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Abstract 

Landing trajectory optimization is a fundamental challenge in aerospace engineering, traditionally approached by optimal control 
problem formulation. In practice, for Earth landing, the vehicle is subject to strongly non-linear perturbations, such as drag, wind, 
and gravity. Indirect control methods cannot deal with these problems, leading to large errors, while direct methods require high com-
putation times when perturbations are not continuous. Thus, in this work, we propose a hybrid algorithm to approximate the solution of 
nonlinear optimization problems, based on the iteration of the indirect control analytical solution of the non-autonomous linear prob-
lem. The algorithm’s performance has been studied for the problem of landing rockets on the Earth’s surface and compared with a stan-
dard boundary value problem solver. The results show that the proposed algorithm tolerates strong discontinuous perturbations, with
very small landing error and computation time.
© 2025 The Author(s). Published by Elsevier B.V. on behalf of COSPAR. This is an open access article under the CC BY license (http:// 
creativecommons.org/licenses/by/4.0/). 
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1. Introduction 

The literature on trajectory optimization problems is 
rich, full of different proposed numerical techniques to 
solve them. Generally, optimal control problems are solved
using direct or indirect methods (Rösmann et al., 2013;
Chai et al., 2019; Moyer and Pinkham, 1964). Direct meth-
ods transform the problem into a Non-Linear Program-
ming (NLP) problem by discretizing the continuous 
motion states and control constraints, allowing numerical 
algorithms to find local minima. However, NLP problems
are considered computationally challenging, and the time
to find the optimal solution is unpredictable (Lavezzi 
et al., 2023). To address this, recent works focus on refor-
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mulating these problems into convex optimization prob-
lems, which guarant ee global convergence in polynomial
time (Acikmese and Ploen, 2007; Blackmore et al., 2010). 
Convex optimization has shown success in various aero-
space applications, such as planetary landing, atmospheric
guidance, and low-thrust propulsion. In Liu et al. (2015) a 
method was introduced to solve nonsmooth convex opti-
mization problems. However, this process is computation-
ally intensive and requires careful tuning to ensure 
convergence and accuracy. The application of optimal con-
trol theory to derive the first-order necessary conditions for
optimality yields a Two-Point Boundary Value Problem
(TPBVP) that must be solved to find state and costate.

In the frame of the indirect optimization approach, to 
minimize energy in a landing scenario and considering 
the need to have fast algorithms to compute accurate opti-
mal landing trajectories, a novel approach was introduced
using a method based on functional interpolation, intro-
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duced as the Theory of Functional Connections (TFC) by
Mortari (2017). TFC has been applied to obtain fast and 
accurate least-squares solutions for the TPBVP that arise 
in energy-optimal control and guidance problems in no-
atmosphere scenarios (Furfaro and M ortari, 2020;
Johnston et al., 2020; D’Ambrosio et al., 2022). The perfor-
mance of this method has been compared to traditional sol-
vers like MATLAB’s bvp4c and Chebfun Toolbox. In
Ref. Johnston et al. (2020) the problem was then solved 
for the fuel-minimum powered descent guidance problem 
on large planetary bodies, still with constant gravity and
no atmosphere. The solution obtained was compared to
GPOPS-II Patterson and Rao (2014), with computational 
time gain (more than 30 times faster). Nevertheless, when 
studying indirect-optimal landing problems with strong 
perturbations (such as drag and variable gravity), TFC’s 
reliance on the nonlinear least-squares method increases
the overall computational burden, becoming computation-
ally challenging. On the other hand, D’Souza (1997) intro-
duced an indirect optimal guidance law for planetary 
landing using analytical methods, solving the TPBVP with 
constant external forces. This approach provides the fastest 
computation of the solution, yet it is not suitable in non-
constant/nonlinear perturbed problems. Therefore, in the 
range of existing algorithms for solving optimal control 
problems, there is a trade-off between computation time 
and accurate representation of the perturbations. In this 
work, by following D’Souza’s method, we extend the ana-
lytical solution to time-dependent linear perturbations.
Then, to overcome the non-linearity of the perturbations
in real scenarios, a hybrid trajectory optimization algo-
rithm is proposed, which iterates the indirect control ana-
lytical solution to minimize the error in the trajectory.

