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ARTICLE INFO ABSTRACT

Keywords: The pairwise comparison ratio scale that the Analytic Hierarchy Process (AHP) acquires a central role because it

AHP allows the incorporation of intangible information through expert judgments. Existing literature has been shown

IBR_ . that preference results are sensitive to the scale used in ratio judgments. This paper applies the Intentional
ED:C:::gzesuppon systems Bounded Rationality Methodology (IBRM) to study the performance of the most used AHP ratio scales in the
I pertise. literature. By adapting the AHP ratio scales to the IBRM, several scenarios are proposed based on the distribution
ntensity judgment

of the latent performance of the alternatives for two different problems. In problem 1, it is assumed that the AHP
comparison judgements are numerical and known to the expert, while in problem 2, the AHP comparison
judgements are described linguistically without the expert being aware of their transformation into numerical
values. Problem 1 is used to answer the following research question (1) which among a set of seven different ratio
scales used in literature favor AHP expected performance?, while Problem 2 is used to answer the following
research question (2) how much the expected performance in AHP deteriorates when the expert is only guided by
verbal judgments? The expected performance of each of the considered ratio scales is obtained in each scenario
for different levels of expertise of a decision-maker. For the first problem, the balanced scale and the power scale
show the best and worst expected performances, respectively. Problem 2 compares these two scales and the
results show their performance differences are below 8%, which is interpreted as a stability property of AHP with
respect to scale changes. Finally, it is also shown that no matter which ratio scale is used, the requirement of the
consistency property in AHP contributes positively to the expected performance.

1. Introduction

The Analytic Hierarchy Process (AHP) (Saaty, 1977, 1980) is a multi-
criteria decision-making support system for solving complex problems
characterized by the existence of multiple actors, scenarios, and criteria
(tangible and intangible). When the complexity and uncertainty of the
problem prevent an objective decision through quantifiable criteria,
AHP provides the possibility of incorporating intangible aspects through
expert judgment with great versatility. This AHP quality requires having
a ratio scale to map expert’s judgments on the level of preference of one
criterion or alternative over another, from which a hierarchical structure
and the decision solution to the complex problem are developed and
obtained, respectively.

Since experts’ judgments may be inaccurate, one of the aims of de-
cision support systems is to minimize the impact of experts’ erroneous
judgments (Liu et al., 2021). In AHP, the analytical resolution integrates
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all information, tangible and intangible, with judgments required to be
quantified numerically. This means that the solution obtained by AHP
could be affected by the measurement process’ numerical ratio scale
used to map the experts’ judgment (Hershey et al., 1982; Hershey &
Schoemaker, 1985). Indeed, Harker & Vargas, (1987) show that ratio
scale of judgments with arbitrary assignation of numerical values affect
the results of processing the experts’ stated preferences in AHP and,
therefore, it cannot be said that any preference revelation method is
completely independent of the measurement scale.

When incorporating intangibles, i.e. elements that are difficult to
quantify due to their complexity, into decision-making processes, a
flexible and realistic rather than merely substantive rationality is
required (Saaty 1980; Brans 1996; Moreno-Jiménez et al. 1999). The
intentional bounded rationality (IBR) can help locate the scales most
sensitive to the different judgments of experts and their characteristics,
which may contribute to providing a new systematic approach to this
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unresolved discussion (Harker & Vargas, 1987; Ishizaka et al., 2011;
Ishizaka & Labib, 2011; Liu et al., 2021; Meesariganda & Ishizaka, 2017;
Siraj et al., 2015; Zavadskas & Turskis, 2011).

The methodological requirements for expert judgments are deter-
mining aspects of their performance. Current trends in multicriteria
decision-making are focused on evaluating expert judgments, incorpo-
rating activities such as learning, intensity, consistency, negotiation, and
the search of consensus among the actors involved in the information
process (Aguarén & Moreno-Jiménez, 2000; Han et al., 2016; Lin & Kou,
2021). AHP requires experts to express the intensity of their preferences,
thus obtaining a higher level of information than a simpler ordinal
comparison. The Intentional Bounded Rationality Methodology (IBRM)
(Saenz-Royo et al., 2023a) provides allows to carry out a sensitivity
analysis of the final classification of the priorities of the alternatives and
their probabilities of error through the expected performance based on
the capabilities of the experts and the distribution of the alternative
performances. Furthermore, the evaluation of the consistency require-
ment to accept the judgments of the experts can be added to this anal-
ysis, which results in valuable information for the exploitation of AHP
regarding negotiation and monitoring processes. Thus, in the described
research context, this paper proposes to use the IBRM to determine
among a number of different ratio scales of interest the one with best
expected performance in the AHP method. In addition, whether the
incorporation of the consistency property can provide value for each of
the considered ratio scales is also investigated.

By achieving the above objectives, the proposed theoretical devel-
opment will broaden the knowledge of decision support systems. In
particular, the representation of the value judgments of the experts is
improved, which can be proved a very useful tool in the treatment of
complex situations characterized by a high level of uncertainty and
dynamism. The contributions of this study are summarized as follows:

1. The problems of the ratio scale in AHP are discussed and the main
ratio scales used in the literature are compiled, showing them as a
transformation of Saaty’s 1-9 ratio scale;

2. A mechanism to adapt the AHP ratio scales to the IBR is proposed so
that the IBRM is applied to their study;

3. Some scenarios are proposed based on the distribution of the latent
performance of the alternatives;

4. The expected performance of each ratio scale is obtained in each
scenario for each level of decision-maker expertise and for two
different problems; with the Balanced scale presenting the best
results;

5. The AHP is shown to be very stable in both problems with respect to
scale changes;

6. Finally, the contribution of the AHP consistency requirement to the
expected performance is scarce, and in some cases it is negative.

The rest of the paper is structured as follows: Section 2 discusses the
problems of the ratio scale in AHP and different ratio scales are
compiled. Section 3 describes the concept of IBR and its implications in
the considered research framework. Section 4 defines three scenarios
with different distributions of alternative performances. Section 5 de-
scribes the necessary steps in the IBRM methodology for its application
to the problems and scenarios previously discussed, while Section 6
reports on the results obtained. Section 7 provides a discussion of the
results and draws conclusions from this investigation.

2. Judgment ratio scales

Science tends to use absolute measurement approach rather than
relative measurement approach, although the absolute measurement
approach can be seen as type of the relative measurement with respect to
the particular auxiliary unit (meter, liter, minute) that is established as
reference element of the measurement process. The advantage of the
absolute measurement approach is that, for a set of n objects to compare,
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it saves time and resources by reducing the set of relative pairwise
judgments, n!/(2!(n—2)!), required by each auxiliary unit of measure-
ment (Saenz-Royo et al., 2024). Its drawback though is that it links the
measurement values to a reference unit that may not be compared with a
different unit, for example absolute measurements in meters may not be
comparable with absolute measurements in kilograms, leaving the
different dimensions of a problem unconnected.

Absolute measurement is far from providing a method to deal with
intangible human judgments of complex problems. Indeed, an absolute
judgment refers to the identification of the magnitude of some single
stimulus compared to a reference stimulus held in memory while a
relative judgment refers to the identification of the quantified rela-
tionship between two stimuli, both present to the same observer
(Blumenthal, 1977). Thus, although the complexity of a problem can
show the intangibles in a diffuse way, the relative judgment helps to
quantify them.

Saaty’s AHP allows the incorporation of human judgments as a
synthesis tool and, for this very reason, it is a highly valued tool in
complex decisions. This, however, implies that AHP requires a tools for
representing the understanding, tracking, and evaluation of human
judgments. The talent of the human brain has been underutilized in
science because it has not been learned to measure it. Relative mea-
surement through comparative judgment is intrinsic to thought and
should not be carried as an appendage whose actual function is not well
understood (Saaty, 1993). The connection established by Saenz-Royo
et al. (2022) between the thinking way and decision-making helps to
quantify the way of treating human judgments, opening up new lines of
research.

The ratio scale plays a central role in the comparison by pairs
because the points of the scale are independent of the measurement
units, which allows the integration of different measures in a single
judgment. Although pairwise judgments can be provided using an ad-
ditive scale, the use of a ratio scale is considered more appropriate for
measuring relative intensities in AHP (Harker & Vargas, 1987; Krantz,
1972; Stevens, 1957). Relative comparison allows for any statistical test
and the order of the scales multiplicatively indicates preference
(Blalock, 1968). The limitations of the relative comparison are that zero
is absolute and the preference relationships between values must be
known (Barzilai, 2005).

