchers would use their background to classify the behavior. In
any case, these boundary cases are just a small percentage of the tests,
and most of the data are correctly classified as regular or chaotic.

IV. TEST EXAMPLE OF CONTINUOUS DYNAMICAL

SYSTEMS: THE LORENZ SYSTEM

The Lorenz system15 is a very simple model representing cellu-
lar convection. It is given by the following system of equations:







ẋ = σ(y − x),
ẏ = −xz + rx − y,
ż = xy − bz,

where x, y, and z are the variables, σ is the Prandtl number, r is the
relative Rayleigh number, and b is a positive constant. The Lyapunov
exponents of a continuous dynamical system are computed with the
algorithm in Ref. 20.

A. Dataset

As in the case of the Logistic map, we create several raw datasets
(with time series of the Lorenz system), and then we screen them to
obtain the three sets needed to train, validate, and test the networks.
Each raw dataset satisfies that the length of the time series is 1000 (in
Sec. IV D, we justify our choice), and the initial condition is fixed to
(x0, y0, z0) = (1, 1, 1) (the initial value used by other authors3 in this
chaos detection task). Bifurcation parameter σ is fixed to the clas-
sical value 10, the relative Rayleigh number r moves equidistantly
in the interval (0, 300] to obtain 5999 values, and the positive con-
stant b is fixed along all the samples of each raw dataset (b ∈ {2, 8/3}
to build the training dataset, b = 2.4 for validation, and b = 2.8 for
test). A transient interval is performed until time t = 100 000 with
time step 0.01 using DOPRI5 (Runge–Kutta integrator of order 5);
the LEs are computed using 10 001 more unit times with a time step
of 0.001 and the same integrator; the time series that we use as an
input in the DL architectures are built with 1 out of every 100 of the
last 100 000 computed points.

From the union of raw datasets with b = 2 and b = 8/3, we
obtain the training set. In particular, we split the joint dataset into
regular and chaotic samples taking 0.01 as threshold (chaotic if the
first approximated LE is bigger than 0.01 and regular otherwise),
obtaining 4091 regular and 7907 chaotic time series. To ensure vari-
ability, we delete all but one similar samples (that is, samples at
distance less than 10−4 in the infinity norm). From the resulting set
with 4054 regular and 7907 chaotic samples, we randomly choose
3900 samples of each dynamical class as training dataset. To build
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FIG. 6. Evolution along 2000 epochs of the loss (left panel) and the accuracy (right panel) in training (blue) and validation (red) datasets for one MLP trained in the Lorenz
system test problem. Green line corresponds to the best epoch (337).

the validation dataset, we consider the raw dataset with b = 2.4,
with 2278 regular and 3721 chaotic samples. From it, we remove
all samples similar (in the previous sense) to any of the training set
(2259 regular and 3721 chaotic samples remain) and we choose 1000
of each class as validation dataset. Finally, from the 2902 regular
and 3097 chaotic samples forming the raw dataset with b = 2.8, we
remove all similar samples to any from the previous sets. From the
resulting set (with 2884 regular and 3097 chaotic samples), we select
1000 from each class to create the test set.

As with the Logistic map, regular samples are labelled with 0
and chaotic ones with 1. The batch sizes of the training, validation,
and test sets are 128, 100, and 100, respectively (the last incomplete
batch of the training set is deleted). In the case of the Lorenz system,
we normalize each coordinate independently, linearly mapping its
range to the interval [0, 1]. If a coordinate is constant, we assign to it
a random number uniformly sampled from [0, 1].

B. Multi-layer perceptron, convolutional neural

network, and long short-term memory

The only change in the architecture of the MLP that we have
considered for the Lorenz system case with respect to the one used

for the Logistic map is the number of neurons in each layer (except
in the output one): 3000 neurons in the input layer (take into
account that we still consider the length of each sample equal to
1000, but Lorenz system has dimension 3, so the flattened time series
has length 3000) and 1500 on each hidden layer.

As in the case of the MLP, the CNN used for the Lorenz system
is similar to the one used for the Logistic map. The number of chan-
nels in the convolutional layers has changed: 15 for the first one and
30 for the second. Moreover, the input layer has now three channels
instead of one (one for each variable of the system).

In the case of the LSTM, we use the same Deep Learning archi-
tecture described for the Logistic map, but now the dimension of
the states is 24. Again, we have to take into account the structure of
the input because now we work with a three-dimensional dynamical
system, so the external input of the LSTM is of size 3 instead of 1 (at
each time step).

C. Results

In Table III, we show the loss and accuracy of training, valida-
tion, and test datasets for the MLP, the CNN, and the LSTM. For all
the networks, the training and test losses are quite small, so we can

FIG. 7. Evolution along 2000 epochs of the loss (left panel) and accuracy (right panel) of the training (blue) and validation (red) datasets for one LSTM trained in the Lorenz
system test problem. Green line corresponds to the best epoch (1848) and purple one to recommended epoch (255).
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FIG. 8. Chaos detection task performed by the MLP, the CNN, and the LSTM in the Lorenz system test problem in an r-parametric line. From top to bottom, three color bars
representing the results (light for regular, dark for chaotic) of the trained networks (MLP in blue, CNN in pink, and LSTM in green), approximated first LE, and table with the
accuracy of regular and chaotic samples for three types of architectures.

consider that they have been able to learn from the data correctly.
If we compare the results for the test data, we can see that the CNN
and the LSTM seem to give better results than the MLP. If we com-
pare the CNN and the LSTM, they show similar performance results.
For completion, the accuracy of regular and chaotic samples of the
test set are shown in Table IV. Notice that the percentages of both
classes are similar for all the trained ANNs, so we conclude that the
networks have learnt correctly the main features of both dynamical
regimes.

Now, we analyze the evolution of the loss and the accuracy of
training and validation datasets along 2000 epochs to study how this
learning process is. In the case of the MLP and the CNN, the net-
works are able to learn with a small number of epochs as the best
epoch is usually less than 750. If we visualize such evolution (see
Fig. 6 for an example of a trained MLP), it seems that the network
has learnt as much as it can because, after the best epoch, the vali-
dation loss increases while the training loss decreases (the network
suffers overfitting). In the case of the LSTM (see Fig. 7 for an exam-
ple of a trained LSTM network), the evolution is more similar to
that of the Logistic map since acceptable results would be obtained
with fewer number of epochs (the minimum of the validation dataset
would be similar and less computational time would be needed). In
the figure, the best epoch is 1848, but around epoch 250, the loss
has already reached a value close to zero and the accuracy is close to
100% (so, 255 is a recommended epoch taking into account the little
improvement of going up to 1848). Some erratic jumps highlight

FIG. 9. Histogram of the percentage of correct detections according to the value
of the approximated first LE (blue for the MLP, pink for the CNN, and green for
the LSTM) for the r-parametric line with σ = 10 and b = 2.2 (see Fig. 8) of the
Lorenz system test problem.
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FIG. 10. Orbits I (panel A) and V (panel B) of Fig. 14 for time series length 500 (left), 1000 (middle), and 1500 (right) of the Lorenz system test problem.

in this learning process. This phenomenon can be explained by
the fact that some samples [see, for example, Fig. 14(i)] have a
difficult dynamical behavior (they are in the limit between the reg-
ular and chaotic dynamics), which causes the networks to have
trouble in learning them.

All the networks have learnt correctly from the data. To
show the performance of the three DL architectures, we choose
an r-parametric line of this continuous dynamical system different
from the ones used to create train, test, and validation sets. In par-
ticular, we take σ = 10, b = 2.2, and 6000 equidistant values of r
in the interval [0, 300]. In Fig. 8, we have a table with the accuracy
achieved by each architecture for each dynamical regime (regular
and chaotic). Moreover, the first approximated LE is represented in
red in the middle of the figure. In three color bars, the results given

by each network (same code of colors as in Fig. 3) are depicted. It
can be seen that all the networks are able to perform the chaos detec-
tion task in the Lorenz system test problem (the accuracy is greater
than 90% in all cases). In addition, in the color bars, we see that all
the ANNs can define correctly the boundary between both dynami-
cal regimes in most cases (see first, seventh, and eighth dotted lines
from left to right). However, the networks are not able to detect the
last boundary (represented with the last dotted line) perfectly (the
LSTM gives the best detection), but the results are quite acceptable.
Notice that the MLP shows, in general, noisier results (see region
before first dotted line, between seventh and eighth dotted lines, and
around last dotted line in the blue bar). All the DL architectures
can detect most of the regular windows in the chaotic regions (see
remaining dotted lines).

TABLE V. Loss and accuracy (%) of training, validation, and test datasets with different time series length for the Lorenz system test problem.

Length 500 Length 1000 Length 1500

Loss Accuracy (%) Loss Accuracy (%) Loss Accuracy (%)

Training 0.050 ± 0.005 97.858 ± 0.239 0.045 ± 0.006 98.125 ± 0.271 0.057 ± 0.037 97.703 ± 1.279
Validation 0.049 ± 0.004 97.980 ± 0.222 0.042 ± 0.005 98.120 ± 0.200 0.054 ± 0.028 97.825 ± 0.972
Test 0.054 ± 0.012 97.855 ± 0.652 0.051 ± 0.030 97.870 ± 1.326 0.062 ± 0.031 97.315 ± 1.711
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FIG. 11. Chaos detection for the Lorenz system in the biparametric plane (r , b) with σ = 10. To obtain the plot of panel A, the first approximated LE is used to determine
the regular (black) and chaotic (white) regions. The r-parametric lines used to create train (b ∈ {2, 8/3}) and validation dataset (b = 2.4) are shown in orange and purple,
respectively. Panels B, C, and D show the results of the MLP, the CNN, and the LSTM networks, respectively. On the left, classification of the networks (again, regular in black
and chaotic in white); on the right, errors committed by the architectures (red for false regulars, blue for false chaotics). The percentage corresponds to the accuracy of the
corresponding DL technique. In panels A1, B1, C1, and D1, a zoom of the green framed region in the biparametric plane has been represented for each method. The yellow
points correspond to orbits in Fig. 14.

In Fig. 9, we have a histogram that represents the percentage
of correctly detected time series in the r-parametric line accord-
ing to the value of the LE (100% means that all the samples whose
first approximated LE is in the corresponding interval have been

correctly classified). Blue, pink, and green bars correspond to MLP,
CNN, and LSTM networks, respectively. Note that when the first
LE is far from 0, the CNN and the LSTM networks perform the
task perfectly, and the MLP fails for negative values. Otherwise, the
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TABLE VI. Approximated time (in seconds) needed for the chaos detection task in the Lorenz system test problem (from data creation to 1D, 2D, and 3D parametric analyses

for each DL network). The pure chaos detection DL process, once the data are ready, is just the Detection(CUDA with PyTorch) time, pointed with a club symbol.

The last three rows correspond to the time used by the classical technique of Lyapunov exponents.

MLP CNN LSTM

Creation of each raw dataset (CPU with parallel computing) 419 419 419
Data selection of train, validation, and test sets (CPU) 882.586 882.586 882.586
Normalization of train, validation, and test sets (CPU) 15.833 15.833 15.833
Training (CUDA with PyTorch) 2171.203 2154.514 8601.143
Test (CUDA with PyTorch) 0.158 0.208 0.461
One-parameter line. Create data (CPU with parallel computing) 1.571 1.571 1.571
One-parameter line. Prepare data (CPU) 8.348 9.427 9.474
♣ One-parameter line. Detection (CUDA with PyTorch) 0.012 0.016 0.072
Biparametric plane. Create data (CPU with parallel computing) 307.940 307.940 307.940
Biparametric plane. Prepare data (CPU) 1418.089 1636.286 1623.851
♣ Biparametric plane. Detection (CUDA with PyTorch) 3.729 37.434 17.630
Triparametric analysis. Create data (CPU with parallel computing) . . . . . . 14 156.416
Triparametric analysis. Prepare data (CPU) . . . . . . 28 929.904
♣ Triparametric analysis. Detection (CUDA with PyTorch) . . . . . . 1139.313
One-parameter line. Classical technique LEs (CPU with parallel computing) 419
Biparametric plane. Classical technique LEs (CPU with parallel computing) 9 · 104

Triparametric analysis. Classical technique LEs (CPU with parallel computing) 1.402 13 · 106

percentage of correct detections is lower for all the networks but still
larger than 82% in all the cases. Overall, the MLP shows the worst
results, and the LSTM gives the best ones in general.

D. Going deeper into the Lorenz dataset. Changing

the length

To train the networks for chaos detection in the Logistic map
and the Lorenz system, we have fixed the length of the input time
series to 1000 (the same as other authors have considered for this
task3). The goal of this subsection is to show that this length seems
to be a good choice for this problem. For example, in the case of the
MLP, the length of the input determines the number of neurons in
the input layer, so if we change it, we have to modify the architec-
ture that we have set up in PyTorch. For the LSTM, the length can be
variable, that is, we can train the same LSTM architecture with dif-
ferent input lengths. For this reason, we consider that it is interesting
to compare the performance of our LSTM when it is trained with
time series of different lengths (it tells us how much information is
needed by the built LSTM network to learn the task).

We perform the experiment (with the LSTM architecture) for
length 500 and 1500, comparing with the current results for length
1000. To obtain the new datasets we have carried out the same inte-
gration steps as in the case of length 1000, computing the same
number of points but storing the last 500 or 1500. As an example, in
Fig. 10, orbits I and V of Fig. 14 are represented with aforementioned
lengths.

In Table V, we have the results for three different lengths (infor-
mation of length 1000 corresponds to Table III). Even though the
change in the mean of the loss and the mean of the accuracy is not
very considerable, length 1000 gives us the lower mean for the loss
and the greatest mean for the accuracy in all the datasets. If we focus

on the standard deviation, we can see that the case of length 1500
is always the one with the highest values. Cases of length 500 and
1000 present a similar standard deviation in training and validation
datasets. One possible answer for not getting an improvement for
length 1500 over length 1000 is the restricted memory capacity of the
LSTM recursive structures, which could be affected by long obser-
vation sequences and result in the loss of initial evidence. Note that
dynamically both datasets provide similar information as it can be
seen in Fig. 10, unlike the case of using length 500 where the infor-
mation is not complete. Therefore, we conclude that length 1000 is
a good choice to perform the chaos detection task in our problem.

E. 2D and 3D parametric diagrams

In a dynamical study of a mathematical model, it is very inter-
esting to perform 2D and 3D parametric analyses. In the case of
the Lorenz system, several 2D studies have been presented in the
literature.1,2 Therefore, a challenging problem is to see the behavior
of DL networks for 2D and even 3D parametric studies.

Just three r-parametric lines on the biparametric plane (r, b)
have been involved in the training process of DL networks (see
orange and purple lines in panel A of Fig. 11). As shown in Sec. IV C,
these trained networks have performed correctly the chaos detection
task in a different r-parametric line of the aforementioned plane.
Now, we show that they are able to generalize to the whole bipara-
metric plane (r, b) with accurate results. In particular, a biparametric
plane (r, b) with σ = 10, r ∈ [0, 300], and b ∈ [2, 3] is studied. It is
important to remark that with the data of few lines, DL networks are
able to analyze correctly complete biparametric planes.

The use of DL techniques makes the biparametric analysis
faster: with the classical technique (LEs), we need approximately
25 h to obtain the biparametric plane of Fig. 11(a) (of 1000 × 1000
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FIG. 12. In panel A, chaos detection for the Lorenz system in the biparametric plane (r , σ) with b = 8/3. From left to right: results obtained with LEs, detections with the
trained LSTM network, and errors committed by this architecture (same color code than in Fig. 11 is used to represent regular and chaotic behavior, and false regular and
false chaotic detections). The percentage corresponds to the accuracy of the LSTM for the chaos detection task. The orange horizontal line shows the samples present in
the raw datasets used to create the training set. In panels A1 and A2, a zoom of the green framed region of the biparametric plane has been represented using the classical
and DL techniques. The yellow point corresponds to an orbit in Fig. 14.

points) and with DL (in the same machine) around 30 min are nec-
essary to generate it (see Table VI for more details). Note that LEs
usually take a long time to converge to their correct value.

In Fig. 11, we have the study of regular and chaotic behavior in
the biparametric plane (r, b) with σ = 10 of the Lorenz system. In
panel A, classification is performed according to the first approx-
imated LE (white for chaotic and black for regular). On the left
side of panels B, C, and D, chaos detection with DL architectures
(MLP, CNN, and LSTM, respectively) is depicted (same code of col-
ors of panel A). On the right side of such panels, we have the errors
committed by networks (we have compared with the biparametric
plot obtained with LEs in panel A). In particular, chaotic samples
wrongly classified (false regular, FR) are in red, misclassified regular
samples (false chaotic, FC) are in blue, and samples detected cor-
rectly (true regular, TR, and true chaotic, TC) are in white. Moreover,
for each technique, we have indicated the accuracy (percentage of
correct detections) that is always greater than 94% and, as expected,
it is bigger for CNN and LSTM networks.

As it can be seen in error plots, most of the incorrect detec-
tions correspond to the right boundary between chaotic and regular
regimes (in the case of the MLP, a lot of noise can also be seen for
r small where there are FC detections). The FR detections stand out
in this right zone for MLP and LSTM cases, and FC results highlight
for the CNN, being the LSTM the network with the lower number of

errors. This right boundary has to be studied carefully with whatever
technique used for chaos detection as a dynamical behavior known
as transient chaos8 occurs. In panels A1, B1, C1, and D1, a zoom
of the green framed region that includes part of this boundary is
depicted for each technique.

The three DL architectures are able to study the behavior of
the Lorenz system in the biparametric plane (r, b) where the three
r-parametric lines used during the training process are included [see
orange and purple lines in Fig. 11(a)]. Now, we show that DL is also
able to reconstruct other biparametric planes of parameter space. In
particular, we compute the biparametric plane (r, σ) for b = 8/3,
r ∈ [1, 350] and σ ∈ [0, 60]; the (σ , b) region for r = 28, σ ∈ [0, 40]
and b ∈ [0, 4]; and the (σ , b) plane for r = 500, σ ∈ [0, 800] and
b ∈ [0, 100]. To perform this task, we use the LSTM as it gives the
best results in the plane (r, b) (see Fig. 11).

In panel A of Fig. 12, we have, from left to right, the bipara-
metric plane (r, σ) obtained with the approximated LEs, the results
of the trained LSTM, and the errors committed by this network.
Same code of colors as in Fig. 11 is used. The boundaries between
both dynamical regimes are well-defined by the LSTM, only the top
boundary is noisy (see panel A2 for a zoom of the green framed
region where it is included, and panel A1 for the corresponding
results of LEs), and FC detections stand out. The percentage of
correct detections (accuracy) is greater than 97%. Notice that in
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FIG. 13. In panel A, chaos detection for the Lorenz system in the biparametric plane (σ , b) with r = 28. In panel B, chaos detection for the Lorenz system in the biparametric
plane (σ , b) with r = 500. From left to right: results obtained with LEs, detections with the trained LSTM network, and errors committed by this architecture (same color
code than in Fig. 11 is used to represent regular and chaotic behavior, and false regular and false chaotic detections). The percentage given in each panel corresponds to
the accuracy of the LSTM for such biparametric plane. The orange and purple points show the samples present in the raw datasets used to create the training and validation
sets. In panels A1, A2, B1, and B2, a zoom of the green framed region of the biparametric plane has been represented using the classical and DL techniques. The yellow
point corresponds to an orbit in Fig. 14.

this case, where the chaotic detection is almost perfect, only the
samples in the orange segment belong to the raw datasets used to
create the training set. In panel A of Fig. 13, we have the study of
the biparametric plane (σ , b) with r = 28. Again, we can see that

this network is able to define correctly the boundary between both
dynamical regimes. It highlights the bottom right corner, a regular
zone that has been defined as chaotic by the LSTM. In panel A2 of
Fig. 13, that corresponds to the green framed region, it is shown that
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FIG. 14. Some orbits (in gray) of the Lorenz system with their true dynamical behavior, the corresponding sample (in red) used by the networks, and the correctness or
incorrectness of the classification made by them. In all the cases, (x0, y0, z0) = (1, 1, 1). The values of the parameters are (i) (σ , r , b) = (10, 267.84464, 2), (ii) (σ , r , b)
= (10, 246.3910675, 2.2), (iii) (σ , r , b) = (10, 220, 2.71), (iv) (σ , r , b) = (10, 208.3006, 2.809), (v) (σ , r , b) = (45.3, 160, 8/3), and (vi) (σ , r , b) = (31, 28, 0.8). See yel-
low points in Figs. 11, 12, and 13.

the trained LSTM performs the task with high precision (panel A1
corresponds to LEs). In fact, the percentage of correct detections in
the whole plane is almost 98%. In this case, only three points are
in the raw datasets used to create train and validation sets, which
shows the high generalization ability of the trained LSTM. In panel
B of Fig. 13, the biparametric analysis (σ , b) with r = 500 is depicted.
As in the other panels, the trained LSTM network distinguishes cor-
rectly both dynamical regimes, as it can be seen in panel B2 that is
a zoom of the green framed region (see panel B1 for detection per-
formed with LEs). The accuracy of this study is greater than 98%.

Most of the errors of the network correspond to small values of
b. Notice that no point of this parametric region has been used to
train (or validate) the network. With the results of Figs. 12 and 13,
we can conclude that DL allows us to study regions of parameter
space where training and validation points are almost not present
[Figs. 12(a) and 13(a)] or are not present at all [Fig. 13(b)].

Analogously to what we did in the case of the Logistic map, we
analyze in Fig. 14 some correct and incorrect classifications of DL
networks (see yellow dots in Figs. 11–13). In panel I of Fig. 14, we
show a periodic orbit (regular behavior) that DL networks have not
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FIG. 15. Representations obtained from the dense triparametric analysis of the Lorenz system performed with the LSTM network. See Integral Multimedia (Multimedia view)
for the dense study. In panel A, general view of the upper boundary between both dynamical regimes and chaotic region for r = 500. In panels B and C, some 2D vertical
and horizontal planes in the triparametric space with chaotic detections in color and the external boundary between both dynamical regimes in shaded black. The colors used
have been simply selected for ease of viewing. Multimedia available online.

been able to classify adequately. The dynamical explanation is due
to the nature of this orbit, it is a periodic orbit with a large number
of space-expanding loops and a large period. The sample in panel II
is chaotic, and the networks have also failed to classify it properly.
Now the explanation is due to the kind of chaos of this orbit. The
orbit changes slowly in space, being different loops very similar each
other (see the 3D plot of the DL data). All the DL techniques fail to
identify the kind of behavior of orbits I and II, but there are clear
reasons for the fail, and in fact any short time methodology would
fail on these orbits. Besides, both cases are in the limit between
the regular and chaotic dynamics with a lot of bifurcations located
in that area. In contrast, all networks have managed to properly
identify the type of behavior of orbits in panels III and V, regular
and chaotic, respectively. As an intermediate situation, we show the
regular orbits IV and VI for which only LSTM in the first case, and
CNN and LSTM in the second have been able to give a correct clas-
sification. The complicated points have been selected on the basis
of the previous analyses performed on the biparametric planes of
Figs. 11–13.

As a final and challenging task, we study a 3D parametric
space region of the Lorenz system (allowing the three parameters

to change) with the LSTM trained and validated using only three
r-parametric segments (see orange and purple lines in Fig. 11). Note
that with the classical technique of LEs, this kind of analysis would
be highly computationally demanding. Taking into account the time
that we need to compute a 2D diagram with LEs, the expected time
for the 3D study in this subsection (with 250 × 250 × 250 points)
with this classical technique would be of 16 days approximately; with
DL, we need around 12 h (see Table VI). We also remark that, up
to the knowledge of the authors, there is no dense 3D analysis in
the literature for the Lorenz system. In Refs. 1 and 2, the authors
studied several 2D planes to reconstruct a 3D figure, but it is not a
complete dense 3D plot as in the present work. Again, we remark
that we use just a very few lines of data to train and generate a
network that is able to completely perform a 3D parametric study.
Therefore, these techniques open a window for dense 3D parametric
studies in a reasonable time.

The 3D study is performed for σ ∈ [0, 800], r ∈ [1, 500] and
b ∈ [0, 100], taking 250 values for each parameter. In panel A of
Fig. 15, we have used the detections of the trained LSTM network
to illustrate a 3D parametric study of the Lorenz system. In par-
ticular, for a better representation, we have drawn the boundary

Chaos 33, 073146 (2023); doi: 10.1063/5.0143876 33, 073146-16

Published under an exclusive license by AIP Publishing

 21 July 2023 16:30:37



Chaos ARTICLE pubs.aip.org/aip/cha

FIG. 16. Detail of the boundary between regular and chaotic regions from a dense 3D parametric analysis of the Lorenz system computed using the Lyapunov exponents
and with the LSTM network. See Integral Multimedia (Multimedia view) for an integral view and the dense analysis. Multimedia available online.

between both dynamical regimes of the obtained dense 3D DL
figure and the chaotic results for r = 500. In panels B and C, we
have several 2D planes extracted from the 3D study (in shaded
black, we have the boundary between both dynamical regimes).
For completion, in Fig. 16, we show two different views of the

boundary between regular and chaotic regimes detected by the DL
network.

Notice that the trained LSTM detects perfectly the boundary
(represented in detail in Fig. 16) between both dynamical regimes. In
Fig. 16, we have used both methodologies, the Lyapunov exponents
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and the LSTM network, and the resulting figures are indistinguish-
able. The dense 3D computation using the Lyapunov exponents has
detected 1 852 204 set of parameters of chaotic dynamics, whereas
the LSTM network 1 855 862, being the intersection 1 827 514 points
(the number of false positives is 28 348 and the number of false
negatives is 24 690). Moreover, from 2D planes in Fig. 15, it can
be inferred that DL is able to detect the changes between regular
and chaotic behaviors that are present for small values of param-
eter b. We conclude that with an LSTM trained (and validated)
in a small region of the parameter space (σ = 10, r ∈ (0, 300],
b ∈ {2, 2.4, 8/3}), an accurate dense 3D analysis can be performed.

As a complement, we include in the Integral Multimedia (Mul-
timedia view) of the article a video where we show the dense 3D
parametric study that has allowed analyses in Fig. 15 and the chaotic
boundary represented in Fig. 16.

To give an idea of the time savings of using DL networks, we
show in Table VI the times (in seconds) needed during the whole
study of the Lorenz system test problem. The first three rows corre-
spond to the time used to create train, test, and validation datasets,
which includes creation of raw datasets, data selection, and nor-
malization. Fourth and fifth rows correspond to training and test
processes. To obtain the one-parameter line of Fig. 8, which con-
tains 6000 different values of r, we indicate the time needed to create
the data, to prepare it as a network input, and to be classified by the
ANN (sixth, seventh, and eighth rows). The whole one-parameter
study takes less than 12 s for all the networks. Notice that the pure
chaos detection DL process (if data are given) corresponds to row 8
(club symbol) and is less than one-tenth of a second. With classical
techniques (third-to-last row), needed time is around 7 min. In the
case of biparametric planes, as these of Figs. 11–13 with 1000 × 1000
points, the whole process (rows 9–11) takes approximately 30 min
for all the networks, with pure chaos detection (row 11 with club
symbol) of less than 40 s. Time used by classical techniques is given
in the second-to-last row, and it is of 25 h. Finally, the triparametric
study of Figs. 15 and 16 with 250 × 250 × 250 points takes around
12 h for the LSTM network (see rows 12–14). In this case, the pure
chaos detection process (row 14 with a club symbol) is less than
20 min. In the last row of the table, we have the time needed to per-
form the triparametric analysis with classical techniques. Notice that
this analysis with DL takes approximately 12 h, but we would need
more than 16 days if classical techniques were used.

V. DISCUSSION AND CONCLUSIONS

In this paper, three well-known Deep Learning networks (MLP,
CNN, and LSTM) have been built and trained to carry out the
chaos detection task in two test problems: the Logistic map (discrete
dynamical system) and the Lorenz system (continuous dynamical
system). Usually, time-consuming computational techniques, such
as Lyapunov exponents, are used to detect chaos.

All the trained networks have given good results, achieving all
of them an accuracy greater than 90%. Moreover, in all the cases,
the accuracy of detection of both dynamical regimes (regular and
chaotic) is balanced. In the case of the Logistic map test problem,
the accuracy for the three networks is very similar. However, in the
case of the Lorenz system, the CNN and the LSTM give better results

than the MLP. This makes sense since CNNs and LSTM networks
take into account spatial and temporal information, respectively.

For the Lorenz system, we have used the trained networks to
study the behavior of an r-parametric line and several biparametric
planes from different regions of the parameter space. In addition, a
dense triparametric plot of the Lorenz system has also been obtained
using a trained LSTM network. Up to the knowledge of the authors,
this had not been achieved previously with classical or DL tech-
niques. We highlight that the training process used just a few lines of
one-parameter data to create a network capable of studying bipara-
metric and even complete triparametric spaces. This is a remarkable
result that shows us the power of DL techniques in dynamical system
studies.

In this article, we focus on using short time series as data, but
longer sequences will give us more complete information, particu-
larly in difficult areas where the LE value is close to zero. To achieve
better results, in future research, we will explore the development
of improved architectures that are better suited to handle longer
sequences or carefully select more challenging training examples to
reduce error rates. However, it is important to balance this against
the computational cost, as our current focus has been to keep the
computational cost low compared to traditional calculation of the
LEs.

We conclude that Deep Learning can be used to analyze the
behavior (regular and chaotic) of a dynamical system. Our results
show that even dense 3D parametric studies can be carried out in
a very reasonable time using data from just a small portion of the
global phase space. However, a deeper study would be necessary to
know how far we can go using these techniques in this and other
dynamical system tasks.
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A B S T R A C T

In this article we study if a Deep Learning technique can be used to obtain an approximate value of the
Lyapunov exponents of a dynamical system. Moreover, we want to know if Machine Learning techniques are
able, once trained, to provide the full Lyapunov exponents spectrum with just single-variable time series. We
train a Convolutional Neural Network and use the resulting network to approximate the full spectrum using
the time series of just one variable from the studied systems (Lorenz system and coupled Lorenz system). The
results are quite surprising since all the values are well approximated with only partial data. This strategy
allows to speed up the complete analysis of the systems and also to study the hyperchaotic dynamics in the
coupled Lorenz system.

1. Introduction

Lyapunov exponents (LEs) are a classical tool to study the behavior
of a dynamical system. For example, a positive maximum LE (MLE)
indicates chaotic behavior, or hyperchaotic if the second LE is also
positive. Moreover, with the second LE, some bifurcations, such as
period-doubling bifurcations, can be inferred. One of the standard
algorithms for computing LEs can be found in [1], where all variables
and the corresponding variationals are used. Other techniques [1,2]
use only the time series of one of the system variables, but only the
maximum LE is obtained. Deep Learning (DL) techniques have been
used to predict directly the LE of one-dimensional discrete dynamical
systems [3] or as a complementary tool. In the latter approach, DL
is used for time series forecasting or to obtain, via data assimilation,
a conjectured dynamical system, and then the Lyapunov spectrum is
estimated through classical methods [4–8].

Deep Learning [9,10] includes all the Machine Learning techniques
that allow Deep Artificial Neural Networks (architectures built with
layers of artificial neurons) to learn from data with several levels of
abstraction. The activation of each neuron in a DL architecture (that is,
its value) is computed by applying a non-linear activation function to
a linear combination of its inputs using some weights and a bias (the
trainable parameters of the network). To fit all these parameters (in or-
der to obtain the desired output for each input) a minimization problem

∗ Corresponding authors.
E-mail addresses: cmayora@unizar.es (C. Mayora-Cebollero), rbarrio@unizar.es (R. Barrio).

is solved (a loss function is minimized respect to these parameters using
training data during a process known as training). Data not used in the
training stage, known as test data, is used to check that the network
has learned correctly and is able to generalize to new samples.

The computation of biparametric analyses using classical methods
has allowed to study in detail the global dynamics of numerous sys-
tems [11–13]. Any improvement that enables faster and more detailed
studies could be useful. In recent years, some authors have proposed
to use Deep Learning as a new technique to analyze the behavior of a
dynamical system [3–8,14–17]. This new technique can speed up these
parametric studies.

In this paper, we apply DL to directly approximate the LEs values
of two dynamical systems chosen as test examples: the classic Lorenz
system [18] and a coupled Lorenz system [19]. Among all the possible
DL architectures, we have chosen the Convolutional Neural Network
(CNN) [20]. Additionally, we aim to demonstrate that Deep Learning
can approximate all the Lyapunov exponents of a system using only
short time series data from a single variable of the dynamical system.
We will use the notation LE𝑖 to indicate the 𝑖-th Lyapunov exponent,
therefore LE1 corresponds to the maximum Lyapunov exponent, or
MLE.
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Lorenz system. The Lorenz system [18] is a classic three-dimensional
continuous dynamical system given by the system of equations
⎧
⎪⎨⎪⎩

𝑥̇ = 𝜎(𝑦 − 𝑥),
𝑦̇ = −𝑥𝑧 + 𝑟𝑥 − 𝑦,
𝑧̇ = 𝑥𝑦 − 𝑏𝑧,

(1)

where (𝑥, 𝑦, 𝑧) are the system variables and (𝜎 , 𝑟, 𝑏) are the bifurcation
parameters (𝜎 is the Prandtl number, 𝑟 is the relative Rayleigh number,
and 𝑏 is a positive constant). This is one of the seminal systems of
chaotic dynamics. There are numerous papers in the literature [11,12]
where its behavior is described using classical LEs algorithms.

Coupled Lorenz system. To increase the dimensionality of the test prob-
lem, we use two coupled Lorenz systems as in [19]:
⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑥̇1 = 𝜎(𝑦1 − 𝑥1),
𝑦̇1 = −𝑥1𝑧1 + 𝑟1𝑥1 − 𝑦1 + 𝜆1(𝑥2 − 𝑦2),
𝑧̇1 = 𝑥1𝑦1 − 𝑏𝑧1,
𝑥̇2 = 𝜎(𝑦2 − 𝑥2),
𝑦̇2 = −𝑥2𝑧2 + 𝑟2𝑥2 − 𝑦2 + 𝜆2(𝑥1 − 𝑦1),
𝑧̇2 = 𝑥2𝑦2 − 𝑏𝑧2,

(2)

where (𝑥1, 𝑦1, 𝑧1, 𝑥2, 𝑦2, 𝑧2) are the system variables, (𝜎, 𝑟1, 𝑟2, 𝑏) are
the bifurcation parameters, and (𝜆1, 𝜆2) are the coupling parameters.
In what follows, we set 𝑟1 = 𝑟 and 𝑟2 = 𝑟+ 10. A dynamical study of the
attractors of such system in the case of coupled equal Lorenz systems
(𝑟1 = 𝑟2) can be found in [19].

This paper is organized as follows. In Section 2, we briefly introduce
the CNN architecture. In Section 3, we focus on the LEs prediction task
for the Lorenz system. In Section 4, we show the results obtained in the
LEs prediction of the coupled Lorenz system. Finally, in Section 5 we
draw some conclusions.

All DL experiments in this work have been performed using Py-
Torch [21]. The code has been run on a Linux box with dual Xeon
ES2697 with 128Gb of DDR4-2133 memory with a RTX2080Ti GPU.

2. DL techniques for Lyapunov exponents approximation

Deep Learning [9,10] is the branch of Machine Learning that uses
Deep Artificial Neural Networks to learn from data with several levels
of abstraction. These Artificial Neural Networks (ANNs) are formed by
artificial neurons (loosely inspired by their biological counterparts) that
are organized in layers.

In a previous paper [14], we focused on detecting chaotic behavior
in a dynamical system, but now we also want to quantify it and
be able to approximate the full Lyapunov exponents spectrum using
single-variable time series. In [14] we used three ANN technologies:
Multi-Layer Perceptron (MLP), Convolutional Neural Network (CNN)
and Long Short-Term Memory network (LSTM). Here, we only use the
CNN as it seems to work well for this task. In the design of the CNN,
we use a not very complicated structure explained in Section 2.1. We
are mainly interested in studying the reliability of the methodology
rather than finding the best architecture, so we only present a brief
hyperparameter optimization study in Section 2.1.1.

CNNs are a type of ANN originally developed for image recogni-
tion [20]. They are organized into convolutional and pooling layers
that capture features and reduce dimensions, respectively. These con-
volutional layers have different channels (also known as feature maps),
each one containing different information (same idea as in RGB images
which contain three channels: channel R for red color information, G
for green, and B for blue). One of the main characteristics of CNNs is
that neurons are not connected to all neurons in the previous layers as
it occurs with other ANNs like the MLP. The receptive field of a neuron
is the (reduced) set of neurons that send information to it. Another
useful property of CNNs is that they can handle different input formats
(vectors, matrices, . . . ) depending on the type of convolution used. In
this paper, the input data is in vector form, so we use the so-called 1D

Fig. 1. Schematic representation of a 1D CNN architecture with three channels in the
input and depicted convolutional (conv.) layers. Zero-padding is added to convolutional
layer 1 to maintain the size for convolutional layer 2 (dashed neurons with a 0 in the
middle).

CNNs (see Fig. 1 for a graphical example), and in what follows, the
explanations will be particularized to this type of CNN.

The value (activation) of a neuron of a 1D CNN is calculated as
follows (the first index for neurons, channels and convolutional layers
is 1, and layer 0 refers to the input layer):

𝑥[𝑙]𝑖,𝑗 =  ⎛⎜⎜⎝
𝑏[𝑙]𝑗 +

𝐾[𝑙]∑
𝑘=1

𝐶[𝑙−1]∑
𝑐=1

𝑤[𝑙]
𝑘,𝑐 ,𝑗 𝑥[𝑙−1]𝑘+(𝑖−1)𝑠[𝑙]+(𝑘−1)(𝑑[𝑙]−1),𝑐

⎞⎟⎟⎠
, (3)

where

• 𝑥[𝑙]𝑖,𝑗 is the activation of neuron 𝑖 of channel 𝑗 in layer 𝑙.
•  is the (non-linear) activation function.
• 𝑏[𝑙]𝑗 is the bias term shared by all neurons of channel 𝑗 in layer 𝑙.
• 𝑊 [𝑙]

𝑗 = (𝑤[𝑙]
𝑘,𝑐 ,𝑗 )𝑘=1,…,𝐾[𝑙];𝑐=1,…,𝐶[𝑙−1] is the weight matrix (also called

filter or kernel) for neurons of channel 𝑗 in layer 𝑙. Notice that the
weights are shared among all the neurons in the same channel and
layer.

• 𝐾 [𝑙] is the kernel size, i.e., the dimension of the receptive field of
neurons in layer 𝑙.

• 𝐶 [𝑙] is the number of channels in layer 𝑙.
• 𝑠[𝑙] denotes the stride, that is, the step size between the receptive

field of neuron 𝑖 of channel 𝑗 in layer 𝑙 and the receptive field of
neuron 𝑖 + 1 of the same channel and layer.

• 𝑑[𝑙] refers to the dilation, that is, the distance between neurons of
the same receptive field.

In the special case where we want channels in consecutive layers to
have the same dimension (i.e., same number of neurons), padding can
be applied. A common type is zero-padding where zeros are added
around the previous layer.

In the case of Fig. 1, to calculate the activation of the dark ma-
genta neuron (whose receptive field includes the light magenta neu-
rons) Eq. (3) is used with 𝑖 = 1, 𝑗 = 1, 𝑙 = 2, 𝐾 [2] = 2, 𝐶 [1] = 3, 𝑠[2] = 1
and 𝑑[2] = 1. Moreover, note that zero-padding has to be applied to have
the convolutional layers 1 and 2 with the same number of neurons (see
the dashed neurons with a 0 in the middle).

For more details see [22], and the animations referenced there
for examples of stride, dilation and padding concepts, and [23] for a
discussion of some properties of CNNs.

2.1. CNN architecture for LEs approximation

The CNN architecture we use for the full LEs spectrum approxima-
tion is based on the one in [14] used for chaos detection (a classification
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task from a DL point of view). The network has only one input channel
in the input layer since only single-variable time series are used as
known information. It has two convolutional layers: the first one with
15 channels, kernel size 10, stride 1 and dilation equal to 2; and the
second one with 30 channels, kernel size 5, stride 1 and dilation 4.
The Rectified Linear Unit (ReLU) activation function is applied after
adding a bias term in each convolutional layer. Zero-padding is used
to ensure that the length of the input sequences remains constant
throughout the convolutional layers since the stride is 1. A global
average pooling layer is applied following the last convolutional layer
to prepare the data for the subsequent linear layer. The aforementioned
linear layer has a number of neurons equal to the system’s dimension—
each corresponding to a Lyapunov exponent value—and a bias term. No
activation function is applied to this output layer.

