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Abstract
This paper summarizes the bidiagonal factorizations of change of basis matrices between
polynomial bases commonly used in interpolation and computer-aided geometric design.
These factorizations enable the efficient and highly accurate resolution of linear algebra prob-
lems, offering significant advantages in terms of precision. The article also highlights a variety
of applications, including the accurate computation of divided differences and the efficient
solution of algebraic problems involving collocationmatrices orGrammatrices, underscoring
the practical relevance of these factorizations in mathematical and computational contexts.

Keywords High relative accuracy · Totally positive matrices · Bidiagonal decompositions ·
Lagrange bases · Newton bases · Bernstein bases · Said-Ball bases · q-Bernstein bases
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1 Introduction

Many interpolation, numerical quadrature, and approximation problems involve algebraic
computationswith collocationmatrices derived from specific bases. For instance, in Lagrange
interpolation, collocation matrices play a crucial role. Similarly, Gramian matrices are essen-
tial for transforming nonorthogonal bases into orthogonal ones and are used in least-squares
approximations, where their inversion supports curve fitting through basis functions.

However, as the dimension grows, these matrices often become highly ill-conditioned,
rendering standard numerical methods incapable of achieving accurate solutions. Addressing
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this, a key challenge in Numerical Linear Algebra is the development of algorithms that
ensure high relative accuracy (HRA), maintaining errors on the order of machine precision
regardless of matrix size or traditional conditionings.

One of the key milestones in this field is the work of Gasca and Peña on nonsingular
totally positive matrices, characterized by nonnegative minors. In [22–24], it is shown that
such matrices can be decomposed into products of bidiagonal factors. This factorization
leverages the inherent total positivity property to achieve highly accurate computations.
Providing to HRA the bidiagonal factorization of a totally positive matrix enables solving
related algebraic problems with exceptional precision. Recent research has actively explored
bidiagonal decompositions for various totally positive bases, further advancing this field (see
[15, 16, 47], and references therein).

Vandermonde matrices have relevant applications in interpolation and numerical quadra-
ture (see [21, 51]). Studies on bidiagonal factorizations of Vandermonde matrices explore
efficientways to handle thesematrices in various computational applications. This type of fac-
torization often relies on algorithms such as the Björck–Pereyra algorithm, which provides a
structured approach to solve linear systems involvingVandermondematrices (cf. [48]).Many
authors have extended these factorizationmethods, connecting themwithNeville elimination,
where intermediate matrix transformations yield bidiagonal forms.

The Vandermonde matrix associated with a sequence of distinct nodes is the collocation
matrix of a monomial basis but also defines the linear transformation between a monomial
basis and the corresponding Lagrange polynomial basis. Building on the second idea, [42]
investigates the change of basis matrices between the monomial and Newton polynomial
bases. These matrices exhibit a triangular structure, and their total positivity is fully charac-
terized based on the signs of the associated nodes. A bidiagonal decomposition is derived,
demonstrating that linear algebra problems involving these matrices can be solved to HRA
as long as all nodes share the same sign, even if the matrices are not totally positive.

Subsequently, [30] explores the bidiagonal factorization of the collocation matrices for
Newton bases corresponding to a given sequence of interpolation nodes. Conditions for their
total positivity are established, alongwith a fast algorithm for computing both their bidiagonal
factorization and divided differences.

The Bernstein basis is a cornerstone in numerical analysis and computer-aided geometric
design (CAGD), providing a robust framework for representing polynomials. Named after
Sergei Bernstein, these polynomials are defined over compact intervals and are highly valued
for their numerical stability and geometric properties (cf. [9, 19]). As a result, Bernstein
polynomials have practical relevance not only in CAGD but also across various mathemat-
ical fields (see [6, 7, 18, 20] and references therein). For example, Bernstein bases play a
critical role in solving elliptic and hyperbolic partial differential equations using Galerkin
or collocation methods (cf. [6, 7]). They also find applications in optimal control theory
(cf. [58]) and stochastic dynamics (cf. [35]). Furthermore, Bernstein polynomials are fun-
damental in approximation theory, serving as the foundation for proving the Weierstrass
approximation theorem (cf. [5]). Overall, Bernstein bases are indispensable in polynomial
approximation, interpolation, and curve design, offering stability and intuitive control over
polynomial representations.

It is well-established that a Bernstein basis on a compact interval is the normalized B-
basis of the corresponding polynomial space. This property ensures that any totally positive
polynomial basis of the space can be expressed as the product of the Bernstein basis and a
totally positive matrix. On the interval [0, 1], any monomial basis is totally positive and so,
can be represented in terms of the corresponding Bernstein basis using a triangular matrix
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whose rows correspond to Pascal’s triangle. These matrices are commonly referred to as
Pascal matrices.

Pascal matrices and their generalized forms find applications in a wide range of fields,
including filter design, probability, combinatorics, signal processing, and electrical engineer-
ing (see [39], and references therein). Notably, Lv et al. [39] explores their role in solving
linear systems. A remarkable feature of Pascal matrices is their well-known bidiagonal
decomposition (41), which consists entirely of ones.

Other polynomial bases that are totally positive on [0, 1] also hold significant interest
for design purposes. Among these are the Said-Ball bases and the q-Bernstein bases. The
linear transformation matrices connecting these bases to Bernstein bases provide a means
to relate their respective control polygons, further highlighting their utility in geometric and
computational applications.

This article illustrates and summarizes the bidiagonal factorizations of the change of
basis matrices between polynomial bases of interest in interpolation and CAGD. It com-
piles the derived bidiagonal factorizations, which enable solving linear algebra problems to
HRA. Additionally, it highlights numerous applications, including precise calculations of
divided differences and efficient solutions to algebraic problems involving collocation or
Gram matrices.

To provide a comprehensive overview, Sect. 2 reviews foundational concepts related
to total positivity and HRA. Section3 examines the polynomial bases commonly used in
Lagrange interpolation problems, including the monomial, Lagrange, and Newton bases.
Intriguing applications of the proposed bidiagonal factorizations are explored. Section4
focuses on the bidiagonal factorizations of matrices that relate polynomial bases relevant
to CAGD, highlighting their applications in the accurate resolution of algebraic problems
involving their Gramian matrices.

2 Basic aspects on total positivity and high relative accuracy

When computing in a given floating-point arithmetic, we say that an algorithm is performed to
HRA if the relative errors in the computations have the order of the unit round-off or machine
precision, without being affected by the dimension or the conventional conditionings of the
problem to be solved.

Algorithms achieving HRA are well known to satisfy the Non-Inaccurate Cancellation
(NIC) condition. This condition is met when computations avoid subtractive cancellations,
relying instead on operations such as products, quotients, and additions of numbers with
the same sign [14, page 52]. Additionally, when the floating-point arithmetic is robustly
implemented, even the subtraction of initial data can be performed without compromising
HRA [14, page 53].

