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Abstract We consider the dynamics of interacting quantum and classical systems in the Heisenberg representation. Unlike the usual
construction in standard quantum mechanics, mixed quantum-classical systems involve the interplay of unitary operators acting on
the quantum observables and the Lagrangian trajectories sweeping the classical degrees of freedom. This interplay reflects an intricate
structure which is made particularly challenging by the backreaction excerpted on the classical trajectories by the quantum degrees of
freedom. While the backreaction is underestimated in the common Ehrenfest model, more recent methodologies succeed in capturing
this important effect by resorting to Koopman wavefunctions in classical mechanics. Luckily, both Ehrenfest and Koopman models
enjoy a variational framework which is exploited here to unfold the geometric structure underlying quantum-classical coupling. A
special role is played by the action of the diffeomorphic Lagrangian paths on a non-Abelian pure-gauge potential which comprises
statistical correlations. After presenting the treatment in the simple case of Ehrenfest dynamics, we move on to the Koopman model
and present the role of the backreaction terms therein. Finally, we compare both models in the context of pure-dephasing systems.

1 Introduction and background

The formulation of dynamical models for the coupled dynamics of quantum and classical systems represents an open problem in
different contexts, ranging from molecular chemistry [17] to solid-state physics [39], and the theory of gravity [3, 30], to name
a few. In the first two cases, the computational challenges posed by fully quantum many-particle simulations motivate the search
for approximate descriptions in which parts of the system are treated classically, while the remainder is left fully quantum. In the
context of gravity, the difficulties in achieving a quantum theory of gravity may pave the way to approximate formulations in which
space-time is treated classically, while matter retains its fully quantum nature.

1.1 Models of hybrid quantum-classical dynamics

Mean-field approaches to hybrid quantum-classical dynamics have long been known. In spite of their intrinsic simplicity, the lack
of statistical correlations therein makes these theories obsolete and insufficient in most situations. Several remarkable attempts to
retain quantum-classical correlations are found in the literature although most of these lead to the violation of important consistency
properties such as Heisenberg’s uncertainty principle. For example, this is the case for the so-called quantum-classical Liouville
equation [2, 28, 36], which currently represents a standard approach in chemical physics. Other computational schemes, such as the
celebrated surface-hopping [12, 50], suffer from the same drawback.

Among the various approaches made available over the years [6, 14, 18, 31, 35, 36, 43, 46], the Ehrenfest model appears to be
the only one retaining an entire list of consistency properties [14, 26], including the uncertainty principle. This model provides the
dynamics of a distribution-valued density matrix ̂P(q , p, t), where (q, p) are classical coordinates, such that f (q , p) � Tr ̂P(q , p)
and �̂ � ∫

̂P(q , p) dqdp are the classical Liouville density and the quantum density matrix, respectively [4]. Upon introducing the
conditional density matrix ρ̂(q , p) � ̂P(q , p)/ f (q , p), we may write the Ehrenfest model as follows:

∂ f

∂t
+ div( f 〈X

̂H 〉) � 0 , i�
∂ρ̂

∂t
+ i�〈X

̂H 〉 · ∇ρ̂ � [ ̂H , ρ̂], (1)
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where ̂H (q , p) is a Hamiltonian Hermitian operator depending on the classical coordinates and X
̂H � (∂p ̂H , −∂q ̂H ) is the mixed

quantum-classical Hamiltonian vector field. Also, we have introduced the notation 〈̂A(q , p)〉 � Tr(ρ̂(q , p)̂A(q , p)). We observe
that the second equation in (1) is independent of the classical Liouville density, which in turn is only enslaved to the quantum motion.
This decoupling of the latter from the classical Liouville dynamics represents a major limitation for this model, which is indeed
known to fail in accurately capturing correlation effects such as quantum decoherence. The latter can be expressed in terms of the
quantum purity ‖�̂‖2� Tr �̂2 and is a crucial property of quantum systems in interaction. Some attempts are found in the literature
to restore decoherence in Ehrenfest dynamics by ad-hoc methods [1]. Thus, despite its physical consistency [5], the Ehrenfest model
is insufficient in most relevant contexts.

In recent years, our team has proposed an alternative model of mixed quantum-classical dynamics that not only retains physical
consistency, but also reproduces decoherence levels with high accuracy. Successfully tested in [7] for several problems in physics and
chemistry, the model is based on the theory of Koopman wavefunctions [37, 41] and builds up on early work by George Sudarshan
[16, 46]. Koopman wavefunctions are square-integrable phase-space functions χ(q , p, t) such that the density f � |χ |2 satisfies
the classical Liouville equation. In [46], Sudarshan proposed to consider mixed quantum-classical dynamics on the tensor-product
Hilbert space of Koopman and Schrödinger wavefunctions. For example, in the case of infinite-dimensional quantum systems, this
leads to writing ̂P(q , p, x , x ′) � ϒ(q , p, x)ϒ(q , p, x ′)∗. Here, ϒ(q , p, x) is a hybrid quantum-classical wavefunction, so that
f (q , p) � ∫ |ϒ(q , p, x)|2 dx and we recall ρ̂ � ̂P/ f . While the construction of a dynamical model on such a tensor-product
Hilbert space is a very intuitive idea, its realization is far from obvious and only recently was our team able to present the resulting
equations of motion. Their formulation went through several stages [11, 26, 27] and has been reviewed in [49]. Importantly, the
quantum-classical model based on Koopman wavefunctions is Hamiltonian and, similarly to the Ehrenfest equations (1), enjoys a
variational formulation in terms of Hamilton’s action principle. In particular, the model appears as an �-correction of Ehrenfrest
dynamics, where the correcting terms make the corresponding equations of motion rather formidable. The latter are as follows:

∂t f + div( f XXX ) � 0 , i�(∂t ρ̂ + XXX · ∇ρ̂) � [

̂H , ρ̂
]

, (2)

with

XXX � 〈X
̂H 〉 +

�

2 f
Tr(X

̂H · ∇̂��� − ̂��� · ∇X
̂H ), ̂��� � i f [ρ̂,Xρ̂], (3)

and

̂H � ̂H + i�
(

{ρ̂, ̂H} + { ̂H , ρ̂} − 1

2
[{ln f , ̂H}, ρ̂]

)

, (4)

Despite their intimidating appearance, it was pointed out in [7, 49] that these equations do not involve gradients of order higher
than two. This is in contrast, for example, with fully quantum approaches based on quantum hydrodynamics that contain third-order
derivatives [38]. Nevertheless, expanding the different terms in the phase-space vector field XXX makes this system hardly approachable
by conventional methods. Luckily, however, the equations (2)-(4) enjoy a variational formulation which has so far served as the
main operational platform for devising various extensions and reduced models, from quantum-classical spin dynamics [23] to fluid
closures [25] and numerical particle schemes [7]. Recently, we also identified an entropy functional for this system [48].

1.2 Mixed quantum-classical Heisenberg dynamics

So far, most works on mixed quantum-classical models have only dealt with the dynamics of states, i.e. the quantum and the
classical states in interaction. A few authors, however, have posed the more fundamental question of the interaction of quantum
and classical observables, as given by operator-valued functions on phase-space [6, 15, 29, 42, 44]. In particular, special emphasis
has been put on how the quantum backreaction affects the classical motion. Also, questions emerge about the algebraic nature of
these observables: given that classical and quantum observables comprise a Lie algebra structure under the Poisson bracket and
the commutator, respectively, is there an analogue Lie algebra structure for quantum-classical observables? Similar questions were
recently investigated in [27] by resorting to the geometry of hybrid quantum-classical wavefunctions. While this paper shows how
the evolution of hybrid observables is generated by a Lie algebra action underlying a group structure, the observables themselves
fail to inherit such a Lie algebra structure.

As customary in standard quantum mechanics, this type of questions prompts the need to develop a Heisenberg representation of
mixed quantum-classical dynamics. Other than allowing the direct evaluation of expectation values, the Heisenberg picture is useful
in many situations. Examples are given by the rotating-wave approximation in Rabi dynamics and other situations in scattering
theory, where Heisenberg dynamics appears as an intermediate description in Dirac’s interaction picture. The duality between
the Schrödinger and the Heisenberg representation in quantum mechanics has a direct counterpart in classical mechanics, and in
particular in the dynamics of continuum media. On the one hand, the quantum Schrödinger picture corresponds to the classical
Eulerian description, which amounts to describing the continuum flow by looking at it from the inertial laboratory frame. In terms
of phase-space dynamics, this picture corresponds to the dynamics of the classical state, as given by the classical Liouville equation
∂t f + { f , H} � 0. On the other hand, the quantum Heisenberg picture corresponds to the classical convective description, which is
widely common in elasticity [45] and lets the observer move together with the medium. In terms of phase-space dynamics, this picture

123



Eur. Phys. J. Plus         (2025) 140:580 Page 3 of 15   580 

corresponds to the dynamics of classical observables, as given by ∂tO � {O, H} for any function O(q , p, t). A third picture – the
Lagrangian description – is also available in classical fluid dynamics and consists in studying the evolution of the entire Lagrangian
fluid trajectory, as expressed by a diffeomorphism of the spatial region occupied by the fluid. In the case of phase-space dynamics, if
ηηη(q , p, t) is a Lagrangian path, i.e. a time-dependent diffeomorphism of phase-space, its dynamics is given by η̇ηη � XH ◦ ηηη, where
◦ denotes composition of mappings and we recall that XH denotes the Hamiltonian vector field. In quantum mechanics, this picture
corresponds to considering the dynamics of the unitary propagator, that is i�U̇ � ̂HU .

