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Abstract

In this work, we introduce the equivariance seeker model (ESM), a data-driven method for
discovering the underlying finite equivariant symmetry group of an arbitrary function. ESM
achieves this by optimizing a loss function that balances equivariance preservation with the
penalization of redundant solutions, ensuring the complete and accurate identification of all
symmetry transformations. We apply this framework specifically to dynamical systems, identifying
their symmetry groups directly from observed trajectory data. To demonstrate its versatility, we test
ESM on multiple systems in two distinct scenarios: (i) when the governing equations are known
theoretically and (ii) when they are unknown, and the equivariance finding relies solely on
observed data. The latter case highlights ESM’s fully data-driven capability, as it requires no prior
knowledge of the system’s equations to operate.

1. Introduction

Symmetries are fundamental to the physical sciences, serving as powerful tools to reveal the underlying laws
governing physical phenomena [1]. In mathematics, they play a crucial role in the theory of integrable
systems, where they are employed to derive conservation laws [2], reduce the complexity of differential
equations, and establish a definition of integrability [3—5]. Discovering the underlying symmetries of a
physical system when they are not explicitly known is both highly valuable and very challenging, especially
when only observational data is available. Machine learning (ML), and particularly neural networks (NNs),
provides a framework for automatic symmetry discovery due to its capacity to identify patterns from data.
Recent advancements have shown that ML models can uncover physical insights from data in unknown or
partially known physical systems [6, 7], including governing equations of dynamical systems [8, 9] or
physically relevant quantities [16—18]. ML models have also been used to discover conservation laws from
different levels of available information: (i) the system’s differential equations together with a predefined
basis of functions that span the constants of motion [12]; (ii) only the differential equations [11]; or (iii)
solely trajectory data [10, 13, 15].

Various aspects of ML-assisted symmetry discovery have been explored using different strategies. For
instance, NNs have been used for finding coordinate transformations that reveal hidden symmetries [19, 20],
learning transformations that preserve the statistical distribution of data sets [21, 22], recognizing
symmetries from embedding layers [23, 24] and identifying pairs of symmetric events [14, 25]. Much of the
research in automatic symmetry discovery has concentrated on continuous symmetry groups, particularly
the learning of generators associated with Lie groups using different methods, such as fully-connected NNs
(27,29, 31], autoencoders [26], Lie convolutional NNs [30] and Neural Ordinary Differential equations [28].
However, there has been comparatively less focus on discovering finite symmetry groups. Some methods for
continuous group detection have demonstrated the capability to identify individual transformations of finite
groups [22], but they do not guarantee the identification of all the elements within the group. In contrast, the

© 2025 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/2632-2153/ade04d
https://crossmark.crossref.org/dialog/?doi=10.1088/2632-2153/ade04d&domain=pdf&date_stamp=2025-6-12
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-8371-9840
https://orcid.org/0000-0001-6575-168X
https://orcid.org/0000-0001-9273-8165
mailto:lmm@unizar.es

10P Publishing

Mach. Learn.: Sci. Technol. 6 (2025) 025058 P Calvo-Barlés et al

discovery of a finite symmetry group has been addressed in [32], but the method is limited to invariance
detection, that is, to identify transformations in mappings ¥(X) that act on the input ¥ and leave the output y
unchanged. The simplest example of an invariant function is that of an even function, y(—x) = y(x). But
there are symmetric functions that are not invariant, as for instance an odd function y(—x) = —y(x). This is
an example of the generalized family of symmetric functions known as equivariant functions, where applying
a transformation to the input induces a corresponding and predictable transformation of the output.
Equivariance is a symmetry property that has been widely leveraged in the design of ML models [33, 34, 36].
Exploiting this property improves model efficiency and predictive robustness, and equivariant architectures
have been successfully applied across a broad range of scientific problems [35, 37].

In this article, we extend the framework for detecting invariant finite symmetry groups introduced in
[32] to encompass equivariance, focusing on the symmetries inherent in the governing equations of
dynamical systems. In this context, these symmetries manifest as a specific type of equivariance in which the
transformation applied to the input is identical to that applied to the output. Symmetries are particularly
relevant in dynamical systems. For example, symmetry considerations can be used to simplify the spectral
structure of the Koopman operator—an infinite-dimensional linear operator that evolves measurement
functions of state space variables—and calculate more efficiently its eigenmodes [38]. We propose a method to
automatically detect the finite equivariant group of linear symmetries in arbitrary nonlinear dynamical
systems from collected trajectory data.

The text is structured as follows: in section 2, we state the mathematical definition of the problem we are
interested in. Next, in section 3, we introduce the general ML framework for identifying equivariant
symmetry groups from data. In section 4, we illustrate our method with a one-dimensional simple example.
In section 5, we demonstrate our method’s effectiveness on well-known dynamical systems. Finally, we
conclude in section 6 with a summary of our findings.

2. Mathematical definition of the problem

We consider nonlinear dynamical systems described by ordinary differential equations:

=y(x), (1)

&l &

where X(t) € R" denotes the system’s state evolving over time ¢. The time derivative of the state is provided by
the nonlinear vector field ¥ (¥(¢)) : R” — R”, that thus determines the system dynamical evolution.

A linear symmetry of the dynamical system in equation (1) is a matrix D € R"*" such that if X(f) is a
solution, then DX(t) is also a solution. For the system to exhibit this symmetry, the function ¥ must be
equivariant under the action of D, meaning:

7(X) =D7'j(DX), VX e R". 2)

We consider dynamical systems presenting a finite symmetry group of order K. This means that there
exists a unique set of matrices {ﬁa}, for « = 1,..., K, such that each matrix satisfies the equivariance
condition in equation (2).

The goal of this study is to identify all K elements of the symmetry group from a set of Nt trajectories of
states {X(") (t,)} and time derivatives {3\ (t,)} (r = 1,...,Nr). Each trajectory correspond to a different
initial condition and is observed at Ns equidistant time steps ¢, = sAt, with s = 1,..., Ns and At being the
time interval between observations.

The time derivatives {1 (t,)} can be obtained either analytically (if j/(X) is known), measured, or
numerically approximated. In this study, we consider two hypothetical scenarios: (1) when the analytical
expression of j(X) is known, allowing direct computation of ) (t,) = y[#(")(t,)], and (2) a data-driven case
where 7(X) is unknown, so the derivatives are approximated as ") (t,) = [55(') (tiy) — X0 (t;)] /At This last
scenario will be used to demonstrate that the method can operate purely in a data-driven manner, without
requiring the governing equations.