We train the network using the Adam algorithm with a learning
rate of 0.008 and apply L2-regularization with a weight decay of 10−5

to prevent overfitting and enhance generalization. In this work, we
minimize the Huber loss function [24,25] given by

Huber Loss = 1
𝑁

𝑁∑
𝑗=1

ℎ𝑗 ,

with ℎ𝑗 =
{

0.5 (𝑦̂𝑗 − 𝑦𝑗 )2 if |𝑦̂𝑗 − 𝑦𝑗 | < 𝛿 ,
𝛿 (|𝑦̂𝑗 − 𝑦𝑗 | − 0.5 𝛿) otherwise,

where 𝑁 is the batch size (dimension of the subsets into which the
datasets involved during training are subdivided), 𝑦𝑗 refers to the labels
of the dataset, and 𝑦̂𝑗 to the output of the ANN. The hyperparameter
𝛿 is set to 0.6. The Huber loss is less sensitive to outliers than the
Mean Squared Error (MSE) loss (usually used in prediction tasks). In
the Huber loss the advantages of the MSE loss and the L1-loss are
combined. We expect that this fact will allow the CNN to focus more on
fitting values close to zero than large values (note that a large error in
predicting a zero LE may lead to an incorrect detection of its behavior).
The number of epochs (that is, the number of times the training dataset
is revisited during training) is 2000. An early stopping technique [26]
is applied, so the trained network used is the one with the weights and
biases values that give the lowest Huber loss value for the validation
dataset (data different to training dataset that is used to avoid problems
as overfitting) during training.

In this paper, the numerical values of the Huber loss will be given as
[mean± standard deviation] for 10 randomly initialized networks. This
will show that the performance of the DL process does not depend on
the initialization of the trainable parameters (weights and biases). To
conclude that the DL training has been successful, we will verify that
the mean and standard deviation are small (we have set a threshold
of 0.3 for the mean, and 0.05 for the standard deviation) for all the
datasets involved (training, validation and test sets).

2.1.1. A brief hyperparameter optimization study
As indicated before, we are mainly interested in the reliability of

the methodology rather than finding the best architecture for the LEs
approximation task. However, we perform a brief analysis to show how
the network size/number of layers can affect the performance in the LEs
approximation task. To do so, we consider two other networks derived
from the described above (call it LE-Network):

• Less Layers-Network: It has only one convolutional layer
with the same architecture as the second convolutional layer of
LE-Network.

• More Layers-Network: It is like LE-Network but with a
third convolutional layer with the same architecture as the last
of LE-Network.

To compare the performance of each network we carry out the
analyses on the Lorenz system trained with non-random data (see
Section 3.1). Notice that the network used in all the systems and data
approaches in this article is the same, so we consider appropriate to

show the dependence on network size/number of layers in the first
example (Lorenz system with non-random data).

Table 1 shows the results of the brief hyperparameter optimiza-
tion study. We can see that if less layers are used (Less Layers-
Network), the mean loss values of all the datasets are larger than the
corresponding ones for LE-Network. If more layers are considered
(More Layers-Network), the mean loss values are lower than those
of LE-Network, but the standard deviation values are larger on both
training and test cases. Moreover, the increase in the number of weights
and biases is considerable taking into account the small improvement
(more weights and biases usually correspond to more training time).
Therefore, according to this brief study, the two convolutional layers
LE-Network seems to be the appropriate one.

3. LEs approximation for the Lorenz system

In this section, two approaches are presented to approximate LEs
with DL in the Lorenz system. In the first approach, the CNN is
trained (and validated) using information from a few 𝑟-parametric lines
(all parameter values of the dynamical system are fixed except for
parameter 𝑟, whose value is varied in a given interval, and time series
are computed for each value of 𝑟), and its performance is tested. In
the second approach, the same network architecture is trained (and
validated) from scratch using time series with random parameter values
from an (𝑟, 𝑏)-parametric plane (the value of parameter 𝜎 is fixed and
the values of parameters 𝑟 and 𝑏 are varied in given intervals, and
time series are computed for each combination of values). These two
approaches will show that DL techniques can be used to expand a
partial classical study of the system (first approach) or to perform the
analysis from random data (second approach). The advantages and
disadvantages of each approach are also compared.

In this section, unless otherwise stated, time series and LEs obtained
with classical techniques are computed as follows. The time series are
obtained using the DOPRI5 integrator (a well-known Runge–Kutta of
order 5) with initial conditions (𝑥, 𝑦, 𝑧) = (1, 1, 1), but only the 𝑥-time
series and the full LEs spectrum will be used. For more precision, a
transient integration is performed up to time 𝑡 = 100,000 with time
step 0.01, then the integration is continued for 10,001 time units with
time step 0.001. The LEs obtained with classical techniques (which
are used as the ground truth in the DL process) are computed during
this last integration. The time series used as input by the network are
built with 1 out of every 100 of the last 100,000 computed points. If
two time series 𝑝1 and 𝑝2 are near, that is, ‖𝑝1 − 𝑝2‖∞ < 10−4, one of
them is removed. The remaining ones are normalized (𝑥-coordinate is
linearly normalized by mapping its range to the interval [0, 1]; if the
time series is constant in time, a constant random value between 0 and
1 is assigned).

3.1. Non-random data

For this approach, the available data belongs to four 𝑟-parametric
lines with 𝑏 ∈ {2, 2.4, 8∕3, 2.8} (𝜎 = 10 for all lines). For each line we
consider 6000 different values of 𝑟 ∈ (0, 300], which makes a total of
24,000 time series (some samples will be removed to avoid similar time
series, and the remaining ones will be normalized). From the samples
satisfying 𝑏 ∈ {2, 8∕3}, 8000 are randomly chosen for the training set
(batch size 128). From the data in the 𝑟-parametric line with 𝑏 = 2.4,
we select 2000 random points for validation (batch size 100). Finally,
2000 random samples from the set 𝑏 = 2.8 are used for the test set
(batch size 100). Note that, during the training process, only data from
three lines is used: two lines correspond to training (see light green
lines in top-left panel of Fig. 3) and one to validation (see dark green
line in the aforementioned figure). The network architecture is the one
presented in Section 2.1.

The resulting value of the Huber loss for the training dataset is
[0.049 ± 0.009] (remember that numerical results of the DL performance
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Table 1
Brief hyperparameter optimization study performed to show the dependence on the network size/number of layers
of a CNN in the LEs approximation task. The analyses are performed in the Lorenz system with non-random data.
Network size is the number of trainable parameters (weights and biases) of each network.
Network Network size Training loss Validation loss Test loss

Less Layers-Network 273 0.087 ± 0.006 0.131 ± 0.006 0.122 ± 0.007
LE-Network 2538 0.049 ± 0.009 0.118 ± 0.004 0.113 ± 0.012

More Layers-Network 7068 0.036 ± 0.015 0.110 ± 0.004 0.110 ± 0.013

are given as [mean± standard deviation] for 10 randomly initialized
networks). The corresponding values for the validation and test datasets
are [0.118 ± 0.004] and [0.113 ± 0.012], respectively. All mean values are
close to zero and standard deviations are small. The value of the loss
function on the test set is slightly larger than that on the training set,
however, we consider that there is not a large enough difference to
discard the network due to overfitting. The data used for the analyses
with the trained CNN are just time series of the 𝑥-variable of length
1000.

In Section 3.1.1, a 1D analysis is performed to show that the trained
network is able to generalize to an 𝑟-parametric line on which it was not
trained. In Section 3.1.2, the analysis is extended to an (𝑟, 𝑏)-parametric
plane.

3.1.1. 1D analysis
In Fig. 2, the trained CNN has been used for LE approximation in

one 𝑟-parametric line with 𝜎 = 10 and 𝑏 = 2.2 (6000 equidistant 𝑟-values
in the range (0, 300] are considered) parallel to the ones used to create
the training, validation and test datasets. LE1 is shown in the top panel,
LE2 can be found in the middle panel, and finally, LE3 is in the bottom
panel. In each panel, the ground truth of the LEs (obtained with the
algorithm in [1]) is in black, the mean of the predicted values with
the 10 networks is in red, and the interval [mean± standard deviation
(std)] obtained with the prediction of the 10 networks is in green.
The obtained value of the Huber loss is equal to [0.091 ± 0.005]. As
already explained, the prediction is performed with 10 networks trained
with the same architecture and data, but with different initialization of
trainable parameters (weights and biases of the ANN). Since the mean
value of the loss and the standard deviation are small, we can conclude
that the prediction is good enough.

At first glance at the results in Fig. 2, it can be seen that the parts
where DL prediction seems to fail the most are those shaded in orange
and purple. The orange one corresponds to orbits that converge to
equilibrium points (EPs). If we analyze our time series normalization
rule we can deduce that this failure is expected: the time series of
equilibrium points are normalized to a random value between 0 and
1, so the CNN cannot extract information from them to predict the LE
value (it is remarkable that the network assigns almost a constant value
to the LEs of all equilibrium point time series, so it has detected this
kind of behavior). As the LEs of an equilibrium point do not provide
useful information beyond its negative sign in the first exponent (which
is correctly predicted), we consider that the DL prediction is successful.
The purple part corresponds to a region where long transient chaotic
dynamics occurs [11,12,27], and therefore, as we consider quite short
time series as data, it is logical that the DL technique can assume
chaotic dynamics for them in some cases.

Overall, the CNN that was trained only with 𝑥-time series is able
to predict the three LE values correctly with a small variability, and
failing only in expected regions (as already explained) where it would
be necessary to use complementary techniques to obtain good results.

3.1.2. 2D analysis
In Fig. 3 the CNN trained with non-random data has been used for

LE prediction in the (𝑟, 𝑏)-parametric plane with 𝜎 = 10, 𝑟 ∈ [0, 300] and
𝑏 ∈ [2, 3] (1000 point values for each varying parameter, which makes
a total of 106 points). To obtain the time series for this biparametric
analysis with the CNN, a transient integration is performed for 1000

Fig. 2. 1D analysis (𝜎 = 10, 𝑏 = 2.2) of the Lyapunov exponents in the Lorenz system
when training the CNN with non-random data (Huber loss value [0.091 ± 0.005]). The
LEs obtained with classical techniques are in black, and the results given by DL are
in red (mean value of the predicted values with the 10 networks) and green (interval
[mean± standard deviation (std)] obtained with the prediction of the 10 networks). The
orange and purple shading correspond to the regions where the DL technique seems to
give worse results. The blue shaded region is used in a comparison with a subsequent
analysis in Fig. 5.

time units and later the integration is continued for 100 more time
units (time step 0.01 for the whole integration). The input time series
of length 1000 for the CNN are constructed with 1 out of every 10 of
the last integration points. Remember that for the classical technique
of LEs, transient integration is performed for 100,000 time units (with
time step 0.01) and 10,001 more time units (with time step 0.001) are
used to compute the LEs. As the LEs are defined as a limit, with this
classical technique, it takes a long time to ensure a good approxima-
tion of the LEs. Therefore, with DL, it takes less integration time to
approximate the full LEs spectrum.

In Fig. 3, from left to right, the analyses of LE1, LE2 and LE3
are depicted. In the first row, the results obtained with the classical
technique in [1] are represented, the second row corresponds to the DL
prediction, and in the third row the signed difference between the value
given by classical techniques and DL is studied. To obtain the plots in
first and second rows, black is assigned to LEs with a value around
0, a gray scale is used for negative values (different gray scales have
been used in the colorbars for a better interpretation: in all panels white
is assigned to the smallest colorbar value in the negative range and a
sufficiently dark gray is assigned to the largest colorbar value), and a
warm color gradation is used for positive values. Moreover, a minimum
and a maximum value are fixed for each LE (that means that, for
example, for the case of LE1, LEs of magnitude greater than 2.5 are rep-
resented with the same color as Lyapunov exponents of magnitude 2.5,
those with magnitude less than −1.5 are in the same color as those of
magnitude −1.5, and the intermediate values follow the aforementioned
gradation). The choice of such minimum and maximum values does not
affect the results since it is a usual way of representation for LEs. The
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Fig. 3. 2D analysis of Lyapunov exponents in the Lorenz system (𝜎 = 10) when training with non-random data (Huber loss value [0.115 ± 0.005]). From left to right, LE1, LE2 and
LE3 analyses are depicted. From top to bottom, results with classical techniques, with DL techniques, and signed differences between both approximations (classical values minus
DL values). The lines in the top-left panel correspond to 𝑟-parametric lines from which the training data (light green) and the validation dataset (dark green) are obtained. (See
the text for more details.).

third-row plots show the signed difference between the LE obtained
with classical techniques minus the approximation obtained with DL.
Dark red represents positive differences greater than or equal to 2,
fading to white as they approach zero. Blue intensifies with increasing
negative differences, with dark blue indicating values less than or equal
to −2.

At first glance, comparing the graphical results of first and second
rows in Fig. 3 obtained with classical and DL techniques, it can be seen
that, even predicting only with the short time series of the first variable
𝑥 of the Lorenz system, DL is able to reproduce quite well the magnitude
of all the LEs. For all three LEs, the regions where the network seems
to fail the most are the right boundary of the right chaotic region, and
the upper right corner. At this boundary, a long transient chaos occurs.
As it can be seen in the third row of Fig. 3, the DL approximations
for the first LE are really good (soft colors correspond to positive or
negative differences close to 0). For the remaining two LEs, the largest
differences (dark blue and dark red) are in the right part (transient
chaos) of the biparametric plane. Despite these small areas with non-
precise approximations due to the short temporal dynamics of the time

series, DL predictions would allow to perform a first dynamical analysis
of the represented biparametric plane providing useful qualitative and
quantitative approximations of the LEs. The Huber loss value is [0.115 ±
0.005], not a large value considering the demanding task.

Fig. 4 assets the quality of the prediction of the three Lyapunov ex-
ponents (LEs) with respect to the traditional methods [1]. The absolute
differences between the LEs estimated by the classical algorithm and
the CNN are computed. The proportion of samples within each error
interval—[0, 0.05], (0.05, 0.1], (0.1, 0.5], and (0.5,+∞)—is determined,
and each interval is assigned a color (green, blue, yellow, and red,
respectively) as indicated in the legend at the bottom of the figure,
resulting in the final error plots.

For LE1 (left panel) the largest errors are committed for LE1 ≤ −0.4.
As already mentioned in the 1D analysis, such LE values correspond
to equilibrium points whose LE magnitude is not significant at all for
a dynamical study. It is remarkable that for |LE1| around 0, for more
than half of the samples, the error is less than or equal to 0.05. For
LE1 > −0.4 in almost all samples, such prediction error is less than
or equal to 0.5. Taking into account that the prediction is performed
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Fig. 4. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 3) of the Lorenz system when training with non-random data. From left to
right, LE1, LE2 and LE3 results are depicted. The color code is shown at the bottom. (See the text for more details.).

using a short time series of only one system variable, and without any
additional dynamical information, the predictions are quite accurate.
For LE2 (middle panel), perhaps the most important LE magnitude
values for a dynamical analysis are those around 0, which can provide
some insight into, for instance, period-doubling bifurcations. The error
analysis indicates that for |LE2| around 0, for 40% of the samples the
prediction is performed with an error no larger than 0.05. Finally, the
errors in the LE3 prediction (right panel) are quite good since for all
LE intervals the error is less than or equal to 0.5 in more than 20%
of the samples and this is a difficult approximation. We conclude that
this DL technique allows us to predict all LEs with only one short single-
variable time series, and no other dynamical information of the system,
with a good approximation (to the best of the authors’ knowledge,
using other techniques only the MLE is obtained when just one variable
information is used).

3.2. Random data

In Section 3.1, we assumed that we already have the Lyapunov
exponents values in a few parametric lines and used such data for
training and validation. Now we assume that we do not have any
previous Lyapunov exponents data and hence we have to generate
it to train the neural network. Therefore, we consider random data
along the entire parametric plane that we want to study in detail. For
this approach, we randomly choose 24,000 (𝑟, 𝑏)-values (𝜎 = 10) with
𝑏 ∈ [2, 3] and 𝑟 ∈ (0, 300], and we obtain the 𝑥-time series (then,
similar samples are removed, and the remaining ones are normalized).
Finally, 8000 samples are randomly chosen for training (batch size 128),
2000 for validation (batch size 100), and 2000 for test (batch size 100).
Notice that again only 8000 samples are directly related to training.
The network architecture is the one presented in Section 2.1.

The value of the Huber loss for training dataset is [0.054 ± 0.003]. The
corresponding values for validation and test datasets are [0.052 ± 0.003]
and [0.057 ± 0.003], respectively. Note that the mean and standard
deviation values are sufficiently small for all datasets. Although the
value of the test mean is larger than this one for training, we consider
that the difference is not significant enough to confirm that the DL
technique suffers from overfitting. Therefore, it can be concluded that
the training process has been successful. As indicated for the non-
random case, the data used for the analyses with the trained CNN are
just time series of 𝑥-variable of length 1000.

Fig. 5. 1D analysis (𝜎 = 10, 𝑏 = 2.2) of the Lyapunov exponents in the Lorenz system
when training the CNN with random data (Huber loss value [0.055 ± 0.003]). The LEs
obtained with classical techniques are in black, and the results given by DL are in
red (mean value of the predicted values with the 10 networks) and green (interval
[mean± standard deviation (std)] obtained with the prediction of the 10 networks).
The orange and purple shaded regions correspond to the zones where the DL technique
seems to give worse results. The blue shading is used in a comparison with the analysis
in Fig. 2.

3.2.1. 1D analysis
As a first test, we consider the study of a one-parameter line. In

Fig. 5, the CNN trained with random data from the (𝑟, 𝑏)-parametric
plane has been used for the LEs approximation in one 𝑟-parametric
line (𝜎 = 10, 𝑏 = 2.2 and 6000 equidistant 𝑟-values in (0, 300]) of such
plane. As in Fig. 2 (non-random case), in top panel LE1 is shown, LE2
is in the middle panel, and finally, in the bottom panel, LE3 is studied.
The value of the Huber loss is [0.055 ± 0.003]. The mean and standard
deviation values are small, so we can confirm that the prediction task
was successful.

As in the case of non-random data (see Section 3.1, Fig. 2), the
orange part (equilibrium points, EPs) and the purple one (transient
chaos) are those where the network seems to fail the most. However,
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if we compare the results obtained with each data creation technique,
it can be seen that training with random data can give more accurate
results in the critical region shaded in purple: in LE1 the variability is
smaller, and in LE2 and LE3, the shape followed by the DL results is
more similar to that of the ground truth. This is an expected fact as
a random sweep to create the training data allows to obtain a greater
variability in the dynamical behavior for training than restricting to
only a few 𝑟-parametric lines.

Outside of these problematic regions, the LE predictions of the CNN
trained with random data are accurate and with small variability. Let
us compare the results in these zones with those in Section 3.1 (Fig. 2).
Taking into account the graphical representations, the predictions of
LE1 and LE3 seem to present no major differences. However, in the
prediction of LE2 it is remarkable that the random case allows the
network to predict more accurately and with less variability the LEs
in the blue shaded region (a magnification of this zone is shown in
the figure). According to the loss function value, the predictions of the
random case are better than the ones of the non-random approach as
the loss interval [0.052, 0.058] is closer to the origin than [0.086, 0.096].

3.2.2. 2D analysis
Now we show the results of applying the trained CNN for LEs

prediction in an (𝑟, 𝑏)-parametric plane (𝜎 = 10, 1000 equidistant values
for 𝑟 ∈ [0, 300] and 1000 for 𝑏 ∈ [2, 3]). Fig. 6 is equivalent to Fig. 3,
but now the CNN trained with random data has been used. Notice that
only 8000 samples were taken for training (and 2000 for validation)
from the (𝑟, 𝑏)-parametric plane in the figure. As in the non-random
case, to compute the time series used by the DL technique, a transient
integration is performed for 1000 time units and then the integration
is continued for 100 more time units (fixed time step 0.01). The input
time series of length 1000 of the CNN are constructed with 1 out of
every 10 of the last integration points. Note that, with respect to the
classical technique of LEs, less time is needed to obtain the time series
used by the CNN to calculate the full LEs spectrum.

In Fig. 6 we compare the results obtained with classical and DL
techniques, and it can be seen that, even predicting only with the first
variable 𝑥 of the Lorenz system, DL is able to reproduce quite well
the LEs study of this region. At first sight, only the right boundary
of the right chaotic region seems to present possible errors as it is
blurred. This is the zone where transient chaos occurs and DL is
expected to fail. However, if we compare it with the corresponding
boundary in the non-random case (see Fig. 3), it can be seen that the
quality of the DL prediction is better for all LEs when random dataset
is used. In fact, this improvement occurs throughout the parametric
plane in general. For example, the upper right corner whose values
where incorrectly predicted in the non-random case (see Fig. 3) is now
correctly represented. With a deeper visual analysis, the reader may
notice that in the LE2 approximations, the predictions of the random
case can help to detect some bifurcation lines (or dynamical changes)
that the non-random technique did not allow (or not so clearly). For
instance, the thin black line around the 𝑟 parameter values between
150 and 200 (in the middle of the two large chaotic regions) in the LE2
classic panel appears in the DL panel of Fig. 6 for large values of 𝑏
and there is a darker gray line for smaller ones. In Fig. 3 this change
cannot be seen so clearly. Another example is the black line around 𝑟
parameter values between 250 and 300. In the non-random case, there
are some black segments that do not give a clear idea of a continuous
line. However, for the random prediction, even when black is almost
not present, a continuous darker gray line highlights it. Regarding the
signed difference between classical and DL approximation (third row of
Figs. 3 and 6), we can see that the sign of the difference is, in general,
the same for non-random and random cases (same regions with red,
white and blue colors), although the magnitude is considerably reduced
with random approach in the right zone of the biparametric plane. The
value of the Huber loss for this random case is equal to [0.079 ± 0.006].

This interval [0.073, 0.085] is closer to zero than the one of the non-
random data case [0.110, 0.120], so the results are more accurate for
the random case as already shown in the 1D analysis.

In the second row of Fig. 7 an error analysis equivalent to that in
Fig. 4 is given for the random case. For LE1 (left panel), as in the non-
random case, the largest errors occur for LE1 ≤ −0.4. It is remarkable
that for |LE1| around 0, for about 60% of the samples, the error is
less than or equal to 0.05 (little improvement over the non-random
case). For LE1 > −0.4 the error is less than or equal to 0.5 for almost
100% of the samples. For LE2 (middle panel) and LE3 (right panel)
the advantage of training with random data instead of non-random
is notable. For LE2, when the values are around 0, the percentage
of samples with an error less than or equal to 0.05 is 40% in non-
random case and more than 60% in the current case. For LE3, the
results are better in the random case. Notice that these predictions are
quite good considering that the network did not have much information
for training and, to the best of the authors’ knowledge, there is no other
technique able to approximate LE3 under these conditions.

To complement this analysis, in the first row of Fig. 7, we have
drawn on the (𝑟, 𝑏)-parametric plane the error value for each time
series (following the color code of the bar plots). Such representation
allows to identify the regions with each magnitude of error in the
approximation of the LEs. Note that the largest error (red color for
errors in the interval (0.5,+∞)) is concentrated mainly for the three LEs
in the left part of the plane (that corresponds to equilibrium points), in
the boundary regions, and in the right part (where transient chaotic
dynamics is present). As explained before, these are zones where the
worst approximations are expected to occur. However, the green color
(error less than or equal to 0.05) is the predominant one despite the
demanding task.

With all the studies performed on the Lorenz system, it can be
concluded that a good LE analysis can be performed with DL whether
non-random or random data is used for training (the latter providing
better results). It is important to highlight that a small number of short
time series are used for training (only 8000 for training, and 2000 more
for validation, of length 1000), and only the 𝑥-variable of the system
is used, making this a simple but powerful technique. Moreover, it is
also a fast technique. As indicated in the part Lorenz system of Table 2,
it takes less than 1 h and 40 min to compute a biparametric analysis
from scratch with DL on the Lorenz system. Around 36 min (36% of
the total time used by the DL process) are needed to obtain the raw
data that will be used to create training, validation and test datasets
(CPU with parallel computing). Less than 40 min (40% of the total
DL time) are spent on data selection (CPU), that is, preparing data
and creating the three mentioned datasets. To train one CNN (CUDA
with PyTorch) less than 10 min (10% of the total DL time) are used
(the results in the paper are obtained from 10 randomly initialized
CNNs, but as the standard deviation of the loss function is small, and
as in the 1D case the variability seems to be small, it is expected that
using a single trained CNN will be sufficient to obtain good results).
Finally, around 14 min are used to obtain the full LEs spectrum with
the trained CNN in a biparametric plane with dimension 1000 × 1000:
only around 3 s are spent on the network prediction performed in
CUDA with PyTorch, and the remaining time is used to obtain the time
series used as input to the network (CPU with parallel computing for
some computations). Notice that most of the time used by DL (76%) is
focused on obtaining suitable data to train the network properly. With
classical techniques (CPU with parallel computing), around 25 h are
needed to perform such biparametric analysis. Therefore, comparing
both techniques (classical and DL), with DL, time is reduced by 93.3%
approximately. In fact, once the network has been trained, the time
needed to obtain the biparametric analysis is less than 1% of the time
used by classical techniques. Furthermore, if the time series are given
and only the LEs are computed with the CNN, it only takes 3 s to obtain
the full LEs spectrum of the system.
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Fig. 6. 2D analysis of Lyapunov exponents in the Lorenz system (𝜎 = 10) when training with random data (Huber loss value [0.079 ± 0.006]). From left to right, LE1, LE2 and LE3
analyses are depicted. From top to bottom, results with classical techniques, with DL techniques, and signed differences between both approximations (classical values minus DL
values). (See the text for more details.).

Table 2
Time analysis for an LE biparametric study with DL and classical techniques. Top: Approximate time needed to perform a biparametric analysis with DL from scratch for the classic
Lorenz system and a coupled Lorenz system. For each system, the left column corresponds to the time needed for each DL task (total time is given in the last row), the middle
column is for the percentage of time involved in each DL task, and the right column is dedicated to show the percentage of time used by DL with respect to the time needed by
the classical technique of LEs for the same analysis. Bottom: Table with the approximate time used by the classical technique of Lyapunov exponents for both systems and the
same biparametric analysis. Same meaning for the columns as explained for DL.
DEEP LEARNING Lorenz system Coupled Lorenz system

Time % w.r.t. DL % w.r.t classical Time % w.r.t. DL % w.r.t classical

Creation of raw data 36 min 36% – 68 min 49.275% –

Data selection 40 min 40% – 44 min 31.884% –

Training one CNN 10 min 10% – 10 min 7.246% –

Biparametric analysis. Data 14 min 14% 0.933% 16 min 11.594% 0.494%

Biparametric analysis. Prediction 3 s 0.05% 0.003% 3 s 0.036% 0.002%

Total time 1 h 40 min 100% 6.667% 2 h 18 min 100% 4.259%

CLASSICAL TECHNIQUE LEs Lorenz system Coupled Lorenz system
Time % w.r.t. DL % w.r.t classical Time % w.r.t. DL % w.r.t classical

Biparametric analysis. Whole process 25 h – 100% 54 h – 100%
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Fig. 7. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 6) of the Lorenz system when training with random data. From left to right,
LE1, LE2 and LE3 results are depicted. The first row corresponds to the errors represented in the parametric plane. In the second row, the bar plots display the errors associated
with different intervals of Lyapunov exponent values. The color code is shown at the bottom. (See the text for more details.).

4. LEs approximation for the coupled Lorenz system

In this section, the two approaches used for the Lorenz system to
approximate the full LEs spectrum with DL (and only single-variable
time series) are applied to the system obtained by coupling two almost
identical Lorenz systems (see Eq. (2)). Remember that in the first
approach (non-random case) a CNN is trained using time series of a
few 𝑟-parametric lines, and in the second one (random case), the same
architecture is trained from scratch using information with random pa-
rameter values from an (𝑟, 𝑏)-parametric plane. As already mentioned,
these two approaches will show that DL techniques can be used to
extend a partial classical study of the system (first approach) or to do
the analysis from random data (second approach). The performance of
both approaches in approximating the LEs in the coupled Lorenz system
will be compared. Moreover, we will show that DL techniques allow
to locate hyperchaotic behavior and to find regions with invariant tori
using only one variable of the system (in this case, 𝑥1).

The architecture of the CNN used for this task (in both approaches)
is the one presented in Section 2.1. The training, validation and test
datasets from the coupled Lorenz system for both approaches are
obtained in an equivalent way to how such sets are constructed for
the isolated Lorenz model (see Section 3). The initial conditions are
(𝑥1, 𝑦1, 𝑧1, 𝑥2, 𝑦2, 𝑧2) = (1, 1, 1, 1, 1, 1), the coupling parameters 𝜆1 and 𝜆2
are set to 0.1, and the time series used by DL will be 𝑥1-time series.

In the non-random approach, the value of the Huber loss for the
training dataset is [0.016 ± 0.002]. For the validation and test datasets,
the value of the loss function is [0.048 ± 0.001] and [0.056 ± 0.004],
respectively. Although the mean value for the test set is a little larger
than the corresponding value for the training set, we consider that
the difference is not sufficiently large to discard the network due to

overfitting. In the random approach, the value of the Huber loss for
training, validation and test datasets is [0.024 ± 0.003], [0.024 ± 0.004]
and [0.023 ± 0.003], respectively. Notice that the mean and standard
deviation values are small enough for all three datasets.

As the study we perform on the coupled Lorenz system is quite
similar to that performed on the Lorenz system in Section 3, for sim-
plicity, we present together the results obtained with both approaches.
In Section 4.1 and Section 4.2, 1D and 2D analyses are performed with
both approaches to show that the approximation of the full LEs spec-
trum of a high-dimensional system using DL and short (length 1000)
single-variable time series is possible. Moreover, in Section 4.3 we use
the approximation of the LEs to perform a dynamics classification of a
biparametric plane.

4.1. 1D analysis

In Fig. 8, the trained CNN has been used to obtain the LEs approx-
imation of an 𝑟-parametric line with 𝑏 = 2.2, 𝜎 = 10 and 𝜆1 = 𝜆2 =
0.1 (6000 equidistant 𝑟-values in the range [0, 300] are considered).
Note that this line is parallel to the 𝑟-parametric lines used in the
non-random approach to create the training and validation datasets
(see top-left panel of Fig. 9 where light green 𝑟-parametric lines are
the ones used for the training dataset, and dark green one is for the
validation set). The panels in the left column of Fig. 8 correspond to the
approximation of the full LEs spectrum obtained with the non-random
approach, and those on the right show the results of the random
approach. In all panels, the ground truth of the LEs (computed with
the algorithm in [1]) is in black, the mean of the predicted values
with the 10 networks is in red, and the variability (i.e., the interval
[mean± standard deviation (std)] obtained with the prediction of the
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Fig. 8. 1D analysis (𝜎 = 10, 𝑏 = 2.2, 𝜆1 = 𝜆2 = 0.1) of the Lyapunov exponents in the coupled Lorenz system when training the CNN with non-random data (left column) and
random data (right column). The Huber loss value in the non-random approach is [0.274 ± 0.023], and in the random approach it is [0.273 ± 0.027]. The LEs obtained with classical
techniques are in black, and the approximations given by DL are in red (mean value of the predicted values with the 10 networks) and green (interval [mean± standard deviation
(std)] computed with the prediction of the 10 networks). Orange shading corresponds to equilibrium points (EPs) where the network is expected to fail. Blue shading is used to
compare non-random and random approaches.

10 networks) is in green. The value of the Huber loss is [0.274 ± 0.023]
in the non-random case, and [0.273 ± 0.027] in the random approach.

At first glance, in Fig. 8 we can observe how both DL approaches
provide very good approximate values of the six Lyapunov exponents
using just short single-variable time series! The interval with con-
vergence to an equilibrium point (orange shaded region) is the zone
where the DL technique seems to provide the worst results for both
approaches. As indicated for the Lorenz system, inexact results can be
expected in this region due to the normalization rule. However, as the
LEs of this type of dynamics do not provide useful information beyond
the negative sign in the first exponent, we can consider that the DL
prediction has been successful in this part as well.

Comparing both approaches, we observe that training with random
data gives more accurate results in the right part of the line (blue
shading): the DL results for the last four Lyapunov exponents are closer
to the ground truth values and the shape is more similar. As in the
Lorenz system, using a random sweep to create the training data allows
to obtain more variability in the dynamical behavior for training (and
therefore better approximations of the LEs spectrum) than restricting
this data to only a few 𝑟-parametric lines.

In any case, the CNN that was trained only with a small num-
ber of 𝑥1-time series is able to predict the full LEs spectrum, giving
correct values with only a small variability, using both non-random
and random training data. This is a remarkable result, since only
short single-variable time series are sufficient to approximate all six
Lyapunov exponents using a properly trained CNN, and, to the best of
the authors’ knowledge, this is not possible with other techniques.

4.2. 2D analysis

In this subsection we use the trained CNN to perform a biparametric
analysis of the coupled Lorenz system. In Fig. 9 (non-random approach)
and Fig. 10 (random approach) we have the LEs study (with classical
and DL techniques) and the signed difference between the approxi-
mations of both methods for the (𝑟, 𝑏)-parametric plane with 𝜎 = 10,
𝑟 ∈ [0, 300], 𝑏 ∈ [2, 3] and 𝜆1 = 𝜆2 = 0.1 (1000 point values for each
varying parameter, which makes a total of 106 points). These figures
are equivalent to Fig. 3 (non-random approach) and Fig. 6 (random
approach) of the Lorenz system (same explanation for the gradation
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of the colorbars). As in the isolated system, to obtain the time series
used as input by the DL technique, a transient integration is performed
for 1000 time units and then the integration is continued for 100 more
time units (time step 0.01 for the whole integration). The CNN input
time series of length 1000 are built with 1 out of every 10 of the last
integration points. Therefore, with respect to classical techniques, less
integration time is needed to approximate the full LEs spectrum.

From Figs. 9 and 10 we can observe how the DL technique seems to
work correctly for both approaches. The non-random approach shows
worse approximations in the transition areas from regular to chaotic
behavior and vice versa, but in any case the overall result is quite
good taking into account the demanding task. The Huber loss value for
this biparametric plane in the non-random case is [0.046 ± 0.002], and
for the random approach it is [0.023 ± 0.004]. In both cases the mean
value and standard deviation are small, indicating that the process has
been successful. It is remarkable that even using only a small number
of short single-variable time series (and without additional dynamical
information), the approximation for all LEs (in both approaches) is
similar to that provided by the classical technique (which uses more
integration time and all system variables). This good approximation
will allow to perform dynamics classification to determine, for example,
hyperchaotic regions (see Section 4.3).

In Fig. 11 (non-random approach) and in the second and fourth
rows of Fig. 12 (random approach), we have the error analysis of each
approach. Such analyses are equivalent to the ones in Fig. 4 (non-
random approach) and the second row of Fig. 7 (random approach)
for the isolated Lorenz system. As in the Lorenz system case, these
analyses are given separately for each Lyapunov exponent. For each
exponent, the samples are divided into different groups according to
their LE value given by the classical technique (see the LE intervals on
the horizontal axis of the plots). For each LE interval, the percentage
of samples belonging to each of the error intervals ([0, 0.05], (0.05, 0.1],
(0.1, 0.5] and (0.5,+∞)) is calculated and a color is assigned to each
error interval (green, blue, yellow and red, respectively). As expected,
the advantage of training with random instead of non-random data is
remarkable for the performance of the Lyapunov exponents approxi-
mation: the percentage of samples whose error is larger that 0.5 (red
color) is considerably lower for the random case. For both approaches,
the approximation is better for LE1 and LE2 (error is less than or equal
to 0.5 in almost 100% of the samples), but the results for the remaining
LEs are still surprising considering that the six LEs are obtained only
from single-variable time series.

To enhance the error analysis, in the first and third rows of Fig. 12
we have drawn in the (𝑟, 𝑏)-parametric plane, for the random case, the
error for each time series (same color code as in the bar plots). With
this representation we can identify the regions with each magnitude
of error in the LEs approximation. Notice that the red color (largest
possible error interval) is not visible in the graphical representation of
the first two LEs, and for the remaining LEs it is present mainly in the
right part of the biparametric plane. In general, for all LEs, the green
color (smallest error) is the predominant one.

From the studies performed on the coupled Lorenz system, it can
be concluded that a good LE analysis is obtained with DL whether
non-random or random data is used for training (the second approach
provides better results). It is remarkable that a small number of short
(length 1000) time series have been used for training (8000 samples for
training, and 2000 more for validation), and that only one of the six
variables of the system is used (without other dynamical information).
Therefore, this is a simple but powerful technique. In addition, it is
also a fast technique. As indicated in the Coupled Lorenz system part of
Table 2, to obtain a biparametric analysis (of this coupled Lorenz sys-
tem) from scratch with DL, approximately 2 h and 18 min are needed.
About 68 min (49.275% of total DL time) are spent on obtaining the
raw data used later to create training, validation and test datasets (CPU
with parallel computing). It takes less than 44 min (31.884% of total
time used by DL process) to perform data selection, i.e., to prepare

the data and to create the three mentioned datasets (CPU). To train
one CNN (CUDA with PyTorch), about 10 min (7.246% of total DL
time) are used (as already indicated for the isolated Lorenz system,
the results in the paper are obtained from 10 randomly initialized
CNNs, but as the results obtained for this coupled system are good and
with small variability, it is expected that using a single CNN will be
sufficient to obtain good results). Finally, it takes around 16 min to
obtain the full LEs spectrum on a biparametric plane with dimension
1000 × 1000 using the trained CNN: only 3 s (0.036% of the total DL
time) are needed for the network prediction on CUDA with PyTorch,
the remaining time (11.594% of total DL time) is used to compute
the time series used as network input (CPU with parallel computing
for some calculations). With classical techniques (CPU with parallel
computing), it takes almost 54 h to obtain such biparametric analysis.
So, comparing both techniques (classical and DL), with DL the time is
reduced by approximately 96%. In fact, once the network is trained,
the time needed to obtain the biparametric analysis is less than 0.5%
of the time used by classical techniques. Moreover, if the time series
are given and only the LEs need to be computed with the trained CNN,
it only takes 3 s to obtain the full LEs spectrum of the system.

4.3. Dynamics classification

Finally, in Fig. 13 we use the LEs approximation obtained with DL
(random approach) to study different dynamical regimes that can be
found in the parameter space of the coupled Lorenz system (comparing
the results with those given by classical techniques).

In panels (A1) and (A2), we can see the study of Lyapunov expo-
nents with classical and Deep Learning techniques (random approach),
respectively, in the (𝑟, 𝑏)-parametric region analyzed in Section 4.2.
Each color range corresponds to a different dynamical regime (see col-
orbars above). To obtain these analyses, we have used the approximate
value of the LEs (given by each technique) to classify the dynamics and
we have chosen the most appropriate LE to represent in each case. In
particular, for classification with both techniques (classical and DL),
the threshold 0.1 is used in such a way that if LE ∈ [−0.1, 0.1], then
the LE value is considered to be zero (notice that the definition of LEs
involves a limit, so it is necessary to set a threshold). The region with
tori is marked with blue gradation and the value of the third LE is
represented (notice that the first and second LEs are 0 in this case).
The red and green gradations coincide with chaotic and hyperchaotic
dynamics, respectively (the value of the first LE is drawn in both cases).
The yellow part corresponds to the case where the dynamics evolves to
an equilibrium point (EP). Note that less information is used in the DL
approximation (only single-variable time series that are shorter than
the ones used by classical techniques), but all regions are well defined
and correspond to those indicated by the LE approximation given by
classical techniques.