The first problem (Problem 1) arises because the cardinal informa-
tion in a pairwise judgment of intensity, a; = V;/V; where V; and V; are
the latent performance of each alternative, is perceived diffusely by the
expert and it becomes difficult to require a high level of precision. To
facilitate this aspect, AHP provides a discrete and bounded ratio scale on
which the expert’s judgment must be located. In the case of tangible
criteria, it is not necessary to establish any scale since its value can be
obtained from the information measured directly, such as weights (in
kilograms) or distances (in meters). In the case of intangibles, to facili-
tate the judgment of the experts, a discrete scale that delimited the ratio
judgments to a scale of 1 to 9 was proposed by Saaty (1977). This ratio
scale was chosen in an apparently arbitrary way, and it is worth asking if
setting a different ratio scale may favor AHP performance.

The second problem (Problem 2) arises from the use of a set of verbal
judgments that are assigned to the Saaty ratio scale. Verbal judgments
are widely used (Liu et al., 2020; Tavana et al., 2023; Vargas, 1990; Yu &
Hong, 2022) despite raised criticisms and shortcomings (Belton & Gear,
1983; Dyer, 1990). Fixing different ratio scales to the same verbal
judgment affects all methods of preference induction with cardinal in-
tensity. These methods should maintain a minimum ordinal preference,
which requires that preference measurements are not affected by the
numerical scale used in the measurement process. However, since the
quantification procedure of the ratio judgment is a relative value, its
modification breaks the assumption of invariance of the transitivity of
preferences with respect to scale transformations. It has been shown that
the results of the elections in AHP are sensitive to changes in the ratio
scale used when the judgments must present a cardinal intensity.
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Hershey et al. (1982) and Hershey & Schoemaker (1985) have shown
that a linear transformation of the interval scale can drastically alter the
results that are obtained. Thus, although it is accepted that verbal
judgments are an adequate way to measure the human response to
stimuli (Stevens, 1957; Stevens & Galanter, 1957), the numerical values
used in the ratio scale affect the comparison operations of criteria and
alternatives, altering the final priority vector, which means that AHP is
not independent of the ratio scale used in measuring the expert
judgments.

In this study, we used the IBR to evaluate which is the ratio scale that
presents the best performance in AHP. Experiments reported by Saaty
(1980) and the experience of many AHP users tend to support the view
that the 1-9 scale captures an individual’s preferences fairly well.
However, the scale can be modified to suit an individual’s needs. For
example, in situations where the alternatives are clearly preferred, yet
contradictory for different criteria, setting number 9 as the upper bound
on the ratio scale may limit the results. On the other hand, the ratio scale
must be linked to the human way of thinking, so the upper bound may be
reduced with less precision and increased with more precision. These
and other arguments have led to different ratio scale proposals.

Harker & Vargas (1987) compared Saaty’s 1-9 linear scale, x = (x1
1,XZ ZZ,XQ, :3,)(‘4 :4,X5 :5,x6 :6,X7 :7,X3 :8,X1 :9),W1th
other interesting scales, including the reducing and expanding 1-5 and
1-15 linear scales, ¢ = (1, 2, 3, 4, 5) and c=(1-15), and the two non-linear
scales, c = x*> = (1, 4,9, 16, 25, 36, 49, 64, 81) and ¢ = x/? = (1, 1.414,
1.732, 2, 2.236, 2.449, 2.646, 2.828, 3). The authors looked for alter-
natives that better reflect the cognitive biases of the human way of
thinking. Despite giving some arguments in favor of Saaty’s linear scale,
the problem of the choice of ratio scale was left unresolved.

Lootsma (1993) preferred the use of the geometric scale ¢ = 2*°1 =
1,2, 4, 8, 16, 32, 64, 128, 256) to the linear one, justifying its choice in
psychophysical factors through preference experiments in the heuristics
of the human mind to make quick decisions regarding quantifiable in-
formation. The proposed geometric scale was a good fit for how the
human brain summarizes quantitative information on a ratio scale.

Salo & Hamalainen (1997) proposed the balanced scale ¢ =
0450005 — (1, 1.222, 1.500, 1.857, 2.333, 3, 4, 5.667, 9) stating that its
values are more uniformly dispersed and present better properties
(transitivity, integrity, independence (Keeney & Raiffa, 1976)) than the
values of Saaty’s linear scale.

Finan & Hurley (1999) proposed to recalibrate the verbal scale,

transforming it into the following geometric progression scale, ¢ =
1.25(05x-05 — (1, 1,118, 1.25, 1.398, 1.563, 1.747, 1.953, 2.184,
2.441), that they claimed to achieve better performance than linear
scales.

Using standard consumer theory, which states that the decision-
maker, in general, would prefer the compromise alternative to the
extreme alternatives, Ishizaka et al. (2011) proposed the logarithmic
scale, ¢ = log,(x +2 —1) = (1, 1.585, 2, 2.322, 2.585, 2.807, 3, 3.170,
3.322), that the authors justified with a comparative study with other
ratio scales from which it was found that the normalization of the
weights of the criteria has little impact on the final result and the
“compromise” alternatives have little chance of being selected in AHP.

An interesting analysis of AHP and how elements of its methodology
affect performance are available in Ishizaka et al. (2011). Using the fact
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that ratio scales have received little research, the authors proposed the
list of transformations of Saaty’s linear scale described above and
summarized in see Table 1. However, they concluded that no single scale
is the most appropriate for all situations. In relation to this, Franek &
Kresta (2014) proposed the selection of the most appropriate scale for a
problem rests in the decision-maker must dealing with such problem.
Although they provided results that suggest that Saaty’s linear scale is a
good option, they showed that root-log or square-root scales are to be
selected instead when consistency is to be maximized, while power or
geometric scales are to be selected when sensitivity to the values of the
selection priorities is the main criterion to implement in the resolution
problem. In any case, the authors insist on the need to investigate the
scales in different decision-making problems and suggested their
combining with consistency criteria.

The redundancy of the AHP pairwise judgments may lead to incon-
sistent judgments to appear, which could be valuable to validate the
information acquired from the experts after their mapping to the ratio
scales. Inconsistency may happens due to psychological reasons (lack of
concentration, cognitive biases, ...) or errors in information manage-
ment, and may leave out important aspects of the problem (Sugden,
1985). An incorrect ratio scale can also lead to inconsistencies inherent
to the used scale (Siraj et al., 2015). Our work tries to go further in this
analysis by applying the IBRM, combining the ratio scale with the
quality of information provided by the consistency property.

3. Intentional bounded rationality (IBR) and ratio scales

When there is no clear measurement of the problem solution, experts
are asked to provide judgments that condense a large amount of infor-
mation. However, experts’ judgements may be wrong and, therefore,
decision support systems must establish mechanisms to avoid this
situation.

One way to evaluate decision support systems is through an ex-post
analysis, providing a problem with a known solution and asking experts
to evaluate it. The literature has resolved this question by looking for
signals (proxy variables) of the quality of the ex-post decision. The level
of consensus among experts is perhaps the most used (Chiclana et al.,
2013; Herrera-Viedma et al., 2014; Zhang et al., 2019) since it is based
on the hypothesis that experts can be wrong but they have a greater
probability of being right than of being wrong and, therefore, a higher
level of consensus indicates greater certainty about the choice (Cai et al.,
2017). Consensus presents positive aspects in the participation of de-
cisions (Saenz-Royo & Lozano-Rojo, 2023) but it does not guarantee the
best solution (Moreno-Jimenez et al., 2013). Another way of evaluating
the quality of the ex-post solution is the level of coherence or logical
soundness of the choices made, i.e. with the transitivity of the judgments
expressed (Ishizaka & Lusti, 2004; Saaty, 1977, 1980). If judgments are
error-free, then they are consistent; however, the opposite does not
stand, i.e. the fact that judgments are consistent does not mean that they
are error-free (Saenz-Royo et al., 2023a; Sugden, 1985; Temesi, 2011).