3. A method for detecting equivariant symmetry groups

In this section we explain the general framework of the technique proposed in this paper to find the
symmetry group of a given dynamical system. This includes the ML model architecture, the loss functions
and the final refinement used to obtain the results.
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Figure 1. Schematic representation of the ESM and its loss function. Left: illustration of ESM’s processing flow: the input state X is
operated by M parallel branches. Each a branch applies three consecutive blocks: first, a trainable matrix Wy, Second, the
non-trainable function ) that produces the dynamical system’s time derivative. Third, the matrix W '. The ESM outputs M
predictions y;, = Wa'y (Waa_c‘) Right: schematic illustration of the single-branch equivariance loss function. It has K global
minima of the same magnitude (zero or ;), corresponding to the symmetry transformations De . The function may present other

local minima of higher magnitude, which are not associated to symmetries. Branch matrices W,, (for a = 1,..., M) are
independently optimized with the equivariance loss and, at the same time, jointly optimized with the repetition loss.

3.1. Equivariance seeker model architecture

We introduce the equivariance seeker model (ESM) (depicted in figure 1(a)), which processes an input state
X through M parallel branches, indexed by « = 1,..., M (M is a hyperparameter). Each branch consists of
three consecutive blocks: (1) a trainable matrix W,, € R"*", (2) a non-trainable block 37, identical for all
branches, which replicates the system’s derivative vector field (equations (1)), and (3) the inverse matrix of
the first block, W, '. After processing, the ESM outputs M predictions, denoted as

i, (%) = W'V (Wo), (3)

for & = 1,..., M. Note that the trainable weights of the ESM correspond to the set of branch matrices { W, }.
The derivative vector field block Y is defined based on prior knowledge of the system. If the analytical
differential equation (1) is known, J(¥) = j(X). Otherwise, an oracle model is pre-trained on data pairs
{X0)(1,),77(t,)} to predict the derivative from an arbitrarily chosen state, including those not within the
training data. In our implementation, we use as oracle a simple feed-forward NN, denoted as yyn, such that

y (%) = nn(%). However, the framework is flexible and can incorporate other ML-based oracles [8, 39, 40].

3.2. Equivariance loss function
To identify the ground-truth symmetry transformations { D, }, we optimize the weights { W,,} such that
each branch approximates the vector field ¥(X). When this goal is achieved, the converged branch matrices
represent symmetry transformations, as they satisfy the equivariance condition given by equation (2).

We define the equivariance loss as

. 1 & )
‘Cequiv ({Wa}) = M Zlequiv (Wa) ) (4)
a=1

which depends on the set of all branch matrices and is the average of the single-branch equivariance losses,
given by

N
- 1 o o o
lequiv (W) = N § Hyl _yW(xi) H27 (5)

i=1

where || - || denotes the L, norm. The dataset {X(")(t,),7")(t,)} is randomly shuffled and split into three
parts: two subsets are used for the oracle training and validation, while the third subset is used for ESM
training. In the formula above, N represents the number of samples assigned to ESM training and i is an
index that combines trajectories and time steps for simplicity.

The function lequiy (sketched in figure 1(b)) depends on a single matrix W, is non-negative and reaches its
minimum value when W is a symmetry transformation. Consequently, lequiv has K global minima, each
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corresponding to one of the ground-truth symmetry transformations D,,. Indeed, if the analytical derivative
is available [V(%) = J/(%)], the value of lequiv in these minima is zero because of equation (2). In the absence of
this analytical expression [37 (¥) = yxn(X)], the values of lequiy in global minima become of the order of the
oracle’s prediction error (which is assumed to be small). Still, we expect all K global minima to have
approximately the same value, which can be estimated by evaluating l.q,i, at the identity transformation I,
i.e. the trivial symmetry. This value at the identity, that we denote as I;, coincides with the oracle’s mean
squared error (MSE),

li = lequiv (i

ZH% Faw (%) [ (6)

1_1

_)/NN

3.3. Repetition loss function

The equivariance loss in equation (4) reaches its minimum when each ESM branch identifies a symmetry
transformation, meaning that each W, converges to one of the K global minima of l.quiy. However, Lequiv
does not enforce the discovery of all distinct symmetry transformations within the group. For instance,
nothing in L.quiy prevents all branch matrices converging to the same symmetry transformation (e.g.

W, = 1Y) leaving the remaining K — 1 minima unexplored.

We propose a training methodology for the ESM to overcome this limitation and discover the entire finite
symmetry group (all K elements) in a single run. To ensure all global minima of [.q,jy are found, we introduce
the so-called repetition loss term (defined below), that penalizes branch matrix repetition during training.
First, we assume that the number of branches satisfies M > K. At the end of the process we will be able to
check that the symmetry group has been found, so there is always the possibility to repeat the process with a
larger M, if initially the chosen M is not large enough. Conversely, if M is large enough, pruning process
removes redundant branches during training, stopping at M = K, as will be described later in subsection 3.4.

We introduce the repetition loss term, defined as

M a—1
Lep ({Wa}) AZZexp(W WBHF) @

a=1p=1

that depends on two hyperparameters: amplitude A and width o. Here, || - ||r denotes the Frobenius norm
[41], which can be interpreted as a distance in the matrix space R"*". The repetition loss penalizes similarity
between branch matrices. It consists of a sum over all distinct indices o # (3, with each term being a Gaussian
function of the distance between W,, and Wj. The penalty is maximum when two matrices are identical
(W, = Wg) and decreases as their distance increases. Intuitively, if two branch matrices are attracted to the
same minimum of q,iy, the repetition loss generates a ‘repulsive action’ between them, with its strength
controlled by A and the action range determined by o.

The total loss function combines equivariance and repetition losses,

L= £equiv + [frep- (8)

This dual approach promotes symmetry detection in such a way that branch matrices are forced to converge
at distinct global minima.

Nevertheless, a naive ESM training with £ using fixed o and A hyperparameters is not a good solution.
The influence of L, (controlled by o and A) is highly sensitive to the l.qujy landscape, which depends on the
dynamical system and collected data. A small o limits the range of L., allowing multiple branches to fall
into the basin of the same minimum, thus failing to separate branch matrices. Conversely, a large o produces
repulsion even between matrices located in different global minima, moving them away from the minimum
of Lequiv> thus yielding to inaccurate symmetry prediction.