A matrix is called totally positive (TP) if all its minors are nonnegative, and strictly totally
positive (STP) if all its minors are positive (see [2]). In the literature, TP and STP matrices
are also referred to as totally nonnegative and totally positive matrices, respectively (see [17,
33]). Applications of TP and STP matrices are very interesting and diverse, with notable
examples discussed in [2, 17, 56].

A system (u0, . . . , un) of functions defined on I ⊆ R is said to be TP if, for any sequence
t1 < · · · < tn+1 in the domain, the corresponding collocation matrix

M

[
u0, . . . , un
t1, . . . , tn+1

]
:= (

u j−1(ti )
)
1≤i, j≤n+1. (1)
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is TP. On the other hand, if the functions of a TP system sum up to one, that is,

n∑
i=0

ui (t) = 1, t ∈ I ,

the system (u0, . . . , un) is said to be normalized totally positive (NTP).
NTP bases play a fundamental role in CAGD due to their shape-preserving properties.

These properties guarantee that the parametric curve γ (t) = ∑n
i=0 Piui (t), t ∈ I , closely

resembles the shape of its control polygon P0 · · · Pn . Within the set of NTP bases for a given
space of functions, there exists a unique NTP basis that exhibits optimal shape-preserving
characteristics (cf. [10]). This basis, known as the normalized B-basis, ensures that any
parametric curve within the space provides the best possible approximation to the shape of
its control polygon, surpassing the performance of other NTP bases. Notable examples of
B-bases include the Bernstein basis, the B-spline basis, and the basis used in the construction
of Non-Uniform Rational B-Spline (NURBS) curves.

As a consequence of Corollary 3.10 and Proposition 3.11 of [10], B-bases can be
characterized as follows.

Theorem 1 A TP basis (u0, . . . , un) is a B-basis of a vector space of functions U if and only
if, for any other TP basis (v0, . . . , vn) of U, the change of basis matrix A such that

(v0, . . . , vn) = (u0, . . . , un)A

is TP.

From Theorem 3.1 of [2], the product of TP matrices is a TP matrix. Consequently, an
interesting topic in the literature about TPmatrices is their factorization as the product of sim-
pler TP matrices. An efficient tool to derive bidiagonal decompositions of TP matrices is the
Neville elimination, which has also been used to improve somewell-known characterizations
of TP and STP matrices.

According to [24, Theorem 4.2 and page 116] any nonsingular TP matrix A ∈
R

(n+1)×(n+1) has the decomposition

A = FnFn−1 · · · F1DG1G2 · · ·Gn, (2)

where Fi ∈ R
(n+1)×(n+1) and Gi ∈ R

(n+1)×(n+1), i = 1, . . . , n, are TP, lower and upper
triangular bidiagonal matrices. Specifically,

Fi =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

1
mi+1,1 1

. . .
. . .

mn+1,n+1−i 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, GT
i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

1
m̃i+1,1 1

. . .
. . .

m̃n+1,n+1−i 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(3)
and D ∈ R

(n+1)×(n+1) is a diagonal matrix with positive diagonal entries, which are the
diagonal pivots pi,i from the Neville elimination of A (see [22–24]). Neville elimination
also yields multipliers mi, j and m̃i, j in Fi and Gi , satisfying

mi, j = pi, j
pi−1, j

, (4)
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with pi,1 := ai,1, 1 ≤ i ≤ n + 1, and

pi, j := det A[i − j + 1, . . . , i | 1, . . . , j]
det A[i − j + 1, . . . , i − 1 | 1, . . . , j − 1] , 1 < j ≤ i ≤ n + 1. (5)

Here, A[i1, . . . , ir | j1, . . . , js] denotes the submatrix of A formed by rows i1, . . . , ir and
columns j1, . . . , js . Similarly, the entries m̃i, j are given by

m̃i, j = p̃i, j
p̃i−1, j

, (6)

where p̃i, j can be obtained as in (5) but with AT in place of A.
In addition, if mi, j , m̃i, j satisfy

mi, j = 0 ⇒ mh, j = 0, ∀ h > i and m̃i, j = 0 ⇒ m̃h, j = 0, ∀ h > i,

then the decomposition (2) is unique. In [32], the bidiagonal factorization (2) is encoded by
a matrix BD(A) ∈ R

(n+1)×(n+1) such that

BD(A)i, j :=

⎧⎪⎨
⎪⎩
mi, j , i > j,

pi,i , i = j,

m̃ j,i , i < j,

(7)

For example, the bidiagonal factorization of the matrix

A =
⎛
⎝ 2 6 24
10 36 198
20 114 950

⎞
⎠

is

A =
⎛
⎝ 1 0 0
0 1 0
0 2 1

⎞
⎠

⎛
⎝ 1 0 0
5 1 0
0 7 1

⎞
⎠

⎛
⎝ 2 0 0
0 6 0
0 0 8

⎞
⎠

⎛
⎝ 1 3 0
0 1 9
0 0 1

⎞
⎠

⎛
⎝ 1 0 0
0 1 4
0 0 1

⎞
⎠ ,

and

BD(A) =
⎛
⎝ 2 3 4
5 6 9
2 7 8

⎞
⎠ .

The computational cost of generating the matrix representation (7) for the bidiagonal
factorization (2) of a nonsingular TP matrix A is determined by the number of arithmetic
operations required to compute the pivots and multipliers during Neville elimination. Com-
pact formulas for these elements, derived from the entries of A, can be obtained using (4)
and (6). This paper will demonstrate that recurrence relations for the entries of BD(A) can
often be established, enabling their efficient computation.

The matrix BD(A) in (7) can be considered as an alternative parameterization for nonsin-
gular and TP matrices exploiting the total positivity property. In fact, it enables algorithms
that preserve the total positivity structure, ensuring accurate computations for A, including
its inverse A−1, singular values, eigenvalues, and solutions to Ax = b for specific b, as
demonstrated in [33].

For a nonsingular totally positive (TP) matrix A with its BD(A) representation provided
to HRA, the software library TNTool [34] offers MATLAB functions specifically designed
to compute with HRA precision:

• TNInverseExpand(B): Returns A−1 with O(n2) cost.
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Fig. 1 Relative error in the approximations to the smallest eigenvalue (left) and singular value (right) of

V = (t j−1
i )1≤i, j≤n+1 with ti = i/(n + 1), i = 1, . . . , n + 1

Fig. 2 Relative error in the approximations to V−1 and the solution of V x = b with V = (t j−1
i )1≤i, j≤n+1

with ti = i/(n + 1), i = 1, . . . , n + 1 and b having alternating signs components

• TNSingularValues(B): Computes singular values of A with O(n3) cost.
• TNEigenValues(B): Computes eigenvalues of A with O(n3) cost.
• TNSolve(B, d): Solves Ax = b with O(n2) cost.

