
Vol.:(0123456789)

Archives of Computational Methods in Engineering 
https://doi.org/10.1007/s11831-025-10291-y

REVIEW

An Overview from Physically‑Based to Data‑Driven Approaches 
of the Modelling and Simulation of Glioblastoma Progression 
in Microfluidic Devices

Jacobo Ayensa‑Jiménez1,2,3 · Marina Pérez‑Aliacar2,3 · Mohamed H. Doweidar3 · Eamonn A. Gaffney4 · 
Manuel Doblaré1,2,3

Received: 24 July 2024 / Accepted: 29 April 2025 
© The Author(s) 2025

Abstract
In silico models and computational tools are invaluable instruments that complement experiments to improve our under-
standing of complex phenomena such as cancer evolution. This work offers a perspective on different approaches that can 
be used for mathematical modeling of glioblastoma, the most common and lethal brain cancer, in microfluidic devices, the 
most biomimetic in vitro cell culture technique nowadays. These approaches range from purely knowledge-based solutions 
to data-driven, and hence completely model-free, algorithms. In particular, we focus on hybrid approaches, which combine 
physically-based and data-driven strategies, demonstrating how this integration can enhance the understanding we get from 
simulation by revealing the underlying model structure and thus, in turn, the prospective biological mechanism.

1  Introduction

Glioblastoma (GBM), also known as grade IV astrocy-
toma, has the worst prognosis of any brain tumor [1], with 
a median survival of 14 months in patients that have under-
gone the standard treatment (maximal resection by surgery 
followed by radiotherapy with concomitant and adjuvant 
chemotherapy) [2]. Moreover, it accounts for 48% of all pri-
mary malignant central nervous system tumors [3], being 
the most common.

GBM progression is characterized by fast cell prolifera-
tion around blood vessels, eventually provoking their col-
lapse and leading to local hypoxia. Subsequently, a necrotic 
core is formed around the occluded vessel and the surviv-
ing cells migrate towards more oxygenated regions [4, 5], 
where they restart the process of proliferation. These waves 
of migrating tumor cells, which typically surround the 
necrotic cores, are known as pseudopalisades [4]. The suc-
cession of cycles of local hypoxia triggering migration has 
been proposed as one of the main driving forces contribut-
ing to the aggressiveness and poor prognosis of GBM [6]. 
Indeed, severe hypoxia is a defining feature of the GBM 
Tumor MicroEnvironment (TME) but, in addition, other fac-
tors such as the extracellular matrix, the microvasculature 
or the immune cell population influence the heterogeneous 
nature of the TME and hence, in turn, GBM evolution [7].
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Understanding the complex interplay between GBM and 
its TME is crucial to design successful treatments for this 
tumor. Yet, animal models often fail to mimic human pathol-
ogies [8]. Traditional two-dimensional culture techniques 
also fail to recreate this complexity, which is inherently 
three-dimensional. Recently, microfluidics has emerged as 
a powerful 3D tool that enables the reproduction of TME 
features not previously observed in 2D cultures [9–11], tak-
ing promising steps towards the development of preclini-
cal models that can be translated into the clinic to reduce 
reliance on animal models [8]. One of the most exploited 
applications of microfluidic devices has been precisely cell 
culture, since it provides a more realistic platform than the 
classical Petri dish for the study of processes that occur in 
the GBM microenvironment. Microfluidics has been applied 
to the study of many features of tumor dynamics in oncol-
ogy, such as tumor-induced angiogenesis [12], tumor inva-
sion [13], tumor intravasation [14], tumor extravasation [15] 
and metastasis [16]. In particular, for GBM, using micro-
fluidic devices, it has been possible to reproduce the main 
histological features of the tumor in vitro, namely necrotic 
cores and pseudopalisades [17, 18].

Notwithstanding the advances made by microfluidic 
in vitro experiments, there are still some challenges that 
need to be addressed to characterize GBM progression. 
Aspects such as the isolation of the different phenomena 
or the quantification of the effect induced by each control 
parameter remain elusive, even under the most realistic and 
controlled experimental setups. Indeed, cultures in microflu-
idic devices can recreate complex and multi-physiological 
scenarios bringing the experiments closer to the biological 
reality. However, the presence of numerous complex, inter-
acting behaviors hinders mechanism-based modeling. Fur-
thermore, classifying outcomes under different scenarios or 
treatments even in vitro becomes prohibitive in terms of cost 
and labor due to the combinatorial explosion in the number 
of different conditions to test. To overcome these limitations, 
in vitro assays must be combined with in silico mathematical 
models and computational tools.

In the past years, there have been many attempts to build 
mathematical models to describe how GBM grows and 
responds to therapies, both in vitro and in vivo [19–24]. 
These models integrate the knowledge on the mechanisms 
governing GBM progression and translate them into math-
ematical formalisms, typically in the form of partial differ-
ential equations in the case of continuum models [21] or a 
set of rules in agent-based models [25]. However, defining 
a mathematical model requires prior knowledge of the func-
tional relationships for the interactions of the different popu-
lations involved, and their responses to stimuli and interven-
tions in the TME. These relations are not known in many 
cases, so prior assumptions have to be made, which, in most 
of the cases, become the main subject of the investigation. 

Indeed, the misspecification of hypotheses may generate 
flawed conclusions especially in untested scenarios [26], so 
the combination of proper validation strategies and uncer-
tainty quantification (including parameter correlation) 
becomes essential.

Antithetical in the computational spectrum in terms of 
required knowledge, data science and artificial intelligence 
(AI) tools have arisen to overcome this limitation, enabling 
predictions for tumor evolution without a priori knowledge 
on the underlying phenomena. In the case of GBM, AI 
tools have been used in medical image processing for tumor 
segmentation and diagnosis [27, 28] and for prediction of 
treatment response [29, 30]. Nevertheless, there are some 
well-known drawbacks of pure AI approaches, such as their 
black-box nature and subsequent lack of explainability [31, 
32] or the dependence on the dataset [33, 34] that may also 
lead to poor generalization.

Recently, a new paradigm is rising in Simulation-Based 
Engineering and Sciences, which aims to judiciously com-
bine AI and in particular Machine Learning (ML) tools with 
physical information represented by mathematical models. 
This new discipline, coined as Scientific Machine Learn-
ing (SML) [35, 36] or Physics-Informed Machine Learn-
ing (PIML) [37], has proven to be successful in numerous 
frameworks and circumstances over the past decade [38–42], 
overcoming important challenges of conventional ML such 
as, interpretability [43], the need for enormous amounts of 
data [44] or the poor reliability and robustness of some pre-
dictions [45]. Indeed, the lack of explanatory capacity of 
ML may be supplied by centuries of research, which have 
resulted in high knowledge about our environment, thus 
whitening the black box character of AI, for instance in the 
study of GBM progression.

The aim of this review is to summarize several prospec-
tive and established approaches that have been exploited 
to understand, analyze and simulate GBM progression in 
microfluidic devices. As microfluidic technologies are high 
throughput screening platforms [46] generating extensive 
data, as well as supported by physical understanding, the 
study of GBM progression may range from conventional 
biophysical modeling, where a parametric model is speci-
fied, to pure ML approaches, where the unique information 
specified is the one provided by the experimental data. This 
is illustrated in Fig. 1.

The structure of the paper is as follows. Section 2 describes 
the general mathematical framework developed to simulate 
GBM progression in microfluidic devices, together with spe-
cific models found in the literature. In particular, the different 
equations, parameters, and interactions between the different 
functions and variables are presented, with accompanying ana-
lytical approximations to the solution of the resulting equa-
tions. Section 3 illustrates how the mathematical model can be 
fitted to data obtained from microfluidic device experiments. 
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If the data are abundant enough, and the observations are sto-
chastic, the adjusted model can include probabilistic elements 
for exploitation in the design of new experiments. Section 4 
describes a ML approach, where a Neural Network is able 
to use microscopy images to infer the degree of aggressive-
ness of a particular population of GBM cells in in vitro cul-
tures. Finally, in Sect. 5, a novel approach that combines both 
biophysical equations and elements of ML to identify hidden 
functional relations is presented. The article ends with a dis-
cussion of the different approaches outlined together with the 
main conclusions that can be extracted.

2 � Describing Glioblastoma Evolution Using 
Partial Differential Equations

2.1 � Mathematical Model

2.1.1 � General Framework

We present in this section a general framework for modeling 
cell cultures in microfluidic devices. We define the equations 
controlling the dynamics of both the different cell phenotype 
populations and chemical substances present in the device. 
Dead cells are considered as a particular phenotype without 
capacity for proliferation, migration, or differentiation, but 
can eventually be transported by the fluid flow. Variables 
such as temperature, substrate stiffness and electric poten-
tial act as moderators of the different cell processes. We 
consider that the temperature and the electric potential are 
known fields, previously determined by solving thermal or 
electromagnetic problems, whereas stiffness, or in general, 
the parameters related with mechanical stimuli, are initially 
known but may be affected by the different cell processes. 
Therefore, given the known fields � = �(x, t) and V = V(x, t) 
representing the temperature and electric potential, our aim 
is to compute the evolution of n + m + k fields, Ci = Ci(x, t) , 
i = 1,… , n , representing the different cell phenotypes, 
C�
i
= C�

i
(x, t) , i = 1,… ,m , representing the chemical species 

and pi = pi(x, t) , i = 1,… , k , representing the mechanical 
parameters.

Reaction-convection-diffusion equations are common in 
the modeling of biological population dynamics [47–50]. 

For a scalar field u, a quite general form of the transport 
equation is

where the first term of the righthand-side is the diffusion 
term, the second is the advection term and the third is the 
reaction term. The advection term may be due to the flow 
of a fluid convecting the scalar field u or to active migration 
mechanisms, such as chemotaxis or mechanotaxis, among 
others. When many scalar fields are considered, such as dif-
ferent cell populations and different chemical species, the 
terms D, v and F could, in principle, depend on the rest of 
the fields and their gradients. In particular, chemotaxis is 
usually modeled using the Keller–Segel framework [51], in 
all of its particular forms [52, 53].

Initial conditions and boundary conditions are required 
for these equations. The initial conditions are often, but 
not necessarily, that u is constant at the starting time. In 
general, one may state

where u0 ∶ Ω → ℝ is a known function. Regarding bound-
ary conditions, we can define them in the boundary of the 
domain, �Ω = ΓD ∪ ΓR with u satisfying in the Dirichlet part, 
ΓD : 

where f ∶ ΓD → ℝ is a known function, and in the Robin 
part, ΓR:

with �, g ∶ ΓR → ℝ also known functions.
Compatibility between the initial and boundary con-

ditions is not strictly necessary, although it generates an 
artifact non-smoothness in the solutions that manifest in 
practice via extremely fast initial transients that are not 
physical, as observed in previous work [54]. We now con-
sider how the framework of Eq. (1) can be used to consider 
both cell population concentrations and chemical species 
concentrations.

Cell population concentrations Particularizing Eq. (1) 
for the i-th cellular phenotype Ci we get:

(1)
�u

�t
= � ⋅ (D(u)�u) − � ⋅ (v(u, x, t)u) + F(u), x ∈ Ω,

(2)u(x, 0) = u0(x), x ∈ Ω,

(3a)u(x) = f (x), x ∈ ΓD,

(3b)�(x)u +
�u

�n
= g(x), x ∈ ΓR.

Fig. 1   Scientific machine 
learning. Depending on the use 
of data and physical knowledge, 
we move from conventional 
biophysical modeling to pure 
Machine Learning approaches
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where Ω ⊂ ℝ
d represents the domain of study (d is the spa-

tial dimension considered), v is the fluid velocity (convec-
tion term), qi is the flux vector associated with the diffusive 
and tactic migration of phenotype i, Fi is the source (reac-
tion) term corresponding to the population growth, Fij is the 
source term corresponding to phenotype switching, that is, 
the number of cells that differentiate from phenotype i to 
phenotype j per unit cell and time. All biological phenomena 
driving cell migration (different types of taxis) are mod-
elled by means of expressions affecting the flux vector qi as 
discussed below. For each phenotype i, we need to specify 
the partition Ω = ΓDi

∪ ΓRi
 as well as the values of the func-

tions u0,i , fi , gi and �i , i = 1,… , n for defining the initial and 
boundary conditions.

Species concentrations Similarly, the transport equation 
for the i-th chemical species C�

i
, i = 1,… ,m , including the 

reaction-convection-diffusion phenomena, writes

Again, v is the fluid velocity, q′
i
 is the flux vector associated 

with chemical species i and F′
ij
 the net source-term corre-

sponding to production/consumption of species i per unit 
cell concentration of phenotype j. Chemical phenomena 
influencing species transport are again modelled using flux 
vectors. In an analagous manner, we need to provide the 
partition Ω = ΓD�

i
∪ ΓR�

i
 as well as the values of the functions 

u′
0,i

 , f ′
i
 , g′

i
 and �′

i
 , i = 1,… ,m for the initial and boundary 

conditions.
Extracellular matrix remodeling
One last step in this global framework corresponds to regen-

eration/degradation of the ECM. Mechanical parameters of the 
substrate p1,… , pk can be interpreted in general as evolving 
parameters, and thus their evolution is specified:

The PDE system (4)–(5), together with the ODE system (6) 
and suitable initial and boundary conditions drive the 
dynamics for models of cell culture evolution in microfluidic 
devices under quite general conditions. However, to close 
the system of PDEs, we need to model the specific biological 
transport phenomena, that is, to make explicit the expres-
sions for the source vectors Fij and F′

ij
 as well as the relations 

between the flux vector fields qi and q′
i
 on the one hand, and 

(4)

�Ci

�t
+ (v ⋅ �)Ci + � ⋅ qi

= CiFi −

n∑

j = 1

j ≠ i

CiFij +

n∑

j = 1

j ≠ i

CjFji, x ∈ Ω,

(5)

�C�
i

�t
+ (v ⋅ �)C�

i
+ � ⋅ q�

i
=

n∑
j=1

CjF
�
ij
, i = 1,… ,m, x ∈ Ω.