In panels (B1) and (B2), we have represented the first (black),
second (red), and third (purple) LE of the 𝑟-parametric line studied
in Section 4.1 given by the classical and DL (random approach) tech-
niques, respectively. Note that this line is the dashed dark purple line
in panels (A1) and (A2), so we are going to analyze the LEs value to
verify the behavior represented in these biparametric panels. From left
to right, a region of equilibrium points is found (first LE is negative
and corresponds to the yellow region in panels (A1) and (A2)). Then,
a small chaotic zone is identified since the first LE is positive and
the second one is zero (red region in panels (A1) and (A2)). Later, a
large hyperchaotic region is represented (first two LEs are positive)
that coincides with the green region in panels (A1) and (A2). Next,
a small chaos-torus-chaos zone is shown. Note that the torus region
corresponds to the blue part of panels (A1) and (A2), and with the
first two LEs equal to zero. Finally, there is a large hyperchaotic region
followed by a small chaotic region and a large part with tori. Notice that
all these different zones are clearly identifiable in panel (A2) obtained
with DL.
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Fig. 9. 2D analysis of Lyapunov exponents in the coupled Lorenz system (𝜎 = 10, 𝜆1 = 𝜆2 = 0.1) when training with non-random data (Huber loss value is [0.046 ± 0.002]). The
analyses of the six LEs of the system are depicted for classical and DL techniques. The signed difference between classical and DL approximations is also studied. The lines in the
top-left panel contain the data used to create the training data (light green) and the validation dataset (dark green). (See the text for more details.).
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Fig. 10. 2D analysis of Lyapunov exponents in the coupled Lorenz system (𝜎 = 10, 𝜆1 = 𝜆2 = 0.1) when training with random data (Huber loss value is [0.023 ± 0.004]). The analyses
of the six LEs of the system are depicted for classical and DL techniques. The signed difference between the approximations given by each method is also studied. (See the text
for more details.).
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Fig. 11. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 9) of the coupled Lorenz system when training with non-random data. The
color code is shown at the bottom. (See the text for more details.).

Finally, in panels (C1), (C2) and (C3), the main dynamics of this
biparametric region are represented (colored dots have been included
on the horizontal axis of panels (B1) and (B2) to locate the orbits on
the one-parameter line). In panel (C1), a 3D representation of a torus
(𝜎 = 10, 𝑏 = 2.2, 𝑟 = 280, 𝜆1 = 𝜆2 = 0.1) and its 2D projection are
drawn. In panel (C2), a 3D representation of a chaotic orbit (𝜎 = 10,
𝑏 = 2.2, 𝑟 = 17, 𝜆1 = 𝜆2 = 0.1) of the coupled Lorenz system is shown. In
panel (C3), a 3D representation of a hyperchaotic orbit (𝜎 = 10, 𝑏 = 2.2,
𝑟 = 210, 𝜆1 = 𝜆2 = 0.1) and its 2D projection are represented.

5. Conclusions

The Lyapunov exponents spectrum of a dynamical system is possibly
one of its most fundamental properties as it permits to characterize the
dynamics of the system. Its computation can be highly computationally
expensive, especially if one focuses on a classification problem in a
parametric plane. But this information can provide a global overview
of the dynamics, so it is quite important.

In this paper, a well-known Deep Learning network (Convolutional
Neural Network, CNN) has been built and trained to carry out the
approximation of the full Lyapunov exponents spectrum of a dynamical
system. The training process is performed using as data only single-
variable time series and the full Lyapunov exponents spectrum of a
small number of points in the parameter space we want to study. Once
trained, the network only needs short time series of a single variable
of the system to approximate the LEs spectrum, which means a great
reduction in time and memory. The methodology has been applied to
two test problems: the Lorenz system and the coupled Lorenz system.

For the Lorenz system, we have used the trained CNN to study the
behavior of an 𝑟-parametric line and an (𝑟, 𝑏)-parametric plane of the
parameter space. For the coupled Lorenz system, we study the behavior
on the corresponding 𝑟-parametric line and (𝑟, 𝑏)-parametric plane as in
the isolated Lorenz model, but now as the system has dimension six,
we use the network to approximate the six Lyapunov exponents. We
highlight that the training process uses just a few lines of one-parameter
data or a short number of random points to create a network capable of
performing biparametric studies. This is a remarkable result that shows
the power of DL techniques in dynamical systems studies.

For the biparametric study of the Lorenz system, it takes about 25 h
to perform such analysis with classical techniques, while with the CNN
less than 2 h are needed for the same task. A 93.3% of the time is saved
with DL techniques (if time series are given, the prediction time is just
3 s). In the case of the biparametric study of the coupled Lorenz system,
it takes almost 54 h to obtain this analysis with classical techniques,
while with the CNN just over two hours are necessary. Therefore, a 96%
of the time is saved with DL (if time series are given, the prediction time
is just 3 s).

We conclude that Deep Learning can be used not only to analyze the
behavior (regular, chaotic or hyperchaotic) of a dynamical system, but
also to quantify the values of the Lyapunov exponents spectrum, that
is, to go beyond a classification problem. Our results show that even
dense 2D parametric studies can be carried out in a very reasonable
time using data from only a small portion of the global phase space.
However, a deeper study would be necessary to know how far we can
go using these techniques in this and other dynamical systems tasks. In
summary, we have shown that inference of the full Lyapunov exponents
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Fig. 12. Error analysis of Lyapunov exponents prediction in the (𝑟, 𝑏)-parametric plane (studied in Fig. 10) of the coupled Lorenz system when training with random data. The
first and third rows correspond to the errors represented on the parametric plane. In the second and fourth rows, the bar plots show the error for the six LEs. The color code is
in the box below. (See the text for more details.).
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Fig. 13. Study of different dynamics in the coupled Lorenz system. (A1)-(A2) (𝑟, 𝑏)-parametric study (𝜎 = 10, 𝜆1 = 𝜆2 = 0.1) of LEs with the classical and DL techniques (random
approach), respectively. Each color corresponds to different dynamics as indicated in the colorbars above: yellow for equilibrium points (EPs), blue for tori, green for hyperchaos,
and red for chaos. (B1)-(B2) 𝑟-parametric study (𝜎 = 10, 𝑏 = 2.2, 𝜆1 = 𝜆2 = 0.1) of the first, second and third LE with classical and DL techniques, respectively. This one-parameter
line is marked with the dashed dark purple line in panels (A1) and (A2). (C1)-(C2)-(C3) Representations of a torus (𝑟 = 280), a chaotic orbit (𝑟 = 17) and a hyperchaotic orbit
(𝑟 = 210), respectively (points on the horizontal axis in panels (B1) and (B2) locate the orbits in the parameter space). In all panels, the initial conditions are set to 1 for all the
variables.

spectrum from a short single-variable time series is possible and robust
with DL.
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Abstract The synchronization patterns exhibited by
small networks of neurons that regulate biological pro-
cesses (CPGs) have aroused growing scientific inter-
est. In many of these networks there is a main behav-
ioral pattern within the parameter space. In particu-
lar, in the context of insect locomotion, tripod walking
stands out as a predominant pattern, both in natural
observations (where insects walk on tripod gait) and
in mathematical models. This predominance appears
to be stable under parameter variations within the net-
work, suggesting a possible correlation with the under-
lying network topology. Tripod walking can be natu-
rally extended to all CPGswith a bipartite connectivity.
Then a natural question arises: Are “generalized tripod
gaits” equally dominant among synchronization pat-

Supplementary Information The online version contains
supplementary material available at https://doi.org/10.1007/
s11071-024-09830-2.

Á. Lozano (B)
Departamento de Matemáticas and IUMA, Computational
Dynamics group,University of Zaragoza, 50009Zaragoza, Spain
e-mail: alozano@unizar.es

R. Vigara · C. Mayora-Cebollero · R. Barrio
Departamento de Matemática Aplicada and IUMA, Computa-
tionalDynamics group,University of Zaragoza, 50009Zaragoza,
Spain
e-mail: rvigara@unizar.es

C. Mayora-Cebollero
e-mail: cmayora@unizar.es

R. Barrio
e-mail: rbarrio@unizar.es

terns within those networks? To investigate this, we
carried out a comprehensive study covering all bipar-
tite networks of up to nine neurons. For each of those
networkswe numerically explore the phase space using
a quasi-MonteCarlo method to see what are the main
synchronization patterns that the network can achieve.
Then, all those patterns are grouped according to their
dynamics. Generalized tripod gait was observed in all
cases examined as the dominant pattern again. How-
ever, certain cases revealed additional stable patterns,
mainly associatedwith the 3-colorings of the respective
graph structures.

Keywords Small networks · Bipartite networks ·
Dominant pattern · Central pattern generators

Mathematics Subject Classification 37N25 · 37C27 ·
92B20

1 Introduction

The study of patterns in directed networks is today a
current line of research [1] due to the large number
of practical applications. In the large amount of possi-
ble network configurations, the bipartite networks are a
common type of networks whose nodes are organized
into two main groups. Therefore, bipartite networks
are useful for pairwise relationships between two dif-
ferent groups of nodes [2], as in predator/pray, pro-
ducer/consumer, left-side/right-side, and so on. These
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kinds of situations are quite common in nature, biology,
social relationships, food web, …

The review [3] provides a description of certain
important classes of biological networks that exhibit
a native bipartite structure and their associated data.
Ecological networks are a typical example and can be
subdivided into three main types: food webs, mutualis-
ticwebs, and host-parasitoidwebs.Most of themcan be
described using bipartite networks [4,5]. Beyond eco-
logical networks, bipartite biomedical and biomolec-
ular networks, such as gene-disease network [6] and
modeling of protein complexes as networks, are more
abstract since the network is usually designedusingvar-
ious indicators of human diseases or molecular inter-
actions. Epidemiological networks are another com-
mon type of models that use bipartite networks. In
this case the nodes are related with individual patients:
bipartite structures can be built based on individu-
als who are classified by gender, location, infectious
agent,…Related with these networks are global net-
works of social relations based primarily on behavioral
patterns of individuals or groups.

Recently, the use ofmore specificmodels is growing,
especially in the study of small neuron networks [7],
like the Central Pattern Generators (CPGs), which
are neuronal circuits that when activated can gener-
ate rhythmic motor patterns even in absence of sensory
input (see [8–10]).

In such networks, structure can be defined at two lev-
els: (a) at the structural connectivity level (how neurons
are connected with each others), (b) at the functional
connectivity level (how subgroups of neurons are fir-
ing in synchrony). At the structural connectivity level,
some connectivities are such that they can be repre-
sented as exclusive subsets of neuronswith connections
only among subsets, and no connections among neu-
rons within a subset. When connections are between
two subsets only, we will call it a bipartite connectiv-
ity (see Fig. 1a where black white circles form the two
structural bipartition). At the functional connectivity
level, some networks yield rhythmical activities where
some subgroups of neurons fire together in turn, so neu-
rons can be now partitioned according to the dynamical
pattern of activity (see Fig. 1). When there are two sub-
groups of synchronized neurons, we will denote this
bipartite (dynamical) pattern, andwhen there are three,
we will denote this tripartite (dynamical) pattern.

Hence, in CPGs, the existence of bipartite connec-
tivity is of special interest with regards to their relation

with bipartite patterns, like in the CPG that controls
the movement of animals [11,12]. Therefore, bipartite
networks can be applied to a wide range of problems,
and so a theoretical study of possible small bipartite
networks that can lead to some special pattern config-
urations is of great interest.

A first common attempt to study the dynamics of a
network is to consider networks of oscillators [13–15],
which allows to provide some theoretical insights. In
the case of generic small networks we have recently
proposed [16] two numerical techniques to deal with
small neuron CPGs. In [16,17] we applied these tech-
niques to the bursting neuronCPGmodel introduced by
Ghigliazza and Holmes [18] to model the movement of
insects (cockroaches). Throughout this article, we will
call GH network this network.

GH network has a bipartite connectivity and can dis-
play both bipartite and tripartite patterns, depending
on the parameters of the system, showing synchroniza-
tion patterns that correspond to insect gaits that can be
observed in nature, as the tripod (Fig. 1) or the tetrapod
gaits (Fig. 2) [16]. In particular, the tripod gait appears
as the dominant pattern [19,20] in a wide region of
the parameter space [17]. Since the connections in the
model aremutually inhibitory, it is natural to expect that
the connected neurons should not all be active at the
same time, and so that synchronization pattern would
determine a partition of the set of neurons. It is also
natural to wonder if the prevalence of tripod gait is to
some extent a consequence of network bipartiteness.

Themain goal of this article is to investigate if bipar-
tite patterns are dominant in bipartite networks as in the
GH network. To see at which extend network connec-
tivity determines the synchronization patterns, we have
considered every network made of 6 to 9 neurons with
bipartite connectivity. For each of them, we have sam-
pled initial conditions to describe the distribution of
its emerging synchronization patterns. We report here
some results about those distributions.

This article is organized as follows. In Sect. 2 we
introduce the equations and methodologies of the
model. Section2.4 is dedicated to giving the definitions
of color synchronization patterns. Section3 presents
the results, shows the dominance of bipartite patterns,
and illustrateswhy in somenetwork topologies it is pos-
sible to have non-bipartite patterns. Finally, we present
our conclusions at the end of the paper.
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Fig. 1 Tripod gait. In the GH neuron network, with graph struc-
ture as in (a), each neuron is assumed to control one of the hexa-
pod’s legs, as it is suggested in (b), where active neurons are
painted in red. A leg is moving if its control neuron is active
(bursting). During tripod gait, neurons’ bursting intervals syn-
chronize with each others as depicted in (c). Activation and inac-

tivation intervals of neurons are usually represented schemati-
cally in an hexagram as the one in (d). The neurons activate in
groups of three, i.e., legs move alternatively in groups of three
and there are always three or six legs on the ground. The syn-
chronization pattern is associatedwith the 2-coloring of the graph
depicted in (a)

Fig. 2 Tetrapod gait. Neurons activate in pairs. Legsmove cycli-
cally in three groups of two. This synchronization pattern is asso-
ciated with the 3-coloring of the graph depicted in (a). Changing

one of the parameters of the system (8), the network changes its
pattern to the tetrapod gait. See [16] for details
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2 Neuron model, graph neuron networks and
methodologies

2.1 Neuron model

In this article we construct small neuron networks
where each neuron follows a Hodgkin-Huxley for-
malism adapted to the movement of insects (cock-
roaches [18]).

The dynamics of one isolated neuron are described
in terms of a fast nonlinear calcium current, ICa , a
slower potassium current IK , a very slow current IK S ,
a linear leakage current IL , and an external current Iext.
The ODE system describing the dynamics of the action
potential v, the potassium gate m and the slow potas-
sium gate w is

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C v̇ = −(ICa + IK + IL + IK S) + Iext,

ṁ = ε

τm(v)
[m∞(v) − m],

ẇ = δ

τw(v)
[w∞(v) − w],

(1)

with the auxiliary ionic current functions defined by

ICa = gCan∞(v)(v − ECa), IK = gKm(v − EK ),

IL = gL (v − EL), IK S = gK S w (v − EK ),

(2)

and where the different time scales and steady state
gating variables are

τm(v) = sech
( k0K (v−vthK )

2

)
,

τw(v) = sech
(
k0K S (v − vthK S)/2

)
,

(3)

and

m∞(v) = (
1 + e−2k0K (v−vthK )

)−1
,

w∞(v) = (
1 + e−2k0K S (v−vthK S)

)−1
,

n∞(v) = (
1 + e−2k0Ca (v−vthCa)

)−1
.

(4)

The parameters C , ε and δ determine the time scales of
v,m andw. If X denotes any of the considered ions, EX

is the Nernst potential, gX is the maximal conductance,
and k0X is the steepness of the transition happening at

threshold potential vthX . Thismodel can produce alterna-
tion between a rest state with a flat potential and a burst
of fast oscillations of v around a high voltage, mim-
icking the action potential of a neuron without explicit
refractory periods nor activation thresholds (as in LIF
or QIF neurons). See §3.3 and §4 of [21] for details on
its parameters and global dynamics.

The results of these experiments are expected to be
similar for other types of excitable neuron models.

2.2 Neuron networks

Consider an undirected, connected and without loops
graph with N vertices. We denote the degree of one of
its vertices x , the number of adjacent vertices, by dx .
To build its associated neuron network model we con-
sider a copy of (1) for each vertex x which represents
a neuron of the network. For any variable “A” of the
ODE system (1) the subscripted term “Ax” denotes the
copy of this variable for the neuron x .

Since synapses are directional,wewill consider each
edge as two opposed synapses between the neurons.We
modeled them using the voltage based synapse model
of [18], given by the following ODE system

ṡx = α s∞(vx )(1 − sx ) − βsx ,

s∞(vx ) = Tmax

1+e−kpre(vx−Epre) . (5)

This new synapse variable sx of neuron x will affect
its post-synaptic neurons as follows: In this paper all
synapses are inhibitory, thus, we add a subtractive
(inhibitory) term to the first equation of (1) getting

C v̇x=−(
(ICa)x+(IK )x+(IL)x+(IK S)x

)+Iext−(Isyn)x ,

(6)

being

(Isyn)x = gsyn
vx − Epost

dx

∑

y adj x

sy, (7)

where y runs over all the vertices of the graph adja-
cent to x (cf. [16,18]) and gsyn denotes the synaptic
strength. As we can see in (7), we average the action
of all pre-synaptic neurons. Hence, it can be seen that
the maximal inhibitory current is the same across the
network.
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For instance, in the case of the GH network we have
that the different values of the extra current (Isyn)x for
each neuron potential vx are:

(Isyn)1 = 1
2 gsyn (v1 − Epost) (s2 + s4),

(Isyn)2 = 1
3 gsyn (v2 − Epost) (s1 + s3 + s5),

(Isyn)3 = 1
2 gsyn (v3 − Epost) (s2 + s6),

(Isyn)4 = 1
2 gsyn (v4 − Epost) (s1 + s5),

(Isyn)5 = 1
3 gsyn (v5 − Epost) (s2 + s4 + s6),

(Isyn)6 = 1
2 gsyn (v6 − Epost) (s3 + s5).

(8)

In general, with this construction, we obtain a 4N -
dimensional ODE system. Obviously, this ODE sys-
tem presents the same symmetries as the underlying
network.

Notice that the inhibitory actions along edges can be
asymmetric: the inhibitory current that x receives from
y could be different from the inhibitory current that y
receives from x , as those are averaged among number
of neighbors as in the example of the GH network.

On the other hand, while all the neuron networks
are directed (as synapses are), for the sake of simplic-
ity, we just show the topology of the connection graph
identifying opposed synapses.

Since we are investigating the ubiquity of a gener-
alization of the tripod gait for other neuron networks,
we have taken a set of parameter values for which the
tripod gait is ubiquitous in the GH network [17]. We
have fixed the parameters of the system to

gCa = 4.4, gK = 8, gK S = 0.15, gL = 2,
C = 1.2, ECa = 120, EK = −80, EL = −60,
Epre = 2, Epost = −70, Iext = 35.5,
Tmax = 0.002, vthCa = −1.2, vthK = 2,
gsyn = 0.03, vthK S = −24, k0Ca = 0.055,
k0K = 0.1, k0K S = 0.4, kpre = 0.22, α = 5000,
β = 0.18, δ = 0.005, ε = 4.9.

We should remark that the weights of the synaptic vari-
ables si used in [17] are different from those of (8).
In our previous work we used the conditions of [18]
where pre-synaptic si variables are weighted averaged:
the weight of the synapses from 1 to 2, 3 to 2, 4 to 5
and 5 to 6 was half of the weight of the others (neurons
numbered as in Fig. 1). Despite of this difference, fixed
the rest of the parameters, the dynamic patterns are the

same for both dynamical systems, namely, the tripod
gait of Fig. 1, see [16,17].

2.3 Quasi-Monte Carlo sweep. Patterns

The main goal of this article is to investigate if bipartite
patterns are dominant in bipartite networks as in the 6-
neurons GH CPG network. That is, we want to know
the fraction of initial conditions producing a bipartite
pattern in the long run compared to the rest of pat-
terns, for all bipartite networks with up to 9 neurons.
Since the phase space is 4N -dimensional, where N is
the number of neurons, it is computationally unfeasi-
ble to sweep a region of this space with a (traditional)
fixed step sweep. Even the coarsest of the partitions
with 2 single points in each dimension of the swept
region would require millions of initial conditions to
integrate and the result would not be representative of
the swept region (they would be just the corners of the
4N -dimensional cube of initial conditions selected).
Hence, we have applied the quasi-Monte Carlo sweep
technique [16,17] described below. For each neuron
network, this technique combines: (i) the choice of
an appropriate set of initial conditions; (ii) a numer-
ical integration of the neuron network ODE system for
each of these initial conditions; and (iii) a final post-
processing of the solution until we obtain a pattern,
which will be a discrete, purely combinatorial object
associated with the underlying network.

Now, for each neuron network we select 200 initial
conditions (this is true for the rest of the simulations on
this paper) using Halton sequences [22], a well-known
low discrepancy sequence generator.

The initial membrane potentials are between
−20.2mV and 4.8mV, and the rest of variables are con-
fined to [0, 1].

The system is integrated, using the DOPRI78 inte-
grator (a classical embedded RK method of Dormand
and Prince [23,24]), for t ∈ [0, 100] to allow it to even-
tually reach a periodic orbit. If this is the case, we com-
pute the bursting (active) intervals of each neuron (the
duty cycle). To do so, we compute a moving standard
deviation along the voltages and declare a neuron active
if this standard deviation surpases a given threshold.
Then, we build the firing pattern with this informa-
tion: the period of the orbit is divided into ranges along
which the status of the network (the sets of active and
inactive neurons) remains constant. The limit points of
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each of these ranges coincide with the moment of acti-
vation or inactivation of one or more neurons, and vice
versa: everymoment of activation or inactivation of any
neuron is a limit point for these ranges.

Since we want to identify dynamical patterns that
are similar, independently of the global time scale, we
drop the ranges which are too small with respect to
the longest one. More precisely, we fix a parameter
tsmall ∈ (0, 1), and a range is discarded if its length is
smaller than tsmall · TMAX, where TMAX is the greatest
length among all ranges. After this filtering, we obtain a
sequence of ranges with the status of each of them, and
we remove the length of events to group patterns with
the same combinatorial behavior. If the network has p
neurons x1, . . . , xp , the status of a specific range can be
stored in the binary expansiona1 . . . ap withai = 0 or 1
if xi is inactive or active respectively for i = 1, . . . , p,
or equivalently in the number s = ∑p

i=1 ai2
i−1 lying

between 0 and 2p − 1. If the period of the solution has
been divided into r ranges, at the end we get an integer
vector (s1, . . . , sr ) with s j ∈ {0, 1, . . . , 2p − 1} for
j = 1, . . . , r which is the pattern of the solution for
the chosen initial conditions.

For each of the considered networks we finally
obtain (at most) 200 patterns, but some of them could
be equivalent. Two patterns are considered equivalent
if they are related by: (i) a reordering of the neurons of
the network; (ii) a cyclic translation of the pattern coor-
dinates; (iii) an automorphism of the network graph; or
(iv) a combination of the previous operations. After a
final post-processing to check equivalences, the pat-
tern list is divided into equivalence classes. The final
output of the processing is, for each network, a list
of patterns (representatives of each equivalence class),
together with the size of the equivalence class of each
of them.

2.4 Color synchronization patterns: definitions

Agraph isq-colorable if its vertices canbegrouped into
q disjoint non-empty subsets in such a way that adja-
cent vertices lie on different subsets of the partition.
If this is the case, such decomposition is a q-coloring
of the graph and the subsets are the colors. A graph is
bipartite if and only if it is 2-colorable. Two q-colorings
of a graph are equivalent if they are related by an auto-
morphism of the graph, and they are said to be different

otherwise. It is easy to deduce that all 2-colorings of a
bipartite graph are equivalent.

On the other hand, a synchronization pattern on a
neuron network defines in a natural way a partition of
the set of neurons: two neurons x, x ′ are in the same
subset of the partition if they have overlapping bursting
intervals or if there is a sequence of neurons

x = x0, x1, . . . , xQ = x ′ (9)

from x to x ′ such that each xi has an overlapping burst-
ing interval with xi+1. We say that the pattern is a q-
color pattern if the partition defined by the pattern is
a q-coloring of its underlying graph. The pattern is a
color pattern if it is a q-color pattern for some q. Fol-
lowing the notation fromgraph theory, a 2-color pattern
is also called a bipartite pattern. With this notation, the
tripod gait on the GH network is a bipartite pattern
while the tetrapod gait is a 3-color pattern. All the pat-
terns that were obtained in [16,17] for the GH network
are q-color patterns for q = 2, 3 or 4.

Remark 1 As already commented, since synapses are
inhibitory, it is natural to expect that connected neu-
rons would not be active at the same time. Therefore,
it is also natural to expect that color patterns form an
important subfamily of synchronization patterns.

3 Results

In order to study all the possible patterns, we have
applied the quasi-Monte Carlo sweep (Sect. 2.3) to all
the 982 bipartite bidirectional networks constructed as
in Sect. 2.2 from the bipartite graphs with up to 9 ver-
tices of the dataset of [25]. The following results were
obtained taking tsmall = 0.25. We took this high value
to simplify the resulting patterns as much as possible.
Nevertheless, with smaller values of this parameter the
results were quite similar, with the exception that is
discussed in Sect. 3.3.

We show possible examples of results on a particular
network in Fig. 3 to illustrate the existence of numer-
ous patterns on each network. For display purposes,
we only show the connectivity of the network, but all
synapses are bidirectional (see Sect. 2.2).We also show
the corresponding time series and synchronization pat-
terns. Synchronization patterns are usually represented
schematically in diagrams, like those in Figs. 1d and 2d,
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Fig. 3 All observed
patterns in a 9-neurons CPG
considering a set of 200
initial conditions in a Halton
sequence. The total
percentage of each pattern is
indicated. The time series of
the 9 neurons are presented
for each pattern, and they
show the bursting dynamics
of each neuron and the
synchronization patterns.
We have colored the groups
of neurons according to
their synchronization with
tsmall = 0.25

where each horizontal line represents the state (active
or inactive) of a single neuron. These diagrams fit well
with the examples presented.

Note that any network can have a large number of
patterns (multistability), but the size of its basin of
attraction can be very small. We estimate it by con-
sidering the number of initial conditions that converge
to each one and giving the corresponding percentage. In
Fig. 3 we show for a particular 9-neurons CPG exam-
ple all the patterns (5 patterns) found considering a
set of 200 initial conditions in a Halton sequence. By
increasing this number more patterns may appear, but
with a low percentage value. Furthermore, most of the
patterns maintain the same bursting dynamics (same
number of spikes per burst), but some of them change

the number of spikes per burst in some neurons (see
neuron 6 in the last pattern). We remark that we have
set along the article a fixed threshold percentage (5%)
to perform the analysis, but in this example we show all
the found patterns. We have colored the groups of neu-
rons according its synchronization with tsmall = 0.25.
Note that increasing the value tsmall allows more pat-
terns to be considered equal and therefore increase their
overall percentage and pass the threshold percentage.
For the fourth pattern we show two sets of time series
with a slight difference on one of its neurons that are
considered equal with tsmall = 0.25. This difference is
seen taking tsmall = 0.05.

In the following, we will represent synchronization
patterns for generic networks together with network
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topology with a 3D representation (Fig. 5 and follow-
ing) where we draw some copies of the network in par-
allel horizontal planes and vertical cylinders represent
the activation intervals of the corresponding neurons.
We remark that the use of graph techniques in networks
has also been recently considered in [26].

3.1 Dominance of bipartite patterns

The first result that we discuss is that for the selected
parameter values, which are within the tripod gait dom-
inance region for the insect movement network, there
is an evident predominance of bipartite patterns, that
is, tripod-type patterns. The results we have obtained
are the following:

• 100/70 rule: in 100% of the graphs considered, the
bipartite pattern appeared in more than 70% of the
sampled initial conditions, and in near 70% of the
graphs (627 of the 982 graphs) the bipartite pattern
appeared in 100% of the sampled initial conditions.

• 95/90 rule: for around 95% of the graphs (929
out of 982), the bipartite pattern appeared in at
least 90% of the sampled initial conditions, and for
nearly 90%of the graphs (863out of 982), the bipar-
tite pattern appeared in at least 95% of the sampled
initial conditions.

Moreover, in more than 99% of the graphs (978 out
of 982), the bipartite pattern appeared in at least 80%
of the simulations. Thus, it is clear that the bipartite
pattern is predominant for all the networks, at least
with the chosen set of parameters.

Remark 2 The actual patterns depend heavily on
the initial conditions used for the quasi-Monte Carlo
method. Different initial conditions may report slightly
different patterns, since we depend on 200 sampled
points on high dimensional spaces. However, the global
picture is the same for other sets of initial conditions.

3.2 Non-bipartite patterns

In our simulations there appeared other synchroniza-
tion patterns different from the bipartite ones. We will
focus in those non-bipartite patterns that have a relevant
statistical significance: we will take into account only
those patterns that appear in more than 5% of the sim-
ulations of the corresponding network. Among all the

considered networks, 83 have a non-bipartite pattern
(Fig. 4): 71 of them have just one non-bipartite pattern
and 12 of them have two non-bipartite patterns. This
makes a total number of 95 non-bipartite patterns, 87
of which are 3-color patterns. The remaining 8 non-
bipartite patterns are not color patterns and they can be
divided into two classes. On one hand, there are three
patterns where there are no connected neurons firing
at the same time but such that the sequences of partial
overlappings of the bursting intervals produce that con-
nected neurons are in the same subset of the partition
defined by the pattern. These examples are depicted in
Fig. 5, where it can be seen that in fact all the neurons
of the network are connected by the sequence of burst-
ing interval overlappings and thus the partition defined
by the pattern is the trivial partition containing only the
whole set of neurons. On the other hand, there are 5 pat-
terns (Fig. 6) where the partition defined by the pattern
contains 3 subsets, but such that there are “bad edges”
connecting neurons that fire at the same time despite
inhibitory coupling. Those patterns are the only ones
that contradict Remark 1, and they deserve a further
investigation.

3.3 tsmall and strong vs weak synchronization patterns

For a given activity pattern, we can distinguish two
levels of synchronization according to the type of inter-
sections between the bursting intervals of different neu-
rons that can be found. On the one hand, there are pat-
terns where the bursting intervals of the neurons are
fully synchronized: if two neurons are both active at
some point, the coincidence of their bursting intervals
is complete. On the other hand, there are patterns where
partial overlappings between bursting intervals occur:
there are neurons which are all active at some com-
mon time but whose bursting intervals do not coincide
(Fig. 5). We will call strong patterns to the former ones
and weak patterns to the latter.

We have investigated if the obtained patterns are
strong or weak synchronization patterns. For non-
bipartite patterns our findings depend heavily on
the pre-processing of the pattern data. As we have
explained in Sect. 2.3, in order to identify similar pat-
terns, in some step we discard parts of the dynami-
cal pattern which happens for a small amount of time,
quantified by a fixed parameter tsmall ∈ (0, 1). When
this parameter is small, very few non-bipartite patterns
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Fig. 4 All the graphs
having a non-bipartite
pattern from 6-neurons up
to 9-neurons CPG networks.
In the sake of visualization,
we just show the
connectivity of the network,
but all the synapses are
bidirectional, see Sect. 2.2

are strong synchronization patterns. As this parameter
grows,more synchronizationpatterns are associated (as
we are discarding short length differences between the
patterns) and more of them become strong. For exam-
ple, if tsmall is set equal to 0.05 only 3 non-bipartite
patterns are strong patterns (Fig. 7). On the contrary,
when tsmall is set equal to 0.25, there are only 4 weak
synchronization patterns. Three of them can be seen in
Fig. 5, the remaining one has a “bad edge” (Fig. 6e). On
Fig. 6a-d we present the 4 non-bipartite strong with a

“bad edge”, that is, with an edge connecting neurons
that fire at the same time despite inhibitory coupling.

It is important to remark that this dependence on
the parameter tsmall does not occur for bipartite pat-
terns: bipartite patterns appear always as strong pat-
terns even for very small values of tsmall.
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Fig. 5 Three weak patterns
with tsmall = 0.25. Although
connected neurons never
fire at the same time, the
concatenation of partial
overlappings of the bursting
intervals produce that
connected neurons are in the
same subset of the partition
defined by the pattern. There
is another weak pattern but
it has a bad edge (Fig. 6e)

3.4 Some remarkable findings

We end this sectionwith some remarkable results about
patterns on cyclic graphs and non-bipartite graphs.

3.4.1 The octagon: starry traveling waves on cyclic
graphs

The diagram of Fig. 5a shows a special pattern on the
cyclic graph of 8 vertices (the octagon). In this pattern
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Fig. 6 Non-bipartite
patterns with a “bad edge”.
There are connected
neurons whose bursting
intervals coincide
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Fig. 7 The only non-bipartite strong patterns with tsmall = 0.05

(a)

(b)

Fig. 8 The (8, 3)–star traveling wave pattern

the neurons are firing consecutively following a starry-
like traveling wave. There is an ordering of the eight
neurons

x1 → x2 → x3 → x4 → x5 → x6 → x7 → x8 (10)

such that xi fires exactly after xi−1 for i = 2, . . . , 8 (and
x1 fires again after x8) with a certain delay, causing
an overlapping of their bursting intervals. The order-
ing of the neurons is the one used for drawing the 8-
pointed star out from the vertices of the regular octagon
(Fig. 8a): (i) starting from any vertex we jump to the
vertex located 3 positions further (clockwise or coun-
terclockwise, clockwise in Fig. 8a); (ii) we repeat this
movement with all the jumps in the same sense (clock-
wise or counterclockwise) until we are back at the start-
ing vertex. As we can see in Fig. 8b, the pattern period
is divided into 16 ranges such that at each range there
are alternatively 2 or 3 firing neurons.

In our experiment for the octagon, the bipartite pat-
tern was present in 82% of the simulations, while the
starry traveling wave pattern (considering as the same
the clockwise and counterclockwise cases) appeared
in the remaining simulations. We have investigated if
similar starry traveling wave patterns have the same
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Fig. 9 3-color patterns in the 9-gon and in the 12-gon

importance for other cyclic graphs. From now on we
will use the terms p-gon or Cp to denote the cyclic
graph with p vertices. In our original experiment there
only appeared the cyclic graphs of orders 4, 6 and 8 (the
only bipartite cyclic graphs with up to 9 vertices). The
bipartite pattern appeared in around 100% and 90% of
the simulations for the 4-gon and for the 6-gon, respec-
tively. In the remaining simulations for the 6-gon there
appeared the 3-color pattern of Fig. 7a.

There is a well-known general procedure for draw-
ing a p-pointed star out from the vertices of Cp:

(i) choose a positive integer number q coprime with
p and with q < p/2;

(ii) starting from any vertex x1 of Cp, jump to the
vertex located q positions further (say clockwise)
and join both vertices with a segment;

(iii) repeat (ii), each time starting from the final vertex
of the previous step, until reaching x1 again. If
we call (p, q)–star to the resulting figure, we can
consider an associated (p, q)–star travelingwave
pattern in the network with underlying graph Cp

in the same way as we explained for C8 before.
With this notation, the pattern in C8 considered
before is an (8, 3)–star traveling wave pattern.

We made the simulations also for the cyclic graphs
of order 5, 7, 9, 10, 11 and 12, with the following find-
ings:

• For p = 5, 7, 11 (prime numbers) the whole set
of found patterns were star traveling wave pat-
terns. For p = 5, 7 almost 100% of the patterns
are the (5, 2)– and (7, 2)–star traveling wave pat-
terns, respectively. For p = 11, the (11, 2)–star
traveling wave pattern appears in 92% of the simu-
lationswhile the (11, 3)–star travelingwave pattern
appears in the remaining ones.

• For p = 9, the (9, 2)–star traveling wave pattern
appears in 97% of the simulations.

• For even p (p = 10, 12) the resulting graph is
bipartite and as it could be expected the bipartite
pattern is again dominant, appearing in 71% and
65% of the simulations respectively. For p = 12,
almost all the remaining cases took the form of the
(12, 5)–star traveling wave pattern.

• For pmultiple of 3 (p = 9, 12) the 3-color patterns
of Fig. 9 appear but without statistical significance:
only in 1.5% and 0.5% of the simulations for C9

and C12 respectively.
• For p = 10, there appears no star traveling wave
pattern. Instead, the non-bipartite cases converged
to the pattern depicted in Fig. 10a. In this pattern,
each neuron is fully synchronized with its oppo-
site one. Starting from a couple of firing neurons
x1, x̄1 located at opposite vertices of C10, with a
delay of 2/3 of their bursting interval, the neurons
x2, x̄2 located 2 positions further (clockwise in the
picture) from x1, x̄1 respectively start their activity
intervals, and so on. This pattern can be seen as the
coupling of two interlaced/synchronized (10, 2)–
star traveling wave patterns, having in mind that a
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Fig. 10 The non-bipartite
pattern on the 10-gon.
Opposite neurons are fully
synchronized. When 2/3 of
the bursting interval of one
pair of opposite neurons has
elapsed, the neurons located
two positions further from
them (in clockwise order in
the picture) fire up
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(10, 2)–star is not even a star but a 5-gon, indeed.
With this viewpoint, the 3-color pattern of the 6-
gon depicted in Fig. 7a can be considered also as
the coupling of two (6, 2)–star traveling wave pat-
terns.

Therefore, it seems that, at least for the chosen set of
parameters, for odd p (non-bipartite connectivities) the
(p, 2)–star pattern is the dominant pattern in Cp. For
even p the bipartite pattern is dominant in Cp but it is
not clear which must be the second pattern in impor-
tance for a generic p. It is also interesting to note that
when p is a multiple of 3 (p = 9, 12) the quite sym-
metric patterns of Fig. 9 rarely appear.

If p is even, as p increases, the percentage of simu-
lations giving rise to the bipartite pattern decreases in
favor of the star traveling wave patterns.

3.4.2 Non-bipartite examples

We wonder if it is possible to predict the dominant
patterns of non-bipartite networks from the network
topology. In Sect. 3.4.1 we have seen a few examples
(cyclic networks with odd number of neurons), where
the starry traveling wave patterns appeared as domi-
nant. We have studied a couple more examples: the 3-

color networks whose underlying graphs are the com-
plete 3-color graphs K222 and K333 of Fig. 11. In gen-
eral, the complete 3-color graph Kabc, with a, b, c ∈ N,
is constructed by taking three sets with a, b and c ver-
tices and connecting each vertex of a set with all the
vertices of the other two sets (and not connecting ver-
tices within the same set). These graphs are interest-
ing because they are not bipartite, their 3-coloring is
unique, and every 3-colored graph with a, b and c ver-
tices in its colors is a subgraph of Kabc.

We have performed the simulation for those two
networks. Their 3-color patterns of Fig. 11c, d are the
most relevant ones, but their dominance is weaker than
that of the bipartite pattern in bipartite networks. The
3-color pattern appears in around 50% of the simula-
tions for K222, and in 40% for K333. Thus, the domi-
nance of bipartite patterns for bipartite networks can-
not be extended to 3-color patterns in 3-colorable, non-
bipartite, networks.

4 Conclusions

This article shows how in some situations the topology
of the network has a strong influence on its dynamics.
The tripod and tetrapod gait pattern appearing in the

Fig. 11 3-color patterns on
complete 3-color graphs

123



15564 Á. Lozano et al.

Ghigliazza and Holmes CPG model for the movement
of insects have natural generalizations in color patterns
for general directed networks.

In particular, tripod gait has a natural generalization
as bipartite patterns for directed bipartite networks. We
have generalized GH network to networks over a gen-
eral graph, and using a set of parameters for which
the tripod gait is ubiquitous for this model we have
checked if bipartite patterns are also ubiquitous in other
cases. We have explored all bipartite networks of up to
9 neurons, and the bipartite pattern appears as the dom-
inant pattern in all cases. In the particular case of cyclic
graphs, we have studied the possibilities of the graphs
of order 5, 7, 9, 10, 11 and 12 and we have seen that for
odd p the (p, 2)–star pattern is the dominant pattern
in Cp. This result is a first attempt to study larger net-
works where these structures have a lot of sense (like
in the movement of centipedes).

This dominance of bipartite patterns and other inter-
esting cases that appear too, suggest some topics that
deserve further research, such as:

• the dominance of bipartite patterns for longer net-
works and other regions of the parameter space;

• patterns with bad edges, where connected neurons
are fully synchronized;

• patterns in cyclic networks, with special attention
to starry traveling wave patterns;

• the importance of 3-color patterns in 3-colorable,
non-bipartite networks; and

• which dynamical patterns are stable under random
perturbation of the parameters?
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In this chapter we discuss the published articles that are part of the doctoral thesis. Section 3.1 is de-
voted to the article Dynamics of excitable cells: Spike-adding phenomena in action [1] published
in SeMA Journal. Section 3.2 focuses on the article Deep Learning for chaos detection [2], pub-
lished in Chaos: An Interdisciplinary Journal of Nonlinear Science. In Section 3.3, the article Full
Lyapunov exponents spectrum with Deep Learning from single-variable time series [3], which has
been published in Physica D: Nonlinear Phenomena, is discussed. Finally, the discussion of the article
Dominant patterns in small directed bipartite networks: Ubiquitous generalized tripod gait [4]
published in Nonlinear Dynamics is in Section 3.4.

