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 A B S T R A C T

This work presents a method to incorporate vertical velocity into a two-dimensional depth-averaged Shallow 
Water Equation (2DH SWE) model, thereby improving the calculation of particle trajectories in a Lagrangian 
Particle Tracking (LPT) framework. The resulting formulation couples Eulerian and Lagrangian approaches. The 
vertical velocity is also used to modify the dispersion terms in the LPT model. The proposed approximation 
is first validated—without particle transport—by comparison with Hyperbolic–Elliptic and Hyperbolic-Relaxed 
Non-Hydrostatic Pressure (NHP) models. The differences between models are minor, confirming the suitability 
of the vertical velocity approximation for shallow flow problems. Subsequently, the method is applied 
to particle transport scenarios, demonstrating that including vertical velocity yields more realistic particle 
trajectories in complex flow situations.
1. Introduction

In recent decades, predictive tools based on numerical simulations 
have been developed and improved, becoming essential for forecasting 
the evolution of physical systems (Sun et al., 2021; Burton et al., 
2020; Ooyama, 1969; Gairola and Bitsuamlak, 2019). Consequently, 
governments and public institutions have increasingly used these tools 
to predict and mitigate the negative effects of various natural disasters, 
such as volcanic eruptions (Poland and Anderson, 2020; Chevrel et al., 
2018) and flood events (Thielen et al., 2009; Knijff et al., 2010; Chen 
et al., 2009). For the latter, the two-dimensional depth-averaged Shal-
low Water Equations (2DH SWE) models can accurately simulate such 
disasters with high accuracy and computational efficiency (Sanders 
et al., 2010; Vacondio et al., 2016). This efficiency arises from the 
assumption of a hydrostatic pressure distribution and the neglect of 
vertical velocity. Moreover, implementing these models to enable sim-
ulation on GPUs (Castro et al., 2011; Petaccia et al., 2016) or multiple 
GPUs (Sætra and Brodtkorb, 2012; Xia et al., 2019) has enhanced their 
efficiency, making them valuable tools for real-time flood forecasting.

The 2DH SWE models are used not only to simulate the evo-
lution of water flow but also to model several geophysical flows, 
such as mud (Armanini et al., 2009), oil (Echeverribar et al., 2023b), 
and lava (Ortega-Moya et al., 2024). Furthermore, components like 
sediments or pollutants can be incorporated into these models using 
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the flow properties. These elements can be described using either an 
Eulerian or Lagrangian approach, depending on the problem character-
istics (Nordam et al., 2023). In the Eulerian description, sediments or 
pollutants are modeled as a concentration and transported using expres-
sions based on the advection–diffusion equation (Morgan et al., 1998; 
Martínez-Aranda et al., 2020). This approach offers a good balance 
between accuracy and computational efficiency. However, when the 
number of pollutants is low or when specific processes for each element 
must be modeled, the Eulerian description may not provide sufficiently 
detailed results. For this reason, the Lagrangian approach is preferred 
in such cases (García-Martıínez and Flores-Tovar, 1999; Baharvand 
et al., 2023). The Lagrangian description allows for the modeling of 
specific processes of the transported elements, such as degradation, 
fragmentation, and deposition. While this yields more realistic particle 
trajectories, it also increases computational cost.

Several studies have developed coupled Lagrangian–Eulerian 2DH 
SWE models for material transport, providing valuable results across 
many fields (Finaud-Guyot et al., 2023; Persi et al., 2018). However, 
a key challenge for these coupled models arises when transported 
particles have a variable vertical position during the simulation. When 
obstacles are present on the bottom, the depth-averaged horizontal ve-
locities may lead to inaccurate or even nonphysical results. The actual 
vertical flow velocity component prevents such unrealistic trajectories 
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by either lifting or depositing particles whose vertical positions are 
lower than the obstacle height. To simulate these effects, 3D models 
are a possible way to obtain the temporal and spatial evolution of 
vertical velocity, providing accurate results for Lagrangian particle 
transport (Jalón-Rojas et al., 2019; Pilechi et al., 2022). However, the 
involved computational cost reduces the balance between accuracy and 
efficiency, especially when simulating large-scale problems (Teng et al., 
2017).

This work presents an approximation for vertical velocity in a 2DH 
SWE model to enhance particle trajectories in a Lagrangian transport 
model developed within the SERGHEI framework (https://gitlab.com/
serghei-model/serghei), a multi-dimensional, multi-domain, and multi-
physics model for environmental and landscape simulation, designed 
with an outlook towards Earth system modeling (Caviedes-Voullième 
et al., 2023). Although similar approximations have been derived in 
previous works (Ferrari and Saleri, 2004), they have seen limited 
practical application due to their lack of influence on the evolution 
of hydraulic variables. In this study, their value is demonstrated in 
the context of Lagrangian particle transport, where vertical motion 
might play an important role. To enhance the representation of this 
motion, we introduce a vertical linear profile for the velocity compo-
nent, allowing for a more realistic description of particle trajectories 
while maintaining compatibility with the depth-averaged hydrody-
namic model. The vertical velocity is derived from the conservative 
variables solved by the 2DH SWE model, providing a physically con-
sistent and computationally efficient alternative to fully 3D imple-
mentations. Non-Hydrostatic Pressure (NHP) SWE models have been 
recently developed and refined, providing accurate results in scenar-
ios where vertical velocity plays a significant role (Escalante et al., 
2018, 2019; Echeverribar et al., 2023a). Before improving the La-
grangian model with the proposed vertical velocity approximation, its 
accuracy must be validated by comparing its results with those from 
two NHP SWE models: a Hyperbolic–Elliptic (HE)-NHP model and 
a Hyperbolic-Relaxed (HR)-NHP model (Echeverribar et al., 2023a). 
For simplicity, these comparisons are performed using one-dimensional 
depth-averaged (1DH) models. Several test cases are simulated to assess 
the performance of the different models and to determine whether the 
proposed approach yields comparable vertical velocity values. Once the 
accuracy of the proposed vertical velocity estimation is evaluated, it is 
ready to be incorporated into the 2DH SWE model, with the aim to 
provide more realistic particles trajectories without a relevant increase 
in computational cost.

The paper is organized as follows: first, the equations used in the 
1DH SWE model are presented. Next, for the sake of simplicity, the 
process for obtaining the vertical velocity approximation is presented in 
the framework of the 1D system. Subsequently, the numerical scheme is 
introduced, with a focus on the implementation of the vertical velocity. 
The equations of the 1D HE-NHP and HR-NHP models are described 
before the presentation of the test cases. Three analytical test cases are 
simulated to assess the accuracy of the vertical velocity approximation 
by comparing with the vertical velocity obtained from the 1D NHP 
models. Following this, the equations of the 2DH SWE model supplied 
with the approach to estimate the vertical velocity component and the 
LPT model are presented, with an emphasis on the vertical velocity 
approximation and its influence on particle trajectories. The numerical 
schemes for both the 2DH SWE model and the LPT model are then de-
tailed. Another three analytical test cases are simulated to evaluate the 
impact of vertical velocity on particle trajectories. Finally, a discussion 
of the results and the conclusions are provided.

2. Governing equations for 1DH model

The 1D dynamic flow equations are presented first with the ap-
proach to obtain the vertical velocity. Note that these equations can be 
derived as a simplification of the 2D Shallow Water Equations (SWEs), 
under the assumption that the flow has no velocity component in the 
2 
transversal (y) direction. The 2DH SWEs themselves are obtained by in-
tegrating the incompressible Navier–Stokes equations over the vertical 
coordinate, assuming hydrostatic pressure distribution and negligible 
vertical accelerations. This reduction to one dimension is valid when 
variations in the transversal direction are negligible and the flow is 
predominantly aligned along the 𝑥-axis.