To overcome the pitfalls of a naive training with £, we follow a protocol where the hyperparameters o
and A are modified throughout training according to a predefined function of the epochs, gradually
diminishing the influence of L., until it vanishes. By the end of training, only the equivariance loss remains
(£ = Lequiv), ensuring the optimization focuses solely on symmetry detection. This protocol will be
illustrated in section 4 with a simple example.

3.4. Branch-removal processes: local minima and redundant solutions

As previously mentioned, we expect that the function l.q.;, presents global minima having—exactly or
approximately—the same value for all matrices that are exact symmetries of the dynamical system.
Additionally, l.quiy may also exhibit local minima for matrices that do not represent symmetries. These local
minima appear for loss values significantly larger than those of the global minima. The optimization process
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can occasionally cause the branch matrices to become trapped in these local minima, creating an obstacle for
identifying true symmetries.

To mitigate this, our method includes a process at the last stages of training (after L., vanishes) in which
we remove branches that have converged to local minima. For that, we calculate each single-branch
equivariance loss, lequiV(Wa), and eliminate those branches o whose values are significantly higher than the
function’s lower bound. We thus use tolerance equiy so that, if lequiv(Wa) > Eequivs the branch « is removed.
The value of this tolerance depends on the available knowledge of the system:

(i) In the case of Y (@) =y(%), since the lower bound of /.qu;y is zero, we aim to discard any branch matrix
W,, that does not satisfy lequiv( a) = 0. However, converged branch matrices do not strictly reach this
value in practice due to gradient descent oscillations around the minimum. For this reason, we use a
tolerance eequiy = 10, which is several orders of magnitude smaller than typical values of loquiy in our
numerical experiments.

(i) In the case of Y(X) = jn(X), the value lequiv(Da ) of each global minimum is equal to reference value /;
given by the identity matrix, up to a fluctuation. This fluctuation arises because calculating lquiv (D)
requires the interpolation of 7y at states D,%;, which do not belong to the original ESM training set.
Therefore, the quantity ||j; — D7 'Jxn (Do) |[? differs from the oracle’s error [[j; — yn(¥;)|| for each
sample i. These individual differences result in lequw( ) 7 I;. Nevertheless, if the oracle has sufficiently
low generalization error, the values ||§; — D, 'Jxn(DaX:)||? [and therefore lequiv(Do )] should lie within
the oracle’s error distribution. For this reason, we use a tolerance given by the maximum error among
the ESM training set, i.e. cequiy = max)_ {|[i — yan(%)]|* }

Once the local minima branches are pruned, all ESM branch matrices should represent a given symmetry
transformation. These are maximally separated thanks to the previous L, action, promoting the
identification of all possible symmetries of the group. As mentioned above, the number of branches should
initially exceed the order of the group K, which means that some symmetries D,, can inevitably be found
more than once. We thus perform a second final process in which redundant branches are removed. To do so,
we calculate the quantities d(W,,, W) for all pairs of branches o, 3, with the average element-wise distance
(AED) between two matrices A and B defined as

d (A’B) = % %: |Ax — Bul, 9)

where n is the matrix dimension, and k, ! index the matrix elements. Unlike the Frobenius norm, the AED is
not a differentiable function in all the points of its domain, so we use it as a metric rather than a loss. It also
quantifies the similarity between two matrices with the precision with which A and B can be asserted to be
the same matrix (and thus indicates the number of significant digits in the converged matrices A, B, etc).
Using the AEDs, we identify subsets of identical branches (i.e. subsets { W,, } such that d(W,,, Ws) = 0).
Then, we retain a single representative from each subset, and discard the rest.

3.5. Verifying the results of the ESM
We can further confirm the symmetry group discovery by leveraging two fundamental group properties [42]:
(1) a symmetry group is closed under multiplication, and (2) the inverse of every group element must also
belong to the group. Since these properties were not explicitly enforced during ESM optimization, they can
be used to validate whether the identified set of matrices forms a group representation. For this purpose, we
employ a group metric similar to the one proposed in [32].

The group metric is defined as

1

dgroup = E (dclosed + dinverse) y (10)

where the ‘closed metric’ is given by

| MM
Aosed = MzZmed (WaWs,W,), (11)
a=1p=1

and the ‘inverse metric’ is defined as

1nverse - Z mln d ) . (12’)
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The group metric is a non-negative function of the branch matrices { W, } that equals zero if and only if the
set of matrices forms a group.

4. Illustration of the ESM training method

In this section, we illustrate the proposed ESM training procedure using a simple example. We choose a
dynamical system governed by

‘jli; =—x, (13)
i.e. y(x) = —x°. The solutions are analytically known (x(t) = 41/+/2t + C, being C an arbitrary constant),
and decay asymptotically to x =0 as t — oo. This system is symmetric under sign inversion: if x(¢) is a
solution, so is —x(#). Thus, the symmetry group has K = 2 elements: D; =1 (identity) and D, = —1, that is
x" = D,x leaves equation (13) invariant. Note that, in this simple case, the transformations are scalars.

To generate the dataset, we simulate Nt = 10 trajectories {x(") (£,)} with time discretization of At =103
at Ns = 100 steps, using the Runge—Kutta method. The initial condition of each trajectory is randomly
sampled from a uniform distribution within the interval x(t = 0) € [—2.5,2.5] (the initial condition
determines the constant C for each trajectory). We illustrate the method in two cases: (1) when y; is known
analytically and (2) when only the trajectories are known and y; is estimated from them. We randomly
shuffle the 1000 training pairs and use 750 samples for the oracle yxn (see appendix A for further details) and
N =250 for training the ESM.

The process begins with fixed initial values o = 0y and A = A, and the gradual elimination of L., is
executed in two stages. In the first stage, o is progressively reduced to ¢ = §o ~ 0, which vanishes the
influence of L, for branch pairs W, and WB located in different global minima (we do not set do = 0
because that would introduce a discontinuity in Ly,). In the second stage, A is decreased to A = /A ~ 0,
eliminating any remaining contribution of L., even for redundant branches within the neighborhood of
the same minimum, leaving only Lcq,iv to drive the optimization (setting A # 0 is convenient for reasons
that become evident later in this section). As we will show below, these hyperparameter reduction processes
allow knowing whether the number of branches has exceeded the order K or not. If M > K, the procedure
ends with the branch-removal processes explained in subsection 3.4, culminating with an ESM having
M =K branches. In addition to this training, we validate the K-order symmetry group finding by calculating
the group metric exposed in subsection 3.5.