This article starts by briefly summarizing the optimal 
indirect landing problem under general nonautonomous, 
nonlinear perturbations. The problem is then studied from 
a mathematical point of view by analyzing the solutions in 
autonomous and non-autonomous linear systems. After-
wards, the iterative algorithm to approach the solution of 
the general problem is detailed. The effectiveness of the
algorithm is then tested against MATLAB’s bvp4c solver
in an Earth landing scenario, considering perturbations
such as variable gravity, drag, and discontinuous wind
gusts.

2. Analytical optimal landing control 

Landing on a celestial body is a two-point trajectory 
problem subject to the following boundary conditions,

r 0 r0 

r DT rf 
and 

v 0 v0 

v DT vf
1

where and are the initial position and velocity and 
and the final position and velocity that are reach ed in the

time interval. The dynamic model for the general
case is,

r0 v0 rf 
vf 

DT 
2

r t v t 

v t f t r v ac t 
2 

where are position and velocity vectors respectively, f 
the vector representing all the external accelerations and a 
is the control vector applied to reach the final conditions in 
specified time. The optimal landing problem consists of 
finding a control that solves the landing problem while 
minimizing an objective functiona . For simplification
purposes, an upper bound of the control acceleration is
not considered in this work. This functional depends on
what we consider optimal control. As an example, the opti-
mal landing problem proposed by D’Souza (1997) and 
adopted in subsequent articles Furfaro and M ortari
(2020); Gaudet et al. (2020); Sz muk et al. (2020);
Blackmore et al. (2010); Longuski et al. (2014) involves 
minimizing the optimali ty index,

r v is 
c 

ac 
l J 

JTE DT CDT 
1 
2 

DT 

0 
aT c a c dt 3

where is a user-defined positive constant weighting the 
landing time over the energy cost. For 0, the solution 
is called the ‘‘time-energy optimal”. In this study, optimal-
ity is defined as simply minimizing the energy cost,

C 
C 

J DT 
1 
2 

DT 

0 
aT c ac dt 4

The reasons are essent ially three:

1. C tThe erm appearing in the cost index cost makes sense 
when it multiplies a competing cost term as, for instance,
the final velocity in a fuel-bounded anti-sat problem.

2. CAnother reason to set 0 in Eq. (2) is to bound the 
landing time. In this work, for the sake of simplicity, 
we disregard the landing time from our optimization
problem.

3. JLastly, DT represents the trajectory cost (not an 
index) with a clear physical meaning.
2.1. Linear autonomous problem 

In this section, the optimal landing problem for the case 
where the external accele ration vector is constant is solved.
Under this assumption, Eq. (2) becomes the system

r t v t 

v t f ac t 
5 

which is linear and autonomous. The optimal control prob-
lem is solved by applying the Pontryagin Minimum Princi-
ple (Pontryagin (1987)). As in Johnston et al. (2020), the 
Hamiltonian of the system is,

H 
1 
2 
aT c ac kT r v kT v f a c 6

where and are the unknown position and velocity 
costates vectors. The optimal con trol is obtained by (first
variation conditions),

kp kv
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H 

ac 
ac kv 0 ac kv 7 

and the optimal problem becomes solving the two-point 
boundary values problem of the following systems of state
and costate equations,

r H 
kr 

v 

v H 
kv 

f ac 
and 

kr H 
r 

0 

kv H 
v

kr 
8

Using kv and indicating kv, the four equ ations
given in Eq. (8) can be wri tten as,

ac k 

r k f 

k 0 
9 

Now, integrating the second equation, we obtain 
a0 a1 t, where a1 R3 . Substituting into the first

equation gives s a linear polynomial in time. Therefore,
k a0 

r a 

k t a0 a1 t 

r t b0 b1 t b2 t2 b3 t3 

v t b1 2b2 t 3 b3 t2
10

The initial conditions, r0 and v0, gives,r 0 r 0 
b0 r0 and b1 v 0 11

Substituting in t and imposing the final conditions, 
DT rf and DT vf , we obtain the expressions of
and