3.1 Dynamics of Excitable Cells: Spike-Adding Phenomena in Action [1]

Our objective in the article Dynamics of excitable cells: Spike-adding phenomena in action (SeMA
Journal) [1] is to study the dynamics (in particular, the spike-adding phenomena) of excitable cells, such
as neurons and cardiomyocytes (cardiac muscle cells), using standard techniques as spike-counting
sweeping and numerical continuation of bifurcations. On the one hand, we perform a detailed analysis
of the dynamics of the Hindmarsh-Rose model when the small parameter ε is varied. For standard
values of ε , the numerical continuation of bifurcations allows us to describe the scenario of the spike-
adding phenomenon. Moreover, geometric bifurcations help to understand dynamical changes when ε

is varied out of that standard range. Finally, topological templates provide insight into the topological
structure of the chaotic attractors of the system. On the other hand, we study the implications of the
spike-adding phenomenon in more realistic models related to insect movement and cardiac dynamics.

The Hindmarsh-Rose (HR) model [9] is a simplified neuron model derived from the Hodgkin-
Huxley framework [8] that, while being computationally simple (and therefore suitable for dynamical
analyses), provides a good qualitative description of the behavior of biological neurons. It is given by
the following system of ordinary differential equations:





ẋ = y−ax3 +bx2− z+ I,
ẏ = c−dx2− y,
ż = ε[s(x− x0)− z],

where x is the membrane potential, y and z are the fast and slow gating variables (that represent the
dynamics of ion channel gates that control the opening and closing of specific ion channels), and
(a,b,c,d, I,s,x0,ε) are the parameters. In particular, ε is the so-called small parameter.

In neuron models as the HR model, one of the main dynamical behaviors is bursting (see Figure 1
in [1] for an example of fold/hom or square-wave bursting), which follows a fast-slow dynamics. The
spike-adding phenomenon, that produces the appearance of extra spikes, is present in systems with this
type of dynamics (see Figure 2 of [1]). In the Hindmarsh-Rose model, the variation of the value of the
small parameter ε allows us to perform a global study of its dynamics.

For standard small values of parameter ε , the use of the spike-counting sweeping technique [12]
(which counts the number of spikes of an orbit during one period in the membrane potential variable)
allows us to clearly visualize the spike-adding phenomenon in the HR model (see Figure 3 in [1]).
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The numerical continuation of bifurcations (using the software AUTO [102, 103]) provides insight into
this phenomenon. In Figure 4 of [1], the main bifurcations involved in it are depicted in the (b, I)-
parametric plane: primary homoclinic bifurcations, saddle-node of periodic orbits, period-doubling,
and codimension-two bifurcation points (inclination-flip and orbit-flip). A detailed study permits us to
describe the spike-adding process using such bifurcations (see diagram of Figure 5 in [1]): the isolas
of homoclinic bifurcations contain the codimension-two bifurcation points in which the pencils of the
bifurcations resulting in the increase of one spike (n to n+1 spikes) are generated.

If we allow the value of parameter ε to vary beyond its standard range, we will obtain a global anal-
ysis of the parameter space. In Figure 7 of [1], the (b, I,ε)-parametric spike-counting sweep of the HR
system is depicted. This analysis shows that when ε increases, some structures change or are not present
anymore. In fact, with bifurcation continuation techniques (software AUTO [102, 103]) we can check
that some codimension-two bifurcation points (inclination-flip and Belyakov) have disappeared. These
phenomena can be explained with the so-called geometric bifurcations (non-topological bifurcations
related to the way dynamics are represented) introduced in [22].

Notice that as we are working in the triparametric space, now the isolas of homoclinic bifurcations
that are present in each plane for fixed values of ε (see Figure 5 in [1]) generate tubular homoclinic
surfaces, and the codimension-two bifurcation points in the plane are bifurcation curves in the 3D space
(see Figure 11 of [1]). The codimension (2+ 1)-(visible or invisible) geometric “fold” bifurcations
can explain and clarify the disappearance of inclination-flip and Belyakov curves (see Figures 8 and 10
of [1]). The geometric bifurcation points in which the homoclinic surfaces have a maximum (see Figure
8 in [1]) are of “isola-type” with codimension (1+ 1) and can explain the change in the stripes of the
spike-adding cascade (different colors in the spike-counting sweep are visible in Figure 7 of [1] when ε

increases). Finally, geometric bifurcations of codimension (1+1)-“saddle-type” are also present in the
tubular homoclinic surfaces that for small values of ε have two disconnected isolas that give rise to only
one isola when ε increases (see Figure 9 in [1]).

Finally, for the Hindmarsh-Rose model we can use topological templates [24] to study the topolog-
ical structure of chaotic attractors when small parameter ε varies. As schematized in Figure 12 of [1],
topological templates are obtained by projecting the three-dimensional flow onto the stable direction,
which maintains the relative positions of the periodic orbits. In the system that concerns us, some orbits
in the template are not present in the chaotic attractor (it is non-hyperbolic), although all the orbits in
the attractor are in the template. Therefore, the template of the attractor is a subtemplate of the complete
Smale horseshoe template in which paths corresponding to orbits that are not present in the attractor are
closed. Considering that in the HR model the number of spikes increases as the value of ε approaches
zero (see Figure 14 of [1]), and that traversing more spike-adding pencils results in fewer closed paths in
the template, we can hypothesize that when ε decreases, the subtemplate is being filled. Consequently,
in the limit case, it will correspond to the entire Smale horseshoe template (see Figure 15 of [1]).

The spike-adding phenomenon that we have visualized and studied in the Hindmarsh-Rose model
using spike-counting sweeping techniques and numerical continuation of bifurcations is also related to
real processes that can be investigated with more realistic Hodgkin-Huxley type models. Changes in
insect movement patterns and the creation of Early Afterdepolarizations (cardiac dynamics) seem to be
related to that phenomenon.

Rhythmic and coordinated biological processes as walking can be represented mathematically with
small neuron networks known as Central Pattern Generators (CPGs). One particular case is the 24-
dimensional CPG model described by Ghigliazza and Holmes [26, 27] that mimics the movement of
cockroaches (hexapods). The study of changes in the movement of hexapods is of increasing interest
from both biological and robotics perspective. If the dynamics of just one isolated neuron of the Ghigli-
azza and Holmes model is studied, we can observe bursting behavior and the spike-adding phenomenon
(see Figure 17 of [1]). We choose a one-parameter line in the region where bursting occurs in the single
neuron case to perform the study of the six-neuron network (the whole CPG). In addition to using the
spike-counting sweeping technique, the quasi-Monte Carlo sweeping method is applied to obtain all the
possible gait patterns for each parameter value (and the frequency with which each one occurs). In Fig-
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ure 18 of [1] the results are depicted alongside the main movement patterns. It is clear that spike-adding
regions correspond to zones where the smoothness of pattern transition is affected. This relates the
dynamical spike-adding process and the changes in insect movement gaits. Another noteworthy result
is that the tripod gait (see Figure 16 of [1]) is always present (unstable for some parameter values, and
dominant when stable).

The electrical signals generated in a cardiomyocyte (cardiac muscle cell) as a result of changes in
the membrane potential are known as action potentials. When the membrane potential unexpectedly
increases during the phase 2 or the phase 3 of the action potential, an Early Afterdepolarization (EAD)
occurs (see Figure 19 in [1]). Early Afterdepolarizations with enough magnitude that take place in a
large tissue area can produce some dangerous phenomena, such as arrhythmias [18]. Therefore, the
analysis of the creation of EADs is relevant. Notice that the creation of Early Afterdepolarizations is
what we have called spike-adding phenomenon (term used in neuroscience) so far.

To tackle the study of the creation of EADs, we consider two mathematical models of cardiac muscle
cells: the realistic Sato model [104] with 27 variables, and the 3D Luo-Rudy model [105, 106] with 3
variables. As both represent similar behaviors, we study the high-dimensional Sato model to conjecture
what is happening, and then, with the low-dimensional one we check the conjecture. In Figure 20 of [1],
the ratio between the number of peaks and action potentials in a biparametric plane and a one-parameter
bifurcation diagram are depicted for the Sato model. With these results, a possible scheme for the
creation of EADs (spike-adding phenomenon) is conjectured. Using numerical continuation (software
AUTO [102, 103]) in the simpler model (3D Luo-Rudy model), the conjecture is verified: a periodic
orbit suffers a bifurcation that permits the appearance of alternans that evolve, potentially presenting
EADs.

In this paper [1], some techniques as spike-counting sweeping, numerical continuation of bifurca-
tions and topological templates have allowed us to obtain a global overview of the dynamics of mathe-
matical models and to explain the spike-adding phenomenon that is present in excitable cells. Moreover,
the analyses carried out in this article can be reproduced to study other models.

3.2 Deep Learning for Chaos Detection [2]

Our objective in the article Deep Learning for chaos detection (Chaos: An Interdisciplinary Journal
of Nonlinear Science) [2] is to determine if Deep Learning (DL) can be used to perform chaos de-
tection analyses in the parameter space of a dynamical system (binary classification from the point of
view of DL). We show the strengths and limitations of this new method and compare it with classical
techniques. In particular, we consider a classical discrete dynamical system, the Logistic map, and a
continuous one, the Lorenz system. For both dynamical systems, we compare the performance of three
well-known DL Artificial Neural Networks (ANNs): the Multi-Layer Perceptron (MLP), the Convolu-
tional Neural Network (CNN), and the Long Short-Term Memory (LSTM) cell. To show that our results
are independent of the initialization of the trainable parameters of the networks, for each architecture
(MLP, CNN and LSTM), we present most of the results in the format mean±standard deviation of 10
trained networks randomly initialized. All our experiments are performed using PyTorch [107].

The Logistic map [68] is a classical one-dimensional discrete dynamical system that, despite of its
simple formulation, presents complex dynamics, such as chaos and period-doubling bifurcations. The
equation of the Logistic map is

xn+1 = αxn(1− xn), (3.1)

with xn the variable at discrete time n, and α the bifurcation parameter.
Our goal is to obtain a DL-based tool such that given whatever time series from the Logistic map,

it will be able to classify it as regular or chaotic. To do this, after the selection of an appropriate
architecture (number of layers in the MLP, kernel size in the CNN, dimension of the states in the LSTM,
etc.), we have to train the network (in a supervised way). The data used for training is derived from the
Logistic map (x0 ∈ {0.5,0.9}, α ∈ [0,4)), and after a data selection process, the training set comprises
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4000 time series, each of length 1000, with half exhibiting regular behavior and the other half chaotic
behavior.

We use the trained networks to perform a chaos detection study in an α-parametric line with x0 = 0.6
and α ∈ [0,4). In Figure 3 of [2], we have graphically represented the analyses obtained with classi-
cal [77] and each DL technique (MLP, CNN and LSTM). It can be seen that the boundaries between
regular and chaotic regimes have been properly detected by all the networks. In particular, for all the
architectures and for each dynamical behavior, the mean accuracy is always greater than 98% and stan-
dard deviation is quite small (see table at the bottom of Figure 3 in [2]). So, more than 98% of the
regular and the chaotic samples have been correctly classified independently of the used network.

Moreover, it is interesting to analyze the detection given by the networks for some time series of
such α-parametric line. The results are in Figure 5 of [2]. In particular, we show the classification given
by each DL technique in two regular (examples (I) and (II)) and two chaotic samples (examples (III)
and (IV)). The time series (I) and (IV) are properly classified by all the DL architectures. However,
DL encounters problems in classifying sample (II), which is misclassified by all the architectures, and
sample (III), which is only detected correctly as chaotic by the CNN. These fails can be expected because
of the dynamics of the samples: sample (II) corresponds to a periodic orbit with many oscillations,
and sample (III) presents weak chaos (small irregularity). They are boundary orbits that would also
be complicated to classify with standard techniques. From Figure 4 of [2], it could be deduced that,
although with more than 90% of success, DL presents more problems in the classification of orbits with
Lyapunov exponent (LE) value close to 0.

The Lorenz system [63] is the classical example of a continuous dynamical system with chaotic
dynamics. The system of ordinary differential equations of the Lorenz model is





ẋ = σ(y− x),
ẏ = −xz+ rx− y,
ż = xy−bz,

(3.2)

where (x,y,z) are the variables, and (σ ,r,b) are the parameters. The parameter σ is the Prandtl number,
r is the relative Rayleigh number, and b is a positive constant. The classical values of the Lorenz chaotic
attractor are (σ ,r,b) = (10,28,8/3).

As with the Logistic map, we want a DL-based method that, once trained on the Lorenz system,
it will be able to perform chaos detection in this continuous dynamical system. In fact, as the Lorenz
system has a three-dimensional parameter space, we want to obtain a global analysis of the system just
training the DL networks in a small region of such parameter space. In particular, training data consists
of 7800 time series (half with regular behavior and the other half with chaotic behavior) of length 1000
from two r-parametric lines with σ = 10, b ∈ {2,8/3} and r ∈ (0,300].

As a first test study, in Figure 8 of [2], we show the results obtained when the trained ANNs are used
to detect chaos in an r-parametric line (σ = 10, b = 2.2, r ∈ [0,300]) not involved in the DL supervised
training process. From the graphical representation of the study, we can deduce that the MLP, even
providing reasonable results, does not seem to properly detect the behavior of some zones. The CNN
and the LSTM give similar chaos detection analyses (which are better than the one of the MLP), with
the difference that the LSTM seems to be more accurate (considering as ground truth the classical
LEs [58]) in the most-right boundary between chaotic and regular behavior. These conclusions are
supported by the numerical results given in the bottom table of the figure as the accuracy is greater for
the LSTM network (mean accuracy for regular is 96.864% and for chaotic is 98.314%). Analyzing the
performance according to the first LE value approximated by classical techniques (see Figure 9 in [2]),
as occurred in the Logistic map, lower accuracy in the dynamical classification with DL is obtained for
samples with a Lyapunov exponent value in a neighborhood of 0.

We use the trained networks to perform the chaos detection analysis of the (r,b)-parametric plane
(σ = 10, b ∈ [2,3], r ∈ [0,300]) that contains the two r-parametric lines used to train the networks.
In Figure 11 of [2], we plot the biparametric analyses obtained with classical [58] and DL techniques
(MLP, CNN and LSTM), and the errors made by each network with respect to the LEs classification
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(ground truth). The accuracy is greater than 94% for all the ANNs, but as already concluded from the
r-parametric analysis, the CNN and the LSTM perform better than the MLP. In particular, the region
where DL fails the most is the right boundary between chaotic and regular behaviors, with the LSTM
defining the boundary between both dynamical regimes much more clearly. In this zone, it occurs a
phenomenon know as transient chaos [108, 109], which makes detection challenging for any technique,
not just DL.

The LSTM network seems to outperform the other DL methods (the MLP and the CNN), so we
continue the global analysis of the parameter space of the Lorenz system with this architecture. In
fact, three other parametric planes are studied: (r,σ)-parametric plane for b = 8/3, r ∈ [1,350] and
σ ∈ [0,60] (see Figure 12 in [2]); (σ ,b)-parametric plane with r = 28, σ ∈ [0,40] and b ∈ [0,4] (see
Figure 13 in [2]); (σ ,b)-parametric plane with r = 500, σ ∈ [0,800] and b ∈ [0,100] (see Figure 13
in [2]). Notice that in these parametric planes, only a few samples belong to the r-parametric lines used
to create train dataset. The results are quite impressive as the accuracy is larger than 97.5% in the three
biparametric studies. In fact, an analysis of some time series (see Figure 14 in [2]) allows us to check
that some of the misclassifications can be explained due to the nature of the corresponding orbits that
usually are in boundary regions where bifurcations and complex dynamics can be found.

To complete the global analysis of the Lorenz system, the LSTM trained in just two r-parametric
lines is used to study the triparametric space, performing a dense 3D analysis with σ ∈ [0,800], r ∈
[1,500], and b ∈ [0,100]. To the best of the authors’ knowledge, a dense 3D analysis of the Lorenz
system had not been provided previously in the literature. From Figures 15 and 16 of [2], where this
analysis is depicted, it can be concluded that the boundary between regular and chaotic regimes is
perfectly defined with Deep Learning. In fact, 99.661% of accuracy is achieved.

In addition to the good performance in the chaos detection problem, another advantage of using DL
instead of LEs classical technique [58] is time savings (see Table VI in [2]). A biparametric analysis
of the Lorenz system with 1000× 1000 points takes around 30 minutes with the LSTM network (just
17 seconds are devoted to chaos detection once the time series are computed), while approximately 25
hours are needed when using the classical method (long time is needed by LEs to converge). In the dense
triparametric analysis with 250×250×250 points, time savings with DL are even more remarkable: 16
days are needed with classical techniques, while around half day is used when the LSTM is used (just
20 minutes are devoted for the chaos detection once time series are obtained).

From this paper [2], it can be concluded that Deep Learning is a promising technique for dynamical
systems behavior analysis. The three proposed architectures (MLP, CNN and LSTM) give similar results
in the Logistic map. However, in the case of Lorenz model, the LSTM is the best option. In fact,
training with data from a small region of the parameter space of the Lorenz system, a complete analysis
(including a dense 3D study) of chaos detection can be performed in this system using DL. Furthermore,
time savings achieved with this new powerful tool are considerable: just around 3% of the total time
required by classical technique of Lyapunov exponents is devoted to obtain the dense triparametric study
with DL.

3.3 Full Lyapunov Exponents Spectrum with Deep Learning from Single-
Variable Time Series [3]

Our objective in the article Full Lyapunov exponents spectrum with Deep Learning from single-
variable time series (Physica D: Nonlinear Phenomena) [3] is to show that Deep Learning techniques
are able to provide a good approximation of the full Lyapunov exponents spectrum of a dynamical sys-
tem with just information from one variable. This method also allows us to detect dynamical behaviors
as hyperchaos or tori using partial information. In fact, we consider two different approaches, with
non-random and with random data. The non-random approach uses LEs approximations of a few one-
parameter lines obtained with classical techniques [58] to train the DL network and expand the partial
classical analysis. The random case trains the networks using random data from a biparametric plane.
We use both approaches in the well-known Lorenz system. To increase the dimensionality and check
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the success of Deep Learning for Lyapunov exponents approximation, we couple two almost identical
Lorenz systems to obtain a six-dimensional dynamical system referred to as coupled Lorenz system. The
value of the Lyapunov exponents given by DL is computed as the mean of the approximation provided
by 10 networks with the same architecture but randomly initialized, and is compared to the approxi-
mation given by the classical technique described in [58]. All DL experiments are carried out using
PyTorch [107].

On the one hand, one of the key points of the Deep Learning implementation for this LEs prediction
task is the selection of the loss function (that is minimized during training process). Notice that in
the Lyapunov exponents approximation, the critical values are those close to zero: a significant error
in the prediction of an LE in a neighborhood of zero can result in an incorrect classification of the
corresponding orbit. So, to try to mitigate the error for these values, we use the Huber loss function [110]
that is less sensitive to outliers than the widely used Mean Squared Error (MSE) loss. On the other
hand, it is remarkable that the same CNN architecture is used independently of the studied dynamical
system, except for the output layer that has as many neurons as Lyapunov exponents that have to be
approximated.

The Lorenz system [63] is a three-dimensional continuous dynamical system given by equation 3.2.
In the literature, several LEs analyses have been performed in this system using classical techniques [54,
55]. For the non-random DL approach in this model, we take randomly 8000 time series of length 1000
from two r-parametric lines (σ = 10, b ∈ {2,8/3}, r ∈ (0,300]) to train the network. The unique in-
formation provided to the CNN is the x-time series of each sample. With the trained CNN, we perform
a one-parameter analysis for σ = 10, b = 2.2 and r ∈ (0,300]. Figure 2 of [3] shows the mean LEs
approximation obtained with DL to compare its performance with the approximation provided by clas-
sical techniques [58]. In general, the CNN results are quite accurate. However, this new technique
seems to fail in two zones of this r-parametric line: for small and for large values of r. The dynamics
corresponding to small values of r are equilibrium points. For the proper functioning of Deep Learning,
input information has to be normalized. The equilibrium points are constant time series that, accord-
ing to our normalization rule, are normalized to a random value in the interval [0,1]. This randomness
makes learning difficult, and the network is only able to recognize the behavior and assigns a negative
almost constant value to all the equilibrium points. The region for large value of r exhibits long transient
chaotic dynamics [108, 109], that already presented problems in the chaos detection task [2] with short
time series.

Finally, the same CNN trained with non-random data is used to approximate the three LEs in an
(r,b)-parametric plane with σ = 10, r ∈ [0,300], and b ∈ [2,3]. Notice that the r-parametric lines from
which the training data is obtained are contained within this plane. Therefore, as already mentioned,
we are expanding such classical partial study to the whole biparametric plane. In Figure 3 of [3], we
provide the LEs analyses performed using classical and DL techniques, along with the signed difference
between both approaches to give an intuition of the error location in the plane. Despite using just short
single-variable time series and no additional dynamical information, the results are quite good. As
expected after the one-parameter study, the worst approximations correspond to the right boundary
between chaotic and regular dynamics where chaotic transient occurs. In Figure 4 of [3], with an
absolute error bar plot, we can check the error magnitude according to the classical LEs value. The
lowest errors correspond to the first LE, however the approximations of the remaining two exponents
are quite accurate taking into account the demanding task. It is remarkable, that as desired, first and
second Lyapunov exponents whose classical value is close to 0 are properly approximated by DL.

For the random approach in the Lorenz system, we consider that we do not have any previous
classical LEs analyses. Therefore, to train the network, we generate some data (8000 samples) randomly
distributed in the (r,b)-parametric plane we want to study with DL (σ = 10, r ∈ [0,300], b ∈ [2,3]). We
use this new trained CNN to reproduce the one-parameter analysis already carried out with the non-
random approach (see Figure 5 in [3]). As more dynamical variability is provided to the network while
training because of random selection of training data, Lyapunov exponents approximations are more
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accurate with the DL random approach than with the non-random case. Although this new trained
CNN still presents some problems in the transient chaotic region, the approximations are considerably
better. If we expand the study to the biparametric plane (see Figures 6 and 7 in [3]), in the graphical
representation of the LEs approximation it is clear that this random approach presents better results than
the non-random approach. In fact, the analysis provided for the second Lyapunov exponent even permits
us to detect some dynamical changes and bifurcation lines. Comparing the signed differences (Figures
3 and 6 of [3]) and the absolute error bar plots (Figures 4 and 7 of [3]) between both approaches, it
can be deduced that in general the sign of the difference between the classical and the corresponding
DL technique is the same for both approaches, but the error magnitude is considerably reduced when
random data is used for training.

The coupled Lorenz system [78] is a six-dimensional dynamical system obtained coupling two
almost identical Lorenz systems as follows:





ẋ1 = σ(y1− x1),
ẏ1 = −x1z1 + r1x1− y1 +λ1(x2− y2),
ż1 = x1y1−bz1,
ẋ2 = σ(y2− x2),
ẏ2 = −x2z2 + r2x2− y2 +λ2(x1− y1),
ż2 = x2y2−bz2,

with (x1,y1,z1,x2,y2,z2) the variables of the system, (σ ,r1,r2,b) the bifurcation parameters, and (λ1,λ2)
the coupling parameters. For our analyses we consider the following relation for the bifurcation param-
eters r1 and r2: r = r1 = r2− 10. In [78], the attractors of such coupled system are analyzed when
r1 = r2.

For this coupled system, the non-random and the random approaches are also considered to train
the CNN. In both cases, just x1-variable time series of length 1000 are used. In particular, for the
non-random case, equivalent to the Lorenz system, 8000 samples from two r-parametric lines (σ = 10,
b ∈ {2,8/3}, r ∈ (0,300], λ1 = λ2 = 0.1) comprise the training dataset. For the random case, the same
number of samples are randomly selected from the biparametric plane with σ = 10, r∈ [0,300], b∈ [2,3]
and λ1 = λ2 = 0.1 to create such dataset. Using the trained networks with each approach, the Lyapunov
exponents of an r-parametric line (σ = 10, b = 2.2, r ∈ [0,300], λ1 = λ2 = 0.1) are approximated (see
Figure 8 in [3]). Both approaches provide good approximations for the six Lyapunov exponents despite
the complicated task (the unique information provided as input to the network are short single-variable
time series). However, thanks to the dynamical variability in training set, better results are obtained
with the random approach. As expected, both techniques fail in the approximation of LEs values for
equilibrium points (corresponding to small values of parameter r) because of the normalization rule. If
we expand the use of both DL approaches to the (r,b)-parametric plane (σ = 10, r ∈ [0,300], b ∈ [2,3],
λ1 = λ2 = 0.1), good LEs analyses are obtained (see Figures 9, 10, 11 and 12 in [3]). As in the Lorenz
system case, the boundary regions are better defined with the random approach. Furthermore, although
the sign of the difference between the classical and the corresponding DL technique is the same for both
DL approaches, the error magnitude is much smaller in the random approach.

As good approximations of all the LEs of the coupled Lorenz system are obtained with Deep Learn-
ing techniques, we use the CNN approximations of the random approach in the biparametric plane to
carry out a dynamical classification. In Figure 13 of [3] we can see that the main dynamical regimes
of the plane (tori, hyperchaos and chaos) can be correctly detected when using the LEs approximations
provided by DL. Remember that the LEs approximations of DL have been obtained using just single-
variable time series and these predictions have allowed us to detect hyperchaotic and tori zones that
with standard techniques would not be possible in such conditions. To the best of the authors’ knowl-
edge, no other algorithm can obtain an approximation of all the LEs of a dynamical system with only
single-variable time series.

One of the main advantages of using Deep Learning to obtain the full Lyapunov exponents spectrum
is time savings. In particular, for the Lorenz system, while the classical technique [58] needs around
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25 hours to obtain the biparametric analysis, the whole DL process (from the training of the network
to the completion of the biparametric study) takes less than 2 hours. In fact, time devoted to obtain the
LEs approximation of all the plane once the network is trained and the time series are computed is of
3 seconds. For the coupled Lorenz system, the time savings are similar: with classical techniques 54
hours are used, while the whole DL process needs less than 2 hours and 30 minutes (again 3 seconds
are devoted to the approximation part).

From this paper [3], it can be concluded that Deep Learning is a simple but powerful technique that
allows us to approximate the full Lyapunov exponents spectrum of a dynamical system using just single-
variable time series without any other dynamical information. To the best of the authors’ knowledge, this
has not been achieved previously with this or other technique. Furthermore, Deep Learning requires less
than 10% of the time needed by classical techniques to obtain a biparametric analysis. Both proposed
approaches (non-random and random) applied to the Lorenz system and the coupled Lorenz system
have demonstrated good performance in approximating all the LEs, failing only in expected regions.
However, the results are more accurate in the random case due to the greater dynamical variability
provided during training.

3.4 Dominant Patterns in Small Directed Bipartite Networks: Ubiqui-
tous Generalized Tripod Gait [4]

Our objective in the article Dominant Patterns in Small Directed Bipartite Networks: Ubiquitous
Generalized Tripod Gait (Nonlinear Dynamics) [4] is to analyze if the generalized tripod gait (bi-
partite pattern) is the dominant synchronization pattern in Central Pattern Generators (CPGs) with
bipartite connectivity (bipartite networks). This would provide a link between dynamics and network
topology. To do so, we reinterpret Central Pattern Generators (CPGs) with bipartite connectivity (and
bidirectional connections) as bipartite graphs. This allows us to define synchronization patterns as q-
colorings of the graph (for some q ∈N), and therefore, it permits us to establish a partition of the set of
neurons. Considering all the possible configurations of the bipartite CPGs of 6 to 9 neurons, and using
the quasi-Monte Carlo sweeping technique [28, 89], we study the possible patterns, and consequently,
the dominant one.

Central Pattern Generators are small neuron networks that once activated are capable of generating
rhythmic motor patterns even in absence of sensory input. We consider CPGs of 6 to 9 neurons (with
inhibitory synapses) generalizing the bursting neuron CPG model of Ghigliazza and Holmes [26, 27]
that replicates the movement of cockroaches. For neuron i, the corresponding ordinary differential
equations are





Cv̇i = −(ICa(vi)+ IK(vi,mi)+ IL(vi)+ IKS(vi,wi))+ Iext − (Isyn)i(vi,s j),

ṁi =
ε

τm(vi)
[m∞(vi)−mi],

ẇi =
δ

τw(vi)
[w∞(vi)−wi],

ṡi = αs∞(vi)(1− si)−β si,

with vi the action potential, mi the potassium gate, wi the slow potassium gate, and si the synapsis
variable. The remaining functions and parameters can be consulted in [4]. Therefore, for a network of
N neurons we get a 4N-dimensional system of ordinary differential equations.

These neuron networks are reinterpreted as undirected, connected and without loops graphs in which
each vertex corresponds to one of the neurons, and each edge represents two opposed synapses. As we
want to study if the bipartite pattern is ubiquitous in bipartite networks, we consider neuron network
configurations whose underlying graph is bipartite (2-colorable), that is, vertices can be divided into two
groups with adjacent vertices belonging to opposing groups. Such decomposition defines a 2-coloring
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of the graph. A synchronization pattern in a neuron network is called a bipartite (or 2-color) pattern if
the natural partition defined by this pattern forms a 2-coloring of the graph.

To examine if the ubiquity of the bipartite pattern holds for the 982 bipartite bidirectional networks
with up to 9 neurons, we fix all the model parameters to a specific point in the parameter space where the
standard Ghigliazza and Holmes network (a CPG with 6 neurons) [28] exhibits the tripod gait (bipartite
pattern) as the dominant pattern (see [4] for the concrete values of such parameters). Then, for each
bipartite network, the quasi-Monte Carlo sweeping technique [28, 89] is used to compute the percentage
of initial conditions evolving to each synchronization pattern. The idea of quasi-Monte Carlo sweeping
technique is to select 200 initial conditions using Halton sequences [111], to integrate numerically the
neuron network model, to preprocess the numerical solutions to obtain a pattern, and finally to divide
the 200 patterns into equivalence classes and compute their size. Figure 3 of [4] illustrates the different
patterns that are present in a network with a specific topology.

After such analyses, it becomes clear that for the considered parameter values, the bipartite patterns
(generalized tripod gait) are dominant. In particular, we can define the 100/70 and the 95/90 rules. The
first rule states that in 100% of the graphs, the bipartite pattern has a prevalence larger than 70%; and in
70% of them approximately, the bipartite pattern appears for all the sampled initial conditions (100%).
The 95/90 rule establishes that for about 95% of the graphs, the bipartite pattern is present in more than
90% of the simulations; and for around 90% of the graphs, in at least 95% of the initial conditions the
dynamics evolves to the bipartite pattern.

It is also interesting to investigate which are the non-bipartite patterns that appear in the simulations
of each network with a statistical relevance of more than 5%. In the 982 considered neuron networks,
71 have one non-bipartite pattern, and 12 have two (we have a total of 95 non-bipartite patterns in our
simulations). The underlying graphs of these 83 neuron networks with at least one non-bipartite pattern
are depicted in Figure 4 of [4]. Among the 95 patterns that are not 2-color patterns, 87 are 3-color
patterns (vertices can be divided into three groups, such that adjacent vertices do not belong to the same
group), and the remaining 8 are not color patterns. Figures 5 and 6 in [4] illustrate such non-color
patterns. The cases in the latter figure need further research as connected neurons fire at the same time
and this seems to contradict the use of inhibitory synapses.

This procedure, that permits us to show the ubiquitous of the bipartite pattern (tripod-like pattern)
in bipartite networks, can be generalized to study other kind of patterns and topologies. In particular,
in [4] it is investigated if the predominant patterns in (non-bipartite) cyclic graphs are the star traveling
wave patterns, or if in (non-bipartite) 3-color networks, the ubiquitous pattern is the 3-color pattern.
See Figure 8 in [4] for an example of a star traveling wave pattern in a cyclic graph, and Figure 11
for an instance of a 3-color patterns in a 3-color network. For the cyclic networks, when they are not
bipartite, the predominant pattern is the expected one (star traveling wave). In the (non-bipartite) 3-color
networks, the emergence of the 3-color pattern is not as significant as the bipartite pattern in bipartite
networks.

From this paper [4], it can be concluded that the bipartite pattern (generalized tripod gait) is ubiqui-
tous in bipartite networks, so there is a strong relation between network topology and dynamics. These
analyses have been possible by reinterpreting neuron networks as graphs and using the quasi-Monte
Carlo sweeping technique. As shown for other topologies as cyclic graphs, this method can be applied
to study the dominance of patterns in non-bipartite graphs too.
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Abstract

The analysis and study of experimental data and its classification as regular or chaotic dynamics is a relevant task
in several physical, chemical, and biological systems, in particular in cardiac dynamics and its relation to some
pathological arrhythmias. We develop an automatic algorithm that uses Deep Learning techniques combined with
comparison with cardiac map features to verify validity. This technique is especially useful in the case of very short
data where other techniques do not work properly. The algorithm is tested with a set of experimental data obtained
from live frog heart experiments, obtaining highly accurate results.

1 Introduction

Nowadays, the analysis and study of experimental data is
becoming more and more crucial to develop mathemat-
ical models and classify different possible behaviors. In
data from real experiments, different features are com-
mon, such as different lengths in the time series and pos-
sibly a very short amount of data in most cases. In this
study, we focus on a first attempt to automate the analy-
sis of chaos in cardiac time series (in our case, frog heart
dynamics data) using Deep Learning techniques and com-
parison with those of a periodically paced cardiac action
potential map [1, 2], to verify validity. Chaos dynamics in
the heart [3, 4, 5] has been proposed to exist at two levels,
in the ECG for healthy individuals [6, 7] and in tissue level
during fibrillation [8, 9] or fast pacing [10, 11], as well as
higher order periods [12, 13]. Therefore the methods pre-
sented here could help in the analysis and classification
of chaos at different regimes as well as different animal
species, including human.

Classical techniques such as Lyapunov exponents [14,
15, 16] and the 0-1 test for chaos [17] are often used to
perform chaos analysis of dynamical systems [18, 19, 20].
However, these techniques sometimes present problems
when used in real data as recordings are generally short
and noisy [21]. When dealing with large experimental
datasets it is necessary to have an automatic algorithm
for chaos analysis since human intervention on the en-
tire dataset is not feasible. Recently, some authors have
used Deep Learning (Artificial Neural Networks) to detect
chaos in a dynamical system [22, 23, 24, 25]. Could Deep
Learning (DL) be applied to perform a chaos analysis in
an experimental dataset? Notice that a chaos analysis

from the dynamical systems point of view consists of de-
tecting if a time series has regular or chaotic behavior.
From the DL perspective, it is a classification task.
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Figure 1: (A) APD restitution curve fitted to the kinetics
of the Beeler-Reuter model. (B) Scheme to illustrate the
APD, DI and BCL concepts.

During pacing of experimental or simulated a cardiac
cell or tissue, trans-membrane voltage signals, called ac-
tion potentials, can be obtained that look as shown in
panel (B) of Figure 1. These signals can be characterized
by an Action Potential Duration (APD), Diastolic Inter-
val (DI), and Basic Cycle Length (BCL). The APD is the
duration from the onset of cell depolarization to the com-
pletion of repolarization, given a certain threshold, where
most commonly a value in between 75 to 90% of repolar-

1
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ization is used. The DI is then the time interval from the
end of an APD to the next one, for the same threshold,
which is basically the recovery time of the cell. The BCL
is the time interval between consecutive sinus beats or
the pacing cycle length used to stimulate the heart when
experiments are carried out.

Using the APD and DI data, an APD restitution curve
can be constructed to predict the APD given a particu-
lar period of stimulation. This is a one-dimensional map
that has been shown useful to predict complex dynam-
ics [26] and which it has been shown experimentally to
predict period-doubling bifurcations [27]. Usually, it is a
monotonically increasing function, but some experiments
have shown that it could be biphasic [28, 29], which could
lead to chaotic dynamics [30, 31, 32]. Mathematically,
it is represented with a discrete equation of the form
APDi+1 = f(BCL − APDi) = f(DIi). In panel (A) of
Figure 1 we have the APD restitution curve fitted to the
kinetics of the Beeler-Reuter model [1]. The APD resti-
tution curve can be more complex, being a function of the
history of the stimulation pacing protocol due to mem-
ory [33, 34, 35, 36] and of calcium concentrations in the
cells [37, 38].

Some recent studies have used Machine Learning tech-
niques to predict chaotic time series from simulated and
experimental data [39, 40, 41, 42], however, to our knowl-
edge they have not been used for classification of chaos
and Lyapunov exponents. In this paper, we combine the
use of the classical Logistic map information [43] to train
Artificial Neural Networks, and the Beeler-Reuter APD
heart map model [1, 44] to verify the validity and select
the most suitable Artificial Neural Network (ANN). With
these elements we build an algorithm to detect chaos in
experimental time series and we apply it to experimental
data obtained from live frog hearts. An important point
is to realize how the use of basic information data, i.e.
the use of the basic and classical Logistic map as train-
ing data, combined with the a posteriori selection of the
network using now a heart map (in this case) allows to
correctly detect the dynamics. This is a de facto proof
of the universality of the chaos dynamics information re-
gardless of the problem being studied.

This paper is organized as follows. In Section 2, we
describe the created DL algorithm to perform chaos anal-
ysis of heart time series (Subsections 2.1-2.4 are devoted
to explain in detail all the steps of the algorithm, and in
Subsection 2.5 we provide the pseudocode). In Section 3,
we apply such algorithm to an experimental dataset ob-
tained from frog heart dynamics (in Subsection 3.1 the
approved animal protocol and experimental setup is de-
scribed, and in Subsection 3.2 we show the performance
of the algorithm in such dataset). Finally, in Section 4
we draw some conclusions.

PyTorch [45] has been used to perform all the DL ex-
periments in this work.

2 DL Algorithm for Analyzing Chaotic Dynamics
in Heart Time Series

In this section we propose a new algorithm to analyze
chaotic dynamics in heart time series. The algorithm
consists on four steps:

Step 1: Artificial Neural Networks Framework. 10
randomly initialized recurrence-like Artificial Neural
Networks with the architecture proposed in [23] are
trained during 2, 000 epochs (early stopping and valida-
tion data are used) with time series of length 1, 000 from
the Logistic Map (data creation as explained in [23, 46]).

Step 2: DL Chaos Analysis of an APD Heart Map. A
test analysis is performed in an APD heart map [1] with
each Artificial Neural Network trained in Step 1.

Step 3: Selection of the Most Suitable Artificial Neural
Network. Some criteria are established on the results of
Step 2 to detect automatically which is the most suitable
network to perform the chaos analysis of heart time series.

Step 4: DL Chaos Analysis of Heart Time Series.
Chaos analysis is performed with the network chosen in
Step 3 in the APD heart experimental data.

2.1 Step 1: Artificial Neural Networks Frame-
work

Deep Learning (DL) is the part of Machine Learning that
uses Artificial Neural Networks (ANNs) to learn from
data with different levels of abstraction. Since the in-
troduction of ANNs, several architectures have been pro-
posed and widely used for several applications [47, 48,
49, 42]. One of these types is the Recurrent Neural
Network (RNN) usually applied for sequential process-
ing. Basic RNNs present several training problems as ex-
ploding/vanishing gradient and catastrophic forgetting.
On the one hand, some authors have recently proposed
alternative training algorithms based on dynamical sys-
tems theory to avoid gradient drawbacks [50]. On the
other hand, to try to alleviate those problems, new archi-
tectures as Long Short-Term Memory (LSTM) cells [47]
or Gated Recurrent Units (GRUs) [51] have been devel-
oped. For our purpose we will use an architecture based
on stacked LSTM cells with a final classification layer.