The function TNSolve achieves HRA for vectors b with alternating signs, leveraging the
TP structure for highly accurate solutions.

The relative errors in the resolution of the above mentioned algebraic problems when
considering Vandermonde matrices V for nonnegative nodes in increasing order are depicted
in Figs. 1 and 2. Since BD(V ) can be computed to HRA, the computation of both the smallest
eigenvalue and singular value achieve great accuracy regardless of the 2-norm condition
number of the considered matrices. In contrast, the Matlab commands eig and svd return
results that are not accurate at all (see Fig. 1).

As illustrated in Fig. 2, leveraging BD(V ) ensures highly accurate results for computing
V−1 and solving linear systems V x = b, where b components alternate in sign. In contrast,
MATLAB’s standard methods yield significantly less accurate outcomes, highlighting the
advantages of using BD(V ) for these computations.

At this point a natural question that arises is if the above nice results can be extended
beyond the TP matrices family. In this sense, let us mention as an example a consequence of
[42, Theorem 2], stated in the following result.
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Lemma 1 Let A ∈ R
(n+1)×(n+1) and J := diag((−1)i−1)1≤i≤n+1. Then, A is the inverse of

a TP matrix if and only if the matrix AJ := J AJ is nonsingular and TP.

Using Lemma 1, if BD(AJ ) can be computed to HRA, we can ensure HRA computations
with non TP matrices A whose inverses are TP. Since J is a unitary matrix, the eigenvalues
and singular values of A are identical to those of AJ . For accurate computation of A−1, A−1

J

can be computed to HRA, and A−1 = J A−1
J J is obtained by appropriately adjusting the

signs of A−1
J . Then, it is possible to solve Ax = b, where all entries of b have the same sign,

defining d := Jb, computing to HRA the solution y ∈ R
n+1 for AJ y = d , and eventually

recovering x = J y.
In more general terms, a relevant study of non TP matrices that can be converted into a

totally positive version by means of a suitable transformation was performed in [3]. There,
the class of matrices that admit a signed bidiagonal decomposition was analyzed, identifying
several equivalent properties that characterize this family (see Theorem 3.1 of the mentioned
reference). Further discussion on this topic can be found in [4] for sign consistent and sign
regular matrices, whereas works as [29] and references therein address consecutive-rank-
descending matrices, which also extend the class of TP matrices, analyzing the subject from
a different perspective.

3 Accurate matrix conversion for Lagrange interpolation

In the sequel, Pn(I ) denotes the space of polynomials of a degree not greater than n defined
on I ⊆ R.

Polynomial interpolation is a classical technique in numerical analysis, providing a means
to estimate values of a function based on a set of known data points. For the Lagrange
interpolation problem, given a function f : I → R and nodes t1, . . . , tn+1, with ti ∈ I ,
i = 1, . . . , n + 1, and ti �= t j for i �= j , we seek pn ∈ Pn(I ) such that

pn(ti ) = f (ti ), i = 1, . . . , n + 1. (8)

When considering a basis (b0, . . . , bn) of Pn(I ), the interpolating polynomial satisfying (8)
can be expanded in terms of the considered basis,

pn(t) =
n∑

i=0

ci+1bi (t), t ∈ I ,

and the coefficients c1, . . . , cn+1 form the solution of the linear system

M

[
b0, . . . , bn
t1, . . . , tn+1

] ⎛
⎜⎝

c1
...

cn+1

⎞
⎟⎠ =

⎛
⎜⎝

f (t1)
...

f (tn+1)

⎞
⎟⎠ .

In particular, when considering the monomial basis (m0, . . . ,mn) of Pn(I ), withmi (t) =
t i , for i = 0, . . . , n, the interpolant pn is represented as

pn(t) =
n∑

i=0

ci+1mi (t), (9)

where c = (c1, . . . , cn+1)
T solves the linear system

Vc = f , (10)
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with f := ( f (t1), . . . , f (tn+1))
T and V is the collocation matrix (1) of the monomial basis,

which coincides with the Vandermonde matrix V at the interpolation nodes,

V := M

[
m0, . . . ,mn

t1, . . . , tn+1

]
= (t j−1

i )1≤i, j≤n+1. (11)

The following result can be found in [32, Section 3] or [40, Theorem 3].

Theorem 2 For positive nodes t1 < · · · < tn+1, V is STP allowing a bidiagonal factorization
of the form (2),

V = FnFn−1 · · · F1DG1G2 · · ·Gn, (12)

such that BD(V ) = (BD(V )i, j )1≤i, j≤n+1, with

BD(V )i, j :=

⎧⎪⎨
⎪⎩
ti , i < j,∏i−1

k=1(ti − tk), i = j,∏ j−1
k=1

ti−ti−k
ti−1−ti−k−1

, i > j .

(13)

Equation (13) yields a matrix that can be computed using only products and subtractions
of the initial data, in this case, the nodes t1, . . . , tn+1. This characteristic ensures that no
subtractions of intermediate results occur and theNICcondition is satisfied, leading toHRA in
the computation of BD(V ). As a result, linear algebra problems involving the Vandermonde
matrix V can be solved with relative errors close to machine precision. Remarkably, this
high accuracy remains unaffected by the size of the Vandermonde matrix, making it a robust
approach for computations involving V (see Figs. 1 and 2). The recursive relation

BD(V )i, j = ti − ti− j+1

ti−1 − ti− j
BD(V )i, j−1, i > j,

allows for the computation of the matrix BD(V ) in O(n2) arithmetic operations. Conse-
quently, this representation of V allows for solving the aforementioned algebraic problems
with a computational cost comparable to that of the corresponding functions in the TNTool
library [34].

Expressing the interpolating polynomial in terms ofmonomials reveals significant insights
into its structure and behavior. By studying these monomial-based representation, we gain a
better understanding of the stability and efficiency of interpolation methods, especially when
applied to large sets of data points.

Alternatively, pn can also be formulated in the Lagrange form, where the polynomial is
represented as a sum of terms that reflect the product of monomials associated with the inter-
polation nodes. Each term in the polynomial captures the influence of a specific data point,
and the use of monomials as the building blocks for each term allows for a straightforward
interpretation of the behavior of the polynomial. This form provides both computational
and theoretical advantages, as the structure of the polynomial becomes clearer and easier to
manipulate in many contexts.

When considering interpolation nodes t1, . . . , tn+1 such that ti �= t j for i �= j , and the
corresponding Lagrange polynomial basis (�0, . . . , �n), with

�i (t) :=
∏
j �=i

t − t j+1

ti+1 − t j+1
, i = 0, . . . , n, (14)
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the Lagrange formula for the polynomial interpolant pn is

pn(t) =
n∑

i=0

f (ti+1)�i (t). (15)

Let us observe that the collocation matrix (1) of the Lagrange basis (�0, . . . , �n) at the
interpolation nodes t1, . . . , tn+1 is the (n + 1) × (n + 1) identity matrix.