r 
r r 
b2 b3 

b2 
3 r0 rf 

DT 2 
2v0 vf 
DT 

b3 
2 r0 rf 

DT 3 
v0 vf

DT 2

12

Finally, substituting these expressions in Eq. (9), we obtain,
2b2 6b3 t a0 a1 t f 13

which is an expression allowing us to obtain anda0 a1, 
a0 f 2b2 and a1 6b3 14

Then, the expression of the control is,

ac k 2b2 f 6b3 t 15

and, since k and k 6b3, the Hamiltonian
becomes,

ac kr 

H DT aT 1 v kT f 
1 
2 
kT k 16

It is straightforward to prove that all the coefficients of the 
time-varying terms of the Hamiltonian, given in Eq. (16), 
are zero, making the Hamiltonian constant. This validates 
the optimal solution for the selecte DT . Therefore, the
expression of the Hamiltonian becomes,

d 

H DT aT 0 f 
1 
2 
aT 0 a0 aT 1 v 0 constant 17

Now, the specific value of D that minimizes the cost func-
tion DT can be obtained by finding the value of D hat
makes the derivative ofJ DT equal to zero. Obtaining the

T 
J T t 
3

zeroes of DT is equivalent to solving the following 
depressed quartic equation (no cubic term):

J 

DT 4 aDT 2 bDT c 0 18

where 

a 4 
f 2 v0 

2 
vf 

2 
vT 0 vf 

b 24 
f 2 r0 rf 

T 
v0 vf 

c 36
f 2 r0 rf

2

with denoting the Euclidean norm. This equation is 
guaranteed to have one positive solution but can have more 
than one. In that case, we only need to check which root
gives the minimum value of J. 

2.2. Linear non-autonomous problem 

Suppose now that the forcing vector is not constant and 
the term f t has explicit time dependency (non-
autonomous linear system),

r t v t 

v t f t ac t 
19 

To apply the Pontryagin Minimum Principle we need to
transform Eq. (19) into an autonomous system of the form

r v 

v f s ac 

s 1 
20 

where s the variable corresponding to time. Now the
Hamiltonian becomes

s i 

H 
1 
2 
aT c ac kT r v kT v f s ac k s 21

where kv R3 and s R are the costates variables. 
Since the optimal control is also given b ac kv, the
two-point boundary values problem to solve is,

kr k 
y 

r H 
kr 

v 

v H 
kv 

f s kv 

s H 
ks 

1 
and 

kr H 
r 

0 

kv H 
v

kr 

ks H 
s f s T k v

22

This problem is simplified in the following system of 2nd 
order ODEs and a quadrature given by

r k f t 

k 0 

ks 
t 
0 f s T k ds 

23

where kv and s is a dummy variable. Again, the second 
equation yields a0 a1 t. Now we can integrate the first
equation and use that v0 to obtain

k 
k 

r 0 

r t v0 

t 

0 
f s ds a0 t 

1 
2 
a1 t2 24
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We introduce the dummy variable u and integrate once 
more to get the position,

r t r0 v0 t 
t 

0 

s 

0 
f u du ds 

1 
2 
a0 t2 1 

6
a1 t3 25

We can apply the final condi ns, r DT rf and 
DT v f , to solve for and obtaining

tio 
r a0 a1, 

a0 
1 

DT 2 6 r0 rf 
DT 
0 

s 
0 f u du ds 2DT 2v0 vf 

DT 
0 f s ds 

a1 
6 

DT 3 2 r0 rf 
DT 
0 

s 
0 f u du ds DT v0 vf

DT
0

f s ds

26

Finally, T , which gives optimality to the control, is 
obtained using the zeros of DT . In this case J has
the expression:

D 
J , 

J DT 1 
DT 4 2 rd 

2 6DT rT d vs DT 2 vs 
2 

vT 0 vf 

DTF DT T 12rd 4DT v0 5vf T 4F DT 

6U DT T 3rd DT vs 2F DT 9 U DT 2 

DT 2 f DT T 3rd DT v0 2v f 2F DT 3U DT

27

where r0 rf vs v0 vf , andrd 

F DT DT 
0 f s ds 

U DT DT 
0 

s 
0 f u d u ds
3. Adaptive landing algorithm 

So far we have established that by restricting our analy-
sis to linear systems, we can derive an analytical solution to 
the indirect optimal control landing problem. However, 
trying to extend this analytical approach to the general 
problem is unviable. Consequently, we propose an algo-
rithm designed to approximate the solution of the general
problem by iterating the analytical solutions obtained from
linear systems. Specifically, we are interested in computing
optimal control that makes the trajectory of the initial
value problem

ac 

r v 

v f t r v ac 
subjectto 

r 0 r0 

v 0 v 0
28

to end, as close as possible, to the de sired final conditions
vf .rf 
To understand the heuristics of the algorithm, let’s sup-

pose that we have an approximate solution r t v t of
the problem given in Eq. (2). We can linearize this problem 
by considering r t v t as an approximation of exter-
nal accelerations. The analytical solution to this problem is
known, and therefore we can calculate again an approxi-
mate trajectory of Eq. (2). This process allows for the iter-
ative refinement of the external accelerations through the 
solution of non-autonomous linear problems. The final

f t 
4

f

v0 rf vf

Then returns the last approximation of the optimal con-
trol given by a final time .

goal is to obtain an iterative process that accurately con-
verges to the solution of the general problem.

To describe the algorithm in detail, we start by defining 
two auxiliary functions, and which are the solutions
to the autonomous and non-autonomous linear problems
respectively:

La Ln, 

• La rr0 v0 rf vf f DT r t v t k t , where t v t 
and k t are the solution to 

r v 

v f k 

k 0 
Subjectto 

r 0 r0 v 0 v0 

r DT rf v DT vf 

29

Recall that in this case is a constant vector.
• Ln r0 v0 rf vf f t DT r t v t k t , where 

v t and are the solution to 

r v 

v f t k 

k 0 
Subjectto 

r 0 r0 v 0 v0 

r DT rf v DT vf

30

r t k t 

Both auxiliary functions are given by the analytic 
solutions studied in the previous section. Since we are 
interested in optimal landing, two other aux iliary func-
tions that calculate the optimal ti DT that minimize
the co J defined in Eq. (4) are established. First, we 
define the function that provides the optimal time in
the autonomous case,

me 
st 

Ta r0 v0 rf vf f D T 31

where is the positive root of Eq. (18) that minimizes J 
In the autonomous case, DT is a degree 4 polynomial; 
therefore, its roots are finite and perfectly determined. This 
is not the case for the optimal time in the non-autonomous 
problem. Since the external acceleration is a time-
dependent general function , we cannot define a func-
tion that returns the optimal time among all the roots of

DT . Hence, we define the function

DT . 
J 

f t 

J 

Tn r0 v0 rf vf f t DT 0 D T 32

which returns a root of J DT in the nonautonomous case 
close to the point T 0. Finally, we present in Alg. 1 an 
algorithm to approximate the solution of Eq. (2). This 
algorithm takes as input

D 

• r0 , as two-point bounda ry conditions,
• f t r v , function that evaluate the general exter nal
accelerations, and

• N, number of iterations of the linear problem.

ac DT
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Algorithm 1. Iterative algorithm for optim al landing
Require: r0 v0 rf vf f t r v N
Ensure: ac DT 
f 0 f 0 r0 v0 Get constant external acceleration.
DT Ta r0 v0 rf vf f 0 Initial optimal time.
r1 t v1 t k1 t La r0 v0 rf vf f 0 DT 

First app rox. by autonomous problem.
n 1 
while n N do 

n n 1 
f n t f t rn 1 t vn 1 t Approx. external 
acceleration by the previous trajectory.
DT Tn r0 v0 rf vf f n t DT Optimal time in 
non-autonomous case.
rn t vn t kn t Ln r0 v0 rf vf f n t DT New 
appro x. trajectory.

end while 

ac kN 
To measure the accuracy of this algorithm, we define the
quantities

er r DT rf 

ev v DT vf 
33 

where v is the solution to the init ial value problem of
Eq. (28) with the control and final time retur ned by the
algorithm.

r 

The following sections show the performance of the 
algorithm proposed (Alg. 1) in an Earth landing scenario 
with a complex environment of perturbative forces.