A Long Short-Term Memory cell (Figure 2) is a DL ar-
chitecture that processes information over time. At time
step t, its inputs are an external data point x(t) (usual
input data of an ANN), a cell state c(t−1), and a hidden
state h(t− 1); and the outputs are the updated cell state
c(t), the updated hidden state h(t), and the usual output
y(t) of an ANN (we take it equal to h(t)). The states c(·)
and h(·) are devoted to keep information from previous
time steps and are updated according to

c(t) = f(t)⊗ c(t− 1) + i(t)⊗ g(t),
h(t) = o(t)⊗ tanh(c(t)),



Deep Learning for Analyzing Chaotic Dynamics in Biological Time Series: Insights from Frog Heart Signals 3

where ⊗ is the element-wise product, and f(t), g(t), i(t)
and o(t) are given by

f(t) = σ(W
[x]
f x(t) +W

[h]
f h(t− 1) + bf ),

g(t) = tanh(W
[x]
g x(t) +W

[h]
g h(t− 1) + bg),

i(t) = σ(W
[x]
i x(t) +W

[h]
i h(t− 1) + bi),

o(t) = σ(W
[x]
o x(t) +W

[h]
o h(t− 1) + bo).

In these previous expressions, σ and tanh are the activa-
tion functions (sigmoid and hyperbolic tangent, respec-

tively), and W
[{x,h}]
∗ and b∗ (∗ ∈ {f, g, i, o}) are the

trainable parameters (weights and biases, respectively)
of the network. Note that because of the application of
the sigmoid activation function, f , i and o act as gates
that screen the information and memory of the network.

c(t)
c(t-1)

h(t-1)

h(t)
y(t)

x(t)

f g i o
bf � bg bobi ��tanh

tanh

W *W 
[h] W *W 

[x]

Figure 2: Scheme of an LSTM cell.

The ANN that we use for chaos analysis (introduced
in [23]) has two stacked trainable LSTM cells (both are
unidirectional with bias term and states of dimension 4)
followed by a trainable linear classification layer of two
neurons (one for each class: regular and chaotic) whose
input is the last hidden state of both LSTM cells. Finally
the softmax activation function is applied to the output
of the classification layer (to transform output values to
scores, as usual for classification DL tasks).
To fit the aforementioned trainable parameters

(weights and biases), the network has to be trained us-
ing data. It is trained for 2000 epochs using early stop-
ping technique. Moreover, the standard cross-entropy
loss function for classification tasks is used with L2-
regularization (weight decay 10−5), and the Adam opti-
mizer with learning rate 0.008 is applied. The used data
is obtained from the Logistic map.
A key point related to the training process of the ANN

is the selection of the training data. In our case, as
the experimental data consists of short time series, we
try to use basic and generic discrete data obtained from
one of the most well-known discrete maps, the Logistic
map [43]. One interesting fact in dynamical systems the-
ory is the universality of numerous dynamical phenom-
ena, like Feigenbaum constants [52], chaos dynamics and
so on. Therefore, as training data we use generic data to
not particularize too much the training process.

The Logistic map [43] is a well-known one-dimensional
model that presents great dynamical richness (period-
doubling bifurcation, chaos, etc.) despite its simplicity.
It is given by

xi+1 = αxi (1− xi), (1)

where xi is the variable at the i-th iteration, and α is the
bifurcation parameter. The Logistic map is constructed
in such a way that the variable only takes values in the
interval [0, 1]. As it is a one-dimensional map, the Lya-
punov exponents (LEs) [14] can be easily computed ap-
plying equation

LE =
1

T

T∑

j=1

log |α (1− 2xj)|, (2)

with log the natural logarithm, and T large enough. An
appropriate transient integration has to be computed be-
fore the application of the formula.

In panel (A) of Figure 3 we have represented the bifur-
cation diagram of the Logistic map when α ∈ [0, 4] and
x0 = 0.5. In panel (B), LEs have been depicted. In the
bifurcation diagram the dynamics of the Logistic map can
be seen clearly: for small values of α the dynamics con-
verge into an equilibrium point, later there are a cascade
of period-doubling bifurcations which result in chaotic dy-
namics for values of α close to 4. In the LE representation
we can check that for regular behavior (equilibrium points
and periodic orbits) the LE is negative or zero, and it is
positive for chaos.

x

LE

�

(A)

(B)

0

Figure 3: α-parametric line of the Logistic map (x0 =
0.5). (A) Bifurcation diagram. (B) Lyapunov exponents.

To train the network with early stopping technique,
the data is divided into three datasets: training dataset
contains data to learn from, validation dataset prevents
overfitting, and test set checks the performance of the
trained network. Each dataset contains time series and
the corresponding LE computed with classical techniques
that would be used as label to check the behavior de-
tected by the ANN. To obtain the time series, 12, 000
time steps are computed with equation (1) and the last
1, 000 correspond to the time series. To compute the LE,
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12, 000 time steps are obtained with equation (1), first
1, 000 points are discarded as transient, and equation (2)
is applied with the remaining ones.
To obtain train dataset, we create two raw datasets,

one with initial condition x0 = 0.5 and other with x0 =
0.9. In both sets, the time series have length 1, 000 and
the parameter α takes 12, 000 equidistant values in [0, 4).
Data is screened deleting similar samples (two time se-
ries are similar if its distance in infinity norm is less than
10−4), and finally 2, 000 regular and 2, 000 chaotic sam-
ples are selected randomly to build such training dataset.
For validation set, a raw dataset with time series of length
1000 with initial condition x0 = 0.75 and the parameter α
taking 12, 000 equidistant values in [0, 4) is created. It is
screened and 1, 000 time series of each dynamical behav-
ior are selected randomly to obtain the final validation
dataset. The test set is created similarly to validation
dataset but taking x0 = 0.8 as the initial condition.
As shown in [23], if we train 10 randomly initialized

ANNs with the aforementioned architecture and the built
train and validation sets (trained networks are checked
with the test set), a powerful tool to detect chaos in the
Logistic map is obtained (accuracy greater than 95% in
all datasets and in all the trained networks).

Remark 1 Equivalent experiments have been carried out
for different values of the time series length and the total
number of epochs during training, but values 1, 000 and
2, 000, respectively, seem to give the best results. Notice
that in [23], length 1, 000 was also proposed as the best
option to train networks for a chaos detection task.

2.2 Step 2: DL Chaos Analysis of an APD Heart
Map

Our final goal (Step 4 ) is to perform chaos analysis of
heart time series. We remark that the 10 ANNs have
been trained with data from the Logistic map (Step 1 ),
not with heart-like data. Moreover, the time series that
will be analyzed in Step 4 correspond to experimental
recordings, that in general are short and noisy. Therefore,
in this step we use some heart dynamics information, a
simple cardiac map model, to perform several numerical
tests on all trained ANNs. This is an important point as
it connects generic and universal dynamics of the classical
Logistic map with a more and specific cardiac map model.
That is, the training is in some way universal, but the
selection of the particular ANN is done by a more specific
model focused on the nature of the experimental data.

The APD restitution curve (which describes the dy-
namics of a single cardiac cell) fitted to the kinetics of
Beeler-Reuter model [44] gives rise to this discrete equa-
tion [1] (named as Beeler-Reuter APD heart map in what
follows):

APDi+1 = 258 + 125 exp
(
−0.068(DIi − 43.54)

)

−350 exp
(
−0.028(DIi − 43.54)

)
,

where APDi+1 is the Action Potential Duration (APD)
of the (i+1)-th stimulus and DIi = nBCL−APDi is the

Diastolic Interval (DI) of previous stimulus. Therefore,
the map equation can be rewritten as

APDi+1 = 258 + 125 exp
(
−0.068(nBCL−APDi − 43.54)

)

−350 exp
(
−0.028(nBCL−APDi − 43.54)

)
,

(3)
where BCL is the Basic Cycle Length (BCL), that is, the
time between two consecutive pacing stimuli, and n is the
parameter block (lower n ∈ N such that nBCL−APDi ≥
DImin, with DImin the minimum DI whose value is set
to 43.54ms). Notice that the BCL can be considered as
the bifurcation parameter as it is independent of discrete
time.

As the Beeler-Reuter APD heart map is a one-
dimensional map, Lyapunov exponents [14] can be ob-
tained applying formula

LE =
1

T

T∑

j=1

log
∣∣8.5 exp

(
−0.068(nBCL−APDj − 43.54)

)

−9.8 exp
(
−0.028(nBCL−APDj − 43.54)

)∣∣,
(4)

with log the natural logarithm, and T large enough. An
appropriate transient integration has to be computed be-
fore the application of the formula.
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Figure 4: BCL-parametric analysis of the Beeler-Reuter
APD heart map (APD0 = 240 ms). (A) Bifurcation dia-
gram. Orange shading corresponds to regions where the
network fails the most. (A1) and (A2) are two of these
failing time series (in green we have the points of the
time series, and we have joined such points with black
segments for a better visualization). (B) Lyapunov expo-
nents.
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In panel (A) of Figure 4, we have depicted the bifur-
cation diagram of the Beeler-Reuter APD heart map for
BCL ∈ [55, 400) ms and APD0 = 240 ms. In panel (B),
LEs have been represented. If we move from higher to
lower BCL values in such bifurcation diagram we can see
equilibrium points, a period doubling bifurcation, and a
2:1 block (the cell responds one of each two pacing stim-
ulus) followed by a period doubling, chaos, and higher-
order blocks (see [1] for more dynamical information). In
the LE panel it can be seen that for regular behavior
(equilibrium points and periodic orbits) the LE is nega-
tive or zero, and it is positive for chaos.
We are going to perform a chaos analysis of one BCL-

parametric line (see Figure 4) of this APD heart map us-
ing the networks trained in Step 1. Such BCL-parametric
line has been obtained taking 12, 000 equidistant values
for the BCL in the interval [55, 400) ms and initial con-
dition APD0 = 240 ms. Equation 3 is applied for 20, 500
time points. First 500 points are discarded as transient,
and the remaining ones are used for LEs computation
(equation 4). The time series obtained for each BCL value
are constructed with the last 1, 000 time points. Later,
a component-wise Gaussian random noise with strength
µ ∈ {0, 0.5, 1.0} is added to each time series (notice that
when µ = 0, no noise is added). The analyses of time se-
ries with Gaussian noise are repeated 100 times to give re-
sults as mean±standard deviation. Notice that the time
series from the Logistic map only take values in [0, 1].
This does not occur with this Beeler-Reuter APD heart
map, so we have to normalize the data to the interval
[0, 1] before performing the DL chaos analysis (a random
number sampled uniformly in such interval is assigned to
constant time series and a linearly mapping between the
range of non-constant samples to the interval [0, 1] is done
otherwise).

Remark 2 The initial condition and the times used for
LEs computation in the APD heart map were taken as
in [53].

Now, we present different accuracy indicators adapted
to the use of experimental data and the cardiac model
used to provide information to select in Step 3 the most
appropriate network (among all computed in Step 1 ) to
analyze heart data under noise and the absence of it.
The accuracy is the measure proposed to check the per-

formance of the networks. It is defined as

Accuracy (%) =
TR + TC

TR + TC + FR + FC
· 100,

where TR and TC are the number of true regular and
true chaotic (that is, the number of samples that were
correctly classified by the network as regular and chaotic,
respectively); and FR and FC are the false regular and
false chaotic (that is, the number of samples that were
incorrectly classified by DL as regular and chaotic, re-
spectively). Notice that if the dataset in which this for-
mula is applied is unbalanced (we do not have the same
number of samples of each dynamical behavior) as occurs

in our BCL-parametric line (19.708% of the samples are
chaotic according to LE value, and the remaining 80.292%
have a regular behavior), this measure cannot be reliable.
For example, in a dataset with a large number of regular
and a small number of chaotic samples, even if all the
chaotic samples are not detected correctly, the accuracy
can be close to 100% if all the regular samples were cor-
rectly classified. Of course this does not mean that the
network is able to perform the chaos detection analysis
properly. To avoid this problem, we will use other vari-
ants of the accuracy, the accuracy chaotic and accuracy
regular that compute the percentage of chaotic and reg-
ular samples, respectively, that are correctly classified.
The corresponding formulas are

Accuracy Chaotic (%) =
TC

TC + FR
· 100,

Accuracy Regular (%) =
TR

TR + FC
· 100.

Remark 3 If we consider chaotic as the positive class
and regular as the negative one, accuracy chaotic corre-
sponds to the sensitivity or recall (in %), and accuracy
regular is the specificity (in %).

Notice that a regular dynamical behavior includes
mainly two different types of dynamics: equilibrium
points (EPs) and periodic orbits (POs). To complete our
analysis we will also compute the percentage of equilib-
rium points and periodic orbits that have been classified
correctly as regular (accuracy EPs and accuracy POs):

Accuracy EPs (%) =
TR—EPs

TR—EPs + FC—EPs
· 100,

Accuracy POs (%) =
TR—POs

TR—POs + FC—POs
· 100,

with TR—EPs and TR |POs the number of equilibrium
points and periodic orbits, respectively, from the regular
samples that have been classified correctly; and FC—EPs

and FC—POs the number of equilibrium points and pe-
riodic orbits, respectively, that are classified as chaotic.
In our parametric line, 79.803% of the regular samples
are equilibrium points and the 20.197% present periodic
behavior, so we consider that the measures that we have
just defined are important to check that with DL both
dynamics are detected properly as regular.

Finally, we define an indicator to detect if the network
detection is robust against noise. We call it as diff0−µ̃ and
it corresponds to the percentage of samples that the net-
work does not detect with the same behavior in the anal-
ysis without noise (µ = 0) and with strength noise µ̃ ̸= 0
(in our analysis µ̃ = 0.5 or µ̃ = 1.0). That is, if Sµ =
{classification obtained from data with strength noise µ},
then

diff0−µ̃ = 100− #[Sµ=0 ∩ Sµ=µ̃]

number of total samples
· 100,

where # is used to refer to cardinality.
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Remark 4 The tests performed in this paper with
Beeler-Reuter APD heart map can also be performed
with Lewis and Guevara APD heart map [53] and sim-
ilar/equivalent results are obtained.

2.3 Step 3: Selection of the Most Suitable Artifi-
cial Neural Network

Once we have performed the DL chaos analysis of the
APD heart map (Step 2 ) we have to establish some crite-
ria to choose automatically (without direct human super-
vision) a robust network against noise that can perform
properly chaos detection in the Beeler-Reuter APD heart
map. We expect that the selected network will be able
to perform properly the DL chaos analysis of biological
time series of frog heart dynamics.
For the automatic selection criteria we will take into

account accuracy-like measures and the indicator diff0−µ̃

(for µ̃ ∈ {0.5, 1.0}) defined in Step 2. In particular, our
selection criteria is as follows: all accuracies (accuracy,
accuracy chaotic, accuracy regular, accuracy EPs and ac-
curacy POs) have to be greater than 75% in mean (to
ensure good performance in chaos detection task), and
diff0−0.5 and diff0−1.0 have to be less than 1% in mean (to
ensure robustness in the detection against noise). More-
over, we impose that the standard deviation for all the
measures and indicators has to be less than 1% (to ensure
that results are quite independent of randomness).
Notice that we are checking if any of the 10 trained

networks (Step 1 ) has gone further, and besides having
learned to detect chaos in the Logistic map, is able to
generalize its detection to discrete heart dynamics. Note
that the ANNs have only been trained with dynamics
from the Logistic map, the data was not preprocessed in
any special way, and no extra dynamical information has
been given to the networks, so the proposed task is not
easy and we consider that the aforementioned criteria is
reasonable.
In Table 1 we have the results for the DL chaos analy-

sis (Step 2 ) of the network that satisfies all the imposed
criteria. In particular, for the cases with noise (second
and third columns), the analyses have been performed
100 times because of randomness, and results correspond
to mean±standard deviation.
Let us focus on the results of the without noise case

(µ = 0). Notice that the value of all the accuracies (ex-
cept accuracy chaotic) are greater than 95%. Notice that
both types of regular behavior (equilibrium points and pe-
riodic orbits) are properly detected in almost all the cases.
It is necessary to check why the accuracy chaotic is lower
than the other accuracy measures (but still greater than
75%). The major part of the samples that were detected
incorrectly as regular when their behavior is chaotic are in
the boundary parts shaded in orange in the bifurcation di-
agram of the APD heart map in panel (A) of Figure 4. In
panels (A1) and (A2) of this figure we have an example of
a failing sample on each orange region (BCL = 83.75 ms
and BCL = 111.6949996948 ms, respectively). Notice
that both samples are quite similar. As we can see, the

general behavior is chaotic. It highlights the upper parts
of the time series in which, comparing with the general
range of APD values of the time series, there is not much
variability. This is a behavior that we do not expect to
be present in the Logistic map where the networks were
trained. Taking into account that the data used to train
the networks does not have extra dynamical information
beyond what the time series can provide, and this behav-
ior is not present, to require the network to detect it is
very demanding.

For the analyses with noise (strength noise µ ∈
{0.5, 1.0}), all the accuracy results are quite good and
similar to those given by the without noise case (with
the standard deviation less than 0.15 in all cases). This
is confirmed by the diff0−0.5 and diff0−1.0 indicators that
are lower than 0.5% in mean and with standard deviation
lower than 0.06, increasing its value with strength noise
as expected.

2.4 Step 4: DL Chaos Analysis of Heart Time Se-
ries

So far, we have trained 10 randomly initialized
recurrence-like Artificial Neural Networks using data
from the Logistic map (Step 1 ), we have performed DL
chaos analyses of an APD heart map with all the trained
networks (Step 2 ), and we have defined some criteria to
use these analyses to choose one network that performs
well and is robust against noise (Step 3 ). Now, we have
all the ingredients to try a DL chaos analysis of biological
time series of heart dynamics.

When training the networks, the data comes from the
Logistic map. As already highlighted before, this equa-
tion is constructed in such a way that time series are in
the interval [0, 1]. In general, experimental data is not
in the interval [0, 1], so we have to normalize it to that
interval (the trained networks will not be able to process
data properly in whatever other rank). With the data
already normalized, time series are given as input to the
chosen network in Step 3. The output of the network
will give us the information about the behavior (regular
or chaotic) of such time series. Therefore, the defined
algorithm allows to perform chaos analysis of heart time
series without human supervision.

Remark 5 Notice that the trained network is a
recurrence-like neural network, therefore, the length of the
input is not fixed and time series of whatever length can
be processed. For example, with other architectures as the
Multi-Layer Perceptron (obtained when perceptrons are
stacked) the input size has to be constant.

2.5 Pseudocode for Analyzing Chaotic Dynamics
in Heart Time Series

In Algorithm 1 we have the pseudocode of the DL al-
gorithm for chaos analysis of heart time series that we
have described in Subsections 2.1-2.4. For simplicity
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µ = 0 µ = 0.5 µ = 1.0

Accuracy (%) 95.092 94.752± 0.050 94.651± 0.060
Accuracy Chaotic (%) 76.195 75.951± 0.071 75.552± 0.112
Accuracy Regular (%) 99.730 99.367± 0.060 99.339± 0.069
Accuracy EPs (%) 100 99.545± 0.075 99.542± 0.087
Accuracy POs (%) 98.666 98.664± 0.009 98.541± 0.037

diff 0−µ̃ (%) - 0.361± 0.049 0.493± 0.059

Table 1: Results of the DL chaos analysis of the Beeler-Reuter APD heart map with the network chosen by the criteria
established in Step 3. Notice that µ = 0 corresponds to the analysis without noise. Results for µ ∈ {0.5, 1.0} are given
as mean±standard deviation for 100 trials.

and better comprehension, we have used some abbre-
viations. In particular, with num nets we refer to the
number of ANNs with the same architecture that were
randomly initialized (it is set to 10 as indicated in Sub-
section 2.1). ANNarch corresponds to the architecture of
the network described in Subsection 2.1. dataLM∗ with
∗ ∈ {train, val, test} is the data from the Logistic map
used to train, validate, and test the network, respectively
(such data includes the time series dataLMtime series

∗ and
the corresponding labels dataLMlabels∗ ). The other two
datasets used in the algorithm are the BCL-parametric
line of the Beeler-Reuter APD heart map to which
we refer as dataBRBCL-line (with dataBRtime series

BCL-line the
time series and dataBRlabelsBCL-line the labels), and the
experimental dataset of heart dynamics indicated as
dataExperimentaltime series (note that in this case we
will not have the labels dataExperimentallabels). In
the case of notation acc-likeµj

(i) for j = 1, 2, 3 and
i = 1, · · · , num nets (line 15 of the code), we under-
stand it as a list that includes the accuracy, the accu-
racy chaotic, the accuracy regular, the accuracy EPs and
the accuracy POs of net i when noise with strength µj

is added to the data. In addition, these values (as well
as the values of the robustness indicator) are given as
mean±standard deviation (mean±std). Therefore in the
criteria of Step 3 (see line 23), for example, condition
acc-likemeanµj

(i) > 75% indicates that all the elements of
the list have to be greater than 75% in mean.

Remark 6 Notice that in Step 2, for case j = 1, the
value of µj = µ1 is 0, so in the part of the algorithm
where Gaussian noise is added (line 12 of the code) the
data does not change. Moreover, for this value of j in this
step of the algorithm, the computation of the robustness
indicator diffµ1−µj

= diffµ1−µ1
(line 16 of the code) is

trivial as it will always be equal to 0% (for this reason, it
is not included as one of the criteria of Step 3, see line
23 of the code). An if statement could be added to avoid
calculating it.

3 Results of DL Algorithm for Chaos Analysis:
Frog Heart Data

In this section we explain how the experimental data (frog
heart signals) is obtained and we apply the previous de-
tailed Algorithm 1 to analyze its chaotic dynamics.

3.1 Data. Frog Cardiomyocyte Recordings

In this subsection we explain in detail the protocol of the
experiment and how it has been carried out to obtain the
frog heart signals.

Figure 5: Photo taken during an experiment with a frog
heart in the laboratory of Professor Flavio H. Fenton in
Georgia Tech.

The frog heart experiments were performed following
an approved Georgia Tech, Institutional Animal Care and
Use Committee (IACUC) protocol #, 100673. Frogs were
euthanized via fast decapitation following by Pithing of
the brain and spinal cord which ensures the cessation
of neural activity avoiding any pain. The heart is then
quickly excised and cannulated via the aorta using a sy-
ringe filled with Tyrode solution, a blood substitute, to
wash out all the blood (see Figure 5). This process en-
sured a blood-cloths free preparation and allowed the
heart to be kept physiologically viable in a container
at room temperature, also filled with Tyrode solution,
throughout the experiment.

Transmembrane voltage signals were recorded as de-
scribed in previous preparations [54, 55]. Briefly, individ-
ual heart cells from the whole heart were impaled with
a fine-tipped micro-electrode, which was connected to a
high-impedance amplifier to minimize signal loss. The
amplified signals were routed to a data acquisition (DAQ)
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Algorithm 1 DL Algorithm for Analyzing Chaotic Dynamics in Heart Time Series

1: procedure Step 1 (num nets = 10,ANNarch,dataLMtrain,dataLMval,dataLMtest) ▷ ANNs Framework
2: parallel for i = 1 to num nets
3: Net(i)← RandomInitialization(ANNarch) ▷ Random initialization of ANN trainable parameters
4: T-Net(i)← Train(Net(i),dataLMtrain,dataLMval) ▷ Training
5: Test(T-Net(i),dataLMtest) ▷ Test
6: return T-Net(i)
7: end parallel for
8: end procedure
9: procedure Step 2 (µ1 = 0, µ2 = 0.5, µ3 = 1.0,T-Net(1), · · · ,T-Net(num nets),dataBRBCL-line) ▷ Analysis APD

Map
10: parallel for i = 1 to num nets
11: for j = 1 to 3 do
12: dataBRBCL-line, µj

← dataBRtime series
BCL-line + µj · gaussian(0, 1) ▷ Add noise with strength µj

13: N-dataBRBCL-line,µj
← normalization(dataBRBCL-line,µj

) ▷ Data normalization
14: resultµj (i)← DLAnalysis(T-Net(i),N-dataBRBCL-line,µj ) ▷ DL chaos analysis

15: acc-likeµj (i)← AccuracylikeMeasures(resultµj (i),N-dataBR
labels
BCL-line) ▷ Accuracy-like measures

16: diffµ1−µj
(i)← RobustnessIndicator(resultµ1(i), resultµj (i)) ▷ Robustness indicator

17: return acc-likeµj
(i), diffµ1−µj

(i)
18: end for
19: end parallel for
20: end procedure
21: procedure Step 3 (acc-likeµj (i), diff[µ1=0]−µj

(i) with i = 1, · · · ,num nets, j = 1, 2, 3 ) ▷ Selection of suitable
ANN

22: parallel for i = 1 to num nets
23: if acc-likeµ1

(i) > 75% and acc-likemean
µ2

(i) > 75% and acc-likestdµ2
(i) < 1% and acc-likemean

µ3
(i) > 75% and

acc-likestdµ3
(i) < 1% and diff mean

µ1−µ2
(i) < 1% and diff std

µ1−µ2
(i) < 1% and diff mean

µ1−µ3
(i) < 1% and diff std

µ1−µ3
(i) < 1%

then
24: suitableIndex← i ▷ Index of the ANN that satisfies the criteria
25: return suitableIndex
26: end if
27: end parallel for
28: end procedure
29: procedure Step 4 (T-Net(suitableIndex),dataExperimentaltime series) ▷ Analysis Experimental Data
30: parallel for k = 1 to size(dataExperimentaltime series)
31: N-dataExperimental← normalization(dataExperimentaltime series) ▷ Data normalization
32: result← DLAnalysis(T-Net(suitableIndex),N-dataExperimental) ▷ DL chaos analysis experimental data
33: return result
34: end parallel for
35: end procedure

board interfaced with a computer for recording and anal-
ysis. This setup enabled precise voltage recordings of the
electrical activity of the cardiac cells.

To induce variations in the Basic Cycle Length (BCL)
of pacing, an isolated external current stimulation device
was employed. The stimulating electrode was positioned
about 0.5 cm from the recording micro-electrode and de-
livered currents at twice the excitation threshold. This
ensured effective and consistent stimulation of the car-
diac tissue for the experimental protocols.

Our experimental dataset contains 52 voltage time se-
ries with several APDs with different BCL. In particular,
the minimum length is 15 and the maximum is 205, but
all were recorded after the BCL was left for several min-
utes of accomodation to that BCL. Such time series corre-
spond to the Action Potential Duration of frog heart dy-

namics for different pacing rates in the interval [50, 1000].
In panel (A) of Figure 7 (ignore colors for now) we have
the bifurcation diagram obtained with our experimental
dataset (x-axis is the pacing rate BCL and y-axis is the
time series). In panel (B) of this figure (ignore colors for
now) we have the length (number of points) of each time
series.

Remark 7 Note that the length of the experimental time
series are relatively short to use classical techniques for
Lyapunov exponents (which theoretically require large
data sets) and thus can not be applied successfully for
chaos analysis in these datasets.
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3.2 Results

We are going to apply the DL algorithm for chaos analysis
of heart time series defined in Section 2 to some experi-
mental data. That is, once Steps 1-3 (see Subsections 2.1-
2.3) have been carried out, and a network that we expect
to be suitable for chaos analysis has been obtained, we
use it in the experimental data of frog heart dynamics
defined in Subsection 3.1.
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Figure 6: Time series to illustrate the rules applied when
labeling experimental data manually. (A) corresponds to
Rule a, (B) to Rule b, (C) to Rule c and (D) to Rule
d. In green we have the points that correspond to the
time series, and we have joined such points with black
segments for a better visualization of the behavior.

To check if the chaos analysis has been successful, we
need to label the experimental dataset manually accord-
ing to expert criteria. In general, we consider the asymp-
totic behavior to label the data. In particular, the rules
taken into account for such classification are as follows:

Rule a. If a time series seems to have long chaotic
transient behavior (more than a quarter of the
length) and only some regularity can be inferred
at the end (see Figure 6(A) for an example), it
is considered that the behavior is chaotic. In
this case, we cannot ensure that the asymptotic
behavior is regular as not enough information
is provided.

Rule b. If a time series seems to have short chaotic tran-
sient behavior (less than a quarter of the length)
and some regularity later (as in Figure 6(B)),
it is classified by the expert as regular.

Rule c. If some regular windows are present in a gen-
eral chaotic behavior (see Figure 6(C)), chaotic
behavior is assigned.

Rule d. As we work with experimental data, the dynam-
ics corresponding to equilibrium points are not

constant values over time. We consider that
a time series is an equilibrium point if when
transient has ended (that is, in the last three
quarters according to Rule b.), the point values
have a difference less than 25 in the original
range before normalization (see Figure 6(D) for
an example).

Taking into account these rules, 13 of the 52 samples have
chaotic behavior, and the remaining 39 are regular.

In Figure 7(A), the DL chaos analysis of experimen-
tal data of heart dynamics is depicted. In blue we have
the samples that have been correctly detected as regu-
lar by the algorithm, in red those correctly classified as
chaotic, and in black the incorrectly detected ones (that
is, false regular and false chaotic detections). As we can
see, just 5 of the 52 samples have been incorrectly classi-
fied (9.615% of the samples). That is, the DL algorithm
for chaos analysis has been successful in 90.385% of the
dataset (47 of 52 samples). As our dataset is not bal-
anced (we have more regular than chaotic samples), it is
important to compute the accuracy chaotic and accuracy
regular. In particular, such values are 92.308% (12 of 13
samples) and 89.744% (35 of 39 time series), respectively.
Notice that all the accuracies are around 90% of success,
and it seems that the DL algorithm for chaos analysis of
heart time series has worked properly. In Table 2 we have
summarized such accuracy results.

Experimental Results

Accuracy (%) 90.385% (47 of 52 samples)

Accuracy Chaotic (%) 92.308% (12 of 13 samples)

Accuracy Regular (%) 89.744% (35 of 39 samples)

Table 2: Results of the DL chaos analysis of the experi-
mental data (frog heart dynamics) with the network ob-
tained in the algorithm (Steps 1-3 ).

In Figure 7(B) we have represented the length, num-
ber of data points, of each experimental time series (x-
axis correspond to the BCL value of the sample, and the
height of the line is the length). Colors correspond to
the network classification: blue for correct regular de-
tection, red for correct chaotic detection, and black for
incorrect detection. The green dashed horizontal lines in-
dicate length values 50, 100, 150 and 200, and have been
added to facilitate visualization. As already mentioned
when describing the experimental dataset, the time series
have different lengths (minimum length 15 and maximum
length 205). In particular, 40.385% of the samples (21 of
52) contain at most 50 time points, and 80.769% (42 of
52 samples) have at most 100. Notice that most of the
samples are quite short, which can complicate the task
as not enough information can be provided to the net-
work. However, it seems that the applied DL algorithm
for chaos analysis is able to detect properly most of the
regular and chaotic behavior regardless of the length.

Let us analyze in detail the incorrectly detected sam-
ples (in black in Figure 7). We have represented them in
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Figure 7: Chaos analysis of experimental data of frog heart dynamics using the DL algorithm of Section 2. (A) Results
of the chaos analysis of experimental time series. (B) Time series length (that is, number of time points). In both
panels, colors correspond to the DL classification: blue is used for correct regular detection, red for correct chaotic
detection, and black for incorrect detection.

Figure 8. In green we have the points that correspond
to the time series, we have connected such points with
black segments for a better visualization of the behav-
ior. Notice that not all of the samples have the same
length, that is, the scale of x-axis is different for each
time series. As can be seen in Figure 8, samples (I), (III)
and (IV) have a similar behavior: short chaotic transient
dynamics, asymptotically converging to an equilibrium
point (regular). According to Rule b that we have used
for expert classification of the experimental time series,
the samples have been labeled as regular. The ANN de-
tected them as chaotic. The whole time series are chaotic
(as DL detected), but dynamically their asymptotic be-
havior can be considered as regular (as we labeled them).
Sample (II), as can be seen in Figure 8, seems to have
some periodicity at the end, with long chaotic transient.
Therefore, applying Rule a of the expert classification,
the time series has been labeled as chaotic. However, the
algorithm detected it as regular. The fifth incorrect de-
tection corresponds to sample (V). As seen in Figure 8,
it can be difficult to classify such an orbit. In fact, this
data seems to correspond to an orbit inside or just after a
period-doubling cascade, so it can be difficult to classify
it as a periodic orbit with a high period, a quasi-periodic
orbit or a Feigenbaum chaotic orbit. As it seems to follow
some periodicity along all the time points, we have been

labeled it as regular. The network detected it as chaotic
with a score of 0.625 for this class (that is, with a high
uncertainty). Note that all these “incorrectly classified”
time series have regular and chaotic patterns, and so any
classification cannot be accurate as there are too few data
points to correctly classify them. Therefore, the results
of the ANN cannot really be considered as a false result.

Remark 8 Notice that in the case of sample (V) (see
Figures 7 and 8), the network assigned a score 0.625 for
chaotic class and a score 0.375 for regular class. The
values are closer to 0.5 than to 1, what means that the
ANN is not sure about its decision. If some human su-
pervision wants to be added to the algorithm defined in
Section 2, we can add a control to Step 4. It is defined
as follows: if the higher score of one sample for both cat-
egories is lower than 2/3, such data point should be re-
vised by an expert as the detection score is close to the
classification border (0.5 is the threshold to distinguish
between regular and chaotic). Adding this control in our
experimental dataset, just 3.486% of the samples (2 of
52 samples) should be revised. These two samples have
been represented in Figure 9. As already indicated, one
of these samples (sample (B)) corresponds to one of the
samples incorrectly detected (see sample (V) of Figure 8).
The other one (sample (A)) was correctly classified by
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Figure 8: Time series that have been incorrectly detected.
They correspond to samples (I)-(V) in black in Figure 7.
In green we have the points that correspond to the time
series and we have joined such points with black segments
for a better visualization of the behavior.

the algorithm. The network assigned a score 0.592 for
the chaotic class and 0.408 for regular class. Notice that
the time series seems to follow some periodicity at the
beginning and the end of the recordings but in between it
presents a chaotic behavior, so the doubt of the network
is totally justified. After this expert supervision, the final
accuracy for the whole dataset would be 92.308% (48 of
the 52 samples), with accuracy regular increasing also to
this value (36 of 39 samples).
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Figure 9: Time series with detection score less than 2/3
for the winning class. In green we have the dots that cor-
respond to the time series and we have connected them
with black segments for a better visualization of the be-
havior.

4 Conclusions

There is an increasing amount of experimental data in
practice, so automatic techniques to classify them are an
important task. This data often has some drawbacks,

such as noisy and short recordings. In this paper, we
propose a Deep Learning-based algorithm to tackle the
chaos analysis of biological time series. We use an Arti-
ficial Neural Network architecture based on Long Short-
Term Memory cells with a final classification layer. The
algorithm is divided into different steps. The training
data is taken from a basic and generic discrete dynamical
system: the Logistic Map. Subsequently, once 10 ANNs
have been trained, we use an APD heart map (Beeler-
Reuter discrete map model) to perform a test. This anal-
ysis allows to select an Artificial Neural Network that can
adequately perform a chaos analysis of biological time se-
ries of frog heart dynamics.

This point is very relevant, as it means, on the one
hand, that trained generic ANNs can be used for particu-
lar problems once the most suitable one is selected using
the data of the particular problem we want to address.
On the other hand, this is a de facto proof that most
dynamical phenomena are quite general and universal.

The technique is especially useful in the case of very
short data where other techniques, such as the calcula-
tion of the maximum Lyapunov exponent, do not work
properly. The algorithm is tested on a set of experimen-
tal data obtained from real frog heart dynamics in the
laboratory of Professor Flavio H. Fenton, and yields very
accurate results.
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Abstract

One of the aims of Dynamical Systems is the behavior classification, including escape orbits, chaotic regimes, equilib-
rium points, and other structured patterns. Recently, Deep Learning has been applied to classify the dynamics of the
system in which the network was trained. In this article, we propose to apply graphical preprocessing techniques (in
concrete, time series imaging methods) to convert the time series into images used as input in a Convolutional Neural
Network. With the use of these techniques, the network is able to generalize the dynamical classification to other
discrete dynamical systems where the network has not been trained. That is, we train a network using data from the
Logistic map and we use it to classify the dynamics of the circle map and the Hénon map.

1 Introduction

In Dynamical Systems, a key task is detecting and classi-
fying dynamical behaviors, such as chaos, escape orbits,
and regular dynamics. Some behaviors, like equilibrium
points and escape orbits, can be easily detected. How-
ever, the difference between chaotic and regular (non-
equilibrium points) orbits is not trivial. Classical meth-
ods, such as Lyapunov exponents (LEs) [1], fast chaos
indicators [2], or the 0-1 test for chaos [3], have been
used to distinguish between regular and chaotic dynam-
ics [4, 5, 6]. However, recently some authors have pro-
posed to use Deep Learning techniques to perform chaos
detection [7, 8, 9, 10, 11]. Moreover, Deep Learning has
also been used to approximate the full LEs spectrum from
single-variable time series [12], or as a data-driven tech-
nique to obtain the underlying system of equations and
compute LEs with classical techniques [13]. In general,
with Deep Learning, good performance results are ob-
tained while computational time is considerably reduced.

Deep Learning (DL) [14, 15] is the branch of Machine
Learning devoted to use (Deep) Artificial Neural Net-
works to learn from data. Convolutional Neural Network
(CNN) [16] is a well-known architecture of DL which was
introduced in the field of computer vision and is widely
used. The success of CNNs motivated the development of
time series imaging techniques, that transform time series
into images to be used input for CNNs, like Gramian An-
gular Field (GAF) [17, 18] and Markov Transition Field
(MTF) [17, 18], as well as the application of existing
methods like Recurrence Plots (RPs) [19]. In [20], the
possible Machine Learning workflows that can be used
for classification and prediction with RPs in the area of
Dynamical Systems are summarized. In particular, two

main procedures are possible:

1. Some features of the RP are obtained with Recur-
rence Quantification Analysis, and later used as in-
put in different Machine Learning methods for clas-
sification and prediction tasks. For example, this
workflow has been used in [21] for dynamical clas-
sification (periodic, chaotic, hyperchaotic, and noisy
behavior).

2. The Recurrence Plot is used as input in a CNN for
prediction and classification tasks.

Since the latter can be applied to other time series imag-
ing techniques, we focus our work on it. We use GAF,
MTF and RP as graphical preprocessing techniques to
transform time series into images. Such images are the
input of a CNN built to perform dynamical behavior anal-
yses on discrete dynamical systems.

In particular, we train a CNN only with data from
the Logistic map and then we use this trained network to
study other systems. We show that the dynamical behav-
ior analysis can be generalized through different discrete
dynamical systems.

This paper is organized as follows. In Section 2 we re-
view the time series imaging techniques that we use as
graphical preprocessing techniques to transform a time
series into an image. In Section 3 we explain in detail
the general workflow that we use for dynamical behavior
analysis. In Section 4 we perform our dynamical behav-
ior analyses in discrete dynamical systems. Finally, in
Section 5 we draw some conclusions.

All DL experiments in this article have been performed
using PyTorch [22].

1
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2 Methods

Time series imaging techniques are used to transform a
time series into an image that can be used as input in
a Convolutional Neural Network. To generalize the dy-
namical classification task we will use three different time
series imaging methods as graphical preprocessing tech-
niques: Gramian Angular Field (GAF), Markov Transi-
tion Field (MTF), and Recurrence Plot (RP). In partic-
ular, all these techniques transform time series of length
L into L× L matrices, which can be huge if L is a large
number. For this reason, techniques as Piecewise Aggre-
gate Approximation (PAA) can be used to reduce the
length of the time series before applying the graphical
preprocessing methods.

2.1 Piecewise Aggregate Approximation (PAA)

The Piecewise Aggregate Approximation (PAA) [23] is a
technique used to transform a time series of length L into
one of length ℓ with 1 ≤ ℓ ≤ L (for simplicity we assume
that L/ℓ is an integer).
If x1, x2, . . . , xL is the original time series, the one re-

duced by PAA is x̃1, x̃2, . . . , x̃ℓ where

x̃i =
ℓ

L

L
ℓ i∑

j=L
ℓ (i−1)+1

xj ,

for i = 1, 2, . . . , ℓ. Notice that PAA is a dimensionality
reduction technique in which the time series are divided
into frames of equal size and the mean value is computed
for each frame. If ℓ = L, then the time series is not
reduced at all, and if ℓ = 1, the result of PAA is the
mean of the whole time series.
This operation is in fact an average pooling of the

CNNs with both kernel size and stride equal to L/ℓ.