Figure 2 shows the training procedure of a 2-branch ESM (M = K) with the analytical derivative
function. The loss function £ depends on the branch weights (W, W5), and Lequiv has four global minima
corresponding to the combinations of those in lequiy: (1,—1) and (—1,1), which capture all matrices within
the equivariant symmetry group, and (1, 1) and (—1, —1), which leave one matrix undetected. We perform
two trainings (T, and Tj, panels (a) and (b) in figure 2) with different weight initialization in order to
demonstrate the method’s effectiveness under various conditions. In both, hyperparameters o and A are
decreased exponentially (see appendix A): the width runs from oy = 10* to 6o = 102 (between epochs 400
and 800), and the amplitude runs from Ay = 10° to §A = 10~8 (between epochs 800 and 1200).

Figure 2(a) shows the evolution of the equivariance and repetition losses during training for setup T,
while figure 2(b) does the same for setup T}. Besides, figures 2(c)—(f) visualize the total loss £ landscapes
(color maps of the total loss in the (W}, W,) plane) at four representative epochs. The branch weight
evolutions for both ESM trainings are traced from the initial configuration to the current one at each key
epoch.

Initially, and up until epoch 400, when ¢ begins to diminish, the large o value makes L., nearly
constant, leaving the optimization solely influenced by Lequiv. As a result, both trainings converge to isolated
Lequiy minima (see figure 2(c)). Due to the logarithmic scale of the color bar, these minima cannot be
distinguished in the figure. However, note that the total loss landscape is identical to that at epoch 1200 in
figure 2(f)—(w)here L., vanishes—except for an additive constant A. We observe that T, converges to (—1,1),
which is a desired situation where the two symmetry matrices are found, while T}, converges to (1, 1), which
is an undesired situation where one symmetry matrix is repeated and the other is not found. During the
process of o reduction from epochs 400 to 800, as shown in figures 2(a) and (b), the repetition loss begins to
reshape the loss landscape, as it can be observed at epoch 655 in figure 2(d), driving the branches to reduce
Lyep while increasing Lequiv in order to minimize the total loss. In Ty, the predicted branch weights undergo
only slight perturbations as the £ minimum (—1,1) shifts, reflecting the weak repulsion between separated
branch matrices due to high o. In contrast, L, transforms (1, 1) into a maximum, causing the branch
weights in T}, to move away from it. Since the branch matrices are repeated, they experience a strong
repulsion, which pushes the second matrix toward the alternative .qu;y minimum, —1.
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Figure 2. Illustration of ESM algorithm for the example & = —x>. The symmetry group has K = 2 elements: D; = 1 (identity) and
D, = —1 in this case. We present two different trainings (T, and T}) with different random initialization of the trainable
parameters of the model, the branch weights (W;, W>). (a)-(b) Equivariance (blue) and repetition (brown) loss curves as
function of epochs for T, and T} respectively. Gray curves represent the o (solid) and A (dashed) values as function of the epochs
(both normalized to the same arbitrary scale). The dashed vertical lines indicate the epochs at which each variation interval starts:
first, o (from g = 10* to §o = 10™2) and second, A (from Ay = 10° to 6A = 10~8). (c)—(f) Color maps of the total loss in the
(W1, W>) plane at epochs 400, 655, 800 and 1200 respectively (these epochs are marked with black arrows in both horizontal axes
of panels (a) and (b)). The color bars represent the value of £ = Lequiv + Lrep. In all panels, trajectories in the ‘space of weights’
(coordinates (W1,W>)) in T, and T, are plotted in black and red respectively. At each panel, these trajectories are plotted from the
initial training location (squares) to the current state at a given epoch (triangles). In panel (f) (final epoch), the final results are
represented by circles. The gray segments represent the Gaussian width in the definition of L;cp, corresponding to the current
value of the hyperparameter o.

1 2

By the end of the ¢ reduction (epoch 800, see figure 2(e)), the branch weights in both trainings are fully
separated into distinct symmetry minima. At this stage, non-zero values of L., appear only close to the
diagonal W; = W,. Note that local minima of £ appear around the diagonal at (1,1) and (—1,—1).
However, the dynamic o-process has prevented the training to end up in these minima. Finally, as A
decreases from epochs 800 to 1200, L., vanishes across the entire landscape, seen both in the evolution of
the loss (figures 2(a) and (b)) and the landscape at epoch 1200 (panel (f), same figure). Since M = K, this
variation has no effect on the optimization of the branch matrices because they are already located in
minima of distinct symmetries.

Importantly, this experiment with M = K demonstrates that, regardless of the weight initialization, the
ESM training procedure always identifies the entire symmetry group, without detecting the same symmetry
twice.

The variation of A becomes crucial when M > K. We demonstrate this by considering ESMs with different
number of branches: M = 2,3 and 4 (see figure 3). For each M, we perform two trainings, one using the
analytical derivative function and another using a pretrained oracle [)(x) = ynn(x)]. The variation stages
for o and A are identical to those in figure 2. In addition to the steps previously followed, the learning rate n
is exponentially reduced from 7y = 10~ to 67 = 10~ between epochs 1200 and 1600 in order to mitigate
gradient descent oscillations around the achieved minimum and, thus, improve convergence precision.

Figure 3(a) shows the equivariance loss curves for each number of branches using y(x), while figure 3(b)
renders the same quantities when using yxn (x) as oracle. Similarly, figures 3(c) and (d) show the
corresponding repetition loss curves.

When M = 2, the behavior is consistent with figure 2. At the end of the o variation process, Lequiv is
minimized and L., vanishes, indicating that the ESM has identified M distinct symmetries. However, when
M =3 or M =4 (M >K), L, does not vanish. In this case, since the number of branches has exceeded the
number of unique global minima, some matrices inevitably fall into the same basin of attraction. These
overlapping matrices interact via L.p, even at low o, introducing perturbations that prevent the total
minimization of L.qiy and, thus, an accurate prediction of the ground-truth symmetries. This difference in
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Figure 3. ESM algorithm for the illustrative system x = —x° for different number of branches: M =2 (blue), M = 3 (orange) and
M =4 (black). In the left column, the analytical function 7(X) is used in the ESM. In the right column, a pretrained oracle ynn (X)
is used instead. The gray curves in (b) provide a representation of the dependence of the hyperparameters o (solid), A (dashed)
and 7 (dotted) as function of epochs (they are all normalized to the same arbitrary scale). In all panels, the dashed vertical lines
mark the epoch at which a hyperparameter starts to decrease. (a)—(b) Equivariance loss as function of the epochs. The horizontal
dashed-dotted line indicates the value /; given by the NN oracle’s MSE. (c)—(d) Repetition loss as function of the epochs. (e)—(f)
Group metric (equation (10)) as function of the epochs.

behavior between M = K and M > K cases provides a criterion for identifying the order of the symmetry
group K when it is unknown.

