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1. Introduction

Let O(D) denote the Fréchet algebra of holomorphic functions on the complex unit
disk D := {# € C : |z|] < 1}. Each self-analytic mapping ¢ : D — D (in short,
¢ € Mor(D)) induces a composition operator C, on O(D) given by C,f = f o ¢. These
operators have been studied intensively, see the monographs [11,28] for two excellent re-
views on composition operators on classical spaces of analytic functions. Generalizations
of composition operators are the so-called weighted composition operators uC,,, where
u € O(D), given by

(uCef)(2) =u(z)(fop)(z), z€D,feOD).

Weighted composition operators arise naturally in many situations in mathematical
analysis. Just to mention a few examples, every surjective isometry on Hardy spaces
HP(D), 1 < p < 00, p # 2, and on weighted Bergman spaces A2(D), 0 > —1,0 < p <
00, p # 2, is given by a weighted composition operator, see [17,25]. They also appear in
the study of adjoints of (unweighted) composition operators and in the study of commu-
tants of multiplication operators. They also play a role in the theory of Cy-semigroups
[26,30].

The study of the connection between operator theoretic properties of uC, and function
theoretic properties of v and ¢ has been a subject of great interest over the years; see, e.g.,
[6,8,18,24,29]. Here, we are interested in the spectral properties of invertible weighted
composition operators uCy. The full description of the spectrum of such operators uC,
acting on a Banach space of holomorphic functions on D has been an open question
since the seminal paper [23] where the author obtains the spectra of arbitrary invertible
weighted composition operators acting on the disk algebra 2((ID). It is remarkable that
o(uC,) (as an operator on A(D)) only depends on the nature of the fixed point(s)
of ¢ and the evaluation of u at the fixed point(s) of ¢. Recall that an automorphism
¢ : D — D is said to be: elliptic if ¢ has a fixed point in D (which is unique); parabolic
if the continuous extension of ¢ to D has a unique fixed point on the torus T = {z €
C : |z| = 1}; and hyperbolic if the continuous extension of ¢ to D has two distinct fixed
points in T.

Motivated by [23], many researchers studied the spectra of operators uC, on a
fairly wide list of classical Banach spaces of analytic functions, obtaining the complete
description of o(uCy,) if the automorphism ¢ is either elliptic or parabolic and un-
der the assumption that w can be continuously extended to the fixed point of ¢, see
[10,15,19,20,22]. However, there are only partial results for the spectrum of uC, in the
case ¢ is hyperbolic. For instance, assuming u can be continuously extended to DU{a, b},
where a, b are the attractive fixed point and the repulsive fixed point of ¢ respectively,
it is known that
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where v > 0 is a parameter which only depends on the Banach space X of analytic
functions on which uCl, is acting. In general, the spectrum of uCy, (for ¢ hyperbolic)
has been obtained only in special cases. More precisely, it is known that the inclusion
“C” of (1.1) can be replaced with equality “=" if

o X is either the classical Hardy space H?(D) or the Hilbertian weighted Bergman
space A2 (D), see [19, Th. 3.11 & Cor. 3.12]; or if
o X is the Hardy space H? (D), the weighted Bergman space A2 (D) or the Korenblum

class K~7(D), and ;?((é’))L < i:f((s))L, see [22, Sect. 4].

In this paper, we obtain the spectrum o(uCy,) in all the remaining cases, that is,
for ¢ hyperbolic, and for every Banach space of holomorphic functions X satisfying the
axioms listed in Section 2, see Theorem 8.1. In particular, our results are valid for Hardy
spaces, weighted Bergman spaces, weighted Dirichlet spaces, (little) Korenblum classes
and the (little) Bloch space, and we answer in the positive the conjectures on o(uCl)
posed in [10,15,22]. Moreover, we give a detailed description of the range spaces and null
spaces of A — uC, for A lying in the interior of o(uC,), which enables us to prove that
the essential spectrum of uC,, given by

Oess(uCy) = {X € C : X — uCy, has either infinite-dimensional kernel or

infinite-codimensional range} ,

coincides with the spectrum of uCy, i.e.,

o(uCy) = Tess(uCy)
_ {)\ cC . min{ [u(a)|  |u(b)] } <A< max{ [u(a)|  |u(b)] }}

@' (a)7” ¢! (b)Y @'(a)7” ¢! (b)Y

On the one hand, the techniques and proofs given in the papers [2,10,15,22] served as
[u[(®) ~ Jul(a)

(b)Y = ¢'(a)7’
of a family of weighted Banach spaces X, ,, (see Section 4) to simplify, refine and unify

inspiration to obtain our results for the case More precisely, we make use

their proofs, and to improve their results (we should point out that the work [19] relies

on reproducing kernel Hilbert space theory, which does not work in our setting). On the
lu|(a) |u|(b)

I ORI OR
be embedded into a one-parameter group (u;Cy, )icr, i.e. uCy = u1Cy,, where (¢;)ier

other hand, in order to deal with the case we show first that uC, can
is an hyperbolic flow and (u:):cr is a cocycle for (¢:)ier, see Subsection 6.1 for more
details. After that, we represent (u:);cr as a coboundary, that is,

w O
Uy = 7%7 te Rv
w
where w is a non-vanishing holomorphic function on D, and we use such a function w to
provide the spectrum of uC,,. This method is heavily inspired by the results given in [1]

for Cy-groups of weighted composition operators of hyperbolic symbol.
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The paper is organized as follows. We present in Section 2 the axiomatic properties of
the Banach spaces of holomorphic functions on D that are dealt with through the paper,
and give several examples of classical Banach spaces satisfying such axioms. We adapt

in Section 3 some well-known results regarding the spectral radius of uCy, to our setting.
lul®) - ul(a)

(b)Y T @(a)7”
In Section 6 we cover the remaining case

In Section 4 we address the case when Section 5 is devoted to the case

b b -
Jff(ll(,))w = g';f(‘f;; 5,‘(‘((;;1 < 5,‘(‘1(7)1. We also give in

Subsection 6.1 a characterization of the embeddability of a weight u into a (semi)cocycle

(ut)¢er for a (semi)flow (¢1)ier which we find interesting on its own. Next, we give in
Section 7 sufficient conditions for a family of eigenfunctions of uCy, to belong to the
function Banach space under consideration. In particular, we answer in the positive a
conjecture posed in [1, Remark 7.3(1)]. We collect our main results in Section 8. Lastly,
we provide in Appendix A some auxiliary results.

Before moving on to the next section, let us recall some basic facts about hyperbolic
automorphisms of D which will be used throughout this paper. Recall again that a
biholomorphic mapping ¢ : D — D (hence a Mébius transform) is said to be hyperbolic
if it has no fixed points on D and (its continuous extension to D) has exactly two
distinet fixed points a (attractive) and b (repulsive) in T. Hence, lim, . ©n(2) = a
and lim,,_, _ pn(2) = b for each z € D where ¢,, := ¢o...0o¢ and ¢_,, := (p~ 1), for

—_——

n times

n € N. It is well known that ¢ is determined by a, b and ¢’(a). Namely,

O @)z ra( )
A IV Ere R 12

Even more, ¢ is holomorphic in a disk (centered at the origin) of radius strictly greater
than 1 and ¢'(a) € (0,1),¢'(b) € (1, 00) with ¢'(a)¢’(b) = 1.

2. Banach spaces of holomorphic functions

In this section, we put up the setting where to work by introducing a number of condi-
tions on a non-zero function Banach space X < O(D). We also show that most classical
function spaces satisfy such conditions. Some of these conditions concern multipliers.
We denote by Mul(X) the algebra of multipliers of X, that is, a function g belongs to
Mul(X) if the pointwise product operator f +— ¢ - f defines a bounded operator on X.
We also denote by £(X) the Banach algebra of linear bounded operators on X, and
we use Aut(D) to denote the group of (holomorphic) automorphisms of D onto itself.
In addition, for an open set U C C, we let O(U) stand for the algebra of holomorphic
functions with domain U.

The axioms we consider here on the function Banach space X are the following ones:

(P1) For each open set U C C with D C U, one has O(U) C Mul(X).
(P2) For each § € C with Red > 0 and ¢ € T, the function z +— (c — 2)° belongs to
Mul(X).
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(P3) Let ¢ be a hyperbolic automorphism with fixed points a (attractive), b (repulsive)
in T. For each v € Mul(X) for which |u| has continuous extension to D U {a, b},
one has u, = H;:[)l uop; € Mul(X) for all n € N, and

hmjtlpHunllMul (x) < max{|ul(a), [ul(b)}.
(P4) There exists v > 0 such that, for all ¢ € Aut(ID), one has (¢')"C, € L(X). Also,
for each € > 0,

sup (1= [(0)[*) [[(¢") Col £y < 00
e Aut(D)

For the sake of the briefness of our statements, we are using the following terminology
to denote such spaces X.

Definition 2.1. Let v > 0, and let X < O(D) be a non-zero Banach space of holomorphic
functions. We say that X is a y-space if the pair (X, ) satisfies the properties (P1)-(P4),
where v acts as the parameter associated to (P4).

Below we give some direct consequences of the above properties. From now on, we use

”

the symbol “... < as an abbreviation for “there exists a constant C > 0 such that

.<C.."

Remark 2.2. Korenblum classes K~ ?(D) (see their definition in Subsect. 2.1) enjoy the
property that, for each v > 0 and ¢ > 0, K~77¢(D) contains every Banach space X
satisfying (P4). In effect, one has

sup(1 = [2[*)7°[f(2)] =  sup (1= |p(0)*)7*¢| f((0))]
zeD o€ Aut (D)
= sup (1= [p(0)*)7|((¢")Cuf)(0)]
o€ Aut (D)
S osup (L= [pO)P) @) Cofllx SIfIx,  feX,
o€ Aut (D)

where Schwarz-Pick’s Lemma has been used in the second equality. This bound obviously
implies X — K~77¢(D) as claimed.

Remark 2.3. Properties (P1) and (P4) imply that the composition operator C, is an
isomorphism on X for each ¢ € Aut(D). Indeed, since ¢’ is holomorphic and non-
vanishing in a disk of radius strictly greater than 1, one has (¢')™7 € Mul(X) and
Cy, = (¢")77((¢")7C,), from which the boundedness follows. The invertibility is deduced
from (C,)~t =C

@71 .
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Remark 2.4. Let X be a ~y-space for some v > 0 and take ¢ € Aut(D). Then
. nil/n
lim,, 0 H((gp’)'YC'W) H[:/(X) =1land o((¢')7C,) C T.

This is trivial if ¢ is the identity mapping. Otherwise, fix ¢ > 0. As ((¢')7C,)" =

(¢,)7Cy, , one has for all n € N,

—€

e B e [T 1= leir(0)
(@) C)™ S (1= |pa(0)2) ¢ = jr:[o—l_‘%w

—€

n—1 ne
- (ITwon < (mgwe)

where we have used the Schwarz-Pick lemma and (P4). Since inf,cp |¢'(2)] > 0 and

1/n
L(X) <1

so by the spectral radius formula o((¢')7C,) C D. On the other hand, ((¢')"C,)~! =
((¢~1)")7Cyp-1. Therefore, the claim is obtained by applying what we have already proven

to ((¢')7Cy) 7"

e > 0 can be taken arbitrarily small, it follows that lim, . ||((¢)7C,)" |

Remark 2.5. Let X be a y-space for some v > 0, and let uC,, be a bounded and invertible
weighted composition operator on X, where ¢ is an automorphism of D. Then both u
and 1/u belong to Mul(X). Indeed, uf = uCy,(C,-1f) € X, so u is a multiplier of X
since C,-1 € L£(X) by Remark 2.3. Similarly, ! f = C,(uC,) ™' f € X, where we have
used that (uCy,)~1 = w5101
As an immediate consequence of u,1/u € Mul(X), we have

sup |u(z)] < oo, inf |u(z)| > 0,
zeD zeD

see for instance [13, Lemma 11].
2.1. Ezamples

Here we list examples of (classical) Banach spaces of holomorphic functions that are
~-spaces for some v > 0.