3.1. The Intentional bounded rationality (IBR)

Saenz-Royo et al. (2022) propose a theoretical framework of IBR
where experts can be wrong, but errors and successes follow certain

Table 1

Seven AHP ratio scales used in literature.
Linear (Saaty, 1977) 1 2 3 4 5 6 7 8 9
Root (Harker and Vargas, 1987) 1 1.414 1.732 2 2.236 2.449 2.646 2.828 3
Power (Harker and Vargas, 1987) 1 4 9 16 25 36 49 64 81
Geometric L (Lootsma, 1993) 1 2 4 8 16 32 64 128 256
Balanced (Salo & Hamalainen, 1997) 1 1.222 1.5 1.857 2.333 3 4 5.667 9
Geometric FH (Finan and Hurley, 1999) 1 1.118 1.25 1.398 1.563 1.747 1.953 2.184 2.441
Logarithmic (Ishizaka, Balkenborg and Kaplan, 2011) 1 1.585 2 2.322 2.585 2.807 3 3.17 3.322
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regularities (Simon, 1997). The IBR links the mechanisms that govern
human cognition and the error probability, making it possible to eval-
uate decision support systems. This conceptual framework establishes
two exogenous variables that determine the error probability: (i) the
complexity of the decision understood as the difference in the latent
returns of the alternatives; (ii) the decision-maker’s expertise under-
stood as the reliability of the person making the judgments. This rep-
resentation of the error probability is different from the traditional ones
that are limited to introducing random noise in the judgments of the
decision-maker (Hogarth, 1975; O’Hagan et al., 2006; Ravinder, 1992;
Vargas, 1982; Wallsten & Budescu, 1983).

The IBR proposes a logistic probability distribution, in which the
probability that a decision-maker chooses alternative A; with latent
value V; over all other alternatives, py;, is obtained as its below relative
weight:

e 2"k 1
DPsi =p(A;) = v = —-. (€H)
/- A(vi-vi)
2 2V 1+ Z;;iezk:lvk

The parameter f is a measure of the decision-maker’s ability to process
information (decision-maker’s expertise). The value of parameter g is
limited to the problem studied and, therefore, the same decision-maker
can show different capacities in different problems. The value g = 0 is
used to represent that the decision-maker knows nothing about the
problem and makes all the alternatives have the same probability of
being chosen regardless of the relative latent performance of each of
them. As the value of f increases so does the expertise level of the de-
cision maker, which implies an increase in the capacity to discern the
best alternative and translates into an increase probability of getting it
right.

3.2. The ratio scale in IBR

In order to adapt the IBR to the ratio scale and make relative com-
parisons, it is necessary to transform the absolute latent performances
into comparisons by pairwise judgments. When the decision-maker
evaluates the relative performance of only two alternatives at a time, {
Aj;,Aj}, then the application of Eq. (1) provides two probability values:
the value py; representing the probability of choosing A; over Aj, and the
(additive) reciprocal value py = 1 —pj; representing the probability of
choosing A; over A;. In this case, instead of ps a more appropriate no-
tation would be pg;:

Vi
Py
» eV 1 1
B = TV, v, =
A Vi Vi A(ai-ay)
Vit (V’[f%) € +1
e +1

@

Notice that the IBR Eq. (2) can be interpreted as the probability (pg;) that
the decision-maker, with expertise level f, judges that a; = %‘ is greater

than a; = % Recall that the ratio scale uses the numerical evaluation of
how many times a; is superior to ;.

A judgment of intensity with respect to a discrete ratio scale provides
a collection of distinct values x = (x1, -+, Xx) on which the expert must
rank her/his judgment about the latent performance of two alternatives.
When comparing {A;,A;}, the expert uses x; to favor A; over A; when
her/his judgment shows that V; is x; times higher than Vj;. In this case,
the (multiplicative) reciprocal value 1/x; is assumed to favor A; over A;.

The mechanism to relate a discrete ratio scale to the IBR is by asso-
ciating to the distinct values xy in the ratio scale distinct intervals, with
critical points Z(x;) representing the values of a; from which the expert
chooses x; on the ratio scale. Thus, the following rule connects the
distinct values x; in the ratio scale to the critical points Z(x): if the
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expert considers Z(xk) —z57 < @j —aji < Z(Xit1) —zwy then her/his
equivalent judgment in the ratio scale will be a; = xx. The interval
associated to value xi in the ratio scale can be referred to, without
causing confusion, as interval xy.

3.3. Adaptation of ratio scales

The distinct values of the ratio scale are used to obtain the critical
points their corresponding distinct intervals. Thus, the values in Table 1
no longer represent the central points of each interval but the values
Z(xy) from which the expert judges the interval as appropriate (Sdenz-
Royo, Chiclana, et al., 2022; Saenz-Royo et al., 2023a). This adaptation
is necessary to avoid the indifference and it simplifies the analysis
considerably. For example, in Saaty’s linear ratio scale, the second in-
terval (weak importance of A; over A;) begins when the expert considers
that V;/V; > 1 and, therefore, it would not be centered on 2 as Saaty
postulated, but on 1.5. If the expert judges an intensity of preference
slightly above Z(x;) = 1, for example 1.1, then the expert will choose
the interval x; in which the center point is a;(x;) = 1.5, while if the
expert judges the intensity to be slightly above Z(x2) = 2, for example
2.1, then the expert will choose the interval x, whose center point is
a;(x2) = 2.5. Thus, Z(x1) is the value from the Saaty ratio scale that
corresponds to the interval x;, and Z(x;) for x2, and so on.

The critical point of interval xi, Z(xy), is obtained by comparing the
value from which an interval Z(xy) is chosen with its inverse 1/Z(xy),
that is, allowing to compare the minimum required intensity with the
mean of the distribution in Eq. (2) and obtaining the probability that the
relative performance a; —aj; is at least Z(xx) —1/Z(x):

B.ij (Z) = ‘
" A6

The probability that an expert judges the interval of the ratio scale to be
X is bounded by its critical point Z(x; ) and the critical point of the upper
interval Z(xy, 1), and therefore the probability of the interval xy is equal
to the difference between the probability that the intensity is greater
than Z(xy) and the probability that the intensity is greater than Z(xy1):
Dpii(Xx) = ppij(Z(xx)) —Ppij(Z(xks1)). Using Eq. (3), the probability
assigned to the interval xy is:

1 1

D)= ” ”
Vi Y Vi Y
! < (Z(Xk)iz()l(k)> B (W7ﬁ> ) ﬂ( (Z(XlPl)iZ(x; ! )) B <V]7VJI> )
e +1 e +1

4

3

This equation allows the assignation of a probability value to each in-
tensity interval of a ratio scale. The interval where the real difference in
relative performance lies will be the most probable, those next to it, the
following ones with the greatest probability, and so on. The IBR in-
dicates that the expert is most likely to hit the interval of the ratio scale
with his judgment, but that it is also possible, although it is less likely, to
be wrong by choosing a different interval, with the intervals closest to
the correct one being more likely than the farthest.

4. Scenarios

In this research framework, scenarios are a tool used to explore
different situations that could affect the performance of a decision
support system. We carry out a detailed description of a set of exogenous
conditions and their consequences on the AHP expected performance for
the different ratio scales previously considered. The IBRM commits to
study all possible pairwise comparison matrices, the only exogenous
aspects being the skill of the decision-maker (f) and the difficulty of the
problem, differences between latent performances, V; —V;;i,j = 1,--,n,
(Saenz-Royo et al., 2023b).
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The scenarios are useful to give information about the “resilience”
that checks the robustness of the solutions proposed by the decision
support system (AHP) (Han et al., 2016). By considering different situ-
ations and their possible impacts, it is possible to identify the risks and
opportunities that decision-makers will face based on the problem
analyzed and to design strategies that guarantee a level of performance
based on the organization’s objectives (commission errors or omission
errors) (Catalani & Clerico, 1996; Saenz-Royo, Salas-Fumas, et al., 2022;
Sah & Stiglitz, 1986).

The IBRM presents a dual effect that is difficult to anticipate when
the difference between alternative performances changes. As the dif-
ference between the performance of the two alternatives increases, the
probability that the decision-maker selects the correct alternative in-
creases, but the error cost (opportunity cost) increases. Conversely, if the
difference between the performance of the two alternatives decreases,
the decision-maker is more likely to be wrong, but the penalty for doing
so is lower.