The importance of reducing parameter A becomes evident at this stage. For M = 3, the solution
converges to { W, } = {1,—1,—1}, where one ground-truth symmetry is repeated, resulting in a final
L:ep = 0A. For M = 4, the solution becomes {W,, } = {1,—1,1, —1}, with both ground-truth symmetries
repeated, yielding L., = 20A (see figures 3(c) and (d)). Although matrix repetition occurs, it is no longer an
issue as all global minima, and thus all symmetry elements D,,, are identified.

Notably, for all M, the equivariance losses reach their expected bound (0 and /;), confirming that the
identified transformations are valid symmetries. A clear distinction can be observed in figure 3(a) and (b)
between training with the analytical derivative function and the NN oracle. For ESMs trained with
Y(x) = y(x), Lequiv achieves extremely low values (around 10~ '?, which is much lower than the tolerance
Eequiv) during the n-decreasing stage, demonstrating that the equivariance loss can be arbitrarily minimized.
In contrast, for ESMs trained with V(x) = yxn (), Lequiv consistently converges to the ; value given by the
NN oracle’s prediction error and cannot be further minimized, even as 7 is reduced to enhance convergence
precision.

For each value of M, we track the group metric (equation (10)) as a function of epochs, as shown in
figures 3(e) and (f). In all cases, dgroup decreases alongside Lequiy: the better the matrices satisfy the symmetry
conditions, the better the set satisfies the group properties. This is particularly evident for M = K = 2, where
W, =1and W, = —1 naturally fulfill the group criteria. When M > K, the group metric converges to a
similarly low value, confirming that all symmetries are captured and redundant matrices maintain group
closure and inverse properties.

Up to this point, we have demonstrated that the ESM reliably identifies all K symmetry group elements,
regardless of the weight initialization or the number of branches M (provided that M > K). In simpler
systems (e.g. equation (13)), no additional processing is needed. The optimization is not affected by local
minima in l.quiv, and redundant matrices in cases where M > K can be easily identified by inspection.
However, for more complex systems with higher dimensionality, solutions may occur at local minima, and
also, recognizing duplicated matrices becomes less straightforward. For that cases, it would be necessary to
apply the branch-removal processes explained in subsection 3.4.
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5. Application of the ESM to complex dynamical systems

In this section, we showcase several examples of the ESM method applied to dynamical systems with higher
complexity than the simple example considered in section 4, including some exhibiting chaotic behavior. As
illustrations, we use Thomas symmetric attractor, Lorenz system, and a system of coupled Duffing oscillators.

The data generation is similarly conducted for all systems. The states {X") (£,)} are obtained by
generating Nt = 1000 trajectories using the Runge—Kutta method, each with Ng = 100 time steps
(At =107). Initial conditions are randomly sampled from a uniform distribution within the region of R”
that satisfies —2.5 < x;(t = 0) < 2.5. Derivatives {7{")(t,) } are obtained both analytically and numerically as
in the previous section. After random shuffling, we use 95000 data pairs to train and validate the oracles ¥y
(see the A for details), and N = 5000 pairs to train the ESM. In order to assess the robustness to limited data,
C presents a study of ESM accuracy as we randomly remove increasing fractions of the mentioned data set.
We also introduce a group-based fine-tuning optimization that substantially improves ESM performance
when the available data are severely reduced.

We used the same hyperparameter settings in all these systems as well (see the appendix A for a detailed
summary of used hyperparameters). In each case, we apply three hyperparameter-tuning stages: the width o
is reduced from oy = 107! to §o = 10~* (epochs 600-1200), the amplitude A from Ay = 10° to A = 10~*
(epochs 1200-1800), and the learning rate 1 from 79 = 1073 to 61 = 10~° (epochs 1800-2400).
Branch-removal processes are conducted at epoch 2600 for local minima and at epoch 2800 for redundant
branches.

5.1. Thomas’ symmetric attractor
Let us start with the Thomas’ symmetric attractor. It is a three-dimensional system which was proposed by
René Thomas [43] and is described by the following equations:

% =sinx, — bx;
det
% =sinx; — bx,
dt
d—; =sinx; — bxs. (14)

Depending on the parameter b, this dynamical system exhibits various regimes, including chaotic behavior
[44] (we used b = 0.208 186 to be in the chaotic regime). These equations are symmetric under cyclical
permutations of the state variables (x1,x,,x3) and under sign inversion (i.e. if ¥(#) is a solution, so is —X(t)).
Together, these symmetries form a group of order K = 6.

The results of the ESM trainings are shown in figure 4. We consider two ESMs: one with M = 4 branches
(to analyze the ESM performance when selecting an insufficiently large M hyperparameter) and another
with M = 30 branches (to significantly exceed K). Figures 4(a)—(f) show the evolution of the Lequiy, Lrep, and
dgroup for both values of M. Branch removal processes for the ESM with M = 30 are indicated by the red and
purple shaded regions. As in the previous section, we compare trainings that use either the analytical
function y(X) from equation (14) (figure 4(a),(c),(e)) or the NN oracle ¥y (figures 4(b),(d),(f)).

Let us first focus on the ESM with M = 4 branches. Immediately before the variation of o, we observe
that the equivariance loss is significantly minimized while the repetition loss vanishes. This indicates that the
ESM has identified four distinct symmetry transformations (so final-training branch removals are not
necessary in this case). However, the group metric does not decrease in parallel with Lcquiv, suggesting that
the set { W, } does not form a group, and thus some symmetry transformations of the dynamical system have
not been found.

In general, dgyoyp is an appropriate measure to reveal whether the number of branches M is sufficient to
determine all symmetry transformations. Indeed, if M is lower than the true symmetry group order K, it is
likely that the found matrices do not form a group. The possible exception is when the set of matrices form a
subgroup, which would cause the group metric to decrease significantly even when M < K. To identify
whether a subgroup has been found, the ESM should be considered with one extra branch. If the converged
Lep still vanishes, the previous set was a subgroup and some symmetry matrices were missing.