(6)ṗi = Ri(C, p, 𝜃), i = 1,⋯ , k.

the rest of physical variables that promote or inhibit cell 
migration (and/or substance diffusion) on the other, such as 
temperature (thermotaxis), electric potential (electrotaxis), 
substrate stiffness (durotaxis), strain (tensotaxis), chemical 
species concentration (chemotaxis), or cell concentrations 
themselves (cell pedesis, proper diffusion by random walk).

Let us denote by C , C′ , p the vectors represent-
ing cell phenotypes, chemical species and mechanical 
parameters respectively, that is, C(x, t) = (C1,⋯ ,Cn)

⊺ , 
C′(x, t) = (C�

1
,⋯ ,C�

m
)⊺ and p(x, t) = (p1,⋯ , pk)

⊺ . First, we 
consider the source-terms in Eqs. (4) and (5):

•	 Proliferation: The proliferation of the i-th phenotype in 
Eq. (4) can be expressed as: 

 where we include the influence of features such as nutri-
ent concentration, mechanical stimuli, growth factors and 
temperature. Some examples of common growth models 
used for cancer modeling are exponential or Matlthu-
sian growth [55], logistic or Verhulstian growth [56], 
Gompertz growth [57] or its generalizations, Weibull 
and Frechet models [58], Richards model [59], which 
is a generalization of the logistic model, or the general 
family of hyperbolastic models [60]. A brief comparison 
between the general features of some of these models 
may be found in Ref. [61].

•	 Differentiation: The differentiation of the i-th phenotype 
to the j-th phenotype in Eq. (4) can be modeled using a 
similar equation: 

 This very general expression is usually simplified to 

 where � is a characteristic time, Φ an activation func-
tion, for example, the Heaviside function ( Φ(x) = 0 
if x ≤ 0 and Φ(x) = 1 if x > 0 ), or the sigmoid func-
tion ( Φ(x) =

1

2
(1 + tanh(x)) ), and hphys defines the 

domain of physiological behavior of a cell, that is, if 
hphys(C,C

�, p, �) ≤ 0 , the cell is in its physiological state.
•	 Consumption and production: Source-terms in Eq. (5) 

include generation and uptake of species. The net produc-
tion/consumption of the i-th chemical species by the j-th 
cell phenotype can be described as: 

With respect to migration-terms (biologically related trans-
port) in Eqs. (4) and (5) the flux vector qi is postulated as a 
linear decomposition:

Fi = Fi(C,C
�, p, �), i = 1,… , n,

Fij = Fij(C,C
�, p, �), i = 1,… , n.

Fij(C,C
�, p, �) =

1

�
Φ(hphys(C,C

�, p, �)),

F�
ij
= F�

ij
(C,C�, �), i = 1,… ,m, j = 1,… , n.
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where the flux vectors qD,i , qM,i , qE,i , qT ,i and qC,i are asso-
ciated with diffusion, mechanotaxis (durotaxis and tenso-
taxis), electrotaxis, thermotaxis and chemotaxis phenomena, 
respectively. Regarding the species flux qi , the species are 
considered to be inert, so the only flux term considered is 
diffusion.

•	 Random pedesis: Modeled by means of a Fickean dif-
fusion model: 

 where matrix KD,i = KD,i(C,C
�, p, �) is the diffusion 

matrix.
•	 Mechanotaxis: This term can be expressed in a similar 

manner, but using the mechanical parameters as control-
lers or drivers of cell migration: 

 where KM,i,j = KM,i,j(C,C
�, p,�p, �) is the mechano-

tactic motility matrix of cell phenotype i with respect 
to mechanical parameter pj . Generalization to consider 
gradients in mechanical tensors, such as stress, can be 
considered analogously.

•	 Electrotaxis and thermotaxis: They can be modeled as: 

 where KE,i = KE,i(C,V ,�V , p, �) is the electrostatic 
motility matrix and KT ,i = KT,i(C, p) is the thermotactic 
motility matrix.

•	 Chemotaxis: The chemotaxis term is expressed analo-
gously 

 where KC,i,j = KC,i,j(C,C
�,�C�, p, �) is the chemotactic 

motility matrix with respect to the chemical species j. It 
is common to use saturation models [23].

•	 Diffusion of species: The diffusion is expressed as: 

 with K�
D,i

= K�
D,i
(C, �, p) the diffusion matrix.

qi = qD,i + qM,i + qE,i + qT,i + qC,i, i = 1,… , n.

qD,i = −KD,i�Ci, i = 1,… , n,

qM,i =

k∑
j=1

KM,i,j�pj, i = 1,… , n,

qE,i = KE,i�V , i = 1,… , n,

qT,i = KT,i��, i = 1,… , n,

qC,i =

m∑
j=1

KC,i,j�C
�
j
, i = 1,… , n,

q�
i
= −K�

D,i
�C�

i
, i = 1,… ,m,

2.1.2 � Some Particular Models for Cell Cultures 
in Microfluidic Devices

The following assumptions are usually made for cell cultures 
in microfluidic devices:

•	 Negligible remodeling: Cell culture experiments typi-
cally last some days, which is too short a timescale for 
tissue remodeling. Therefore, in these situations, it is 
possible to neglect the variation of mechanical param-
eters, that is ṗi = 0,∀i = 1,… , k.

•	 Negligible thermal and electrical effects: If tempera-
ture and electrical fields are not control variables in the 
experiment, �(x, t) = �0 , with �0 the room temperature, 
and V(x, t) = V0 . Therefore, �� = �V = 0.

•	 Substrate homogeneity: If the culture hydrogel is 
homogeneous from the macroscopic point of view, we 
also have �pi = 0,∀i = 1,… , k.

•	 Substrate isotropy: In most cases, isotropy also holds 
in the cell culture so all cell motility matrices may be 
considered as a scaling of the identity, K = KI.

•	 No fluid flow: Finally, usually cell cultures are seeded 
and cultured under static or negligible flow conditions, 
so that v = 0.

After these particular hypotheses, Eqs. (4) and (5) reduce 
to 

Although, in recent years, some models describing GBM 
evolution have been developed (see Ref. [62] for a compre-
hensive review), only a few of them tackle GBM evolution in 
microfluidic devices, even if this platform is considered one 
of the most biomimetic culture techniques [63, 64].

Martínez-González et al. [65] developed a model with 
two phenotypes for live cells: normoxic and hypoxic, as well 
as dead cells and oxygen as species. Cells become hypoxic 
when the oxygen concentration drops below a certain thresh-
old and return to the normoxic threshold when it rises above 
the threshold again. Transitions between phenotypes are 
mediated by step-like activation functions with a character-
istic time. Normoxic cells are assumed to be, based on the 
go or grow hypothesis [66], less migratory and more pro-
liferative than hypoxic ones. Normoxic cells also consume 

(7a)

�Ci

�t
= � ⋅

(
KD,i�Ci

−

m∑
j=1

KC,i,j�C
�
j

)
+ CiFi −

n∑

j = 1

j ≠ i

(
CiFij − CjFji

)
,

(7b)
�C�

i

�t
= � ⋅

(
K�
D,i
�C�

i

)
+

n∑
j=1

CjF
�
ij
.
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more oxygen, while hypoxic cells are the only ones that can 
become necrotic.

Later, Ayuso et al. [17] added an extra phenotype to the 
previously presented model, accounting for hypoxic cells 
that arrive to normoxic areas and differentiate in the so-called 
malignant phenotype, with a higher proliferation rate (and also 
a higher oxygen consumption rate) than normoxic cells.

Another possibility is to consider uniquely two cell phe-
notypes (live and dead cells), together with oxygen as a spe-
cies, but to incorporate the metabolic switch between prolif-
erative and migratory activity via two activation functions 
[67, 68]. Since this third model [67] will be the basis for later 
developments in this review, we further detail its equations 
and nomenclature. Specifically, the governing equations for 
normoxic C1 and necrotic C2 cell concentrations and oxygen 
concentration S = C�

1
 are expressed as: 

Also, some biologically-based assumptions are made [67]:

•	 Living cells follow the go-or-grow paradigm, that is, when 
the oxygen level is low (hypoxia) its behavior is mainly 
migratory and when the oxygen level is high (normoxia) 
its behavior is mainly proliferative [66].

•	 Both cell growth and migration are constrained to the space 
availability.

•	 The two main mechanisms causing living cell death are 
apoptosis (programmed death to control cell development 
and/or growth) and necrosis (uncontrolled death that occurs 
when cells are exposed to extreme variations in physio-
logical conditions). In our case, necrosis will occur due to 
extremely low levels of oxygen (anoxia) so oxygen is the 
only variable mediating the overall cell death.

•	 Dead cells are considered as an inert population so they 
do not move, proliferate, consume oxygen or disappear 
throughout the duration of the experiment.

•	 Oxygen changes are due only to consumption by the nor-
moxic population (cellular respiration) and oxygen supply 
in the microdevice, typically via the lateral channels.

(8a)
�C1

�t
= � ⋅

(
KD,1�C1 − KC,1,1�S

)

+ C1F1 − C1F12 + C2F21,

(8b)
�C2

�t
= � ⋅

(
KD,2�C2 − KC,2,1�S

)

+ C2F2 − C2F21 + C1F12,

(8c)
�S

�t
= � ⋅

(
K�
D,1

�S
)
+ C1F

�
11
+ C2F

�
21
.

With these considerations, we have

Here, the functions Πgo , Πgr , Πd , and Πc are functions that 
model the metabolic cell activity in terms of the oxygen 
level, while the functions Fgo and Fgr take into account the 
changes in the behavior of cells due to the availability of 
space or other nutrients (that is, migration and growth satu-
ration). All must be phenomenologically defined in order 
to close the model. Observe that GBM cell progression is 
considered here to be controlled only by the oxygen concen-
tration. This assumption comes from previous experiments 
that showed that other nutrients such as glucose do not pro-
duce relevant changes in cell response on the timescale of 
the observation [18].

2.1.3 � Model Comparison. Advantages and Disadvantages 
of the Described Models

A schematic representation of the main features of the three 
presented models, in terms of the phenotypes they consider 
and the relationships between them, is shown in Fig. 2.

The models described in the previous section and repre-
sented in Fig. 2, although describing the same phenomena 
(GBM evolution and interaction with oxygen within microflu-
idic devices), present different levels of complexity. In general, 
increasing the number of phenotypes increases the number of 
equations and hence the number parameters, yielding a more 
complex model. The 2-phenotype model has 11 parameters 
that would need to be calibrated, the 3-phenotype model has 
14 parameters, and the 4-phenotype model has 19 parameters, 
making the latter more difficult to calibrate as well as more 
prone to identifiability issues and overfitting.

With respect to computational cost, the models have one 
PDE per phenotype, so increasing the number of phenotypes 
also entails a higher computer cost, which is negligible in the 
1D case but may become a limitation in higher dimensions. 
However, it has to be pointed out that the 4-phenotype model 
can capture in some sense cellular adaptation to hypoxia due 
to the presence of an irreversible transition from normoxic 
to hypoxic phenotypes. Both the 2 and 3-phenotype models 
have reversible transitions between hypoxia and normoxia, but 
in the 3-phenotype model this transition is discrete while the 
2-phenotype model allows for a range of intermediate states 
which better represent the underlying biological reality.

K
D,1 = P, K

C,1,1 = �Πgo(S)Fgo(C1,C2)C1, F1 =
1

�gr
Πgr(S)Fgr(C1,C2)C1,

F12 =
1

�d
Πd(S), F21 = 0, K

D,2 = 0,

K
C,2,1 = 0, F2 = 0, K

�
D,1

= D,

F
�
11

= �Πc(S), F
�
21

= 0.
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Finally, to assess the influence of the model parameters on 
the output as well as the models’ robustness, a global sensitiv-
ity analysis was performed using the Morris Method [69]. The 
complete methodology and results can be accessed in Appen-
dix A. As the most noteworthy aspect, it can be seen that the 
2-phenotype model is the most insensitive to parameter vari-
ations, despite being the most nonlinear, which entails that it 
has the most correlations between its parameters.

2.2 � Analytical Solutions for Some Particular 
Situations

Solving Eqs. (4), (5) and (6) numerically can be computa-
tionally intensive and challenging. Particularly, the task is 
frequently prohibitive for inverse problems, parameter fit-
ting, model selection, Design of Experiments (DoE), sensi-
tivity analyses, model structural analysis, and Uncertainty 
Quantification (UQ). Hence, having analytical solutions, 
even if they are approximate, is invaluable. These solutions 
serve also as essential tools for testing and validating numer-
ical algorithms, enhancing our understanding of the mecha-
nisms across the parameter space, and enabling preliminary 

predictions of the behaviors of interest. For instance, they 
help predicting phenomena like traveling fronts and equi-
libria, in particular to study GBM progression in certain 
regimes [70–72].