This paper recreates the below three distribution scenarios of or-
dered latent performances, V1> Va > V3, of three alternatives, {A;, Az,
Ag}l

e Scenario 1: The latent performance value of alternative A, is closer
to the latent performance value of alternative A than to the latent
performance value of alternative A;. In other words, in scenario 1
there is one alternative A; with a clearly superior performance value
than the other two alternatives, A, and As, which present similar
performance values.

e Scenario 2: The ratio of the performance value of alternative Ay with
respect to the performances of the other two alternatives is the same,
i.e. the latent performance of the middle alternative is the geometric
mean of the performances of the other two alternatives.

e Scenario 3: The latent performance value of alternative A, is closer
to the latent performance value of alternative A; than to the latent
performance value of alternative As.

For each of the three scenarios, different levels of decision-maker
expertise are established within 0.001 to 2, which are selected due to
the convergence of the expected performances. As mentioned before,
when the expert’s judgment capacity converges to 0, all the alternatives
tend to have the same probability of being chosen, no matter the per-
formance values the ratio scale used, while when the expert’s judgment
capacity is very high (high expertise), the easier is to select the best
solution no matter which ratio scale is used.

5. Intentional bounded rationality methodology (IBRM)

Decision support systems aim to establish requirements and sys-
tematics processes that improve human decisions (Keeney, 1992; Mor-
eno-Jiménez et al., 1999). Saenz-Royo et al. (2023a) develop the
methodology to evaluate decision support systems under the assumption
that experts have IBR. This methodology is based on the definition of an
automaton that represents a decision-maker with IBR and analyze its
expected performance assuming that the alternative performances are
known. The computation of the probability of choosing each of the
available interval allows to evaluate ex-ante the expected performance
of the elements that make up the decision support systems to evaluate.
This paper aims to analyze how the choice of a ratio scale of expert
judgments improves or degrades the expected performance of the AHP
decision support systems.

The steps of the IRBM are described below and they are incremen-
tally illustrated with the particular example of using AHP with linear
ratio scale and three alternatives with known performances:
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Step 1. The automaton chooses the interval of the ratio scale with the
probabilities obtained in Eq. (4).

The IBRM automaton assigns to each pairwise judgment a proba-
bility of choosing each interval of the ratio scale. For example, if the
automaton has a reliability parameter § = 1, the comparison of two
alternatives A; and A; whose performances are V; = 25 and V; = 10,
according to the linear ratio scale (x = [1.5, 2.5, 3.5, 4.5, 5.5, 6.5, 7.5,
8.5, 9.5]) without the possibility of expressing indifference, would lead
to the following automaton probability values for each of the 18 in-
tervals (pg(x)):

With an intensity greater than 9, A; is preferred over A;

p1,(1/9.5) = 0.0000.

With an intensity greater than 8, A; is preferred over A;

p1,(1/8.5) = 0.0000.

With an intensity greater than 7, A; is preferred over A;

Pl‘ij(l/7<5) = 0.0001.

With an intensity greater than 6, A; is preferred over A;

p1;(1/6.5) = 0.0002.

With an intensity greater than 5, A; is preferred over A;

p1(1/5.5) = 0.0006.

With an intensity greater than 4, A; is preferred over A;

p1(1/4.5) = 0.0019.

With an intensity greater than 3, A; is preferred over A;

p1,(1/3.5) = 0.0056.

With an intensity greater than 2, A; is preferred over A;

p1,(1/2.5) = 0.0182.

With an intensity greater than 1, A; is preferred over A;

With an intensity greater than 1, A; is preferred over A;

p1(1.5) = 0.2452.

With an intensity greater than 2, A; is preferredd over A;

P1(2.5) = 0.2836.

With an intensity greater than 3, A; is preferred over A;

p1(3.5) = 0.2009.

With an intensity greater than 4, A; is preferred over A;

D1,j(4.5) = 0.0981.

With an intensity greater than 5, A; is preferred over A;

p1_1j(5.5) = 0.0396.

With an intensity greater than 6, A; is preferred over A;

P1;(6.5) = 0.0148.

With an intensity greater than 7, A; is preferred over A;

p1(7.5) = 0.0054.

With an intensity greater than 8, A; is preferred over A;

p14(8.5) = 0.0020.

With an intensity greater than 9, A; is preferred over A;

p15(9.5) = 0.0011.

This process should be repeated for all possible pairwise judgments,
that is, A; vs. Aa(a12(x)); A1 vs. Az (a13(x));...; An-1 VS. Ap (A(n-1)(n) (X)),
where the alternatives number is n. In AHP, a judgment matrix M re-
quires n!/(2!(n—2)!) number of pairwise judgments, those above the
non-necessary main diagonal elements since their reciprocal values are
the pairwise judgments below the main diagonal:

a13(xx)
a3 (k)
a3z (X) -

- a12(Xx)
M= | ax(x) -
as1 (X)

Step 2. All possible AHP pairwise comparison matrices are obtained.
The number of possible AHP judgment matrices that can be con-

structed with a ratio scale with m intervals would be the number of

variations with repetition of m taken n!/(2!/(n—2)!) by n!/(2/(n—-2)!):
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!
mz'(+*2)' For example, with three alternatives (n = 3), the number of
pairwise judgments required by a judgement matrix is 3 =
3!/(2!(3 —2)!); and the linear ratio scale of step 1 example, with 18 (=
m) intervals, would result in 18% = 5832 possible pairwise comparison
matrices:

- 95 95 - 95 95 -
1 1 1
— - 95 — - 85 —

M(1)=]95 M(2)= |95 MB3)=| 95
11 11 1
95 95 95 85 95 7

Step 3. The probability of each pairwise comparison matrix, which
represents one combination of judgments of the automaton obtained in
the previous step, is calculated.

The automaton probability for a pairwise comparison matrix is
calculated as the product of the probabilities of the pairwise judgments
above the main diagonal:

n-1 n

psM(h)) =[] [ [ Pssx) Q)

i=1 j>i

Continuing with the example from steps 1 and 2: an automaton with g =
1; three alternatives A, A,, and A3 with latent performances V; = 62.5,
V, =25, and V3 = 10; and the linear ratio scale (x = [1.5, 2.5, 3.5, 4.5,
5.5, 6.5, 7.5, 8.5, 9.5]); the probability of the pairwise comparison
matrices would be:

P1(M(1)) = p112(9-5)p113(9.5)p1.23(9.5);
P1(M(2)) = Pp1,12(9-5)p113(9.5)p1 23(8.5);

P1(M(3)) = P112(9-5)P1.13(9.5)p1.23(7.5);

P1(M(5831) ) = p112(1/9.5)p113(1/9.5)p1.23(1/8.5)
P1(M(5832) ) = p1,12(1/9.5)p1.13(1/9.5)p1,23(1/9.5)

Step 4. The priority vector, w(h), and the consistency ratio, CR(h), of the
pairwise comparison matrices obtained in step 2 are calculated using the
corresponding AHP processes.

The priority vector in AHP is the normalized evaluation of the al-
ternatives that satisfy Mw = dw. The equation (M —dI)w = 0 is solvable
solution if and only if d is an eigenvalue (4;) of M. Recall that elements of
M are a; = %’ which means that M has rank 1, so all its eigenvalues are

zero (4; = 0) except one, denoted 4,4 Which is equal to n, since the sum
of all eigenvalues of a matrix is equal to its trace (or sum of main di-
agonal elements, in this case a; = 1Vi =1,---,n). Thus, each column of M
is a solution to the above equation. Since the AHP solution is unique, the
normalized solution or priority vector w = (wy, ...,w,), where w; is the
normalized score of alternative A;, is proposed and obtained by
normalizing any one of the columns of M. By choosing an interval of the
ratio scale, the solution offered by AHP must match the evaluation ratio
to its latent performances (w;/w; = V;/Vj).