4. Perturbation models for Earth landing 

This section briefly describes the mathematical models 
adopted in the iterative algorithm for Earth landing. 
Specifically, the simulation of the rocket’s trajectory during 
Earth landing needs a realistic model to accurately capture
the spacecraft’s trajectory. Three factors are considered in
the equations of motion:

• drag; 
• discontinuous winds; 
• variable gravi ty.

These factors make the differential equations governing 
the rocket’s motion a highly non-li near, non-autonomous,
and non-continuous system of the form:

r v 

v ad aw ag ac 
34 

where d aw ag, a ac represent the accelerations 
from drag, wind, gravity, and control, respectively. The 
mathematical models for all these accelerations are
described in the following subsections.

a nd 
5

4.1. Drag model 

The International Standard Atmosphere Cavcar (2000) 
provides the following equation for the air de nsity at the
altitude z,

q z q0 1 
k z 
T 0 

1 g Rk

35

where 0 0065 K/m, 287 1 J/(kg K g 9 08 
m/s2 , and 1 225 kg/m3 and 288 15 K is the air 
density and the temperature at sea level (z 0) in standard 
conditions. Note that this approximation of the atmo-
spheric density is accurate for Earth’s altitudes lower than
11 km. Therefore, the acceleration due to drag is described
by

k R ), 
q0 T 0 

ad 
1 
2m 

CD Aq z vT v v t 36

where is the air density (kg/m3 ) at altitude z t is the 
velocity (m/s), A is the transverse surface area (m2), and m

is the rocket’s mass (kg).

q z v 

4.2. Wind model 

In this work, we will consider that the landing rocket is 
subject to discontinuous transverse wind gusts. This means
that the wind velocity will be given by a vector

w 

wx 

wy 

0 
37 

where and wy are piecewise constant functions. An 
example of these trans verse wind components is illustrated
in Fig. 1. 

wx 

The horizontal wind acceleration is mo deled similar to
drag:

aw 

q z Ax CD 

2m wx t wx t 
q z Ay CD 

2m wy t wy t 

0 

38 

where and y are the lateral sections of the landing
vehicle.

Ax A 
4.3. Gravity model 

In many rocket landing control models, gravity is con-
sidered a function of altitude, and the curvature of the 
Earth is often ignored, as the changes it produces in gravity 
are relatively small for certain applications, especially at
low altitudes. Then, we consider variable gravity for the
distance from the Earth’s center z,
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Fig. 1. Example of random wind intensity profile for one horizontal
variable.

Table 1 
Characteristics of Falcon 9’s stage 1 with a Merlin 1C engine (SpaceX, 
2017). 

Diameter (m) 3 66 m

Length (m) 30 1  m  
Empty mass (tonnes) 19 24 t
Propellant Mass (tonnes) 239 3  t  
Burn Time (sec) 180 s
ag 
GME 

RE z 3 

0 
0 
z

39

where G is the gravitational constant, and E RE are the
mass and radius of Earth, respectively.

M 

5. Numerical results 

The purpose of this section is to perform a series of 
numerical experiments to validate the proposed algorithm 
and compare its effectiveness with MATLAB’s built-in
boundary value problem solver, bvp4c.