Now, consider the M = 30 case. As expected, L, does not vanish after decreasing the Gaussian width o,
indicating that K has been exceeded and some matrices are repeated. Unlike previous experiments, the
minimization of Lequiy does not converge to its lower bound after the Gaussian amplitude variation because
some matrices W,, converge to local minima that do not correspond to exact symmetries. This can be seen in
figure 4(g) for the J(¥) = jun(X) case. The panel shows the single-branch equivariance losses for each «
before the first removal, ordered in ascending l.quiy values. We show with a horizontal dashed-dotted line the

9
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Figure 4. ESM algorithm for the Thomas’ cyclically symmetric attractor. (a)—(f) Optimization of the matrices { Wy, }, using both
the analytical function ¥(¥) and oracle ynn (X), for M =4 (blue) and M = 30 (black). Three quantities are shown as function of
the epochs: equivariance loss (a)—(b), repetition loss (¢)—(d) and group metric (e)—(f). The gray curves in (b) indicate the
variation of o, A and 7, and the vertical dashed lines in all panels represent the starting of each hyperparameter decrease. The
dashed-dotted lines in (a)-(b) indicate the bound J; given by the oracle’s MSE. In all panels, the red and purple areas indicate the
regimes at which some branches have been removed by each of the two final-training processes. (g)—(h) Branch-removal
processes for M = 30 using ynn (¥). (g) Removal of matrices in local minima. The plot shows each single-matrix equivariance loss
for all the matrices before the removal. The dotted-dashed line represents I;, and the dotted line represents the tolerance €cquiv
given by the maximum oracle squared error. The inset displays the histogram of squared errors for all ESM training samples, with
the dashed-dotted line representing I; the dotted line representing ecquiv. (h) Removal of redundant matrices. The plot shows the
AED between all possible matrix pairs before the removal.

approximate bound of the function, I; ~~ 3 - 107>, With the dotted line, we show the tolerance

Eequiv ™ 3 10~* that we use to remove local minima branches, whose value is given by the maximum oracle’s
error. As an inset, we represent the histogram of the oracle errors ||y; — ynn(%)||?. Similarly, the vertical
dashed-dotted and dotted lines represent [; and equiy respectively. We observe that 13 branch matrices
converge to local minima with lequiV(Wa) ~ 1 (several orders of magnitude higher than /;). The remaining 17
branches converge to global minima according to our criterion. It can be seen that three out of these 17
global minima matrices have L.q.iy values extremely close to [; because they converge to the identity
transformation. The others, associated to non-trivial symmetry transformations D, have slightly higher
lequiv values, but still within the oracle’s error distribution.

The 13 local minima matrices are eliminated during the first removal process. In figure 4(a) and (b), we
observe that Lequiv drops abruptly after this removal. In the case of V@) = #(%), Lequiv completely vanishes.
On the other hand, for J(%) = Jxn (%), the equivariance loss decreases to a value similar to that achieved with
the 4-branch ESM, which is consistent with the l.qu;v values in figure 4(g).

Finally, figure 4(h) displays the AEDs d(W,,, W3) before the second removal in the Jxx case. In this
figure, branch indices «, 3 are arranged in such a way that the first corresponds to the lowest l.quiy Value, and
subsequent indices are sorted by proximity (the lowest AED to the previous branch). We can observe that the
17 remaining branch matrices contained 6 unique symmetry transformations. Removing redundant
matrices makes L, drop to zero (see figures 4(c) and (d)), confirming that no matrices are repeated.
Importantly, dgroup remains unchanged (see figures 4(e) and (f)), verifying that the removed matrices were
redundant and the remaining set still forms a valid symmetry group. At the end of the process, the ESM
accurately predicts the finite equivariant symmetry group with M = K = 6 branch matrices, whose values are
shown in appendix B.

10
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Figure 5. ESM algorithm with M = 30 branches for the Lorenz system. Three quantities are shown as function of the epochs:
equivariance loss (a)—(b), repetition loss (c)—(d) and group metric (e)—(f). Panels (g)—(h) illustrate the final-training processes
using xn (¥). The remaining details are similar to those in figure 4.

5.2. Lorenz system
We consider now the Lorenz system, which is a three-dimensional system described by the following
equations:

dx
ditl =a(x—x)
dx
ditz = X1 (b*X3)*X2
dx
d—; = X1% — €X3 (15)

being a, b and c are fixed parameters (we used a = 10, b =28 and ¢ = 8/3). This is a paradigmatic example of
chaotic dynamics and was originally developed as a simplified model of atmospheric convection [45].

The equations are symmetric under the sign inversion of the first two state variables, i.e. if
X() = [x1(8),x2(1),x3(1)]" is a solution, so is &' (£) = [—x1 (1), —x2(£),x3()] . Thus, the symmetry group has
order K =2.

The results are presented in figure 5 with the same structure as in figure 4. This time, we explored only
the M > K case: we trained an ESM with M = 30 branches, both using the analytical function ¥(¥) and the
NN oracle ynn. Figures 5(a)—(f) show the evolution of Lequivs Lrep and dgroup, and figures 5(g)—(h) specifies
the branch-removal processes for the case J(X) = jun (X). We can observe that the oracle’s error distribution
sets a bound of the function l.quiv given by ; ~ 0.2, with a tolerance of g¢quiy =~ 0.6.

We observe that the ESM training presents a similar behavior to the previous case: after decreasing o,
Lyp does not vanish because matrix repetition occurs inevitably, as M > K. Besides, Lcquiv does not vanish
either because 22 matrices W,, converge to local minima. We observe in figure 5(g) (NN oracle case) that the
values of lequiv(Wa) for those W,, in local minima are of the order of 10! and 102, much higher than ;. These
matrices are pruned in the first branch-removal process, producing Lequiy to drop to its lower bound
(Lequiv > 0 and Lequiv =~ ;). We see in figure 5(h) that the 8 global minima branches contain only 2 unique

11
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Figure 6. ESM algorithm with M = 30 branches for the coupled Duffing oscillators. Three quantities are shown as function of the
epochs: equivariance loss (a)—(b), repetition loss (c)—(d) and group metric (e)—(f). Panels (g)—(h) illustrate the final-training
processes using ynn (X). The remaining details are similar to those in figure 4.

symmetries. The second branch-removal process prunes 6 matrices, leaving the ESM with M = K =2 (see
appendix B for obtained values).