From (15), (9), and (10), we have

pn(t) = (�0(t), . . . , �n(t)) f = (m0(t), . . . ,mn(t))V
−1 f ,

where f = ( f (t1), . . . , f (tn+1))
T . Thus, we deduce that

(m0, . . . ,mn) = (�0, . . . , �n)V . (16)

Identity (16) shows that the Vandermondematrix V ∈ R
(n+1)×(n+1) in (11) acts as the change

of basis matrix between the monomial and the Lagrange bases of the polynomial space Pn(I )
for the given interpolation nodes.

Instead of Lagrange formulas, one can use the Newton form of the interpolant, which
is derived by expressing the interpolating polynomial in terms of a specific basis known
as the Newton basis, defined by terms that successively incorporate each data point in the
interpolation set.

Let us recall that the Newton basis (w0, . . . , wn) determined by the interpolation nodes
t1, . . . , tn+1 is

w0(t) := 1, wi (t) :=
i∏

k=1

(t − tk), i = 1, . . . , n. (17)

Then, the interpolating polynomial pn can be written as follows,

pn(t) =
n∑

i=0

[t1, . . . , ti+1] f wi (t), (18)

where [t1, . . . , ti ] f represents the divided difference of f at the nodes t1, . . . , ti .
Among the various approaches, theNewton formof the interpolating polynomial is notable

for its recursive structure, which leverages divided differences to construct the polynomial
incrementally. If f is n-times continuously differentiable on [t1, tn+1], the divided differences
[t1, . . . , ti ] f , for i = 1, . . . , n + 1, can be computed using the following recursion,

[ti , . . . , ti+k] f =
{ [ti+1,...,ti+k ] f −[ti ,...,ti+k−1] f

ti+k−ti
, ti+k �= ti ,

f (k)(ti )
k! , ti+k = ti .

(19)

The divided differences depend only on the interpolation nodes and, once computed, the
interpolating polynomial (18) can be evaluated in O(n) flops per evaluation. Additionally,
for two functions f and g defined on an interval containing the nodes t1, . . . , tn+1, the
following Leibniz-type formula for divided differences holds:

[t1, . . . , tn+1]( f g) =
n+1∑
k=1

[t1, . . . , tk] f [tk, . . . , tn+1]g.

The following result can be found in [30, Theorem 1] and provides conditions so that the
divided differences can be computed to HRA using the recursion (19).
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Theorem 3 Let t1, . . . , tn+1 be strictly ordered nodes and f a function such that the entries of
the vector ( f (t1), . . . , f (tn+1)) can be computed to HRA and have alternating signs. Then,
the divided differences of order k = 0, . . . , n,

[ti , . . . , ti+k] f , i = 1, . . . , n + 1 − k,

have alternating signs and, using recurrence (19), can be computed to HRA.

Let us note that, since mi (t) = t i , i = 0, . . . , n, coincides with its interpolating polyno-
mial at the set of nodes {t1, . . . , t j+1}, for j = i, . . . , n, we can deduce using the Newton
interpolation formula (18), that the change of basis matrix U , which satisfies

(m0, . . . ,mn) = (w0, . . . , wn)U , (20)

is given by U = (ui, j )1≤i, j≤n+1, where

ui, j = [t1, . . . , ti ]m j−1.

Consequently, U can be expressed explicitly as:

U =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 [t1]m1 [t1]m2 · · · [t1]mn

0 1 [t1, t2]m2 · · · [t1, t2]mn

0 0 1
. . .

...
...

...
. . .

. . . [t1, . . . , tn]mn

0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (21)

On the other hand, by induction, it can be verified that

[t1, . . . , ti+1]m j =
∑

α1+···+αi+1= j−i+1

tα11 · · · tαi+1
i+1 , j > i .

Thus, the collocation matrix (1) of the Newton basis (w0, . . . , wn) at nodes t1, . . . , tn+1 is a
lower triangular matrix L = (li, j )1≤i, j≤n+1 whose entries are given by

li, j = w j−1(ti ) =
j−1∏
k=1

(ti − tk), 1 ≤ i, j ≤ n + 1.

Explicitly, L can be expressed as:

L =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
1 t2 − t1 0 · · · 0
1 t3 − t1 (t3 − t1)(t3 − t2) · · · 0
...

...
...

. . . 0
1 tn+1 − t1 (tn+1 − t1)(tn+1 − t2) · · · (tn+1 − t1) · · · (tn+1 − tn)

⎞
⎟⎟⎟⎟⎟⎠

. (22)

Taking into account (16) and (20), we obtain the following Crout factorization of the
Vandermonde matrix V at nodes t1, . . . , tn+1:

V = M

[
�0, . . . , �n
t1, . . . , tn+1

]
= M

[
m0, . . . ,mn

t1, . . . , tn+1

]
= M

[
w0, . . . , wn

t1, . . . , tn+1

]
U = LU . (23)

This factorization can be utilized to solve the linear Vandermonde system V x = f by
solving the systems Ld = f and Ux = d sequentially.
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In the context of Lagrange interpolation problems, the vectors d = (d1, . . . , dn+1)
T and

f = ( f1, . . . , fn+1)
T , where

di = [t1, . . . , ti ] f and fi = f (ti ), i = 1, . . . , n + 1,

are related by the system:
Ld = f .

Thus, the change of basis matrixU in (21) relates the solution vector x with an intermediate
vector d of divided differences (see [8]).

In [42, Theorem 3], the expressions for the diagonal pivots and multipliers in the Neville
elimination of the matrix U in (21) are derived. Subsequently, the decomposition (2) is
obtained.

Theorem 4 Let U be the (n + 1) × (n + 1) change of basis matrix in (21), representing
the transformation between the monomial basis and the Newton basis corresponding to the
nodes t1, . . . , tn+1. Then,

U = G1 · · ·Gn, (24)

and BD(U ) = (
BD(U )i, j

)
1≤i, j≤n+1 is given by:

BD(U )i, j =

⎧⎪⎨
⎪⎩
ti−1, 2 ≤ i < j ≤ n + 1,

1, 1 ≤ i = j ≤ n + 1,

0, otherwise.

(25)

Taking into account the factorization derived in Theorem 4, the total positivity of U and
U−1 is analyzed.

Corollary 1 Let U be the (n + 1) × (n + 1) change of basis matrix in (21), representing
the transformation between the monomial basis and the Newton basis corresponding to the
nodes t1, . . . , tn+1. Then,

a) U (respectively, U−1) is TP if and only if ti ≥ 0 (respectively, ti ≤ 0), i = 1, . . . , n.
b) JU J (respectively, JU−1 J ) is TP if and only if ti ≤ 0 (respectively, ti ≥ 0), i = 1, . . . , n.