Consistency attempts to ensure that the judgments expressed by an
expert have a logical relationship. Consistency in AHP requires that the
pairwise judgment matrix M satisfies the following cardinally consis-

‘|._.
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tency property: ag = a;ai|Vi #j # k. When performances of alterna-
tives are known, the matrix M has elements defined as a; = %, which

Vi _viV;
Ve TV Vi

computation process of the priority vector applies. Indeed, algebraically,
a matrix M is fully consistent if and only if Ayec = 1.

obviously verifies and therefore is consistent and the above

9.5 1 1
95 95
7oM< | 1
95

B 95 95 -

Saaty (1980) defines the value Cly = (Amax
sistency index of a matrix M, where Apqx = Z?:l aj

—d)/(d —1) as the con-
W
wi
product between the real relative value between two alternatives and
the inverse of the normalized score obtained by AHP. If matrix M is
consistent, then CI; = 0. Otherwise, it is not zero, with values closer to
zero meaning greater degree of consistency. An issue with CIy is its
dependency of the dimension of M. To solve this problem, Saaty (1980)
introduces the Consistency Ratio (CR) criterion as the quotient between
CIy and the Random Consistency Index (RI), which represents the mean
of CI values of a set of randomly generated matrices of dimension n. In
this way, CRy = CIy/RI is no longer dependent on the dimension of M,
which allows to set the universal consistency acceptance requirement
for a matrix M to be of acceptable consistency if its CRy value is below
0.1 (Vaidya & Kumar, 2006). Following with the example of previous
steps, the priority vector and the consistency ratio for each of the 5832
possible pairwise comparison matrices are computed:

M(1)w(1) = (w1 (1), w2(1),ws(1) )CR(1)

is the sum of the

M(2)w(2) = (w1(2),w2(2),w3(2) )CR(2)

M(5832)w(5832) = (w;(5832), w5 (5832), w3(5832))CR(5832)

Step 5. Set constraint.

This step classes pairwise comparison matrices into those that are of
acceptable consistency and those that are not. If no consistency
constraint is imposed, then all matrices with their probabilities calcu-
lated in step 3 are considered in next step 6. Otherwise, i.e. if consistency
constraint is imposed, then only the set of matrices with acceptable
consistency are considered in next step 6 and their probabilities are
normalized: p),(M(h)) = ps(M(h))/Y cr)-01Ps(M(K) ). Thus, we have
the following rule to apply to the pairwise comparison matrices.

If constraint set, then

pp(M(h)) .
py(M(h)) = § 2crm<01Ps(M(k)) lfCR(h)<0'1;
0 otherwise.

otherwise, p),(M(h)) = p,(M(h)).

The information is grouped according to the goals of the analysis.
Sometimes it is interesting to know the ranking of all alternatives. In our
case, we assume an e-type problem where the alternatives are mutually
exclusive, only the one alternative ranked first is chosen and errors in
the order of the rest of the alternatives whose position are not relevant
(Aguardn & Moreno-Jiménez, 2000; Saenz-Royo et al., 2023a). In this
case, the matrices leading to the selection of the same alternative are
grouped together and the addition of their probabilities is defined as the
probability of choosing such alternative by the AHP:
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pA) = Y p/M(G)

wiG)=mawe ()

In the considered example with only three alternatives, the probability
that the AHP automaton chooses A; is obtained by adding the proba-
bility values py of those matrices with priority vector with w; the largest
component element. The same is done for alternatives A, and As,
respectively. Thus, at the end of this step, the probability of each
alternative to be chosen by the AHP are obtained: ps(A1), ps(Az), -,
Pp (An).

Step 6. Computing the expected performance of the automaton with
reliability f for the considered decision support system and constraints.

When there is no tie between alternatives, the expected performance
will be computed as:

n
E(DSS_constrains) = Y py(A) Vi
i

When there is ties between alternatives, then these must be resolved by
multiplying them by the mean of the performances of the tied alterna-
tives. For the considered AHP example with three alternatives and linear
order, if the consistency criteria of the automaton’s judgments is not
required, then the expected performance with ties between the three
alternatives would be:

E(AHPwoC) =p;(A1)Vi +p1(A2)V2 +pi1(As)Vs
Vi+Vo+ V.
+p1(A1 = Ay = As) <%>

Note that two alternatives cannot tie for first place because indifference
is not allowed. The tie can only result from a non-transitive circular
ordering of the three alternatives.

6. Ratio scales analysis

The case presented in Sdenz-Royo et al. (2023a) is used as the basis to
evaluate the expected performance of each ratio scales in AHP previ-
ously described. Thus, it is assumed that there are three alternatives {A;,
Az, A3} with latent performance values V; = 62.5, Vo = 25 and V3 =
10, respectively. The three scenarios described in Section 4 are created
by varying the value of the latent performance of alternative A,. In
Scenario 1, Vo = 15. In Scenario 2, Vo = v/625 = 25. In Scenario 3,
Vy =55.

6.1. Analysis of the AHP ratio scales with the expert being aware of the
relative performance values (Problem 1)

As mentioned before, different reliability values of the automaton ()
ranging from 0.01 (an automaton with a very low ability to discriminate

Table 2
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between alternatives) to 2 (an automaton with high reliability) are
simulated for each of the three scenarios. In addition, as described in
Section 5, the automaton can manifest different preference intensities,
Vi/Vj, with different probabilities, py;, for each pairwise comparison.
This analysis allows to evaluate the results of each of the considered
ratio scales at different levels of expertise of the automaton.

Tables 2, 4, and 6 report expected performances for each considered
AHP ratio scale, at different levels of expertise, with and without con-
sistency constraint, for Scenarios 1, 2 and 3, respectively. At each level
of expertise, background graded colors were added to indicate the
proximity to the corresponding maximum expected performance (blue
color) or the minimum expected performance (yellow color). Also, at
each level of expertise, the difference between the maximum and min-
imum expected performances was divided into four equal ranges rep-
resented with highlighted bars of different heights to the left of the
expected performances to indicate where in expected performance range
they lie. Expected performance values closer to the minimum expected
performance value than to the maximum expected performance value
are indicated with one or two blue bars; otherwise, three or four blue
bars are used instead. In addition, bold blue and blue italics numbers are
used to highlight the maximum and minimum expected performances of
all ratio scales without and with consistency, respectively. The lower
value labeled “Total” shows the corresponding cumulative expected
performances for the considered AHP ratio scale, which is proposed to
use as an indicator of the ratio scale favoring the AHP expected per-
formance if the expertise level the decision-maker involved in the
analysis were unknown.

Scenario 1 analysis. Since alternative A; performs significantly better
than the other two alternatives, it is more likely to be selected as the best
alternative (but errors have a high opportunity cost). Table 2 analysis
shows that the scales with greater precision in the real performance area
(greater number of intervals in values close to 2.5) sometimes present
worse performance than the more dispersed scales (geometric FH and
logarithmic scales perform worse than geometric L scale). The consis-
tency constraint does not provide the same gain for all compared scales.
Without consistency constraint, the power scale is most striking because
it achieves the minimum expected performances for all levels of exper-
tise but 0.2 and 0.4. With consistency constraint, the expected perfor-
mances are closer to the corresponding maximum expected
performances. Another striking result is that the geometric FH scale with
consistency constraint achieves the best expected performance values
when the expertise level is low (0.001-0.2) and the worst expected
performance values when the expertise level is high (1-2), while its
worst expected performance value is achieved consistency constraint
and expertise level of 0.2. Regarding total expected performance, the
balance scale is the best of all compared scales with or without consis-
tency constraint. In the second case, without consistency constraint, the
balance scale stands out because it presents the highest expected

Scenario 1 expected performances for each considered AHP ratio scale, at different levels of expertise, with and without consistency constraint.