5.3. Coupled Duffing oscillators
The last example is a four-dimensional dynamical system that consists of two coupled Duffing oscillators,
whose equations of motion are

dx,
dr
dx,
dt
doxs
dr
dxy
dr
where x; and x;, denote the position and velocity of the first oscillator respectively, whereas x3 and x, those of
the second. The fixed parameters are: § (damping), o, 8 (linear and non-linear restoring forces), and ~y
(coupling constant). For the numerical experiment, we used § =0.3, « = —1, § =1 and v = 5. The system
exhibits symmetry under sign inversion [if X(¢) is a solution, so is —X(#)] and permutation of oscillators (if
X(t) = [x1(8),x2(1),x3(£), x4 (£)] " is a solution, so is ¥/ (£) = [x3 (), x4(£), x1(£),x2(£)]"). Together, these form a
symmetry group of order K = 4.
The results are shown in figure 6 with the same structure as in previous cases. We trained an ESM with
M =30 branches, also in the J(%) = 7(¥) and Y(¥) = yxn () cases. As we see, the ESM behavior is consistent
with those presented in previous subsections. This time, in the NN oracle case [see Fig 6(g)], the l.quiy bound
is given by [; ~ 7 - 103, with a tolerance of Eequiv ™ 0.2. We see that 19 branches converge to local minima
(with values lequiv(Wa) ~ 10'), and 11 branches converge to global minima with lequiv values that lie within
the oracle’s error distribution. To conclude, we observe in figure 6(h) that, at the end of the protocol, 4
distinct symmetries where detected, coinciding with the order K =4 (see appendix B for the obtained values).

:x2
= —0x; — ax; — x; + v (x1 — x3)
=Xy

= —0x4 — ax3 — x5 + 7 (x3 — x1) (16)

12
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6. Conclusions

In this work, we introduced the ESM, a ML framework designed to discover the finite equivariant group of
linear symmetries in arbitrary nonlinear dynamical systems. The method focuses on identifying equivariant
transformations through a training process regularized by the repetition loss, which ensures the complete
identification of all symmetries within the group. Unlike iterative approaches, the ESM unveils all these
elements in a single training cycle, with the group metric validating the results.

Notably, the ESM effectively works in both theory-informed and purely data-driven settings. While it can
leverage analytical equations when available, it requires only trajectory data to operate, with no prior
knowledge of the system’s governing equations. This is achieved by pre-training an oracle approximator to
estimate the system’s dynamics. In our experiment, we employed a simple feed-forward NN as the oracle, but
the method is adaptable and can integrate alternative ML methods.

We expect the ESM can be extended in the future to identify Lie equivariant symmetry groups
(continuous symmetries) and other families of symmetries in dynamical systems (such as non-linear
transformations involving also the independent variable t), as well as to partial differential equations (PDEs).
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Appendix A. Training details
This appendix details the training procedures for the experiments in this paper, including ESM training and

NN oracle pre-training. All calculations were performed using TensorFlow [46] and Keras [47] libraries.
For all ESM experiments, hyperparameter variation followed the formula:

ho forepoch < epoch
h(epoch) = § hpe~w(ePoch—epoch)  forepoch, < epoch < epoch; (A.1)
oh forepoch > epoch;
with

1 ho

log h (A2)

Y= epoch; — epoch;
where h represents the tuned hyperparameter (either o, A or 1), hy and dh denote the initial and final
hyperparameter values, and [epoch;, epoch] specifies the variation interval. These values, as well as further
hyperparameters and training information, are summarized in table A1 for each experiment in this paper.
Note that the experiments illustrated in figures 4—6 share identical training setting.

We trained four different feedforward NN oracles yxn, one for each dynamical system considered in this
paper. As mentioned in the main text, these NNs approximate the derivative field, so ¥xn (X) =~ y(X). For that,
we train them using a subset of randomly chosen pairs from the data set {%(")(t,), 7" (t,)}, with 7 (¢,)
computed numerically as explained in section 2. All oracles were trained using the MSE loss and the Adam
optimizer.

We now summarize each oracle training hyperparameters and settings:

o 1D illustrative system (equation (13)): 500 samples for training and 250 for validation. The architecture is
composed by the input layer (1 =1 neuron), 2 hidden layers (100 neurons) with ReLU activation function
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Table Al. Summary of ESM training hyperparameters from each experiment presented in this article. This involves four different
systems: the illustrative one-dimensional system (equation (13))), Thomas system (equation (14)), Lorenz system (equation (15)) and
the coupled Duffing oscillators (equation (16)).

Hyperparameter Figure 2 Figure 3 Figure 4, 5and 6
(00,60) (10*,107%) (10*,107%) (107,107
(Ag,6A) (10°,107%) (10°,107%) (10%,107%)
(n0,0m) 107* (no variation) ~ (1072,107%)  (107%,107°)
Variation interval o~ 400-800 400-800 600-1200
Variation interval A 800-1200 800-1200 1200-1800
Variation interval n — 1200-1600 1800-2400
Epoch Ist removal — — 2600
Epoch 2nd removal — — 2800
Total epochs 1200 1800 3000
N (ESM data) 250 250 5000
Optimizer SGD RMSprop RMSprop
Mini-batch size 64 64 1024
102F 7T T T T T T T T T T T T T
1D w0 7
10'F 7 Thomas
example 10k i
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L _
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Figure A1. Training of four NN oracles yxn prior to ESM training. Each panel correspond to a dynamical system and shows the
oracle’s MSE loss as function of epochs for training (black curve) and validation (blue curve) data sets.

and the output layer (#n = 1 neuron) with linear activation function. The NN was trained during 300 epochs
using a learning rate of 10~ and a mini-batch size of 32.

e Thomas, Lorenz and Duffing systems (equations (14)—(16)): 90 000 samples were used for training and 5000
for validation. The architecture is composed by the input layer comprising either 3 (Thomas and Lorenz)
or 4 (Duffing) neurons, 3 hidden layers (500 neurons each) with ReLU activation function and the output
layer composed of 3 or 4 neurons, with linear activation function. The NN was trained during 500 epochs
using a learning rate of 10> and a mini-batch size of 256.