(1) Hardy spaces. For 1 < p < oo, let HP(DD) be the Hardy space on D formed by all
functions f € O(D) such that

1/p

27
| fllezr == sup /|f(rei9)|p do < 00,
0<r<1 5

endowed with the norm || - || g». Then H?(D) is a 1/p-space for each p € [1,00) (we
will see that H>°(DD) is a O-space). Indeed, (P1), (P2) and (P3) are a straightforward
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consequence of the fact that the algebra of multipliers of H?(D) is given by H*(D) =
{f€OD) : sup,cp |f(2)] < 0o} (see Lemma A.1). Regarding (P4), it is well known
that (¢')!/PC,, is an isometric isomorphism on H?(D) for each ¢ € Aut(D), see for
instance [17].

Weighted Bergman spaces. Let 1 < p < oo and 0 > —1. A2(ID) denotes the weighted
Bergman space formed by all holomorphic functions in D such that

1/p

1l = / FEPA - [2PrdAz) | < oo
D

where A is the Lebesgue measure of D. It is well known that the space AL (D), with
norm || - || 4z, is a "Tﬁ—space for all 0 > —1 and p € [1,00). Indeed, that A7 (D)
satisfies the properties (P1)-(P3) follows from the fact that Mul(AR) = H*(D), see
Lemma A.1. On the other hand, (¢’ )UTTQCW is an isometric isomorphism on A2 (D)
for all p € Aut(D), see [25]. Thus AL (D) also satisfies property (P4).

Korenblum classes and little Korenblum classes. For p > 0, the Korenblum growth

class K~?(D) is the Banach space of analytic functions on D given by
K=2(D) :={f € OD) : [ fllc-r = Su]g(l = [2*)?1f(2)] < oo},
zE

which is a Banach space when endowed with the norm || - |[x-». Note that p = 0
corresponds to the Banach algebra of bounded holomorphic functions on D, H*(D).
If p > 0, then the closure of polynomials in X~?(D) is the Little Korenblum growth
class Ky ”(D) given by

5 7(D) = { € £72(D) : lim (1~ |:P11()] =0},
with the norm inherited from K~?(D).
It is readily seen that =7 (D) if a p-space for each p > 0. Properties (P1)-(P3) again
follow immediately since Mul(KX~7(D)) = H*(D) (see Lemma A.1), and an appli-
cation of the Schwarz-Pick Lemma shows that (¢")?C, is an isometric isomorphism
on K~7(D) for all ¢ € Aut(D). Similarly, it can be proven that I (D) is a p-space
for all p > 0.
The disk algebra. The disk algebra 2((ID) is the space consisting of holomorphic func-
tions on D which have a continuous extension to D. It is well known that A(D) is a
Banach algebra when endowed with the supremum norm, i.e. || f|jo := sup,¢p |f(2)|.
Also, (D) is the topological closure of the polynomials on H* (D).
It is readily seen that (D) is a O-space (to check (P3), one may use Lemma A.l
and the fact that Mul(2(D)) is continuously embedded in H>(D)).
Weighted Dirichlet spaces. For p > 1 and o > —1, let D2(D) denote the weighted
Dirichlet space of all functions f € O(D) such that f' € A2(D) and endow it with
the norm
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1/p
Iz = (O + 171, ) < .

Then DE(D) is a Banach space. When o > p — 1 one has Dy(D) = A} _ (D) with
equivalent norms, see e.g. [16, Th. 6]. Thus, for ¢ > p — 1, D2(D) is a ("TTQ — 1)—
space.

We claim that DE(D) is a (UTTQ — 1)—space whenever p—2 <o <p-—1(and p > 1,
o > —1). In effect, direct calculations show that D2(D) satisfies (P1). That DE(D)
satisfies (P2) is proven in [3,4] for o > p — 2, and is extended to o = p — 2 in [1,
Lemma 2.5]. That D2 (D) fulfills (P3) follows by Lemma A.3. Finally, it is essentially
proven in [4, Prop. 3.1] that the spaces D2(D) satisfy (P4) forp—2 <o <p—1and
v = 2t2 1 see also [I, Lemma 2.6].

Bloch space and little Bloch space. Let B(D) denote the Bloch space, that is, the
Banach space of holomorphic functions f on D with the property

£l =

FO)] +sup(1 = [2*)|f' ()] < o0,
zeD

which is endowed with the norm || - || 5. Also, let By(ID) denote the little Bloch space,
consisting of the closure of polynomials in B(ID), or equivalently

Bo(D) = {f € B(D) : lim (1 - [2[})]f'()] = 0},

see [32, Prop. 2]. B(D) and By(D) are O-spaces. In effect, the multipliers of these
spaces are given by

Mul(B(D) = Mul(Bo(D)) = {f € H*(D) : (1—|-[*)log(1 —|-[*)f" € H*(D)},

see [32, Th. 27]. Hence, B(D) and By(D) fulfill properties (P1) and (P2). They also
satisfy (P3) by Lemma A.3. Finally, it is readily seen that (P4) also holds, see for
instance [1, Subsect. 2.1].

Functions with bounded primitive. We consider here a space which will be useful to
study the eigenvectors of weighted composition operators in Section 7. Set

A (D) = {f : feH®D)}

The mapping T : H*(D) — &/(D) given by T(f) = f’ is a linear and surjective
mapping. Identifying the constant functions with C, one has ker 7' = C, so &/ (D) ~
H>(D)/C is a Banach space when endowed with the norm

KeC \ D

|f||sz¢:=H/fH =t (sw| [ r©a+ k]|, resm)
Ho>(D)/C J
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On the other hand, let H3*(D) := {f € H>*(D) : f(0) = 0}, which is a closed
subspace (even more, a closed ideal) of H**(DD). It is readily seen that the mapping
Tgeepy : H5*(D) — /(D) is a continuous bijection. Thus, by the open mapping
theorem, T'| e« (p) is a Banach space isomorphism and we obtain the following equiv-
alence of norms

(.
1]l = /ﬂ@@ . fedD) (2.1)
0 H

oo

Proposition 2.6. <7 (D) is a 1-space.

The claim follows by the following lemmas and Lemma A.3.

Lemma 2.7. Let ¢ : D — D be a morphism of D. Then ¢'Cl, is a well-defined bounded
operator on o/ (D) with ||¢'Cyll 2y < 1. Moreover, if ¢ is an automorphism of
D, then ¢'C,, is an isometric isomorphism of </ (D) onto itself.

In consequence, <7 (D) satisfies (P4) for v = 1.

Proof. Note that [ (¢'C,f) = C, ([ f). Since C,(H>*(D)) C H>*(D), we obtain

¢'Cy(ef) C o/. Moreover,
c|fween o], = e (1) o+
H

’/f+KH Nl fedt
H()O

||<,0 gaf”ﬂf = 1nf

< inf
KeC

where we have used ||Cy,F + K||g~ < ||F + K||g~ for all F € H>*(D) and K € C.
Now, if ¢ is an automorphism of D, then ||C,F + K||ge = ||F 4+ K|z~ for all
F € H>*(D) and K € C. Thus, reasoning as above one obtains ||¢'Cy f|los = || f||o
for all f € o/ as claimed.

If ¢ is an automorphism of D, then (¢'Cy,)~' = (¢~ !)'Cy,-1, and the claim follows
by what we have already proven. 0O

Lemma 2.8. One has

Mul(</ (D))

- ueH“@):wp/wﬁﬁ@M§SWmehwﬂfeH“®)
zeD 0
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Let ||u/||ce= denote the infimum of the set of all constants K > 0 for which

sup.ep | [y /() f(€)d¢| < K| fllm=. f € H*(D). Then ||ullsuiw) S llulla= +
|w/]|coe for every u € Mul(</(D)).

In particular, o7 (D) satisfies (P1) and (P2).

Proof. It is clear by an integration by parts, i.e., [(uf) =u [ f— [(« [ f), that
a holomorphic function u : D — C belongs to Mul(<7 (D)) whenever u € H*(D)
and ||u'[|¢c= < co. In this case, the equivalence of norms (2.1) yields the inequality
ellaturiony S e + e, w € Mul(e (D).

Take now v € Mul(«/(D)) and let us show that then u satisfies the properties
of the claim. Note first that necessarily u € H>®(D), see [13, Lemma 11]. Again,
integration by parts and the norm equivalence (2.1) implies that, for every f € H™

(so f" € /(D))

()
[
0 H

IN

()
/ af | sl < Juf o + |~
0 H

oo oo

IN

(el azurcory + llull ) 1/ 1=
Therefore, ||u'[|ce < 00 as claimed. O
Next we give two families of functions which are contained in </ (D).

Proposition 2.9. Let f € A(D) (ie., f is continuous in D) be such that
inf,ep |f(2)] > 0. Then f'/f € o/ (D).

Proof. Note that Logf is a primitive of f’/f, so it is enough to prove that
Log f € H*(D). Since |f| is bounded and bounded away from 0, it is clear that
sup,cp |PRe ((Log f)(2))| < oo. Thus, the proof will be completed if we prove that
sup.ep |Im ((Log f)(2))] <oo.

Since f is uniformly continuous in D, we can take n € N such that, if z,w € D with
|z —w| < 1/n, then |f(2) — f(w)| < infeep |f(€)]. Given z,w € D with z # w, the
function

t = Jm((Log f)(¥),  tel[zw],

where [z, w] denotes the segment joining z and w, is a continuous argument of the
curve with range f([z,w]). Note that by the choice of n, f([z,w]) lies in some rotated
half-plane if |z — w| < 1/n (namely, in {£¢ € C : Re (2€) > 0}). Hence,

1

[m ((Log f)(2) — (Log ()| < T, zweD with [z —w| < —,
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which, applied to partitions of [0, z] for z € D with length less than 1/n, yields

sup (3 ((Log f)(2))] < n5 +[3m (Log ))(0)] < ox,

completing the proof. O

Proposition 2.10. Let f € O(D) be such that inf,cp | f(2)] > 0. Assume f' € K~7(D)
for some p € [0,1). Then f'/f € /(D).

Proof. One has

(€) [
sup / e | < 11/ sup / ()]

1

< 1/l s / (1) dr < oo,

0

so f'/f € & and the proof is done. O

3. Spectral radius estimate

Following the notation of (P3), given a hyperbolic automorphism ¢ and a holomorphic
function v € O(D), we set

n—1 n 1
Un(Z) I:HUOQOJ‘, U—n ::Huo i TLEN,
j=0 FECIL

and ug(z) =1,z € D. Then, one gets (uCy,)" = u,C,, forn € Z.

The following result is essentially given in [22, Lemma 4.6] and [2, Prop. 3.2] for
H?(D), A2(D) and K~?(D); and in [15, Th. 4.5 & Th. 5.2] for B(D) and the classi-
cal Dirichlet space DZ(D). Following the same ideas, we extend such a result to our
framework.