2.2 Gramian Angular Field (GAF)

The Gramian Angular Field (GAF), introduced in [17,
18], is a time series imaging technique that transforms
a one-dimensional time series into an image (Gramian
matrix). In the literature we can find several appli-
cations of GAF [24, 25, 26, 27]. It has two variants
known as Gramian Angular Summation Field (GASF)
and Gramian Angular Difference Field (GADF). Con-
sider a one-dimensional time series X = x1, x2, . . . , xL

and think on it as a row vector. Define X̂ as the time
series X normalized to the interval [−1, 1] or [0, 1]. For
each normalized value x̂i ∈ X̂, define φi = arccos x̂i. The
angle φi ∈ [0, π] or [0, π/2], depending on whether nor-
malization is to [−1, 1] or [0, 1], respectively. Then the
GASF is the matrix

(
cos(φi + φj)

)
i,j

= X̂T · X̂ −
√

1− X̂2

T

·
√

1− X̂2,

and the GADF is the matrix

(
sin(φi − φj)

)
i,j

=

√
1− X̂2

T

· X̂ − X̂T ·
√

1− X̂2,

where vT is the transpose of v and 1 ∈ RL is the all-ones
vector.

Notice that both GASF and GADF preserve temporal
dependency, and contain information about the autocor-
relation of the original time series. However, those matri-
ces are usually big since they are square matrices of size
L, the length of the time series. In this cases, PPA is
applied to reduce the dimensionality of the matrices.

2.3 Markov Transition Field (MTF)

The Markov Transition Field (MTF) presented in [17, 18]
is a time series imaging technique that transforms a one-
dimensional time series into an image (the Markov Tran-
sition Field matrix). This method is inspired by that
explained in [28], but in MTF the time domain informa-
tion is preserved. Several applications of MTF can be
found in the literature [29, 30, 31]. For a time series
X = x1, x2, . . . , xL, the MTF matrix is obtained as fol-
lows. First, the points xi are divided into Q quantile bins
(q1, q2, . . . , qQ). Then, a weighted adjacency matrix W of
dimension Q × Q is built with transitions among quan-
tile bins: the (i, j)-th element of the matrix corresponds
to the number of times that an element of quantile qi is
followed by an element of qj in the time series X. The
matrix W is normalized in such a way that the sum by
rows is 1. In this form, W is a transition matrix of a
finite Markov chain. Finally, the (i, j)-th element of the
MTF matrix is the (m,n)-th element of matrix W with
xi ∈ qm and xj ∈ qn.

As in the GAF method, the obtained image can be
large. In the case of MTF, in [17, 18] the authors pro-
pose to use a blurring kernel to reduce dimensions once
the MTF matrix has been obtained. However, in our ex-
periments we do not use this reduction technique, but
instead we use PAA and then we obtain the MTF matrix
of the reduced time series.

2.4 Recurrence Plot (RP)

The Recurrence Plot (RP) is a method that was born
in the area of Dynamical Systems to visualize and study
the recurrences of a system. These recurrences can be
used to obtain information of the corresponding system,
and for example, in coupled systems, to study their inter-
action. RP was introduced in [19] and has been widely
studied later [32, 33, 34, 35]. In fact, it has been ex-
tensively used [36, 37, 38, 20, 21]. The RP technique
consists in transforming a time series into an image
(recurrence matrix). For an n-dimensional time series
X = x1, x2, . . . , xL of length L, the (i, j)-th element of
the recurrence matrix is given by

Θ(ϵ− ∥xi − xj∥),

where Θ(·) is the Heaviside function (which returns 0 for
negative arguments, and 1 otherwise), ϵ is a threshold,
and ∥.∥ is a norm (usually the L∞-norm). Notice that this
matrix is symmetric with respect to the diagonal (which
is filled with 1’s). The RP (visual representation of the
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recurrence matrix) is usually depicted with two colors, for
example, black for 1 matrix values and white for 0 values.
Moreover, both axes are time axes with (by convention)
time increasing rightwards and upwards.

As mentioned before, a threshold value ϵ is used in the
formulation of the RP. Several rules can be used to estab-
lish its value (see [35] for a summary of several possibil-
ities). One of them is to choose ϵ as the q-th percentile,
where q is the density of recurrence points in the recur-
rence matrix (usually called the Recurrence Rate). This
rule has some advantages as it preserves the Recurrence
Plot density and normalization is not needed to compare
the RP of different dynamical systems that can present
different scales.

3 General workflow for dynamical behavior anal-
ysis

Our workflow for dynamical behavior analysis has 3 steps.
First, we directly classify the equilibrium points and the
escape orbits. Next, we apply the graphical preprocessing
techniques (GAF, MTF or RP) to the remaining orbits.
Finally, we use a DL network (trained only with data from
the Logistic map) to classify the regular (non-equilibrium
points) and the chaotic behavior. In what follows, for
simplicity, when we talk about regular dynamics we will
refer to any regular orbit except for equilibrium points.

In the first step, we identify equilibrium points and
escape orbits, that can be easily detected. We consider
that a time series corresponds to an escape orbit if any
component of its last point is greater than 104. An orbit
corresponds to an equilibrium point if we take the last 80
points of the time series and the Euclidean norm of the
difference for all the components between two consecutive
time points is less than 10−3.

In the second step, we have time series of length 896
and we use the PAA method to reduce their dimension
to 224 (standard dimension in image classification tasks
with CNN architectures as AlexNet). Then, a graphical
preprocessing technique (GAF, MTF or RP) is applied
to convert each time series into an image. Notice that
the GAF and MTF techniques transform one-dimensional
time series into images, but with RP, time series of what-
ever dimension can be converted into a unique image. To
perform all the analyses under the same conditions, we
use one-dimensional time series for all the techniques (for
dynamical systems with more than one dimension, we will
choose one of the possible dimensions). In all the analy-
ses, we use GASF version of GAF method, for MTF we
consider Q = 8 quantile bins, and in the RP method we
use the L∞-norm and threshold ϵ is the 0.1-th percentile.

Finally, in the third (and last) step, the graphical rep-
resentations of the time series are used as inputs in a DL
architecture that classify them into regular or chaotic. In
concrete, we use the AlexNet architecture trained from
scratch with regular and chaotic orbits of the well-known
Logistic map [39].

In Figure 1 we illustrate how a regular (panel A) and

Circle map: � = 0.3; K = 0.95

n

n

�n

�n
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PAA
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Time series

Circle map: � = 0.5; K = 4.95
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Figure 1: Example of how PAA, GAF, MTF and RP
transform a regular (panel A) and a chaotic (panel B)
orbit. In particular, both time series are from the circle
map with initial condition 0.25. The parameter values
are (Ω,K) = (0.3, 0.95) for regular sample, and (Ω,K) =
(0.5, 4.95) for chaotic one.

a chaotic (panel B) orbit of a discrete dynamical sys-
tem (the circle map) are modified with PAA technique.
The original time series of length 896 are depicted in
the top part of each panel. However, for a better vi-
sualization, just the last 300 points are represented. No-
tice that for both examples, the time series are reduced
with PAA while conserving their behavior. We also show
the representation of the matrices obtained with each of
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the graphical preprocessing techniques (colormaps of each
technique have been selected for proper visualization)
applied to the reduced time series obtained with PAA.
This illustrates the different CNN inputs for each time
series depending on the imaging method. The images ob-
tained with each graphical preprocessing technique show
repeated structures in the case of regular behavior (for
example, diagonal parallel lines in RP) and not any re-
peated pattern in the chaotic orbit.

3.1 AlexNet architecture

Several CNN standard architectures as AlexNet [40, 41],
VGG [42] and ResNet [43] can be found in the literature.
For our task (dynamical behavior analysis) we want to
show that a not very complicated network can give amaz-
ing results. We use the AlexNet architecture.
AlexNet [40, 41] is a CNN architecture that has 5 2D

convolutional layers, all of them followed by the ReLU
(Rectified Linear Unit) activation function and also by
a 2D max pooling layer (kernel size 3 and stride 2) in
the case of the first, second and fifth layers. The number
of channels on each of the 5 convolutional layers is 64,
192, 384, 384 and 256, with [kernel size-stride-padding]
equal to [11 − 4 − 2], [5 − 1 − 2], [3 − 1 − 1], [3 − 1 − 1]
and [3 − 1 − 1], respectively. After the last max pooling
layer, a 2D adaptive pooling layer with target output size
6 × 6 is used. Then three linear layers with 4096, 4096
and 2 neurons (we consider 2 classes: chaotic and regular
behavior) are applied sequentially. Except for the last
linear layer, dropout with probability p = 0.5 is used
before each linear layer, and the ReLU activation function
is applied later.

3.2 Training in the Logistic map

The AlexNet architecture is trained from scratch with
regular and chaotic orbits of the Logistic map.
The Logistic map [39] is a well-known one-dimensional

discrete dynamical system that describes the dynamics
of animal populations. Despite its simplicity, it repre-
sents complicated behaviors as chaos. The Logistic map
is given by the equation

xn+1 = αxn (1− xn), (1)

where xn corresponds with the variable in the n-th iter-
ation and α is the bifurcation parameter. With classical
techniques, the maximum Lyapunov exponent of this one-
dimensional dynamical system [44] is computed as

LE =
1

T

T∑

i=1

log(|α(1− 2xi)|), (2)

with log(·) the natural logarithm and [1, T ] the interval
time involved in LE computation.
To create the train, validation and test datasets needed

to train the network (AlexNet) and check that learning
was successful, we have proceed as follows. We create

four raw datasets. For each dataset, we have fixed the
initial condition x0 (x0 ∈ {0.5, 0.75, 0.8, 0.9}). Moreover,
we take 12, 000 equidistant values in the interval [0, 4) for
the bifurcation parameter for each dataset. Each time
series has a length of 896 and corresponds to the last 896
points obtained applying (1) over 12, 000 time steps. To
obtain the maximum Lyapunov exponent that is used as
label in the training, validation and test processes, we use
1, 000 time steps as transient, and compute the LE with
the next 11, 000 time points using equation 2. Notice that
these four raw datasets corresponds to those in [45] (with
different length for the time series).

The raw datasets corresponding to initial condition
x0 = 0.5 and x0 = 0.9 are devoted to create train dataset,
this with x0 = 0.75 is used for validation, and the one
with x0 = 0.8 for test. For each case, train, valida-
tion and test sets, the equilibrium points are discarded
(the detection of an equilibrium point is trivial and it
is not necessary to use DL) and similar samples within
and through datasets are deleted. We consider similar
samples those whose difference is less than 10−4 in infin-
ity norm. Then, the time series within each dataset are
shuffled to ensure dynamical variability. Finally, 2, 000
regular and 2, 000 chaotic time series are selected in the
train set (batch size 128), 1, 000 of each class in validation
(batch size 100), and 175 of each type in test set (batch
size 175).

With training and validation datasets we train from
scratch the AlexNet architecture (using early stopping
technique, that is, the final network is the one with the
lowest loss value for validation set during training) for 200
epochs. The optimizer is the Stochastic Gradient Descent
with learning rate 0.001, weight decay 5 · 10−4 and mo-
mentum 0.9. As expected for a DL classification task,
we use the Cross-Entropy loss function. Once trained,
the test set is used to check that learning process was
successful. In Table 1, the values of the loss and ac-
curacy (percentage of samples that were properly classi-
fied by the network) for the training, validation and test
datasets are given. The accuracy for each dynamical be-
havior (regular and chaotic) is indicated for the test set.
All the results are in the format mean±standard devi-
ation as we train 10 networks with weights and biases
randomly initialized to show that results are independent
of the initial conditions of the trainable parameters of the
DL architecture. The results obtained when using GAF
are in first row, those from MTF are in second row, and
third row contains the values for RP. Notice that for all
datasets the mean loss value is less than 0.05 and the
mean accuracy is greater than 97%, which are good re-
sults. Moreover, the deviation is very small for loss and
accuracy values, indicating that the performance for the
10 (randomly initialized) networks is similar. For each
graphical preprocessing technique, the results of accuracy
for each behavior in test set are similar, so characteristics
of both type of orbits have been learned. Comparing re-
sults across the different techniques, we can conclude that
there is not a significant difference between the values for
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Table 1: Loss and accuracy in mean±standard deviation format for the training, validation and test sets from the
Logistic map. Accuracy (Acc.) of the regular (non-equilibrium points) and chaotic samples is also indicated for test
dataset.

Train Validation Test

Loss Accuraccy (%) Loss Accuraccy (%) Loss Accuraccy (%) Acc. Regular (%) Acc. Chaotic (%)

GAF 0.005± 0.002 99.836± 0.085 0.015± 0.002 99.635± 0.059 0.032± 0.009 99.114± 0.237 98.229± 0.475 100.000± 0.000
MTF 0.008± 0.001 99.657± 0.084 0.011± 0.001 99.485± 0.084 0.045± 0.008 98.567± 0.367 97.142± 0.731 100.000± 0.000
RP 0.008± 0.002 99.710± 0.101 0.010± 0.001 99.550± 0.071 0.039± 0.013 98.500± 0.582 97.753± 1.210 99.261± 0.358

GAF, MTF and RP. For all techniques the training pro-
cess was successful.

4 Generalization of the dynamical behavior anal-
ysis of discrete dynamical systems

We use the workflow described in Section 3 with the net-
works trained with the Logistic map datasets to perform
dynamical behavior analyses in different discrete dynam-
ical systems. In particular, we show in Subsection 4.1
the performance in chaos detection task (classification of
the behavior of a dynamical system) in an α-parametric
line of the Logistic map, the system used to train the
networks. As our main objective is to generalize the use
of our trained networks to the dynamical classification of
other discrete dynamical systems, in Subsection 4.2 and
Subsection 4.3 we apply the workflow to perform dynam-
ical behavior analyses of the circle map and Hénon map
(systems not used during training). Notice that with this
method, once we have trained the networks in the Logis-
tic map, the model of the discrete dynamical systems is
just used to obtain the time series but it is not involved
in the way of classifying the time series (in the case of
LEs computation used as ground truth in this paper, we
have to particularize the LEs formula to each dynamical
system).
The numerical results in this section are in the format

mean±standard deviation and are obtained with the 10
trained networks. The graphical representations corre-
spond to just one of the 10 trained networks.

4.1 Dynamical behavior analysis in the Logistic
map

We consider a one-parameter line of the Logistic map (the
one studied in [10]) with x0 = 0.6 and 12, 000 equidistant
points for the bifurcation parameter α ∈ [0, 4). The time
series have the same number of points and are integrated
under the same conditions as the datasets for training
(the LEs used to compare the performance of the network
results are also computed in the same way as before). As
stated in Section 3, we filter out ‘trivial’ dynamics, we re-
duce the remaining time series with PAA, we transform
them into images using GAF, MTF or RP. Finally, such
images are used as input in the trained AlexNets to per-
form dynamical behavior analysis.
In Figure 2, the dynamical behavior analysis in the one-

parameter line is depicted. Green color is used to identify

equilibrium points, blue for other regular dynamics, and
red for chaos. In panel A we have the results obtained
with the classical technique of LEs (ground truth). In
panels B, C and D we have the classification given by DL
with GAF, MTF and RP as graphical preprocessing tech-
niques, respectively. For a better comparison between
different methods, in panels A1, B1, C1 and D1 we have
performed a magnification for α ∈ [3.5, 4). Notice that
the analyses performed with the different methods are
similar. All the regular and chaotic regions are clearly
detected, except for the first boundary between regular
(non-equilibrium points) behavior and chaos, where there
is a small difference between the ground truth and the
results obtained with DL (see magnifications A1, B1, C1
and D1). However, as it is a boundary region it can be
expected that DL fails independently of the graphical pre-
processing technique.

To quantitatively evaluate the quality of the results, we
have the accuracy values (in the format mean±standard
deviation for the 10 randomly initialized networks) in
Table 2. Notice that for all the graphical preprocess-
ing techniques the mean accuracy is greater than 97%
(with a small deviation), and the difference of the perfor-
mance between regular and chaotic samples is consider-
ably small.

Table 2: Accuracy results (in the format mean±standard
deviation) for the one-parameter line of the Logistic map
obtained with initial condition x0 = 0.6 and α ∈ [0, 4).

Accuraccy (%) Acc. Regular (%) Acc. Chaotic (%)

GAF 98.600± 0.207 97.895± 0.343 99.818± 0.115
MTF 98.740± 0.047 98.179± 0.095 99.709± 0.089
RP 99.080± 0.065 98.632± 0.115 99.855± 0.073

4.2 Dynamical behavior analysis in the Circle
map

The Circle map [46] (also known as Sine-Circle map) is
a one-dimensional discrete dynamical system that maps
the circle onto itself. It is given by

θn+1 = θn +Ω−K
sin(2π θn)

2π
mod 1,

where θn is the variable at the n-th iteration, and Ω and
K are the bifurcation parameters, representing the natu-
ral frequency and the coupling strength, respectively. As
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Figure 2: One-parameter analysis of the Logistic map for initial condition x0 = 0.6 and α ∈ [0, 4). Panel A corresponds
to dynamical classification obtained with classical method of LEs. Panels B, C and D are obtained with GAF, MTF and
RP as preprocessing techniques, respectively, and the trained networks. In panels A1, B1, C1 and D1, a magnification
of region α ∈ [3.5, 4) is given for each case. The label Regular (non-EPs) corresponds to the orbits with regular
behavior that are not equilibrium points (EPs).

the circle map is a one-dimensional dynamical system,
the maximum Lyapunov exponent is given by

LE =
1

T

T∑

i=1

log(|1−K cos(2πθi)|),

with log(·) the natural logarithm and [1, T ] the interval
time involved in LE computation.

We are going to use the networks trained in the Logistic
map with each graphical preprocessing technique (GAF,
MTF and RP) to study the different dynamical regimes
in the (K,Ω)-parametric plane of the circle map. In par-
ticular, K ∈ [1.25, 5] and Ω ∈ [0, 1] (biparametric plane
similar to the ones in [47, 48]), and we consider 1, 000
equidistant points for each parameter (that is, 106 points
in the whole biparametric region). The time series (and
the LEs used for ground truth classification) are com-
puted equivalently to the Logistic map case. Notice that
the trained networks that are used for dynamical classi-
fication have not been trained with time series from this
map, only Logistic map orbits have been used. So, in the
workflow used to perform dynamical behavior analysis,
just the time series of the circle map are involved and no
other information of this system is used.

In Figure 3 we have depicted the dynamical behavior
analysis in the aforementioned plane using classical tech-
nique of LEs (panel A1), DL with GAF (panel B1), DL
with MTF (panel C1), and DL with RP (panel D1) for
fixed initial condition θ0 = 0.25. The results of panel A1
(classical technique) are used as ground truth to check the
performance of DL with the different graphical prepro-
cessing techniques. Green regions correspond to equilib-
rium points (trivial classification), blue ones with regular
(non-equilibrium) dynamics, and red ones with chaos. If
we compare the plot of the ground truth (panel A1) and
those obtained with DL (panels B1, C1 and D1), they

are quite similar. We can see that in general, shrimp-
shaped regions [49, 50, 51, 52] are properly identified.
However, it should be noted that in the case of the GAF
method (panel B1) some regions are not properly de-
tected (marked with rectangles with dashed lines). In
particular, there are some tiny shrimp-shaped regular re-
gions that are not detected properly and therefore consid-
ered chaotic (compare panels A1.1 and B1.1). Moreover,
for large values of K there are some samples not cor-
rectly classified (compare panels A1.2 and B1.2). These
small detection errors are not committed when MTF or
RP are used (see panels C1.1-D1.1 and C1.2-D1.2 and
compare with ground truth panels A1.1-A1.2 and GAF
panels B1.1-B1.2).

Therefore, dynamical behavior analyses seem to be suc-
cessful when using DL (trained in Logistic map) and the
graphical preprocessing techniques, with MTF and RP
performing better than GAF. We can check this with the
accuracy results that are given in Table 3 in the format
mean±standard deviation for the 10 trained networks.
In all cases, the mean accuracy is greater than 95% (with
small standard deviation) and the accuracies for both dy-
namical regimes are quite similar. The lowest accuracy is
obtained when GAF is used as the graphical preprocess-
ing technique. The other two methods (MTF and RP)
show a very similar performance.

Table 3: Accuracy results (in the format mean±standard
deviation) for the biparametric plane (Ω ∈ [0, 1] and K ∈
[1.25, 5]) of the (sine) circle map obtained with the initial
condition θ0 = 0.25.

Accuraccy (%) Acc. Regular (%) Acc. Chaotic (%)

GAF 96.993± 0.168 99.151± 0.133 95.658± 0.323
MTF 98.503± 0.055 99.908± 0.013 97.633± 0.096
RP 98.206± 0.049 99.976± 0.007 97.111± 0.081
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Figure 3: Analyses of the biparametric plane (K ∈
[1.25, 5] and Ω ∈ [0, 1]) of the (sine) circle map. Panels A1
and A2 are the studies obtained with the classical tech-
nique of LEs when fixed and random initial conditions are
used. Panels B1, B2, C1, C2, D1 and D2 are the studies
obtained using a DL network and GAF, MTF and RP
as the graphical preprocessing techniques with fixed and
random initial conditions. The fixed initial condition is
θ0 = 0.25 and the random initial conditions are taken in
the interval [0, 1]. Panels A1.1, A1.2, B1.1, B1.2, C1.1,
C1.2, D1.1 and D1.2 are magnifications of the regions
marked with a dashed white rectangle in panels A1, B1,
C1 and D1. The label Regular (non-EPs) corresponds to
the orbits with regular behavior that are not equilibrium
points (EPs).

Now, in the same biparametric plane we consider ran-
dom initial conditions (in the interval [0, 1]) to check if
multistability can be detected with DL (and the different
preprocessing techniques). The results are depicted in the
right column of Figure 3. In panels A2, B2, C2 and D2,
we can observe the same blurred regions that indicate the
existence of multistability in the system. Therefore, DL
is able to detected this dynamical phenomenon.

With these studies in the circle map, we have shown
that DL with a graphical preprocessing technique can be
used to classify the dynamics in the parametric space of
a dynamical system not used to train the DL network.
In fact, especially with MTF and RP techniques, we ob-
tain a detailed dynamical behavior analysis (even the tiny
shrimp-shaped regions have been detected). Moreover, it
also allows us to detect multistability when random initial
conditions are considered.

4.3 Dynamical behavior analysis in the Hénon
map

The Hénon map [53] is a two-dimensional discrete dy-
namical system given by

{
xn+1 = 1 + yn − a x2

n,

yn+1 = b xn,

where (xn, yn) are the variables at discrete time n, and a
and b are the parameters. It contains strange attractors
for some values of its parameters. We use the algorithm
in [54] to compute the two Lyapunov exponents of this
two-dimensional system.

We want to proceed as in previous cases, but this map
has two variables instead of one as the Logistic map or
the circle map, and GAF and MTF only work with one-
dimensional time series. Therefore, we restrict ourselves
to the x-variable of the time series. For fair analyses,
we also use RP with just one variable too (although all
could be used). That is, we only use partial information
of the system to classify the dynamics with the graphical
preprocessing techniques and the DL network.

We will use the graphical preprocessing techniques and
the DL networks trained in the Logistic map to detect
the different dynamical regimes in the (a, b)-parameteric
plane of the Hénon map. We consider a ∈ [1.4, 1.7] and
b ∈ [0.05, 0.25] (same biparametric plane as the one stud-
ied in [55]) with 1, 000 equidistant points for each pa-
rameter in the given ranges (we have 106 points in the
whole biparametric plane). The time series (and the LEs
used for ground truth classification) are computed equiv-
alently to the Logistic map case. Remember that the
networks that we use for the dynamical classification are
only trained with orbits from the Logistic map, and no
extra information of the Hénon map among the time se-
ries is used in the analyses.

In Figure 4 we have the results obtained for the dy-
namical behavior analysis in the (a, b)-parameteric plane
with classical technique of LEs (panel A), DL with GAF
(panel B), DL with MTF (panel C), and DL with RP
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Figure 4: Analyses of the biparametric plane (a ∈
[1.4, 1.7] and b ∈ [0.05, 0.25]) of the Hénon map. Panel A
includes the study obtained with the classical technique
of LEs. Panels B, C and D show the results obtained with
DL and GAF, MTF and RP as graphical preprocessing
techniques. The initial condition is (x0, y0) = (1, 1) in
all cases. Panels A1, B1, C1 and D1 are magnifications
of the regions marked with a dashed white rectangle in
panels A, B, C and D, respectively. The label Regular
(non-EPs) corresponds to the orbits with regular behav-
ior that are not equilibrium points (EPs).

(panel D). The initial conditions are fixed to (x0, y0) =
(1, 1) in all cases. As in previous analyses, the results of
classical technique of LEs (panel A) are the ground truth
used as reference to check the performance of the differ-
ent graphical preprocessing techniques. Blue regions cor-
respond to regular (non-equilibrium) dynamics, red ones
to chaos, and color gray is used for escape orbits. At

first sight, if we compare the ground truth (panel A) and
the plots obtained with DL (panels B, C and D), all the
dynamical behavior classifications are quite similar. In
panels A1, B1, C1 and D1, we provide a magnification
(see white dashed rectangle in panels A, B, C and D)
to check the level of detail of each of the preprocessing
techniques. It is clear that GAF is the technique provid-
ing less details as most of the tiny shrimp-shaped regions
are not detected properly (compare panels A1 and B1).
MTF and RP techniques seem to give better quality in
detections and have similar performance (compare panels
A1 and C1, and panels A1 and D1). With the accuracy
results of Table 4 we can confirm that all the graphical
preprocessing methods perform quite well (mean accura-
cies are greater than 95.5% for all techniques and stan-
dard deviations are relatively small). The accuracy for
regular class with GAF is lower than for the other meth-
ods, which supports the idea deduced from Figure 4 (it
seems to have problems to detect some regular regions as,
for example, tiny shrimp-shaped zones).

Table 4: Accuracy results (in the format mean±standard
deviation) for the biparametric plane (a ∈ [1.4, 1.7] and
b ∈ [0.05, 0.25]) of the Hénon map obtained with the ini-
tial conditions (x0, y0) = (1, 1).

Accuraccy (%) Acc. Regular (%) Acc. Chaotic (%)

GAF 97.666± 0.077 95.769± 0.343 98.143± 0.164
MTF 97.819± 0.091 98.466± 0.122 97.656± 0.144
RP 97.674± 0.100 99.513± 0.158 97.213± 0.152

With these studies in the Hénon map we have shown
that with a network trained with data from the Logis-
tic map and using graphical preprocessing techniques
(GAF, MTF or RP), dynamical behavior analyses can
be performed properly with just information from single-
variable time series. The three preprocessing techniques
perform quite well, but a more accurate and detailed anal-
ysis is obtained with MTF and RP.

5 Conclusions

In this paper, we have shown that graphical preprocess-
ing techniques can be used to generalize dynamical be-
havior analysis from the Logistic map to other discrete
dynamical systems. In particular, we use Gramian An-
gular Field (GAF), Markov Transition Field (MTF) and
Recurrence Plot (RP) as graphical preprocessing tech-
niques that transform single-variable time series into im-
ages that embed their dynamics. The obtained images
can be used as input to a Convolutional Neural Network
(CNN) to perform dynamical classification into regular
(non-equilibrium) and chaotic behavior.

We use a dataset with (a not large number of) time
series from the Logistic map to train (from scratch) a
well-known and not very complicated CNN architecture
called AlexNet. Once trained, we follow this workflow:
trivial-detected dynamics (equilibrium points and escape
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orbits) are classified, the remaining time series are embed-
ded into images with a time series imaging method used
as a graphical preprocessing technique (GAF, MTF or
RP). Finally, the trained AlexNet is used to perform dy-
namical classification into regular (non-equilibrium) and
chaotic behavior. This is applied to the circle map and the
Hénon map (systems not used during training), obtain-
ing good results (accuracy greater than 95%). In general,
the three techniques are able to detect both behaviors
and determine multistability regions. MTF and RP seem
to perform better and are even able to define properly
tiny shrimp-shaped regions.

With the AlexNet trained in the Logistic map and the
use of graphical preprocessing techniques, we obtain a
powerful tool. It is able to perform dynamical behavior
analysis with good accuracy in different dynamical sys-
tems without the necessity of particularize the algorithm
to the system. Notice that in the case of the classical
technique of LEs (used as ground truth in this paper),
the model of each system is involved in the computation
of the LEs, and therefore, in the process of classification.
This does not occur in our approach: once the time series
is computed, the information provided by the model is
not used.
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[7] N. Boullé, V. Dallas, Y. Nakatsukasa, and D. Samad-
dar, “Classification of chaotic time series with
Deep Learning,” Physica D: Nonlinear Phenomena,
vol. 403, p. 132261, 2020.

[8] A. Celletti, C. Gales, V. Rodriguez-Fernandez, and
M. Vasile, “Classification of regular and chaotic mo-
tions in hamiltonian systems with Deep Learning,”
Scientific Reports, vol. 12, no. 1, p. 1890, 2022.

[9] A. Corbetta and T. G. de Jong, “How neural net-
works learn to classify chaotic time series,” Chaos:
An Interdisciplinary Journal of Nonlinear Science,
vol. 33, no. 12, 2023.
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pled Hénon maps,” Applied Mathematics and Com-
putation, vol. 286, pp. 23–28, 2016.





Bregman Proximal Gradient with Extrapolation to Train a Reservoir

Computing Network

Carmen Mayora-Cebollero1, Ana Mayora-Cebollero1, Álvaro Lozano2, Roberto Barrio1

1Departamento de Matemática Aplicada and IUMA. Computational Dynamics group. Universidad de Zaragoza. Spain
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Abstract

This study examines the training process of Artificial Neural Networks, specifically focusing on Reservoir Computing.
Training involves optimizing the network’s parameters to minimize the error in a loss function, which quantifies the
discrepancy between network outputs and target data. Several numerical optimizers are used in the literature. Here,
we formulate the supervised learning problem using the recently introduced Bregman Proximal Gradient with extrap-
olation (BPGe) for non-convex optimization problems. We compare this new method with the classical Stochastic
Gradient Descent (SGD), the Root Mean Square Propagation (RMSProp), and the Adaptive Moment estimation
(Adam). The new approach leads to an accurate and significantly faster numerical algorithm for solving supervised
learning problems on binary classification tasks in Reservoir Computing. Two test examples are presented, one based
on chaotic data classification in the classical Lorenz system and the other on the Human Activity Recognition (HAR)
using smartphones dataset for movement-rest classification. We show that our approach is highly competitive with
existing methods in the tests performed.

1 Introduction

In recent years, Machine Learning, particularly Artificial
Neural Networks (ANNs), has become essential for solv-
ing diverse problems. A critical aspect of their develop-
ment is the training process. In this article, we are inter-
ested in the problem of supervised learning. Training an
ANN is the process of optimizing the trainable parame-
ters, i.e. the weights and biases, to find the lowest error
in a suitable function between the outputs and the target
data. Several optimizers have been used in the litera-
ture [1], like Gradient Descent (GD) [2] and its variants,
Stochastic Gradient Descent (SGD), Root Mean Square
Propagation (RMSProp) [3] and the most currently used,
Adaptive Moment estimation (Adam) [4]. But there are
more families of optimizers in the literature. In particu-
lar, methods based on Proximal Gradient algorithms [5, 6]
and, more specifically, on Bregman Proximal Gradient
have recently been introduced to solve non-convex opti-
mization problems. These methodologies have proven to
be quite useful [7, 8] in several practical applications.

In this paper, we develop complete formulas for apply-
ing the Bregman Proximal Gradient algorithm with ex-
trapolation (BPGe), introduced in [7], to train Reservoir
Computing networks. Reservoir computing (RC) [9, 10] is
a special kind of recurrent type Artificial Neural Networks
whose main structure is the reservoir. The key point is
that only a small fraction of the network is trained, keep-
ing the reservoir fixed. The proposed optimizer expands
the available ones, delivering greater accuracy with im-

proved efficiency.
The paper is organized as follows. In Section 2 we in-

troduce all the optimization algorithms. In Section 3 we
present the Reservoir Computing architecture. Later, in
Section 4 we adapt the Bregman Proximal Gradient with
extrapolation algorithm to Reservoir Computing. In Sec-
tions 5 and 6, we detail the results of all the optimiz-
ers for a dynamical classification problem applied to the
classical Lorenz chaotic system and the Human Activity
Recognition (HAR) using smartphones dataset, respec-
tively. Finally, in Section 7 we draw some conclusions.

The code of all experiments has been run on a Linux
box with 2 Xeon Gold 6338 with 1Tb of DDR4-3200 RAM
with an nVidia A40.

2 Minimization algorithms for ANNs

In this section, we review the four optimizers used in this
study, first the classical ones and then the Bregman Proxi-
mal Gradient algorithm with extrapolation, which will be
adapted to ANNs in Section 4.

2.1 Classical optimizers for ANNs

Consider an ANN as a function NW transforming any in-
put x ∈ Rn into an output ŷ ∈ Rm, that is, NW(x) = ŷ,
where W = (W, b) are the trainable parameters (weights
and biases). The goal will be to obtain ŷ as close as pos-
sible to a target value y ∈ Rm. To do it, we tune W
using data. Such data, known as training data, consists

1
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of N data points (xj , yj) for j = 1, . . . , N , where xj are
the inputs and yj are the corresponding labels (or de-
sired outputs). A loss function LW that measures the
difference between the target yj and the network output
ŷj = NW(xj) is defined. Therefore, training process con-
sists in solving the following optimization problem:

min
W
LW = min

W
1

N

N∑

j=1

ℓ(yj ,NW(xj)), (1)

where ℓ(·, ·) is the loss function applied to each data point.
Gradient Descent (GD) [2] is a classical explicit-

gradient optimization algorithm. It relies on moving in
the direction of descending gradient to, iteratively, find
a minimum (gradient equal to 0). In the field of Deep
Learning this algorithm is also known as batch GD as all
the training set is used to compute the gradient at each
iteration (epoch). As for large training sets the use of the
whole dataset for the gradient computation can slow the
optimization process, Stochastic Gradient Descent (SGD)
was proposed. SGD uses just one sample (chosen ran-
domly from training set) to approximate the gradient at
each iteration. Once all the training data points are used,
an epoch is completed. This definition matches with the
one of Gradient Descent, where in one epoch all points
contribute to the parameter update. This algorithm is
faster than GD, but less regular because of its stochastic
nature. To try to mitigate this effect, mini-batch SGD is
applied. In mini-batch SGD, training dataset is divided
into subsets of size B (known as batches) and at each it-
eration a subset is used to compute the gradient until an
epoch is reached. That is, the update rule is

Wi ←Wi−1 − λ
1

B

B∑

j=1

∇Wℓ(yj ,NWi−1
(xj)),

with λ the learning rate (similar to a step size). Mini-
batch SGD reduces to GD when B = N and to SGD
when B = 1. For simplicity, we will use SGD to refer to
mini-batch SGD from now on.
For computational purposes, we consider mini-batch

configurations to compute the gradient in the explicit-
gradient algorithms. To simplify the notation, we define

∇WLB
Wi−1

= B−1
B∑

j=1

∇Wℓ(yj ,NWi−1
(xj)).

Notice that in these GD-like algorithms, the learning
rate λ is constant. An appropriate value for λ is crucial
for a good performance of the minimization algorithm: a
value that is too high can cause convergence issues, while
one that is too low can slow down convergence. More-
over, when working with ANNs, different parameters can
have different magnitudes for the gradients. To avoid
such problems, algorithms as AdaGrad and RMSProp use
adaptive learning rate (it changes over the iterations and
the parameters).
Root Mean Square Propagation (RMSProp) [3] is an

optimizer created by G. Hinton and T. Tieleman in 2012.

It can be considered as a modification of Adaptive Gra-
dient (AdaGrad) [11], with RMSProp performing better
in general. It has two steps in each iteration. The first
one consists of a moving average (exponential decay) of
the gradients (main difference with AdaGrad, which uses
a sum of square gradients). The second step is similar
to GD-like algorithms but with adaptive learning rate as
AdaGrad. This adaptation of the value of the learning
rate gives more versatility to the algorithm as it can adapt
to the slope of the optimization hypersurface (sharper,
plateau, . . . ). Mathematically, each iteration is repre-
sented as

vi ← ρvi−1 + (1− ρ)(∇WLB
Wi−1

⊗∇WLB
Wi−1

),

Wi ← Wi−1 − λ∇WLB
Wi−1

/(ϵ+
√
vi),

where ρ is a smoothing constant of the exponential de-
cay and ϵ is a small number used for numerical stability.
RMSProp was one of the preferred optimizers until the
introduction of Adam.

Adaptive Moment estimation (Adam) [4] is an opti-
mizer related to RMSProp proposed by D.P. Kingma and
J. Ba in 2014. It has several advantages such as compu-
tational efficiency and requiring minimal tuning of the
hyperparameters. Adam is based on the estimation of
the first (mean) and second (uncentered variance) raw
moments of the gradient. To estimate the first and sec-
ond moments, Adam computes momentum as an expo-
nentially decaying average of past gradients, and the ex-
ponentially decaying average of past squared gradients of
RMSProp, respectively. The algorithm is given by:

mi ← β1mi−1 + (1− β1)∇WLB
Wi−1

,

vi ← β2vi−1 + (1− β2)(∇WLB
Wi−1

⊗∇WLB
Wi−1

),

m̂i ← mi/(1− (β1)
i),

v̂i ← vi/(1− (β2)
i),

Wi ← Wi−1 + λm̂i/(ϵ+
√
v̂i),

where β1, β2 ∈ [0, 1), and the steps m̂i and v̂i are bias-
corrected estimates to counteract the 0 initialization of
m0 and v0.

2.2 Bregman Proximal Gradient algorithm with
extrapolation (BPGe)

Bregman Proximal Gradient algorithm with extrapola-
tion (BPGe) [7] is an implicit-gradient optimizer than
can solve non-convex and non-smooth minimization prob-
lems. The problem statement for BPGe is the following.
The function Ψ(x) to minimize can be expressed as the
sum of a non-convex continuously differentiable function
f(x) (which possibly is not necessarily globally Lipschitz
gradient continuous) and a proper lower-semi-continuous
convex function g(x). Then, the algorithm is divided into
two stages, the first one in which extrapolation is per-
formed, and the second one, in which a proximal operator
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is computed. Mathematically,

yi−1 ← xi−1 + βk(xi−1 − xi−2),

xi ← argminx {g(x) + ⟨∇f(yi−1), x− yi−1⟩+
Dh(x, yi−1)/λk} ,

(2)
where λk is the step size on each iteration (that is, the
learning rate), βk is the extrapolation parameter, and Dh

is a Bregman distance [12]. The extrapolation parameter
βk can be determined at each iteration using a line search
algorithm [7]. To apply this algorithm, we first fix η ∈
(0, 1), β0 ∈ [0, 1) and ρ ∈ (0, 1), and then compute Ck =
1/(1+λkµ). The value of parameter µ satisfies that f is µ-
weakly convex relative to h (with h the Bregman function
that defines de Bregman distance Dh). Then, starting
from βk = β0, the value of βk is updated as βk = ηβk

while Dh(x
k, xk + βk(x

k − xk−1)) > ρ Ck Dh(x
k−1, xk).

This formulation of BPGe generalizes a family of Prox-
imal Gradient algorithms. In particular, if Dh(x, y) =
∥x− y∥2/2, BPGe corresponds to Proximal Gradient al-
gorithm with extrapolation (PGe). If moreover βk = 0,
BPGe reduces to Proximal Gradient (PG) method. Fi-
nally, if just βk = 0, it is BPG without extrapolation.
Theoretical convergence results of BPGe can be found
in [7].

2.3 A benchmark minimization test

In this paper, we want to adapt BPGe to an RC for binary
classification. To show its performance we will compare
with usual optimization algorithms used in ANNs field as
(mini-batch) SGD, RMSProp and Adam. But first, we
compare them in a benchmark minimization problem.
In Figure 1 we have the evolution of all the optimizers

for the benchmark function known as three-hump camel
function, that is given by

H(x, y) = 2x2 − 1.05x4 + x6/6 + xy + y2.

This function has two local minima and a global minimum
at (0, 0), so it is an appropriate function to show the per-
formance of the optimization algorithms. For the simula-
tions, we take as initial conditions (x0, y0) = (1.8, 1.8)
and the learning rate as λ = 0.01. For SGD, RM-
SProp and Adam the corresponding PyTorch [13] rou-
tines have been used (with all the parameters as de-
fault except for the learning rate). For BPGe, the rou-
tine has been implemented from scratch with parameters
βk0

= 0.99, ρ = 0.99, η = 0.95 and µ = 6 (following
the notation used to introduce BPGe, f = H, g = 0 and
Dh(x, y) = ∥x− y∥2/2). As stop rules, we set maximum
number of iterations to 4, 000 and a tolerance value to
10−15 for the squared Euclidean norm between two con-
secutive iterations.