Let us consider GBM cell progression under hypoxic 
conditions with oxygen acting as a regulator of cell pro-
cesses, but in limited supply [67, 68]. In many experimen-
tal situations, the geometry of the problem is effectively 
one-dimensional [17, 54, 67], as illustrated in Fig. 3, with 
the oxygen gradient between the two lateral channels kept 
constant and known, ΔS = Smax − Smin . Therefore, Eqs. 
(8a) and (8c) are expressed as 

(9a)

�C1

�t
=

�

�x

(
P
�C1

�x
− �Πgo(S)C1

�S

�x

)

+
1

�gr
Πgr(S)C1

(
1 −

C1

Csat

)
−

1

�d
Πd(S)C1,

(9b)
�S

�t
=

�

�x

(
D
�S

�x

)
− �Πc(S)C1,

Fig. 2   Schematic representation of the different models of glio-
blastoma evolution in microfluidic devices. The different subfigures 
represent the phenotype structure of the models presented in the sec-

tion, together with the main characteristics of each feature and the 
transitions between them. Created with BioRender.com

Fig. 3   Schematic represen-
tation of an experimental 
set-up, that can be assumed 
as one-dimensional. Cells are 
seeded in the central chamber, 
while medium with a con-
trolled oxygen concentration is 
perfused through the two lateral 
channels. Cells migrate towards 
oxygenated areas due to the 
hypoxia-mediated go-or-grow 
behavior. Created with BioRen-
der.com
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 where we have considered Fgo(C1,C2) = 1 and 
Fgr(C1,C2) = 1 −

C1

Csat

 , that is, a saturation effect for growth 
but not for chemotaxis.

When there is no possible cell migration out of the central 
chamber, the boundary conditions are expressed as 

 where, without loss of generality we have assumed that the 
minimal oxygen concentration is at x = 0 and the maximal 
at x = L and f1 = P

�C1

�x
− �Πgo(S)C1

�S

�x
 is the live cell flux.

After appropriate non-dimensionalization [54], Eqs. (9) 
become 

 with

(10a)f1(x = 0, t) = 0,

(10b)f1(x = L, t) = 0,

(10c)S(x = 0, t) = Smin,

(10d)S(x = L, t) = Smax,

(11a)

�u

�t
=

�

�x

(
�1

�u

�x
− �2�go(v)u

�v

�x

)
+ �gr(v)u(1 − u) − �3�d(v)u,

(11b)
�v

�t
=

�

�x

(
�4

�v

�x

)
+ �5�c(v)u,

where with the symbol ∗ we refer indistinctly to 
∗= go, gr, d, c.

A fundamental question is to explore whether it is pos-
sible to find analytical solutions to Eqs. (11) under some 
specific considerations. This problem has been explored in 
Ref. [54] for the case in which 𝜋1,𝜋3 ≪ 1 (low cell random 
motility and negligible cell death) and 𝜋4,𝜋5 ≫ 1 (fast oxy-
gen dynamics relative to cellular processes). Neglecting any 
very fast initial transients, the analytical expression for the 
dimensionless cell density, when it exhibits chemotactically-
driven wave-like behavior, is given by

with erf the error function, x∗(t) the position of the wave-
front moving from the low-oxygenated to the high-oxygen-
ated boundary and u∗(x, t) the expression of the dimensional 
cell profile far from the transition. The particular expression 
of the functions x∗ = x∗(t) and u∗ = u∗(x, t) depends on the 
structure of the functions �go(v) , �gr(v) and �(u, v) = �c(v)u , 
and has been established for some particular cases (see Refs. 
[54, 68] for the additional details), which are summarized 

�1 =
P�gr

L2
, �2 =

�ΔS�gr

L2
, �3 =

�gr

�d
,

�4 =
D�gr

L2
, �5 =

��grCsat

ΔS
, �∗(v) = Π∗

(
Smin + (Smax − Smin

)
v),

(12)

u(x, t) =

⎧⎪⎨⎪⎩

u∗(x∗(t), t)
�
erf

�
x−x∗(t)

2
√
t�1

�
+ 1

�
if x ≤ x∗(t),

u∗(x∗(t), t)
�
erf

�
x−x∗(t)

2
√
t�1

�
− 1

�
+ u∗(x, t) if x ≥ x∗(t).

Table 1   Position of the 
transition and cell profile far 
from the transition

The results are presented for different activation functions related to migration, proliferation and consump-
tion
The functions a, b and c are defined as a(x, t) = (1 + �2)t +

1−e�2 t

�2
(1 − x),

b(x, t) = exp
(
−

e�2 t

�2
(1 − x)

) ∫ t

0
exp

[
(�2 + 1)u +

e�2 t

�2
(1 − x)e−�2u

]
du,

and
c(x) = 1 −

�2 sinh(
√
�x)

sinh(
√
�)

.

Note that for u0 ≪ 1 , in all the cases the cell profile after the front wave has a (sometimes heterogeneous) 
exponential growth

Migration activa-
tion
�go(v)

Growth activa-
tion
�gr(v)

Consumption 
term
�(u, v)

Position of the transition
x
∗(t)

Cell profile far 
from the transi-
tion
u
∗(x, t)

1 1 0 �2t
u0e

t

1+u0(e
t−1)

1 − v v 0 1 − e−�2t u0e
a(x,t)

1+u0[ea(x,t)−1−�2b(x,t)]

1 1 � 2−�

2�

(
e�2�t − 1

)
u0e

(1−�2�)t

1+
u0

1−�2�
(e(1−�2�)t−1)

1 1 �v
1√
�
ln

�
1+tan

�
�2�t

2

�

1−tan
�

�2�t

2

�
�

u0e
c(x)t

1+
u0

c(x)
(ec(x)t−1)
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in Table 1, for an homogeneous initial cell profile. Some 
different biological scenarios leading to these expressions 
are the following:

•	 There is a clear interest on the scientific community in 
whether GBM follows a go-and-grow or a go-or-grow 
behavior [73]. A simple although enlightening approach 
for this analysis is to consider �go(v) = �go(v) = 1 
for the go-and-grow behavior and �go(v) = 1 − v , 
�go(v) = 1 − �go(v) = v for the go-or-grow.

•	 Suppose that there are no other cells in the microfluidic 
device besides the cell culture of our interest and we are 
at the low cell regime (far from cell saturation capacity), 
that is u0 = u(x, t = 0) ≪ 1 . In that case, after rapid initial 
transients describing the diffusion relaxation of oxygen, 
and too fast to be on the timescale of cellular motility, in 
Eq. (11b) we can assume �c(v)u ∼ 0 so that �(u, v) = 0.

•	 Suppose that there are other non-migrating cells within 
the microfluidic device in addition to the migrating cells, 
for instance for a metastasis model, with the other cells at 

constant concentration and in excess of the tumor cells. 
Additionally, we assume that we have high oxygen sup-
plies. Under these considerations, it is possible to state 
�(u, v) = � [54].

•	 Suppose again that there are other non-migrating cells at 
a constant concentration but with low oxygen concentra-
tions. For many consumption kinetic models, such as the 
Michaelis-Menten model �c(v) =

v

v+�
 or the exponential 

model �c(v) = 1 − e−�v , it is possible to assume that 
�c(v) ∝ v when v ∼ 0 so that in that case �(u, v) = �v 
[54].

The accuracy of the different analytical solutions is illus-
trated in Fig. 4, where they are compared to numerical 
solutions using Matlab pdepe routine, which numerically 
approximates the solution of initial-boundary value prob-
lems for systems of parabolic and elliptic partial differ-
ential equations in one space variable and time. Note that 
the full model is parabolic since 𝜋1 > 0 . This routine uses 

Fig. 4   Analytical and numerical solutions obtained for the field 
u = u(x, t) for four different cases. The different activation functions 
considered are the ones presented in Table 1 and the values selected 

for the parameters are �1 = �3 = 0.01 , �2 = 1 and �4 = �5 = 100 . An 
initial (dimensionless) cell profile of u(x, 0) = u0 = 0.1 is considered 
and the (dimensionless) cell profile is shown for t = 0.1
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a time-space integrator based on a piece-wise nonlinear 
Galerkin approach which is second-order accurate in space 
[74]. For illustration purposes, we consider �1 = �3 = 0.01 , 
�2 = 1 , �4 = �5 = 100 and � = 0.5 , and the initial profile is 
set to u(x, t = 0) = u0 = 0.1 . The degree of approximation 
is evaluated at t = 0.1 and good agreement can be observed, 
except in the area close to x = 1 where a transition region 
(boundary layer) develops. This is because the term uxx can-
not be neglected, despite the fact that �2 ∼ 0 , due to the 
sharp variations of the cell concentration that are induced 
by the boundary conditions at x = 1 [54, 75]. The analytical 
solutions can be derived for situations with heterogeneous 
initial cell profiles, u0 = u0(x) without too much effort [54], 
although here we present homogeneous initial cell profiles 
for illustration purposes.

2.3 � Numerical Results

Even with the results derived in the previous section, in most 
problems it is not possible to obtain analytical solutions. 
Hence, we must resort to numerical solutions, via suitable 
discretization and resolution of the mathematical models. A 
standard approach for solving time and spatially dependent 
PDEs systems used here is the combination of the Finite 
Element Method (FEM) for the spatial discretization and 
explicit Runge–Kutta time integrators [68].

To illustrate the simulations that can be performed, we 
present here the results of a 3D “toy” model of cell culture 
evolution in a microfluidic device [68]. The aim of such 
in vitro experiments is to reproduce, within the device, the 
in vivo TME. This includes mechanical properties, nutrient 
and oxygen supply.

A simulation in a 3D chip-like geometry is performed 
for the simplified model with two phenotypes presented in 
Sect. 2.1.2, Eqs. (8), with the specific functions

where Πd(S) = 1 − H(S − SA) , with H the Heaviside step 
function, and Πc(S) = S∕(S + km) . The problem equa-
tions were solved using an in-house Matlab FEM code. An 
exhaustive code verification as well as the particular values 
of the model parameters P, � , �gr , Csat , �d , SA and km , even 
if they are not relevant for the purposes of this illustrative 
simulation, can be found in Ref. [68]. The meshed geometry 
of the central chamber of the device, where cells are seeded, 

KD,1 = P, KC,1,1 = �C1, F1 =
1

�gr

(
1 −

C1

Csat

)
,

F12 =
1

�d
Πd(S), F21 = 0, KD,2 = 0,

KD,2,1 = 0, F2 = 0, K�
D,1

= D,

F�
11

= Πc(S), F�
21

= 0.

is shown in Fig. 5a. The geometry presented has a respective 
maximum width, length, and height of 600�m , 600�m , and 
70�m , respectively. It can be seen that in the lateral walls 
of the microfluidic devices there are some intrusions that 
correspond to solid pillars. Figure 5b shows the boundary 
conditions imposed for the simulations. Dirichlet bound-
ary conditions are imposed in the areas where the central 
chamber is in direct contact with the lateral channels, while 
Neumann boundary conditions are imposed in the rest of 
the surface. Illustrative results are presented in Fig. 5c and 
d where the cell concentration fields in the device can be 
observed. Indeed, it can be seen that the concentration of 
live cells is higher close to the lateral channels whereas cell 
death has occurred predominantly in the central area of the 
chamber (necrotic core).

3 � Calibrating Parametric Models from Cell 
Culture Data

We focus in this section on one of the parametric mathemati-
cal models presented above, which will be used as a bench-
mark to evaluate different calibration approaches. Also, we 
focus on data obtained from microfluidic devices whose 
geometry can be identified with the one illustrated in Fig. 3, 
which allows a restriction to one dimensional problems.

3.1 � Data and Model Description

3.1.1 � Experimental Data

To reproduce the hypoxic TME of GBM, oxygen imperme-
able microfluidic devices consisting of a central chamber 
and two lateral microchannels have been used [17, 18].

Laser confocal and fluorescence images were acquired at 
different focal planes using a Nikon Eclipse Ti-E C1 confo-
cal microscope. Images were analyzed using Fiji software 
(http://fiji.sc/Fiji). Fluorescence intensity across 
the central microchamber of the microdevice was quantified, 
in accordance with the software instructions, by selecting 
a rectangular region across the central microchamber after 
creating the projection image. An assumption of proportion-
ality is used to transform fluorescence intensity into cell con-
centration. The constant of proportionality was calculated 
assuming that the integral of the initial cell concentration 
along the chamber equals the initial total number of cells.

Three different experimental configurations have been 
explored:

•	 For a necrotic core formation, a high density of cells 
( 40 × 106 cells∕mL ) was embedded in the collagen 
hydrogel and injected within the central microchamber. 
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Growth medium was refreshed every day and the culture 
was maintained for 6 days. Nutrients and oxygen are not 
able to reach the central part of the device due to cell 
consumption close to the microchannels, thus causing 

cell death in the central region and the appearance of an 
autoinduced necrotic core (Fig. 6a), mimicking the parts 
of the tumor far from functional blood vessels [18].