Taking into account the identities in (23), along with the bidiagonal factorization of the
Vandermonde matrix (11) (see (12) or (13)) and the (n+ 1)× (n+ 1) change of basis matrix
U in (21) (see (25)), the bidiagonal factorization of the collocation matrix L in (22) for the
Newton basis can be derived (see [30, Theorem 2]).

Theorem 5 Let L ∈ R
(n+1)×(n+1) be the collocation matrix described by (22) of the Newton

basis (17) corresponding to interpolation nodes t1, . . . , tn+1, with ti �= t j for i �= j . Then,

L = FnFn−1 · · · F1D, (26)

with BD(L) = (BD(L)i, j )1≤i, j≤n+1 given by

BD(L)i, j :=

⎧⎪⎨
⎪⎩
0, i < j,∏i−1

k=1(ti − tk), i = j,∏ j−1
k=1

ti−ti−k
ti−1−ti−k−1

, i > j .

(27)

The analysis of the signs of the entries in (27) enables the characterization of the total
positivity of the collocation matrix (1) of the Newton basis in terms of the ordering of the
nodes. This result is formalized in [30, Corollary 2].
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Corollary 2 Let L ∈ R
(n+1)×(n+1) be the collocation matrix described by (22) of the Newton

basis (17) corresponding to interpolation nodes t1, . . . , tn+1, with ti �= t j for i �= j and J
be the diagonal matrix J := diag((−1)i−1)1≤i≤n+1.

a) The matrix L is TP if and only if t1 < · · · < tn+1. Furthermore, in this case, both L and
the matrix BD(L) in (27) can be computed to HRA.

b) The matrix L J := L J is TP if and only if t1 > · · · > tn+1. Moreover, in this case, the
matrix BD(L J ) can also be computed to HRA.

The divided differences di := [t1, . . . , ti ] f , i = 1, . . . , n+1, associated with the Newton
form of the Lagrange interpolant,

pn(t) =
n∑

i=0

di+1wi (t), (28)

are typically computed using the recursion in (19). However, they can alternatively be
obtained by solving the linear system:

Ld = f ,

where d := (d1, . . . , dn+1)
T and f := ( f1, . . . , fn+1)

T . This can be efficiently done using
the MATLAB function TNSolve available on Koev’s web page [34], with the bidiagonal
decomposition of L , given in (27), provided as an input argument.

Taking into account Corollary 2, if the elements of f are provided to HRA and exhibit
alternating signs, the computation of d can also achieve HRA, provided that the nodes are
strictly ordered.

The numerical experimentation illustrated in [30, Section 2] compare the vectors of divided
differences obtained using the provided bidiagonal factorization, the recurrence (19) and,
finally, the Matlab command \ for the resolution of linear systems.

3.1 Applications to Touchard bases

Given n ∈ N ∪ {0}, the falling factorial is the polynomial defined by:

(t)0 := 1, (t)n := t(t − 1) · · · (t − n + 1), n ∈ N. (29)

On the other hand, the rising factorial is the polynomial defined by:

t 0̄ := 1, t n̄ := t(t + 1) · · · (t + n − 1).

Let us observe that the polynomial systems ((t)0, (t)1, . . . , (t)n) and (t 0̄, t 1̄, . . . , t n̄) are
bases of Pn(R) that can be seen as Newton bases (17) corresponding to particular sequences
of interpolation nodes: ti = i , i = 0, . . . , n − 1, for the falling factorial polynomial bases,
or ti = −i , i = 0, . . . , n − 1, for the rising factorial polynomial bases.

First kind Stirling numbers s(n, k) can be computed recursively, with

s(n + 1, k) = −n · s(n, k) + s(n, k − 1), (30)

and the conventions s(0, 0) := 1, s(0, n) = s(n, 0) := 0, n ∈ N.
Stirling numbers obtained by (30) arise in combinatorics, when analyzing permutations,

and coincide with the coefficients of the expansion of the falling factorial polynomials in
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(29) in terms of the monomial basis (m0, . . . ,mn) of Pn(R). In fact,

(t)n =
n∑

k=0

s(n, k)tk =
n∑

k=0

s(n, k)mk(t). (31)

It can be checked that sign(s(n, k)) = (−1)n−k and so, Stirling numbers of the first kind are
also called signed Stirling numbers. The absolute values of the first kind Stirling numbers
are known as unsigned Stirling numbers and are usually denoted by c(n, k) or

[n
k
]
,

c(n, k) = [n
k
] = (−1)n−ks(n, k).

Unsigned Stirling numbers can be computed recursively since they satisfy the following
identities:

c(n + 1, k) = −n · c(n, k) + c(n, k − 1),

with the conventions c(0, 0) := 1, c(0, n) = c(n, 0) := 0, n ∈ N. They are the coefficients in
the expansion of the rising factorial polynomial in terms of the monomial basis (m0, . . . ,mn)

of Pn(R):

t n̄ =
n∑

k=0

c(n, k)tk =
n∑

k=0

c(n, k)mk(t).

Conversely, the Stirling numbers of the second kind, usually denoted by S(n, k) or {nk}, are
the coefficients in the expansion of the monomials polynomials in terms of the polynomial
basis form by the falling factorial polynomials (29),

n∑
k=0

S(n, k)(t)k = tn = mn(t). (32)

These numbers count the number of partitions of a set of size n into k disjoint non-empty
subsets and can be computed using the relation

S(n + 1, k) = k · S(n, k) + S(n, k − 1), (33)

with the conventions S(n, n) := 1, n ≥ 0, S(0, n) = S(n, 0) := 0, n ∈ N.
Stirling numbers of the second kind can be seen as divided differences of monomials with

respect to the set of nodes formed by the first consecutive nonnegative integers. In particular,

S(n, k) = [0, 1, . . . , k]mn,

for mn(t) = tn . Moreover, the linear transformation between the monomial and the falling
factorial polynomial bases can be analyzed through the matrix U = (ui, j )1≤i, j≤n+1 of the
change of bases, with

ui, j =
{

[0, . . . , i − 1]m j−1 = S( j − 1, i − 1), i ≤ j,

0, i > j .
(34)

We shall say that the matrix U , whose entries are given in (34), is the (n + 1) × (n + 1)
second kind Stirling matrix. As a direct consequence of Theorem 4 and Corollary 1, we can
deduce that BD(U ) = (

BD(U )i, j
)
1≤i, j≤n+1 is

BD(U )i, j =

⎧⎪⎨
⎪⎩
i − 1, i < j,

1, i = j,

0, i > j .
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Clearly, the decomposition (2) ofU can be computed to HRA. Consequently, the eigenvalues
and singular values of U , as well as the solution of the linear systems Ux = b, where the
entries of b have alternating signs, can be obtained to HRA.