In this paper, we will consider the Heisenberg representation for both the Ehrenfest equations (1) and the Koopman model in
(2)-(4). In this context, the formulation of Heisenberg dynamics is made rather subtle by the time-dependent coupling between the
Lagrangian phase-space trajectories advancing the classical motion and the unitary operators governing the quantum dynamics.
Indeed, as shown by the material derivatives ∂t + 〈X

̂H 〉 ·∇ and ∂t +XXX ·∇ appearing in the second equation of (1) and (2), respectively,
the quantum dynamics is expressed in the frame moving with the phase-space vector field advancing the classical flow, that is 〈X

̂H 〉
and XXX , respectively. This crucial aspect of mixed quantum-classical dynamics makes the search for a Heisenberg representation far
from easy. Luckily, once again, the variational formulation provides invaluable help and eventually leads to the final answer. As
we will see, the action principle underlying quantum-classical dynamics also leads to a rich geometric construction involving the
dynamics of non-Abelian gauge connections on principal bundles.

Before proceeding, however, we will review the variational structure on quantum-classical dynamics in the conventional
(Schrödinger) picture. Then, the Heisenberg dynamics will be obtained by operating on the action principle and in particular
on the group actions involved therein.

Plan of the paper. Following this introductory discussion, in Sect. 1.3 we review the Eulerian formulation of the Koopman hybrid
model (2)-(4) based on Euler-Poincaré reduction by symmetry. Particular emphasis will be placed on the appearance of the Wilczek-
Zee connection in the Hamiltonian functional. As we will see, this connection form plays a prominent role in quantum-classical
Heisenberg dynamics. In Sect. 2 we deal with the Heisenberg picture of the Ehrenfest model. In spite of its simplicity, this model
retains all the essential geometric properties that will also be present in the more advanced context of Koopman quantum-classical
dynamics. We will discuss the purely classical and quantum specializations of the description along as well as comment on the
conservation laws in the model. In Sect. 3 we use similar techniques to deal with the Koopman model. The classical part of the
dynamics, i.e. the generator of diffeomorphic phase-space paths, deserves special attention and thus we devote Sect. 3.1 to its
study. In particular we develop a new algebraic tool that, inside a pairing, acts over operators as a Lie derivative with respect to an
operator-valued vector field. This valuable tool allows us to unveil the geometric nature underlying the quantum backreaction in the
Koopman hybrid model. We use this approach in 3.2 to present the equations of motion of an arbitrary hybrid operator undergoing
hybrid Koopman dynamics. Conservation laws are also discussed again in this more involved setting. In Sect. 4 we exemplify the
Heisenberg equations of motion of the Koopman model for the simple case of a pure-dephasing Hamiltonian. Finally we conclude
in Sect. 5 with a general discussion and we provide an outline of possible future directions.

1.3 Quantum-classical variational setting and gauge connections

As anticipated, this section sets up the ground by reviewing the geometric setting for quantum-classical variational models in the
Eulerian Schrödinger picture. The variational principle δ

∫ t2
t1


 dt � 0 underlying both the Ehrenfest equations (1) and the Koopman
model in (2)-(4) is based on Euler-Poincaré reduction theory [33], which relates the dynamical quantities to the group actions
determining the time evolution. In particular, mixed quantum-classical dynamics involves a Lagrangian of the type


(XXX , ξ̂ , f , ρ̂) �
∫

f (AAA · XXX + 〈ρ̂, i�ξ̂ 〉) d2z − h( f , ρ̂). (5)
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Here, z � (q , p), so that d2z � dq dp, and AAA · dz � pdq is the canonical one-form. Also, 〈A, B〉 � Re Tr(A†B) is the real-valued
pairing on quantum operators. If η(t) ∈ Diff(T ∗Q) is a time-dependent diffeomorphism on the phase-space T ∗Q � R

2, and U (z,
t) is a time-dependent unitary operator depending parametrically on the phase-space coordinates, we have the following definitions:

f :� η∗ f0, ρ̂ :� (U ρ̂0U
†) ◦ ηηη−1, XXX :� η̇ηη ◦ ηηη−1, ξ̂ :� U̇U † ◦ ηηη−1. (6)

Here, ◦ denotes composition of functions and η∗ f0 � ( f0/ det ∇ηηη) ◦ ηηη−1 is the push-forward of the volume form f0 d2z, which
is then Lie-transported by the Lagrangian trajectory η. In particular, the second relation in (6) shows how the unitary quantum
evolution is expressed in the frame moving with the classical trajectory η. The vector field X � XXX (z, t) · ∇ and the skew-Hermitian
operator ξ̂ (z, t) determine the generators of the classical and quantum flows, respectively. In summary, the density matrix ρ̂ evolves
on orbits of the semidirect-product group Diff(T ∗Q) �F(T ∗Q, U (HQ)), where F(T ∗Q, U (HQ)) denotes the space of smooth
functions from the phase-space T ∗Q � R

2 to the group U (HQ) of unitary operators on the quantum Hilbert space HQ. Also, (X ,
ξ̂ ) ∈ X(T ∗Q) �F(T ∗Q, u(HQ)), where X(T ∗Q) is the Lie algebra of phase-space vector fields and u(HQ) is the Lie algebra of
skew-Hermitian operators on HQ. Notice that, while here we deal with the simplest case Q � R, the present treatment can be easily
extended to consider smooth configuration manifolds.

As customary in Euler-Poincaré reduction [33], the definitions (6) lead to the following constrained variations:

δ f � −£Y f , δX � ∂t Y + £XY ,

and

δρ̂ � [ς̂ , ρ̂] − £Y ρ̂, δξ̂ � ∂t ς̂ + [ς̂ , ξ̂ ] + £X ς̂ − £Y ξ̂ ,

where YYY � δηηη ◦ ηηη−1 and ς̂ � (δUU †) ◦ ηηη−1 are both arbitrary quantities vanishing at the endpoints. Here, we have introduced
the Lie derivative operator £ and we recall the Jacobi-Lie coordinate formula for the Lie derivative of vector fields, that is £XXXYYY �
XXX · ∇YYY −YYY · ∇XXX and the notation is such that £XY � £XXXYYY · ∇. Thus, upon writing X � XXX · ∇ and Y � YYY · ∇, in local coordinates
we have

δ f � − div( f YYY ), δXXX � ∂tYYY +XXX · ∇YYY − YYY · ∇XXX ,

and

δρ̂ � [ς̂ , ρ̂] − YYY · ∇ρ̂, δξ̂ � ∂t ς̂ + [ς̂ , ξ̂ ] + XXX · ∇ς̂ − YYY · ∇ ξ̂ .

Then, taking variations of the Lagrangian (5) under the action principle δ
∫ t2
t1


 dt � 0 yields

XXX � X δh
δ f

− 1

f

〈

δh

δρ̂
,Xρ̂

〉

, i�[ξ̂ , ρ̂] � 1

f

[

δh

δρ̂
, ρ̂

]

, (7)

which need to be replaced in the equations

∂t f + div( f XXX ) � 0 , ∂t ρ̂ + XXX · ∇ρ̂ � [ξ̂ , ρ̂] ,

obtained by taking the time derivative of the first two equations in (6).
At this point, the Ehrenfest model is obtained by inserting the Hamiltonian functional

h( f , ρ̂) �
∫

f 〈ρ̂, ̂H〉 d2z

in (5), while the equations (2)-(4) follow, after a few rearrangements, from

h( f , ρ̂) �
∫

f 〈ρ̂, ̂H + i�{ρ̂, ̂H}〉 d2z, (8)

where {·, ·} is the canonical Poisson bracket. We observe that the last term above contains first-order gradients accounting for the
inhomogeneities associated to quantum-classical correlations.

Remark 1 (Analogies to spin-orbit coupling) The last term in the Hamiltonian functional (8) has been found [25] to have analogies
to spin-orbit coupling (SOC) in semirelativistic mechanics [8, 47]. To see this, it is useful to suitably project so that 〈ρ̂, i{ρ̂,
̂H}〉 � 〈i[ρ̂, ∇ρ̂], X

̂H 〉/2. Then, one shows that an analogous term appears in the energy associated to spin-orbit coupling. In that
context, the Hamiltonian operator is ̂H � m−1|p̂pp|2/2 + V (x̂xx) + ̂HSOC , where p̂pp � −i�∇ and

̂HSOC � − �

4m2c2 σ̂σσ × ∇V · p̂pp.

As usual, the Pauli equation i�∂t� � ̂H� is obtained from the Dirac-Frenkel action principle δ
∫ t2
t1

∫

Re(i��†∂t�−�†
̂H�) dt � 0,

where � is a Pauli spinor such that
∫

�†� d3x � 1. Following [10], we write �(xxx) � χ(xxx)φ(xxx). Here, χ is a spatial wavefunction and
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φ(xxx) is a scalar field of unit vectors, that is ‖φ(xxx)‖� 1. Then, the Dirac-Frenkel action principle becomes δ
∫ t2
t1

∫

Re (i�χ∗∂tχ+|χ |2〈φ,

i�∂tφ〉 − 〈χφ, ̂H (χφ)〉)d3xdt � 0, and the SOC integrand reads

〈χφ, ̂HSOC (χφ)〉 � �

4m2c2 〈̂XSOC 〉 · Re(χ∗ p̂ppχ + |χ |2A) +
�

4m2c2 |χ |2〈i[�̂, ∇�̂], ̂XSOC 〉,

where �̂ � φφ†, ̂XSOC � ∇V × σ̂σσ is the SOC vector field, and A � 〈φ, −i�∇φ〉 is the Berry connection. We observe the direct
analogy between the last term above and the backreaction term in (8), after suitably projecting therein. This intriguing analogy will
be developed elsewhere.