Fig. 5   Central chamber of the three-dimensional microfluidic 
device used for illustrative simulations. Subfigure a depicts the 
geometry and mesh of the chamber. We have considered a hexahe-
dral mesh with two elements along the device thickness. Subfigure b 
depicts the geometry with the corresponding boundary condition for 

each surface. Surfaces in red indicate Dirichlet boundary conditions 
while surfaces in blue represent Neumann boundary conditions. Sub-
figures c and d depict the simulation results for live and dead cells 
respectively

Fig. 6   In vitro recreation of glioblastoma evolution in microflu-
idic devices using U251 cells. Viable cells were stained green with 
calcein AM and dead cells were labeled red with propidium iodide. 
Subfigure a necrotic core formation, with cells seeded at the con-
centration of 40 × 106 cells/mL within the central microchamber and 
growth medium perfused every day through the lateral channels. Sub-

figure b pseudopalisade formation, with cells seeded at a concentra-
tion of 4 × 106 cells/mL within the microdevice, and medium flow 
enabled to flow only through the right channel. Subfigure c double 
pseudopalisade formation, with cells seeded at the concentration of 
4 × 106 cells∕mL at the central chamber and growth medium changed 
every day
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•	 To promote pseudopalisade formation, cells were seeded at 
a low density ( 4 × 106 cells∕mL ) within the central micro-
chamber and one lateral channel was blocked, while con-
stant medium flow was perfused through the other lateral 
channel. As the region next to the sealed channel became 
hypoxic, cells migrated towards the perfused channel, rich 
in nutrients and oxygen (Fig. 6b) [17].

•	 Finally, in the case of double pseudopalisade formation, 
cells were seeded again at low density ( 4 × 106 cells∕mL ) 
within the central microchamber. In this case, the 
medium was perfused through both lateral channels and 
refreshed every day during 21 days [67]. Hypoxic con-
ditions in the center of the microchamber induced cell 
migration towards the perfused channels and invasion of 
both of them (Fig. 6c).

3.1.2 � Model Parameters

In order to particularize the general Eqs. (8) presented for 
modeling the population and oxygen evolution in the in vitro 
experiments for GBM cells, it is necessary to specify the 
nonlinear corrections of the model together with the values 
of the model parameters: P, the random pedesis coefficient 
of the normoxic cell population, � , the chemotaxis coeffi-
cient, �gr , the proliferation characteristic time, �d , the death 
characteristic time, D, the oxygen diffusion coefficient and � , 
the oxygen consumption rate. Regarding the nonlinear acti-
vation functions, Fgr and Fgo are corrections for cell growth 
and migration due to space constraints, Πc is related to oxy-
gen consumption kinetics, Πgo and Πgr model the go-or-grow 
behavior while Πd considers the role of oxygen as moderator 
of cell death [67, 68].

Since cell populations adapt their behavior to oxygen sup-
ply and space availability, it has been assumed for the migra-
tion term that cellular motility is only possible when the 
surrounding tissue is not cell saturated [76] and that migra-
tion following the oxygen gradient happens only when the 
oxygen supply is below a critical threshold, activating the 
cell motility mechanism [77, 78]. According to these two 
major assumptions, a piecewise linear activation function 
was used to take into account each of these two phenomena 
[67], so the chemotaxis corrections may be written as:

with

(13)Fgo(C1,C2) = �(C1;Csat),

(14)Πgo(S) = �(S;SH),

𝜙(x;𝜃) =

⎧⎪⎨⎪⎩

1 if x ≤ 0

1 −
x

𝜃
if 0 ≤ x ≤ 𝜃,

0 if x > 𝜃

Here SH is the hypoxia-induced migration activation thresh-
old, representing the oxygen level below which cell migra-
tion is activated and Csat is the cell saturation concentra-
tion. The proposed model is in line with the go-or-grow 
dichotomy established in the GBM literature [66]: cell 
energetic resources are spent either in cell migration or in 
cell proliferation.

Cell proliferation also depends on other needs such as 
nutrient supply or availability of space to grow and split. 
Thus, a model was proposed combining logistic growth and 
the go-or-grow paradigm based on oxygen supply [67]:

The function Πgr is responsible for the go-or-grow dichot-
omy and Fgr is the logistic model for cell population growth.

Cell death is a natural process depending on many fac-
tors and agents and has an inherent stochastic nature [79]. 
Anoxia is one fundamental cause of cell death [80]. A two-
parameter sigmoid has been proposed [67], able to capture 
necrosis and apoptosis phenomena:

with SA and ΔSA the location and spread parameters associ-
ated with the oxygen concentration inducing cell death.

Finally, oxygen consumption is a complex phenomenon 
related to the oxidative phosphorylation that occurs in the 
membrane of cellular mitochondria [81]. Many authors have 
considered a zero-order consumption function, i.e. a con-
stant consumption rate independent of oxygen concentra-
tion [82–84]. A more realistic assumption is describing the 
consumption function using the Michaelis-Menten model 
for enzyme kinetics [85, 86]. This type of equation was 
observed for the oxygen consumption rate in the late 1920s 
and early 1930s [87] and describes more accurately the con-
sumption at low oxygen concentrations. Thus, it has been 
proposed [67] to use as the activation function

where km is the oxygen concentration at which the reaction 
rate is half of the rate in a fully oxygenated medium, there-
fore related to the oxidative phosphorylation kinetics, the 
cell structure and morphology (size and number of mito-
chondria, etc.) and diffusion in the cytoplasm.

The parametric mechanism-based model for GBM pro-
gression under hypoxic conditions is closed by the above 

(15)Fgr(C1,C2;Csat) = 1 −
C1 + C2

Csat

,

(16)Πgr(S;SH) = 1 − �(S;SH).

(17)Πd(S;SA,ΔSA) =
1

2

(
1 − tanh

(
S − SA

ΔSA

))
,

(18)Πc(S;km) =
S

S + km
,
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definitions together with the model parameters, with the lat-
ter summarized in Table 2 [67, 68].

3.1.3 � Boundary and Initial Conditions

In the microfluidic device, the culture chamber is con-
nected to the oxygen supplying channels by means of 
small cavities. The volume and the number of these cavi-
ties depend on the microfluidic device design and they are 
directly related to potential cell losses during the experi-
ment. Actually, when cell populations arrive to the inter-
face between these cavities, some of them may reach the 
channel and leave the culture. To take this into account, 
Robin boundary conditions are usually considered [67]: 

 As dead cell population is slave to live cells, no boundary 
conditions are needed for C2 . Regarding oxygen supply, two 
different scenarios are considered, depending on the operat-
ing conditions [67]:

•	 When oxygen is supplied normally, Dirichlet boundary 
conditions are considered (the oxygen concentration at 

(19a)

C1(x, t) + J

(
P
�C1

�x
− �Fgo(C1,C2)Πgo(S)

�S

�x
C

)|||||x=0
= 0,

(19b)

C1(x, t) − J

(
P
�C1

�x
− �Fgo(C1,C2)Πgo(S)

�S

�x
C

)|||||x=L
= 0.

the channels remains constant and known throughout 
the experiment): 

 where Sleft and Sright are known values.
•	 On the other hand, when a channel is sealed, Neumann 

boundary conditions are considered: 

Finally, we assume that, at time t = 0 , all cells are alive 
and the cell population concentration is known throughout 
the whole culture chamber, giving the initial conditions:

Moreover, the initial oxygen profile is assumed to be con-
stant along the chamber and equal to the higher concentra-
tion in the channels:

3.1.4 � Numerical details

The PDEs (8) with boundary conditions (19) and (20) or 
(21), and initial conditions (22) and (23) were solved follow-
ing the approach presented in Sect. 2.2. The domain length 
(associated with the microfluidic device) and mesh size used 
for the simulation of each experiment are summarized in 
Table 3.

3.2 � Probabilistic Parameter Fitting

The model for GBM evolution presented in Sect. 2.1.2 (and, 
in general, any other physical model) can be described in 
terms of measurable variables u (cell and oxygen concentra-
tions), controlled variables � (boundary and initial condi-
tions of cell and oxygen concentrations), and a mathematical 

(20)S(x = 0, t) = Sleft, S(x = L, t) = Sright,

(21)D
�S

�x

||||x=0 = 0, D
�S

�x

||||x=L = 0.

(22)C1(x, t = 0) = C0
1
(x), C2(x, t = 0) = 0.

(23)S(x, t = 0) = max{Sleft, Sright}.

Table 2   Summary of the different model parameters

L is space, T is time and Y is the physical magnitude representing 
oxygen level (for instance oxygen mass concentration, oxygen molar 
concentration, oxygen partial pressure...). In the following, the oxy-
gen level is measured using pressure units (mmHg)

Symbol Meaning Dimensions

P Cell random pedesis coefficient L2 ⋅ T−1

� Chemotaxis coefficient L2 ⋅ Y−1T−1

�gr Growth characteristic time T
�d Dead characteristic time T
D Oxygen diffusion L2 ⋅ T−1

� Oxygen consumption rate per unit cell 
concentration

Y ⋅ L3 ⋅ T−1

Csat Saturation capacity L−3

SH Hypoxia threshold Y
SA Anoxia threshold Y
ΔSA Anoxia sensibility Y
km Michaelis–Menten constant for oxygen 

consumption kinetics
Y

Table 3   Domain and mesh size for the different simulations

The mesh is adapted to the domain size, the measurement resolution, 
and also the cell size so that it can resolve even sharp cell density 
gradients and the associated gradients in chemical species that these 
may induce

Experiment Chamber length 
L [�m]

Mesh 
size 
Δx [�m]

Necrotic core formation 2000 3.0
Pseudopalisade formation 916 4.8
Double pseudopalisade formation 2897 12.0
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model F which, in case of parametric models as ours, is 
given in terms of a set of parameters � . That is:

The parameter vector � is usually obtained following a deter-
ministic approach from some experimental data uexp , solving 
the minimization of the residual R , defined as:

with N the number of available experiments for the param-
eter fitting.

However, in general for complex problems, the exper-
imental data are noisy and the model is not perfect. 
Besides, in biological problems, it is difficult to define 
universal values for the parameters and there are highly 
correlated phenomena. Indeed, in the model previously 
presented, correlation between parameters was identified 
[67].

Until relatively recently, traditional computational 
biology research has often only considered pointwise 
estimates of parameters, overlooking the correlations that 
might exist [88]. However, there can often be numerous 
correlations for instance due to two main principal rea-
sons, namely samples variability and model complex-
ity. Sample variability refers to the inherent correlation 
present among physical phenomena. We can also refer to 
this type of correlation as prior correlation. On the other 
hand, model complexity refers to the nonseparability of 
the model, which prevents separating phenomena. In this 
case, the correlation is not inherent to the problem, but 
caused by the lack of information, and we may also call it 
posterior correlation.

As a consequence of all this, it is more appropriate to 
move towards a stochastic approach for Eq. (24):

where U and � are now random variables. This approach is 
suitable when:

•	 The model F has many parameters and/or is non-sep-
arable. That is, there are many coupled phenomena 
(model complexity condition).

•	 The dimension of the measurement space and/or the 
sample size are large. That is, a sufficiently big num-
ber of experiments may be performed (data availability 
condition).

In what follows, we particularize the presented stochas-
tic approach for the model of GBM evolution presented 
above. Due to scarcity of data, we consider that we have 

(24)u = F(�,�).

(25)R(�) =

N�
i=1

‖ui
exp

− F(�i,�)‖2,

(26)U = F(�,�),

only one experimental configuration, corresponding to 
the formation of the necrotic core experiment [68]. The 
experimental configuration is determined via three control 
parameters � = [Sleft, Sright, C

0
1
 ]. In this experiment, a high 

cell concentration is initially seeded within the device, 
C0
1
= 4 ⋅ 107 cell∕mL and oxygen is perfused through both 

lateral channels Sleft = Sright = 7mmHg . For a more general 
case in which the variability induced by the experimental 
configuration is taken into account, the reader is referred 
to [89].

We  s t u d y  t h e  m o s t  r e l eva n t  p a r a m et e r s 
� = [P, � , 1∕�gr, �, SH ] , which are those related to cell 
migration, proliferation and oxygen uptake. We assume 
that the values of the remaining parameters are fixed and 
dependent on the particular experimental configuration 
(the cell concentration saturation Csat and the parameter 
accounting for cell escape in Robin boundary conditions J, 
taken from Ref. [67]) or known from literature (the oxygen 
diffusion coefficient D [90], the parameters related to cell 
death, �d, ΔSA [65] and SA [67], as well as the Michaelis-
Menten constant km [91]). The values of these parameters 
are listed in Table 4.

To characterize the model from a probabilistic point of 
view, we use copulae [92, 93]. This mathematical tool is able 
to cope with non-linear structural dependencies while keep-
ing the parameters within a physically-convenient range. A 
copula is a n-multivariate probability distribution whose 
marginals are uniform distributions and describes the struc-
ture of the dependence between random variables. Copulae 
are nowadays applied to a wide variety of areas, ranging 
from economic sciences [94, 95] to climate-agents time 
series [96]. In this work, we apply the concept of copulae to 
biological problems, since they are useful to analyze highly-
correlated multiparametric models such as those appearing 
in biology and cancer evolution.

The methodology followed to obtain the probabilistic 
model is: 

Table 4   Fixed parameter values

The value of these parameters are fixed since they are directly related 
to the experimental configuration or they are well characterized in lit-
erature

Parameter Value Units References

Csat 5.0 × 107 cell∕mL [67]
J 1.0 × 106 s∕cm [67]
D 1.0 × 10−5 cm2∕s [90]
�d 1.7 × 105 s [65]
SA 1.6 mmHg [67]
ΔSA 0.1 mmHg [65]
km 2.5 mmHg [91]
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1.	 Dataset generation. A sample of M = 6000 simulations 
was created by perturbing each parameter in � , yielding 
a sample Θ ∼ N(�∗, 0.3 �∗) with �∗ a reference value for 
each parameter taken from the deterministic fitting in 
Ref. [67], reproduced in Table 5, with a 30% of relative 
uncertainty.