Proposition 3.1. Let X be a y-space for some v > 0, and let uC, be an invertible weighted
composition operator on X. Assume that the automorphism o is hyperbolic, with fixed
points a (attractive), b (repulsive) in T. Suppose furthermore that the absolute value |u|
can be continuously extended to D U {a,b}. Then,

om0 s 10 )
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Proof. For all f € X, n € Ny, one has

1) Cop,. f
Mul(X)

NGy fllx = lunCir, Fllx < H Ix

@),

where we have used ()" = (¢')n, so {q

un‘

(en )

1(00)"Cop fll x5
Mul(X)

Un
©n)')7
phic and non-vanishing in a disk of radius greater than 1

= <(S;)7> , n € N. Since ¢’ is holomor-
,n(w 7 € Mul(X) by (P1) and
Remark 2.5. Also, lim,, o [|(¢,)7Cp, F1Y™ < 1 by Remark 2.4. As |u/(')7| has contin-

uous extension to D U {a, b}, we conclude lim,, _,« ||(uC,)™ ||L (x) < max { gf(‘f;;)v, gfél(f)’l }

by (P3), and the upper bound for the spectral radius follows by the spectral radius
formula.
Regarding the lower bound on {|A| : A € o(uC,)}, recall that

o((uC,) ™) = (0(uC,)) ™ = {1/A : A€ o(uCl,)}.

Since (uCy,)~1 = ;Cg,_l, by what we have already proven

uop—1

. —nn ¢'(a) (b)Y
i 1C,) ™ [ < max { £ SO0

|ul(a) " |ul(b)
= (lul(a))~",

and our claim follows. Note that we have used above that limps,_,, wopT

(071 (a) = (¢'(a))~1, and the analogous identities evaluated at b. O

. Jul(b) [u|(a)
4. Case 1: o7 < wa)T

lul®) - Julle) [t tyrns out that we need to

ON @' (a)7"
solve this case before addressing its counterpart where L“(‘Z(S) > Joué((;l,

ies 6.6 and 6.7. Here, we follow the ideas presented in [2] to study the universality of

In this section we focus on the case

see Corollar-

invertible weighted composition operators on the Hilbertian Hardy space H?(D) and
on the Hilbertian weighted Bergman space A2 (D). These ideas can be easily adapted
in the case Mul(X) = H>(D), see [2, Sect. 5], but require non-trivial arguments to be
extended to our more general setting. Also, our main result of this section (Theorem 4.4)
considerably improves the following remark.

Remark 4.1. Let Y = H?(D), A2(D) or K~?(D), and let v > 0 be such that ¥ is a

~-space. Assume u is holomorphic in D and continuous in T and that « is bounded away

from zero. It is proven in [22, Th. 4.9] that, assuming ‘u((é’))L < L“é;l))L,
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o(uC,) = {AG(C : “f(b” < | < 1)l }

as an operator on Y. Assume furthermore that u’ is bounded and 1 < ((b; "(a)=27.
Following the ideas of [20, Subsect. 3.5], it is proven in [22, Remark 4.10] that o(uC\,) =
0ess(uCy) and that every interior point of this annulus is an eigenvalue of infinite mul-

tiplicity for uC,,.

Fix a hyperbolic automorphism D with fixed points a (attractive), b (repulsive) in T.
For p,v € R, set p, . (2) := (a — 2)*(b— 2)", z € D. It is readily seen from (1.2) that

pﬂﬂ,ogp(z) — Ja) b—a ptv .
o (2) ‘¢(>(ww@—1n+b—wﬂw> . 2€D.

(Recall that ¢'(a) € (0,1).) In particular, Puwv ®@
Pu,v
of radius strictly greater than 1 and one has

is a holomorphic function in a disk

Pu,y © P Pu,v © —v v
Prv®% ) = ¢/(a)", and Pr2P(p) = o' (a)™" = ¢ (b)". (4.1)
Puv Ppv

We set X, :=={puf : f € X} Then X, , is a Banach space endowed with the norm

f

221

; f € Xu,zu
X

|w&¢{

and the multiplication operator M, , : X — X, ,, given by M, ,f = pu.f, is an
isometric isomorphism.
We need the following lemmas for the main result of this section.

Lemma 4.2. Let X be a y-space for some v > 0, and let uC, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic and pick
i, v € R. Then the weighted composition operator uC, is bounded and invertible acting

puu ¥
Pu

on X, and is isometrically equivalent to the operator uCy, acting on X.

Proof. Note that

v o v o
uCop(M, ., f) = pu,/’“ﬁ; PuC,f = M,, (”*;;Juq(,f) . fex.

v oy

That is, uCy, = , B ”O¢uC »(M,,)~'. Note that p“p"ﬂuqa is a well defined and
bounded operator on X since p‘;”w € Mul(X) by (P1). As M,,, : X = X, is an
isometric isomorphism, the claim follows. O

Lemma 4.3. Let X be a y-space for some v > 0. For u,v >0, X = X, 0+ Xo,,.
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Proof. Take m,n € Ny such that m > p and n > v. Then, for f € X and z € D,

(a—2z2—(b—2z))mtn

f(z) = (@—bymin f(z)
_;m+n m+mn a4 — 2V (1)t (p _ yymtn—i g,
—(a_b)m+n§( j )( )’ (=1) (b—2) f(z).

By (P2), (a — (-))7(b — (-))™* "7 f belongs to Xy, if j < m, whereas such a function
belongs to X, o if j > m. Thus, the proof is done. O

Theorem 4.4. Let X be a y-space for some v > 0, and let uC, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic, with fixed
points a (attractive), b (repulsive) in T. Suppose furthermore that the absolute value |u|

can be continuously extended to D U {a,b} with J:,L(IZ(JI))Z, < g‘;égl Then

U(ucso) = Oess(ucga) = {)\ eC: c)lquil(f;?v < |)\| < |U|(a) }

Moreover, for each X lying in the interior of the above annulus, A — uC, is a surjective
and non-injective operator with infinite-dimensional kernel.

Proof. Take u,v > 0 for which
lul(a) @' (@)™ = =5 =5 = lul(®) ¢’ ()77

Such p, v exist since ¢'(a) € (0,1) and ¢'(b) € (1,00). Note that

. Pu,0 © QO(Z) / . Pu,0° SO(Z)
lim |~——u(2)| = ¢'(a)"|ul(a), lim |—=——u(z)| = |u|(b),
i | T poa) (2)| = ¢'(a)"|ul(a) I o (2)| = lul(b)
and
lim Mu(z) = Jul(a), lim Mu(z) = ' (b)"]u|(b),
D>z—a p07,,(Z) D>z—b po,,,(z)

see (4.1). Hence, Proposition 3.1 applied to the operators p*;’:z“a uCly, p:;ou)jw uCy, yields

o <Mu0¢> - {)\ eC : |\= |Q/L|(b> },
Pi0 ' (b)
|

o (Mu@) c {)\ e : = L@ } (4.2)

Po,v ¢'(a)7

2
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regarding both operators as operators in X. (Recall that 24 OZ“’, popoﬂ € Mul(X) by
(P1))

Now we prove that A—uC,, is surjective on X for each A € C with |1f(‘bb) <Al < ‘"é(‘;)
By Lemma 4.2, the operator uCl, is a bounded invertible operator on X,, o (Xo,,), which
is isometrically equivalent to the operator 2 ‘;’OZ@ uCly, (& o a4

w, v
X. Then (4.2) implies that A—uC,, is surjective as an operator both on X, o and on Xo ,.
Note that X = X, o+ Xo,, by Lemma 4.3 with X, o, Xo,, € X since p,.0, po,, € Mul(X)
by (P2). Thus

uCly respectively) acting on

(A = uC)(X) = (A = uCp)(Xpu0) + (A = uCp)(Xo) = Xpo + Xop = X,

so indeed A — uC), is surjective on X.
Let us now prove the rest of the claim. Take a non-zero f € X, pick g > pu, v > v,
and set

fu(2) = (a—2)F T * b —2)7T5F R f(2),  z2eD, ke,

where § = —logy'(a) € (0,00). By (P2), {fitrez C Xu» = X0 N Xop. As the
inclusions X, o < X, Xo,, < X are continuous, one has from (4.2) and Lemma 4.2 that
the X-valued mappings Fj, G given by

) = O uColx, ) e > D
GLN = (A= uCylxo) i <

are well defined and holomorphic for each k£ € Z. Note that (A — uCy)Fk(\) = fi and
(A —uCy)Gy = fi, for every k € Z and X in the respective domain of Fj, G.
Assume now by contradiction that Ay ¢ o(uCy,) for some \g € C with I“(‘l(f)’l <

[Xo| < if,‘(‘gc;l Then, Fy(A) = Gx(\) = (A —uC,)~ ' fi for all A belonging to an open

neighborhood of Ay and all k¥ € Z. By the uniqueness of analytic continuation, Fi () =
Gr(X) for all A in the annulus of radii 24 14 (see for instance [5, Cor. A.4]), and

Y7 P(a)
we can define the X-valued entire functions Hy, k € Z, given by
Fi.(\), Al > Lul®) ’
Hi,(\) = { k), W oo keL.
Gk(/\)> |/\‘ < o' (a)7>

Moreover, such functions Hy, are bounded on C since Hy(\) = (A — uC,) L f;, for all

A > LS and (A = uC,) " gx) — 0 as [A] — oo (this is readily seen from the

representation (A — A)~! = 3°°° | Ao for every bounded operator A and |A| > r(A),

where r(A) stands for the spectral radius of A).
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By the vector-valued Liouville theorem (see for example [7, Th. 6]), one concludes
that the entire functions Hy, k € Z, are constant. Since ||Fi(N)|| — 0 as [A| — oo as
mentioned above, Hj, is the zero function for each k € Z, which contradicts the identity

A —uCy, = (A —uC = fr # 0 for || > 'Lf‘(“L Hence, Ao € o(uCy,) for
@ @ ®

every ‘,(lg)l < |)\0| < J;féf;;l as claimed (recall that o(uCy) is a closed subset of C).