2.1. 1DH SWE model

The one-dimensional hydrodynamic model describes the depth-
averaged surface flow per unit width by means of the hyperbolic 
1DH SWE system based on mass and momentum conservation under 
hydrostatic pressure hypothesis (Cunge et al., 1989): 
𝜕𝐔
𝜕𝑡

+ 𝜕𝐅
𝜕𝑥

= 𝐒 (1)

where: 

𝐔 =
(

ℎ
ℎ𝑢̄

)

, 𝐅 =

(

ℎ𝑢̄
(ℎ𝑢̄)2∕ℎ + 1

2 𝑔ℎ
2

)

, 𝐒 =
(

0
𝑔ℎ(𝑆0 − 𝑆𝑓 )

)

(2)

being ℎ the water depth [𝐿], 𝑢̄ the x-coordinate depth-averaged velocity 
flow [𝐿𝑇 −1], and 𝑔 the gravitational acceleration [𝐿𝑇 −2]. 𝑆0 represents 
the bottom slope: 

𝑆0 = −
𝜕𝑧𝑏
𝜕𝑥

(3)

where 𝑧𝑏 is the bottom level [𝐿], and 𝑆𝑓  represents the friction slope: 

𝑆𝑓 =
𝑛2|𝑢̄|𝑢̄
ℎ4∕3

(4)

where 𝑛 is the Manning’s roughness coefficient [𝑇𝐿−1∕3] (Arcement and 
Schneider, 1984).

2.2. Adding the vertical velocity in the 1DH SWE model

For the 1DH SWE model, the system of Eqs. (1) consists of the depth-
integrated mass conservation equation and the momentum equation 
in the 𝑥-direction. According to Bristeau et al. (2015), Castro-Orgaz 
and Hager (2017), an additional equation can be used to approximate 
the vertical velocity. This equation is derived from the divergence-
free condition (∇ ⋅ 𝐯 = 0, where 𝐯 denotes the flow velocity vector) 
and is commonly referred to as the Depth Integrated Incompressibility 
Condition (DIIC) (Escalante et al., 2018; Yamazaki et al., 2009). The 
DIIC is obtained by integrating the divergence-free condition over the 
vertical coordinate from the bottom, 𝑧𝑏, to the free surface elevation, 
𝐻 = ℎ + 𝑧𝑏: 

∫

𝐻

𝑧𝑏

𝜕𝑢
𝜕𝑥

𝑑𝑧 + ∫

𝐻

𝑧𝑏

𝜕𝑤
𝜕𝑧

𝑑𝑧 = 0 (5)

Applying the Leibniz rule, the following expressions are obtained for 
each term from (5):

• For the x-term in (5), the following expression is obtained apply-
ing the Leibniz rule: 

∫

𝐻

𝑧𝑏

𝜕𝑢
𝜕𝑥

𝑑𝑧 = 𝜕
𝜕𝑥 ∫

𝐻

𝑧𝑏
𝑢 𝑑𝑧 − [𝑢]𝐻

𝜕𝐻
𝜕𝑥

+ [𝑢]𝑧𝑏
𝜕𝑧𝑏
𝜕𝑥

(6)

and, developing the term 𝜕𝐻∕𝜕𝑥 considering that 𝐻 = ℎ + 𝑧𝑏: 

∫

𝐻

𝑧𝑏

𝜕𝑢
𝜕𝑥

𝑑𝑧 = 𝜕
𝜕𝑥 ∫

𝐻

𝑧𝑏
𝑢 𝑑𝑧 − [𝑢]𝐻

(

𝜕ℎ
𝜕𝑥

+
𝜕𝑧𝑏
𝜕𝑥

)

+ [𝑢]𝑧𝑏
𝜕𝑧𝑏
𝜕𝑥

(7)

Considering the definition of mean horizontal velocity 𝑢̄: 

𝑢̄ = 1
ℎ ∫

𝐻

𝑧𝑏
𝑢 𝑑𝑧 (8)

the expression (7) can be written as: 
𝐻 𝜕𝑢 𝑑𝑧 = 𝜕 (ℎ𝑢̄) − [𝑢]𝐻

(

𝜕ℎ +
𝜕𝑧𝑏

)

+ [𝑢]𝑧𝑏
𝜕𝑧𝑏 (9)
∫𝑧𝑏 𝜕𝑥 𝜕𝑥 𝜕𝑥 𝜕𝑥 𝜕𝑥
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• For z-term in (5), the following expression is obtained applying 
the Leibniz rule: 

∫

𝐻

𝑧𝑏

𝜕𝑤
𝜕𝑧

𝑑𝑧 = [𝑤]𝐻 − [𝑤]𝑧𝑏 (10)

Using (9) and (10), the expression (5) can be expressed as: 
𝜕
𝜕𝑥

(ℎ𝑢̄) − [𝑢]𝐻
𝜕ℎ
𝜕𝑥

− [𝑢]𝐻
𝜕𝑧𝑏
𝜕𝑥

+ [𝑢]𝑧𝑏
𝜕𝑧𝑏
𝜕𝑥

+ [𝑤]𝐻 − [𝑤]𝑧𝑏 = 0 (11)

By using the chain rule to develop the first derived term, 𝜕(ℎ𝑢̄)∕𝜕𝑥, and 
by using an uniform vertical profile of horizontal velocity as 𝑢̄ = [𝑢]𝐻 =
[𝑢]𝑧𝑏 , the expression (11) can be expressed as: 

ℎ 𝜕𝑢̄
𝜕𝑥

+ 𝑢̄ 𝜕ℎ
𝜕𝑥

− 𝑢̄ 𝜕ℎ
𝜕𝑥

− 𝑢̄
𝜕𝑧𝑏
𝜕𝑥

+ 𝑢̄
𝜕𝑧𝑏
𝜕𝑥

+ [𝑤]𝐻 − [𝑤]𝑧𝑏 = 0 (12)

and, therefore: 

ℎ 𝜕𝑢̄
𝜕𝑥

+ [𝑤]𝐻 − [𝑤]𝑧𝑏 = 0 ⇒
𝜕𝑢̄
𝜕𝑥

+
[𝑤]𝐻 − [𝑤]𝑧𝑏

ℎ
= 0 (13)

The main difference between the mass conservation equation in the 
system of Eqs. (1) and the DIIC, both derived from the divergence-free 
condition, lies in the assumed velocity profiles and the application of 
boundary conditions. In the derivation of the DIIC, only the bottom 
boundary condition, [𝑤]𝑧𝑏 = 𝑢̄

(

𝜕𝑧𝑏
𝜕𝑥

)

, is applied, while the other 
boundary conditions are not explicitly enforced. As a result, the ver-
tical velocity remains in the equations. Consequently, the formulation 
requires not only the definition of a depth-averaged horizontal velocity 
𝑢̄, but also a depth-averaged vertical velocity 𝑤̄: 

𝑤̄ = 1
ℎ ∫

𝐻

𝑧𝑏
𝑤 𝑑𝑧 (14)

While an uniform profile for horizontal velocity is considered, a 
linear profile for the vertical velocity along the z-coordinate is taken, 
with the referenced coordinate 𝑧′ = 𝑧 − 𝑧𝑏: 

𝑤(𝑧′) = [𝑤]𝑧𝑏 +
[𝑤]𝐻 − [𝑤]𝑧𝑏

ℎ
𝑧′ (15)

and inserting Eq.  (15) in (14):

𝑤̄ = 1
ℎ

[

∫

ℎ

0
𝑤𝑧𝑏 𝑑𝑧

′ + ∫

ℎ

0

(𝑤𝐻 −𝑤𝑧𝑏
ℎ

)

𝑧′ 𝑑𝑧′
]

⇒

𝑤̄ = 1
ℎ

[

[𝑤]𝑧𝑏ℎ +
( [𝑤]𝐻 − [𝑤]𝑧𝑏

ℎ

)

ℎ2

2

]

(16)

the following expression is obtained: 
[𝑤]𝐻 = 2𝑤̄ − [𝑤]𝑧𝑏 (17)

Using (17) in (13) and considering the horizontal velocity 𝑢 uniform 
along the vertical: 
𝜕𝑢̄
𝜕𝑥

+
2𝑤̄ − 2[𝑤]𝑧𝑏

ℎ
= 0 (18)

Applying the bottom kinematic boundary condition for a static bed, 
[𝑤]𝑧𝑏 = 𝑢̄

(

𝜕𝑧𝑏
𝜕𝑥

)

, in (18): 

𝜕𝑢̄
𝜕𝑥

+
2𝑤̄ − 2𝑢̄

(

𝜕𝑧𝑏
𝜕𝑥

)

ℎ
= 0 ⇒

𝜕𝑢̄
𝜕𝑥

+ 2𝑤̄
ℎ

− 2
ℎ

(

𝑢̄
𝜕𝑧𝑏
𝜕𝑥

)

= 0 (19)

and multiplying by ℎ, (19) can be modified to: 

ℎ 𝜕𝑢̄
𝜕𝑥

+ 2𝑤̄ − 2𝑢̄
𝜕𝑧𝑏
𝜕𝑥

= 0 (20)

Finally, from (20), the expression for the depth-averaged vertical ve-
locity [𝐿𝑇 −1] is obtained: 

𝑤̄ = 𝑢̄
𝜕𝑧𝑏
𝜕𝑥

− ℎ
2
𝜕𝑢̄
𝜕𝑥

(21)

It is important to remark that this vertical velocity is derived exclusively 
from domain characteristics and conserved variables but is not trans-
ported. Therefore, its calculation does not affect the temporal evolution 
of conservative variables for the 1DH SWE model.
3 
Before incorporating the vertical velocity approximation into the 
Lagrangian model, its accuracy must be verified. For this reason, and 
for simplicity, the approximation is developed within a 1DH SWE 
framework and will be compared with two NHP SWE models in the 
following sections to assess its validity.