Furthermore, using (31), we can also deduce that the inverse of the second kind Stirling
matrix U described by (34) is the upper triangular Ũ := U−1 = (̃ui, j )1≤i, j≤n+1 such that

ũi, j =
{
s( j − 1, i − 1), i ≤ j,

0, i > j,
(35)

where s(n, k) denotes the corresponding (signed) first kind Stirling number provided by (30).
We shall say that this matrix is the (n + 1) × (n + 1) signed Stirling matrix.

Let us consider J := diag((−1)i−1)1≤i≤n+1 and the signed Stirling matrix Ũ in (35).
Using Theorem 4, we derive that Û := JŨ J is TP and admits a bidiagonal factorization that
can be represented by

BD(Û )i, j =

⎧⎪⎨
⎪⎩
j − i − 1, i < j,

1, i = j,

0, i > j .

The Touchard basis of Pn(R) is the polynomial system (T0, . . . , Tn), with

Tn(t) =
n∑

k=0

S(n, k)tk, (36)

where S(n, k), k = 0, . . . , n are the second type Stirling numbers in (32). The polynomials
Tk , k = 0, . . . , n, are also called the exponential polynomials or Bell polynomials (cf. [59]).

Touchard polynomials are also called the exponential polynomials and generalize the
Bell polynomials for the enumeration of the permutations when the cycles possess certain
properties. Algebraic, combinatorial and probabilistic properties of these polynomials are
described in [11, 49, 54, 59]. Let us observe that

(T0, . . . , Tn) = (m0, . . . ,mn)U , (37)

where (m0, . . . ,mn) is the monomial basis of Pn and U = (ui, j )1≤i, j≤n+1 is the (n + 1) ×
(n + 1) second kind Stirling matrix, that is,

ui, j =
{
S( j − 1, i − 1), i ≤ j,

0, i > j,
(38)

(see (34)).
Given 0 < t1 < · · · < tn+1, by formula (37), the corresponding collocation matrix (1) of

the Touchard basis satisfies
T = VU ,

where V is the Vandermonde matrix (11) andU is the (n+ 1)× (n+ 1) second kind Stirling
matrix described by (38).

Taking into account the total positivity of the Vandermonde matrices at positive nodes
in increasing ordering and the total positivity of the second kind Stirling matrices, we can
deduce the the collocation matrices (1) of Touchard bases are STP, since they are products
of an STP matrix and a nonsingular TP matrix (see Theorem 3.1 of [2]). Consequently, we
can guarantee that the Touchard polynomial basis (T0, . . . , Tn) is STP on (0,∞).
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Moreover, using Algorithm 5.1 of [33], if the decomposition (2) of two nonsingular TP
matrices is provided to HRA, then the decomposition of the product can be obtained to HRA.
Consequently, T and its decomposition (2) can be obtained to HRA.

4 Accurate matrix conversions with polynomial bases used in CAGD

For a given degree n, the Bernstein polynomials on the interval [0, 1] are defined as:

Bi,n(t) :=
(
n

i

)
t i (1 − t)n−i , t ∈ [0, 1], i = 0, 1, . . . , n, (39)

where
(n
i

)
represents the binomial coefficient. It can be easily checked that the following

partition of unity property holds:

n∑
i=0

Bi,n(t) =
n∑

i=0

(
n

i

)
t i (1 − t)n−i = (1 − t + t)n = 1, t ∈ [0, 1].

The monomial basis can be represented in terms of the Bernstein basis of Pn([0, 1]). Specif-
ically, the monomial mk(t) = tk can be expressed as a linear combination of Bernstein basis
polynomials of degree n ≥ k, using the following formula:

tk = 1(n
k

)
n∑

i=k

(
i

k

)
Bn
i (t), k ≤ n.

The identities above are extensively considered in approximation theory and geometric
modeling, and they can be succinctly expressed in the following matrix form:

(m0, . . . ,mn) = (Bn
0 , . . . , Bn

n )DL, (40)

where D = (di, j )1≤i, j≤n+1 is a diagonal matrix with di,i = ( n
i−1

)−1, i = 1, . . . , n + 1, and
L is a lower triangular matrix with the rows of Pascal’s triangle, that is, L = (li, j )1≤i, j≤n+1

with

li, j =
{
0, i < j,(i−1
j−1

)
, i ≥ j .

(41)

The well-known bidiagonal decomposition of a Pascal matrix (41) possesses the notable
feature of being composed entirely of ones, that is,

BD(L)i, j =

⎧⎪⎨
⎪⎩
0, i < j,

1, i = j,

1, i > j,

(42)

(cf. [1, 33]). Furthermore, [12, Section 3] provides the bidiagonal factorization (2) for gen-
eralized triangular Pascal matrices and lattice path matrices, which encompass numerous
classical generalized Pascal matrices. In many cases, it has been shown that these matrices
are TP or STP, allowing various algebraic computations with these matrices to be performed
to HRA.

Let us observe that, taking into account (42), it can be easily checked that the matrix DL
relating the monomial and the Bernstein basis of Pn([0, 1]) (see (40)) is TP and its bidiagonal
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factorization (2) can be represented by the matrix BD(DL) = (BD(DL)i, j )1≤i, j≤n+1, such
that

BD(DL)i, j =

⎧⎪⎨
⎪⎩
0, i < j,( n
i−1

)−1
, i = j,

1, i > j .

(43)

Bernstein polynomials are square-integrable functions with respect to the inner product

〈 f , g〉 :=
∫ 1

0
f (t)g(t) dt . (44)

Although the Bernstein basis (Bn
0 , . . . , Bn

n ) is not orthogonal, it can be transformed into
an orthogonal basis of Pn([0, 1]) using its Gramian (mass) matrix M = (Mi, j )1≤i, j≤n+1,
defined as

Mi, j =
∫ 1

0
Bn
i (t)Bn

j (t) dt =
( n
i−1

)( n
j−1

)
(i + j − 2)!(2n − i − j + 2)!

(2n + 1)! , 1 ≤ i, j ≤ n+1,

(45)
(see [31]).

The constrained dual Bernstein basis (Dn
0 , . . . , D

n
n ), which satisfies 〈Dn

i , Bn
j 〉 = δi, j , can

be expressed in terms of the mass matrix M as

(Bn
0 , . . . , Bn

n )T = M(Dn
0 , . . . , D

n
n )

T ,

where M serves as the change of basis matrix between the constrained dual Bernstein basis
and the Bernstein basis (cf. [36–38, 60, 61]).

According to [41, Theorem 2], the mass matrix M is STP. Furthermore, M admits a
bidiagonal factorization

M = FnFn−1 · · · F1DG1 · · ·Gn−1Gn, (46)

with entries given explicitly by

BD(M)i, j =

⎧⎪⎪⎨
⎪⎪⎩

(n−i+2)(2n−i+3)
(2n−i− j+3)(2n−i− j+4) , i > j,(( n

i−1

)
(i−1)!