It only remains to prove the assertion regarding the kernel. Note that, by what we

have already proven and the uniqueness of analytic continuation again, the sets C \ Q,
where

|ul(b) |ul(a)
Q=<2 C : Fp(A Gr(A d A keZ
c={reciam 2w ma B <O hez,
have no accumulation points in the interior of the annulus of radii ‘"él(f)’l, JD“(‘((Z)l Then,
Fi(A) — Gi(X) is a non-zero vector lying in the kernel of A — uC,, for each A € Q, as
(A= uCL) (Fr(X) — Gx(N)) = fx — fr = 0. It follows from (1.2) that

C, (Z_—%) o = %m0 (2_—8) %9, 0 € R, (4.3)

27

2rig
so the functions (b E ))> ’ , k € Z, are fixed points in O(D) for the composition operator

Cy. Therefore, one has

e nf(z > (u %k
() (e) = 3 e T 5 (G L ( ><Z>

n=0 n=0

(=T i (b e,

forall k € Z, z € D and |\ > J}u(lb) Similar reasoning with the identity G(\) =

=Yg A (uCylx,, )" i yields

2mi

e Jul(a)
) (Go(N)(2), keZ,zeD, |\ < Sa)

b—z

a—z

e = (

In consequence, Fi(\) — Gr(A) = (2 E%)T (Fo(A) — Go(X)) for all k € Z and
|1,‘(|}(Jl))7 <A < SL’,L(I(%)W This shows that € is independent of k € Z and that the family

{Fr(\) — Gk()\) : A € Qi }rez is linearly independent (note that the family of functions
27
{(b (- )) T ke Z} is linearly independent). Thus dim ker(A—uCl,) = oo for A € Q,

a—(")
and as Q is dense in the annulus of radii 7,*(1(]3’)7, (/lffégs)w

we conclude that
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- ul(b) |ul(a)
Tess(uCy) = {A €C Sy S A= & (a)v}’

where we have used that oess(uCy,) is a closed subset of D. Now take X in the interior
of such an annulus, so A — uC, is surjective by what we have already proven. Since
X € 0es5(uCy,) by the above, one deduces that dimker(A —uCy,) = oo as claimed. (Note
that we had proved this only for A € Q4.) O

. Jul(a) _ |u|(b)
5. Case 2: o (@7 = o (b)7

Under the assumption Llf‘g)w = Lif(‘l(f)’)w, the spectrum of uCl, is obtained in [22, Th.
4.8] for X = H?(D), A2(D),K~7(D) and in [15, Th. 4.6] for X = B(D). Here, we note
first that such a result follows easily from the spectral inclusion given in Proposition 3.1
WheneveQr Mul(X) = H>*(D). Indeed, if this is the case, multiplication by the function

2mig
(Z:E))) * " defines an isomorphism on X, where § = —log¢’(a) and § € R. Thus,

it follows by (4.3) that e%qugp is a similar operator to uCy, on X for every 6 € R.
In consequence, the spectral sets of uC, are invariant to rotations. Since o(uCy,) and
Oess(uCy,) are non-empty subsets of C, it follows by Proposition 3.1 that

O'(UCgo) = Gess(ucsﬁ) = {)\ €C: |)\| - SL?EES)W - 9|;IL(§)Z;)7 }

Inspired by this argument, we make use of the functions (2:8) * " to extend such a
result to our framework.

Theorem 5.1. Let X be a y-space for some v > 0, and let uCy, be an invertible weighted
composition operator on X. Assume that the automorphism o is hyperbolic, with fized
points a (attractive), b (repulsive) in T. Suppose furthermore that the absolute value |u|

can be continuously extended to D U {a,b} with (Lult(s) J}u(lgb) Then

0 (uC,) = Gess(uCy) = {A eC = i@ _ o) }

Proof. We know by Proposition 3.1 that o(uC,,) C {/\ eC: |\= <LI’L(|$)” = JD (‘b)) } Let

us prove the reverse inclusion. Fix a non-zero f € X and ¢ > 0. For each 6 € R, set

fo(z) = (a— 2 FOb—2)TT0f(2), zeD,

where § = —log¢’(a) € (0,00). By (P2), {fo}teer C X. Fix zg € D for the rest of the
proof, and set the holomorphic functions Hy, 6 € R, given by

Hy(\) = (A —uCyp) " fo)(20), A€ p(uCy,) C C.
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Fixed 6 € R, clearly |[Hg(A)||x — 0 as [A| = 0 since [[(A —uCy) | zx) — 0 as [\ = 0.
By the Liouville theorem, Hy does not extend to an entire function for each 8 € R. Hence
the sets

Qg :={\ € C : Hy cannot be analytically extended in a neighborhood of A}
Co(uCy,),

are not empty for all § € R. Reasoning as in the proof of Theorem 4.4, we have

o] oo n (. %9
(= 3 W o) Z—(“fﬁlfo(z@ (c:; (=9 >(zo)

=0 n=0
b 27ig oo (WC)" o
- — %0 27rzn9 0
-(i72) SRRt
— o~ 2mif b— 2z N i (Z )
- a— %o —271'19)\ n+1 0
b—z0)? jul(a)
=m0 (Z220) T ey, 0 R, [\ > SR
a— 2o ¢'(a)
where we have used (4.3) at the third “=” sign. Similarly one gets Hyg(\) =
, 21 ,
e 2mif (Z:—Z’)) ’ Ho(e™2™9)) for all |\ < % and # € R. In consequence, Qp =

e2m0Q), for all @ € R. Since these sets are non-empty, we conclude

22 | 2= | &0, = {/\ eC : |\ = ljfli‘;l _ El(g)v}

0eR PR

as we wanted to show.

To end the proof, note that every point in o(uCy,) is an accumulation point of both
o(uCy,) and C\o(uCy). In consequence, o(uCy,) = 0ess(uCy,) as claimed, see for instance
[14, Th. 1.3.25). O

. lul(a) |u|(b)
6. Case 3: o (0)7 < o (b)

Here we deal with the last case, when I“(‘(‘i) < I“(‘l(f)’l It should be pointed out that the
spectrum of uCl, in this case has remained unknown for all the spaces here considered
except for the disk algebra (D), see [23]. To address this last case, we take a short
detour to study the embeddability of the weight u into a cocycle (ug);cr for the (unique)
hyperbolic flow (p¢);er for which ¢; = . This approach is heavily inspired by the study
on Cy-groups of weighted composition operators carried out in [1]. We also note that the
surjectivity of the operators A\ — uCl, for ‘“él(f)))w < JO“(‘SL and A in the interior of o (uC\,)

plays a key role in this section, see Corollary 6.6.
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6.1. Embeddability into (semi)cocycles

In this subsection we consider general (semi)flows and general (semi)cocycles (not
only hyperbolic flows). We start with their definitions first. We give in Theorem 6.4 a
characterization of those weights that can be embedded into a (semi)cocycle for a given
(semi)flow. We particularize our results for hyperbolic automorphisms in Corollary 6.6,
see also Corollary 6.7.

Definition 6.1. A family (¢;);>0 of morphisms of D is a (holomorphic) semiflow if

(1) o(z) = z for all z € D;
(2) Yoyt = s oy for all s,t > 0;
(3) the mapping (¢, z) — @¢(2) is continuous on [0, c0) x D.

When ¢ runs over the whole real line in (¢;), and (2) and (3) hold for every s,t € R the
family (@¢)er is called (holomorphic) flow.

The infinitesimal generator of a given (semi)flow (¢;); is the function ® defined by
®(z) = limy_0t 1 (p(2) — 2), 2 € D. Actually, the limit exists uniformly on compact
subsets of D, the mapping t — ¢:(z) is differentiable on [0, c0) for every z € D, and

W) _ g =222 cepizo (6.1)

Definition 6.2. Let (¢;);>0 be a semiflow. A one-parameter family (u;);>o of analytic
functions u;: D — C is called a (differentiable) semicocycle for (¢¢)i>o if

(1) uo(z) =1 for all z € D;
(2) ustt = ur - (us0py) for all s,¢ > 0 (the symbol “-” denotes the point-wise product);
(3) the mapping t — u(2) is differentiable on [0, c0) for every z € D.

Suppose (p¢)ier is a flow. If u, is given for all ¢ € R and the above properties hold
for every t € R we say that (u:)ier is a cocycle for (¢)ier.

We use the notation (¢;); to denote either (p;);>0 in the context of semiflows or
(pt)ter in the context of flows. We do analogously for semicocycles and cocycles.

The infinitesimal generator G' of a differentiable (semi)cocycle (u:): is defined by
G(z) := %ut(z)’tzo, and satisfies the following identity

Pi(z)

/ G(w)
u(z) = exp G(ps(2))ds | =exp ——dw |, zeD,t>0, (t € R),
0/ / O (w)

z

(6.2)
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9

where we have used (6.1) at the second “=" sign above. We refer the reader to [26,30]

for these and more facts about (semi)flows and (semi)cocycles.

Definition 6.3. Let (¢;): be a (semi)flow. We say that a holomorphic function v : D — C
is embeddable into a (semi)cocycle (uy); for (¢¢); if there exists a (semi)cocycle (u)y for
(pt)r with u; = u.

The following result characterizes the embeddability of a function into a differentiable
(semi)cocycle in terms of the range space of a translation of the composition operator
Cy, .
Theorem 6.4. Let (), be a (semi)flow on D with generator ®, and let u € O(D). Then u
is embeddable into a differentiable (semi)cocycle (ur): for (oi): if and only if the following
holds

i) u(z) #0 forall z€ D,
ii) there exists G € O(D) such that

/

u
d— = — G.
© = (Cor DG

In the positive case, then there exists K € C such that G + K is the generator of such a
(semi)cocycle (u)y, where G is the function of item i) above.

Proof. First, we note that u is embeddable into a differentiable (semi)cocycle for (¢); if
and only if, for each C' € C\ {0}, Cu is embeddable into a differentiable (semi)cocycle for
(p1)¢. In fact, let G be the generator of a differentiable (semi)cocycle (ut): for (1) with
u; = u. Then G +log C is the generator of the differentiable semicocycle (18 Cuy;);, see
(6.2).

By [26, Lemma 2.1(b)], if u is embeddable into a (semi)cocycle then u cannot have
zeroes on . Thus, we can assume that u has no zeroes without loss of generality. By
the paragraph above and (6.2), u is embeddable into differentiable a (semi)cocycle (u¢);
for (¢¢): if and only if there exists G € O(D) such that the holomorphic function given
by

I L)

u(z)

is a constant function with value C' € C \ {0}. Differentiating the above expression, this

happens if and only if

v'(2)

- | [eetonas) = [eeneie s
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1
1 / . 0ps(2) . 1 e .
=30 O/G (ps(2)) B d 5(2) (Glp1(2)) — G(2)), eD,

and the proof is done. Note that we have used (6.1) at the third “=" sign above. O

Remark 6.5. Let (¢:); be a (semi)flow on D, and let v € O(D) be embeddable into a
differentiable (semi)cocycle (ug): for (p¢):. We note that (us); is not the unique (semi)co-
cycle u is embedded into. For instance, u is embeddable into (e?*™#w,), for each k € Z.

More generally, assume h € O(D) is a non constant function such that Cy, h = h. By
Theorem 6.4, there exists K € C such that the differentiable (semi)cocycle (vy); given
by

t
ve(z) = ug(2) exp Kt—i—/h(gos(z))ds , zeD, teR,
0

is different from (u;); and satisfies v1 = u; = w.

We now focus again on hyperbolic automorphisms. Let ¢ be a hyperbolic automor-
phism with fixed points a (attractive), b (repulsive) in T. It is well known that ¢ can be
embedded into a (unique) flow (¢t)secr, which is given by

(b — aet)z 4 ab(e? — 1)
(1—eM)z+bedt —a

wi(z) = zeD,teR, (6.3)

where ¢ := —log¢’(a) € (0,00), see for example [9, Cor. 8.2.7] and compare with (1.2).
The following identity, which will be used multiple times through this paper, is straight-
forward to check

b—pi(2) :eétb_z

D, teR. 6.4
a— pi(2) a—2z’ Z€D (64)
Also, the generator ® of (p;);cr is given by
O (z) )
P = = — —b D. 6.5
@=" = i-ae-n, se (65)

Finally, the so called Koenigs model is key for the understanding of (¢;)scr, see for
instance [9, Prop. 9.3.12]. Namely, let h: D — {z € C : 0 <Re(z) < T} be the biholo-
morphism given by

7 at+z a+b T
h(z)_glog(a—z_a—b>+%’ zeD. (6.6)
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Then, one has h(p(z)) = h(z) + it for z € D, t € R. We refer the reader to [9] for more
details about flows and semiflows of D.

Given a y-space X and a hyperbolic automorphism ¢ with fixed points a (attractive),
b (repulsive) in T, we define the inductive space X € O(D) as

U Xy = U {pu,uf : fEX},

w,veER w,vER

where p, ,(2) = (a — 2)*(b— 2), z € D. Then, as an immediate consequence of Theo-
rem 6.4, we get the following result.