3. Numerical scheme for 1DH SWE model

In this section we provide an overview of the numerical scheme 
for the 1DH SWE model. For more details, the following literature can 
be used (Morales-Hernández et al., 2013, 2015). For details about the 
numerical scheme of the 1D NHP models, see Escalante et al. (2019), 
Echeverribar et al. (2023a). To obtain the updating of the 1DH SWE 
conservative variables, in the present work a first order explicit upwind 
numerical scheme is used: 

𝐔𝑛+1
𝑖 = 𝐔𝑛

𝑖 −
𝛥𝑡𝑛

𝛥𝑥

[ 2
∑

𝑚=1
(𝜆̃+𝛾̃ 𝐞̃)𝑚𝑖−1∕2 +

2
∑

𝑚=1
(𝜆̃−𝛾̃ 𝐞̃)𝑚𝑖+1∕2

]𝑛

(22)

where 𝛥𝑡 = 𝑡𝑛+1−𝑡𝑛 is the time step [𝑇 ], 𝛥𝑥 is the cell size [𝐿], 𝜆̃ is the Ja-
cobian matrix eigenvalues, 𝐞̃ is the Jacobian matrix eigenvectors, 𝛾̃𝑚𝑖±1∕2
is a compact expression for the wave and source strengths, and 𝜆̃±𝑚𝑖+1∕2 =
1
2 (𝜆̃± |𝜆̃|)𝑚𝑖+1∕2 accounts for the upwind discretization. The time step 𝛥𝑡𝑛
is obtained dynamically and, due to the explicit nature of the numerical 
scheme, it must be restricted by the Courant–Friedrichs–Lewy (CFL) 
condition to ensure numerical stability: 

𝛥𝑡𝑛 = CFL min
𝑚,𝑘

(

𝛥𝑥
|𝜆̃𝑚𝑘 |

)

, 0 < CFL ≤ 1 (23)

3.1. Details for obtaining the vertical velocity

Considering (21) for the vertical velocity, the spatial derivatives are 
discretized using a centered method as follows for a general interior 
cell: 

𝑤̄𝑛+1
𝑖 = 𝑢̄𝑛+1𝑖

( 𝑧𝑏, 𝑖+1 − 𝑧𝑏, 𝑖−1
2𝛥𝑥

)

−
ℎ𝑛+1𝑖
2

(

𝑢̄𝑛+1𝑖+1 − 𝑢̄𝑛+1𝑖−1
2𝛥𝑥

)

(24)

It is important to note that, this expression must be modified at 
the inlet and outlet boundary nodes. For example, when 𝑖 = 0, (24) 
is replaced by: 

𝑤̄𝑛+1
0 = 𝑢̄𝑛+10

( 𝑧𝑏, 1 − 𝑧𝑏, 0
𝛥𝑥

)

−
ℎ𝑛+10
2

(

𝑢̄𝑛+11 − 𝑢̄𝑛+10
𝛥𝑥

)

(25)

As can be seen, when 𝑖 is equal to 0, the spatial derivatives in 𝑥-
direction must be solved using a forward method. When 𝑖 = 𝑁 − 1, the 
spatial derivatives must be discretized by a backward method: 

𝑤̄𝑛+1
𝑁−1 = 𝑢̄𝑛+1𝑁−1

( 𝑧𝑏, 𝑁−1 − 𝑧𝑏, 𝑁−2

𝛥𝑥

)

−
ℎ𝑛+1𝑁−1
2

(

𝑢̄𝑛+1𝑁−1 − 𝑢̄𝑛+1𝑁−2
𝛥𝑥

)

(26)

4. Analytical cases for the vertical velocity approximation

The following test cases are used to compare the vertical velocity 
obtained from the proposed 1DH SWE model, using expression (21), 
with that of the 1D HE-NHP model (27) and the 1D HR-NHP model 
(28). Since the HE-NHP and HR-NHP models are used to benchmark the 
proposed approach against more complex formulations, the additional 
equations required to complete these models are also provided. In the 
case of the 1D HE-NHP model (Escalante et al., 2018; Bristeau et al., 
2015; Yamazaki et al., 2009), the system of equations is: 
⎧

⎪

⎪

⎨

⎪

⎪

𝜕ℎ
𝜕𝑡 +

𝜕(ℎ𝑢̄)
𝜕𝑥 = 0

𝜕(ℎ𝑢̄)
𝜕𝑡 + 𝜕

𝜕𝑥

(

(ℎ𝑢̄)2
ℎ + 1

2 𝑔ℎ
2 + (ℎ𝑝𝑛ℎ)

)

= −
(

𝑔ℎ + 2𝑝𝑛ℎ
) 𝜕𝑧𝑏

𝜕𝑥 − 𝜏𝑏
𝜌

𝜕(ℎ𝑤̄𝑛ℎ)
𝜕𝑡 + 𝜕(ℎ𝑢̄𝑤̄𝑛ℎ)

𝜕𝑥 = 2𝑝𝑛ℎ
𝜕(ℎ𝑢̄) 𝜕(ℎ+2𝑧𝑏)

(27)
⎩
ℎ 𝜕𝑥 + 2ℎ𝑤̄ℎ𝑒−𝑛ℎ − ℎ𝑢̄ 𝜕𝑥 = 0
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Fig. 1. States at 𝑡 = 6 s (a), 𝑡 = 9 s (b), and 𝑡 = 12 s (c) showing the spatial evolution of the vertical velocity for each model along the longitudinal coordinate. 
Temporal evolution of the vertical velocity RMSE between the 1DH SWE and 1D HR-NHP models, as well as between the 1DH SWE and 1D HE-NHP models, for 
the test case 1 (d).
where 𝑝𝑛ℎ is the depth-averaged non-hydrostatic pressure correction 
[𝑀𝐿−1𝑇 −2], which must be solved implicitly from the last equation 
using ℎ, 𝑢̄ and 𝑤̄𝑛ℎ, being 𝑤̄𝑛ℎ the vertical velocity obtained by a 
non-hydrostatic pressure assumption.