Notice that SGD (in black) evolves towards a local min-
imum, but not to the global one. All the other three
algorithms find properly the global minimum, RMSProp
(in light blue) and Adam (in purple) with a very sim-
ilar route, and the BPGe (in red) with a different one

x

y

H
(x

,y
)

x

y

SGD
RMSProp
Adam
BPGe

Local Minimum
Global Minimum

Start
Point

Figure 1: Evolution of SGD (in black), RMSProp (in
light blue), Adam (in purple) and BPGe (in red) for the
benchmark three-hump camel function.

and with a much lower number of iterations. As Supple-
mentary material, a video with the evolution of the four
optimizers is provided.

3 Reservoir Computing

Reservoir Computing (RC) [9, 10] is a special type
of recurrent-like Artificial Neural Networks whose main
structure is the reservoir. The reservoir is a set of neu-
rons whose connection weights are set randomly and
not tuned during training (this simplifies considerably
the training problem). RC includes three groups of set
ups: Echo State Networks (ESNs) [14], Liquid State Ma-
chines (LSMs) [15], and Backpropagation Decorrelation
(BPDC) learning rule [16]. In this paper, we focus on the
use of ESNs for classification tasks.

Echo-State Networks (ESNs) are a type of Reservoir
Computing approach that has been widely and success-
fully used to different applications [17, 18, 19]. The ar-
chitecture of an ESN can be divided into three parts:
an input layer, the reservoir, and the output layer (also
known as readout layer); all of them consisting of ar-
tificial neurons. Mathematically, to perform a classi-
fication task with K classes, for a time series input
x = {x0, x1, . . . , xT } (with xi ∈ Rn), the output ŷ of the
ESN (with leaky integrator neurons [20] and a reservoir
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INPUT
LAYER

OUTPUT
LAYER

RESERVOIR

Win Wout

Wres

Figure 2: Graphical representation of an ESN, with an
input layer of 5 neurons, a reservoir with 9 neurons, and
an output layer with 3. In blue we have marked the con-
nections whose weights are fixed (non-trained), and with
red these that have to be fine-tuned during training.

with M neurons) is computed as follows:

ht = α tanh(Win xt +Wres ht−1) + (1− α)ht−1,

ŷ = softmax(Wout hT + bout), t ∈ [1, T ].

The first equation corresponds to the input-reservoir
and reservoir-reservoir computations, that is, the non-
trainable part of the network. The second equation cor-
responds to the readout layer and, therefore, the trainable
part. In the first equation, ht ∈ RM is the state of the
reservoir neurons at time t, α ∈ [0, 1] is the leaking rate
parameter (since we use leaky integrator neurons), tanh
is the hyperbolic tangent function, Win ∈ RM×n is the
fixed matrix of weights between the input layer and the
reservoir, and Wres ∈ RM×M is the fixed weight matrix
of the recurrent connections of the reservoir with itself.
In the second equation, softmax is the function applied
to transform the output values into scores for each class,
hT ∈ RM is the last state of the reservoir, Wout ∈ RK×M

is the trainable weight matrix for the readout layer, and
bout ∈ RK is the trainable bias term for such an output
layer. In Figure 2 we have a graphical representation of
an ESN with n = 5, M = 9 and K = 3 (blue color has
been used for connections with non-trainable weights and
red color for the trainable ones).
As indicated in [21], some guidelines can be followed

when creating fixed matrices Win and Wres to obtain a
proper ESN. The reservoir matrix Wres is preferred to
be sparse (each reservoir neuron is connected to a small
number of other reservoir neurons) for speed-up purposes.
The reservoir should satisfy the Echo State Property [14],
that is, the state of the reservoir h(·) should not depend
on the initial conditions for a sufficiently long input x. In
general, a spectral radius of Wres less than 1 ensures that
such property holds. In the case of Win, its distribution
is taken equal to that of Wres but with a dense format.
The values of the non-trainable weights can be set using
a normal distribution N (0, a) or a uniform distribution
U(−a, a), with a a scaling parameter.

3.1 Architecture of the ESN for optimizers com-
parison

To ensure a fair comparison analysis of the performance
of the four optimizers, we need to fix the structure and
hyperparameters of the ANN architecture. For the reser-
voir, we consider a population size (number of neurons
in the reservoir) M = 500 for Lorenz system analysis,
and M = 100 for the Human Activity Recognition us-
ing smartphones dataset using smartphones dataset. The
connection matrix between the reservoir neurons with
themselves has been built as an oriented graph with no
loops whose probability of connection is 0.5. For the
weight matrix of the reservoir, i.e. Wres, we fix the
weights sampling from a normal distribution N (0, 3.5)
and such matrix is modified later in order to have spec-
tral radius 0.9 (to ensure the echo-state property). The
connection matrix between the input and reservoir neu-
rons is non-sparse with the weights (Win) sampled from
a Gaussian distribution N (0, 3.5). The leaking rate α is
set to 0.6 for Lorenz system analysis, and to 0.1 for the
Human Activity Recognition using smartphones dataset.
Moreover, we fix the initial values of the trainable pa-
rameters in the default values provided by PyTorch [13].
The initial value of the state (h0) is set to 0 following
the default initialization of PyTorch [13] for the states of
Recurrent-like Neural Networks. The final time T corre-
sponds to the duration of the time series and will be set
for each test example. The early stopping technique [2] is
used, that is, the final value of the trainable parameters
is that giving the lowest loss value for the validation data
set during the training process. The number of epochs is
set to 4, 000. The loss function is the Cross-Entropy loss
with weight decay (for L2-penalty) equal to 10−5. We re-
mark that the hyperparameters have not been fine-tuned
with the objective of not particularizing them to any op-
timizer and to try to obtain a fair comparison among all
algorithms.

4 BPGe for Artificial Neural Networks

In this section we develop all the necessary formalism to
apply BPGe to train an Echo-State Network for a binary
classification.

First, note that when training a network, the problem
to minimize is the one given in Equation (1). Therefore,
in this case the variables with respect to which we min-
imize are the trainable parameters Wout and bout with
Wout ∈ R2×M and bout ∈ R2. Let us use W to refer to
(Wout, bout) ∈ R2M+2. The function to minimize is the
loss function. For a binary classification task, the usual
loss function is the Cross-Entropy Loss. Moreover, we
use L2-penalty as a regularization technique to prevent
overfitting. Then, using the formulation given in Subec-
tion 2.2 for BPGe algorithm, we take as f the Cross-
Entropy Loss (CEL) and as g the L2-penalty. That is,

f(W) = CEL(W) = −
N∑

i=1

log

(
ev

i
{li}

∑K
k=1 e

vi
{k}

)
,
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where vi{k} =
∑M

m=1 w
{k}
m Rm + b{k}, with w

{k}
m the m-

th weight used to compute class k, Rm the value of the

neuron of the reservoir multiplied by weight w
{k}
m , b{k} the

bias for class k, {li} the correct class (label) for sample
i, N the number of samples in the batch, K the number
of classes, and M the number of neurons of the reservoir.
Besides,

g(W) = L2(W) = η
2M+2∑

j=1

w2
j ,

where η is the regularization parameter (for L2- penalty)
and wj is any trainable parameter (weight or bias). No-
tice that these functions satisfy the required properties of
the algorithm statement (see Subsection 2.2): f is con-
vex (by composition of convex functions) and continu-
ously differentiable (by composition); g is proper, lower
semi-continuous (since it is continuous) and convex (by
composition).
Notice that to apply the BPGe algorithm (see Equa-

tion (2)) we need a Bregman distance Dh that has to
be defined by a Bregman function h. For this problem
we set h(x) = ∥x∥2/2, getting the Bregman distance
Dh(x,y) = ∥x − y∥2/2. With these functions the con-
ditions required in [7] are satisfied. In particular, f is
µ-weakly convex relative to h with µ = 0 as f is convex.
Let us focus on adapting the algorithm to the binary

classification task with Reservoir Computing. In partic-
ular, let us find the analytical expression for the second
step of the algorithm (see Equation (2)), that with the
new notation is rewritten as

Wk+1 = argmin
W

{
g(W) + ⟨∇f(Vk),W −Vk⟩

+Dh(W,Vk)/λk

}
.

To obtain Wk+1 we have to compute the expression in-
side the curly brackets, calculate its derivative (the gradi-
ent), obtain the value of W that cancels all the elements
of the gradient vector, and check that the extreme is a
minimum. By the moment we will not compute the ex-
pression of ∇f(Vk) as it is a constant and does not affect
directly the computations related to the minimum. We
will compute its expression later as it is the key point of
the adaptation of the algorithm to Reservoir Computing
for binary classification.

The expression inside the curly brackets is
{
g(W) + ⟨∇f(Vk),W −Vk⟩+Dh(W,Vk)/λk

}
=

η
2M+2∑

j=1

w2
j +

2M+2∑

j=1

(∇f(Vk))j(wj − vkj ) +
1

2λk
∥W − Vk∥2.

The s-th component of the gradient of this expression is

2ηws + (∇f(Vk))s +
1

λk
(ws − vks ).

The value of W that cancels previous expression is the
vector whose s-th element is

−(∇f(Vk))s +
1
λk

vks

2η + 1
λk

. (3)

We just have to check that it is a minimum. The Hessian
matrix is a diagonal matrix with diagonal elements equal
to 2η+1/λk, so the determinant is (2η+1/λk)

2M+2 > 0
(η > 0 is the regularization parameter, and λk > 0 is the
step size, so they are greater than 0). Moreover, the first
diagonal element of the matrix is 2η+1/λk which is also
positive (η > 0, λk > 0). Therefore, the point W whose
s-th coordinate is given in Equation (3) is a minimum
and the value Wk+1 we are looking for. We just have to
compute ∇f(Vk) to have the expression totally defined.

Let us compute the expression of ∇f(W). Each el-
ement of the gradient is ∂f/∂ws where ws is the s-th
element ofW = (W, b). The function f is a sum of B ele-
ments, each summand is related to a sample of the batch.
Each of these samples has a label. Note that according to
the form of each summand, it is not the same to compute
the derivative with respect to one trainable parameter in-
volved in the computation of the value of the neuron of
class li if the corresponding label is li (this weight/bias
appears in the numerator and denominator of f) or it is
not (this weight/bias only appears in the denominator).
Therefore, we have to distinguish four possible cases:

(C1) We derive with respect to an element of W that cor-
responds to a weight involved in the computation of
the output neuron corresponding to the correct class
li (given by the label) for sample i.

(C2) We derive with respect to an element of W that cor-
responds to a weight not involved in the computation
of the output neuron corresponding to the correct
class li (given by the label) for sample i.

(C3) We derive with respect to an element of W that cor-
responds to the bias involved in the computation of
the output neuron corresponding to the correct class
li (given by the label) for sample i.

(C4) We derive with respect to an element of W that cor-
responds to the bias not involved in the computation
of the output neuron corresponding to the correct
class li (given by the label) for sample i.

For the sake of notation, in what follows we set RC{li} =

exp
(∑M

m=1 w
{li}
m Rm + b{li}

)
, that is, the exponential

value of the raw value (before softmax application) of
a neuron in the output layer. With this notation, we can
rewrite each of the addends of f as

log

(
RC{li}

RC{0} + RC{1}

)
= log

(
NUM

DEN

)
,

where 0 and 1 are the possible classes and {li} ∈ {0, 1},
taking the value according to the class labeled to the sam-
ple. We will use {li}c for the class contrary to the label
(non-correct class).

We have to compute the partial derivative of each of
those addends respect to an element ws of W, that will
have different expressions for each of the four cases, ob-
taining
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(C1)
DEN

NUM

Rs NUM DEN−Rs NUM
2

DEN2
= Rs

RC{li}
c

RC{0} + RC{1}
.

(C2)
DEN

NUM

(−NUM)Rs RC
{li}c

DEN2
= −Rs

RC{li}
c

RC{0} + RC{1}
.

(C3)
DEN

NUM

NUM DEN− NUM2

DEN2
=

RC{li}
c

RC{0} + RC{1}
.

(C4)
DEN

NUM

(−NUM) RC{li}c

DEN2
= − RC{li}

c

RC{0} + RC{1}
.

If we consider that the first M elements of ∇f(W) cor-
respond to the derivative with respect to a weight ws used
to compute the value of the neuron of class 0, the next M
elements are the derivative with respect to a weight ws

used to compute the value of the neuron of class 1. The
penultimate derivative is with respect to the bias b{0} and
the last one is with respect to the bias b{1}. Therefore,
the gradient is




∑B
i=1(−1){li}R1

RC{li}
c

RC{0} + RC{1}
...

∑B
i=1(−1){li}RM

RC{li}
c

RC{0} + RC{1}

∑B
i=1(−1){li}+1R1

RC{li}
c

RC{0} + RC{1}
...

∑B
i=1(−1){li}+1RM

RC{li}
c

RC{0} + RC{1}

∑B
i=1(−1){li}

RC{li}
c

RC{0} + RC{1}

∑B
i=1(−1){li}+1 RC{li}

c

RC{0} + RC{1}




.

Finally, ∇f(Vk) will be a constant vector obtained sub-
stituting W by Vk in the previous expression.
With this we have provided the complete set of for-

mulas for applying the BPGe algorithm to the binary
classification problem in RC.

5 Dynamical classification in the Lorenz System

The first problem used to study the performance of the
four optimizers is the Lorenz system [22], a paradigmatic
problem of chaotic dynamics. Lorenz system is a classic 3-
dimensional continuous dynamical system problem given
by the following equations:

ẋ = σ(y − x), ẏ = x(r − z)− y, ż = xy − bz, (4)

where the system variables are (x, y, z) and the bifurca-
tion parameters are (σ, r, b). In particular, σ is known as
Prandtl number, r is the relative Rayleigh number and b
is a positive constant. In our study, σ = 10, r ∈ (0, 300]

and b ∈ {2.4, 2.8, 8/3}. Our goal is to classify the dynam-
ics of this system into regular (label 0) or chaotic (label 1).
To compare the results obtained with our neural network
to the correct behaviour, we compute the Lyapunov ex-
ponents (positive first Lyapunov exponent means chaos,
and regular otherwise) using the algorithm of Ref. [23].

To obtain the train, validation and test datasets needed
to achieve the final trained network for the Lorenz system
case, we use three r-parametric lines where parameter σ is
fixed to 10, and b = 2.4 for the training dataset, b = 2.8
for the validation dataset, and b = 8/3 (classical line
of the Lorenz system) for the test dataset. First, from
each r-parametric line, we get 5, 999 different values of
r moving uniformly in the interval (0, 300] and thus we
have 5, 999 time series for each dataset. These time series
are of length 1, 000 and their fixed initial conditions are
(x0, y0, z0) = (1, 1, 1). To integrate these time series the
DOPRI5 method (Runge-Kutta integrator of order 5) is
used. First of all, a transient process is performed until
time t = 100, 000 with time step 0.01. Later, we integrate
100, 001 more time units with a time step of 0.001 to
compute the Lyapunov exponents (used to determine the
behaviour of each time series). Taking 1 out of every 100
of the last 100, 000 computed points we obtain the time
series of length 1, 000 that we use as input in our neural
network.

The samples obtained from the three r-parametric lines
are screened to prevent repeated time series inside or
through different datasets (and therefore, to ensure that
the network learns correctly). First of all, we delete such
repeated samples, considering repeated samples as those
whose difference in infinity norm is less than 10−4. Next,
we shuffle the samples inside each dataset and we sepa-
rate time series between regular and chaotic. From these
remaining samples, we take randomly 2, 260 of each class
for the training dataset (5, 520 in total), 1, 500 of each
class for the validation dataset (3, 000 in total) and 2, 990
of each class for test set (5, 980 in total). The batch sizes
are fixed to 128, 100, and 230 for training, validation,
and test sets, respectively, dropping the last incomplete
batch. In the case of the test set, we will have two differ-
ent versions of the dataset. One of them without repeated
samples that we will use to study the loss and accuracy
(to ensure the network is able to generalize correctly),
and other one with all the samples of the line that we
will use for the remaining experiments (in this last case,
the number of samples for each class does not have to be
the same one).

In Table 1, the loss and accuracy values for the final
network in the train, validation and test datasets using
the SGD, RMSProp, Adam and BPGe optimizers are
gathered together. For each optimizer the results are
shown for three different values of the learning rate λ:
λ1 = 0.001, λ2 = 0.0005 and λ3 = 0.0001. We have
studied the accuracy of the test dataset, but we have to
ensure that the network has learned correctly, that is, if
it is able to classify correctly each type of behavior (reg-
ular and chaotic). In the last two columns of this table,
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we study the test accuracy for the regular and chaotic
samples (that is, the regular samples that are correctly
detected respect to the total number of regular samples,
and analogously for the chaotic time series).

For the SGD and Adam optimizers, the loss increases
and accuracy decreases as the learning rate decreases.
Hence, the best results (lowest test loss and highest test
accuracy) occur with λ1 = 0.001. However, in the re-
maining two optimizers (RMSProp and BPGe), there is
no clear trend in behavior. In fact, for RMSProp, in
the training set, loss value increases and accuracy value
decreases as the learning rate decreases, while this is
not occurring for the other two datasets where the best
values (lowest loss and largest accuracy) are given for
λ2 = 0.0005. In the case of BPGe, it is not easy to de-
fine a trend, but probably the appropriate value for the
learning rate is λ3 = 0.0001.

Notice that the accuracy values for both behaviors are
quite similar in all cases (the difference between them is
always less than 8%). Therefore, all the optimizers (for
all the learning rate values) are able to detect properly
regular and chaotic samples.

Comparing the results in the table across all the opti-
mizers we can conclude that the worst results are obtained
with the SGD optimizer as for the test dataset the accu-
racy is for the three cases less than 92% and for the other
optimizers it is always greater than 93% (for all the learn-
ing rate values). Moreover, the SGD optimizer gives the
largest values for the loss. The largest accuracy values
for all the studied learning rates in the test dataset are
those obtained with the BPGe optimizer (comparing the
value of the test accuracy for each value of the learning
rate). However, if we compare the accuracy for regular
and chaotic samples for the test dataset, we can see that
the performance of Adam and BPGe is quite similar (for
example, for λ2 = 0.0005, the accuracy for regular sam-
ples is larger for BPGe than for Adam, but the accuracy
for chaotic behaviour is greater for Adam). Notice that
the lowest loss value for the test dataset is obtained with
λ3 = 0.0001 for the BPGe optimizer, which corresponds
with the largest test accuracy for all the optimizers and
learning rates.

After studying the loss and accuracy for the best epoch
(the epoch corresponding with the lowest loss value of the
validation dataset, that according to early stopping pro-
vides the final network), we study the evolution of the
loss and accuracy values along the epochs (for training
dataset) in Figure 3. In panels (A1)-(A2), (B1)-(B2) and
(C1)-(C2), these evolutions are shown for the learning
rates λ1 = 0.001, λ2 = 0.0005 and λ3 = 0.0001, respec-
tively. In each plot, the four optimizers are compared
(SGD in black, RMSProp in light blue, Adam in purple,
and BPGe in red).

Notice that the BPGe optimizer (in red) is the noisiest
optimizer for λ1 = 0.001 (see panels (A1)-(A2)). If the
value of the learning rate is decreased up to λ2 = 0.0005,
only a small part of the evolution is noisy (see panels
(B1)-(B2)). When the value of the learning rate is very
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Figure 3: Study of the loss and accuracy (Acc.) evo-
lution of the training dataset along the epochs for the
Lorenz system dynamical classification. The four op-
timizers (SGD, RMSProp, Adam and BPGe) are com-
pared. (A1)-(A1*)-(A2) Evolution for the learning rate
λ1 = 0.001. (B1)-(B1*)-(B2) Evolution for the learning
rate λ2 = 0.0005. (C1)-(C1*)-(C2)-(C2*) Evolution for
the learning rate λ3 = 0.0001.

small (λ3 = 0.0001), the evolution of the loss and accu-
racy of the BPGe is not noisy anymore (this learning rate
gives us the best test accuracy as can be seen in Table 1).
This could be related with the restriction 0 < λk ≤ 1/L
(for the BPGe) indicated in [7], with L the constant
of the Lipschitz gradient continuity condition. We con-
jecture that for values of the learning rate smaller than
λ2 = 0.0005 (and not for values greater or equal than λ1)
this condition is fulfilled and therefore the noise disap-
pears.

For all the learning rate values, it can be seen clearly
that the BPGe optimizer (in red) achieves the lowest loss
values and the largest accuracy with a considerable dif-
ference. For the SGD optimizer (in black), the loss seems
to be always larger and the accuracy lower than the other
three optimizers. The results obtained with the RM-
SProp (in light blue) and Adam (in purple) are quite
similar and indistinguishable at a glance, so we provide
some magnifications. A zoom of panels (A1)-(B1)-(C1)
is provided in subpanels (A1*)-(B1*)-(C1*), where it can
be seen that loss values of both optimizers are really close
but larger for the RMSProp algorithm. The accuracy for
RMSProp and Adam optimizers is quite similar: some-
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Table 1: Loss and accuracy (Acc.) for training, validation and test sets for the four optimizers and three different
learning rate values (λ1 = 0.001, λ2 = 0.0005, λ3 = 0.0001) for the dynamical classification in the Lorenz system.
Accuracy regular (Acc. Reg.) and accuracy chaotic (Acc. Chaot.) are also indicated for test dataset.

TRAIN VALIDATION TEST
Loss Acc.(%) Loss Acc.(%) Loss Acc.(%) Acc. Reg. (%) Acc. Chaot. (%)

S
G
D λ1=0.001 0.255 90.201 0.225 92.533 0.242 91.656 92.319 91.111

λ2=0.0005 0.283 88.929 0.250 91.567 0.266 90.535 91.280 89.924
λ3=0.0001 0.361 85.670 0.329 88.500 0.341 87.475 88.794 86.393

R
M
S
P
ro
p λ1=0.001 0.152 94.018 0.165 94.067 0.186 93.813 97.737 90.594

λ2=0.0005 0.162 93.594 0.162 94.300 0.182 94.013 96.994 91.568
λ3=0.0001 0.202 92.522 0.183 93.833 0.202 93.545 94.397 92.846

A
d
am

λ1=0.001 0.149 94.018 0.135 94.800 0.148 94.716 96.067 93.607
λ2=0.0005 0.160 93.705 0.143 94.667 0.158 94.632 95.176 94.186
λ3=0.0001 0.201 92.612 0.180 93.633 0.199 93.395 93.729 93.120

B
P
G
e λ1=0.001 0.108 96.652 0.178 95.433 0.212 94.900 97.069 93.120

λ2=0.0005 0.088 96.763 0.139 94.867 0.160 94.682 97.922 92.024
λ3=0.0001 0.120 95.357 0.127 95.067 0.139 94.916 97.217 93.029

times one is larger than the other and other times the
opposite as can be seen in subpanel (C2*) which is a
zoom of panel (C2).

To sum up, on the one hand, the best performance, that
is, the lowest loss and the largest accuracy, is obtained
with the BPGe optimizer (see the red line in all panels
of Figure 3). In particular, the best results are the ones
corresponding to λ3 = 0.0001 (see Table 1). On the other
hand, the worst performance, that is, the largest loss and
the lowest accuracy, is achieved with the SGD optimizer
(see the black line in all panels of Figure 3 and Table 1).
The RMSProp and Adam optimizers seem to give very
similar results (better than those of SGD and worst than
those of BPGe optimizer). The conclusions obtained with
Figure 3 coincide with those derived from the study of
Table 1.

With results in Table 1 and Figure 3, we conclude that
BPGe seems to work really good. However, it is also
interesting to analyze in which epoch is obtained the net-
work with the best results (lower validation loss during
training process) and how much time is needed by each
optimizer to train the network. Sometimes better results
may not be entirely advantageous if the time needed is
much longer.

For the SGD, RMSProp, and Adam optimizers, the
best results occur at epoch 4,000, which is the maximum
set for the process. This suggests further learning could
occur with more epochs, but increased training time may
not yield significant accuracy improvements, making ad-
ditional epochs less worthwhile. With the maximum of
4, 000 epochs, the wall time during training process for
each of the three optimizers is approximately 27 min-
utes. Focusing in the BPGe results, for λ1 = 0.001 the
best epoch is 3, 065, for λ2 = 0.0005 it is 3, 893, and for
λ3 = 0.0001 it is 4, 000 (last epoch as happens for the
other optimizers). With the maximum of 4, 000 epochs,
the wall time during training process for BPGe optimizer

is around 30 minutes. Notice that BPGe takes a bit longer
to train the network, but for lower learning rates in fact
a lower maximum of epochs value and consequently less
wall time would be needed. For the largest learning rate
value in BPGe, the best epoch is 4, 000, but although
time is a bit increased respect to other optimizers, results
are better.

We want to remark that in the wall time is only in-
cluded the time needed to train the network once hT has
been obtained for all the samples.

The total number of epochs is a hyperparameter that
could have been set to a different value. A natural ques-
tion arises: At which epoch has the training accuracy sur-
passed a certain value? As in general we have obtained
that the networks achieved the best model for the last
epoch, this new analysis will allow us to understand which
optimizers provide a faster learning and need less epochs
to obtain a good performance. Here, we have checked that
in addition to satisfy the accuracy indicated, the valida-
tion accuracy is not far away from this value and then
it is not suffering from overfitting. In Table 2, we have
summarized such analysis. In particular, we indicate, for
each optimizer and learning rate, the first epoch in which
training accuracy has surpassed the 80%, 85%, 90%, and
95%. Notice that the unique optimizer that surpasses
the 95% accuracy for training is BPGe. The SGD algo-
rithm only achieves an accuracy greater than 90% for the
lower value of learning rate (λ1 = 0.001) that we estab-
lished as the best result for this optimizer according to
Table 1. Moreover, the number of epochs needed by SGD
to exceed whatever accuracy value is considerably larger
than that for the other optimizers. The RMSProp and
Adam optimizers have quite similar results as we have al-
ready concluded analyzing the training loss and training
accuracy evolutions in Figure 3. Finally, it is remarkable
that the BPGe, for whatever value of the learning rate,
surpasses a value of 90% in the accuracy just after less
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than 20 epochs. Therefore, although BPGe needs more
time for training process (30 min against the 27 minutes
needed by the other optimizers), it uses a small portion
of time to achieve a good performance (20 of the 4000
epochs, that would be approximately 10 seconds) and the
remaining process is devoted to fine-tune the results to
obtain a better performance. So, setting a lower number
of epochs, wall time would be considerably reduced and
performance would be not considerably affected. To try
to support this result, we are going to check the perfor-
mance of the network obtained at each epoch using an
r-parametric line of the Lorenz system.

Table 2: First epoch in the training process of the
dynamical classification in the Lorenz system in which
the accuracy of the training set is equal to or greater
than 80%, 85%, 90% and 95% for the four optimizers
and the considered learning rates.

Accuracy (%) ≥ 80% ≥ 85% ≥ 90% ≥ 95%

S
G
D λ1=0.001 44 245 3750 −

λ2=0.0005 89 461 − −
λ3=0.0001 445 2248 − −

R
M
S
P
ro
p λ1=0.001 3 13 101 −

λ2=0.0005 4 15 145 −
λ3=0.0001 12 60 578 −

A
d
am

λ1=0.001 3 11 103 −
λ2=0.0005 4 17 154 −
λ3=0.0001 16 62 638 −

B
P
G
e λ1=0.001 2 4 17 712

λ2=0.0005 2 3 14 877
λ3=0.0001 2 3 17 2501

Let us consider the r-parametric line with b = 8/3 and
σ = 10 of the Lorenz system. Notice that it corresponds
to the line used to create the test set, but now we use it
with the 5, 999 values of parameter r. During training,
we save the values of the trainable parameters (Wout and
bout) of the network obtained at each epoch. Note that as
we have set to 4, 000 the maximum number of epochs, we
will have 4, 000 different networks for each optimizer and
each learning rate. With each network, we perform a dy-
namical classification in the aforementioned r-parametric
line. This will allow us to have an idea of how the re-
sults would be at each moment of the training process.
In Figure 4, we have such results. In particular, in pan-
els (A1)-(A3), (B1)-(B3), (C1)-(C3) and (D1)-(D3) we
have on the top the classification results obtained with
the first epoch of the training process and at the bottom
those provided by the last epoch (epoch 4, 000), and the
results of the networks for the remaining epochs are in
between. Moreover, for each optimizer and learning rate
we provide the dynamical classification performed for the
best epoch (see panels (A1*)-(A3*), (B1*)-(B3*), (C1*)-
(C3*) and (D1*)-(D3*). The ground truth, that is, the
correct classification performed by the classical technique
of Lyapunov exponents is given at the top of the figure.

Notice that black color is used for regular behavior and
white for chaotic.

In panels of SGD (A1)-(A3), we can observe a noisy
classification for any epoch (especially in panel (A3) that
corresponds with the worst results according to previous
analyses). In panels of RMSProp and Adam optimiz-
ers (B1)-(B3) and (C1)-(C3), respectively, we have less
noisy classification in non-boundary regions, but it seems
that they are more indecisive than BPGe (panels (D1)-
(D3)). In BPGe panels (D1)-(D3), it is observed that
in the first epochs the optimizer already correctly deter-
mines the non-boundary zones and the regular windows
in the large chaotic regions; and it uses the remaining
epochs to fix the behavior in the boundaries. These con-
clusions match with the results of Table 2 as an accuracy
greater than 90% (for training set) is obtained after just
20 epochs.

If we look at the panels (A1*)-(A3*), (B1*)-(B3*),
(C1*)-(C3*) and (D1*)-(D3*), we can conclude visually
the best classification. It can be seen clearly that the
worst performance is achieved by SGD (panels (A1*)-
(A3*)) as in the left regular region (in black in the ground
truth), we can observe white stripes corresponding to
false chaotic detections. Moreover, we can see that the
boundary zones (in the middle of the panel) are not
properly defined. In the remaining panels (of RMSProp,
Adam and BPGe) the results seem to be acceptable and
the regions are better defined. However, in the BPGe
panels (D1*)-(D3*) more regular windows in the large
chaotic regions have been clearly detected.

We would like to clarify, that if we compare the best
epoch results for all the optimizers and learning rates
with the ground truth, one part of the most-right chaotic
region is missing. This part corresponds to transient
chaotic dynamics [24]. We have been seen in a previ-
ous work [25] that they are not properly detected by all
DL architectures. However, this is out of the scope of this
paper as the objective is to compare optimizers under the
same conditions.

6 Classification in the Human Activity Recogni-
tion using Smartphones Dataset

Human Activity Recognition (HAR) using smartphones
dataset [26, 27] consists in recordings from 30 subjects
(aged between 19 and 48 years) performing six different
Activities of Daily Living (ADL): walking, walking up-
stairs, walking downstairs, sitting, standing, and laying
down. The 3-axial linear acceleration and 3-axial angular
velocity are recorded using a waist-mounted smartphone
with inertial sensors at a constant rate of 50Hz. The data
obtained from the experiments is preprocessed and for
each record, 3-axial total acceleration, 3-axial estimated
body acceleration, 3-axial angular velocity and a vector
with 561 features are given. The experimental data [26]
is provided as training (70% of total samples) and test
set (30%).

We work with binary classification tasks with time se-
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Figure 4: Results of dynamical classification in an r-parametric line of the Lorenz system obtained with each of the
networks of the 4, 000 epochs obtained during training process are shown in order to study visually how the optimizers
work.

ries as input. Therefore, from the HAR using smart-
phones dataset we consider the 3-axial estimated body
acceleration, measured as a g-force, consisting in 3-
dimensional time series of length 128. Moreover, we di-
vide into two classes: rest (it includes sitting, standing
and laying down) and movement (it includes walking,
walking upstairs and walking downstairs). Instead of us-
ing just two datasets (train and test) as provided by this
HAR dataset, we use three (train, validation and test).
For this reason, we use the original test set of [26] without
modifications (it includes 2947 time series, 1560 labeled
as rest and 1387 as movement), but we use the original
train set provided in [26] to create a train and validation
set for our study. In particular, the original training set
has 7352 samples, 4067 corresponds to rest class (1286
of sitting, 1374 of standing, and 1407 of laying down),
and 3285 to movement (1226 of walking, 1073 of walk-
ing upstairs, and 986 of walking downstairs). We choose
randomly 686 samples of each activity for training, and

300 for validation; obtaining a training dataset with 4116
time series, and a validation set of 1800. For training,
validation and test sets the batch size is 128, 100, and
421, respectively.

For this new example, we perform a similar analysis to
that of Lorenz system in Section 5.

In Table 3, the results of the loss and accuracy of
the training, validation and test datasets are shown for
the four optimizers (SGD, RMSProp, Adam and BPGe)
using three different learning rate values (λ1 = 0.001,
λ2 = 0.0005 and λ3 = 0.0001). As for the Lorenz case,
we have also computed the accuracy for each class to en-
sure that the network has learned to classify both type of
samples (rest and movement).

Notice that the loss of the training set and the one
of the test (the same for the accuracy) are very similar,
therefore, we can consider that the network has not suf-
fered overfitting for any case. It is clear that the worst
optimizer is the SGD (as it occurs for the Lorenz case):
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Table 3: Loss and accuracy (Acc.) for training, validation and test sets for the four optimizers and three differ-
ent learning rate values (λ1 = 0.001, λ2 = 0.0005, λ3 = 0.0001) for the classification between movement and rest
of the HAR using smartphones database. Accuracy of rest and accuracy of movement are also indicated for test dataset.

TRAIN VALIDATION TEST
Loss Acc.(%) Loss Acc.(%) Loss Acc.(%) Acc. Rest (%) Acc. Move (%)

S
G
D λ1=0.001 0.453 84.961 0.458 84.833 0.452 85.104 91.282 78.154

λ2=0.0005 0.505 82.959 0.510 82.778 0.501 82.966 90.513 74.477
λ3=0.0001 0.595 77.808 0.598 76.944 0.596 77.537 89.231 64.384

R
M
S
P
ro
p λ1=0.001 0.157 95.972 0.177 94.889 0.194 94.605 99.231 89.402

λ2=0.0005 0.181 95.020 0.196 94.389 0.212 94.231 98.846 89.041
λ3=0.0001 0.270 91.553 0.276 91.500 0.287 90.567 95.192 85.364

A
d
am

λ1=0.001 0.156 95.947 0.176 94.889 0.193 94.639 99.231 89.474
λ2=0.0005 0.180 95.044 0.195 94.389 0.212 94.265 98.846 89.113
λ3=0.0001 0.270 91.577 0.276 91.444 0.287 90.601 95.192 85.436

B
P
G
e λ1=0.001 0.108 97.266 0.147 96.500 0.169 95.419 99.294 91.060

λ2=0.0005 0.114 97.070 0.148 96.278 0.169 95.385 99.359 90.916
λ3=0.0001 0.150 96.069 0.172 94.944 0.188 94.774 99.295 89.690

it has the largest loss and the lowest accuracy for all
datasets and independently of the value of the learning
rate. Moreover, it is remarkable that the accuracy in the
test dataset for rest and movement classes is very differ-
ent. It seems that the characteristics of movement class
have not been properly learned and the corresponding ac-
curacy is really low (especially for λ3 as it is smaller than
65%). RMSProp and Adam optimizers give similar re-
sults. Both performing quite well, with worsening results
as the value of the learning rate is reduced. The BPGe
is again the optimizer that gives the best results. It is
remarkable that it provides the lowest loss and largest
accuracy values for all learning rate values and datasets.
Moreover, it is the unique optimizer in which an accuracy
greater than 90% is obtained for the movement class (see
results for λ1 and λ2). The learning rate that seems to
perform the best is λ1 = 0.001.

In Table 4, the epoch in which the accuracy of the
training dataset (in the training process) is greater or
equal than 80%, 85%, 90% and 95% for the first time is
indicated for the four optimizers and the three learning
rate values. Notice that in the case of the SGD most of
the boxes of the tables are filled with “−” as the network
does not achieve an accuracy equal to or greater than 85%
for λ1 = 0.001 and λ2 = 0.0005, and equal to or greater
than 80% for λ3 = 0.0001. This fact is expected due to
the results of Table 3.

For the remaining three optimizers, the accuracy equal
or greater than 90% is achieved before the half of the total
epochs (4, 000), so good results could be obtained in half
the time. Notice that, in the case of the BPGe (for all the
learning rate values), an accuracy equal or greater than
95% is achieved in less than 1, 450 epochs. Therefore,
although BPGe requires a few more minutes than the
other optimizers to compute 4, 000 epochs, it achieves
the same or better accuracy in fewer epochs, potentially
reducing training time. Moreover, the best results (less

Table 4: First epoch in the training process of the
classification between movement and rest of the HAR
using smartphones database in which the accuracy of
the training set is equal to or greater than 80%, 85%,
90% and 95% for the four optimizers and the considered
learning rates.

Accuracy (%) ≥ 80% ≥ 85% ≥ 90% ≥ 95%

S
G
D λ1=0.001 761 − − −

λ2=0.0005 1522 − − −
λ3=0.0001 − − − −

R
M
S
P
ro
p λ1=0.001 6 33 177 2006

λ2=0.0005 13 67 352 3981
λ3=0.0001 74 351 1634 −

A
d
am

λ1=0.001 10 41 170 1996
λ2=0.0005 19 77 345 3904
λ3=0.0001 86 362 1729 −

B
P
G
e λ1=0.001 2 4 12 120

λ2=0.0005 2 6 24 287
λ3=0.0001 5 20 106 1420

loss and greater accuracy for the test, seen in Table 3) are
obtained with λ1 = 0.001 for the BPGe and an accuracy
equal to or greater than 95% is obtained in epoch 120.
This would allow us to obtain remarkable results in few
epochs and therefore in a very short time.

7 Conclusion

This paper deals with the training process of a Reser-
voir Computing algorithm. We have formulated the su-
pervised learning problem using the recently introduced
Bregman Proximal Gradient with extrapolation algo-
rithm developed for non-convex optimization problems.
We have applied the new algorithm to binary classifica-



Bregman Proximal Gradient with Extrapolation to Train a Reservoir Computing Network 12

tion problems. Two test examples are presented to il-
lustrate the effectiveness of the proposed approach, one
based on chaotic data classification in the classical Lorenz
system and the other on the Human Activity Recogni-
tion (HAR) using smartphones dataset for movement-
rest classification. From tests and comparisons with
Stochastic Gradient Descent (SGD), Root Mean Square
Propagation(RMSProp) and Adaptive Moment estima-
tion (Adam), it appears that the new methodology is
highly competitive in terms of speed of convergence, qual-
ity and accuracy of the predicted models. It is remarkable
that just a few epochs permit an accuracy greater than
90% (for training set). In particular, for the Lorenz test
problem, the performance of the BPGe is comparable to
widely used optimizers for ANNs as Adam (even improv-
ing the results a little). In the HAR using smartphones
dataset, it can be seen that BPGe improves considerably
the results, accelerating also the training process. Part of
our current research is to extend this approach to more
generic ANNs.
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Discussion of Unpublished Articles

In this chapter we discuss the unpublished articles. Section 5.1 is devoted to the preprint Deep Learning
for analyzing chaotic dynamics in biological time series: Insights from frog heart signals [5].
Section 5.2 focuses on the preprint Graphical preprocessing techniques to generalize dynamical
behavior analysis with Deep Learning [6]. Finally, in Section 5.3 the preprint Bregman Proximal
Gradient with extrapolation to train a Reservoir Computing network [7] is discussed.

5.1 Deep Learning for Analyzing Chaotic Dynamics in Biological Time
Series: Insights from Frog Heart Signals [5]

Our objective in the preprint Deep Learning for analyzing chaotic dynamics in biological time se-
ries: Insights from frog heart signals [5] is to study if Deep Learning (DL) can be used to analyze
chaotic dynamics in biological time series, a task that is not always feasible with classical techniques.
We combine the use of Deep Learning techniques, the universality of chaotic dynamics, and heart-like
dynamical information to construct a new automatic algorithm (human supervision is not needed) with
4 steps that is able to detect chaos in experimental heart time series. To show the performance of this
algorithm we use frog heart dynamics data. The DL part is carried out using PyTorch [107].