	   We define the quality of a simulation via the objective 
cost function T: 

 where ue
j
 corresponds to the experimental measurement 

of the live ( j = 1 ) or dead ( j = 2 ) cell concentration, uj 
is the simulated result, L the chip length, n the number 
of cell populations and nd the number of days where 
there are experimental data available. The vector param-
eters that provided simulated solutions close enough to 
the experimental necrotic core results ( T < 0.18 ) were 
kept.

2.	 Fitting of marginal distributions via kernel density 
estimations (with Gaussian kernels with variable band-
width), using the parameters described in Ref. [89].

3.	 Transformation of the marginals into uniform distribu-
tions.

4.	 Copula fitting to capture the joint dependence. In this 
case, we chose a t-Student copula, following the criteria 
specified in Ref. [89].

Then, following a typical train-test approach (dividing the 
dataset in two separate subsets), we test the statistical fitting 
in terms of both the marginal fittings and the whole joint 
structural dependence. The technical details of both train and 
test procedures can be found in Ref. [89]. Figure 7 illustrates 
the generated dataset in terms of the marginal distributions, 
the scatter plot of the fitted parameter values and the linear 
correlation coefficient for each pair of parameters. These 
aspects of the dataset used to generate the copula (labelled 
as training dataset) are compared to those obtained with a 
sample of parameters generated with the copula, to test if it 
is able to reproduce the variability existing in the data.

(27)T =
1

Csat

√√√√ 1

n(nd − 1)L

n∑
j=1

nd∑
i=2

∫
L

0

(
uj(x, ti) − ue

j
(x, ti)

)2

dx,

Once characterized, the probabilistic model can be used 
to estimate the output variables, such as the cell concen-
tration. That is, the distribution of the random vector U . 
Figure 8 shows the 90% confidence band for the simulated 
profiles, together with the experimental results and the 
concentration profile resulting from a deterministic fitting 
(from Ref. [67], that is, taking the parameter values from 
Tables 4 and 5), for the three different experimental configu-
rations described in Sect. 3.1.1: the necrotic core (Fig. 8a), 
the pseudopalisade (Fig. 8b) and the double pseudopalisade 
formation (Fig. 8c). All three experiments share the same 
parametric structure since they were carried out with the 
same cell line, but they have different domains (Table 3) 
and boundary conditions. In particular, in the double pseu-
dopalisade and necrotic core formation, Dirichlet boundary 
conditions were chosen, so that oxygen partial pressure in 
the channels was assumed to remain constant throughout 
the whole experiment, since medium flow provision through 
the channels was sufficiently frequent to keep a fixed partial 
pressure without important variations despite oxygen dif-
fusion and cell uptake. Therefore, Sleft = Sleft = 7.0mmHg . 
In the pseudopalisade formation however, an impermeabil-
ity condition (no flux) was imposed at the sealed channel, 
while, again, a Dirichlet condition was imposed at the right 
channel with a value of Sright = 2mmHg , as in this experi-
ment the medium was not renewed as in the previous cases, 
so the oxygenation was lower [67]. Live cells can escape 
from the chamber and so Robin boundary conditions are 
imposed, with the J parameter dependent on the particular 
experiment. For the necrotic core, J = 1 ⋅ 106 s∕cm ; for the 
pseudopalisade J = 1 ⋅ 109 s∕cm ; and finally in the double 
pseudopalisade case J = 1.2 ⋅ 107 s∕cm.

As can be seen in Fig. 8 the experimental results mostly 
lay within the confidence interval, while the areas where 
they lay outside highlight the model limitations. It is also 
important to note that only the necrotic core experiment was 
used in the copula model fitting, so the results obtained for 
the pseudopalisade and double pseudopalisade experiments 
show the ability of the model to generalize. Compared to 
the deterministic fitting, it can be seen that the stochastic 
approach takes into account the inherent parametric variabil-
ity and the structural dependence, and the width of the band 
reflects the influence of this variability on model predictions.

One of the main problems in mathematical modeling is 
the lack of reliable values for the many parameters involved 
that often forces estimates to rely on values fitted from 
diverse situations, leading sometimes to unreliable conclu-
sions. The presented probabilistic model can be applied 
to parameter estimation. We use Highest Density Regions 
(HDR) [97], due to their easy interpretation and direct 
implementation. An example of HDR is displayed in Fig.  9 
for the motility parameters: the pedesis coefficient P and 
the chemotaxis coefficient � , and levels of confidence of 90 

Table 5   Reference values for the copula parameters

Taken from Ref. [67]

Parameter Fitted value Units

P 6.6 × 10−10 cm2∕s

� 7.5 × 10−9 cm2∕mmHg ⋅ s

�gr 7.2 × 105 s

� 1.0 × 10−9 mmHg ⋅mL∕cell ⋅ s

SH 7 mmHg
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Fig. 7   Dataset validation. Marginal distributions, the scatter plot of 
the fitted parameter values and the linear correlation coefficient for 
each pair of parameters of the generated dataset (in blue color) com-

pared to the marginal distributions, scatter plots and correlation coef-
ficients of a sample generated with the copula (in purple color)

Fig. 8   Stochastic prediction 
of cell concentration with the 
probabilistic model. The 90% 
confidence interval (CI) and 
median for live (L) and dead 
(D) cells obtained from the 
probabilistic model (using 100 
parameter samples) is depicted 
together with the results of a 
deterministic fitting (named 
“Fitted” in the legend) and 
compared to the experimental 
results (“Exp”) for the three 
experimental configurations 
available. In all the cases, the 
results are shown for the final 
experimental time
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and 99%. It can be observed that there are differences in the 
estimated region assuming normality, justifying the use of 
distribution-free techniques like HDR.

The stochastic methodology presented has also been used 
for characterizing the go-or-grow behavior, of particular 
interest in GBM evolution, characterized in the paramet-
ric model by the chemotaxis coefficient � , the growth rate 
1∕�gr and the hypoxic threshold SH . A kernel estimation of 
the marginal distribution of these three parameters has been 

explored, using a Gaussian kernel with variable bandwidths 
for the marginal distributions and a t-Student copula for rep-
resenting the structural dependence [68].

In Fig. 10 some isosurfaces of the three-dimensional 
probability density function at the space (1∕�gr,� , SH) are 
shown. The results are compared with the deterministic 
value associated with the values obtained in Ref. [67].

3.3 � Design of an Experimental Campaign

On many occasions, the design of experimental campaigns is 
a cumbersome and challenging task due to the combinatorial 
explosion in the number of possibilities that arises when the 
experimental configuration is determined by different param-
eters or control variables � . A paradigmatic example of this 
situation is experimentation with a microfluidic device, where 
we can control the oxygen and nutrient flow in both chan-
nels, as well as the cell concentration in the central chamber 
and the properties of the seeded hydrogel, together with other 
design parameters such as the chamber length. Furthermore, 
generally, it is not straightforward to determine the configu-
rations that will work well or produce interesting results for 
our purpose. In such cases, the Design of Experiments (DOE) 
techniques can be useful to reduce the number of experiments 
required [98], thus reducing the time and resources required. 
The purpose of DOE is to maximize the information obtained 
from each performed experiment. Different methods within 
DOE have been used in systems biology (see Ref. [99] for a 
review). There are several optimality criteria, being the most 
widespread A-, D- and E-optimal designs [100], that have been 
used in parameter estimation in mathematical models of differ-
ent biological problems, such as microbiology [101], signaling 
pathways [100] or animal cell models [102, 103].

In particular, the use of probabilistic models such as the one 
herein presents enables the application of techniques within 
Bayesian Experimental Design (BED), based on the Bayesian 
interpretation of probability, in a natural way. According to the 
BED theory, the aim is to choose the experiment that provides 
the highest utility, and the optimal experiment depends on the 
selected utility criterion [104, 105].

BED is particularly useful to define sequential campaigns, 
in which the information available to determine the next opti-
mal experiment is based on all the previous experiments con-
ducted [106]. In particular, in this work we present a meth-
odology to design an experimental campaign based on the 
probabilistic model defined in Sect. 3.2 and using Shannon 
information theory to define the utility function [107]. Accord-
ing to this theory, the utility of an experimental configuration 
U(�) to characterize some model parameters � of a paramet-
ric space Ω is defined as the prior-posterior gain in Shannon 
entropy or information:

Fig. 9   Parameter estimation of the motility parameters. High-
est Density Regions and ellipsoid estimation assuming normality are 
plotted for two confidence levels: p = 0.90 and p = 0.99.

Fig. 10   Isosurfaces of the 3D probability density function. The 
isosurfaces have been represented log-spaced between the maximal 
and minimal value of the density at the represented region. The red 
dot is the deterministic fitted value. Figure extracted from Ref. [68]
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with u ∈ U is the experimental measurement, being U the 
measurement space. The probability density function of 
obtaining u with the configuration � and the underlying 
model parameters � is f (u|�,�) and:

As mentioned before, the experimental campaign 
is designed to define the most useful experiments 
to characterize the a priori unknown values of the 
parameters defining the go-or-grow behavior, that is, 
� = [� , �gr, SH] . We assume that, initially, there is one 
experiment available, in this case the necrotic core (that 
is, � = [4 ⋅ 107 cell∕mL, 7mmHg, 7mmHg]) , and proceed 
iteratively to obtain the next experiments to perform. For 
illustration purposes, we generate the experimental data 
synthetically using the previously described mathematical 
model and some correlations that we define as ground truth 
to generate the data but these are unknown from the point 
of view of the experimental design. In particular, we assume 
normal distributions for [� , �gr, SH] with mean and standard 
deviations detailed in Table 6, while the rest of parameters 
are considered fixed at the value fitted in Ref. [67].

Moreover, we assume that there exist certain correlations 
between that three parameters, with a Pearson correlation 
matrix:

In further detail, the process followed is: 

1.	 Data generation. We use the ground truth model to gen-
erate 10 replicates of the available experiments. The data 
are uniformly perturbed additively with uniform noise 
of 20% of the measured value.

2.	 The optimization problem is solved to obtain the model 
parameters’ marginal distributions from the available 
data.

(28)
U(�) =∫

U
∫Ω

f (�,u|�) logf (u|�,�) d� du

− ∫
U

f (u|�) logf (u|�) du,

(29)f (�, u|�) = f (�)f (u|�,�).

(30)P =

⎡⎢⎢⎣

1 0 0.6

0 1 0

0.6 0 1

⎤⎥⎥⎦

3.	 The transformation from the marginal distribution to a 
uniform distribution is constructed.

4.	 The Copula fit is implemented.
5.	 A utility computation is performed to determine the 

experiment with the highest utility.
6.	 Finally, we return to step 1 adding the new experiment 

to the available data.

The scheme of the whole process is represented in Fig. 11. 
For illustrative purposes, we perform 8 iterations of the pro-
cedure, adding the optimal experiment at each iteration to 
the available data. The list of optimal experiments obtained 
at each iteration (that is, the experimental configuration with 
the maximum utility value) is presented in Table 7.

As expected, it is shown in Fig. 12 how the fitted correla-
tion coefficients approach the ground truth with increasing 
iteration number. In a similar fashion, the set of marginal 
distributions approach the ground truth marginals (Fig. 13). 
Even if the distribution of SH (Fig. 12c) seems to look better 
at the first iteration, this may be a fortuitous event (in fact, in 
iteration 4 it has worsen and then it improves in iteration 8) 
and the set of the three marginals improves along iterations.

Finally, we evaluated how the prediction of the experi-
mental outcome, in terms of the cell concentration profiles, 
evolves throughout the experimental campaign. Figure 14 
shows how the predicted 90% confidence band sharpens 
around the ground truth as more experiments are performed.

4 � Pure Data‑Driven Approaches

Notwithstanding the significant advances achieved by the 
combination of experiments and mathematical modeling of 
GBM, there are still some fundamental aspects to tackle, 
such as the heterogeneity between patients [108]. Patient-
specific models become crucial to characterize the defining 
features of each individual tumor, thus capturing the hetero-
geneity and allowing personalized prediction [33]. As such, 
we need to calibrate the model for each patient, obtaining 
the parameters governing tumor evolution for that specific 
GBM. Since this task is computationally very expensive 
using traditional optimization techniques, artificial intelli-
gence and, in particular deep learning tools, which are evalu-
ated in real time, can prove very useful.

Indeed, artificial intelligence has become recently very 
popular and permeated almost every research field, includ-
ing medicine and, in particular, oncology [109]. Regard-
ing the aforementioned problem of parameter identification 
to create individualized models, artificial neural networks 
(ANN) have been used to characterize biological soft tissues 
[110–112] or to design customized intraocular lenses [113]. 
Machine learning can also be used for cell culture monitor-
ing, for cell counting and viability analysis [114] as well as 

Table 6   Parameters of the distributions used for data generation

For simplicity, normal distributions are assumed for the go-or-grow 
parameters, using as mean the reference value fitted in Ref. [67]

Parameter � [mmHg ⋅ cm3∕(cell ⋅ s)] �gr [h] SH [mmHg]

Mean � 7.5 ⋅ 10−9 200 7
Standard deviation � 1.5 ⋅ 10−9 40 1.4
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for cell segmentation and classification [115, 116]. Indeed, 
the emergence of microfluidics enables the acquisition of 
massive amounts of data, opening the door to the use of 
machine learning in microfluidic devices, for data screening 
and automated culture [117] or for device design and control 
[118]. This paradigm has been recently coined as Intelligent 

Microfluidics [119, 120]. Within this framework, we present 
a deep learning approach for parameter identification in our 
GBM evolution model, which allows the characterization of 
model parameters from a cell culture image from a micro-
fluidic device [121].