For the 1D HR-NHP model (Escalante et al., 2019; Echeverribar 
et al., 2023a), the system of equations is: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕ℎ
𝜕𝑡 +

𝜕(ℎ𝑢̄)
𝜕𝑥 = 0

𝜕(ℎ𝑢̄)
𝜕𝑡 + 𝜕

𝜕𝑥

(

(ℎ𝑢̄)2
ℎ + 1

2 𝑔ℎ
2 + (ℎ𝑝𝑛ℎ)

)

= −
(

𝑔ℎ + 2𝑝𝑛ℎ
) 𝜕𝑧𝑏

𝜕𝑥 − 𝜏𝑏
𝜌

𝜕(ℎ𝑤̄𝑛ℎ)
𝜕𝑡 + 𝜕(ℎ𝑢̄𝑤̄𝑛ℎ)

𝜕𝑥 = 2𝑝𝑛ℎ
𝜕(ℎ𝑝𝑛ℎ)

𝜕𝑡 + 𝜕
𝜕𝑥

(

(ℎ𝑢)(ℎ𝑝𝑛ℎ)
ℎ

)

+ 𝑐2𝑝
𝜕(ℎ𝑢)
𝜕𝑥 + 𝑐2𝑝

(

2𝑤̄𝑛ℎ − 𝑢̄ 𝜕(ℎ+2𝑧𝑏)
𝜕𝑥

)

= 0

(28)

where 𝑐𝑝 = 𝛼
√

𝑔𝐻0, being 𝐻0 a reference depth [𝐿] and 𝛼 a parameter 
that tunes the celerity of the pressure waves (Escalante et al., 2019), 
where a value of 𝛼 = 3 is used based on the literature (Echeverribar 
et al., 2023a). Note that, when 𝑐𝑝 → ∞, the 1D HE-NHP equations 
system (27) is recovered. This is because 𝑐𝑝 can be interpreted as the 
pressure waves speed in the depth integrated NHP system (Escalante 
et al., 2019). For the 1D HE-NHP, the pressure waves propagation is 
considered instantaneous.
4 
4.1. Test case 1: Dam-break

The first test case consists of a flat and frictionless horizontal 
channel with a constant width of 𝐵 = 20 m and a length of 𝐿 = 300
m, with initial discontinuous water depth and zero velocity. The water 
depth is 4 m on the left region and 1 m on the right region of an ideal 
gate that opens suddenly at 𝑡 = 0. The cell size for this case is 𝛥𝑥 =
0.25 m. The goal is to simulate a dam-break scenario, highlighting the 
vertical velocity variations in such situations. The spatial evolution of 
the vertical velocity at different states is shown in Fig.  1. As observed in 
this figure, the differences between the approximation of the 1DH SWE 
model and the 1D NHP models are generally insignificant, except at the 
highest vertical velocity peak. Moreover, the propagation behavior of 
the models is very similar in both the left and right directions.

To quantify the error between both models, the Root Mean Squared 
Error (RMSE) is computed as (Barnston, 1992): 

RMSE(𝑡𝑛) =

√

√

√

√
1
𝑁𝐿

𝑁𝐿
∑

𝑙=1

(

𝑤̄𝑙(𝑡𝑛) − 𝑤̄𝑛ℎ, 𝑙(𝑡𝑛)
)2 (29)

where 𝑁𝐿 is the number of measurement points along the longitudinal 
coordinate, 𝑤̄ (𝑡𝑛) is the vertical velocity of the 1DH SWE model at the 
𝑙
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Fig. 2. (a) Initial condition for the reef test case. (b-e) Spatial profiles of vertical velocity at 𝑡 = 1.5 s, 3.0 s, 4.5 s, and 6.0 s, respectively, comparing the 1DH 
SWE model with vertical velocity and the 1D NHP models along the channel.
spatial position 𝑙 and time 𝑡𝑛, and 𝑤̄𝑛ℎ, 𝑙(𝑡𝑛) is the vertical velocity of the 
1D NHP models at spatial position 𝑙 and time 𝑡𝑛. The temporal evolution 
of the vertical velocity RMSE between the 1DH SWE model and the 1D 
NHP models is shown in Fig.  1(d). As seen in this figure, the RMSE 
decreases over time and stabilizes when the vertical velocity peaks no 
longer change.

4.2. Test case 2: Reef

The second case for the vertical velocity accuracy assessment is 
conducted using a well-known test case described in Escalante et al. 
(2018) (see Fig.  2(a)). The setup consists of a channel with a length of 
𝐿 = 45 m and a constant width of 𝐵 = 9 m. The channel roughness is 
uniform, with a Manning’s coefficient 𝑛 = 0.01 s m−1∕3. The upstream 
boundary condition is a constant inlet discharge 𝑄𝑖𝑛 = 1 m3 s−1, 
imposed at the left boundary wall, while the remaining boundary 
walls impose a reflective boundary condition. The initial condition is 
5 
a constant water surface level of 1 m. The cell size for this case is 
𝛥𝑥 = 0.045 m. The spatial evolution of the vertical velocity at different 
times is shown in Fig.  2. As seen in this figure, the differences between 
the 1DH SWE model and the 1D NHP models are significant at the 
beginning of the simulation. However, as the flow reaches the dry area, 
these differences diminish. Moreover, the propagation behavior of the 
models is very similar both in the left and right directions. The temporal 
evolution of the vertical velocity RMSE is shown in Fig.  3a, where the 
RMSE value progressively decreases as the flow propagates. This trend 
is further illustrated in Fig.  3b, which presents the maximum vertical 
velocity for each model, showing that the values converge and become 
really similar by the end of the simulation.

4.3. Test case 3: Plane beach

The third case for assessing vertical velocity accuracy is conducted 
using another well-known test case (see Fig.  4(a)). The details of 
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Fig. 3. Temporal evolution of the vertical velocity RMSE between the 1DH SWE and 1D HR-NHP models, as well as between the 1DH SWE and 1D HE-NHP 
models, for the reef test case (a). Temporal evolution of the maximum vertical velocity value provided by the different models for the test case 2 (b).
-

the analytical setup are described in Escalante et al. (2018), which 
considers a channel with a length of 𝐿 = 49.85 m and a constant width 
of 𝐵 = 10 m. The channel roughness is uniform, with a Manning’s 
coefficient 𝑛 = 0.01 s m−1∕3. The upstream boundary condition consists 
of a constant inlet discharge 𝑄𝑖𝑛 = 3 m3 s−1, imposed at the left 
boundary wall, while at the outlet boundary a reflective boundary 
condition is imposed. The initial condition is a constant water surface 
level of 1 m. The cell size for this case is 𝛥𝑥 = 0.05 m. Considering 
that the results of the NHP models are very similar (see Figs.  1–3), 
in this case, only the 1DH SWE model is compared with the 1D HR-
NHP model. Some selected temporal states and the temporal evolution 
of the RMSE for vertical velocity are shown in Fig.  4. As observed 
in the two previous test cases, a significant difference between the 
models appears in the peak vertical velocity during the initial moments 
(see Fig.  4(b)). However, as the peak loses amplitude and the vertical 
velocity becomes less relevant to the flow evolution, this difference 
decreases until negligible errors are obtained, as shown in Figs.  4(d)
and 4(e).

5. Extension of the governing equations to two-dimensions

After verifying the accuracy of the vertical velocity approximation 
in one dimension, the following section extends the governing equa-
tions to two dimensions to improve the Lagrangian model for particle 
transport. Specifically, it presents the 2DH SWE governing the flow, 
along with the equations defining the Lagrangian particle transport.

5.1. 2DH SWE model

The two-dimensional hydrodynamic model describes the depth-
averaged surface flow by means of the hyperbolic 2DH SWE system, is 
based on mass and momentum conservation under hydrostatic pressure 
hypothesis: 
𝜕𝐔
𝜕𝑡

+ 𝜕𝐅
𝜕𝑥

+ 𝜕𝐆
𝜕𝑦

= 𝐒𝑏 + 𝐒𝑓 (30)

where: 

𝐔 =
⎛

⎜

⎜

⎝

ℎ
ℎ𝑢̄
ℎ𝑣̄

⎞

⎟

⎟

⎠

, 𝐅 =
⎛

⎜

⎜

⎝

ℎ𝑢̄
𝑢̄2 + 1

2 𝑔ℎ
2

ℎ𝑢̄𝑣̄

⎞

⎟

⎟

⎠

, 𝐆 =
⎛

⎜

⎜

⎝

ℎ𝑣̄
ℎ𝑢̄𝑣̄

𝑣̄2 + 1
2 𝑔ℎ

2

⎞

⎟

⎟

⎠

,

𝐒b =
⎛

⎜

⎜

⎜

0
−𝑔ℎ 𝜕𝑧𝑏

𝜕𝑥
−𝑔ℎ 𝜕𝑧𝑏

⎞

⎟

⎟

⎟

, 𝐒f =
⎛

⎜

⎜

⎜

0

− 𝑔ℎ 𝑛2 𝑢̄
√

𝑢̄2+𝑣̄2
ℎ4∕3

𝑔ℎ 𝑛2 𝑣̄
√

𝑢̄2+𝑣̄2

⎞

⎟

⎟

⎟

(31)
⎝ 𝜕𝑦 ⎠ ⎝ −
ℎ4∕3 ⎠

6 
being ℎ the water depth [𝐿], 𝐮 = (𝑢̄, 𝑣̄, 0) the velocity flow vector [𝐿𝑇 −1], 
𝑔 the gravitational acceleration [𝐿𝑇 −2], 𝑧𝑏 the bottom level [𝐿], and 𝑛
the Manning’s roughness coefficient [𝑇𝐿−1∕3] (Arcement and Schneider, 
1984).