The gradients appearing in the last term of (8) may be expressed in terms of a non-Abelian gauge connection first appeared in the
work by Wilczek and Zee [51] and playing a predominant role in the main part of this paper. To see how this connection emerges,
we can use the second equation in (6) to compute ∇ρ̂ � [ρ̂, ̂λλλ], where

̂λλλ � η∗(Ûλλλ0U
† − (∇U )U †). (9)

Here, ̂λλλ0 is a fixed operator-valued differential one-form such that ∇ρ̂0 � [ρ̂0, ̂λλλ0], while η∗ is the push-forward. Then, the gauge
connection̂λ � ̂λλλ · dz appears in the Hamiltonian (8), which is rewritten as

h( f , ρ̂,̂λλλ) �
∫

(

f 〈ρ̂, ̂H〉 +
1

2
〈[ρ̂,̂λλλ], i�[X

̂H , ρ̂]〉
)

d2z. (10)

Taking derivatives of the definition (9) yields the coordinate-free relations

∂t̂λ � −£X̂λ − d
̂λξ̂ , δ̂λ � −£Ŷλ − d

̂λς̂ ,

where we have introduced the exterior differential d so that, in index notation, (d̂λλλ) jk�∂ ĵλk−∂k̂λ j . In addition, d̂λ · �d · +[̂λ, · ] is
the covariant differential. In local coordinates,̂λ � ̂λλλ · dz and X � XXX · ∇, so that

∂t̂λλλ � −XXX · ∇̂λλλ − ∇XXX ·̂λλλ − ∇ ξ̂ − [̂λλλ, ξ̂ ] , δ̂λλλ � −YYY · ∇̂λλλ − ∇YYY ·̂λλλ − ∇ς̂ − [̂λλλ, ς̂].

We empahsize that, as already noted in e.g. [19], the parallel transport relation ∇ρ̂0 � [ρ̂0, ̂λλλ0], that is d̂λ0 ρ̂0 � 0, implies that the
initial connection ̂λλλ0 is flat, that is d̂λ0̂λ0 � 0, thereby implying d̂λ̂λ � 0 at all times. For example, the second Ehrenfest equation
in (1) may be expressed as i�∂t ρ̂ � [ ̂H − i�〈X

̂H 〉 · ̂λλλ, ρ̂]. Analogously, the model equations (2)-(4) may be rewritten in terms
of the Wilczek-Zee connection by making repeated use of the parallel transport relation ∇ρ̂ � [ρ̂, ̂λλλ]. Instead of performing this
replacement, here we will move on to presenting the variational approach to the Heisenberg representation by first considering the
Ehrenfest model (1). As we will see, the Heisenberg dynamics of the Wilczek-Zee connection will play a dominant role in the
present study.

2 Heisenberg picture of hybrid Ehrenfest dynamics

In this section, we will perform various transformations in such a way to express the Lagrangian (5) in the Heisenberg representation.
As customary, we will freeze the state variables f and ρ̂, so that the usual duality relation

∫

A η∗(Bd2z) � ∫

(B η∗A)d2z leads to
∫

f (AAA · XXX + 〈ρ̂, i�ξ̂ − ̂H〉) d2z �
∫

f0(��� ·XXX + 〈ρ̂0, i��̂ − ̂H〉) d2z0,

where we recall AAA � AAA · dz � pdq and define

� � η∗AAA, ̂H � U †( ̂H ◦ ηηη)U , XXX :� η∗(η̇ηη ◦ ηηη−1), �̂ :� U †U̇ . (11)

In order to make the treatment as explicit as possible, here we have changed the integration labels by replacing the Eulerian
coordinates z � (q , p) with their convective counterpart z0 � (q0, p0). For example, the relation f � η∗ f0 in (6) reads explicitly
f (z, t) � ∫

f0(z0) δ(z − ηηη(z0, t)) d2z0.
We observe that the Heisenberg Hamiltonian does not evolve on a group orbit because the map ̂H �→ U †(η∗

̂H )U does not
correspond to a group action. In order to restore the information on group orbits, here we will express the unitary operator U in
(6) in the classical convective frame by writing U � U ◦ ηηη, without loss of generality. Here, the initial conditions are such that
U |t�0� ηηη|t�0� 111. Then, also U |t�0� 111 and we obtain U̇ � ∂tU ◦ηηη +XXX · ∇(U ◦ηηη). By a slight abuse of notation, the forth equation
in (11) becomes

̂H � (U†
̂HU) ◦ ηηη, �̂ � (U†U̇) ◦ ηηη +XXX · η∗(U†∇U)

�: ζ̂ +XXX · γ̂γγ . (12)
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Notice the appearance of the Heisenberg counterpart γ̂ � γ̂γγ · dz of the Wilczek-Zee connection ̂λ, which appeared previously in
the Schrödinger picture. This type of gauge connection is now required by the construction, which otherwise would destroy the
group orbit structure as mentioned before. In particular, we notice that the connection γ̂γγ is a pure-gauge connection, in the sense
that γ̂γγ |t�0� 0 and dγ̂ γ̂ � 0. With these definitions, the Heisenberg Lagrangian reads


H(XXX , ���, ζ̂ , γ̂γγ , ̂H) �
∫

f0(��� ·XXX + 〈ρ̂0, i�(ζ̂ +XXX · γ̂γγ ) − ̂H〉)d2z0.

We observe that the dynamics has now moved from the state variables f and ρ̂ to the Hamiltonian operator ̂H as well as the auxiliary
quantities � � ��� · dz and γ̂ � γ̂γγ · dz. As we will see, the presence of the Lie-transported canonical one-form � � η∗AAA means that
the symplectic properties of the classical phase-space are now evolved in time. By taking the relevant derivatives in (11)-(12), we
find the auxiliary equations

∂ ̂H
∂t

+ [ζ̂ , ̂H] � £X ̂H ,
∂�

∂t
� £AAA� ,

∂γ̂

∂t
� £AAA γ̂ + dγ̂ ζ̂ , (13)

along with the variations

δ ̂H + [ν̂, ̂H] � £YYY ̂H , δ� � £YYY� , δγ̂ � £YYY γ̂ + dγ̂ ν̂ , (14)

whereYYY � η∗(δηηη ◦ηηη−1) and ν̂ � (δUU†)◦ηηη−1 are both arbitrary quantities vanishing at the endpoints. We observe that, upon using
dγ̂ γ̂ � 0, the last equations in (13) and (14) may also be written as

∂γ̂γγ

∂t
� ∇ γ̂ (ζ̂ +XXX · γ̂γγ ) , δγ̂γγ � ∇ γ̂ (ν̂ +YYY · γ̂γγ ),

respectively. Here, the notation ∇ γ̂ · � ∇ · + [γ̂γγ , · ] is used whenever we work in local coordinates.

Remark 2 (Evolution of the connection form) We remark that, while setting γ̂0 � 0 is allowed by a convenient global trivialization,
the latter is unavailable in the case of a nontrivial U (HQ)-bundle over T ∗Q. In this more general case, one is forced to retain the
arbitrary initial condition γ̂0 in the treatment. In this case, the overall evolution of the connection form reads γ̂0 �→ η∗(U†(∇+γ̂0)U) �
γ̂ (t). Since this evolution law identifies an (affine) action of the semidirect-product group Diff(T ∗Q) �F(T ∗Q, U (HQ)), the
connection evolves on orbits thereof. This type of evolution for connection forms is especially common in hydrodynamic models
of complex fluids and we refer to [21, 22, 32] for more details. For the sake of simplicity, here we will continue to consider the case
of a trivial principal bundle and set γ̂0 � 0 in the remainder of this paper.

More importantly, the variations in (14) are accompanied by the relations

δXXX � ∂tYYY + £YYYXXX , δζ̂ � ∂t ν̂ − [ν̂, ζ̂ ] + £YYY ζ̂ − £XXX ν̂

which follow from the third definition in (11) and the defining relation ζ̂ :� (U†U̇) ◦ ηηη. In local coordinates, we have

δXXX � ∂tYYY +YYY · ∇XXX −XXX · ∇YYY , δζ̂ � ∂t ν̂ − [ν̂, ζ̂ ] +YYY · ∇ ζ̂ −XXX · ∇ν̂. (15)

Then, the variations ν̂ � (δUU†) ◦ ηηη−1 yield

∂

∂t

δ
H

δζ̂
+

[

ζ̂ ,
δ
H

δζ̂

]

� div

(

δ
H

δζ̂
XXX

)

− div

(

δ
H

δγ̂γγ

)

−
[

γ̂γγ ,
δ
H

δγ̂γγ

]

+

[

̂H,
δ
H

δ ̂H

]

, (16)

so that, upon computing

δ
H

δζ̂
� −i� f0ρ̂0 ,

δ
H

δ ̂H � − f0ρ̂0 ,
δ
H

δγ̂γγ
� −i� f0ρ̂0XXX ,

we obtain

[ρ̂0, i�(ζ̂ +XXX · γ̂γγ ) − ̂H] � 0 =⇒ ζ̂ � −XXX · γ̂γγ − i�−1
̂H + ζ̂0, with [ρ̂0, ζ̂0] � 0. (17)

Notice that, in equation (16), we denoted [γ̂γγ , δ
H/δγ̂γγ ] � [γ̂k , δ
H/δγ̂ k]. For the sake of compactness, this notation will be used
throughout the paper wherever possible.