Fig. 11   Schematic representa-
tion of the procedure of design 
of an experimental campaign. 
The iterative procedure starts 
with some available experimen-
tal data, which allow the fitting 
of a probabilistic model and, 
via utility maximization, the 
determination of the optimal 
experiments to perform at the 
next step

Table 7   Optimal experimental 
configurations

The experiment with the maximum utility obtained at the end of each iteration is represented in terms of 
the initial cell concentration C0 and the oxygen concentration at the left SL and right SR channels respec-
tively

Iteration 1 2 3 4 5 6 7 8

C0 [cell∕mL] 4 ⋅ 107 4 ⋅ 107 4 ⋅ 107 4 ⋅ 107 4 ⋅ 107 4 ⋅ 107 4 ⋅ 106 4 ⋅ 107

SL [mmHg] 7 7 8 8 8 8 7 8
SR [mmHg] 7 7 8 8 8 8 7 8

Fig. 12   Evolution of the linear 
correlation coefficients. The 
fitted value of the linear correla-
tion coefficients between each 
pair of parameters is depicted 
throughout the iterations of 
the experimental campaign, 
in which new experiments are 
progressively being conducted 
to improve the fitting of the 
probabilistic model
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We use a Convolutional Neural Network (CNN) which, 
from fluorescence images of GBM culture in microfluidic 
devices, is able to predict the value of the go-or-grow param-
eters of the mathematical model presented in Sect. 3 [121]. 
These parameters characterize the evolution of the particular 
GBM of the input image in terms of the proliferation and 
migration activity, which are, as discussed below, key in the 
prognosis of the tumor. Subsequently, the parameters can 
be used to predict GBM evolution in different conditions.

The methodology followed as well as the main results are 
summarized in Fig. 15. More detailed information can be 
found at [121]. Firstly, Fig. 15a depicts the network training 
procedure. The dataset used is generated with a non-dimen-
sional version1 of the previously described mathematical 
model, recreating the experiment of the formation of a 
necrotic core in a microfluidic device. As commented before, 
the aim is to predict the value of the parameters involved in 
the go-or-grow behavior (suitably non-dimensionalized), �∗

gr
 , 

�∗ , and S∗
H

 . These parameters are sampled from uniform 
distributions while the remaining parameters is considered 
fixed at the fitted value (Tables 4 and 5). Consequently, the 
dataset is composed of n = 12000 live and dead cell concen-
tration profiles and the corresponding set of parameters 
{�∗

gr
,�∗, S∗

H
} used to generate them. For full details on the 

generation of the dataset, the reader is referred to [121].
We used a Convolutional Neural Network (CNN) since 

they are suitable for image processing and inferring hierar-
chical patterns. These features are useful for the problem of 
parameter identification since the information contained in 
cell concentration profiles is likely to be locally distributed. 

The network receives a two-channel input, corresponding 
to live and dead concentration cell profiles at the end of 
the simulation time each discretized with 51 points. The 
CNN has four convolutional layers, with Rectified Linear 
Units (ReLUs) as activation functions, each followed by 
batch normalization and average pooling layers. After the 
last convolutional layer, there is a fully connected layer, fol-
lowed by a regression layer, which returns the three pre-
dicted parameters.

The size of the convolutional layers is: 

1.	 12 convolutions with kernel size [30, 1], stride [1, 1] and 
same padding.

2.	 32 convolutions with kernel size [30, 1], stride [1, 1] and 
same padding.

3.	 64 convolutions with kernel size [30, 1], stride [1, 1] and 
same padding.

4.	 64 convolutions with kernel size [50, 1], stride [1, 1] and 
same padding.

From the total amount of results, ntrain = 8000 were used for 
training the network, nval = 2000 for validation during the 
training, and the remaining ntest = 2000 for testing the net-
work once trained. The training consisted on 50 epochs, with 
batches of 30 virtual experiments, using the Adam optimizer 
with a learning rate of � = 1 ⋅ 10−3 . Further details on the 
training procedure can be found in Ref. [121]. The CNN was 
implemented in the Deep Learning Toolbox of Matlab [122].

The Root Mean Squared Error (RMSE) together with the 
linear correlation coefficient ( � ) obtained on the test data-
set after training for each parameter can be found in the 
Table in Fig. 15a. It can be seen that for the three parameters 

Fig. 13   Evolution of the parameter distributions. The fitted value 
of the parameter distributions is depicted throughout the iterations of 
the experimental campaign, in which new experiments are progres-

sively being conducted with the aim of improving the fit of the proba-
bilistic model

1  We use non-dimensionalization to avoid differences in the magni-
tude of the parameters predicted by the CNN.
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RMSE ≤ 0.1 and � ≥ 0.99 and there were no signs of overfit-
ting during the network training.

Figure 15b shows a scheme of the CNN evaluation. Once 
the training is completed, the resulting CNN can be used to 
predict the parameters governing the evolution of a GBM 
sample cultured in a microfluidic device. These parameters 
can in turn be fed to the mathematical model and used to 
simulate and predict the evolution in different conditions. 
In particular, in Fig. 15b it can be seen how the obtained 
parameters accurately predict the formation of the pseudo-
palisade, even if the network was trained only with results 
from the necrotic core experiment.

The parameters derived from the network closely resem-
ble those determined through the mathematical model using 

conventional fitting methods, except for the proliferation 
rate. Nonetheless, the experimental outcomes are faithfully 
replicated in the current study. This indicates the limited 
relevance of proliferation in these experiments, which have 
a short duration with the cells subjected to low oxygen levels 
that they mainly show migratory activity.

In summary, the presented approach falls within the con-
text of intelligent microfluidics, combining the increasing 
power of microfluidics and deep learning tools to charac-
terize the behavior of GBM cultures. The work goes in the 
direction of patient specific modeling since it allows real 
time extraction of the parameters that determine how a 
specific tumor behaves, eventually allowing prospective in 
silico predictions of prognosis and the in silico testing of 

Fig. 14   Evolution of the pre-
diction of cell concentration. 
The 90% confidence intervals 
(CI) of the model prediction for 
live (L) and dead (D) cell con-
centrations are compared to the 
ground truth model (indicated in 
the legend with L* and D* for 
live and dead cells respectively) 
used for data generation for 
iterations I = 1 , I = 4 and I = 8 . 
It can be seen that the predicted 
band becomes closer to the 
ground truth along the itera-
tions for the three experimental 
configurations analyzed
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potential treatments at a personalized level to support deci-
sion making.

To conclude, it must be noted that the methodology 
herein presented can only learn the parameters of a pre-
viously defined mathematical model. Thus, it must be 
assumed that cell behavior is adequately described with 
the mathematical model. However, there could be func-
tions that better describe some phenomena than the ones 
currently used. For example, the go-or-grow behavior 
could have been described with other activation functions 
such as heaviside functions or hyperbolic tangents. To 
overcome these limitations, the next section explores the 
problem from a wider perspective, allowing the unraveling 
of cell behavior in a non-parametric way.

5 � Hybrid Approaches

5.1 � Scientific Machine Learning Approaches to GBM 
Progression

Parametric models are corseted by the mathematical rela-
tions that describe the a priori assumed biological hypoth-
eses, so they present an obvious modeling bias. Besides, in 

many experimental investigations, the main goal is to under-
stand the intrinsic mechanisms that control these biological 
processes, rather than to be able to predict new outcomes. 
This knowledge goes further than the numerical value of a 
specific parameters and is generally related to concepts with 
biological meaning, such as whether the metabolic change 
is sharp or smooth, reversible or irreversible, localized or 
distributed in different oxygen regimes, or presents one or 
many different levels of transition.

There have been several attempts to unravel the mecha-
nisms governing cellular metabolism, combining data and 
knowledge at different levels, particularly in mathematical 
oncology [123]. Indeed, the combination of ML learning 
capacity power and mechanistic modeling knowledge is 
assessed with hope [124]. Some works have proposed the 
use of Physics-Informed Neural Networks in biology in com-
bination with cell culture data as a way to discover hidden 
mechanistic relationships, using the Fisher-Kolmogorov-
Petrovsky-Piskunov equation as a benchmark problem, a 
concept that has been coined as Biologically-Informed Neu-
ral Networks (BINN) [125]. When dealing with cell cultures, 
some of the variables are accessible via measurements, 
whereas other variables are internal and hidden, accessi-
ble only via the use of mathematical models, so unraveling 

Fig. 15   Scheme of the methodology. Subfigure a depicts the train-
ing process, using in silico concentration profiles and the correspond-
ing parameters that generated them obtained from the mathemati-
cal model, together with the metrics obtained after training on the 

test dataset. Subfigure b shows how the network can be evaluated to 
determine patient-specific parameters governing the evolution of a 
specific GBM cell culture, which can be used to predict the evolution 
of the tumor under different conditions
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complex metabolic mechanisms may be challenging [126, 
127]. In addition, microfluidic systems are capable of repro-
ducing physiological or pathological microenvironments in a 
way that is not easy to achieve using traditional cell culture 
systems, thus bridging the gap between traditional in vitro 
research and in vivo models, shedding light on the tumor 
process as well as increasing the effectiveness of drug devel-
opment [128].To achieve these physiological and pathologi-
cal conditions, cell cultures are subjected to variable external 

stimuli, that translate into different source terms and bound-
ary conditions for mathematical models.

Physically Guided Neural Networks with Internal Variables 
(PGNNIV) have appeared recently as a method for the combi-
nation of conventional physical modeling and Machine Learn-
ing methods [44, 129]. In contrast to other Scientific Machine 
Learning methods, such as Physics-Informed Neural Networks 
(PINNS) [130, 131], the physics does not constrain, but only 
guides the network learning capacity, as the measured data 
may be supplied to endow the network with explanatory capac-
ity [68]. In addition to having demonstrated its predictive and 
explanatory capabilities in Computational Solid Mechanics 
[43], PGNNIV have also been applied to the GBM progression 
problem both for understanding the go-or-grow mechanism 
and for predicting the cell culture evolution under different 
external stimuli (boundary conditions) [132].

Suppose we have the conditions of Sect. 3 where we can 
assume a 1D problem. If we discretize Eqs. (11) we obtain 

 where Dx is the (discretized) differential operator, we have 
used the symbol ⊙ for indicating pointwise multiplication, 
and �go = �go(v) , �gr = �gr(v) , �d = �d(v) and �c = �c(v) 
are vector functions that act at each nodal value. The frame-
work presented permits the consideration of functional rela-
tionships, that is, the value of � at a point x could depend 
on the value of the field v on the whole computational 
domain. However, the underlying nature of the go-or-grow 
framework allows us to consider � ∶ x ↦ �(v(x)), x ∈ [0;1] , 

(31a)
u̇ = Dx

(
𝜋1Dxu − 𝜋2�go ⊙ u⊙ Dxv

)

+ �gr ⊙ u⊙ (1 − u) − 𝜋3�d ⊙ u,

(31b)v̇ = Dx

(
𝜋4Dxv

)
− 𝜋5�c ⊙ u,

or equivalently, for the vector � , �j = F(vj) , generating a 
restriction to sparse graphs for the network architecture. 
Consequently, we obtain sparse tensors and operators [129]. 
With respect to the time integration, for each ODE ẏ = f (y) , 
the system is discretized using forward Euler method, that 
is, y(t + Δt) − y(t) ≃ Δtf (y(t)) . This approximation leads to 
the discretization:

where y = (u, v) and f = (f 1, f 2) with

Considering Y = yn+1 , X = yn and � = (�go,�gr,�d,�c) , the 
time-discretized version of Eqs. (31) may be formulated as 
a PGNNIV problem 

 where � is the predictive network and � the explanatory 
network. For a general PGNNIV problem, � is an ANN that 
may need to be fitted [43, 44], but for this particular problem 
it is possible to define

where the function f  is known and can be encoded in a 
ANN structure using standard ANN operators, such as ten-
sor pointwise multiplication and division, scalar multiplica-
tion and convolution with known filters [132].

5.2 � Learning Cell Response to Hypoxia

The PGNNIV approach has demonstrated utility in learn-
ing the metabolic switch between proliferative and 

yn+1 = yn + (Δt)f (yn).

f 1(u, v) = Dx

(
𝜋1Dxu − 𝜋2�go ⊙ u⊙ Dxv

)
+ �gr ⊙ u⊙ (1 − u) − 𝜋3�d ⊙ u,

f 2(u, v) = Dx

(
𝜋4Dxv

)
− 𝜋5�c ⊙ u.

(32a)Y = �(X,�),

(32b)� = �(X).

(33)�(X,�) = Y(X,�) = X + (Δt)f (X),

Table 8   Different functional relationships for the go-or-grow behav-
ior

The different functions include features such as different smoothness 
and nonlinearities

Migration activation Model 
parameters

Model name

�go(v) = �[0;�](v) � Heaviside, Binary step

�go(v) =
(
1 −

v

�

)
�[0;�](x)

� Piecewise linear

�go(v) =
v

v+�
� Michaelis-Menten

�go(v) =
1

2

(
1 − tanh

(
v−�

Δ�

))
�,Δ� Sigmoid
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migratory activity under hypoxic conditions [68, 132]. 
Indeed, assuming as in Sect.  2.2 that 𝜋3 ≪ 1 , and 
�c(v) =

v

v+�
 , the explanatory capacity of the PGNNIV has 

been able to unravel the structure of the function �go and 
�gr for the different metabolic switches presented in 
Table 8, where �gr(v) = 1 − �go(v).