V,=15 Linear Root Power GeometricL Balanced Geometric FH Logarithmic
B AHPwoC AHPwC AHPwoC AHPwC AHPwoC AHPwC AHPwoC AHPwC AHPwoC AHPwC AHPwoC AHPwC AHPwoC AHPwC
0.001 gl 29.2307 dll  29.2307 dll  29.2306 gl 29.2306 4ill 24.8797 4l 17.3519 gl 29.2339 gl  29.2296 gl 29.2307 dll  29.2307 dll  29.2305 gl 29.2518 gl 29.2306 gl 29.2306
0.2 .l 440379 4l 45.8048 il 43.3580 gill 44.3487 il 43.9355 gl 45.9357 gl 44.1175 gl 46.3872 gl 441650 gll  46.3534 i 43.1804 gl  46.5938 il 43.4404 4l 44.4433
0.4 gl 547076 @l 56.8082 4l 53.9183 4l 55.4240 il 54.0009 gl 56.6910 @l 54.5575 gl 57.0927 4l 54.8928 Wl 571278 4l 53.6981 4l 56.4275 @l 54.0270 4l 55.5474
06 gl 59.6303 4l 60.7602 4l 59.0125 4l 59.9325 4l 58.8235 gl 60.7468 gl 59.4037 gl 60.9442 gl 59.7767 4l 60.9522 4l 58.8508 4l 60.1793 gl  59.1030 4l  60.0262
08 gl 6148324 6197674 61.1039 4l 61.5422 4l 60.8894 gl 61.9960 gl 61.3085 gl 62.0828 4l 61.5751 gl 62.0883 4l 61.0093 4l 61.5687 @l 61.1647 4il 61.5996
1 gl 6213824 623409 gill 61.9344 4l 62.1281 4l 617759 gl 62.3582 4l 62.0357 4l 623922 4l 62.1885 gl 623929 4l 61.8848 4ll 62.1100 gl 61.9704 4l 62.1587
12 gl 6236934 624509 4l 62.2679 4l 62.3511 4l 62.1680 gl 62.4606 gl 62.3170 dll 62.4727 dll 62.3944 dll 62.4718 il 62.2431 4l 62.3324 4l 62.2875 4l 62.3661
14 gl 6245224 624847 4l 62.4040 4l 62.4394 4l 62.3461 gl 62.4891 4l 62.4274 dll 62.4931 dll 62.4639 dll 62.4924 4l 62.3919 4l 624272 4l 62.4140 4l 62.4463
1.6 gl 624824 g 62.4952 dll 62.4602 4l 62.4751 4l 62.4282 4l 62.4970 gl 62.4711 gl 624983 dll 62.4876 gl 62.4979 4l 62.4543 4l 62.4683 gl 62.4651 4l 62.4782
18 gl 6249344l 624985 4l 624835 4l 624897 4l 62.4665 gl 624992 gl 62.4885 dll 624996 @l 62.4957 @l 62.4994 il 62.4807 4l 62.4862 4l 62.4859 4l 62.4911
2 gl 624976 dll 624995 gl 62.4932 gl 62.4958 il 62.4844 gl 62.4998 gl 62.4954 ll 624999 gl 62.4985 gl 62.4998 @l 62.4918 4ill 62.4940 gl 62.4943 @l 62.4963

Total gl 623.5227 gl 629.3504 il 620.6664 gl 624.8572 4ill 616.1982 4ill 617.5252 gl 622.8563 gl 630.5921 4l 624.1689 gl 630.6065 4l 619.9246 4l 628.3392 gl 621.0828 alll 625.2838
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Table 3

Scenario 1 comparison of maximum and minimum expected performance, at different levels of expertise, with and without consistency constraint.
V,=15 AHPwoC AHPwC Global
B Max Min % Max Min % Max Min %
0.001 29.2339 24.8797 17.50 % 29.2518 17.3519 68.58 % 29.2518 17.3519 68.58 %
0.2 44.1650 43.1894 2.26 % 46.5938 44.3487 5.06 % 46.5938 43.1894 7.88 %
0.4 54.8928 53.6981 2.22% 57.1278 55.4240 3.07 % 57.1278 53.6981 6.39 %
0.6 59.7767 58.8235 1.62 % 60.9522 59.9325 1.70 % 60.9522 58.8235 3.62 %
0.8 61.5751 60.8894 1.13 % 62.0883 61.5422 0.89 % 62.0883 60.8894 1.97 %
1 62.1885 61.7759 0.67 % 62.3929 62.1100 0.46 % 62.3929 61.7759 1.00 %
1.2 62.3944 62.1680 0.36 % 62.4727 62.3324 0.22 % 62.4727 62.1680 0.49 %
1.4 62.4639 62.3461 0.19 % 62.4931 62.4272 0.11 % 62.4931 62.3461 0.24 %
1.6 62.4876 62.4282 0.10 % 62.4983 62.4683 0.05 % 62.4983 62.4282 0.11 %
1.8 62.4957 62.4665 0.05 % 62.4996 62.4862 0.02 % 62.4996 62.4665 0.05 %
2 62.4985 62.4844 0.02 % 62.4999 62.4940 0.01 % 62.4999 62.4844 0.02 %
Total 624.1689 616.1982 1.29% 630.6065 617.5252 212% 630.6065 616.1982 2.34 %

performances at all levels of expertise but 0.001; in the first case, with
consistency constraint, the expected performances of the balance scale
in comparison to the values of the geometric L scale are very close when
the first are lower but higher when the level of expertise range from 0.4
to 1. Another result to highlight in this scenario refers to the total ex-
pected performance values achieved with consistency constraint being
higher than without consistency constraint for all compared scales,
although when the level of expertise is very low (0.001 and/or 0.2) some
scales (power and geometric L scale) have higher expected performance
values without consistency constraint than with consistency constraint.

Table 3 shows the maximum and minimum expected performance, at
different levels of expertise, with and without consistency constraint, as
well as their corresponding totals. The percentage differences between
maximum and minimum expected performance show that: (i) they
decrease monotonically with the level of expertise with and without
consistency constraint; (ii) for expertise levels lower than (higher than
or equal to) 1 the percentage differences with consistency constraint are
higher (lower) than without consistency constraint; (iii) above the
expertise level § = 1, the overall percentage difference between the best
and the worst performance is less than 1 %; (iv) for the lowest level of
expertise (0.001) the percentage differences are very high with and
without consistency constraint; (vi) for level of expertise different to
0.001, the biggest global percentage difference does not exceed 8 %, of
which 5 % is due to the scale and 3 % to the consistency constraint or
lack of it.

Scenario 2 analysis. In this case, the probability of getting it right
(alternative A is chosen as best alternative) is reduced and so is the
opportunity cost, making the overall balance uncertain. Table 4 shows
many similarities with Table 2: the balanced scale is again the scale with
highest “total” expected performances with and without consistency
constraint, while the power scale has the worst expected performances
without consistency constraint. The differences with respect to Scenario

Table 4

1 are that the geometric FH scale is no longer the scale with the worst
expected performance with consistency constraint when the level of
expertise is between 1 and 2; the root scale shows the worst “total”
expected performance with consistency constraint, which is also true at
all the levels of expertise but 0.001.

As with Table 3, Table 5 shows that both the maximum and mini-
mum expected performances monotonically increase with the level of
expertise. However, the percentage difference between the best and
worst ratio scales’ expected performances monotonicity varies with the
level of expertise range: without consistency constraint the mono-
tonicity is increasing (decreasing) between 0.2 and 0.8 (1 and 2); with
consistency constraint the same happens but with monotonicity turning
point being the level of expertise 0.6. In general, the choice of scale is
more important in Scenario 2 than in Scenario 1, except without con-
sistency constraint at the level of expertise 0.2, and with consistency
constraint and levels of expertise 0.001 and 0.2. The same is true
globally, from a level of expertise 0.2, the differences between the best
and worst expected performance are greater in Scenario 2 than in Sce-
nario 1.

Scenario 3 analysis. Since alternatives A; and A, have close perfor-
mances (62.5 and 55), the probability of choosing alternative A, instead
of A; is high, while the opportunity cost of being wrong is relatively low.
In this scenario, the balanced scale is still the scale with best expected
performance with and without consistency constraint while the power
scale shows the worst “total” expected performance with and without
consistency constraint (Table 6). A notable difference with respect to the
two previous scenarios is that the performance of the linear scale for
high level of expertise in [1-2], which had the best performance range in
Scenarios 1 and 2, has now the worst performance range in Scenario 3.
The power scale and the geometric L scale show the same behavior: the
first one without consistency constraint and level of expertise between
0.2 and 2, the second one with consistency constraint and level of

Scenario 2 expected performances for each considered AHP ratio scale, at different levels of expertise, with and without consistency constraint.