Remark 3 (Gauge fixing in Heisenberg dynamics) The arbitrary skew-Hermitian operator ζ̂0 commuting with the initial state ρ̂0 may
appear as a new unexpected object in the present construction of Heisenberg dynamics. However, this arbitrariness is unavoidable
and far from accidental. This may be easily seen by considering the second evolution law in (6), that is ρ̂ � (U ρ̂0U †) ◦ ηηη−1. It is
clear that the unitary operator U is only defined up to right-multiplication by any unitary operator U0 preserving the initial state ρ̂0,
that is U0ρ̂0U

†
0 � ρ̂0. In other words, the propagator U is only defined up to elements of the isotropy group G0 � {U0 ∈ F(T ∗Q,

U (HQ)) |U0ρ̂0U
†
0 � ρ̂0}. This corresponds to a non-Abelian gauge freedom also appearing in the standard quantum treatment of
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Heisenberg dynamics, as already discussed in [13]. Accordingly, the infinitesimal generator ζ̂ of the quantum motion is defined up
to elements of the isotropy subalgebra g0 � {ζ̂0 ∈ F(T ∗Q, u(HQ)) | [ρ̂0, ζ̂0] � 0}. Since this skew-hermitian operator ζ̂0 is an
arbitrary gauge choice, one may safely set ζ̂0 � 0 in the final equations. This is the gauge fixing performed throughout this paper.

In addition, the variations YYY � η∗(δηηη ◦ ηηη−1) give

∂

∂t

δ
H

δXXX � £XXX
δ
H

δXXX +

〈

δ
H

δ ̂H , ∇ ̂H
〉

+

〈

δ
H

δζ̂
, ∇ ζ̂

〉

+ ∇��� · δ
H

δ���
− ��� div

δ
H

δ���
− δ
H

δ���
· ∇���

+
〈

∇γ̂γγ ,
δ
H

δγ̂γγ

〉

−
〈

div
δ
H

δγ̂γγ
, γ̂γγ

〉

−
〈δ
H

δγ̂γγ
· ∇, γ̂γγ

〉

(18)

After a few rearrangements using the functional derivatives

δ
H

δXXX � f0��� + f0〈ρ̂0, i�γ̂γγ 〉 ,
δ
H

δ���
� f0XXX ,

we obtain

∂

∂t
(��� + 〈ρ̂0, i�γ̂γγ 〉) �∇(XXX · ���) + 〈ρ̂0, ∇(i�XXX · γ̂γγ + i�ζ̂ − H)〉

�∇(XXX · ���) (19)

where the last equality follows by choosing the gauge ζ̂0 � 0 in (17). As mentioned in Remark 3, this is the gauge adopted in the
remainder of this paper.

Remark 4 (Role of the Berry connection) Upon writing ρ0 � ψ0ψ
†
0 , with ψ0 � η∗(U †ψ), and introducing the Eulerian Berry

connection AAAB � 〈ψ , −i�dψ〉 (in the Schrödinger picture), we observe that

〈ρ̂0, i�γ̂ 〉 � 〈ψ0, i�η∗(U†dU)ψ0〉 � 〈Uψ0, i�dUψ0〉 � AAAB, 0 − η∗AAAB ,

where AAAB, 0 � 〈ψ0, −i�dψ0〉 and we recall U � η∗U . Thus, if we introduce the Berry curvature BBB � dAAAB and denote � � η∗ω,
taking the exterior differential of (19) yields

d

dt
η∗(ω +BBB) � 0, (20)

which recovers the relation ω+BBB � η∗(ω+BBB0) already found in the Schrödinger picture [24, 26].

At this point, using the last two in (13) along with Cartan’s magic formula £XXX A � X� dA + d(XXX� A), we obtain

XXX�(d� + 〈ρ̂0, i�dγ̂ γ̂ 〉) � −〈ρ̂0, dγ̂
̂H〉. (21)

Here, the symbol � denotes the tensor insertion of vector fields into differential forms. Crucially, we remember that γ̂ is a flat
connection, so that its curvature vanishes, that is dγ̂ γ̂ � 0. Thus, upon using the notation 〈̂A〉 � 〈ρ̂0, ̂A〉 and introducing the
convective symplectic form � � −d�, we have

XXX� � � 〈dγ̂
̂H〉 =⇒ XXX � �〈dγ̂

̂H〉, (22)

where

� � −�−1 � (d�)−1 (23)

is the convective Poisson tensor, that is a contravariant two-tensor field. Then, if π � −ω−1 is the Eulerian Poisson tensor, we write
X

̂H � πd ̂H and (22) implies

XXX � �〈η∗(U†d ̂HU)〉 � 〈η∗(U†X
̂HU)〉 �: 〈XXX

̂H〉 (24)

so that the convective vector field XXX
̂H � η∗(U†X

̂HU) evolves on the orbits of the Eulerian vector field X
̂H under the natural action

of the semidirect-product group Diff(T ∗Q) �F(T ∗Q, U (HQ)). Observe that, since η∗(U†d ̂HU) � dγ̂
̂H, we have XXX

̂H � �dγ̂
̂H.

Here, we notice the slight abuse of notation: � is used to denote both the contravariant Poisson tensor and the sharp isomorphism
�� between one forms and vector fields, which is induced by the non-degenerate two-form �.

Finally, using the above expressions for XXX and ζ̂ and the zero-curvature relation dγ̂ γ̂γγ � 0, we are left with the following set of
equations of motion

∂�

∂t
� 〈dγ̂ ρ̂0, ∧ dγ̂

̂H〉 (25)

∂ ̂H
∂t

� �(dγ̂
̂H, 〈dγ̂

̂H〉) (26)
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i�
∂γ̂γγ

∂t
� dγ̂

̂H, (27)

where γ̂γγ |t�0� 0 and we recall � � −�−1 as in (23). The first equation above follows from dγ̂ dγ̂ � 0 by using (27) in (19), and
taking the differential. Here, the purely classical case is readily recovered by dropping the hat on the Hamiltonian, that is ̂H � H111. In
this case, dγ̂

̂H � dH111, so that ∂tH � 0. Also, since γ̂γγ |t�0� 0, the equation i�∂t γ̂γγ � dH111 simply returns an U(1)-gauge connection
given by an exact one-form whose evolution decouples entirely. Alternatively, the purely quantum case is found by setting dγ̂

̂H � 0
after observing that this condition is preserved in time by the evolution equation (∂t − £XXX )dγ̂

̂H � [dγ̂
̂H, ζ̂ ] following from the

first in (12). We emphasize that, unlike the case of purely quantum and classical dynamics, the Heisenberg equation (26) for the
hybrid Hamiltonian operator does not return a simple constant of motion. This is due to the occurrence of the expected value on
the right-hand side. This fact does not mean, however, that energy is not conserved. Indeed, we notice that, upon recalling the
relation XXX

̂H � �dγ̂
̂H, equation (26) may be written as ∂t ̂H � �(XXX

̂H, 〈XXX
̂H〉) thereby recovering conservation of the specific

energy 〈̂H〉 � 〈ρ̂0, ̂H〉, that is ∂t 〈̂H〉 � �(〈XXX
̂H〉, 〈XXX

̂H〉) � 0. The conservation of the total energy
∫

f0〈̂H〉 d2z follows trivially.
The absence of a conservation law for the Heisenberg Hamiltonian ̂H is essentially due to the nonlinear character of the underlying
Schrödinger dynamics and represents a peculiarity of mixed quantum-classical dynamics. This fact suggests that, unlike purely
quantum and classical observables, hybrid observables do not comprise a Lie algebra structure. As we will see, the same feature is
also present in the Koopman model (2)-(4).

The present treatment can be extended to other observables than the Hamiltonian. We recall the first in (12) and write the original
Schrödinger Hamiltonian ̂H as a matrix analytic function of a certain array of observables, that is operator-valued functions ̂O � ( ̂O1,
̂O2, . . . ). Then, we have

̂H � ̂H (̂O) with ̂O � (U†
̂OU) ◦ ηηη

so that the Heisenberg dynamics of the Hamiltonian is replaced by the corresponding dynamics of the observables ̂O � (̂O1, ̂O2, . . . )
obeying the equation ∂t ̂O+[ζ̂ , ̂O] � £XXX ̂O. Making use of the relations (17) and (22), the Heisenberg dynamics of quantum-classical
observables becomes

∂ ̂O
∂t

� �(dγ̂
̂O, 〈dγ̂

̂H〉) + i�−1[ ̂H, ̂O], (28)

so that the local expectation value 〈̂O〉 � 〈ρ̂0, ̂O〉 evolves according to

∂〈̂O〉
∂t

� �(〈dγ̂
̂O〉, 〈dγ̂

̂H〉) + �
−1〈i[ ̂H, ̂O]〉.