Oracle training curves are shown in figure Al. Once trained, the oracle weights are fixed and integrated into
the ) block of the ESMs.
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Appendix B. Branch matrix results

In this appendix, we present the matrix values of the symmetry groups discovered using our method in
section 5, that is, for the Thomas attractor, Lorenz system and the Duffing oscillators. Specifically, we provide
in table B1 the numerical results obtained from the ESMs with M = 30 branches in the case of

V(x) = Jan (%), truncated to five decimal places.

In general, the appropriate decimal precision for rounding the obtained matrix values should be chosen
such that the group metric dgroyp is minimized. Notably, in all cases presented in table B1, rounding the
matrix values to the nearest integer yields the exact symmetry matrices {D,, }, ensuring that dgroup becomes
exactly zero.
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Table B1. Obtained matrix values { Wy, } using ESMs with M = 30 branches and NN oracles for the systems presented in section 5: Thomas system (equation (14)), Lorenz system (equation (15)) and the coupled Duffing oscillators

(equation (16)).

Thomas Lorenz Duffing
1.00034  —0.00003 —0.00002 0.95049  0.06961  —0.00038 000036 0.00031  ~1.00051 - ~0.00172
0.00068  0.00228  0.00024  —0.99846
0.00006 ~ 1.00001  —0.00008 0.02487  0.97252  —0.00023
—0.00014 —0.00003  0.99983 0.00095 —0.00043  0.99007 099871 —0.00416 ~ 0.00109 000327
' ' ' ' ' ' —0.00013  —0.99827  0.00049  0.00125
—0.00018 —1.00007 —0.00016 —0.96805 —0.05061 0.00096 099990 0-00061  —0.00032 000216
0.00040  1.00076  0.00009  0.00005
—0.00053  0.00014  —1.00011 —0.01825 —0.98413 0.00012
—1.00073  0.00007  0.00017 0.00070  —0.00052 0.99607 000014 —0.00221 1.00057 " —0.00100
' ' ' ' ' ' 0.00015  0.00073  0.00019  0.99999
0.00019  0.00020  —1.00025 —0.00013 —0.00049  1.00048  —0.00110
0.00037  —0.00034  0.00004  1.00050
—1.00009 —0.00008 —0.00006
000035 —1.00014 —0.00005 1.00062  —0.00053 —0.00142 —0.00137
' ' ' 0.00020  1.00082  0.00009  —0.00081
100048 0.00011  0.00037 —0.99945  0.00026  0.00017  —0.00120
0.00045  —0.99925  0.00057  0.00217
0.00004  —1.00032 —0.00023
0.00037  0.00016  —100021 0.00021  —0.00318 —0.99978  0.00154
' ' ' —0.00022  0.00124  0.00039  —0.99861
0.00009  —0.00017 ~ 1.00008
1.00069  —0.00003  —0.00001
—0.00001  1.00044  0.00005
—0.00011  1.00037  0.00056
0.00004  —0.00020  1.00058
1.00014  —0.00001 —0.00013
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Figure C1. Group metric (black) and ground-truth metric (red) versus percentage of data from the original training set presented
in the main text. Circles with solid lines show results after the training process proposed in the manuscript, while triangles with
dashed lines show results after fine-tuning with Lgne—tuning = Lequiv + Lgroup- (@) Thomas system. (b) Lorenz system. (c)
Coupled Duffing oscillators.

Appendix C. Impact of data set size on ESM accuracy and group-based fine-tuning

In this appendix, we evaluate ESM robustness against reduced training data for the three systems of section 5
and introduce a group-loss fine-tuning step to boost matrix precision. All experiments use the purely
data-driven setup, so ESM accuracy is in principle bounded by the NN oracle’s error.

For each dynamical system, we create nested data subsets by successively and randomly removing half of
the data starting from the original 100 000 pairs {X;,7; }: 100%, 50%, 25%... down to 195 pairs (0.195%). At
each dataset size, we split the data into oracle-training (90%), oracle-validation (5%) and ESM-training
(5%), as in the main experiments. We then compute (i) the group metric dgroup, which estimates accuracy
with no ground-truth knowledge, and (ii) the ‘ground-truth metric, defined as

M
1 . N
Ayuth = — Eerwnd(Wa,Dv), (C.1)

which is the average AED between each found branch matrix and its nearest true symmetry, giving an exact
measure of accuracy (decimal precision).

Figure C1 shows the results for each system. dgroyp is plotted with black circles and solid lines as function
of the percentage of retained data, while di, is shown in red. In all cases, both metrics remain within the
same order of magnitude down to ~10%, demonstrating that the ESM is robust against data reduction. At
lower percentages (< 1%), the metrics rise, indicating a significant loss of precision in symmetry detection.

To improve the ESM precision, specially in the low-data regime, we fine-tune the branch matrices by
retraining with

Eﬁneftuning = Lequiv + lcgroupn (C.2)

where the ”group loss” term is defined as

M M M
1 s o . 1 TS

Loowp = 3z D Y min [ Wa Wy = Wa [+ 2> - min [ Wg" = W, |l (C3)
a=1p=1 a=1

This loss term enforces the branch matrices to satisfy the two fundamental group properties: like dgroyp. it
consists of a ‘closed’ term plus an ‘inverse’ term. We apply this fine tuning only after the main training—when
branches are already separated and L, is no longer needed. The incorporation of L, during the initial
training stage was avoided because it introduces additional local minima that significantly hinder ESM
optimization.

Figure C1 also plots dgroup and diye, after fine-tuning (triangles and dashed lines). In all systems,
fine-tuning yields substantial accuracy gains—e.g. in the Thomas system diyu ~ 1072 even with just 0.195%
of the data. In the Lorenz and Duffing cases, the metrics improve by an order of magnitude for data fractions
between 1% and 10% (i, ~ 107 is achieved at 3.12% in the Lorenz system and at 6.24% in the Duffing
oscillators).

Notably, even in low-data regimes, fine-tuning the branch matrices using the combined equivariance and
group loss allows the ESM to recover the true symmetries with high accuracy. The non-zero distance between
the predicted symmetry matrices and the exact ones is attributable to the finite error of the NN oracle, which
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increases as the dataset size decreases. The exact symmetry matrices can be obtained either by appropriately
truncating the predicted elements or through a second fine-tuning stage using only the group loss (Lgroup)-
In this latter approach, the predicted matrices converge arbitrarily close to the exact symmetries, limited
numerically only by the learning rate selected for the optimization process.
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