5.2. Particle tracking equations in 2DH problems

For particles with a negligible mass/volume, transport is driven by 
advection and diffusion, being the evolution of the particle position 
𝐱𝑝 = (𝑥𝑝, 𝑦𝑝, 𝑧𝑝) governed by the horizontal velocity components: 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑𝑥𝑝
𝑑𝑡

= 𝑢̄(𝐱𝑝) + 𝑢disp(𝐱𝑝)
𝑑𝑦𝑝
𝑑𝑡

= 𝑣̄(𝐱𝑝) + 𝑣disp(𝐱𝑝)
𝑑𝑧𝑝
𝑑𝑡

= 0

(32)

where 𝐯disp = (𝑢disp, 𝑣disp, 0) is the horizontal velocity induced by 
the dispersion. This velocity can be modeled using various dispersion 
models. In this study, a random-walk model is employed to simulate 
dispersion (Jalón-Rojas et al., 2019). This model proposes to formulate 
𝐯disp as a function of the diffusivity coefficients 𝐾ℎ𝑥 and 𝐾ℎ𝑦 [𝐿2𝑇 −1] in 
the x- and y-coordinates, respectively. In contrast to imposing constant 
values based on empirical results (Jalón-Rojas et al., 2019; Peeters and 
Hofmann, 2015) that depend on the size and shape of the object, the 
diffusivity coefficients 𝐾ℎ𝑥 and 𝐾ℎ𝑦 are here derived from a velocity-
dependent expression, as turbulence is directly proportional to velocity. 
Therefore, the standard anisotropic diffusion model (Vallés et al., 2023) 
is utilized to determine the diffusivity variables, with the following 
expressions: 
𝐾ℎ𝑥 = 𝜖𝐿|𝑢

∗
|ℎ(𝐱𝑝), 𝐾ℎ𝑦 = 𝜖𝑇 |𝑢

∗
|ℎ(𝐱𝑝) (33)

where 𝜖𝐿 and 𝜖𝑇  are the longitudinal and transversal coefficients (Ruther
ford, 1994), respectively; and |𝑢∗| is the friction velocity [𝐿𝑇 −1]: 

|𝑢∗| =
√

𝜏𝑜
𝜌

(34)

being 𝜏𝑜 the bottom shear stress [𝑀𝐿−1𝑇 −2] and 𝜌 the water density 
[𝑀𝐿−3]. As can be seen in (31), the bottom shear stress is modeled by 
the Manning’s roughness law. Therefore, the friction velocity is defined 
by: 

|𝑢∗| = 𝑛

√

𝑔 𝑢̄2 + 𝑣̄2

(ℎ(𝐱 ))1∕3
(35)
𝑝
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Fig. 4. Initial condition for the plane beach test case (a). States at 𝑡 = 3.0 s (b), 𝑡 = 4.5 s (c), and 𝑡 = 6.0 s (d), showing the spatial evolution of the vertical 
velocity for each model along the longitudinal coordinate. Temporal evolution of the vertical velocity RMSE between the 1DH SWE and 1D HR-NHP models for 
the test case 3 (e).
5.3. Adding the vertical velocity in the 2DH SWE model

For the 2DH SWE model, the system of Eqs. (30) is formed by the 
depth integrated mass conservation and two momentum equations in 
the x- and 𝑦-directions. The integration of the divergence-free condition 
between the bottom and the water surface level is defined as: 

∫

𝐻

𝑧𝑏

𝜕𝑢
𝜕𝑥

𝑑𝑧 + ∫

𝐻

𝑧𝑏

𝜕𝑣
𝜕𝑦

𝑑𝑧 + ∫

𝐻

𝑧𝑏

𝜕𝑤
𝜕𝑧

𝑑𝑧 = 0 (36)

where (𝑢, 𝑣,𝑤) are the velocity components [𝐿𝑇 −1] in the x-, y- and 
z-coordinates, respectively. Using the Leibniz rule, the terms of the 
expression (36) can be expressed as:
7 
• For the x-term in (36), the following expression is obtained ap-
plying the Leibniz rule as is detailed in Section 2.2: 

∫

𝐻

𝑧𝑏

𝜕𝑢
𝜕𝑥

𝑑𝑧 = 𝜕
𝜕𝑥

(ℎ𝑢̄) − [𝑢]𝐻

(

𝜕ℎ
𝜕𝑥

+
𝜕𝑧𝑏
𝜕𝑥

)

+ [𝑢]𝑧𝑏
𝜕𝑧𝑏
𝜕𝑥

(37)

• For the y-term in (36), the following expression is obtained ap-
plying the Leibniz rule and operating analogous to the x-term in 
Section 2.2: 

𝐻 𝜕𝑣𝑑𝑧 = 𝜕 (ℎ𝑣̄) − [𝑣]𝐻

(

𝜕ℎ +
𝜕𝑧𝑏

)

+ [𝑣]𝑧𝑏
𝜕𝑧𝑏 (38)
∫𝑧𝑏 𝜕𝑦 𝜕𝑦 𝜕𝑦 𝜕𝑦 𝜕𝑦
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• For the z-term, the following expression is obtained applying the 
Leibniz rule: 

∫

𝐻

𝑧𝑏

𝜕𝑤
𝜕𝑧

𝑑𝑧 = [𝑤]𝐻 − [𝑤]𝑧𝑏 (39)

Using (37), (38) and (39), the expression (36) can be expressed as:
𝜕
𝜕𝑥

(ℎ𝑢̄) − [𝑢]𝐻

(

𝜕ℎ
𝜕𝑥

+
𝜕𝑧𝑏
𝜕𝑥

)

+ [𝑢]𝑧𝑏
𝜕𝑧𝑏
𝜕𝑥

+ 𝜕
𝜕𝑦

(ℎ𝑣̄)

− [𝑣]𝐻

(

𝜕ℎ
𝜕𝑦

+
𝜕𝑧𝑏
𝜕𝑦

)

+ [𝑣]𝑧𝑏
𝜕𝑧𝑏
𝜕𝑦

+ [𝑤]𝐻 − [𝑤]𝑧𝑏 = 0 (40)

By using the chain rule to develop the derived terms 𝜕(ℎ𝑢̄)∕𝜕𝑥 and 
𝜕(ℎ𝑣̄)∕𝜕𝑦, and by using an uniform vertical profile of the horizontal 
and transversal velocities as 𝑢̄ = [𝑢]𝐻 = [𝑢]𝑧𝑏  and 𝑣̄ = [𝑣]𝐻 = [𝑣]𝑧𝑏 , 
the expression (40) can be expressed as: 

ℎ 𝜕𝑢̄
𝜕𝑥

+ ℎ𝜕𝑣̄
𝜕𝑦

+ [𝑤]𝐻 − [𝑤]𝑧𝑏 = 0 ⇒
𝜕𝑢̄
𝜕𝑥

+ 𝜕𝑣̄
𝜕𝑦

+
[𝑤]𝐻 − [𝑤]𝑧𝑏

ℎ
= 0 (41)

Defining a linear evolution for the vertical velocity 𝑤 along the z-
coordinate as is detailed in Section 2.2: 

𝑤(𝑧′) = [𝑤]𝑧𝑏 +
[𝑤]ℎ𝑠 − [𝑤]𝑧𝑏

ℎ
𝑧′ (42)

where 𝑧′ ∈ [0, ℎ] is the vertical position from the bottom elevation, the 
following expression can be obtained: 
[𝑤]𝐻 = 2𝑤̄ − [𝑤]𝑧𝑏 (43)

and using (43), the expression (41) becomes: 
𝜕𝑢̄
𝜕𝑥

+ 𝜕𝑣̄
𝜕𝑦

+
2𝑤̄ − 2[𝑤]𝑧𝑏

ℎ
= 0 (44)

Applying the bottom boundary condition, [𝑤]𝑧𝑏 = 𝑢̄
(

𝜕𝑧𝑏
𝜕𝑥

)

+ 𝑣̄
(

𝜕𝑧𝑏
𝜕𝑦

)

, in 
(44): 
𝜕𝑢̄
𝜕𝑥

+ 𝜕𝑣̄
𝜕𝑦

+ 2𝑤̄
ℎ

− 2
ℎ

(

𝑢̄
𝜕𝑧𝑏
𝜕𝑥

+ 𝑣̄
𝜕𝑧𝑏
𝜕𝑦

)

= 0 (45)

Finally, the expression for the vertical velocity component 𝑤̄ is ob-
tained: 

𝑤̄ = 𝑢̄
𝜕𝑧𝑏
𝜕𝑥

+ 𝑣̄
𝜕𝑧𝑏
𝜕𝑦

− ℎ
2
𝜕𝑢̄
𝜕𝑥

− ℎ
2
𝜕𝑣̄
𝜕𝑦

(46)

This expression can be obtained by another procedure, as shown in Fer-
rari and Saleri (2004).