This has been demonstrated using in silico data genera-
tion, following these different benchmark models [132], 
with �1 = �2 = �3 = 1 , �4 = 0.05 and � = 2 . The dataset 
is publicly available in Ref. [133]. Regarding the different 
benchmark models, the values have been set to � = Δ� = 2 
as defined in Table 8. Note that in Ref. [132], the model 
presented has more parameters, but these extra param-
eters may be bypassed by an appropriate selection of the 
dimensional variables (characteristic length, characteristic 
time, characteristic cell density and characteristic oxygen 
level). Also, many different experimental configurations 
are recreated in order to ensure data variability and data 
representation of all the relevant phenomena. The details 
of the different experimental configurations and the train-
ing procedure are explained in Ref. [132].

In Fig. 16 we can see the capacity of the explanatory 
network for unveiling the metabolic switch for the four 
different models presented in Table 8. The results using 
PGNNIV (Model-Free approach) are also compared to 
the ones that would have been obtained by prescribing a 
piecewise linear model (Model-Based approach) for the 
go-or-grow switch, as was presented in Sect. 3.

5.3 � Predicting GBM Evolution

The correct characterization of the go-or-grow switch has 
important consequences from the prediction point of view. 
Once the model � has been learned, it is represented by 
the network topology together with all the network param-
eters (weights and biases). Therefore it may be encapsulated 
as a one input - two output black-box and inserted in any 
numerical integration scheme. It has been shown that the 
use of PGNNIV for encapsulating the model v ↦ (Πgo,Πgr) 
improves the accuracy of GBM progression prediction for 
certain configurations where hypoxia plays a major role in 
the dynamics [132]. Even if a prescribed and then calibrated 
parametric model is able to reproduce accurately the cell cul-
ture progression under a fully hypoxic and a fully normoxic 

Fig. 16   Explanatory capacity 
of the PGNNIV approach. 
Learned Πgo and Πgr functions 
for four different in silico data-
sets generated with the four 
different benchmark models 
tested. The adjusted piecewise 
linear model is also shown in 
each case. R: real model; MF: 
Model-free approach; MB: 
Model-based approach
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environment, PGNNIV improves the prediction error for 
configurations with oxygen gradients, as it can be seen in 
Fig. 17. Indeed, the specific features of the model have a 
greater impact for oxygen levels in the transition between 
normoxic and hypoxic behavior since it is in this case when 
the differences between the different models has a greater 
impact on the cell evolution.

6 � Discussion

6.1 � Overview of the Different Methods

We have seen that many different approaches have been 
used to analyze cell cultures in microfluidic devices, ranging 
from conventional parametric models, to modern approaches 
under the scope of PIML methods. The degree of knowledge 
on the cell culture evolution process and the data availabil-
ity has been exploited in different levels, as illustrated in 
Fig. 18:

1.	 In Sect.  2, we presented how GBM progression in 
microfluidic devices may be described using closed 
mathematical models. That is, the functions Πgo , Πgr , 

Πd and Πc are fixed, which may be represented via 
�(S) = F(S) where F is a known vector function and 
� = (Πgo,Πgr,Πd,Πc).

Fig. 17   Predictive capacity 
of the PGNNIV approach. 
Final dimensionless cell profile 
estimated using the PGNNIV 
approach for four different in 
silico data-sets generated with 
the four different benchmark 
models tested. The profile 
obtained using a parametric fit 
on the data, using the piecewise 
linear model is also shown in 
each case

Fig. 18   Classification of the different approaches to GBM in 
terms of physics and data usage. The approaches proposed in each 
section use in a different manner the data availability and the existing 
knowledge
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2.	 In Sect. 3, the ignorance about the model is reduced to 
the value of selected model parameters that are fitted 
using experimental data. The functions Πgo , Πgr , Πd and 
Πc are replaced by parametric dependencies to be cali-
brated, that is �(S) = F(S;�) . This fitting may be deter-
ministic, obtaining an estimation of the parameters, �̂ , or 
probabilistic, having � as a random vector representing 
the model parameters. For probabilistic approaches more 
data would be generally needed.

3.	 In Sect. 5, the knowledge of the parametric structure is 
relaxed by allowing a non-parametric2 dependence for 
the go-or-grow switch, at the cost of needing more data 
for accurately characterizing this transition. In that case 
the functions Πgo , Πgr , Πd and Πc are replaced by ML 
models, e.g. ANN models, represented via �(S) = �(S) , 
where � is an ANN.

4.	 In Sect. 4, the model is assumed as perfectly known but 
the values of the parameters are inferred directly from 
the data (fluorescence microscopy images) using Deep 
Learning techniques. Using the previous notations, what 
is obtained is a function that relates a new piece of data 
with its associated parameters � , which is analogous to 
the previously presented concepts but using Computer 
Vision and Deep Learning techniques instead of classi-
cal fitting.

It has been demonstrated that, even if the parametric 
approaches are able to reproduce GBM progression accu-
rately, non-parametric approaches are more flexible when 
the metabolic switch is unknown, inducing a better progno-
sis of cell culture evolution [68]. In that sense, Table 9 sum-
marizes the strengths and weaknesses of each approach and 
particularizes a specific suitable context for each of them.

6.2 � Open Possibilities

Discovery of hidden cell metabolisms is of major interest 
in systems biology. Indeed, unraveling the changes of the 
cell behavior when exposed to different stimuli can focus 
attention on the mechanisms driving different cell sign-
aling pathways [134, 135]. As a result, parameters such 
as the hypoxic threshold SH are replaced by richer non-
parametric behaviors.

Moreover, from a mechanistic perspective, different 
metabolic pathways may be tested in silico using compu-
tational approaches [136], to assess whether a candidate 
pathway is compatible with the metabolic changes dis-
covered by means of PGNNIV. Therefore, this knowledge 
on the macroscopic cell metabolic behavior at the popula-
tion level is important not only from an epistemic point 
of view, for modeling purposes, but also as a promising 
tool for molecular biologists, in their attempt to isolate 
and define the different signaling pathways, thus provid-
ing a deeper understanding of the underlying mechanisms 
[137]. Indeed, one of the main concerns about GBM is 
tumor heterogeneity. The frameworks presented here are 
able to address this problem at its core. Regarding inter-
patient heterogeneity, both the data-driven and the hybrid 
approaches are particularly suitable for that purpose. 
The data-driven approach allows the characterization of 
each cell culture (from a particular patient) with its own 
model parameters. This heterogeneity is even better cap-
tured using non-parametric models for unveiling different 
metabolic pathways. With respect to spatial heterogeneity, 
the methods presented incorporate heterogeneous oxygen 
and cell distributions in space which in turn affects cell 
behavior. In addition, if the aim is to incorporate spatial 
parameter dependence, the presented models are limited to 
homogeneous behavior (model parameters or model ANN 
components are assumed to be space-independent), but 

Table 9   Summary of the strengths and weaknesses of each of the presented approaches

We present a specific situation in which each one of the presented approaches is particularly useful, but there may be many others

Strengths Limitations Example of application

Known metabolism (mathematical 
model)

No data requirements, Fast Needs for validation Prognosis when no uncertainty on the 
model parameters

Adjusted metabolism (parametric 
approach)

Robust, Interpretable Computationally demanding Design of experiments

Unveiled metabolism (hybrid approach) Flexible, Patient specific Data demanding, Lack of 
interpretability

Basic research and drug discovery

Assigned metabolism (ML approach) Non-intrusive, Real time Lower prediction capacity Therapy targeting for personalized 
medicine

2  Actually, the parameters are the ones related with the ANN, but 
with the term “non-parametric” we refer to models that do not have 
prescribed structural parameters.
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their adaptation to more complex scenarios incorporat-
ing spatial heterogeneity is possible. In particular, hybrid 
approaches using PGNNIV have demonstrated suitability 
for incorporating spatial heterogeneity [129].

Sometimes, there are some energetic constraints, directly 
derived from the first and second laws of thermodynam-
ics, that restrict the accessible states in a biological system 
[138–140]. These constraints are translated into macro-
scopic ones in a continuum population model. We have seen 
that a common constraint is to assume that Πgr + Πgo = 1 . 
However, this is a special case of a more general con-
straint G(Πgr,Πgo) = 0 for a given function G, which could 
be founded on an energetic argument about the resources 
available for the cell to grow or proliferate. All these extra 
constraints may be incorporated in the PGNNIV framework 
by expressing some relational equations between variables 
explicitly, or by adding appropriate penalty terms [44]. As 
in any ML approach, care must be taken when interpreting 
the results and deriving conclusions, as the learning methods 
can suffer from overfitting. A suitable strategy (train and test 
approaches, cross-validation, validation trials and so forth) 
is therefore crucial for drawing generalizable conclusions.

6.3 � Model Limitations

It has been shown that a number of different models, while 
following different approaches, are able to reproduce GBM 
cell culture experiments in microfluidic devices with rea-
sonable accuracy. However, there is still room for improve-
ment. We acknowledge that microfluidic experiments do not 
fully replicate the in vivo tumor microenvironment and have 
inherent limitations such as the limited duration of experi-
ments, shorter than tumor development in patients. Never-
theless, these devices offer a reasonably biomimetic plat-
forms to study tumor behavior under controlled conditions. 
The models presented in this work have been designed to 
capture the mechanisms driving this behavior rather than to 
replicate the complexity of in vivo progression. Future work 
could focus on adapting and fitting these models to clinical 
datasets [141] that capture tumor evolution over extended 
periods. From the modeling point of view, there is a mis-
match between predicted and experimental results close to 
the lateral channels and an overestimation of the live cell 
population at the center of the chamber experiments with 
high cell concentration (see Fig. 8). These errors could be 
explored by including the oxygen flow obstruction effect that 
may be the result of high density cultures, that is, by specify-
ing D = D(C1,C2) . However, for such modeling investiga-
tion, experimental measurements of the oxygen level are 
most likely required but are not straightforward.

The inclusion of the effect of the mechanical cues related 
with the ECM, as well as the mechanical interactions 
between cells, has been formulated in the general framework 
presented in Sect. 2, but the particular relations between the 
mechanical fields and the cell populations, as well as the 
value of the parameters has not been explored yet due to 
experimental difficulties when working with hydrogels in 
microfluidic devices. Indeed, to carry out long-time experi-
ments to ensure that ECM remodeling becomes relevant, or 
to set up spatially controlled ECM mechanical properties is 
difficult from a technical point of view. Hence, these aspects 
are generally under-explored although some attempts have 
been made [142, 143]. A similar remark applies to hetero-
geneous thermal or electrical fields in order to characterize 
the impact of electrotaxis or thermotaxis. In addition, if the 
measurement space is not large enough and/or the variables 
are not highly uncorrelated, there may be a serious prob-
lem of parameter structural or practical identifiability [144], 
although this could be detected in the stochastic parameter 
fitting.

Another model improvement would be to include the 
effect of history on the cell metabolic behavior. The study 
of the (reversible or not) changes suffered by a cell due to the 
action of external stimuli, changing the cell gene expression 
(phenotype) but not affecting the genetic content (genotype) 
is known as epigenetics [145] and is a hot topic of current 
research. The inclusion of epigenetic features in GBM cell 
behavior has been explored recently using multiphenotypic 
models [17], damage theory using internal variables [146], 
or non-local PDEs in the phenotypic variable [147, 148].

6.4 � Future Perspectives and Outlook

There is a growing consensus that ML and multiscale mech-
anistic modeling can naturally complement each other to 
create robust predictive models integrating knowledge about 
cell metabolism, to manage ill-posed problems and explore 
massive design spaces [149]. From the conventional dis-
tinction between the bottom-up (phenomenological) and 
top-down (data-driven) [150] strategies, new hybrid strate-
gies have arisen, taking advantage of the new technological 
facilities in the cell culture (e. g. [151]) or medical image 
(e. g. [152]) fields, many of them incorporating elements of 
PDEs, ML and Bayesian estimation [153].

The combination of microfluidic technologies, mecha-
nistic mathematical modeling and machine learning tools 
let us glimpse some steps in the direction of personalized 
medicine [154], enabling the utilization of tissues extracted 
from different patients to build specific digital twins [155]. 
Once characterized, the tumoral population may be in silico 
subjected to different stimuli or therapeutic strategies [156, 
157]. The digital twin can even be interrogated with new 
questions to fine-tune the best treatment for the specific 
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patient, in a quick and cheap loop, always supervised by 
the clinician.

7 � Conclusion

Microfluidic technologies have opened up enormous pos-
sibilities in the field of cell culture monitoring. Thanks to 
their high throughput character and their ability to recre-
ate biomimetic microenvironments, they can be combined 
with biomathematical frameworks for the study of tumor 
progression, towards the development of better preclinical 
models. The ability to recreate three-dimensional and time-
varying environments opens the door to the use of sophis-
ticated mathematical models for characterizing tumor cell 
culture evolution, ranging from the use of partial differential 
equations to machine learning tools, for analyzing tumor 
dynamics. We have demonstrated this claim by applying 
this principle to the analysis of glioblastoma progression in 
microfluidic devices.

Depending on the data availability, on the experimental 
facilities and on the particular scientific goal, the knowledge 
inclusion and the data assimilation may be implemented in 
different ways. We have illustrated here that parametric mod-
els are the most explanatory and easily interpretable, and 
the abundance of data can be exploited for obtaining param-
eter and prediction uncertainties as well as in the design of 
proper experiments. At the other end of the spectrum, pure 
Machine Learning approaches are practical, easy to use and 
have enormous predictive power, although sometimes they 
cannot give true insights into the underlying biological phe-
nomena that lead to a given outcome. In between these two 
solutions, there is a whole family of alternatives that attempt 
to unravel in a more or less specific way the mechanistic 
nature of the cellular metabolic processes linked to tumor 
emergence and progression.