Corollary 6.6. Let v > 0 and let X be a ~y-space containing the constant functions, and
pick a hyperbolic automorphism o with fized points a (attractive), b (repulsive) in T . Let
(¢t)ier the (unique) hyperbolic flow for which ¢1 = ¢ and let @ be its generator. Pick a
non-vanishing holomorphic function u on D.

i) If <I>% € X, then u is embeddable into a differentiable cocycle (ui)ier for (pt)ier
with generator G lying in X.

ii) Ifu'/u € X, then u is embeddable into a cocycle (uy)er for (p1)ier with generator
G lying in X.

Proof. i) By Theorem 4.4, the operator C, — I = C,,, — I is surjective on X. Then the
claim follows by Theorem 6.4.

ii) By hypothesis, there exist y, v € R such that v'/u € X, ,. By (P2), ®u'/u € X; 5
forall g < p+ 1,7 < v+ 1 (recall that ® is given by (6.5)). By Theorem 4.4 and
(4.1), the operator I — MC@, is surjective on X for each 1,7 < 0 (recall that

P,
¢'(a) € (0,1) and ¢'(b) € (1,00)). As the operator I — C, on X 5 is isometrically

equivalent to the operator I — Paw @ C’ on X (see Lemma 4.2), we conclude that
Pu,v

I—-C,, is surjective on Xj 5. Thus there exists G € X 5 such that @% =([I-C,)G,
and our claim follows by Theorem 6.4. 0O

6.2. Spectra of uCy, via cocycles

Now we use the results given in the preceding subsection to study the spectrum of
uCy, in the remaining case JD“(‘((S)V < lu(‘é)l To start with, an immediate (but important)

consequence of Corollary 6.6 is the following.

Corollary 6.7. Let X be a y-space for some v > 0, and let uCy, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic and let
(¢t)ier the (unique) hyperbolic flow for which 1 = ¢. Then u is embeddable into a
differentiable cocycle (ug)ier for (¢i)ier with generator G lying in K—1(D).
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Proof. Recall that the boundedness and invertibility of uCy, implies sup,p |u(z)| < co
and inf, ep |u(z)| > 0, see Remark 2.5. Thus, a simple estimate with Cauchy’s inte-
gral formula for derivatives shows v’ € K~1(D). Hence @% € K~}(D), where ® is the
generator of (¢t)icr, and the claim follows by item i) in Corollary 6.6. O

Remark 6.8. Let (u;);cr be a differentiable cocycle for a hyperbolic flow (¢¢)ier. It is
well known that (u;);er is a coboundary, that is, there exists a non-vanishing function
w € O(D), which we refer to as a non-vanishing function associated to (u;):cgr, such
that

_ wowi(2)

u(z) = o) zeD,teR,

see [26, Lemma 2.2]. Even more, such w is given by

w(z) = exp /ggg ¢ |, z €D, (6.7)

c

where c is an arbitrary number in D, G is the generator of (u;);cr and ® is the generator
of (¢t)icr-

Given a # b € T, we denote by I'? the hyperbolic geodesic in D starting in b and
ending in a. In other words, I'f is the arc of the circle containing a,b and intersecting
orthogonally T at a,b (see for instance [9, Section 1.3]). A parametrization of I'{ is
given by ¢ — ¢;(c) for t € R, where (p;);cr is any hyperbolic flow with fixed points
a (attractive), b (repulsive), and where ¢ is an arbitrary point in I'f. Note also that
o (Ty) =T for all t € R.

The result below, inspired by [1, Th. 3.11], provides that non-vanishing functions
associated to suitable cocycles have polynomial-like behavior near the fixed points of the
corresponding hyperbolic flow, see also Remark 6.10.

Proposition 6.9. Let (ut)icr be a differentiable cocycle for a hyperbolic flow (¢¢)ier with
fized points a (attractive), b (repulsive) in T. Suppose that the absolute value |ui| can
be continuously extended to D U {a,b} with |u|(a),|u|(b) € (0,00). Set a := log |u|(a),
B = log|u|(b) and § := —logy'(a) € (0,00). Let w be a non-vanishing holomorphic
function associated to (ut)ier. For every e > 0, one has

W) Sla—2"7 b — 27075 ()] 2 la— 2T — 2P0, 2 e Ty

Proof. Since w is non-vanishing, it is bounded and bounded away from 0 in compact
subsets of D. Thus, we only have to prove the inequalities of the claim for all z €
'’ N WU, Uly), where U,,U, are neighborhoods of a, b respectively. We prove it for all
z € T'¢ NU,, being the case z € I'Y N U, analogous. Set D, = {z € D : TJm (h(z)) > 0},
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where h is given by the Koenigs model of (¢):cr, see (6.6). Take € > 0. By Lemma A.2,
there exists N € N such that

|w(@n ()] = |un(2)|Jw(2)] < e@F™Mw(z)], z2€Dg, neNwithn>N. (6.8)

By (6.3), one has

— h—
0= 2il2) s _ a ., zeD,teR.
a—z b—z+e%(z—a)
In consequence, L%(Z)eét — 1 as z — a uniformly for all ¢ > 0. This fact and (6.8)

a—z
yield, for a suitable neighborhood V, in D, of a,

B —(a+e)/s
a—pn(2) w(z), 2 €V, neN withn> N. (6.9)

wlen()] 5 |22

Now take a neighborhood U, € D of a such that U, C V, and for which, for every £ € U,,

=

there exists ng > N so ¢_p.(§) € Vo \ Us. Note that such a neighborhood U, exists by
(6.6). Applying (6.9) to z = ¢_,.(§) and n = ng,

W@l <

B —(ate)/s
a¢ \ W ), €l (6.10)

a— P_ng €3]

Recall that ¢(I') = T'f. Thus, for each £ € I NU,, one has ¢, (§) € Tg N (Vo \ Ua).
As the closure of T'§ N (V, \ U,) is a compact subset of D, one has

sup [a — o ()T < sup  Ja— 2|0

geryniy z€l¢N(Va\Ua)

< 00,

and similarly

sup |w(p—ne(§))] < sup  |w(z)] < oo.
cel, 208N (Va\Ua)

Hence, by (6.10),

wE| S la—g~ T ceTgni.
As said at the beginning of the proof, an analogous reasoning proves the existence of
neighborhood Uy in D of b such that |w(€)| < |b— &~/ for all € € T¢ Ny By the
arbitrariness of € > 0, we obtain the upper bound of the theorem.

Finally, the inequality 2 of the claim follows by an application of what we have
already proven to the differentiable cocycle (1/u:)ier, whose associated non-vanishing
holomorphic function is given by 1/w. O
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Remark 6.10. A Stolz region S(o, R) of vertex o € T and amplitude R > 1 is given by

o o — 2]
S(U,R)._{ze]D). . <R;.

Let w be as in Proposition 6.9. Adding a few extra steps in the proof of Proposition 6.9,
one can prove that the polynomial bounds on w hold non-tangentially at a,b. That is,
for each € > 0 and R > 1, one has

W)l S la—z[7*b—2""%,  |w(2)| 2 la—z|**F 2|75, 2 € S(a, R)US(D, R).
For suitable 4 € C, w € O(D) and f € O(D), we define
g [loz2 d 6.11
Wl = mw(z)f(z) 2 (6.11)
ry
Recall that I'} is the hyperbolic geodesic in D starting in b and ending in a, being both
points in T. Our notation omits the dependence of L¥ on a, b for the sake of readability.

The following lemma is essentially contained in [1, Sect. 5.

Lemma 6.11. Let X be a y-space for some vy >0 and fita b€ T. Let w € O(D) be a
non-zero function such that there exist a, B € R for which, for each € > 0, one has

w(z a—z| " Tlb—2z""", zely.
5 a—e|p B—e ]_-wg

For pn € C with oo+ v <Rep < B — v, LY defines a non-zero continuous functional on
X.

Proof. Recall that, for each &> 0, |f(2)] < (1 —|2])™7"¢||fllx forall z € D, f € X, see
Remark 2.2. Thus

IS la—2"7 b —2""F|fllx, =2€Tj feX.

Hence, for € > 0 small enough,

/ ' Y )

S HfHX / |a _ Z‘%eu—a—fy—l—e—élb_ z|,6’—9%eu—'y—1—a—§|dz|

Iy

SllfHX’ fEX’
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thus L is a continuous functional on X. Let us see that L¥ # 0 by contradiction, so

assume otherwise and let f € X\ {0}. By the same reasoning as above, one has that the

(a=()*~

function g := Wt«) f| is a non-zero positive function in L'(T'{), satisfying

/pg =Ll(pf) =0,

Iy

for every polynomial p, where we used above that p € Mul(X) by (P1). Therefore, g = 0,
reaching the aforementioned contradiction. O

Now we are ready to prove the main result of this section.

Theorem 6.12. Let X be a y-space for some v > 0, and let uCy, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic, with fixed
points a (attractive), b (repulsive) in T. Suppose furthermore that the absolute value |ul

can be continuously extended to D U {a,b} with (lpu(lg;)w < Lu(l}()l)?l Then

0(uC,) = Guss(uCly) = {A cC . Igl(a) << 1 }

Moreover, for each A lying in the interior of the above annulus, A — uC, is an injective
and non-surjective operator with infinite-codimensional range. Even more, there exists a
non-vanishing function w € O(D) such that for every X\ in the interior of o(uCy,), L¥ is
a bounded functional on X for every p € Wy :={u € C : ¢'(a)* = 1/A} and one has

ran(A — uCy,) C Nyuew, ker LY.

Proof. By Proposition 3.1, we know A ¢ o(uCy,) either if |\ < ;”éfgl or |\l > Luéb)l
Let a := log|u|(a), B := log|u|(b) and § := —log¢'(a) € (0,00). Let (¢1)ier be the
(unique) hyperbolic flow for which ¢1 = ¢, see (6.3). By Corollary 6.7, Remark 6.8 and
Proposition 6.9 we have that u is embeddable into a differentiable cocycle (ut)ier for

t)ter With a non-vanishing associated function w satisfying that, for each € > 0,
Pt)te
()| S la— 2|70/ e b — 285 u(z)| 2 la— 2| /ey — 2P/ e Ty

Let A € C with ‘"l(a) <A < ‘?(ll(f)))w and take p € Wy, so e = X and a/d +v < Rep <
B/6—~. By Lemma 6 11, L¥ is a continuous functional on X. Since u = u; = (wop)/w,

we obtain using the change of variable £ = ¢(z),

LECf) = [ o o o)) o )(e) de

Iy
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_ / (a— sctl(é))“‘lw
(b—p_1(&))r*! ¢ (p-1())

#(I'5)

_ —1
- / 6‘”‘%“}(6)1‘(6) de=ALLf,  TeX
Iy

where we have used (6.4) with ¢ = —1 and the identity ¢'(p_1(£)) = %, see (6.1)
and (6.5). Therefore, ran(A — uCy,) C ker L¥ for all u € Wy, as we wanted to prove.
In particular, A — uC, is not surjective and A € o(uC,). Moreover, the functionals
{L¥ : p € Wy} generate an infinite dimensional space in the dual space of X. Indeed,
this is readily seen from the fact that

(a— ()t

— w.
{ CEIOEE
is a linearly independent family on O(D). Then the subspace N ew, ker L¥ has infinite
codimension, see for example [27, Lemma 3.9], and we conclude A € ocss(uC,,) for all

A € C with Jff(l((l';l < Al < L“(‘l(f;) As O'(UC ), Oess(uCy,) are closed subsets of C, we

obtain o(uCy) = oess(uCy) = {A eC: e <y < ‘“'}j;i}.
All is left to prove is that A — uCl, is an mJectlve operator for every A in the interior
of o(uCy,). To see this, fix any such A and take u < 0 for which |A| < |u[(a)¢(a)* 7.