5.4. Improving vertical velocity expression

From the linearity assumption of the vertical component, the ver-
tical velocity at the free surface is defined by Eq.  (43). Assuming a 
null vertical velocity at the bottom ([𝑤]𝑧𝑏 = 0), the expression for the 
vertical velocity 𝑤(𝑧) is: 

𝑤(𝑧) = 2𝑤̄
ℎ

(𝑧 − 𝑧𝑏) if 𝑧𝑏 ≤ 𝑧 ≤ ℎ𝑠 (47)

This is useful when a particle is transported by the flow, having 
different positions in the vertical, and therefore, being transported by 
a non-uniform velocity field in this coordinate.

6. Numerical schemes for 2D models

In this section we provide an overview of the numerical schemes 
implemented in SERGHEI for the SWE module (for more details, 
see Caviedes-Voullième et al. (2023)) and for the LPT module (for more 
details, see Vallés et al. (2023, 2025)).

6.1. Numerical scheme for 2DH SWE model

SERGHEI-SWE uses a first-order accurate upwind finite-volume 
scheme with a forward Euler time integration to solve the system (30) 
8 
on uniform Cartesian grids with grid spacing 𝛥𝑥 [𝐿]. Well-balancing 
and water depth positivity are ensured by solving numerical fluxes at 
each cell edge 𝑘 with augmented Riemann solvers based on the Roe 
linearization. In fluctuation form, the rule for updating the conserved 
variables in cell 𝑖 from time step 𝑛 to time step 𝑛 + 1 reads as follows: 

𝐔𝑛+1
𝑖 = 𝐔𝑛

𝑖 −
𝛥𝑡𝑛

𝛥𝑥

4
∑

𝑘=1

3
∑

𝑚=1

𝜆̃−

𝜆̃
[

(𝜆̃𝛼̃ − 𝛽)𝐞̃
]𝑛
𝑚,𝑘 (48)

where 𝜆̃ and 𝐞̃ are the eigenvalues and eigenvectors of the linearized 
system of equations, 𝛼̃ and 𝛽 are the fluxes and bed slope and fric-
tion source term linearizations, respectively, and the minus sign for 𝜆̃
accounts for the upwind discretization.

The time step 𝛥𝑡𝑛 is obtained dynamically and restricted by the 
Courant–Friedrichs–Lewy (CFL) condition to ensure numerical stability: 

𝛥𝑡𝑛 = CFL min
𝑖

⎛

⎜

⎜

⎝

𝛥𝑥
|

ℎ𝑢̄
ℎ |

𝑛

𝑖
+
√

𝑔ℎ𝑛𝑖 , |
ℎ𝑣̄
ℎ |

𝑛

𝑖
+
√

𝑔ℎ𝑛𝑖

⎞

⎟

⎟

⎠

, 0 < CFL ≤ 0.5 (49)

6.1.1. Details for obtaining the vertical velocity
The discretization of (46) is performed again using a centered 

approach. Two indexes (𝑖, 𝑗) will be used in this subsection to show how 
the spatial derivatives are calculated according to the x- or 𝑦-direction. 
These indexes have the ranges of values 𝑖 = 0,… , 𝑁 − 1, being 𝑁 the 
number of the mesh columns, and 𝑗 = 0,… ,𝑀−1, being 𝑀 the number 
of the mesh rows. Using this notation, the expression (46) is discretized 
as follows:

𝑤̄𝑛+1
(𝑖,𝑗) = 𝑢̄𝑛+1(𝑖,𝑗)

( 𝑧𝑏 (𝑖+1,𝑗) − 𝑧𝑏 (𝑖−1,𝑗)
2𝛥𝑥

)

+ 𝑣̄𝑛+1(𝑖,𝑗)

( 𝑧𝑏 (𝑖,𝑗+1) − 𝑧𝑏 (𝑖,𝑗−1)
2𝛥𝑥

)

−
ℎ𝑛+1(𝑖,𝑗)

2

(

𝑢̄𝑛+1(𝑖+1,𝑗) − 𝑢̄𝑛+1(𝑖−1,𝑗)

2𝛥𝑥

)

−
ℎ𝑛+1(𝑖,𝑗)

2

(

𝑣̄𝑛+1(𝑖,𝑗+1) − 𝑣̄𝑛+1(𝑖,𝑗−1)

2𝛥𝑥

)

(50)

However, this expression must be modified when the indexes have 
an extreme value (0, 𝑁 − 1, or 𝑀 − 1). For example, when 𝑖 = 0, (50) 
is modified by:

𝑤̄𝑛+1
(0,𝑗) = 𝑢̄𝑛+1(0,𝑗)

( 𝑧𝑏 (1,𝑗) − 𝑧𝑏 (0,𝑗)
𝛥𝑥

)

+ 𝑣̄𝑛+1(0,𝑗)

( 𝑧𝑏 (0,𝑗+1) − 𝑧𝑏 (0,𝑗−1)
2𝛥𝑥

)

−
ℎ𝑛+1(0,𝑗)

2

(

𝑢̄𝑛+1(1,𝑗) − 𝑢̄𝑛+1(0,𝑗)

𝛥𝑥

)

−
ℎ𝑛+1(0,𝑗)

2

(

𝑣̄𝑛+1(0,𝑗+1) − 𝑣̄𝑛+1(0,𝑗−1)

2𝛥𝑥

)

(51)

When 𝑖 is equal to 0, the spatial derivatives in 𝑥-direction must be 
solved using an forward method. The same modification applies for the 
𝑦-direction when 𝑗 = 0.

When 𝑖 = 𝑁 − 1, the spatial derivatives in 𝑥-direction of the 
expression (50) must be solved by a backward method, being the same 
strategy when 𝑗 = 𝑀 − 1:

𝑤̄𝑛+1
(𝑁−1,𝑗) = 𝑢̄𝑛+1(𝑁−1,𝑗)

( 𝑧𝑏 (𝑁−1,𝑗) − 𝑧𝑏 (𝑁−2,𝑗)

𝛥𝑥

)

+ 𝑣̄𝑛+1(𝑁−1,𝑗)

( 𝑧𝑏 (𝑁−1,𝑗+1) − 𝑧𝑏 (𝑁−1,𝑗−1)

2𝛥𝑥

)

−
ℎ𝑛+1(𝑁−1,𝑗)

2

(

𝑢̄𝑛+1(𝑁−1,𝑗) − 𝑢̄𝑛+1(𝑁−2,𝑗)

𝛥𝑥

)

−
ℎ𝑛+1(𝑁−1,𝑗)

2

(

𝑣̄𝑛+1(𝑁−1,𝑗+1) − 𝑣̄𝑛+1(𝑁−1,𝑗−1)

2𝛥𝑥

)

(52)

6.2. Numerical scheme for LPT module

The temporal evolution of particle positions is obtained by consid-
ering the particles as mathematical points denoted by 𝐩, which are 
advected in space 𝐱 following a velocity field 𝐯. Although the flow 
still has no turbulence model, the dispersive effects of turbulence are 
modeled on the transport of particles is included understanding that the 
model might lead to unrealistic particle transport if this phenomenon 
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Fig. 5. Particle transport algorithm based on particle position in an example case, where red trajectories indicate incorrect transport, while green trajectories 
represent a possible transport path.
is not considered (Merritt and Wohl, 2002). These effects are added 
using a random-walk model, which can generate sufficient dispersion 
to introduce turbulent motion (Rutherford, 1994): 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥𝑛+1𝑝 = 𝑥𝑛𝑝 + 𝛥𝑡𝑛𝑝𝑢̄
𝑛+1
𝑖 + 𝑅𝑛