(2n−i+2)!
)2

(2n − 2i + 2)!(2n − 2i + 3)!, i = j,
(n− j+2)(2n− j+3)

(2n−i− j+3)(2n−i− j+4) , i < j .

(47)

The diagonal pivots pi := BD(M)i,i , i = 1, . . . , n + 1, can be computed recursively:

p1 = 1

2n + 1
, pi+1 = (2n − i + 2)2

4(2n − 2i + 1)(2n − 2i + 3)
pi , i = 1, . . . , n,

allowing the construction of the matrix BD(M) in O(n2) arithmetic computations. This
bidiagonal factorization can be computed to HRA, as demonstrated in numerical experiments
in [41, Section 5].

Finally, the following corollary extends the total positivity property to Gram matrices of
any TP polynomial basis.

Corollary 3 Let (pn0 , . . . , p
n
n ) be a TP basis of Pn([0, 1]). The Gram matrix Mp of

(pn0 , . . . , p
n
n ) with respect to the inner product defined in (44) is TP. If the change of basis

matrix A, such that
(pn0 , . . . , p

n
n )

T = A(Bn
0 , . . . , Bn

n )T ,

can be computed to HRA, then Mp and its inverse can also be computed to HRA.
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4.1 Matrix conversion between Bernstein and Said-Ball bases

The Bernstein basis is well-suited for applications in Bézier curve construction due to its
close association with the geometric representation of curves. Bézier curves are defined as
linear combinations of the Bernstein polynomials, with the control points serving as coeffi-
cients. This geometric perspective establishes Bernstein polynomials as a fundamental tool
in CAGD. In fact, Bernstein bases are the polynomial bases most used in CAGD because they
have optimal shape preserving and stability properties (see [19, 20]). These nice properties
are related to the fact that (Bn

0 , . . . , Bn
n ) is the normalized B-basis of the polynomial space

Pn([0, 1]) (cf. [9, 10]) and then, any TP basis (pn0 , . . . , p
n
n ) of P

n([0, 1]) can be written in
terms of the B-basis as follows,

(pn0 , . . . , p
n
n ) = (Bn

0 , . . . , Bn
n )An, (48)

where the change of bases matrix An is nonsingular and TP (see Theorem 1). Moreover, if
the polynomial basis (pn0 , . . . , p

n
n ) is normalized, An is stochastic (see Theorem 4.3 of [10]).

Another important class of polynomial bases with applications in CAGD is formed by the
Said-Ball bases, which were defined by Said in [57] for spaces of odd degree polynomials
on [0, 1] and later, extended to spaces of polynomials of even degree in [28]. Said-Ball
polynomial bases have the same type of shape preserving properties as the Bernstein bases
(see [9, 25, 45]) and provide an algorithm with less computational cost than the evaluation
algorithm for the Bernstein basis (see [28]). Computations to HRA with the collocation
matrices (1) of the Said-Ball bases were achieved in [45] and [46]. In [53] an explicit formula
for the dual basis functions for generalized Ball bases is provided.

The Said-Ball basis (sn0 , . . . , snn ) of Pn([0, 1]) is defined by:

sni (t) :=
(�n/2� + i

i

)
t i (1 − t)�n/2�+1, i = 0, . . . , �(n − 1)/2�,

sni (t) :=
(�n/2� + n − i

n − i

)
t�n/2�+1(1 − t)n−i , i = �n/2� + 1, . . . , n,

and, for an even n,

snn/2(t) :=
(

n

n/2

)
tn/2(1 − t)n/2,

where �a� denotes the greatest positive integer less than or equal to a, for a given a > 0.
In Theorem 1 of [25] it was proved that the Said-Ball basis (sn0 , . . . , snn ) is a NTP basis of

Pn([0, 1]) for odd degrees n. Later, in Proposition 3 of [13], this property was also proved for
even degrees. Taking into account that theBernstein basis on [0, 1] (see (39)) is the normalized
B-basis of Pn([0, 1]), we can immediately deduce from Theorem 1 that the change of basis
matrix A such that

(sn0 , . . . , snn )T = A(Bn
0 , . . . , Bn

n )T

is TP. Observe that, since both bases are normalized, we also have that AT is also stochastic.
Using formula (7) of [28], A can be described as A = (ai, j )1≤i, j≤n+1, with

ai, j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
k + i − 1

i − 1

)(
k − i + 1

j − i

)
/

(
2k + 1

j − 1

)
, 1 ≤ i ≤ j ≤ k + 1,(

3k − i + 2

2k − i + 2

)(
i − k − 2

i − j

)
/

(
2k + 1

j − 1

)
, k + 2 ≤ j ≤ i ≤ 2k + 2,

0, elsewhere,

(49)
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for odd degree n = 2k + 1, k ∈ N and

ai, j =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
k + i − 1

i − 1

)(
k − i

j − i

)
/

(
2k

j − 1

)
, 1 ≤ i ≤ j ≤ k,(

3k − i + 1

2k − i + 1

)(
i − k − 2

i − j

)
/

(
2k

j − 1

)
, k + 2 ≤ j ≤ i ≤ 2k + 1,

1, i = j = k + 1,

0, elsewhere,

(50)

for even degree n = 2k, k ∈ N.
A corner cutting algorithm for obtaining the Bézier polygon of a polynomial curve from

its control polygon with respect to the generalized Ball basis is constructed in Sect. 3 of [25].
This corner cutting provides a factorization of the stochastic and TP matrix AT in terms of
TP, bidiagonal and stochastic matrices. In contrast, the diagonal pivots and the multipliers
of the Neville ellimination of A and then its bidiagonal factorization (2) are obtained in [44,
Section 4], showing that the computation of this new factorization satisfies the NIC condition.

In [44, Theorem 4], the Neville elimination of A is studied and its bidiagonal factorization
is provided.

Theorem 6 Let A be the change of basis matrix described by (49) for n = 2k + 1 and
by (50) for n = 2k. Then its bidiagonal factorization (2) can be represented by means of
BD(A) = (BD(A)i, j )1≤i, j≤n+1 such that

BD(A)i, j :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
k + i − 1

i − 1

)
/

(
2k + 1

i − 1

)
, 1 ≤ i = j ≤ k + 1,

(k − j + 2)/(2k − j + 3), 1 ≤ i < j ≤ k + 1,(
3k − i + 2

2k − i + 2

)
/

(
2k + 1

i − 1

)
, k + 2 ≤ i = j ≤ 2k + 2,

(2k − i + 3)/(3k − i + 3), k + 2 ≤ j < i ≤ 2k + 2,

0, elsewhere,

for n = 2k + 1 and BD(A) = (BD(A)i, j )1≤i, j≤n+1 such that

BD(A)i, j :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
k + i − 1

i − 1

)
/

(
2k

i − 1

)
, 1 ≤ i = j ≤ k,

(k − j + 1)/(2k − j + 2), 1 ≤ i < j ≤ k,

1, if i = j = k + 1,(
3k − i + 1

2k − i + 1

)
/

(
2k

i − 1

)
, k + 2 ≤ i = j ≤ 2k + 1,

(2k − i + 2)/(3k − i + 2), k + 2 ≤ j < i ≤ 2k + 1,

0, elsewhere,

for even n = 2k.