Note that such a p exists since ¢’(a) € (0,1). By (4.1), one has

pu,oowu‘ (a) pu,oowu‘ (b)
|A] < min Pu0 Pu0
@'la)y T @(b)Y ’

SO A — p;;wqu is an invertible operator on X by Proposition 3.1 (with p,0(2) =
(a—2)*, z € D, see Section 4). It follows by Lemma 4.2 that the operator A —uC, acting
on X, 0 = {puof : f € X} is isometrically equivalent to the operator A\ — %u@a
acting on X. In particular, A — uC,, is injective on X, o, and so is in X since X C X, o

(note that 1/p, 0 € Mul(X) for each p < 0 by (P2)). O
7. Eigenvectors of uC, via cocycles

The embedding of u into a cocycle (and more precisely, into a coboundary) (u:)er
enabled us to obtain precise information regarding the range spaces of A — uC, in

Theorem 6.12 in the case J;,‘égl < (Llf(ll(f)))v. In this section, we ponder whether such an
embedding also gives important information to obtain the eigenspaces of uC, for the
case L (Il()l)’) < SL“(‘EL)) studied in Section 4. (Recall that we did not use the cocycle (u¢)ier
in that section.)



28 J. Oliva-Maza / Journal of Functional Analysis 290 (2026) 111186

To start with, the embedding of u into a coboundary (u:)ier = (“i}%)teR

us the following immediate characterization of the eigenspaces of uC, in terms of the

gives
eigenspaces of the unweighted composition operator C,.

Proposition 7.1. Let X be a y-space for some vy > 0, and let uC, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic, with fixed
points a (attractive), b (repulsive) in T. Let (¢¢)ier be the (unique) hyperbolic flow for
which o1 = @, and letw € O(D) be a non-vanishing function associated to a differentiable
cocycle (ut)ier for (p1)ier such that up = u.

i) Take A € C. Then
ker()\—qu):{if : feOD) with Cuf =\f }ﬂX.

i) Suppose furthermore that the absolute value |u| can be continuously extended to
D U {a,b} with % < %, and fix p,v > 0 such that |u|(a) ¢’ (a)*™7 <

lu|(b) ¢’ (b)"=7. For each f € X, , ={purg : g € X}, the function

_1 5 Whopn
Jai= g 2 e

n=—oo

is well defined, belongs to X and lies in ker(A — uC,) for every A\ in the (open)
annulus

O = {X eC : max{ﬁgi, |u|(a) @'(a)u—v} <X

<min {1 uj) 0}

¢’ (a)r’

Moreover, the set {\ € Q. : Jrx =0} has no accumulation points in Q,, , .

1
Proof. i) Set A, = {Ef : feOoD) with C,f=Af }OX, and let us show

that A, x = ker(A —uCy,).

As u = uy = 222, it is readily seen that every function g = %f € Ay, C X satisfies
uCyg = Ag, so A is an eigenvalue for uC, and A, ) is contained in the eigenspace of
A. For the reverse inclusion, assume that A is an eigenvalue of uC, and let g be a
non-trivial eigenvector associated to A\. Then g = % f, where f := wg and

wwﬂ(gog@) =wuCyg = Awg = \f.

Cof =w

Thus g € A, » as claimed.
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ii) This is a straightforward consequence of the following observation: mimicking the
steps of the proof of Theorem 4.4, one concludes that, for each f € X, ,,, the function

0 cn o0
Mo = uClx, )7 — - uClx,, ) 7 = 30 e S (e,
n=0 n=0

Lo WO 1S @hogn
- X o X m e

n—=—oo n—=—oo

is a well defined non-zero X-valued holomorphic function on €, , for which (A —
UCQO)Jf)A =0. O

n

One of the simplest families of eigenfunctions of C, is given by (Z:—((;) ,n € C. Thus,

in view of the proposition above (and using the same notation), we raise the following
question:

Q: Let (ug)ser be a differentiable cocycle for (p;)icr, for which u; = w, and with
associated non-vanishing function w. Do the (\-eigen)functions

gwm:l(b_(.))n7 nE Wi, W)\:{MGC:@/(Q)”:l/)\},

w\a—()
belong to X for every eigenvalue A of uC,?

Using similar gimmicks as in the proofs of Theorem 4.4 and Proposition 7.1 ii), one
obtains the following partial answer to the question above.

Corollary 7.2. Let X be a y-space for some v > 0, and let uCy, be an invertible weighted
composition operator on X. Assume that the automorphism o is hyperbolic, with fixed
points a (attractive), b (repulsive) in T. Let (¢1)ier be the (unique) hyperbolic flow
for which @1 = . Suppose furthermore that the absolute value |u| can be continuously
extended to D U {a,b} with J}u(‘bl;l < ‘"éfgl

Then, there exists a mon-vanishing meromorphic function w : D — C such that

u = =22 and for which, for every A\ € C with Mb)v <Al < f(‘a)w the functions

1 /b—())\"
gw,n:_< ())7 n € Wy,

w \a— ()

belong to X and are A-eigenvectors for uCl,.

Proof. Using the notation of the proofs of Theorem 4.4 and Proposition 7.1 ii), take

_ u|(b) v— ul(a
wu,v > 0 such that |ul(a)¢’ ()7 = Jo(|£) and |u|(b)¢ (b)Y~ = %, fix fe X,

and \g with i:fél(f)’l < Xl < s!’llg;)” for which Jy, # 0. Now pick ng € W,,. Then
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o
the function w := in (Z:((;) is a meromorphic function on D. Since Jy¢,y, is a Ao-
» A0

eigenvector for uCy, it is readily seen that indeed u = “2£, from which immediately
follows that the (holomorphic) functions g, 7 € W, are A-eigenvectors for uC,, in
O(D). Finally, reasoning as in the proof of Theorem 4.4, one has that, for each A € C

41y el [u[(a)
with 7455 < Al < iy

b*(~) n—"mo by
Jw,n = <a — ()> Jrre = )\_OJ(b;(‘_))"”’O \’ n € Wi.

_ (N \ "1 "No
Since (b (§> I € Xy (n—no)—e.v+Re (n=mo)—e for all € > 0 by (P2), and

a—(

_ ) b) A

ul(a /aume(nno)vzm‘( < Al

jul(@) ¢'(0) o Tl <
—no)—y _ lul(a) [A|

ub(p/bwrfm(n M0)—7 — A,

ul(b) ' (b) T oo > W

we conclude (again, mimicking the proofs of Theorem 4.4 and Proposition 7.1 ii)) that
indeed the functions g ,, n € W), belong to X, and the proof is finished. O

In the two subsequent subsections, we give sufficient conditions on the differentiable
cocycle (ut)ier and the space X so the answer to (Q) is positive, at least for every A
lying in the interior of o(uCl,).

7.1. Co-groups of weighted composition operators

Recall that a Cy-group of operators (T'(t))scr on a Banach space Y is a one-parameter
family of bounded operators on Y which satisfies the (algebraic) group law and which is
strongly continuous on the parameter ¢t € R.

Proposition 7.3. Let X be a y-space for some vy > 0, and let uC,, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic, with fixed
points a (attractive), b (repulsive) in T. Let (¢¢)icr be the (unique) hyperbolic flow for
which o1 = @, and letw € O(D) be a non-vanishing function associated to a differentiable
cocycle (ut)ier for (p1)er such that uy = u. Suppose furthermore that the absolute value
|u| can be continuously extended to D U{a,b} with 1ul®) J:f‘ﬂ and that there exists

@' (b)7 (a)r”
a closed subspace Y C X for which the following holds

i) Y satisfies (P2);

i) for any p,v > 0, the functions {M

p (t e ]R} belong to Mul(Y') and the map-
v

ping from R to Mul(Y) given by
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oy Prr 0Pt sut b—a H
o =+ —a)

is Bochner-measurable;

ili) (u¢Cy,)ier defines a Co-group of bounded operators on'Y .

Then, for each A € C with |1,L(|b <|Al < ‘“l( , the functions

=3 (128) 0 nem

belong to X and are A-eigenfunctions for uCy,, i.e., uCy,Guwny = Auw.n-

Note that assumption %) above is fulfilled whenever the following natural condition
(which is satisfied by all the spaces listed in Subsection 2.1) holds for Y

For each open set U C C with D C U, the inclusion H*(U) < Mul(Y) holds and
is continuous, i.e., there exists Ky > 0 such that [|[v|arwy)y < Kullv||lgeew) for all
ve H*().

Proof. Fix A\ € C with J,u(l;(,)w < [N < J;f(‘fs)v, n € Wy and take u,v > 0 such that

lul(a) ¢’ (a)*~7 = s‘;b(f)))” and |u|(b) ¢’ (b)Y~ = % Recall that such p,v exist as
¢’ (a) € (0,1) and ¢'(b) € (1,00). By the assumptions on Y, for all i, > 0 the one-

A
Pr,v © Pt UC¢,

parameter family is a well defined family of bounded operators on

pﬁv’j teR
Y which is strongly Bochner-measurable, hence it is a Cy-group on Y (see for example
[21, Th. 10.2.3]). Fix a non-zero f € Y, , = {pu9 : g €Y} =Y, 0NYp,, which exists
since Y satisfies (P2). Recall that lim;_, o HT(t)Hlﬁ/(ty) exists for each Co-group (T'(t)):cr,

see for example [21, Th. 7.6.5]. Then

1/t
[e)
lim sup HutC’%in,/t = lim sup pu,OMuth (f )
t—o0 t—00 Pu,0 Pur,0/ lly
1/t o 1/n
S lim ’ pMO L tC@t = lim ‘ Muncwn
t—o00 Pu,0 L(Y) N3n—oo Pu,0 L£(Y)
1/n

b
< lim ‘ Puo ©Pn, o _, (Pu,o o wucw) _ |1It\( ) 7

Non—oo Pu,0 L£(X) Pp,0 ¥ (b)’y

where we have used that p, o € Mul(Y) by assumption 7), and both Proposition 3.1 and
(4.1) in the last “=" sign. Reasoning as above with the identity u_; =

Utop ¢’ -

1/t

A

0, and the Cp-group (p()y L qu) , one obtains limsup,_, ||u—Cy_, f|ly/
pO,V teR

2@ From these bounds we conclude ffooo He_‘sntutC%fHY dt < oo, where §
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—logy'(a) € (0,00) (recall that n € Wy so |e™9"| = |\|~*). Thus, the function
F:= ffooo e*‘s"tutC%f dt is well defined and belongs to Y C X (recall that the mapping
t — u,Cy, f is continuous from R to Y'). Note that

_ =7 N\ 7
e—é”]t:(%) /(b Z) , ZGD,t€R7
a—@i(z) a—z

P(z) = — (““)ifm%@»(ﬁlﬂﬁ)ﬁﬂ%@»ﬁ, 2eD,

a— @i(z)

— 00

50 F(2) = gun(2)Hf(z) with H¢(z) := % dt for z € D.

Now set I'(z) = {¢(z) : t € R} for z € D and recall that 8“’8’—'9 = ®(pt(2)) for
z €D, t € R, where ® is the generator of (¢;)cr, see (6.5). Then, one has

B £(6) .
W“*ﬁ/@@%woﬁ’ b

I'(z)

In particular, Hy is constant on the paths I'(z) for any z € D, hence Hy is constant on
D by the uniqueness of analytic continuation. Let us show that we can take f € Y, , so

Hy #0.
Assume by contradiction that Hy = 0 for all f € Y, ,,. Note first that, by Remark 6.10
b—()\ "
(see also Remark 2.2 and (6.5)), the function R, := % (a——(())) g belongs to L (T'(2))

for each g € Y,,, and all z € D. Note also that pg € Y, , for every g € Y}, , and every
polynomial p (this follows by decomposing p in integer powers of b — (-) and applying
(P2)). As

Hyy(z) = / R,(&)p(€) dé =0, for all polynomial p,
T'(z)

we conclude that R, = 0, which is absurd. Hence we can assume Hy = 1 # 0, so the
function F' = g,,, belongs to X and is an eigenfunction for A by Proposition 7.1 i) and
(6.4). O

Remark 7.4. Assume that, following the notation of Proposition 7.3, X satisfies the
assumptions i), ii) and iii), so one can take Y = X. Then, it is essentially contained in
the proof of Proposition 7.3 that, for every, n € C with % -y <Ren < % +7,
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n
the function g, ., = % (Z:E;) is a n-eigenvector for the infinitesimal generator A of

the Co-group (u:Cy, )ier, i-€., gu,n belongs to the domain of A and Agy, , = 7gu,y. In
particular, this fact answers in the positive a question posed in [1, Remark 7.3(1)] for
weighted Dirichlet spaces D2 (D).