In the purely classical case, we have ̂H � H111 and γ̂γγ � γγγ111, so that ∂t� � 0 and H � H . We recognize the usual evolution
∂tO � ω−1(dO, dH ) � {O, H} for the classical observable ̂O � O111. Once again, the purely quantum case is recovered by setting
dγ̂

̂H � 0. We emphasize that the local expectation values 〈̂O〉 must not be confused with the overall expectation values
∫

f0〈̂O〉d2z0,
which are the measurable quantities. As we will see later, the overall expectation may be conserved even if the local expectation is
not.

Remark 5 (Special cases and conservation laws) Another way to describe (28) is by rewriting the latter as

∂ ̂O
∂t

� �(XXX
̂O , 〈XXX

̂H〉) + i�−1[ ̂H, ̂O]. (29)

Here we can distinguish three special cases. In the first case, �(XXX
̂O , 〈XXX

̂H〉) � 0, one says that XXX
̂O and 〈XXX

̂H〉 are symplectically
orthogonal and the equation of motion reduces to the Heisenberg equation ∂t ̂O � i�−1[ ̂H, ̂O]. The symplectic orthogonality
condition is written in the Eulerian frame as 0 � ω(X

̂O , 〈X
̂H 〉) � £〈X

̂H 〉 ̂O . Such an observable is unaffected by the action of the
diffeomorphism in the evolution. This is the case for a purely quantum observable ̂O � η∗(U†

̂OU).
In the second case, we have [ ̂H, ̂O] � 0, so that ∂t ̂O � �(XXX

̂O , 〈XXX
̂H〉). In this case the apparent quantum evolution of the

observable is determined by the presence of the connection γ̂ in the construction of the vector fields. The appearance of γ̂ , however,
is simply related with the gauge nature of the quantum frame induced by U and should not be understood as a proper quantum
evolution. This is the case for a purely classical observable. In the third case, both �(XXX

̂O , 〈XXX
̂H〉) � 0 and [ ̂H, ̂O] � 0, so that the

operator ̂O is conserved.
One can also consider the conservation of local expectations, which may result from the combination of different properties. For

example, the local expectation 〈 ̂N 〉 of the quantity ̂N � (P2 + Q2 + ̂�z)/2 is conserved by the Jaynes-Cummings Hamiltonian
̂H � ̂N +g(Q̂�x −P̂�y), where (Q, P) � (η∗q , η∗ p) and, in the usual Pauli matrix notation, ̂��� � η∗(U†σ̂σσU). This conservation is
verified directly upon using 0 � η∗(U†dσ̂σσU) � dγ̂

̂��� so that, for example, XXXQ̂�x
� ̂�xXXXQ. Similarly, one shows the conservation

of the expectation 〈 ̂M〉 of the total momentum ̂M � P+ ̂K for translation invariant Hamiltonians of the type ̂H � (M−1P2 +
m−1

̂K 2)/2 + V (Q − ̂X ), where (̂X , ̂K ) � η∗(U†(̂x , p̂)U) are quantum canonical observables such that [̂X , ̂K ] � i�. Here, the
conservation of 〈 ̂M〉 follows from dγ̂

̂X � 0, so that dγ̂ V � ∂QV dQ and �(XXX
̂O , 〈XXX

̂H〉) � �(dP , 〈dγ̂
̂H〉) � �

−1〈i[ ̂K , ̂H]〉.
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3 Heisenberg picture of hybrid Koopman dynamics

In this section, we extend the previous treatment to the Koopman model (2)-(4) by including the backreaction term occurring in the
Hamiltonian functional (8). By proceeding analogously to the beginning of Sect. 2, we write the Lagrangian given by (5) and (8) as
follows:


H(XXX , ���, ζ̂ , γ̂γγ , ̂H) �
∫

f0

(

��� ·XXX + 〈ρ̂0, i�(ζ̂ +XXX · γ̂γγ ) − ̂H〉 − 1

2
〈XXX

̂H, i�
[

ρ̂0, ∇ γ̂ ρ̂0
]〉

)

d2z0,

where we recall XXX
̂H :� (d�)−1dγ̂

̂H. From (24), we also recall that the latter quantity evolves on orbits of X
̂H under the action

of the semidirect-product group Diff(T ∗Q) �F(T ∗Q, U (HQ)), that is X
̂H �→ η∗(U†X

̂HU) � XXX
̂H. Thus, for the sake of writing

the dynamics, it is convenient to add the latter quantity, now denoted by ̂ZZZ � ̂ZZZ · ∇, to the set of dynamical variables, so that the
Lagrangian becomes


H(XXX , ���, ζ̂ , γ̂γγ , ̂H, ̂ZZZ) �
∫

f0

(

��� ·XXX + 〈ρ̂0, i�(ζ̂ +XXX · γ̂γγ ) − ̂H〉 − 1

2
〈 ̂ZZZ , i�

[

ρ̂0, ∇ γ̂ ρ̂0
]〉

)

d2z0,

with

̂ZZZ � η∗(U†X
̂HU), ∂t̂ZZZ � £XXX ̂ZZZ + [̂ZZZ , ζ̂ ], δ̂ZZZ � £YYŶZZZ + [̂ZZZ , ν̂].

Here, the last two follow by taking the relevant derivative of the first. Notice that, since div X
̂H � 0, we have

0 � η∗(U†(div X
̂H )U) � η∗ div(U†X

̂HU) + η∗[U†dU ,U†X
̂HU] � div ̂ZZZ + [γ̂γγ , ̂ZZZ] �: divγ̂

̂ZZZ , (30)

where the last step defines the usual covariant divergence operator.
With the inclusion of this quantity in the set of dynamical variables, equation (16) becomes

∂

∂t

δ
H

δζ̂
+

[

ζ̂ ,
δ
H

δζ̂

]

� div

(

δ
H

δζ̂
XXX

)

− divγ̂

(

δ
H

δγ̂γγ

)

+

[

̂H,
δ
H

δ ̂H

]

+

[

̂ZZZ ,
δ
H

δ ̂ZZZ

]

, (31)

where we evaluate

δ
H

δζ̂
� −i� f0ρ̂0 ,

δ
H

δ ̂H � − f0ρ̂0, (32)

and

δ
H

δγ̂γγ
� −i� f0

(

ρ̂0XXX +
1

2

[

ρ̂0, [ρ̂0, ̂ZZZ]
]

)

,
δ
H

δ ̂ZZZ � − i�

2
f0

[

ρ̂0, ∇ γ̂ ρ̂0
]

. (33)

In particular, using the Leibniz property of the covariant divergence as well as the Jacobi identity, we compute

divγ̂
(

f0
[

ρ̂0,
[

ρ̂0, ̂ZZZ]

])

− f0
[

̂ZZZ,
[

ρ̂0, ∇ γ̂ ρ̂0
]

]

� f0
[

∇ γ̂ ρ̂0,
[

ρ̂0, ̂ZZZ]

]

+ f0
[

ρ̂0,
[∇ γ̂ ρ̂0, ̂ZZZ]

]

+ ∇ f0 ·
[

ρ̂0,
[

ρ̂0, ̂ZZZ]

]

− f0
[

̂ZZZ ,
[

ρ̂0, ∇ γ̂ ρ̂0
]

]

� f0
[

ρ̂0,
[

2∇ γ̂ ρ̂0 + ρ̂0∇ln f0, ̂ZZZ]

]

,

so that the equation for the quantum generator ζ̂ reads
[

ρ̂0, i�(ζ̂ +XXX · γ̂γγ ) − ̂H − i�
[∇ γ̂ ρ̂0 + ρ̂0∇ln

√

f0, ̂ZZZ]

]

� 0,

where the notation is such that [∇ γ̂ ρ̂0 + ρ̂0∇ln
√

f0, ̂ZZZ] � [∂γ̂

k ρ̂0 + ρ̂0∂k ln
√

f0, ̂ZZZk
]. Upon recalling ̂ZZZ � XXX

̂H, this implies

ζ̂ � −XXX · γ̂γγ − i�−1
̂H +

[∇ γ̂ ρ̂0,XXX
̂H
]

+
[

ρ̂0,XXX
̂H
] · ∇ln

√

f0 + ζ̂0, (34)

where [ρ̂0, ζ̂0] � 0 and again we set the gauge ζ̂0 � 0.