V,=25 Linear Root Power GeometricL Balanced Geometric FH Logarithmic
B AHPwoC  AHPwWC AHPwoC AHPWC AHPwoC AHPWC  AHPwoC  AHPWC  AHPwoC  AHPWC  AHPwoC  AHPWC  AHPwoC AHPWC
0.001 gl 3255394 32.5539 gl 32.5538 gl 32.5538 4i] 27.4483 4l 21.6968 gl 32.5566 gl 32.5530 gl 32.5539 gl 325539 4l 32.5538 4l 325723 @l 325538 4l 32.5538
0.2 gl 440018 4l 455283 4l 43.4390 4l 44.4630 gl 43.9244 gl 455738 il 44.0609 gl 45.9571 gl 44.0950 gl 45.9271 4l 43.2953 gl  45.9564 gl 43.5087 4l 44.5301
0.4 gl 51.8193 4 54.0709 4l 51.0230 4l 52.3838 gl 51.1173 gl 53.9607 gll 51.6895 gl 54.4225 gl 52.0237 gl 54.4008 4l 50.8132 gl 53.4160 gl 51.1270 4l 52.5757
0.6 gl 561728 gl 580784 4l 55.1811 il 56.1057 4l 54.9249 gl 58.1142 gll 55.8534 gl 58.4034 gl 56.4663 gl 584189 4l 54.9850 4ill 56.4427 il 55.3009 4l 56.2223
0.8 gl 5861834 60.0545 4ill 57.6144 4l 580767 4l 57.1927 gl 60.2657 gl 58.1990 gl 60.3812 gl 58.9922 gl 60.4414 4l 57.4539 4l 58.3042 @il 57.7337 4l 58.2304
1 gl 600635 gl 61.0791 gl 59.1907 4ill 59.3469 4l 58.7533 gl 61.3976 gl 59.6302 gl 61.4304 gl 60.4785 gl 61.4684 4l 59.0692 gl 59.5511 gill 59.2917 4l 59.5439
12 gl 609526 gl 61.7033 4l 60.2587 4l 60.2795 4l 59.8854 gl 61.9706 gl 60.5540 gl 61.9775 gl 61.3514 gl 61.9830 gl 60.1727 gl 60.4360 gl 60.3337 4l 60.4527
14 gl 61.5125 gl 62.0404 il 60.9879 4ill 60.9413 4il 60.7029 gl 62.2388 4ill 61.1709 gl 62.2510 gl 61.8548 gll  62.2391 4 60.9308 4l 61.0691 4ill 61.0386 4i 61.0886
16 gl 61.8693 gl 62.2366 4l 61.4836 4l 61.4335 4l 61.2809 gl  62.3755 4l 61.5908 gl 62.3852 gl 62.1403 gl 62.3669 gl 61.4482 4l 61.5184 gl 61.5157 gl 61.5327
1.8 gl 62.0975 gl 62.3503 il 61.8187 4l 61.7997 4l 61.6812 gl 62.4457 il 61.8790 gl  62.4455 gl 62.3003 gll 62.4312 4l 61.7982 4l 61.8329 4l 61.8381 4l 61.8409
2l 622435 gl 62.4153 4l 62.0442 4l 62.0139 4il 619539 gl 62.4739 4l 62.0772 gl 624744 gl 62.3893 dll 62.4626 4l 62.0333 4l 62.0501 il 62.0556 4i 62.0532

Total gl 611.9049 gl 622.1109 4l 605.5950 4l 609.3978 4l 598.8651 4l 612.5132 gl 609.2616 4l 624.6813 gl 614.6456 gl 624.6933 4l 604.5537 4l 613.1491 gl 606.2975 4 610.6244
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Table 5
Scenario 2 comparison of maximum and minimum expected performance, at different levels of expertise, with and without consistency constraint.
V, =25 AHPwoC AHPwC Global
i} Max Min % Max Min % Max Min %
0.001 32.5566 27.4483 18.61 % 32.5723 21.6968 50.12 % 32.5723 21.6968 50.12 %
0.2 44.0950 43.2953 1.85 % 45.9571 44.4630 3.36 % 45.9571 43.2953 6.15 %
0.4 52.0237 50.8132 2.38 % 54.4225 52.3838 3.89 % 54.4225 50.8132 7.10 %
0.6 56.4663 54.9249 2.81 % 58.4189 56.1057 412 % 58.4189 54.9249 6.36 %
0.8 58.9922 57.1927 3.15% 60.4414 58.0767 4.07 % 60.4414 57.1927 5.68 %
1 60.4785 58.7533 2.94 % 61.4684 59.3469 3.57 % 61.4684 58.7533 4.62 %
1.2 61.3514 59.8854 2.45 % 61.9830 60.2795 2.83 % 61.9830 59.8854 3.50 %
1.4 61.8548 60.7029 1.90 % 62.2510 60.9413 2.15% 62.2510 60.7029 2.55 %
1.6 62.1403 61.2809 1.40 % 62.3852 61.4335 1.55 % 62.3852 61.2809 1.80 %
1.8 62.3003 61.6812 1.00 % 62.4457 61.7997 1.05 % 62.4457 61.6812 1.24 %
2 62.3893 61.9539 0.70 % 62.4744 62.0139 0.74 % 62.4744 61.9539 0.84 %
Total 614.6456 598.8651 2.64 % 624.6933 609.3978 2.51 % 624.6933 598.8651 4.31%
Table 6
Scenario 3 expected performances for each considered AHP ratio scale, at different levels of expertise, with and without consistency constraint.
V,=55 Linear Root Power GeometricL Balanced Geometric FH Logarithmic
B AHPwoC ~ AHPWC  AHPwoC  AHPWC  AHPwoC  AHPwC  AHPwoC AHPWC AHPwoC AHPWC ~ AHPwoC  AHPWC  AHPwoC  AHPwC
0.001 gl 425702 gl 425703 gl 42.5701 gl 425702 4l 35.2013 4ill 34.7749 gl 42.5738 gl 42.5691 gl 42.5702 gl 42.5703 gl 425701 gl 425935 gl 425701 gl  42.5702
02 gl 5438934l 5518784 53.9177 4 54.7188 dll 54.3232 4l 55.0950 gl 54.3794 gl 55.3276 gl  54.3989 gl 55.3672 4il 53.7687 gl 55.7967 gill 53.9874 4] 54.7512
0.4 gl 5824584l 58.6600 4l 58.0994 4l 584974 gl 58.1081 gl 58.6169 gl 58.2227 gl 58.7169 gl 58.2595 gl 58.7148 4l 58.0006 gl 58.6716 gl 58.1369 4l 58.4984
0.6 gl 59.0290 4 59.2455 gl 58.9532 4l 59.0057 4ill 58.9057 gl 59.2318 gl 59.0111 gl 59.2999 gl 59.0692 gl 59.2937 4l 58.9212 gl 59.0611 gl 58.9650 4ill 59.0096
0.8 gl 59.2156 gl 59.3998 gill 59.1431 4l 59.1080 4ill 59.1155 gl  59.3732 il 59.1930 gl 59.4375 gl 59.2938 gl 59.4766 4l 59.1333 gl 59.1664 4il 59.1481 4l 59.1142
1 gl 59.3055 gl 59.4809 4ill 59.2414 4l 59.1915 4l 59.2274 gl 59.4422 gl 59.2809 gl 59.4843 gl 59.4366 gl 59.6044 il 59.2376 4l 59.2482 il 59.2441 4l 59.1962
1.2 gl 59.3803 gl 59.5427 gl 59.3307 4l 59.2854 4l 59.3233 gl 59.4990 4l 59.3579 gl 59.5103 gl 59.5714 gl 59.7230 4l 59.3289 4l 59.3330 4 59.3322 4] 59.2879
1.4 gl 59.4553 gl 59.5993 gl 59.4205 gl 59.3846 4l 59.4164 gl 59.5561 4l 59.4374 gl 59.5411 gl 59.7076 gll 59.8405 4l 59.4196 4l 59.4213 4 59.4213 4 59.3856
1.6 gl 59.5338 gl 59.6566 gl 59.5110 4l 59.4845 4l 59.5088 il 59.6172 4l 59.5207 4l 59.5851 gl 59.8461 gl 59.9596 4l 59.5105 4l 59.5112 4l 59.5114 4l 59.4846
1.8 gl 59.6159 gl 59.7171 gl 59.6015 il 59.5827 4l 59.6003 4l 59.6830 4l 59.6069 4l 59.6425 gl 59.9864 gl 60.0814 4l 59.6013 4l 59.6015 4l 59.6017 4l 59.5825
2 gl 59.7003 4l 59.7817 4l 59.6915 4l 59.6786 4l 59.6909 4ill 59.7531 4l 59.6944 4l 59.7105 gl 60.1274 gl 60.2056 4l 59.6914 4l 59.6915 gl 59.6916 4l 59.6782

Total gl 630.4409 gl 632.8416 glll 629.4800 gl 630.5074 4l 622.4208 4l 624.6425 gl 630.2782 4l 632.8249 gl 632.2672 gl 634.8369 4l 629.1832 4l 632.0960 4l 629.6095 4l 630.5588