5.1. Problem formulation 

The efficiency of the iterative Alg. 1 is tested in an Earth 
landing scenario of a rocket. For reusable rockets capable 
of landing, the optimal landing problem implies calculating 
the trajectory that brings the rocket to Earth’s surface, 
minimizing fuel consumption and error in final position 
and velocity. In general, this process is a highly difficult
task, not as simple as solving a trajectory boundary value
problem. However, the equations of motion are used to
capture most of the perturbations that the rocket is subject
to. As stated in Eq. (2), the dynamics are described by the
following equations:

r v 

v f t r v ac 

where represents the position of the rocket at time 
t its velocity t r v the external accelerations (or 

perturbations) acting on the rocket, and is the control
acceleration applied by the engines. The external accelera-
tions decompose into,

r t 
t v , f 

ac 
6

y

1 39 10 kg.

f t r v ad aw ag 40 

where aw, and are the perturbations of drag, wind, 
and gravity, respectively, described in Section 4. The objec-
tive is to find the optimal control acceleratio ac t that 
minimizes the error in both the final position and the veloc-
ity. For our numerical experiments, we modeled the rocket
using the physical characteristics data of the Falcon 9 from
SpaceX, whose parameters are summarized in Table 1. 
Based on these values, we can estimate the system param-
eters as follows.

ad ag 

n 

• The rocket is modeled as a long cylinder with cross-
sectional areas A A 110 16 m2 and A 10 52 m2.x z 

• CDThe drag coefficient is set at 0 82.
• 0At the start of the landing phase, the rocket has 5 of 
its total propellant mass, giving a total mass of

5m 

rfThe final position is always set to the origin. On the 
other hand, to avoid singularities in MATLAB’s bvp4c 
due to the Jacobian of the drag acceleration, the final veloc-
ity is set to 0 0 0 1 m In the following numeri-
cal simulations, the initial guess of solution for bvp4c is
chosen as the analytical solution to the unperturbed prob-
lem given in Eq. (8). 

vf s. 

5.2. Algorithm convergence 

When implementing the iterative algorithm, it is neces-
sary to take a discretization in the time interval to estimate
the integrals of the analytical solution of Eq. (26). Thus, 
the accuracy of the algorithm, measured by the final posi-
tion and velocity errors an v, depends on both the 
number of iterations (N) and the number of discretizations 
in time (M). To understand how the error behaves as N and
M increase, we analyze the average error in solving Eq. (2) 
with random initial conditions based on a uniform distri-
bution in the intervals

, er d e 

r0x r0y 1 000 1 000 m 

r0z 8 000 10 000 m 

v0x v0y 100 100 m s

v0z 500 300 m s

41

Furthermore, in each simulation, the piecewise constant 
functions that determine the wind speed have been ran-
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Fig. 2. Mean error of the iterative algorithm with respect to N for a fixed number of discreti zation points M 100. The results show that convergence is
already obtained with 10 iterations..N 

Fig. 3. Mean error of the iterative algorithm with respect to M for a fixe umber of iterations N 100.d n 
domly generated, so that the maximum speed is 10 m nd 
the average duration of each gust, or constant piece, is 5 s
(see Fig. 4). After 000 simulations, the errors as a func-
tion of N and M are represented in Figs. 2 and 3, respec-
tively. It can be observed that above a threshold in N 

and M, the decrease in the error stabilizes, leaving an oscil-
lation due to the randomness of the initial conditions.
Therefore, a value of 50 and 1 000 will be taken

s a 

1 

N M 
Fig. 4. Example of the wind profile with piecewise constant functions.

7

in subsequent simulations to ensure that the error is
minimal.

5.3. Wind-free scenario 

As seen in the previous section, wind perturbation sig-
nificantly affects the accuracy of the proposed algorithm, 
often leading to substantial errors. To evaluate perfor-
mance without this source of error, this experiment com-
pares the prop osed algorithm with the MATLAB solver
in a wind-free landing scenario. We generated 000 ran-
dom initial conditions within the same intervals specified
in Eq. (41). These initial conditions were used to solve 
the boundary value problem of Eq. (2) wit ad ag 
using both Alg . 1 and the MATLAB solver.