In this review paper, we have presented an overview of 
the different approaches for a very particular problem, but 
it is clear that most of the tools and ideas can be extrapo-
lated to other types of tumors and experimental setups with 
a similar structure of mathematical models, whose hypoth-
eses must be adapted according to biological knowledge 
and available evidence. The combination of the presented 
technological, mathematical and computational techniques 
not only facilitates research in areas such as biotechnology 
and biomedical engineering, but brings the results closer to 
clinical practice.

Appendix A: Global Sensitivity Analysis 
of the Parametric Models

Using the Morris Method [69], we have performed a global 
sensitivity analysis of the parametric models describing glio-
blastoma (GBM) evolution in microfluidic devices that were 
presented in Sect. 2.1.2 of the main text..

Formulation of the Parametric Models

Following the global formulation presented in Sect. 2.1.2, 
we particularize it here for the three models presented 
(although the 2-phenotype model has already been discussed 
in the main text, we include it here for completion). In all the 
cases, the governing equations can be expressed as: 

(A1a)

�Ci

�t
= � ⋅

(
KD,i�Ci −

m∑
j=1

KC,i,j�C
�
j

)

+ CiFi −
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j ≠ i

(
CiFij + CjFji

)
,
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)
+
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CjF
�
ij
.

Table 10   Parameters of the 3-phenotype model

The parameters of the model are summarized together with their 
dimensions. L represents length, T time and Y the physical magnitude 
representing oxygen level

Parameter Symbol Dimensions

Cell pedesis (normoxic) P1 L2 ⋅ T−1

Cell pedesis (hypoxic) P2 L2 ⋅ T−1

Growth characteristic time (normoxic) �1 T
Growth characteristic time (hypoxic) �2 T
Saturation concentration Csat L−3

Switch time normoxic - hypoxic �12 T
Switch time hypoxic - normoxic �21 T
Switch time hypoxic - necrotic �23 T
Uptake rate (normoxic) �1 Y ⋅ L3 ⋅ T−1

Uptake rate (hypoxic) �2 Y ⋅ L3 ⋅ T−1

Oxygen diffusion rate D L2 ⋅ T−1

Hypoxic threshold SH Y
Anoxic threshold SA Y
Michaelis-Menten constant km Y
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3‑Phenotype Model [65]

This model describes the evolution of normoxic C1 , hypoxic 
C2 and necrotic C3 cell concentrations as well as oxygen con-
centration S = C�

1
 . The particular terms in governing equa-

tions are expressed as:

where sij are the switch functions from phenotype i to j. In 
particular:

KD,1 = P1, KC,1,1 = 0, F1 =
1

�1

(
1 −

C1 + C2 + C3

Csat

)
,

KD,2 = P2, KC,2,1 = 0, F2 =
1

�2

(
1 −

C1 + C2 + C3

Csat

)
,

KD,3 = 0, KC,3,1 = 0, F3 = 0,

F12 =
1

�12
s12, s21 =

1

�21
s21, F13 = 0,

F31 = 0, F23 =
1

�23
s23, K�

D,1
= D,

F�
11

= �1
S

km + S
, F�

21
= �2

S

km + S
, F�

31
= 0,

s12 =

{
1 if S ≤ SH
0 if S > SH

, s21 =

{
0 if S ≤ SH
1 if S > SH

, s23 =

{
1 if S ≤ SA
0 if S > SA

.

The model parameters are summarized in Table 10.

4‑Phenotype Model [17]

This model adds a malignant phenotype and, hence, considers 
the evolution of normoxic C1 , hypoxic C2 , malignant C3 and 

Table 11   Parameters of the 4-phenotype model

The parameters of the model are summarized together with their 
dimensions. L represents length, T time and Y the physical magnitude 
representing oxygen level

Parameter Symbol Dimensions

Cell pedesis (normoxic) P1 L2 ⋅ T−1

Cell pedesis (hypoxic) P2 L2 ⋅ T−1

Cell pedesis (malignant) P3 L2 ⋅ T−1

Chemotaxis coefficient � L2 ⋅ T−1
⋅ Y−1

Growth characteristic time (normoxic) �1 T
Growth characteristic time (hypoxic) �2 T
Growth characteristic time (malignant) �3 T
Saturation concentration Csat L−3

Switch time normoxic - hypoxic �12 T
Switch time hypoxic - malignant �23 T
Switch time malignant - hypoxic �32 T
Switch time hypoxic - necrotic �24 T
Uptake rate (normoxic) �1 Y ⋅ L3 ⋅ T−1

Uptake rate (hypoxic) �2 Y ⋅ L3 ⋅ T−1

Uptake rate (malignant) �3 Y ⋅ L3 ⋅ T−1

Oxygen diffusion rate D L2 ⋅ T−1

Hypoxic threshold SH Y
Anoxic threshold SA Y
Michaelis-Menten constant km Y

Table 12   Parameters of the 2-phenotype model

The parameters of the model are summarized together with their 
dimensions. L represents length, T time and Y the physical magnitude 
representing oxygen level

Parameter Symbol Dimensions

Cell pedesis P L2 ⋅ T−1

Chemotaxis coefficient � L2 ⋅ T−1
⋅ Y−1

Growth characteristic time �gr T
Saturation concentration Csat L−3

Death characteristic time �d T
Uptake rate � Y ⋅ L3 ⋅ T−1

Oxygen diffusion rate D L2 ⋅ T−1

Hypoxic threshold SH Y
Anoxic threshold SA Y
Anoxia sensitivity ΔSA Y
Michaelis-Menten constant km Y
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necrotic C4 cell concentrations together with oxygen concen-
tration S = C�

1
 . In this case, the particular terms of governing 

equations are expressed as:

KD,1 = P1, KC,1,1 = 0, F1 =
1

�1

(
1 −

C1 + C2 + C3 + C4

Csat

)
,

KD,2 = P2, KC,2,1 = � , F2 =
1

�2

(
1 −

C1 + C2 + C3 + C4

Csat

)
,

KD,3 = P3, KC,3,1 = 0, F3 =
1

�3

(
1 −

C1 + C2 + C3 + C4

Csat

)
,

KD,4 = 0, KC,4,1 = 0, F4 = 0,

F12 =
1

�12
S12, F21 = 0, F13 = 0,

F31 = 0, F14 = 0, F41 = 0,

F23 =
1

�23
S23, F32 =

1

�32
S32, F24 =

1

�24
S24,

F34 = 0, F43 = 0, K�
D,1

= D,

F�
11

= �1
S

km + S
, F�

21
= �2

S

km + S
, F�

31
= �3

S

km + S

F�
41

= 0,

Table 13   Ranges of the 
parameters in the sensitivity 
analysis

The minimum and maximum values of the parameters of all the models are displayed, together with the 
models in which each parameter appears (2p is the 2-phenotype model, 3p the 3-phenotype model and 4p 
the 4-parameter model). Note that the switch time from hypoxic to normoxic phenotypes is equivalent to 
the death characteristic time in the 2p model

Parameter Symbol Min. value Max. value Units Models

Cell pedesis (normoxic) P1 1 ⋅ 10−13 1 ⋅ 10−10 cm2
⋅ s−1 2p, 3p, 4p

Cell pedesis (hypoxic) P2 1 ⋅ 10−12 1 ⋅ 10−9 cm2
⋅ s−1 3p, 4p

Cell pedesis (malignant) P3 1 ⋅ 10−12 1 ⋅ 10−9 cm2
⋅ s−1 4p

Chemotaxis coefficient � 1 ⋅ 10−9 1 ⋅ 10−8 cm2
⋅ s−1 ⋅mmHg−1 2p, 4p

Growth rate (normoxic) g1 1 ⋅ 10−7 1 ⋅ 10−5 s 2p, 3p, 4p
Growth rate (hypoxic) g2 1 ⋅ 10−7 1 ⋅ 10−5 s 3p, 4p
Growth rate (malignant) g3 1 ⋅ 10−7 1 ⋅ 10−5 s 4p
Saturation concentration Csat 5 ⋅ 106 5 ⋅ 108 cell ⋅ cm−3 2p, 3p, 4p
Switch rate normoxic - hypoxic 1∕�12 3 ⋅ 10−5 3 ⋅ 10−4 s 3p, 4p
Switch rate hypoxic - normoxic 1∕�21 1 ⋅ 10−6 1 ⋅ 10−5 s 3p
Switch rate hypoxic - malignant 1∕�23 1 ⋅ 10−6 1 ⋅ 10−5 s 4p
Switch rate malignant - hypoxic 1∕�32 1 ⋅ 10−6 1 ⋅ 10−5 s 4p
Switch time hypoxic - necrotic �24 3 ⋅ 10−5 3 ⋅ 10−4 s 2p, 3p, 4p
Uptake rate (normoxic) �1 5 ⋅ 10−10 1 ⋅ 10−8 cell ⋅mmHg ⋅ cm3

⋅ s−1 2p, 3p, 4p
Uptake rate (hypoxic) �2 5 ⋅ 10−10 1 ⋅ 10−8 cell ⋅mmHg ⋅ cm3

⋅ s−1 3p, 4p
Uptake rate (malignant) �3 1 ⋅ 10−10 5 ⋅ 10−9 cell ⋅mmHg ⋅ cm3

⋅ s−1 4p
Oxygen diffusion rate D 1 ⋅ 10−9 5 ⋅ 10−8 cm2

⋅ s−1 2p, 3p, 4p
Hypoxic threshold SH 2 10 mmHg 2p, 3p, 4p
Anoxic threshold SA 0.1 2 mmHg 2p, 3p, 4p
Anoxia sensitivity ΔSA 0.01 10 mmHg 2p
Michaelis-Menten constant km 1 5 mmHg 2p, 3p, 4p
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where, again, sij are phenotype switch functions:

Table 11 provides a summary of the model parameters.

s12 =

{
1 if S ≤ SH
0 if S > SH

, s23 =

{
0 if S ≤ SH
1 if S > SH

, s23 =

{
1 if S ≤ SH
0 if S > SH

, s24 =

{
1 if S ≤ SA
0 if S > SA

.

2‑Phenotype Model [67]

Fig. 19   Results of the Morris 
sensitivity analysis of the 
models. The figures depict the 
importance of the model param-
eters in terms of the morris 
sensitivity indices ( � and �)
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This model only considers two phenotypes: normoxic C1 
and necrotic C2 as well as oxygen concentration S = C�

1
 . 

The terms of the governing equations are given by:

In this case, the activation functions are:

and the parameters are summarized in Table 12.

Overview of the Morris Method

The Morris method, also known as the Elementary Effect 
(EE) method, utilizes a discrete approximation of the 
average value of the partial derivatives over the input 
space. The method relies on a one-factor-at-a-time (OAT) 
experimental design where the effects of a single factor 
on the output are assessed sequentially. The individual 
randomized experimental designs are known as trajec-
tories. Each trajectory consists of � + 1 points, where � 
is the number of input variables analyzed and only one 
input variable changes at each step by a fixed step size, 
Δ . The elementary effect ( EEi ) for each input variable is 
then computed by comparing the model output at two con-
secutive points:

with � the vector of input variables and ei is the unit vector 
in the direction of the i-th axis for i = 1… , � . Finally, the 
distribution of elementary effects is summarized using the 
mean effect �i , indicating overall influence, and �i meas-
uring non-linearity and interactions. The method’s main 
advantage is the lack of assumptions on the inputs and func-
tional dependency of the output to inputs such as monotonic-
ity or linearity.

The analysis was carried out for the three models pre-
sented above, considering all their parameters and taking 10 
trajectories. It is worth noting for the characteristic times, 

KD,1 = P, KC,1,1 = �ΠgoFgo, F1 =
1

�gr
Πgr

(
1 −

C1 + C2

Csat

)
,

F12 =
1

�d

1

2

(
1 − tanh

(
S − SA

ΔSA

))
, F21 = 0, KD,2 = 0,

KC,2,1 = 0, F2 = 0, K�
D,1

= D,

F�
11

= �
S

km + S
, F�

21
= 0.

𝜋go =

{
1 − S∕SH if S ≤ SH
0 if S > SH

, 𝜋go =

{
S∕SH if S ≤ SH
1 if S > SH

,

Fgr =

{
1 − C1∕Csat if C1 ≤ Csat

0 if C1 > Csat

,

(A2)EEi(�) =
Q̂(� + Δei) − Q̂(�)

Δ
,

the analysis has been carried out taking the inverse param-
eter, that is, gi = 1∕�i The ranges of the parameters are dis-
played in Table 13.

We analyzed the sensitivity of the parameters with respect 
to two output variables: the total number of live cells N and 
the position of center of mass of the cell distribution xCM , 
both calculated at the end of a pseudopalisade simulation. The 
concentration of live cells can be obtained as:

and then we can integrate this variable to obtain the total 
number of cells (per unit area)

The position of the center of mass is obtained as:

To enable a more straightforward comparison, both magni-
tudes are normalized with respect to the saturation concen-
tration Csat and the domain length L respectively.

Results

Figure 19 displays the results of the sensitivity analysis for 
the three models and the two computed metrics. Parame-
ters with high influence on the output variables are located 
in the upper right corner of the plots, having both high 
mean elementary effect � (measuring the general impor-
tance of the parameter in the model) and high standard 
deviation of the elementary effect � (measuring nonlinear 
effects of the parameter).
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