Table 7

Scenario 3 comparison of maximum and minimum expected performance, at different levels of expertise, with and without consistency constraint.
Vy, =55 AHPwoC AHPwC Global
i} Max Min % Max Min % Max Min %
0.001 42.5738 35.2013 20.94 % 42.5935 34.7749 22.48 % 42.5935 34.7749 22.48 %
0.2 54.3989 53.7687 117 % 55.7967 54.7188 1.97 % 55.7967 53.7687 3.77 %
0.4 58.2595 58.0006 0.45 % 58.7169 58.4974 0.38 % 58.7169 58.0006 1.23 %
0.6 59.0692 58.9057 0.28 % 59.2999 59.0057 0.50 % 59.2999 58.9057 0.67 %
0.8 59.2938 59.1155 0.30 % 59.4766 59.1080 0.62 % 59.4766 59.1080 0.62 %
1 59.4366 59.2274 0.35 % 59.6044 59.1915 0.70 % 59.6044 59.1915 0.70 %
1.2 59.5714 59.3233 0.42 % 59.7230 59.2854 0.74 % 59.7230 59.2854 0.74 %
1.4 59.7076 59.4164 0.49 % 59.8405 59.3846 0.77 % 59.8405 59.3846 0.77 %
1.6 59.8461 59.5088 0.57 % 59.9596 59.4845 0.80 % 59.9596 59.4845 0.80 %
1.8 59.9864 59.6003 0.65 % 60.0814 59.5825 0.84 % 60.0814 59.5825 0.84 %
2 60.1274 59.6909 0.73 % 60.2056 59.6782 0.88 % 60.2056 59.6782 0.88 %
Total 632.2672 622.4208 1.58 % 634.8369 624.6425 1.63 % 634.8369 622.4208 1.99 %

expertise between 1.4 and 2. Therefore, in general, a deterioration of the
performance ranges is observed (Table 7).

Scenario 3 presents the lowest percentage difference between
maximum and minimum expected performance with the only exception
of level if expertise of 0.001 without consistency constraint. In this
scenario, the choice of scale is unimportant for all levels of expertise
above 0.001, even at the global level.

6.2. Analysis of the AHP ratio scales when the expert is not aware of the
relative performance values (Problem 2)

Finally, an analysis is carried out under the assumption that the AHP
verbal judgments (Weak, Moderate importance, Moderate plus, Strong
importance, Strong plus, Very strong or demonstrated importance, Very
very strong, Extreme importance) (Saaty, 1977) are the only guidelines

in the pairwise comparisons of alternatives, i.e. there is no requirement
for the expert to make a quantitative comparison. The use of verbal
responses is intuitively attractive, easy to use, and more common in our
daily lives, but it implies accepting an ambiguity in the comparisons that
can have important consequences. In any case, the AHP needs numerical
ratio scales in pairwise comparisons to derive priorities. In the
following, we evaluate what can happen when verbal statements are
transformed into numbers without the expert being aware of the
transformation. The expert provides a verbal preference; its quantifi-
cation is unknown to AHP and could be assigned to any of the numerical
ratio scales analyzed in this study. With this approach, there is theo-
retically no reason to restrict the numbers assigned to verbal gradations.
Although some authors try to justify this assignment, we will show,
through two cases, the distortions generated depending on the assign-
ment of unconscious values by the expert versus the assignment of
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Table 8
Differences in expected performance between problem 1 and problem 2.
Balanced Power

Vy, =25 AHPwoC AHPwC AHPwoC AHPwC
B Problem 1 Problem 2 % Problem 1 Problem 2 % Problem 1 Problem 2 % Problem 1 Problem 2 %
0.001 32.5539 32.5539 0.00 % 32.5539 32.3149 0.74 % 27.4483 32.5539 —15.68 % 21.6968 32.5539 -33.35%
0.2 44.0950 44.3107 —0.49 % 45.9271 45.4848 0.97 % 43.9244 43.9717 —0.11 % 45.5738 45.5695 0.01 %
0.4 52.0237 52.7229 —-1.33% 54.4008 52.5956 3.43% 51.1173 51.6539 —1.04 % 53.9607 54.4536 —0.91 %
0.6 56.4663 57.5133 —-1.82% 58.4189 57.4529 1.68 % 54.9249 55.8653 —1.68 % 58.1142 58.9132 —-1.36 %
0.8 58.9922 60.0338 —-1.74 % 60.4414 59.9314 0.85 % 57.1927 58.2622 —-1.84 % 60.2657 60.9707 -1.16 %
1 60.4785 61.3236 —-1.38% 61.4684 61.2826 0.30 % 58.7533 59.7256 —-1.63 % 61.3976 61.8727 —0.77 %
1.2 61.3514 61.9593 —0.98 % 61.9830 61.9419 0.07 % 59.8854 60.6570 —-1.27 % 61.9706 62.2507 —0.45 %
1.4 61.8548 62.2593 —0.65 % 62.2391 62.2474 —0.01 % 60.7029 61.2638 —0.92 % 62.2388 62.4033 —0.26 %
1.6 62.1403 62.3955 —0.41 % 62.3669 62.3974 —0.05 % 61.2809 61.6655 —0.62 % 62.3755 62.4632 —0.14 %
1.8 62.3003 62.4555 —0.25% 62.4312 62.4560 —0.04 % 61.6812 61.9345 —0.41 % 62.4457 62.4862 —0.06 %
2 62.3893 62.4813 —0.15% 62.4626 62.4815 —0.03 % 61.9539 62.1160 —0.26 % 62.4739 62.4949 —0.03 %
Total 614.6456 620.0091 —0.87 % 624.6933 620.5864 0.66 % 598.8651 609.6694 —-1.77 % 612.5132 626.4319 —2.22%

another scale in the method (AHP). To analyze this Problem 2, we as-
sume that the expert unconsciously assigns the linear scale to the verbal
judgments, and that AHP uses the balanced or the power scale (which
the previous Problem 1 showed to have the best and worst performance,
respectively) under the conditions of Scenario 2 to compute the vector of
priorities. In Problem 2, the probability dispersion from the true value
obtained from Eq. (4) uses the values of the linear scale, and the
balanced and power scales are used to model the intensity value for each
verbal judgment in the matrix (M) (step 2 of IBRM).

Table 8 shows the differences in expected performance between
Problem 1, where the expert is aware of the cardinality of the scale and
her/his errors are due to her/his IBR, and Problem 2, where the expert
focuses on interpreting the verbal judgments and she/he can make a
double error, the interpretation of the judgment and the errors due to
her/his IBR.

The differences between problems in the balanced and power scales
are small with and without consistency constraint. A counterintuitive
result is that Problem 2 gives better results than Problem 1: the error
caused by the change in scale biases the expert’s decisions towards the
best option, this phenomenon occurs with the balanced scale without
consistency constraint and almost all level of expertise, with consistency
constraint at some of the levels of expertise cases, and in the power scale
in all but one level of expertise. The balanced scale continues to produce
better results than the power scale except with consistency constraint
where the favorable bias of the scale change makes the overall expected
performance of the power scale superior to the balanced scale, some-
thing that never happened in Problem 1. Another noteworthy result is
that the expected performance with consistency constraint is lower than
without consistency constraint for the three compared scales, which was
also verified in Problem 1, although their differences in values is very
small.

7. Discussion and conclusions

These results show that despite the fact that Hershey et al. (1982)
and Hershey & Schoemaker (1985) demonstrated that a linear trans-
formation of the interval scale can drastically alter the generated results,
their expected performance is not very different because the probability
of these changes according to IBR is low. Remember that the equations
proposed by IBR are used in situations where the experts have no
cognitive biases or prejudices, so the AHP decision support system is
evaluated in a strictly logical sense. It has been shown that, except for
situations where the experts show almost total ignorance (§ = 0.001),
the maximum difference between the best and the worst expected per-
formances never reaches 8 %, which demonstrates the stability of AHP.

Given that verbal judgments are an adequate way to measure human
response to stimuli (Stevens, 1957; Stevens & Galanter, 1957), Problem
2 was used to evaluate whether the numerical values used in the ratio
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scales drastically affect the comparison operations of criteria and al-
ternatives, altering the final choice of the expert. It was shown that AHP
is stable regardless of the ratio scale used to measure expert judgments.

According to our simulations, the balanced scale is very stable at all
levels of expertise and in all scenarios of Problem 1 and also in Problem
2. Although the differences between the scales are not very high, if the
analysis requires great precision, our evaluation recommends the use of
the balanced scale as a guarantee of performance with the AHP decision
support system.

Finally, the doubts raised by Saenz-Royo et al. (2023a) that the
consistency requirement has a significant contribution to the expected
performance are confirmed. Perhaps this contribution is stronger when
the experts have cognitive biases, which is an interesting possible line of
future research.
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