1 

h f 

Fig. 5 and Fig. 6 present the distribution of the error 
norm in both position and velocity across these simula-
tions. As summarized in Table 2, the mean error values 
for each component of position and velocity are similar 
between the two algorithms, demonstrating comparable
accuracy. However, Alg. 1 solves the problem in approxi-
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Fig. 5. Distribution of in the iterative algorithm (blue) and bvp4c
(orange) in the wind-free scenario.

er 

Fig. 6. Distribution of in the iterative algorithm (blue) and bvp4c
(orange) in the wind-free scenario.

ev 
mately half the computation time of the MATLAB solver. 
The average optimal maneu ver time in this experiment was

avg 44 69 s.DT 
Table 2 
Error summary in windless simulations for the iterative algorithm and bvp4c

Mean value

Algorithm 1 bv

Computing time (s) 0.1661 0.4
erx (m) 3 5720 10 4 3 5388
ery (m) 3 6289 10 4 3 4779
erz (m) 4 7052 10 4 1 2459
evx (m s) 1 2661 10 5 1 8686
evy (m s) 1 2667 10 5 1 8756
evz (m s) 2 1786 10 5 6 9127

8

5.4. Unidirectional wind scenario 

Next, we evaluate the effectiveness of the proposed algo-
rithm under gusty wind conditions from a fixed direction.
Due to the radial symmetry of Eqs. (34), we can consider 
any wind direction to study this case. Thus, the wind com-
ponent in the y-direction ( is set to zero, while the wind 
component in the x-direction ( is modeled as a random 
piecewise constant function in each simulation. The wind 
speed is uniformly dist ributed from 0 to 10 m/s, and the
average duration of each gust is 5 s. After conducting sim-
ulations 000, the error distributions for both the pro-
posed algorithm and bvp4c are shown in Fig. 7 and 
Fig. 8. The results show that the error distribution is signif-
icantly narrower for Alg. 1, indicating greater robustness 
and stability under varying gust conditions. Furthermore, 
the proposed algorithm achieves this improved perfor-
mance with a much shorter computation time (see Table 3). 
In Fig. 9, we can see the projection of the landing points in 
the X-Y plane. As expected, the error in the landing posi-
tion is biased towards the direction of the win d. The aver-
age optimal maneuver time in this case is similar to the
previous experiment, with avg 44 40 s.

wy) 
wx) 

1 

DT 

5.5. Random wind scenario 

Finally, we study the performance of the proposed algo-
rithm in scenarios where wind gusts can blow from any 
direction, creating a more complex perturbation environ-
ment. In this case, both wind comp onents ( and ) are
generated independently as piecewise constant functions,
simulating gusts with random magnitudes and directions
(see Fig. 4). The error distributions and perfor mance met-
rics for Alg. 1 and bvp4c are presented in Fig. 10, Fig. 11 
and Table 4. The results indicate that the introduction of 
gusts with varying directions significantly increases the 
overall error in both algorithms, with the effects being more 
pronounced compared to unidirectional gusts. However, 
the proposed algorithm demonstrates superior perfor-
mance, maintaining lower error values, and showing better
response to changing wind directions. In contrast, the
MATLAB solver exhibits much higher errors, suggesting
that it struggles to converge properly under these condi-

wx wy
.

Maximum value 

p4c Algorithm 1 bvp4c 

687 0.6749 1.4088 
 10 4 3 3344 10 3 2 7489 10 3

 10 4 2 9599 10 3 2 8259 10 3

 10 3 2 7784 10 3 2 8553 10 3

 10 4 6 6254 10 5 1 6394 10 4

 10 4 5 6494 10 5 1 6334 10 4

 10 4 1 0235 10 4 1 3961 10 4
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Fig. 7. Distribution of in the iterative algorithm (blue) and bvp4c
(orange) in the unidirectional wind scenario.

er 

Fig. 8. Distribution of in the iterative algorithm (blue) and bvp4c
(orange) in the unidirectional wind scenario.

ev 

Fig. 9. Projection of the endpoint of the trajectory onto the X-Y plane for 
the proposed algorithm (blue) and for bvp4c (orange). Note that the axes 
are on different scales in both cases to appreciate better the error bias in
the left figure. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
tions. In this case, the average maneuver time in the simu-
lations was avg 44 46 s.(see Fig. 12).DT 
Table 3 
Error summary in simulations with unidirectional wind for the iterative algor