For the efficient computation of the diagonal pivots pi,i , recursive formulas can be derived
depending on whether n is odd or even.

For n = 2k + 1,

p1,1 = 1, pi+1,i+1 = k + i

2k − i + 2
pi,i , i = 1, . . . , k,

p2k+2,2k+2 = 1, pi,i = 3k − i + 2

i
pi+1,i+1, i = 2k + 1, . . . , k + 2.
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For n = 2k,

p1,1 = 1, pi+1,i+1 = k + i

2k − i + 1
pi,i , i = 1, . . . , k,

pk+1,k+1 = 1, p2k+1,2k+1 = 1, pi,i = 3k − i + 1

i
pi+1,i+1, i = 2k + 1, . . . , k + 2.

These recursions enable the computation of the matrix BD(A) with a computational cost of
O(n2) arithmetic computations.

TheTPchangeof basismatrix A, relating theSaid-Ball basis (sn0 , . . . , snn )T to theBernstein
basis (Bn

0 , . . . , Bn
n )T , satisfies

(sn0 , . . . , snn )T = A(Bn
0 , . . . , Bn

n )T

and can be computed to HRA. The Gram matrix M of the Bernstein basis and the Gram
matrix MSB of Said-Ball basis are related by

MSB = AMAT .

The previous property guarantees that MSB can also be computed to HRA.

Theorem 7 The Gram matrix MSB of the Said-Ball basis for Pn([0, 1]) with respect to the
inner product (44) is TP. Furthermore, MSB and its inverse can be computed to HRA.

4.2 Matrix conversion between Bernstein and q-Bernstein bases

In recent years, quantum calculus (q-calculus) has garnered significant attention due to its
potential applications in mathematics, mechanics and physics. This branch of mathematics
replaces classical concepts with their q-analogues, such as q-integers, q-binomial coeffi-
cients, and other q-derived constructs, offering a versatile framework for exploring discrete
phenomena (cf. [27]).

Let us recall that the q-binomial coefficients
[n
k

]
q , k = 0, . . . , n, are given by

[
n

k

]
q

:= [n]q !
[k]q ! [n − k]q ! ,

where, for any non-negative integer n, the q-factorial [n]q ! is defined by
[0]q ! := 1, [n]q ! := [n]q [n − 1]q · · · [1]q , n ∈ N,

and the q-integer [n]q is

[n]q :=
⎧⎨
⎩
1 + q + · · · + qn−1 = 1 − qn

1 − q
, q �= 1

n, q = 1.

Clearly, [n]q is a polynomial in q and [n]q > 0, for any q ∈ (0, 1], n ∈ N. Moreover, the q-
binomial coefficients

[n
k

]
q , k = 0, . . . , n, are also polynomials in q with integer coefficients,

which are known as Gaussian polynomials.
It can be checked that the q-binomial coefficients satisfy useful identities, such as,

[α]q
[n]q

[
α − 1

n − 1

]
q

=
[
α

n

]
q
,

[α − n]q
[n]q

[
α − 1

n − 1

]
q
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=
[
α − 1

n

]
q
,

[α]q
[α − n + 1]q

[
α − 1

n − 1

]
q

=
[

α

n − 1

]
q
.

The q-Bernstein polynomials are a generalization of classical Bernstein polynomials,
incorporating the principles of quantum calculus. These polynomials depend on a parameter
q , which allows formore flexible and nuanced representations, particularly in discrete or non-
standard settings. They arewidely applied in approximation theory, where they exhibit shape-
preserving properties, and in the modeling of Bézier curves with shifted nodes. Additionally,
their iterative properties and convergence rates have been studied extensively, proving useful
in both theoretical and applied contexts (cf. [50, 52, 55]).

The q-Bernstein polynomials of degree n on [0, 1] are defined as

Qn
k (t) :=

[
n

k

]
q
tk

n−k−1∏
r=0

(1 − qr t), k = 0, . . . , n. (51)

For the particular case q = 1, the q-Bernstein basis (51) coincides with the Bernstein basis
(39).

By Corollary 3.3 of [10], for any q ∈ (0, 1], the basis (Qn
0, . . . , Q

n
n) is TP on the interval

[0, 1] and STP on (0, 1). Moreover, the partition of unity property satisfied by (Qn
0, . . . , Q

n
n)

can be deduced using Proposition 5.2 of [26]. Then we can guarantee that the change of basis
matrix A such that

(Qn
0, . . . , Q

n
n) = (Bn

0 , . . . , Bn
n )L, (52)

is nonsingular, stochastic and TP. In [43, Section 3], it is shown that L = (li, j )1≤i, j≤n+1 can
be described by

l̃i, j =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, i < j,
[ n
i−1]q
( n
i−1)

, i = j,

[ n
j−1]q
( n
i−1)

(1 − q)i− j ∑
α1<···<αi− j⊂In− j

i− j∏
k=1

[αk]q , j < i,

with the notation Ik := {1, . . . , k}, for k ∈ N (see also Sect. 2 of [50]).
Let us recall that the converse of a matrix A = (ai, j )1≤i, j≤n is defined as

A# = (a#i, j )1≤i, j≤n := (an+1−i,n+1− j )1≤i, j≤n . (53)

Clearly, the converse A# can be written as A# = RAR, where R is the n× n matrix obtained
by reversing the order of the rows of the identity n × n matrix.

In order to achieve a suitable factorization of the matrix L satisfying (52), let us define
the matrix U := L#, that can be considered as the change of basis matrix such that

(Qn
n, . . . , Q

n
0) = (Bn

n , . . . , Bn
0 )U . (54)

In [43, Corollary 6], the Neville elimination ofU is studied and its bidiagonal factorization
is provided.
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Theorem 8 For q ∈ (0, 1], the matrix U satisfying (54) is TP and its bidiagonal factorization
(2) can be represented through BD(U ) = (

BD(U )i, j
)
1≤i, j≤n+1, with

BD(U )i, j =

⎧⎪⎪⎨
⎪⎪⎩

[n− j+2]q
[ j−1]q (1 − q j−i ), i < j,

[ n
n−i+1]q
( n
n−i+1)

, i = j,

0, i > j .

The computation of the matrix BD(U ) can be performed with O(n2) arithmetic computa-
tions. Theorem 8 is applied in [43, Section 5] to prove that q-Bernstein mass matrices are TP
and derive accurate computations when solving algebraic problems with these matrices.
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