7.2. a,b-uniformly bounded cocycles

Now we consider a weaker condition on the weight v than the one considered in
Subsection 7.1, which we define below. In exchange for weakening this condition, we
need to assume an additional property on the Banach space X, namely property (P5).

Definition 7.5. Let (u;);cr be a differentiable cocycle for a hyperbolic flow (p;);cr with
fixed points a (attractive), b (repulsive) in T. We say that (ut)ier is @, b-uniformly
bounded if, for each T > 0 and each subset B C D with {a,b} N B = (), one has

sup |u(z)] < oo and inf u(2)] > 0. 7.1
ZEB)MST| t(2)] ZGB,MST\ t(2)] (7.1)

Below we give a result which is essentially contained in [1, Lemma 3.10]. This result
gives a key characterization of a, b-uniformly boundedness of a cocycle (u;);er in terms
of its non-vanishing associated function w.

Proposition 7.6. Let (ut)ier be a differentiable cocycle for a hyperbolic flow (¢¢)ier with
fized points a (attractive), b (repulsive) in T, and let w € O(D) be a non-vanishing
function associated to (ut)er . Assume that |uy| can be continuously extended to DU{a, b}
with |upl(a), |ui|(b) € (0,00). Then, (ui)ier is a, b-uniformly bounded if and only if, for
each subset B C D with {a,b} N B =0, one has

sup |w(z)] < oo and inf |w(z)| > 0. (7.2)
z2€B zEB
Proof. Assume first that (7.2) holds. Take T > 0 and B ¢ D with {a,b} N B =

(. Using the Koenigs model (6.6) of (pr)ier, it is readily seen that the subset
C := Uy <r +(B) C D also satisfies {a,b} N C = (). Hence, by (7.2),

sup.cc [w(2)]
inf,ep |w(z)]

IA

sup  |u(2)] = sup < 00.

Z€B, |t|<T ZE€B, |t|<T

w(%(Z))'

w(z)

Similarly, one obtains inf.cp <7 [ut(2)| > 0, so (7.1) holds and the “if” part of the
claim is proven.

Now suppose that (ui)ier is a,b-uniformly bounded, so (7.1) holds. Set U =
h=1((0, =7 /log ¢! (a)), where h is the function given by the Koenigs model (6.6)
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of (¢¢)icr. Then U is a continuous path separating D into two connected compo-
nents such that a,b belong to different components (note that a,b ¢ U). We claim
sup, ey [w(2)| < co. Assuming this claim is true, take B C D with {a,b} N B = (. By
the Koenigs model (6.6), for each z € D, there exist unique &, € U and t, € R for which
ot (€,) = z. Tt is readily seen that the mappings z — &,, z — t, are both continuous,
and that T := sup,cp |t.| < oo as {a,b} N B = (). Hence

w(z) = wlpr. (&) = ur. (&)w(E:), 2 € B,

50 5D |w(2)] < (sup.ep [w(2)]) (5Dt ety e (2)]) < oo

Now we prove sup,.y|w(z)] < oo. Let ¢1,g2 be the two points in U N T.
Since sup,cp |w(z)| < oo for every compact subset K C D, it is enough to prove
limsupy 5,4, [w(z)| < oo for j =1,2.

Fix j = 1,2 and assume by contradiction limys. 4; |w(2)| = co. Let A be the open
arc in T with endpoints a, b and containing ¢;, and for each g € A, let {; € R be such
that o, (q;) = ¢. Let I : [0,1] — U U{q;} be a parameterization of a path starting at an
arbitrary point of U and ending at ¢;. Then the continuous mapping J : [0,1] x A — C
given by J(z,q) = ¢, (I'(x)) is a continuous family of paths in the sense of [12, pp. 83].
Indeed, J([0,1) x A) C D and J(1,q) = ¢q. As {a,b} N U = 0, inf,cp [ue(2)| > 0 for all
t € R. Therefore,

lim [w(J (2, 9))| = pdim u, (2)|lw(2)| =00, g€ A4,
which contradicts the uniqueness of limits along the family of continuous paths J, see
[12, pp. 83]. Thus, the statement limy 5.4, [w(2)| = oo is false as claimed above.

Before continuing with the proof, we assume furthermore |uz|(a) < 1 and |u|(b) > 1.
In this case, by Lemma A.2 applied to the cocycle (us)ier (or by the expression defining
(un)nez, see Section 3), there exists N € N big enough such that

|w(n(2))| = Jun(2)||lw(2)| < w(2)], z €U, n €Z with |n| > N. (7.3)

Also, note that by hypothesis, C' 1= sup ¢y 1< [ue(2)] € [1,00).

We continue with the proof of the lemma. Assume by contradiction
lim supy 5,4, |w(2)| = oo for some j = 1,2. Then there exists a sequence (zn)nen C U
for which lim,, o 2, = ¢; and lim,,_, |w(2,)| = co. By what we have already proven,
the limit limys.4; [w(2)| is not equal to co. Hence, there exist a constant K > 0 and a
sequence (£,)nen C U such that lim, o &, = ¢; and |w(&,)| < K for all n € N. Take
T = &nyy U = &nyy 2 1= 2y for ny,na,ng € N such that |w(Z)] > CK and Z lies in
the closed arc V' contained in U with endpoints z,y (both included). Let R C D be the
compact subset of D given by

R:={ps(2) : z€V,s€[-N,N]}.
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R is indeed compact since h(R) = [min{h(Z), h(y)}, max{h(Z), h(y)}] x [-N, N]. We now
prove that |w| reaches its maximum in R in its interior, which contradicts the maximum
modulus principle. Set L := max,cy |w(z)|, which is attained in the interior of the arc
V since L > |w(Z)| > |w(T)|, |w(y)]- Note that the boundary OR of R is given by

OR = {ps() : s € [-N,NJ} U{ps(y) : s€ [-N,N]} U{p_n(2) : z€V}
U{en(z) : z€e V]

We have

max{|w(s (@), (s ()]} < € max{lw(@)], (@)}
<SCK <) <L, s€[-NN],

and, by (7.3),

max{lw(p-n(2))]; lw(en ()} <lw(z)| <L, z€V,

reaching the aforementioned contradiction. In consequence, limsupys._,, [w(2)| < o0
for j = 1,2 if |u1|(a) < 1 and |uy|(b) > 1, so sup,cyr |w(2)| < oo as we wanted to prove.

If either |ui|(a) > 1 or |ui|(b) < 1, take u,v € R such that ¢}(a)*|ui|(a) < 1 and
@} (b)"|u1|(b) > 1. Note that such u, v exists since ¢} (a) € (0,1) and ¢} (b) € (1,00). Set

— 0 (IN\” /b= 0,()\"
wm (PE0) (a0, g
a—() b—()
Then, it is readily seen that (v:)ecRr is a cocycle for (p¢)er satisfying the hypothesis of the

statement of this lemma, with |v1|(a) < 1 and |v1|(b) > 1. Indeed, |v¢|(a) = ¢} (a)*|ut](a)
and |ve](b) = @1(b)”|ue|(b) for ¢ € R. Moreover, a non-vanishing holomorphic function

w associated to (vi)ier is given by w = (a — (+))*(b — (-))”w. Hence, by what we have
already proven

sup [w(2)| = sup [a — 2| b — 2|~ |w(2)] < oo,
z€EB z€B
and the proof is done for the supremum.

Finally, the inequality for the infimum in (7.2) is obtained by applying what we
have already proven to the a,b-uniformly bounded cocycle (1/u)icr, with associ-
ated non-vanishing holomorphic function given by 1/w. More precisely, inf,cp |w(2)| =
(supseps [1L/w(x)) 1 > 0. D

Recall that </ (D) denotes the Banach space of holomorphic functions on D with
a bounded primitive, see Subsection 2.1. As in the end of Section 6.1, we set & :=

Uu,ueR d(D)uﬂ/ = U#,ueR{pu,Vf : fe %(D)}



36 J. Oliva-Maza / Journal of Functional Analysis 290 (2026) 111186

Proposition 7.7. Let (¢:)ier be a hyperbolic flow with fixed points a (attractive), b (re-
pulsive) in T, and let (ut)ier be a differentiable cocycle for (¢i)ier with generator
G = aut |t— /.
with |u1|( ), lu1|(b) € (0,00). Then (ut)ier is a,b-uniformly bounded.

lying in /. Suppose that |ui| can be continuously extended to D U {a,b}

Proof. Let B C D be such that {a,b} N B = (. We can assume without loss of generality
that B is a starlike set centered at 0, so the segment [0, 2] lies in B for each z € B. By
(6.7),

Q

lw(2)| < exp /—q)5 2z eD.
0

Hence, by Proposition 7.6, it is enough to prove sup,cp UOZ £)/®(¢) d§| < 00.
As G € o/, there exist u,v € R such that G/p,, € /(D ), so its primitive GW =
fo (€)/pup(§) dE lies in H>°(D). Integrating by parts, we get

[ G g _ [ 20sl®) GO)
0/ 2(6) dg‘o/ 2©) 7l

- pgfz(z) Grun(2) = 0/ (222) (€ Gyute)de,  zeD.

It is readily seen that sup,cp |pu.(2)/®(2)| < co and sup,cp |(pu,/P) (2)] < o0, see

(6.5). Therefore,
P (Pu,u)l
su z
<z€g (I) ( )

and we conclude that (u;);er is indeed a, b-uniformly bounded. 0O

z

6© | -\
o)/ S| <10

+ sup
z€B

v (2) ’

D(2)

Proposition 7.8. Let (p1)ier be a hyperbolic flow with fized points a (attractive), b (repul-
siwe) in T, let (ur)ier be a differentiable a, b-uniformly bounded cocycle for (p4)ier, and
let w be a non-vanishing holomorphic function associated to (ut)ier. Assume further-
more that |uy| can be continuously extended to D U {a,b} with |ui|(a),|u1|(b) € (0,00),
and set « :=log|ui|(a), B :=log|ui|(b) and § :== —logy)(a) € (0,00). Then, for every
e >0,
w(z)| Sla =277 b =225, |w(z)| Zla— 2|7 *b—2P/*,  zeD.