When using Deep Learning, one of the key points is the training process, during which data is used to
enable the network to learn from it. Normally, when we work with experimental recordings, there is not
enough data to address the complete training process, so other alternatives have to be used. Numerous
dynamical phenomena are universal, so we consider the Logistic map [68] (equation 3.1), a simple
one-dimensional discrete dynamical system with great dynamical richness (see Figure 3 in [5]), to train
10 randomly initialized Long Short-Term Memory (LSTM) networks with the same architecture as the
network used for the chaos detection task in [2] (Step 1 of the automatic algorithm proposed in [5]).

Notice that to train the networks we have used generic data, but our final goal is to perform chaos
analysis in experimental heart time series. Therefore, at this point of the algorithm, we use some heart-
like dynamical information to particularize the method to the nature of our experimental data.

Recall that the action potentials are the electrical signals generated as a consequence of the changes
in the membrane potential. The time interval between the onset of the cell depolarization and the
completion of its repolarization is known as the action potential duration (see Figure 1 in [5]). The
action potential duration restitution curve (that represents the dynamics of a single cardiomyocyte) fitted
to the kinetics of the Beeler-Reuter model [112] results in the discrete map [69]

APDi+1 = 258+125exp(−0.068(nBCL−APDi−43.54))−350exp(−0.028(nBCL−APDi−43.54)),

with APDi the action potential duration corresponding to the i-th stimulus, BCL the time interval be-
tween two consecutive pacing stimuli (we use it as bifurcation parameter), and n the parameter block.
In Figure 4 of [5] we have the bifurcation diagram and LEs analysis of a one-parameter line of such
discrete model.

The 10 LSTM networks trained with the Logistic map data in the Step 1 of the algorithm are used to
perform a chaos analysis in a one-parameter line of the previous heart map model (Step 2). In particular,
such dynamical behavior study is performed using the original time series, as well as a noisy version
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obtained by adding component-wise Gaussian noise with two different noise strengths. The measures
used to describe the Deep Learning results are accuracy-like measures (to ensure that the chaos detection
task has been successful) and noise indicators (to ensure that the detections are robust against noise).

Some criteria (based on the accuracy-like measures and the noise indicators) are imposed to choose
the network that has been able to perform properly a chaos analysis in the one-parameter line of the
heart map model (Step 3 of our algorithm). In Table 1 of [5] we show the results for the network
that has met all the criteria. The values corresponding to the percentage of chaotic samples classified
correctly by the DL network (accuracy chaotic), although meeting the criteria, are not really good. Most
of these misclassified time series are in boundary regions between different dynamical regimes and have
a behavior that is not expected to be present in the Logistic map used for training (see Figure 4 in [5]).
Notice that the unique information available for the DL network is the time series, so the task is very
difficult and we can expect that the network will fail in some cases. Finally, the network that meets the
criteria of Step 3 of the algorithm is the one used to perform the chaos analysis of experimental time
series (Step 4).

The whole Deep Learning algorithm for chaos analysis of heart time series is summarized in Algo-
rithm 1 of [5].

The experimental dataset in which we want to perform a chaos analysis consists of 52 time series (13
with chaotic and 39 with regular behavior) of the action potential duration of a frog cardiomyocyte under
different pacing rates. These samples have different lengths (number of time points), the shortest one has
length 15, and the longest has length 205. Notice that they are very short time series. In fact, about 80%
of the samples have at most 100 points, which makes their chaotic classification difficult with classical
techniques. Applying the explained algorithm (that is, using this experimental data during Step 4), we
obtain the chaos analysis summarized in Figure 7 and Table 2 of [5]. We obtain an accuracy greater than
90% in the dynamical classification, with a good balance between the percentage of samples with each
behavior (regular and chaotic) that have been correctly detected. If we analyze in detail the samples
that have been misclassified (see Figure 8 in [5]), we can see that they have chaotic transient or seem
to correspond to orbits in a period-doubling cascade, which can difficult their classification because of
their short length.

From this paper [5], it can be concluded that Deep Learning is a good technique to address ex-
perimental time series analyses. We have shown that Artificial Neural Networks trained in a generic
one-dimensional discrete dynamical system (the Logistic map) can be used to perform chaos analy-
ses in particular problems once the most suitable one has been selected. Moreover, our study clearly
demonstrate the universality of some dynamical phenomena.

5.2 Graphical Preprocessing Techniques to Generalize Dynamical Be-
havior Analysis with Deep Learning [6]

Our objective in the preprint Graphical preprocessing techniques to generalize dynamical behavior
analysis with Deep Learning [6] is to study if combining graphical preprocessing techniques (time
series imaging methods) and Deep Learning, we can generalize dynamical behavior analysis through
different discrete dynamical systems. We train from scratch the well-known AlexNet (Convolutional
Neural Network with a not very complicated architecture) in the Logistic map, and we use such trained
network to perform dynamical behavior analyses in other discrete dynamical systems (the Circle map
and the Hénon map), generalizing the chaos detection task. To achieve this, a proper preprocessing
of the time series of the dynamical systems is needed. In particular, we consider different time series
imaging methods (Gramian Angular Field, Markov Transition Field, and Recurrence Plot) as graphical
preprocessing techniques and we compare their performance. All the DL experiments are performed
using PyTorch [107].

Time series imaging techniques are used to transform time series into images, benefiting from the
advantages of Convolutional Neural Networks that can process them. One of these techniques is the
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Gramian Angular Field (GAF) [73, 74], which is based on the transformation of the time series into
polar coordinates. In the case of the Markov Transition Field (MTF) [73, 74], the core of the method is
the use of Markov transition matrices. On the other hand, the Recurrence Plot (RP) [71], that was born
in the field of Dynamical Systems, uses the distance between the time series points to define the image.
In Figure 1 of [6], we show a couple of examples of how these graphical preprocessing techniques seem
to maintain the dynamical properties of the time series (repeated structures for regular behavior, and
unclear patterns for chaos).

The workflow used to generalize dynamical behavior analyses using Deep Learning consists of three
main steps. First of all, we identify dynamical regimes, such as equilibrium points and escape orbits,
that can be trivially classified. Then, we use Piecewise Aggregate Approximation (PAA) [113] to reduce
the remaining time series into the usual dimension for image classification tasks (length 224). One of
the three graphical preprocessing techniques (GAF, MTF or RP) is applied to the reduced time series.
Finally, the AlexNet [114, 115] trained in the Logistic map [68] (equation 3.1) is used to distinguish
orbits with regular (non-equilibrium) and chaotic behavior.

The Circle map [75] is a one-dimensional discrete dynamical system given by

θn+1 = θn +Ω−K
sin(2πθn)

2π
mod 1,

with θn the variable at discrete time n, Ω the natural frequency parameter, and K the coupling strength
parameter. Notice that this system maps the circle to itself.

The aforementioned workflow that combines graphical preprocessing techniques and Deep Learning
is used to study the dynamical behavior of the (K,Ω)-parametric plane of the Circle map. In Figure 3
of [6] we have depicted the analyses obtained by each technique (including the ground truth given by
the classical technique of Lyapunov exponents [77]) when fixed and random initial conditions are used.
With the three graphical preprocessing techniques, a good general overview of the different dynamical
regimes is obtained, and with random initial conditions, multistability is easily detected. However, if
the obtained plots are studied in detail it can be seen that MTF and RP (that perform similarly) are ca-
pable of detecting some tiny shrimp-shaped regular regions [116, 117, 118, 119] that with GAF method
are misclassified as chaotic. As confirmed by the accuracy results (percentage of samples properly
classified) in Table 3 of [6], the MTF and the RP methods perform better.

The Hénon map [76] is a two-dimensional discrete dynamical system given by
{

xn+1 = 1+ yn−ax2
n,

yn+1 = bxn,

with (xn,yn) the variables at the n-th iteration, and (a,b) the bifurcation parameters. This map has
strange attractors for some values of its parameters.

We use the method that applies Deep Learning with graphical preprocessing techniques to perform
a dynamical behavior analysis of the (a,b)-parametric plane of the Hénon map. In particular, just the
x variable of the system is used for the classification (GAF and MTF methods work with only single-
variable time series). The analyses obtained with Deep Learning and each graphical preprocessing
technique (as well as the results given by the classical technique of Lyapunov exponents [60] that are
used as ground truth) are depicted in Figure 4 of [6]. It can be seen that with all the preprocessing
methods we can obtain good studies (this is also supported by accuracy values given in Table 4 of [6]).
However, as occurred in the Circle map, the GAF method fails in some regions (for example, some tiny
shrimp-shaped zones have not been detected properly).

From this paper [6], it can be concluded that, although Deep Learning is only trained with time
series from the Logistic map, thanks to graphical preprocessing techniques (GAF, MTF and RP), it can
be used to perform dynamical behavior analyses in other discrete dynamical systems that have not been
involved in the training process. In fact, notice that when using for example classical techniques as
Lyapunov exponents [60, 77] for classification, the algorithm is particularized to each system, but with
this new workflow in which Deep Learning is involved, it is not necessary. Moreover, as seen in the
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Circle map, some phenomena as multistability can be detected easily; or as checked with the Hénon
map, just partial information (only one variable of the system) can be used obtaining good results. The
three graphical preprocessing techniques perform properly, however MTF and RP seem to be better.

5.3 Bregman Proximal Gradient with Extrapolation to Train a Reservoir
Computing Network [7]

Our objective in the preprint Bregman Proximal Gradient with extrapolation to train a Reservoir
Computing network [7] is to adapt the Bregman Proximal Gradient with extrapolation algorithm to
train a (supervised) Reservoir Computing network (a special type of Recurrent Neural Network) for
binary classification tasks. We compare its performance with widely used training optimizers in Deep
Learning (SGD, RMSProp, and Adam), showing that it is highly competitive. The two test examples that
we have considered are the dynamical behavior classification (chaos and regular) for the Lorenz system,
and the movement and rest classification in the Human Activity Recognition (HAR) using smartphones
dataset. The routines of SGD, RMSProp and Adam provided by PyTorch [107] have been used.

One of the key points of Deep Learning is the training of Artificial Neural Networks. It consists
of finding the value of the (trainable) weights and biases that minimize the loss function for the given
data. Such function measures the error between the network output and the corresponding label (ex-
pected output). Explicit-gradient optimization algorithms as SGD (Stochastic Gradient Descent) [83],
RMSProp (Root Mean Square Propagation) [85] and Adam (Adaptive Moment estimation) [84] are
commonly used for this training task. The Bregman Proximal Gradient with extrapolation (BPGe) [88]
is an implicit-gradient optimizer that generalizes a family of Proximal Gradient algorithms. It can be
applied to non-convex optimization. The formulation of this optimizer is

yi−1 ← xi−1 +βk(xi−1− xi−2),

xi ← argminx {g(x)+ ⟨∇ f (yi−1),x− yi−1⟩+Dh(x,yi−1)/λk} ,

where f + g is the function that has to be minimized, λk is the learning rate, βk is the extrapolation
parameter (that can be obtained with a line search algorithm [88]), and Dh is a Bregman distance [120].
As a first approach, if we compare SGD, RMSProp, Adam and BPGe in a benchmark minimization
function (the three-hump camel function), we obtain that BPGe uses a different route to find the global
minimum and with a lower number of iterations it is already in the neighborhood of such minimum (see
Figure 1 in [7]).

The Echo State Network (Reservoir Computing architecture) consists of an input layer, a reservoir
(set of neurons with recurrent connections) and an output (classification) layer. All the parameters are
fixed except for the weights and biases of the output layer that have to be trained. This simplifies the
reformulation of BPGe to the training process. However, as we consider the Cross-Entropy loss with
L2-penalty, it is not trivial to adapt the BPGe to Reservoir Computing. In particular, the key point is to
obtain the gradient of the Cross-Entropy loss, whose computation has to be separated in different cases
according to the following conditions: if the element of the gradient is the derivative with respect to a
weight or a bias, and if this trainable parameter is or not involved in the computation of the network
score for the labeled class.

The Lorenz system [63] (equation 3.2) is a paradigmatic continuous dynamical system that exhibits
chaotic dynamics. We use the four optimizers and three different learning rate values (λ1 = 0.001,
λ2 = 0.0005, λ3 = 0.0001) to compare performance for the chaos detection task in this system.

In Table I of [7] we have gathered together the loss and accuracy values for the final network (the
one chosen by early stopping technique [83]) in training, validation and test sets. For all the optimizers
and learning rates combinations, the network seems to have learned properly. Comparing the results,
the SGD seems to be the one that works the worst, and BPGe with learning rate λ3 = 0.0001 gives the
best results for the test set.
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To continue the analysis, in Figure 3 of [7] we have depicted the loss and accuracy evolution for the
training dataset throughout all the training process for all the optimizers and learning rate values. On the
one hand, it highlights that the BPGe always outperforms the other optimizers, the SGD is always left
behind, and RMSProp and Adam evolves similarly. On the other hand, it is remarkable that BPGe has a
noisy behavior for λ1 = 0.001 with this effect being mitigated for λ2 = 0.0005, and totally disappeared
for λ3 = 0.0001. We conjecture that this phenomenon is related to a bound imposed in the learning rate
in [88]. Comparing wall time for training process for each optimizer, we obtain that widely used SGD,
RMSProp and Adam need around 27 minutes while BPGe needs around 30 minutes.

An interesting (and necessary) study is to check in which epoch of training process each optimizer
with each learning rate has surpassed a certain training accuracy value. This would allow us to check
which optimizer is faster at learning. Table II of [7] summarizes such analyses (for these results valida-
tion accuracy has also been controlled to confirm that the network does not suffer from overfitting). Only
the BPGe optimizer achieves an accuracy greater than or equal to 95%. In fact, the SGD algorithm only
surpasses the 90% for one learning rate value. On the other hand, RMSProp and Adam perform quite
similarly. It is surprising that BPGe needs less than 20 epochs to reach an accuracy greater than 90%
(approximately 10 seconds taking into account wall time for training), devoting the remaining epochs
to fine-tune the results. This is confirmed in Figure 4 of [7], where we depict the chaos detection studies
obtained in a one-parameter line of the Lorenz system using the networks with the value of the trainable
parameters obtained throughout the epochs during training process. Moreover, this figure also illustrates
the final analysis performed with the trained network with each optimizer: although RMSProp, Adam
and BPGe results are similar, BPGe is able to detect more regular windows in the large chaotic regions
(providing a more detailed analysis).

The Human Activity Recognition (HAR) using smartphones dataset [121, 122] is a database with
recordings from 30 subjects performing several activities that can be classified as rest or movement. In
particular, we use the 3-axial estimated body acceleration (three-dimensional time series of length 128)
as input for the network, and we expect its output to be the correct rest vs movement classification.
As before, we consider the four optimizers and the three different learning rate values (λ1 = 0.001,
λ2 = 0.0005, λ3 = 0.0001).

In Table III of [7], we summarize the loss and accuracy values for training, validation and test
datasets for all the possible combinations between optimizers and learning rates. The SGD is the algo-
rithm that gives worst results, RMSProp and Adam perform similarly, and BPGe seems to be the best
option (lowest loss and largest accuracy for all learning rate values). In fact, as can be seen in Table IV
of [7], the accuracy in the training set surpasses the 95% in less than 1450 epochs for all learning values
when BPGe is used.

From this paper [7], it can be concluded that the Bregman Proximal Gradient with extrapolation
algorithm is a promising optimizer for training Reservoir Computing networks. In particular, we have
reformulated it for binary classification tasks. We have tested its performance in the chaos detection
task of a classical dynamical system (the Lorenz model), where BPGe is comparable to commonly used
optimizers as Adam. We have also used it in the Human Activity Recognition using smartphones dataset
to distinguish between movement and rest activities, where BPGe is considerably better. Although
BPGe slightly increases the wall time for the training process by a few minutes compared to the other
optimizers, it achieves good accuracy quickly, providing promising results.
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Cebollero during her doctoral thesis:
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Introduction
One of the main problems in the area of Dynamical Systems is the detection of chaotic
regions in the parametric space. In the literature, classical techniques as Lyapunov Ex-
ponents (LEs) have been used to detect chaos [1, 2]. Recently some authors have applied
new techniques as Deep Learning (DL) to this task [3, 4]. Our goal is to use DL to study
the dynamical behaviour (chaotic or regular) of the Lorenz system [5].

Lorenz System

ẋ = σ(y − x), ẏ = −xz + rx− y, ż = xy − bz,

where (x, y, z) are the variables and (σ, r, b) are the bifurcation parameters.

Deep Learning

Deep Learning includes all the techniques that use (Deep) Artificial Neural Networks
to learn from data with several levels of abstraction. Artificial Neural Networks are formed
of artificial neurons (loosely inspired by their biological counterparts) organized in layers.
Among all DL architectures, we have chosen three of the best known: MLP (Multi-Layer
Perceptron), CNN (Convolutional Neural Network), LSTM (Long Short-Term Memory).

W[1] W[2] W[3]

b[1], A

b[2], A b[3], A

W*
[h] W*

[x]

bf bg bi bo

f g i o

c(t-1)

c(t)

h(t)
y(t)

x(t)h(t-1)

� � �tanh

tanh

...
W[l]

b[l], A

MLP

CNN

LSTM

How Do We Measure the Performance of DL Networks?

Accuracy (%) =
TC + TR

TC + FR + TR + FC
× 100

AccuracyRegular (%) =
TR

TR + FC
× 100, AccuracyChaotic (%) =

TC

TC + FR
× 100

TC = TrueChaotic, TR = TrueRegular, FR = False Regular, FC = False Chaotic

Conclusions

• Three well-known Deep Learning networks (MLP, CNN and LSTM) have been built and
trained to carry out the chaos detection task in the Lorenz system.
• In the one-parameter study the three networks have given good results (accuracy greater
than 90% and correct boundary detection). The LSTM seems to provide the best results.
• The LSTM network has been used to perform biparametric and triparametric analyses of
the system with good results.
• Up to the knowledge of the authors, the dense triparametric study of the Lorenz system
had not been obtained before with any kind of technique.
• A deeper study is necessary to know how far we can go using DL to detect chaos in a
dynamical system.
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These representations have been obtained using the results of the dense tripara-
metric analysis performed with the LSTM network. Panel A. Boundary between
both dynamical regimes and chaotic region for r = 500. Panels B and C. Several
2D planes (shaded in black, the boundary between both dynamical regimes).
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Introduction
Classical techniques as Lyapunov Exponents are often used to perform chaoticity analysis of
dynamical systems. However, these techniques sometimes present problems when used on
real data as recordings are generally short and noisy. When dealing with large experimental
datasets it is necessary to have an automatic algorithm for chaoticity analysis since human
intervention on the entire dataset is not feasible. Recently, some authors have used Deep
Learning (Artificial Neural Networks) to detect chaos in a dynamical system [1]. Could
Deep Learning (DL) be applied to perform a chaoticity analysis in an experimental
dataset? [2]
Our experimental dataset contains 52 time series with different lengths (minimum length 15
and maximum length 205). Such time series correspond to the Action Potential Duration
(APD) of frog heart dynamics for different pacing rates (Basic Cycle Length, BCL).

APD = Action Potential Duration
DI = Diastolic Interval
BCL = Basic Cycle Length

APDi-1 APDi APDi+1DIi DIi+1

BCL BCL

APDi + DIi+1 = BCL

Algorithm for DL Chaoticity Analysis of Biological Time Series

Step 1: Artificial Neural Networks Framework. Train 10 randomly initialized recurrence-
like Artificial Neural Networks with time series from the Logistic Map.
Remark. Deep Learning includes all the Artificial Intelligence techniques that use Artifi-
cial Neural Networks to learn from data with several levels of abstraction. Recurrence-like
Artificial Neural Networks are commonly used for sequential processing since they retain in-
formation from past times.
Step 2: DL Chaoticity Analysis of an APD Heart Model. Perform a test analysis in an
APD heart model with each Artificial Neural Network trained in Step 1.
Step 3: Select one Artificial Neural Network. Establish some criteria on the results of
Step 2 to choose automatically one network of Step 1.
Step 4: DL Chaoticity Analysis of Biological Time Series: Frog Heart Dynamics. Use
the network chosen in Step 3 to perform chaoticity analysis in experimental data.

DL Chaoticity Analysis of an APD Heart Model

APD restitution curve (that describes the dynamics of a single cell) fitted to the kinetics of
Beeler-Reuter model [3] gives rise to the discrete equation

APDi+1 = 258 + 125 exp(−0.068(nBCL− APDi − 43.54))
−350 exp(−0.028(nBCL− APDi − 43.54)),

where n is the parameter block (lower n ∈ N such that nBCL − APDi ≥ DImin with DImin

the minimum DI set to 43.54ms).

APD

LE

BCL

80.292% of the samples have reg-
ular behaviour (according to LE
value) and the remaining 19.708% are
chaotic. 79.803% of regular samples
are equilibrium points and the other
20.197% present periodic behaviour.

A DL chaoticity analysis of this APD heart model is performed without noise (no noise),
adding Gaussian noise with strength 0.5 (+ 0.5N (0, 1)), and same type of noise with strength
1.0 (+ 1.0N (0, 1)). The following table collects the results for the network chosen in Step 3 :

No noise +0.5N (0, 1) + 1.0N (0, 1)

Accuracy 95.092% 94.825% 94.750%
Accuracy Chaotic 76.195%�� 75.983% 75.729%
Accuracy Regular 99.730% 99.450% 99.419%
Accuracy EPs 100% 99.649% 99.649%
Accuracy POs 98.666% 98.666% 98.512%

Remark. Accuracy refers to the percentage of samples correctly detected with DL. Accuracy
regular (resp. chaotic) corresponds to the percentage of regular (resp. chaotic) samples
correctly classified by DL. Accuracy EPs (resp. POs) is the percentage of equilibrium points
(resp. periodic orbits) correctly detected as regular with DL.

�� Most incorrect DL detections of
chaotic samples occur in the grey
shaded areas of the bifurcation dia-
gram. This time series is an example
of these samples:

A
PD

i

i

DL Chaoticity Analysis of Biological Time Series: Frog Heart Dynamics

APD

BCL

Regular. Correct detection
Chaotic. Correct detection
Incorrect detection

(I)
(II)

(III) (IV)
(V)

A
PD

i

i
(V)

A
PD

i

(II)

A
PD

i

(I)

Experimental Results

Accuracy 90.385% (47 of 52 samples)

Accuracy Chaotic 92.308% (12 of 13 samples)

Accuracy Regular 89.744% (35 of 39 samples)

• Samples (I)-(III)-(IV) have been detected as chaotic by the Artificial Neural Network. All these samples have a similar
behaviour: short chaotic transient dynamics, asymptotically converging to an equilibrium point (regular). Therefore,
the whole time series is chaotic (as DL detected), but dynamically its asymptotic behaviour can be considered as regular
(and the samples were labeled under this consideration).
• Sample (II) is detected as regular. The final part of the time series seems to have some periodicity, so it can be
considered as regular with a long chaotic transient (in this case the network detection is correct). However, since the
behaviour is chaotic most of the time, it was labeled as chaotic.
• Sample (V) is a quasi-periodic orbit detected as chaotic. The score (‘probability’) for chaotic class given by the
Artificial Neural Network is 0.625 (and 0.375 for regular class), so it doubts on the detection.

Conclusions

• Experimental data has some drawbacks as noisy and short recordings. An algorithm based
on Deep Learning (Artificial Neural Networks) is proposed to deal with the chaoticity analysis
of biological time series.

• A test of the robustness of Artificial Neural Networks when noise is present is carried out
in an APD heart model (Beeler-Reuter).

• This analysis allows to select an Artificial Neural Network that can properly perform a
chaoticity analysis of biological time series of frog heart dynamics.

• The proposed algorithm does not require human supervision, so it can be considered as an
automatic technique for chaoticity analysis of large datasets of biological time series.
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Conclusions and Future Work

In this doctoral thesis we have demonstrated that standard techniques for dynamical systems are es-
sential for understanding certain phenomena in excitable media. However, as some of these standard
methods can be highly computationally expensive, we have applied Deep Learning to deal with dynam-
ical systems studies, which has confirmed that it is a promising and powerful tool. Finally, we have
studied how Deep Learning can benefit from dynamical systems and mathematics. In what follows, we
draw some conclusions.

• Simple mathematical models such as the Hindmarsh-Rose model that replicates the usual be-
havior of excitable cells permit us to study in detail some dynamical phenomena. Moreover, in
cardiac dynamics, the use of the low-dimensional 3D Luo-Rudy model allows us to verify some
conjectures obtained from the study of a higher-dimensional system (Sato model).

• The spike-counting sweeping technique and the numerical continuation of bifurcations permit us
to visualize and explain the spike-adding phenomenon in the Hindmarsh-Rose model (for values
of the small parameter ε in its standard range): the pencils of the bifurcations which produce the
addition of one extra spike are generated in codimension-two bifurcation points contained in the
isolas of homoclinic bifurcations.

• In the Hindmarsh-Rose model, geometric bifurcations permit us to understand the changes ob-
served in the spike-adding cascade and the disappearance of codimension-two bifurcation points
when the value of the small parameter ε is varied beyond its standard range.

• It is conjectured that the templates of the chaotic attractors of the Hindmarsh-Rose model corre-
spond to subtemplates of the Smale horseshoe, which is progressively filled in as ε decreases to
zero.

• The spike-adding phenomenon is also present in realistic processes. On the one hand, there is a
clear relationship between spike-adding process and some insect movement pattern transitions.
One the other hand, spike-adding corresponds to the creation of Early Afterdepolarizations in
cardiac muscle cells that under some circumstances can produce dangerous dynamics as arrhyth-
mias.

• Deep Learning can be used to perform chaos detection in a dynamical system. In fact, it allows
us to obtain a dense triparametric analysis of the Lorenz system. To the best of the authors’
knowledge, it has not been achieved before with any technique.

• Three Deep Learning architectures (the Multi-Layer Perceptron, the Convolutional Neural Net-
work, and the Long Short-Term Memory cell) are compared for the chaos detection task. Al-
though all of them provide good results, the Convolutional Neural Network and the Long Short-
Term Memory perform better (which makes sense as they take into account spatial and temporal
information, respectively).

• We have described a new algorithm to perform chaos analysis of experimental time series. It is
based on training Artificial Neural Networks in the Logistic map and checking their validity using
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a mathematical model of the same nature as the experimental data. This algorithm allows us to
study some experimental data obtained from a frog cardiomyocyte.

• The success of the Deep Learning chaos analysis algorithm in the experimental dataset shows the
universality of the Logistic map and some dynamical phenomena.

• The combination of graphical preprocessing techniques (time series imaging) and Deep Learning
allows us to generalize chaos detection analyses. That is, training an Artificial Neural Network
only with data from the Logistic map, we can obtain detailed dynamical behavior analyses (de-
tection of shrimp-shaped regions and multistability zones) in other discrete dynamical systems.

• When we use the Markov Transition Field and the Recurrence Plot as graphical preprocessing
techniques, we obtain more accurate results than when the Gramian Angular Field method is
applied.

• Deep Learning allows us to obtain the full Lyapunov exponents spectrum of a dynamical system
using just short single-variable time series and no additional dynamical information. To the best
of the authors’ knowledge, this is not possible with any other technique.

• Although using Deep Learning to approximate Lyapunov exponents gives good results with both
non-random and random training data, the latter approach performs better as more dynamical
variability is provided during training.

• A detailed dynamical classification (tori, hyperchaos and chaos) biparametric analysis can be
obtained using the Lyapunov exponents approximations given by Deep Learning.

• Deep Learning provides good results in dynamical systems studies. However, it fails in regions
with complex dynamics as the boundaries between different dynamical regimes, and the areas
with transient chaos. For example, this occurs for the chaos detection task and the Lyapunov
exponents approximation.

• One of the main advantages of using Deep Learning for dynamical systems analyses is time
savings. For instance, Deep Learning needs less than 10% of the time required by classical
techniques to perform a triparametric chaos detection study or to approximate all the Lyapunov
exponents in a biparametric plane.

• We have particularized the Bregman Proximal Gradient with extrapolation (BPGe) algorithm to
train a Reservoir Computing network for binary classification tasks. Although it slightly increases
wall time (by a few minutes) compared to classical optimizers (SGD, RMSProp and Adam), it
provides better results and faster convergence.

• The generalized tripod gait pattern (bipartite pattern) is the dominant one for all the Central Pat-
tern Generator models of 6 to 9 neurons with bipartite connectivity (bipartite network). This
demonstrates a correlation between the network topology and its dynamics.

• Dynamical systems, and mathematics in general, can be used to improve Deep Learning. This
shows that Deep Learning can benefit from mathematics and dynamical systems, and vice versa.

As shown with the conclusions, in this doctoral thesis we have obtained promising results, however
some questions still remain open. In the following we summarize some possible future research topics
derived from this work.

• Which dynamical structures of a single Hindmarsh-Rose neuron are maintained when we couple
two Hindmarsh-Rose neurons?

• Deep Learning architectures capable of dealing with longer sequences can be useful to obtain
better results in regions with complex dynamics.
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• Could Deep Learning be used to obtain the Lyapunov exponents spectrum of experimental time
series?

• Could the combination of graphical preprocessing techniques and Deep Learning be used to gen-
eralized dynamical behavior analysis in continuous dynamical systems?

• We have approximated the full Lyapunov exponents spectrum with just single-variable time series.
It would be interesting to analyze how the use of all the system variables affects the results.

• How far can we go using Deep Learning to perform dynamical systems analyses?

• All the advantages provided by the Bregman Proximal Gradient with extrapolation algorithm
suggest that it would be interesting to reformulate it to other tasks and Artificial Neural Networks.

• Could the training process of an Artificial Neural Network be improved using other families of
optimizers?

• When studying the possible correlation between network topology and its dynamics, some pat-
terns with connected neurons firing at the same time have been found. This seems to contradict
the use of inhibitory synapses, so such patterns need further investigation.

• A brief study of non-bipartite 3-color networks has shown that the 3-color pattern is the pre-
dominant one. However, the dominance is weaker than the one of bipartite patterns in bipartite
networks. Why is the predominance weaker in the former case?

• After studying the interplay between topology and dynamics in networks up to 9 neurons, it seems
natural to study networks with a larger number of neurons.

• An interesting topic is the application of dynamical systems techniques to analyze the relationship
between the architecture of Artificial Neural Networks and how they work.





Conclusiones y Trabajo Futuro

En esta tesis doctoral hemos mostrado que las técnicas estándar para el análisis de sistemas dinámicos
son esenciales para entender ciertos fenómenos en medios excitables. Sin embargo, como algunas de
estas técnicas estándar pueden ser computacionalmente caras, hemos aplicado el aprendizaje profundo
(Deep Learning) para llevar a cabo estudios en diversos sistemas dinámicos, lo que ha confirmado que es
una herramienta muy prometedora. Finalmente, hemos estudiado cómo el aprendizaje profundo puede
beneficiarse del campo de los sistemas dinámicos y las matemáticas. A continuación mostramos algunas
conclusiones.

• Modelos matemáticos simples como el de Hindmarsh-Rose que replican el comportamiento habi-
tual de células excitables nos permiten estudiar en detalle algunos fenómenos dinámicos. Además,
en lo referente a dinámica cardiaca, el uso del modelo de baja dimensión conocido como modelo
3D de Luo-Rudy nos permite verificar conjeturas obtenidas del estudio de un sistema con más
dimensiones (modelo de Sato).

• La técnica de barrido de conteo de picos (spike-counting sweeping technique) y la continuación
numérica de bifurcaciones nos permiten visualizar y explicar el fenómeno de spike-adding en
el modelo de Hindmarsh-Rose (para valores estándar del pequeño parámetro ε): los haces de
las bifurcaciones involucradas en el proceso de añadir un pico extra se generan en puntos de
bifurcación de codimensión 2 contenidos en las isolas de bifurcaciones homoclínicas.

• En el modelo de Hindmarsh-Rose las bifurcaciones geométricas permiten entender los cambios
observados en las cascadas de spike-adding y la desaparición de puntos de bifurcación de codi-
mensión 2 cuando el valor del pequeño parámetro ε varía más allá de sus valores estándar.

• Se conjetura que las plantillas (templates) de los atractores caóticos del modelo de Hindmarsh-
Rose corresponden a subplantillas de la herradura de Smale (Smale horseshoe), que se va llenando
progresivamente a medida que ε tiende a cero.

• El fenómeno de spike-adding también está presente en procesos realistas. Por un lado, hay
una clara relación entre el proceso de spike-adding y algunas transiciones entre los patrones de
movimiento de insectos. Por otro lado, el spike-adding equivale a la creación de Early Afterde-
polarizations en los cardiomiocitos, que bajo ciertas circunstancias pueden dar lugar a dinámicas
peligrosas como las arritmias.

• El aprendizaje profundo puede ser utilizado para llevar a cabo detección de caos en un sistema
dinámico. De hecho nos ha permitido obtener un análisis triparamétrico denso del sistema de
Lorenz. Hasta donde saben los autores, esto no había sido conseguido antes con ninguna otra
técnica.

• Comparamos el funcionamiento de tres arquitecturas de aprendizaje profundo (el perceptrón mul-
ticapa, la red neuronal convolucional, y la célula de tipo Long Short-Term Memory) para la tarea
de detección de caos. Aunque todas ellas dan buenos resultados, la red neuronal convolucional y
la Long Short-Term Memory parecen funcionar mejor (esto tiene sentido ya que tienen en cuenta
información espacial y temporal, respectivamente).
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• Hemos descrito un nuevo algoritmo para llevar a cabo análisis de caoticidad de series temporales
experimentales. Se basa en el entrenamiento de redes neuronales artificiales (Artificial Neural
Networks) en el mapa logístico y la comprobación de su validez usando un modelo matemático
de la misma naturaleza que los datos experimentales. Este algoritmo nos permite estudiar datos
experimentales obtenidos de un cardiomiocito de rana.

• El éxito del algoritmo para el análisis de caoticidad con aprendizaje profundo en el conjunto
de datos experimentales muestra la universalidad del mapa logístico y de algunos fenómenos
dinámicos.

• La combinación del aprendizaje profundo con técnicas de preprocesado gráfico (time series imag-
ing) nos permite generalizar los análisis de detección de caos. Es decir, entrenando una red neu-
ronal artificial únicamente con datos del mapa logístico, podemos obtener análisis detallados de
comportamiento dinámico (detección de regiones shrimp-shaped y zonas con multiestabilidad)
en otros sistemas dinámicos discretos.

• Al utilizar los métodos Markov Transition Field y Recurrence Plot como técnicas de preprocesado
gráfico obtenemos mejores resultados que al aplicar el método Gramian Angular Field.

• El aprendizaje profundo nos permite obtener el espectro completo de exponentes de Lyapunov
de un sistema dinámico utilizando sólo series temporales cortas de una variable y ninguna otra
información dinámica adicional. Hasta donde saben los autores, esto no es posible con ninguna
otra técnica.

• Aunque usar aprendizaje profundo para aproximar exponentes de Lyapunov nos da buenos re-
sultados tanto al utilizar datos no aleatorios como aleatorios para entrenar, la segunda estrategia
funciona mejor ya que se proporciona mayor variabilidad dinámica en el entrenamiento.

• Se puede obtener un análisis biparamétrico detallado de clasificación dinámica (toros, hipercaos
y caos) utilizando las aproximaciones de exponentes de Lyapunov proporcionadas por el apren-
dizaje profundo.

• El aprendizaje profundo proporciona buenos resultados en los análisis de sistemas dinámicos. Sin
embargo, falla en regiones con dinámica compleja como las fronteras entre distintos regímenes
dinámicos y las zonas con caos transitorio. Por ejemplo, esto ocurre en la detección de caos y en
la aproximación de exponentes de Lyapunov.

• Una de las principales ventajas del uso del aprendizaje profundo para realizar análisis de sistemas
dinámicos es el ahorro de tiempo. Por ejemplo, el aprendizaje profundo necesita menos de un
10% del tiempo utilizado por las técnicas clásicas para llevar a cabo un estudio triparamétrico de
detección de caos o aproximar todos los exponentes de Lyapunov en un plano biparamétrico.

• Hemos particularizado el algoritmo BPGe (Bregman Proximal Gradient with extrapolation) para
entrenar una red de tipo Reservoir Computing para clasificación binaria. Aunque incrementa
ligeramente el tiempo real (wall time) unos minutos respecto a los optimizadores clásicos (SGD,
RMSProp y Adam), proporciona mejores resultados y una convergencia más rápida.

• El patrón generalizado de tipo tripod gait (patrón bipartito) es el dominante para todos las redes
de generadores centrales de patrones (Central Pattern Generators) de 6 a 9 neuronas con conec-
tividad bipartita (red bipartita). Esto muestra una correlación entre la topología de la red y su
dinámica.

• Los sistemas dinámicos, y en general las matemáticas, pueden ser utilizados para mejorar el
aprendizaje profundo. Esto muestra que el aprendizaje profundo se puede beneficiar de las
matemáticas y los sistemas dinámicos, y viceversa.
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Como se ha mostrado en las conclusiones, en esta tesis doctoral se han obtenido resultados prome-
tedores, sin embargo algunas cuestiones aún están sin resolver. A continuación resumimos algunos
nuevos posibles temas de investigación derivados de este trabajo.

• ¿Qué estructuras dinámicas de una única neurona de tipo Hindmarsh-Rose se mantienen cuando
acoplamos dos neuronas de este tipo?

• Arquitecturas de aprendizaje profundo capaces de tratar secuencias largas pueden ser útiles para
obtener mejores resultados en regiones con dinámica compleja.

• ¿Se puede utilizar el aprendizaje profundo para obtener el espectro de exponentes de Lyapunov
de series temporales experimentales?

• ¿Se pueden combinar técnicas de preprocesado gráfico y aprendizaje profundo para generalizar
los análisis de comportamiento dinámico en sistemas dinámicos continuos?

• Hemos aproximado el espectro completo de exponentes de Lyapunov utilizando únicamente se-
ries temporales de una variable. Sería interesante analizar cómo afecta a los resultados considerar
todas las variables del sistema.

• ¿Hasta dónde podemos llegar utilizando aprendizaje profundo para llevar a cabo análisis de sis-
temas dinámicos?

• Todas las ventajas del algoritmo BPGe sugieren que sería interesante adaptarlo a otras tareas y a
otras arquitecturas de redes neuronales artificiales.

• ¿Se podría mejorar el entrenamiento de una red neuronal artificial usando otras familias de opti-
mizadores?

• Al estudiar la posible correlación entre la topología de la red y su dinámica han aparecido algunos
patrones con neuronas conectadas que están activadas al mismo tiempo. Esto parece contradecir el
uso de sinapsis inhibitorias, por lo que es necesario profundizar en el estudio de dichos patrones.

• Un breve estudio de redes 3 coloreables no bipartitas ha mostrado que el patrón 3 coloreable es el
predominante. Sin embargo, la dominancia es más débil que en el caso de los patrones bipartitos
en redes bipartitas. ¿Por qué es más débil la predominancia en el primer caso?

• Después de estudiar la relación entre topología y dinámica en redes de hasta 9 neuronas parece
natural estudiar redes con un mayor número de neuronas.

• Un tema interesante es la aplicación de técnicas de sistemas dinámicos para analizar la relación
entre la arquitectura de las redes neuronales artificiales y cómo funcionan.
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• Research visit to the group of Professor Valeriy Makarov (“Acoplamiento de neuronas y posibles
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• “Las Matemáticas en la Vida Real” (Invited talk for scientific dissemination with Ana Mayora
Cebollero), II Ciclo de Conferencias CIENCIA en la UNED 2024 (Fraga, Spain), 28/02/2024

• “Deep Learning for Chaos Detection in a Dynamical System” (Poster), DDays 2023 (Oviedo),
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de Zaragoza (Zaragoza, Spain), 2024-2025

• Ciencias Básicas para Veterinaria (100.6h), Grado en Veterinaria, Faculty of Veterinary, Univer-
sidad de Zaragoza (Zaragoza, Spain), 2024-2025

• Matemáticas III (48h), Grado en Ingeniería Electrónica y Automática, School of Engineering and
Architecture, Universidad de Zaragoza (Zaragoza, Spain), 2023-2024

• Epidemiología y Bioestadística (62h), Grado en Veterinaria, Faculty of Veterinary, Universidad
de Zaragoza (Zaragoza, Spain), 2023-2024

• Ciencias Básicas para Veterinaria (84h), Grado en Veterinaria, Faculty of Veterinary, Universidad
de Zaragoza (Zaragoza, Spain), 2023-2024
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