Mean value

Algorithm 1 bv

Computing time (s) 0.1587 0.9
erx (m) 2 1447 10 1 2 5813
ery (m) 1 0584 10 3 1 3069
erz (m) 1 3764 10 3 2 1588
evx (m s) 1 3043 10 2 1 4705
evy (m s) 7 0018 10 5 4 7704
evz (m s) 7 9432 10 5 1 3354

9

6. Conclusions 

In this study, we have explored an indirect method to 
solve the optimal landing problem, extending the work of 
D’Souza. We derived an analytical solution for linear prob-
lems with time-dependent external accelerations. This solu-
tion enabled us to provide a closed-form expression for the 
control, which allowed us to calculate the total maneuver 
time to minimize the cost of the landing process. Using this 
analytical solution as a base, we developed an algorithm 
capable of approximating trajectories for more complex 
nonlinear landing scen arios. The algorithm was tested
under various conditions simulating a rocket landing,
including scenarios with variable drag forces, non-
constant gravity, and discontinuous wind gusts. Despite
these challenging conditions, the proposed algorithm con-
sistently demonstrated robust performance, yielding errors
significantly smaller than MATLAB’s bvp4c solver, while
achieving remarkably low computation times.

Furthermore, this work also reveals the impact of dis-
continuous perturbations on the accuracy of numerical
ithm and bvp4c.

Maximum value 

p4c Algorithm 1 bvp4c 

227 0.3118 1.6267 
 10 1 1 2537 100 2 2560 10 0
 10 1 1 6027 10 2 2 4882 10 0
 10 1 1 6073 10 2 3 2856 10 0
 10 2 9 6547 10 2 1 0529 10 1

 10 3 1 3201 10 3 8 7488 10 2

 10 2 6 8755 10 4 1 1947 10 1
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Fig. 10. Distribution of in the iterative algorithm (blue) and bvp4c 
(orange) in the bidirectional wind scenario. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web
version of this article.)

er 

Fig. 11. Distribution of in the iterative algorithm (blue) and bvp4c 
(orange) in the bidirectional wind scenario. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web
version of this article.)

ev 

Table 4 
Error summary in simulations with bidirectional wind for the iterative algorit

Mean value

Algorithm 1 bv

Computing time (s) 0.1291 1.3
erx (m) 3 0782 10 1 4 5643
ery (m) 3 1102 10 1 4 2765
erz (m) 3 1287 10 3 4 4428
evx (m s) 1 8659 10 2 2 3725
evy (m s) 1 8027 10 2 2 2270
evz (m s) 1 7834 10 4 2 7075

10

Fig. 12. Projection of the endpoint of the trajectory onto the XY plane for 
the proposed algorithm (blue) and for bvp4c (orange). (For interpreta-
tion of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
methods for boundary value problems. Extreme discontin-
uous wind gusts like the ones studied in this paper, 
although rare in practice, provide a critical upper bound 
on error margins under real conditions. In addition, the 
direction of discontinuous perturbations biases the algo-
rithm error on landing , as shown in the unidirectional wind
experiment. This offers an advantage over MATLAB’s sol-
ver, where bvp4c distributes the error to directions where
there are no discontinuities.

The effectiveness of the algorithm in handling abrupt 
environmental changes, such as wind gusts and non-
uniform drag forces, shows its potential for real-world 
applications. The fast convergence and accuracy in the tra-
jectory approximation make it particularly useful for situ-
ations where GPS corrections are unavailable. In 
addition, the algorithm can serve as a tool for estimating
an initial trajectory in more complex landing models that
consider additional factors like variable rocket mass or
spacecraft’s attitude. By providing a fast and reliable esti-
hm and bvp4c.

Maximum value 

p4c Algorithm 1 bvp4c 

180 0.1803 2.0972 
 10 1 2 6658 100 2 8284 10 0
 10 1 2 0163 100 3 1822 10 0
 10 1 3 1309 10 1 3 0436 10 0
 10 2 1 0555 10 1 1 2944 10 1

 10 2 1 3405 10 1 1 4013 10 1

 10 2 1 2337 10 2 1 4269 10 1
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mate, it supports the refinement of landing strategies in 
systems where precise control is critical.
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