Proof. By Proposition 7.6, we only have to prove that the inequalities of the claim hold
in some arbitrary neighborhoods U, U, of a, b respectively. For € > 0, repeating verbatim
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the steps of the proof of Proposition 6.9, take open neighborhoods U,, V, in D of a such
that {a,b} NV, \ U, = 0 and for which, for each £ € U,, there exists ne € N satisfying
©ne(§) € Vo \U, and (6.10), that is,

a_g |l
ol s |ty Bl gel (7.4
Thus,
Sl = eon OIS lam AT <00
and, by (7.2),

sup |w(p—ne(€)] < sup [w(z)| < oc.
EEU, 2€V \Ua

Hence, by (7.4),

W@ Sla—g~ " el
An analogous reasoning proves the existence of neighborhood U, in D of b such that
lw(@)| S b — 5‘(575)/5 for all £ € U,. By the arbitrariness of € > 0, we obtain the upper
bound of the theorem.

Finally, the inequality = of the claim follows by an application of what we have
already proven to the differentiable cocycle (1/u;)er, whose associated non-vanishing
holomorphic function is given by 1/w. O

Now we introduce the additional property we require X to satisfy in this subsection.
(P5) Every f € O(D) for which there exist ¢ # d € T and € > 0 such that
If(2) Sle—27"|d— 27",  zeD,
belongs to X.

It is readily seen that the following spaces (all of them are already listed in Subsec-
tion 2.1) satisfy (P5) with the same « > 0 for which they are 7-spaces: Hardy spaces
HP(D), 1 < p < oo, weighted Bergman spaces A2(D), o0 > —1, 1 < p < oo, Korenblum
classes £=7(D), p > 0, and little Korenblum classes K, ” (D), p > 0.

Theorem 7.9. Let X be a y-space for somey > 0 such that X, also satisfy (P5). Let uC,
be an invertible weighted composition operator on X and assume that the automorphism
@ is hyperbolic, with fized points a (attractive), b (repulsive) in T. Let (p:)icr be the
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(unique) hyperbolic flow for which 1 = @, and suppose furthermore that u is embeddable
into a differentiable a, b-uniformly bounded cocycle (ui)ier for (o1)ier - Assume also that
|u| can be continuously extended to D U {a, b} with J}“(Ig)’) < ‘“é(‘;)

Let w be a non- vam’shz’ng function associated to (ui)ier. Then, for all A € C with

J,u(lz(,b) <Al < Iu‘ , the functions

gwm:%(z:((:;> ; neWyx={ueC: ¢ =11}

lie in X and are A-eigenfunctions for uCy,, i.e., uC,Gu,n = Auw,n-

Note that, by Proposition 2.9, Corollary 6.6 and Proposition 7.7, u is embeddable into
a differentiable a, b-uniformly bounded cocycle whenever u lies in the disk algebra (D),
or more generally, whenever v’ /u € & .

Proof. Let o := log|u|(a), 8 := log |u|(b) and 0 := —log¢'(a) € (0,00). Take A € C
lying in the interior of o(uC,), so q‘;él(:l)))v <Al < L“('f;;L by Theorem 4.4. Take n € W),

s0 €% = X and 3/5 —y < Ren < o/ +~. It follows by Proposition 7.8 that there exists
€ > 0 for which,

1 Ren

b—=z
|gw7"7(z)| S/ |W(Z)|

a—z|77TE|b — 2| TTE, z € D.
a—z

~ |

Thus, for each n € Wy, we have g, , € X by (P5) with uCy,g,,, = Agw,, by Proposi-
tion 7.1 1) (see also (6.4)), so the proof is finished. O

8. Main result

For clarity, we collect the main contributions of this paper in the theorem below.
Recall that the definition of y-space is given in Section 2, and that a list of examples
of such spaces is given in Subsection 2.1. As main examples of v-spaces, one has: Hardy
spaces HP?(D), 1 < p < oo, with v = %; weighted Bergman spaces A2(D), 1 < p < oo,
o> —1, with y = U+2
classes K, ” (D), p > O7 with v = p; the disk algebra (D), with v = 0; weighted Dirichlet
spaces DE(D), 1 <p<oo,0>—1,0 > p—2, with v = ‘TTTQ — 1; Bloch space B(D) and
little Bloch space By(D), with v = 0.

; Korenblum classes £K~?(D), p > 0, with v = p; little Korenblum

Theorem 8.1. Let X be a y-space for some v > 0, and let uC, be an invertible weighted
composition operator on X. Assume that the automorphism ¢ is hyperbolic, with fired
points a (attractive), b (repulsive) in T. Suppose furthermore that the absolute value |u|
can be continuously extended to D U {a,b}. Then
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o(uCy) = 0ess(uCy)
e [ WOY ) () O

Moreover, the following holds.

AN
—
Q
Nai
2
’G\
—~
S
=
2

(1) If ‘"lfgl (lplf(lz()l)’l , and X lies in the interior of o(uCy), then A—uC,, is an injective,

non-surjective operator with infinite codimensional range. Fven more, for every non-
vanishing function w € O(D) with w = 222 (such a function w exists), Ll is a
bounded functional on X for ally € Wy ={p € C : ¢'(a)* =1/A} and

ran(A —uCy,) C m ker L.

HEWX

(2) If ‘"ll()l))v < (,Lu(lt(;)w, then X\ — uCly, is a surjective, non-injective operator with infinite

dimensional kernel for every X lying in the interior of o(uCy). In addition, there
exists a non-vanishing meromorphic function w : D — C such that u = %O“" and
for which, for every A in the interior of o(uCy,), the functions g ., belong to X for
allmp € Wy and

{9y : m € Wir} C ker(A —uCy).

Recall that

where I'} is the hyperbolic geodesic in D starting in b and ending in a, and that

1 b—2z\"
Jwn(2) = —— ( Z) , z € D.

w(z) \a—z

Proof. This is just the statements of Theorems 4.4, 5.1, 6.12 and Corollaries 6.7 and
7.2. 0O

Appendix A. Some auxiliary results

Through the results of this appendix, we fix a hyperbolic automorphism ¢ : D — D
with fixed points a (attractive), b (repulsive) in T. We also set (4, ),z as in the beginning
of Section 3 for u € O(D).

The following lemma can be found in [2, Lemma 3.1], see also [22, Lemma 4.4]. We
include here its proof for the sake of completeness.
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Lemma A.l. Let u : D — C be with sup,cp |u|(z) < oo. Assume moreover that the
absolute value |u| can be continuously extended to D U {a,b}. Then

i [lun 372 = max{|ul(a), |ul(8)},
where n runs over the natural numbers in the above limits.
Proof. For each € > 0, take neighborhoods U,V of a,b (respectively) in D such that
lu(2)] < (1 + ¢) max{|u|(a), |u|(b)}, zeUUV.

Note that there exists m € Ny such that, for all z € D, at most m elements of {¢,(2) :
n € No} belong to D \ {U U V}. Thus

[unllme < [lullfi= [(1+ &) max{lul(a), [ul (0)}]" ™, n=m.

Hence limsup,, , ., ||un||g£, < max{|u|(a), |u|(b)}. On the other hand, the absolute value
|un| is also continuous in D U {a, b} and |u,|(a) = (Ju|(a))™, |us|(d) = (Ju|(b))™ for all

n € N. Therefore lim inf,, ||un||yli > max{|u|(a), |u|(b)} and the claim follows. O

Lemma A.2. Let u : D — C be with sup,cp |u(z)] < oo and inf,cp |u(z)| > 0. Assume
moreover that the absolute value |u| can be continuously extended to D U {a,b}. Set
Dy :={z€D : Jm(h(z)) >0} and Dy :={z €D : TJm(h(z)) < 0}, where h is given by
the Koenigs model (6.6) of (vt)ier. One obtains

i sup |un,<z>>1/n|u|<a>, i (_ing |un<z>)1/n|u|<a>,

n—o0 \ ,eD, n—oo \ zeD,

and

1/n 1 1/n 1
lim | sup |u_,(z = , lim (| inf |u_,(z = .
i (s ) = e (g o) =

Proof. The claim is proven with an analogous reasoning as in the proof of A.1. The only
difference is that, given an open neighborhood U of a in D, h there exists m € Ny such
that, for all z € D,, at most m elements of {p,(2) : n € Ng} belong to D, \ U if z € D,
(and similarly for b). O

The lemma below is a straightforward extension of results given in [10,15] (see also [1,
Prop. 3.13]) for D(D), B(D) and a function u : D — C lying in the disk algebra 21(D).

Lemma A.3. Let either X = D2(D) foro > —-1,1<p< oo ando >p—2, X = B(D),
X =By(D) or X = /(D). Let u: D — C be a multiplier of X. Assume moreover that
the absolute value |u| can be continuously extended to D U {a,b}. Then
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11$S£p||un\|Mul () < max{[ul(a), [ul(b)}.
Proof. The proof for all the possible spaces X of the claim go along similar steps. Let
us show the claim for X = D2(D) and leave B(D), By(D) and /(D) as an exercise to
the reader.

Let f € DE(D) with || f|lpz = 1. It is readily seen that |[u, f|lpr < |un|me||f|lpz +
yn = = max{]ul(a), [u](b)} by Lemma A.1,
thus all that is left to prove is that lim sup,,_, . [lug, f|| 4» Un < max{|u|(a),|u|(b)}. For each
n € N we have u, € Mul(D2(D)), thus |u, [P is a Carleson measure (see [31, Th. 4.2]),
i.e., there exists K, > 0 such that |[ul,g|4» < K,||g|pr for all g € D2(D). Let ||u,|c
denote the infimum of such constants K,, (for each n € N). Hence the claim is proven if
Un < max{|u|(a), |u|(b)}, which we do below.

The identity u, = H;:O uy o p; yields that

|lup, fll 4z for n € N. We have limy, o0 ||t || 7o

we show that limsup,,_, . ||u, ¢

n—1 n—1 n—1
laplle =D | (wowy) H wor ||| <D lwowy)lle| I wees
j=0 k=0,k#j c =0 k=0,k#j Hoo
(A.1)
Note that we use the symbol “-” to explicitly denote the pointwise product wherever
we consider it is convenient for the clarity of the text. Reasoning as in Lemma A.1, one
concludes
1/n
dim | ] wow| < max{lul(a). jul(b)). (A.2)
k=0, k] oo
Set now 7y := — 1. The simple observation (u o ¢;)" = ¢ - (u" 0 ;) yields that, for

a+2
P
every g € D2 (D)

(o @) gllaz = 11 - (' o @i)gllaz = [[(£))7"Co, (W' (¢"5)Co_, 9)]| 45
= luw'(¢})" - Coo_,gllaz < llullell(e”;)"Cp_;gllpz,

where we have used at the second-last step that (¢})” HCQp is an isometric isomorphism

on AP (D). Moreover, it follows by Remark 2.4 that lim; o [|(¢”;)7Cy_; ||1£/(JD5) =1. Al
these observations yield
= 1/n 1/n
limsup | D [(wo ;) e <limsup [ Y [l(e" ;)7 Co_; |l e(p)
n—oo n—oo .
g=0 =0 (A.3)

.....

<lim sup (n )
J

n—oo
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Thus, we obtain by (A.1), (A.2) and (A.3)

limsup [Jul, |/ < max{|ul(a), [u|(b)}.

n—oo

Thus, as mentioned above, the claim is proven for weighted Dirichlet spaces D2(D). O
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