3.1 The convective vector field

We now move on to consider the equations produced by the variations YYY � η∗(δηηη ◦ ηηη−1), that is

∂

∂t

δ
H

δXXX � £XXX
δ
H

δXXX +
〈δ
H

δ ̂H , ∇ ̂H
〉

+
〈δ
H

δζ̂
, ∇ ζ̂

〉

+ ∇��� · δ
H

δ���
− ��� div

δ
H

δ���
− δ
H

δ���
· ∇���

+
〈

∇γ̂γγ ,
δ
H

δγ̂γγ

〉

−
〈

γ̂γγ , div
δ
H

δγ̂γγ

〉

−
〈δ
H

δγ̂γγ
· ∇, γ̂γγ

〉

−
〈

£
̂ZZZ ,

δ
H

δ ̂ZZZ
〉

, (35)

where we have introduced the convenient notation
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〈£
̂W , α̂αα〉 :� ∂k〈 ̂W k , α̂〉 + 〈̂αk , ∇ ̂W k〉,

for any operator-valued vector field ̂WWW � ̂WWW · ∇ and any operator-valued one-form density α̂ � α̂αα · dz ⊗ d2z. Upon evaluating
δ
H/δXXX � f0��������� + f0〈ρ̂0, i�γ̂γγ 〉, δ
H/δ��� � f0XXX , and recalling (32)-(33), we obtain

∂

∂t
(��� + 〈ρ̂0, i�γ̂γγ 〉) � ∇

(

XXX · ��� +
1

2
〈 ̂ZZZ , i�[ρ0, [ρ0, γ̂γγ ]]〉

)

+
1

2
〈ρ̂0, i�∇[

2∇ γ̂ ρ̂0 + ρ̂0∇ln f0, ̂ZZZ]〉

− 1

2 f0

〈

£[ρ̂0,[ρ̂0, ̂ZZZ]], i� f0γ̂γγ
〉

− 1

2 f0

〈

£
̂ZZZ , i� f0[ρ̂0, ∇γ̂γγ ρ̂0]

〉

, (36)

Here, we have used 〈∇γ̂k , δ
H/δγ̂ k〉 − ∂k〈δ
H/δγ̂ k , γ̂γγ 〉 � f0∇〈 f −1
0 δ
H/δγ̂ k , γ̂k〉 − 〈£ f −1

0 δ
H/δγ̂γγ
, f0γ̂γγ 〉 and an analogous relation

for the last three terms in the first line of (35).
By letting the operation [ ̂ZZZ , α̂αα] � [̂ZZZk

, α̂k] have priority, we calculate
〈

£[ρ̂0, [ρ̂0, ̂ZZZ]], i f0γ̂γγ
〉

+
〈

£
̂ZZZ , i f0[ρ̂0, ∇γ̂γγ ρ̂0]

〉

� f0〈i γ̂k , ∇[ρ̂0, [ρ̂0, ZZZk]]〉 − f0〈i[ρ̂0, [ρ̂0, γ̂k]], ∇Zk〉
+ ∂k

(

〈[ρ̂0, [ρ̂0, ZZZk]], i f0γ̂γγ 〉 − 〈ZZZk , i f0[ρ̂0, [ρ̂0, γ̂γγ ]]〉
)

+ f0〈i[ρ̂0, ∂k ρ̂0], ∇ZZZk〉 + ∂k〈ZZZk , i f0[ρ̂0, ∇ρ̂0]〉
� f0〈i γ̂k , [∇ρ̂0, [ρ̂0, ZZZk]]〉 + f0〈i γ̂k , [ρ̂0, [∇ρ̂0, ZZZk]]〉

+ f0∇〈ZZZk , i[ρ̂0, ∂k ρ̂0]〉 − f0〈ZZZk , i[∂k ρ̂0, ∇ρ̂0]〉
+ 〈 div ̂ZZZ , i f0[ρ̂0, ∇ρ̂0]〉 + 〈ZZZk , i[∂k( f0ρ̂0), ∇ρ̂0]〉

� f0〈∇ρ0 , i([ ̂ZZZ, [γ̂γγ , ρ̂0]] − [[ ̂ZZZ , ρ̂0], γ̂γγ ])〉
+ f0∇〈 ̂ZZZ , i[ρ̂0, ∇ρ̂0]〉 + 〈 div ̂ZZZ , i f0[ρ̂0, ∇ρ̂0]〉
+ 〈 ̂ZZZ · ∇ f0, i[ρ̂0, ∇ρ̂0]〉

� 〈∇ρ̂0 , i[ ̂ZZZ , 2 f0∇ γ̂ ρ̂0 + ρ̂0∇ f0] − i[divγ̂
̂ZZZ , ρ̂0]〉

− f0∇〈ρ̂0, i[ ̂ZZZ , ∇ρ̂0]〉
� 〈∇ρ̂0 , i[ ̂ZZZ , 2 f0∇ γ̂ ρ̂0 + ρ̂0∇ f0]〉− f0∇〈ρ̂0, i[ ̂ZZZ , ∇ρ̂0]〉,

where the last equality follows from (30). Thus, by replacing ̂ZZZ � XXX
̂H, (36) becomes, in coordinates,

∂

∂t
(��� + 〈ρ̂0, i�γ̂γγ 〉) �∇

(

XXX · ��� − 1

2
〈XXX

̂H, i�[ρ̂0, ∇ γ̂ ρ̂0]〉
)

.

Taking the differential on both sides, we observe that the relation (20) applies to both Ehrenfest and Koopman dynamics [24, 26].
At this point, upon denoting d��� � ∇��� − (∇���)T and XXX�d��� � XXX · ∇��� − ∇��� ·XXX , one makes use of the last two in (13) to obtain

−XXX� d��� �
〈

ρ̂0, ∇ γ̂
(

̂H − i�
[

̂ZZZ , ∇ γ̂ ρ̂0 +
1

2
ρ̂0∇ln f0

])〉

+
1

2
∇〈ρ̂0, i�[ ̂ZZZ , ∇ γ̂ ρ̂0]〉

� 〈ρ̂0, ∇ γ̂
̂H〉 − 1

2
∇〈ρ̂0, i�[ ̂ZZZ , ∇ γ̂ ρ̂0]〉 +

〈

∇ γ̂ ρ̂0, i�
[

̂ZZZ, ∇ γ̂ ρ̂0 +
1

2
ρ̂0∇ln f0

]〉

�〈ρ̂0, ∇ γ̂
̂H〉 − 1

2
∇〈ρ̂0, i�[ ̂ZZZ , ∇ γ̂ ρ̂0]〉 + 〈∇ γ̂ ρ̂0, i�[ ̂ZZZ , ∇ γ̂ ρ̂0]〉 − 1

2
〈∇ γ̂ ρ̂0, i�[ρ̂0, ̂ZZZ] · ∇ln f0〉

� 〈ρ̂0, ∇ γ̂
̂H〉 +

1

2
〈ρ̂0, i�[∇ γ̂ ∂

γ̂

k ρ̂0, ̂ZZZk
]〉 +

1

2
〈ρ̂0, i�[∂γ̂

k ρ̂0, ∇ γ̂
̂ZZZk

]〉 − 1

2
〈∇ γ̂ ρ̂0, i�[∂γ̂

k ρ̂0, ̂ZZZk
]〉

− 1

2
〈∇ γ̂ ρ̂0, i�[ρ̂0, £

̂ZZZ ln f0]〉

� 〈ρ̂0, ∇ γ̂
̂H〉 +

�

2
(〈£

̂ZZZ , ̂���〉 + 〈̂ZZZk
, [γ̂k , ̂���]〉 − 〈[̂ZZZk

, ̂�k], γ̂γγ 〉 + 〈̂���, £
̂ZZZ ln f0〉)

where ̂��� � i[ρ̂0, ∇ γ̂ ρ̂0] and we used the covariant Leibniz rule ∇〈̂A, ̂B〉 � 〈∇ γ̂
̂A, ̂B〉 + 〈̂A, ∇ γ̂

̂B〉 as well as the relation [∂γ̂

k ,

∂
γ̂

h ] � 0, which follows from the fact that γ̂γγ is a flat connection. As before, the Lie derivative notation is such that, for example,
〈£

̂ZZZ , ̂�〉 � 〈£
̂ZZZ , ̂���〉 · dz and £

̂ZZZ ln f0 � ̂ZZZ � d ln f0 � ̂ZZZ · ∇ln f0. Consequently, upon introducing the Poisson tensor (23), we obtain

XXX � 〈ρ̂0, ̂ZZZ〉 +
�

2

(

〈�̂���, £
̂ZZZ ln f0〉 + 〈£

̂ZZZ , �̂���〉 − 〈(£
̂ZZZ� + [γ̂k , ̂ZZZk

]�), ̂���〉 − 〈[ ̂Zk , ̂�k], �γ̂γγ 〉
)
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where �̂� � i[ρ̂0, �dγ̂ ρ̂0] �: i[ρ̂0, XXX ρ̂0 ] and we recall that � � −�−1 is a Poisson bivector, that is a skew-symmetric
contravariant two-tensor. We have 〈£

̂ŴŴW1
, ̂ŴŴW2〉 � 〈 ̂Wk

1 , ∂k ̂ŴŴW2〉 − 〈 ̂Wk
2 , ∂k ̂ŴŴW1〉, for any two operator-valued vector fields ̂W1 and

̂W2, and £
̂ŴŴWT � ̂Wk∂kT i j − T ik∂k ̂W j − ∂k ̂W i T k j , for any contravariant two-tensor T . Upon replacing ̂ZZZ � XXX

̂H, we observe that

0 � 〈η∗(U†(£XXX
̂H
�)U),̂���〉 � 〈(£XXX

̂H�),̂���〉 − 〈[XXX k
̂H,̂�k], �γ̂γγ 〉 − 〈[γ̂k , �̂�k],XXX

̂H〉, (37)

and therefore we obtain

XXX �〈XXX
̂H〉 +

�

2 f0
〈£γ̂

XXX
̂H

, ̂�〉, ̂� :� i f0[ρ̂0,Xρ̂0 ], (38)

which is the convective counterpart of (3). Indeed, the latter can be rearranged as X � 〈X
̂H 〉 + � f −1〈£X

̂H
, ̂�〉/2. Here, ̂� is an

operator-valued vector field-density and we have extended the notation for the covariant Lie derivative so that 〈£γ̂

XXX
̂H

, ̂���〉 � 〈XXX k
̂H,

∂
γ̂

k
̂���〉 − 〈̂�k , ∂

γ̂

k XXX ̂H〉 + 〈̂���, ∂
γ̂

k XXX k
̂H〉, where the last term vanishes due to (30). Notice that, in this notation, equation (37) amounts

to £γ̂

XXX
̂H

� � 0. The vector field (38) can also be given the following coordinate expressions:

XXX � 〈ρ̂0,XXX
̂H〉 +

�

2 f0
Tr(XXX

̂H · ∇ γ̂
̂��� − ̂��� · ∇ γ̂XXX

̂H)

�
〈

(

ρ̂0 +
�

2 f0
divγ̂

̂���
)

,XXX
̂H

〉

+
�

2 f0
div Tr(XXX

̂H ∧ ̂���). (39)

where (XXX
̂H∧̂���) jk � XXX j

̂H
̂�k −̂� jXXX k

̂H is a bivector density. Also, here the second equality follows from (38) upon using £γ̂

XXX
̂H

� � 0
and

〈£γ̂

XXX
̂H

, f0˜���〉 � 〈£γ̂

XXX
̂H
f0, ˜���〉 − 〈£γ̂

˜���
, f0XXX ̂H〉 + 〈£γ̂

˜���
f0, XXX

̂H〉
� 〈£γ̂

XXX
̂H

, f0˜���〉 − f0〈£γ̂

XXX
̂H

, ˜���〉 − 〈£γ̂
˜���

, f0XXX ̂H〉 + 〈£γ̂
˜���
f0, XXX

̂H〉,

where we have denoted ˜��� � ̂���/ f0. Both Eulerian variants of (39) appeared previously in [49].
In conclusion, one obtains the following evolution equations

∂�

∂t
� 〈dγ̂ ρ̂0, ∧ dγ̂

̂H〉 +
�

2

(

〈£γ̂

XXX
̂H

, dγ̂
̂�〉 − dγ̂ 〈̂�, £XXX

̂H ln f0〉
)

∂ ̂H
∂t

� �
(

dγ̂
̂H, 〈dγ̂

̂H〉 +
�

2 f0
〈£γ̂

XXX
̂H

, f0̂�〉
)

−
[

[

dγ̂ ρ̂0 + ρ̂0d ln
√

f0,XXX
̂H
]

, ̂H
]

, (40)

i�
∂γ̂

∂t
� dγ̂

(

̂H +
i�

2

[

2dγ̂ ρ̂0 + ρ̂0d ln f0,XXX
̂H
]

)

, (41)

where dγ̂
̂� � i[dγ̂ ρ̂0, ∧dγ̂ ρ̂0] and, in coordinates, 〈£γ̂

XXX
̂H

, f0̂���〉 � 〈∂γ̂

k XXX ̂H
k , f0̂���〉+ 〈XXX

̂H
k , ∂

γ̂

k f0̂���〉+ 〈 f0̂�k , ∇ γ̂XXX
̂H
k〉. Once again,

we also recall the definition � � −�−1 as in (23).
The formidable appearance of these equations reflects the intricate nature of the quantum backreaction, which is responsible for

the levels of complexity already appeared in the Schrödinger picture; see equations (2)-(4). Nevertheless, it is possible to see that,
similarly to the case of Ehrenfest dynamics, the purely quantum motion is obtained if dγ̂

̂H � 0, so that XXX
̂H � 0 and the entire

system returns trivial dynamics. Similarly, the purely classical motion is again obtained in the case ̂H � H111, so that equation (41)
becomes i�∂t γ̂ � dH, which enforces γ̂ � idφ111 for some function φ such that dφ|t�0� 0. In this case, dγ̂ � d and the first two
equations again return trivial dynamics.

We also emphasize that, although in this case the local expectation 〈̂H〉 is not conserved, conservation of the total energy in (8)
is guaranteed by the Hamiltonian structure of the Koopman model. In the Heisenberg picture, this total energy is expressed as h( ̂H,
γ̂ ) � ∫

f0〈̂H + i�[∇ γ̂ ρ̂0, XXX
̂H]/2〉d2z0. As mentioned previously, here the second term is responsible for generating correlations

between the quantum and the classical system in interaction.

3.2 Heisenberg dynamics and expectation values

Following the discussion at the end of Sect. 2, we may write the Heisenberg Hamitonian as a function of a set of observables,
that is ̂H � ̂H (̂O) with ̂O � (U†

̂O1U , U†
̂O2U , . . . ) ◦ ηηη. Then, by using (34) and (38), the resulting evolution equation ∂t ̂O + [ζ̂ ,

̂O] � XXX · ∇ ̂O reads explicitly as

∂ ̂O
∂t

� �
(

dγ̂
̂O, 〈dγ̂

̂H〉 +
�

2 f0
〈£γ̂

XXX
̂H

, f0̂�〉
)

+
[

i�−1
̂H − 1

2

[

2dγ̂ ρ̂0 + ρ̂0d ln f0, XXX
̂H
]

, ̂O
]

,
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so that, switching back to coordinate notation, the local expectation value obeys

∂〈̂O〉
∂t

�
〈

XXX
̂H · 〈∇ γ̂

̂O〉, ρ̂0 +
�

2 f0
divγ̂

̂���

〉

+
�

2 f0
div Tr(XXX

̂H ∧ ̂���) · 〈∇ γ̂
̂O〉

+

〈

i�−1[ ̂H, ̂O], ρ̂0 +
�

2 f0
divγ̂

̂���

〉

− 1

2 f0
〈 divγ̂ (i

[

̂���, ̂H]

+ f0
[

ρ̂0,
[

ρ̂0,XXX
̂H
]]

), ̂O〉, (42)

where have used the second line in (39). The second line of (42) is obtained by repeated use of the product rule after conveniently
rewriting 2∇ γ̂ ρ̂0 + ρ̂0∇ ln f0 � f0−1∇ γ̂

̂P0 + ∇ γ̂ ( f0−1
̂P0), with ̂P0 � f0ρ̂0, and rearranging

− 1

f0
〈̂P0,

[[

f0
−1∇ γ̂

̂P0 + ∇ γ̂ ( f0
−1

̂P0),XXX
̂H
]

, ̂O]〉

� 1

f0
〈[XXX

̂H, f0
−1[

̂P0, ∇ γ̂
̂P0

]]

+ divγ̂
[

f −1
0

̂P0,
[XXX

̂H, ̂P0
]]

, ̂O〉.

This step follows by applying the Jacobi identity to the first term before the equality.
At this point, it may be revealing to consider the dynamics of the overall expectation value

∫

f0〈̂O〉 d2z0 for a purely classical
and quantum observable, respectively OC and ̂OQ. Upon introducing the notation {̂A, ̂B}γ̂ � �(dγ̂

̂A, dγ̂
̂B), we have

∂

∂t

∫

f0OC d2z0 �
∫

〈

{OC, ̂H}γ̂ , f0ρ̂0 +
�

2
divγ̂

̂���
〉

d2z0,

∂

∂t

∫

f0〈̂OQ〉 d2z0 �
∫

〈

i�−1[ ̂H, ̂OQ], f0ρ̂0 +
�

2
divγ̂

̂���
〉

d2z0,

where we have used 〈OC〉 � OC and dγ̂
̂OQ � 0, so that 〈̂OQ, divγ̂

̂WWW〉 � div〈̂OQ, ̂WWW〉. Also, the first equation above follows by
integration by parts from the skew-symmetry of the bivector-density Tr(XXX

̂H ∧ ̂���). Notice that classical and quantum conservation
laws follow immediately in the case {OC, ̂H}γ̂ � 0 and [ ̂H, ̂OQ] � 0, respectively. Importantly, we observe the distinctive
contribution of the backreaction forces, encoded by the divergence terms, in both evolutions laws. These terms indicate substantial
differences between the Ehrenfest and Koopman models. For example, consider the translation invariant Hamiltonian ̂H � (M−1P2+
m−1

̂K 2)/2 + V (Q − ̂X ) at the end of Remark 5: as discussed, the Ehrenfest dynamics conserves the local expectation 〈 ̂M〉 �
P + 〈 ̂K 〉, while Koopman dynamics only conserves the global momentum

∫

f0(P + 〈 ̂K 〉) d2z0. Indeed, since dγ̂
̂X � 0, we

have dγ̂ V � ∂QV dQ and {P , ̂H}γ̂ � i�−1[ ̂K , ̂H]. We notice that the total momentum conservation may be related to Galilean
invariance in the hybrid quantum-classical setting [9], although here we leave this aspect for future work.

While the expectation value dynamics offers some insight, the intricate structure of the terms associated to the quantum backreac-
tion leaves little room to physical intuition. At present, the role of these terms in mixed quantum-classical Heisenberg dynamics can
hardly be understood without resorting to suitable examples. In particular, here we want to compare the Ehrenfest and the Koopman
models for a specific problem.