𝑝,𝑥

(

2𝜎−1𝐾𝑛
ℎ𝑥,𝑖 𝛥𝑡

𝑛
𝑝

)1∕2

𝑦𝑛+1𝑝 = 𝑦𝑛𝑝 + 𝛥𝑡𝑛𝑝𝑣̄
𝑛+1
𝑖 + 𝑅𝑛

𝑝,𝑦

(

2𝜎−1𝐾𝑛
ℎ𝑦,𝑖 𝛥𝑡

𝑛
𝑝

)1∕2

𝑧𝑛+1𝑝 = 𝑧𝑛𝑝 + 𝛥𝑡𝑛𝑝𝑤(𝑧𝑛𝑝)
𝑛+1
𝑖 + 𝑅𝑛

𝑝,𝑧

(

2𝜎−1𝐾𝑛
𝑣,𝑖 𝛥𝑡

𝑛
𝑝

)1∕2

(53)

where 𝐯𝑛𝑖  is the Eulerian velocity field in cell 𝑖 at time step 𝑛, in which 
the particle 𝑝 is located, i.e., contains the point 𝐱𝑛𝐩 = (𝑥𝑛𝑝, 𝑦

𝑛
𝑝, 𝑧

𝑛
𝑝); ℎ𝑛𝑖  is 

the water depth in the cell 𝑖 at time step 𝑛, 𝑧𝑏,𝑖 is the bottom elevation 
of the cell 𝑖, and 𝛥𝑡𝑛𝑝 is the particle time step. 𝑅𝑛

𝑝,𝑥, 𝑅𝑛
𝑝,𝑦 and 𝑅𝑛

𝑝,𝑧 are 
random numbers, which follow a uniform distribution with mean 0 and 
standard deviation 𝜎 = 1. 𝐾𝑛

ℎ𝑥,𝑖 and 𝐾𝑛
ℎ𝑦,𝑖 are the horizontal diffusivity 

in 𝑥̂ and 𝑦̂ components, respectively, and 𝐾𝑛
𝑣,𝑖 is the vertical diffusivity. 

To ensure a proper assessment of the vertical velocity approaches, 
turbulence effects are neglected by setting the Manning’s roughness 
coefficient to zero in the test cases.

When the vertical position of the particle is likely to be variable, 
incorporating vertical velocity into the particle trajectories is essential 
for ensuring a physically consistent transport. As observed in Fig.  5, the 
predicted particle position using the updating scheme in (53) is altered 
in the following cases:

1. When the updated horizontal coordinates correspond to a solid 
body position (condition 2 in Fig.  5), the horizontal velocity 
updating is not applied, and vertical velocity dominates the 
particle transport: 

𝑥𝑛+1𝑝 = 𝑥𝑛𝑝, 𝑦𝑛+1𝑝 = 𝑦𝑛𝑝 (54)

2. When the updated vertical coordinate is above the water col-
umn (condition 3 in Fig.  5), the vertical velocity is not applied 
9 
because it would result in an unrealistic particle position: 
𝑧𝑛+1𝑝 = ℎ𝑖 + 𝑧𝑏,𝑖 (55)

3. When the updated vertical coordinate is below the bed level 
(condition 4 in Fig.  5), the vertical velocity is not applied be-
cause it would result in an unrealistic particle position and the 
particle is deposited: 
𝑧𝑛+1𝑝 = 𝑧𝑏,𝑖 (56)

Therefore, the vertical position of the particle is limited by: 
{

𝑧𝑛+1𝑝 = ℎ𝑛+1𝑖 + 𝑧𝑏,𝑖, if 𝑧𝑛𝑝 + 𝛥𝑡𝑛𝑝𝑤(𝑧𝑛𝑝)
𝑛+1
𝑖 > ℎ𝑛+1𝑖 + 𝑧𝑏,𝑖

𝑧𝑛+1𝑝 = 𝑧𝑏,𝑖, if 𝑧𝑛𝑝 + 𝛥𝑡𝑛𝑝𝑤(𝑧𝑛𝑝)
𝑛+1
𝑖 < 𝑧𝑏,𝑖

(57)

7. Test cases for LPT module

The validation of the vertical velocity is conducted through the 
simulation of several test cases, assessing both accuracy and compu-
tational efficiency. The following cases present different non-trivial 
geometries for particle transport in a vertically averaged 2D model. 
Thus, they illustrate how particles trajectories are improved with the 
vertical velocity model. The simulations are run using a GPU NVIDIA 
GeForce RTX 3060 Ti. To enable a fair comparison between the two 
vertical velocity approximations, the test cases are configured without 
bed roughness, ensuring that the dispersion terms of the LPT model, 
which are inherently stochastic, remain inactive.

7.1. Test case 4: bump obstacle

The following case is a flat, frictionless, rectangular channel (𝐿 = 25
m, 𝐵 = 0.1 m) with a symmetric and smooth bump centered at 𝑥 = 10
m across the whole channel, described in more detail in Delestre et al. 
(2013). The initial condition is a uniform still water surface level of 
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Fig. 6. Trajectories and selected temporal states of particle transport using the average vertical velocity (a) and the vertically dependent velocity 𝑤(𝑧) (b) for 
the test case 4.
Fig. 7. Temporal evolution of the mean vertical position difference between trajectories computed with the average vertical velocity and those using 𝑤(𝑧) for three 
different initial vertical position ranges (a), and particle trajectories and selected temporal states of particle transport without the vertical velocity approximation
(b) for the test case 4.
1 m. The upstream boundary condition is a constant inlet discharge 
𝑄𝑖𝑛 = 0.110 m3s−1, while the downstream boundary condition main-
tains a constant water surface level of 1 m. The remaining boundaries 
are solid walls. The initial particle distribution consists of a vertical 
column of particles (see Fig.  6), spaced equidistantly at 0.05 m inter-
vals. As there is no roughness in the channel, the dispersion terms in 
particle transport are null. Particle transport is simulated using both the 
average vertical velocity expression (46) (see Fig.  6a) and the vertical 
velocity profile 𝑤(𝑧) given by (47) (see Fig.  6). These figures show the 
particles trajectories and four specific temporal states for both vertical 
velocity approximations. As observed, the particles trajectories at the 
highest and lowest vertical positions differ between the two velocity 
expressions. In Fig.  6a, particles at the lowest positions suffer a delay 
compared to the rest because their horizontal velocity is not added 
when their updated position falls below the bump height. However, 
as shown in Fig.  6b, these particles are deposited when the vertical 
velocity 𝑤(𝑧) is applied, as their vertical position is sufficiently close 
to the bottom elevation, leading to a null vertical velocity. Moreover, 
vertical transport is more pronounced for particles using 𝑤(𝑧) when 
their vertical position exceeds half the water depth, resulting in a 
greater difference between the free surface and their final vertical 
positions. This behavior is also illustrated in Fig.  7a, which shows the 
temporal evolution of the mean vertical position difference between 
both trajectories, divided into three different initial vertical position 
ranges. As shown in the figure, the difference remains negligible in the 
central region (ℎ∕3 ≤ 𝑧0 < 2ℎ∕3) throughout the entire simulation. 
However, in the upper and lower regions, noticeable differences arise 
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due to the disparity between the average vertical velocity and the 
vertically dependent velocity profile, 𝑤(𝑧). When the particles pass over 
the bump obstacle, the differences follow a similar pattern: in the upper 
region, particles using 𝑤(𝑧) exhibit a greater upward displacement 
than those using the average vertical velocity, while in the lower 
region, they exhibit a smaller downward displacement. The vertical 
velocity approximation in both versions improves particle trajectories, 
as shown in Fig.  7b, which displays trajectories without any vertical 
velocity correction. As observed, the trajectories are influenced solely 
by horizontal advection; consequently, particles with vertical positions 
lower than the bump height are not able to cross it. Moreover, particles 
with higher vertical positions are not affected by the presence of the 
bump and do not experience any displacement.

7.2. Test case 5: Sharp bottom obstacle with a cavity

The second test case for the LPT model consists of a flat, frictionless, 
rectangular channel (𝐿 = 1 m, 𝐵 = 0.15 m) with a sharp obstacle 
at the bottom across the section that contains a vertical cavity at 
its midpoint, similar to the experiment presented in You and Tinoco 
(2023). As sketched in Fig.  8a, the obstacle is 0.105 m in height and 
the cavity is 0.04 m in the longitudinal direction. The initial condition 
is uniform still water surface level of 1.3 m. The upstream boundary 
condition is a constant inlet discharge 𝑄𝑖𝑛 = 0.442 m3s−1, while the 
downstream boundary condition is a constant water surface level of 
1.3 m. All remaining walls impose a reflective boundary condition. 
As there is no roughness along the channel, the dispersion terms in 
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Fig. 8. Initial flow condition (a) and the average vertical velocity and bottom elevation along the longitudinal coordinate at the center of the channel (b) for 
the test case 5.
Fig. 9. Particle trajectories and selected temporal states using the average vertical velocity (a) and the vertically dependent velocity 𝑤(𝑧) (b) for the test case 5.
particle transport are null. The initial particle distribution consists of 
a vertical column of particles (see Fig.  9), spaced evenly at 0.01 m 
intervals. The flow reaches a steady state, with the spatial evolution 
of the average vertical velocity and the water depth shown in Fig.  8b. 
As illustrated, the vertical velocity remains approximately zero along 
the channel, except near the boundaries of the vertical cavity walls. 
The water surface level and particles trajectories computed using the 
average vertical velocity are shown in Fig.  9a, while those using the 
vertically dependent velocity 𝑤(𝑧) are shown in Fig.  9b. The differences 
between the trajectories in Figs.  9a and 9b resemble those observed 
in the first test case. However, in this scenario, the details of the 
algorithm are demonstrated more clearly. When the average velocity 
is used, particles undergo the same ascending or descending motion 
regardless of their vertical position, which leads to the deposition of 
some particles at the bottom of the first vertical cavity wall (similar to 
case 4 in Fig.  5). In contrast, when the vertically dependent velocity 
is used, particles take longer to pass over the vertical cavity wall, 
experiencing a delay compared to particles with an initial vertical 
position above the height of the vertical cavity walls. These particles 
are not deposited, as their vertical positions are nearly equal to the 
vertical cavity wall bottom, and therefore, the vertical velocity 𝑤(𝑧)
is negligible. Moreover, as shown in test case 4, the vertical veloc-
ity approximation in both versions improves particle trajectories, as 
illustrated in Fig.  10, which again displays trajectories without any 
vertical velocity correction. In this case, the trajectories result solely 
from horizontal advection. Consequently, as in the previous test case, 
particles with vertical positions lower than the cavity wall height are 
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not able to cross it. Furthermore, no particles are transported into the 
cavity, which differs from the behavior reported in You and Tinoco 
(2023).

7.3. Test case 6: Conical island

The next test case involves unsteady flow around a conical island, as 
presented in Briggs et al. (1995). The geometry consists of a truncated 
cone with a base diameter of 7.2 m, a top diameter of 2.2 m, and 
a height of 0.625 m, located at the center of a smooth, flat domain 
measuring 25 m × 30 m (see Fig.  11). A uniform Manning roughness 
coefficient of 𝑛 = 0.013 s m−1∕3 is imposed throughout the domain. The 
initial condition is still uniform water level of ℎ0 = 0.32 m, and a wave 
is imposed at the inlet boundary side following the expression for the 
water depth:

ℎ(𝑡) = ℎ0 + 𝐴 𝑠𝑒𝑐ℎ2
(

𝐵(𝑡 − 𝑇 )
𝐶

)

, 𝐵 =
√

𝑔ℎ0

(

1 + 𝐴
2ℎ0

)

,

𝐶 = ℎ0

√

4ℎ0𝐵

3𝐴
√

𝑔ℎ0
(58)

where 𝐴 = 0.042 m is the wave amplitude, and 𝑇 = 2.84 s is the time at 
which peak of the wave enters the domain. The remaining boundaries 
are treated as solid walls. The initial condition for the 250 particles is a 
random distribution all over the wet domain. The temporal evolution of 
particle trajectories for both vertical velocity approximations are shown 
in Figs.  12 and 13. As observed, the trajectories of some particles differ 
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Fig. 10. Particle trajectories and selected temporal states of particle transport without the vertical velocity approximation for the test case 5.
Fig. 11. Initial flow condition for the test case 6.

significantly between the two approaches. This is because, when the 
average vertical velocity is used, some particles are deposited and come 
to rest. These differences are further illustrated in Fig.  14, which shows 
the temporal evolution of the mean vertical position difference between 
both approximations, categorized into three ranges based on the initial 
vertical position of each particle. The behavior of these differences is 
consistent with the trends observed in the previous test cases.
12 
8. Conclusions

This work presents an approximation for the vertical flow veloc-
ity aimed at enhancing a Lagrangian particle transport in 2DH SWE 
hydraulic models, without requiring the high computational cost asso-
ciated with fully 3D models.

First, three one-dimensional test cases are analyzed to assess the 
accuracy of the vertical velocity approximation, comparing results with 
those from two NHP models. In all cases, the differences between the 
three models are small and become negligible once the flow reaches 
steady state. However, in transient situations, such as the initial mo-
ments of the test case 1 and 3, some discrepancies are observed, 
particularly in the peak vertical velocities. These differences arise be-
cause NHP models account for the dynamic coupling between vertical 
velocity and pressure, which influences the evolution of the conserved 
variables. In contrast, the proposed approximation does not capture 
this instantaneous interaction. Nevertheless, the results confirm that 
the vertical velocity approximation can accurately represent vertical 
flow behavior without solving the more complex equations required by 
NHP models or incurring the additional computational cost of explicitly 
transporting the vertical velocity.

Next, the vertical velocity approximation is applied to particle trans-
port simulations. The average vertical velocity is improved assuming 
Fig. 12. X–Y plane trajectories and initial particle state using the average vertical velocity: full domain view (a) and zoomed-in view of the central area (b) for 
the test case 6.
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Fig. 13. X–Y plane trajectories and initial particle state using the vertically dependent velocity 𝑤(𝑧): full domain view (a) and zoomed-in view of the central 
area (b) for the test case 6.
Fig. 14. Temporal evolution of the mean vertical position difference between trajectories computed with the average vertical velocity and those using 𝑤(𝑧), for 
three different initial vertical position ranges in the test case 6.
a vertical linear profile, which proves beneficial for modeling particle 
movement. To evaluate both vertical velocity approaches, three test 
cases are simulated to compare particle transport behavior under both 
the average and vertically dependent velocity approximations. While 
both methods yielded similar trajectories in the central region of the 
water column, notable differences are observed in the upper and lower 
regions of the water column. Specifically, the average velocity approx-
imation causes an excessive particle deposition, whereas the vertically 
dependent velocity 𝑤(𝑧) produces more realistic particle trajectories. In 
contrast, simulations that do not use any vertical velocity approxima-
tion result in particle paths governed solely by horizontal advection. In 
such cases, particles with vertical positions below the obstacle height 
are unable to cross it, while those above remain unaffected by the 
presence of obstacles (see Figs.  7b and 10). Both the average and ver-
tically dependent approximations allow particles to traverse obstacles 
13 
(see Figs.  6 and 9); however, the use of 𝑤(𝑧) results in more coherent 
behavior, avoiding unrealistic accumulation.

In summary, the proposed vertical flow approximations are suf-
ficiently accurate to capture the effects of vertical motion without 
requiring its transport or the use of more complex governing equations, 
such as those found in NHP models. This allows for a more efficient yet 
physically meaningful representation of vertical dynamics. Incorporat-
ing either the depth-averaged vertical velocity or the vertically varying 
profile 𝑤(𝑧) significantly improves the realism of particle trajectories, 
with the latter offering superior consistency across test cases. Moreover, 
the method establishes a practical foundation for applications such as 
Lagrangian sediment transport modeling, where vertical flow compo-
nents can play a critical role, all while maintaining compatibility with 
standard shallow water frameworks.
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