4 Mixed quantum-classical pure-dephasing systems

In this section, we present the Heisenberg dynamics for the case of pure-dephasing systems. In particular, we consider the Hamiltonian

̂H � 1

2
(p2 + q2) + αqσ̂z =⇒ ̂H � 1

2
(P2 + Q2) + αQ̂�z �: Ho + αQ̂�z (43)

where (Q, P) � (η∗q , η∗ p) and ̂�z � η∗(U†σ̂zU). Here, we have set the oscillator constants to 1 for simplicity. This type
of Hamiltonian emerges as the simplest type of Jahn-Teller system in chemical physics and its quantum-classical dynamics was
recently considered in [40]. For later purpose, we compute the covariant differential, that is

dγ̂
̂H � 1

2
d(P2 + Q2) + α̂�zdQ,

where we recall that 0 � η∗(U†dσ̂zU) � dγ̂
̂�z . In this section, we will mostly focus on the Koopman formulation and restrict to

consider the Ehrenfest case depending on convenience.
We start by looking at the dynamics in the purely quantum sector. The Heisenberg dynamics of the vertical component of the

spin reads

∂̂�z

∂t
� α√

f0
{Q,

√

f0[[ρ̂0, ̂�z], ̂�z]}γ̂

� α

f0
(2{Q, f0(ρ̂0 − ̂�z ρ̂0̂�z)}γ̂ − {Q, f0}γ̂ (ρ̂0 − ̂�z ρ̂0̂�z)),
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which is generally not conserved. We observe that the nonconservative terms are triggered exclusively by the backreaction con-
tribuition from the Koopman model, which are instead absent in the Ehrenfest dynamics. Upon noticing ̂�2

z � σ̂ 2
z � 111 and setting

ρ̂0 � ψ0ψ
†
0 , so that 〈ρ̂0, dγ̂ ρ̂0〉 � 0, the local expectation values dynamics reads

∂〈̂�z〉
∂t

� α

f0
(2{Q, f0(1 − 〈̂�z〉2)}γ̂ − 2 f0〈{Q, ρ̂0}γ̂ , ρ̂0 − ̂�z ρ̂0̂�z〉 − {Q, f0}γ̂ (1 − 〈̂�z〉2))

� α

f0
(2{Q, f0(1 − 〈̂�z〉2)}γ̂ + f0{Q, 〈̂�z〉2}γ̂ − {Q, f0}γ̂ (1 − 〈̂�z〉2))

� α

f0
{Q, f0(1 − 〈̂�z〉2)}γ̂

so that
∫

f0〈̂�z〉 d2z0 � const. Thus, we observe that, while the local expectation is generally not conserved, the conservation law
holds instead for overall expectation value.

We now move on to consider the Heisenberg dynamics in the classical sector. We evaluate

XXX
̂H � �dHo + α�dQ̂�z � XXXHo + α̂�zXXXQ

so that,

〈£γ̂

XXX
̂H

, f0̂�〉 � £XXXQ〈̂�z , f0̂�〉 � £XXXQ〈i f0dγ̂ [ρ̂0, ̂�z]〉
and equation (42) leads to

∂Q
∂t

� P − α�

2 f0
{Q, f0〈i{Q, [ρ̂0, ̂�z]}γ̂ 〉}γ̂ ,

∂P
∂t

� −Q − α�

2 f0
{P , f0〈i{Q, [ρ̂0, ̂�z]}γ̂ 〉}γ̂ ,

so that the overall expectation values
∫

f0Q d2z0 and
∫

f0P d2z0 undergo simple harmonic motion. This follows from the fact that {Q,
f0〈i{Q, [ρ̂0, ̂�z]}γ̂ 〉}γ̂ � �(dQ, d〈i f0{Q, [ρ̂0, ̂�z]}γ̂ 〉) � − div(〈i f0{Q, [ρ̂0, ̂�z]}γ̂ 〉XXXQ), and analogously for the corresponding
term in the momentum equation. We notice that this expectation dynamics again differs from the underlying Heisenberg evolution
of Q and P , which instead carries extra terms associated to the backreaction contributions. In the case of the Ehrenfest model, these
contributions are absent and one is left with simple harmonic motion also at the level of the underlying Heisenberg dynamics.

Notice that the equations above must also be accompanied by

∂�

∂t
� αdQ ∧ d〈̂�z〉 + α

�

2

(

〈̂�z , dγ̂ {̂�, Q}γ 〉
+ d{ln f0, Q}γ̂ ∧ 〈̂�z , ̂�〉 + {ln f0, Q}γ̂ 〈̂�z , dγ̂

̂�〉
)

i�
∂γ̂

∂t
� dHo + α̂�zdQ + α

i�

2

[

dγ̂ (2{ρ̂0, Q}γ̂ + ρ̂0{ln f0, Q}γ̂ ), ̂�z
]

,

where the notation is such that {̂�, Q}γ � XXX Q � dγ̂
̂�. We observe that the Koopman model introduces terms orthogonal to ̂�z in the

second equation. These terms are absent in the Ehrenfest model, for which ∂t 〈̂�z〉 � 0. Moreover, in the latter case, setting 〈̂�z〉 � 0
yields ∂t� � 0 so that, as we saw above, the dynamics of the classical variables completely decouples from the quantum dynamics.
The situation is very different for the Koopman model, for which 〈̂�z〉 is not conserved and the quantum-classical coupling persists
at all times due to the backreaction terms.

Evidently, the quantum backreaction produces extra terms in both the velocity and the force which are completely overlooked
by the Ehrenfest model. Already appearing in the Schrödinger picture [24], this crucial difference makes the Heisenberg dynamics
for the Koopman model more realistic and compatible with the fully quantum description. Indeed, in the latter case, the dynamics
of the orbital degrees of freedom cannot decouple from the spin motion, thereby leading to a situation very different from the result
of the Ehrenfest model and closer to Koopman quantum-classical dynamics.

5 Conclusions and perspectives

Motivated by the importance of mixed quantum-classical (MQC) models in a variety of contexts, we have presented the hybrid con-
vective Heisenberg representation of mixed quantum-classical dynamics. Unlike standard quantum mechanics, the mixed quantum-
classical counterpart is made particularly challenging by the interplay between the Lagrangian paths advancing classical phase-space
observables and the unitary operators that are responsible of quantum evolution. This interplay makes the Heisenberg representation
of MQC systems quite involved and in, some cases, counterintuitive. For example, the Heisenberg Hamiltonian operator is not
conserved in any of the two descriptions considered here. In this paper, we overcame the challenges posed by quantum-classical
coupling by resorting to the action principle formulation underlying both the Ehrenfest and the Koopman models. Indeed, the
geometric structure underlying their variational formulation allowed us to write explicit Heisenberg equations for MQC dynamics.
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Importantly, the diffeomorphic Lagrangian paths on phase-space do not preserve the symplectic structure, which then possesses its
own Lie-transport equation ∂t� � £XXX�. The latter is necessary to characterize the convected Poisson bracket {·, ·}γ̂ � �(dγ̂ ·,
dγ̂ ·), which in turn needs the evolution equation for the pure-gauge connection γ̂ . The latter has a dominant role throughout the
entire construction, which evidently necessitates covariant derivatives all along. As we have seen, the covariant Lie derivative £γ̂

also plays a major role, especially in the Koopman model. Despite this rich geometric structure, MQC observables do not appear to
have a Lie algebra structure, thereby confirming the results obtained in previous studies.

Of the two descriptions considered here, the Ehrenfest model is certainly simpler. While this model is known to fail in reproducing
important correlation effects, its underlying geometric structure is particularly rich and has set up the ground for the study of the
Koopman model. In the latter, the backreaction term comprising statistical correlations appears explicitly in the total energy, following
an analogy with spin-orbit coupling in semi relativistic mechanics. As already apparent in the Eulerian Schrödinger picture, this
backreaction term lifts the difficulty of the equations to a formidable level. Nevertheless, we were able to prove that, for purely
(classical) quantum observables, a conservation law for the overall expectation value becomes apparent whenever the observable
(Poisson) commutes with the Heisenberg Hamiltonian. This applies to both the models considered here. As for the local expectation
〈̂H〉 of the Hamiltonian itself, we emphasize that this is conserved for the Ehrenfest dynamics, but not for the Koopman case.
Evidently, in the latter case this is due to the presence of the backreaction term. This term was shown to be particularly relevant in
the simple example of pure-dephasing dynamics, in which case the Ehrenfest dynamics becomes trivial for the classical canonical
observables and for the vertical component of the quantum spin. We remind the reader that the local expectation 〈̂H〉 must not be
confused with the total energy

∫

f0〈̂H〉d2z0 which is consistently conserved in both the Ehrenfest model. Likewise, the Koopman
model conserves the energy functional

∫

f0〈̂H+i�[∇ γ̂ ρ̂0, XXX
̂H]/2〉d2z0, whose second term generates quantum-classical correlations.

Given the construction presented here, one can think of different variants depending on the requirements posed by the specific
problem under consideration. For example, one can merge the Eulerian Schrödinger picture and the convective Heisenberg picture to
obtain an MQC counterpart of Dirac’s interaction picture. In addition, one may also have hybrid descriptions in which, for example,
the classical degrees of freedom are treated in the Eulerian frame while the quantum observables are formulated in the Heisenberg
picture. Indeed, this type of hybrid description is made possible by the semidirect-product group structure underlying the original
models in terms of diffeomorphic phase-space paths and unitary propagators in the quantum sector. These alternative descriptions
are left for future work.

We conclude by emphasizing that, despite the level of complexity in the Heisenberg dynamics, both the Ehrenfest and Koopman
models possess convenient particle closures [49] that are formulated combining their underlying variational principle with the
momentum map structures associated to their geometry. In the Koopman case, the numerical implementation has been successfully
benchmarked in [7]. This is an example in which the complexity of a PDE system may be conveniently overcome by resorting to
its underlying geometric structure. In this sense, while the hybrid Schrödinger picture remains considerably simpler, the geometric
structure of the corresponding Heisenberg dynamics presented here may lead to new directions to be unfolded in the future. One
possible example is to transfer the Heisenberg picture –or any of its extensions proposed above– to the level of the particle closure
in such a way to tackle specific problems, where the Schrödinger picture is less convenient.
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