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In this paper, an analytical model for the incompressible laminar mean flow induced by an oscillatory pressure 
gradient is proposed for arbitrary constant cross-section, straight ducts of very large length. With the hydraulic 
diameter as the characteristic length scale and just one parameter, namely the cross-section loss-coe�icient for 
steady flow, the proposed model provides the modulus and phase of the dimensionless mean flow and volumetric 
flow rate as a function of the Reynolds frequency number. The model, which is derived from the momentum 
integral equation using complex algebra, is compared to exact analytical solutions for laminar oscillatory flows. 
Results for circular, squared, rectangular and triangular cross-sections show that the model accurately reproduces 
the asymptotic behavior at low and high frequencies, with a reasonable approximation in the intermediate 
frequency Reynolds number range (1,100), where largest errors occur. The proposed model can be of interest in 
applied computer programs for engineering, environmental and biological systems that are subject to periodic 
flows, such as the human circulatory system or the design of hydraulic dampers.

1. Introduction

Much attention has been paid to the losses in pipes and the elements 
of fluid installations under stationary flow [1,2]. However, some systems 
found in engineering, biology and nature are based on pulsatile and/or 
oscillatory flows [3].

Note that pulsatile and oscillatory flows are two different types of 
periodic flows, i.e., flows that repeat themselves after a constant period 
of time, 𝑇 . A pulsatile flow can be described as the superimposition of 
a steady unidirectional flow plus a periodically time-varying or oscilla

tory component [4]. The oscillatory component is usually assumed to 
be zero mean, that is, the time-averaged pressure gradient or net flow 
rate over one period of time, 𝑇 , is zero (see Fig. 1 for an illustration 
on pulsatile and oscillatory flow). Furthermore, the above flows can be 
laminar, transitional or turbulent.

This paper focuses on laminar zero-mean oscillatory flows, where 
an analytical model is proposed for the oscillatory mean flow driven by 
a sinusoidal pressure gradient. Responses to pulsatile or more complex 
pressure gradients can be obtained by the sum of the steady and/or 
oscillatory Fourier modes, which is possible due to the superposition 
property of the fully developed flow model [4].
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Examples of periodic flows can be found in many important appli

cations. This is the case of physiological flows in circulatory systems 
[5--7], where the study of these types of flows can help understand car

diovascular diseases. In this regard, the study of stenosed channels and 
arteries has been received much attention in pulsating and oscillating 
flows (see, for instance, [8--13] and references therein). Oscillatory flows 
are also present in the design of artificial circulatory systems, like arti

ficial lungs [14], and microfluidic devices, where they can be used to 
mimic physiological systems to enhance cell cultures, mitigate clog for

mation, promote mixing and particle separation [15--19]. In engineering 
applications, this work could have an impact in the design and testing 
of engine mounts and dampers based on hydraulic circuits to reduce 
vehicle vibrations [20,21]. In the chemical and bio-industries, cleaning 
process of fouling deposits and devices may involve pulsed flows [3], as 
a means to optimize efficiency and avoid chemical additives. In all these 
areas, the presented model could help derive new models or be embed

ded in computational models to ease computations, which demonstrates 
the model relevance across diverse fields.

Note also that, whereas in engineering, environmental and microflu

idic applications conduits can be found in any shape including triangular 
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Fig. 1. Pulsatile versus oscillatory flow. Example of pressure gradient driving the flow in a duct. (a) Pulsatile flow with nonzero mean. It can be decomposed into 
(b) Steady flow and (c) Oscillatory flow (with zero-mean).

and rectangular cross-sections, in biology and circulatory systems most 
conduits typically have approximately circular cross-sections.

Exact analytical solutions of periodic flows in ducts driven by oscilla

tory pressure gradients have been studied by two techniques: analytical 
tools and computational or semi analytical methods. Due to the dif

ficulty of finding solutions of the Navier-Stokes equations for general 
geometries, analytical solutions have been derived for simplified cases, 
such as conduits of infinite length with unidirectional incompressible 
velocity distributions, that ignore for instance entrance effects, turbu

lence and three-dimensionality.

Previous works that deal with analytical solutions for the flow in a 
circular cylinder and conduits of elliptical cross-sections can be found in 
[22,4] and references therein. More recent works for rectangular cross

sectional ducts analytical solutions can be found in [23,24] and for 
triangular cross sections in [25,26]. In particular [25] derives the solu

tion for rectangular isosceles triangular cross-sections based on Fourier 
series, whereas [26] derives an analytical solution for starting and os

cillatory flows in equilateral triangles based on series of eigenfunction 
solutions. For arbitrary cross-sections, a semi-analytical method is pre

sented in [27]. Computational models and simulations that deal with 
the transient behavior of ducts can be found for instance in [28,29].

However, present analytical solutions for unidirectional oscillatory 
flow in straight conduits involve complex and expensive calculations 
of infinite series, whose solutions may depend on eigenvalue functions 
[24,26]. In this paper, following the classic assumptions of previous 
analytical works, an apparently simple model for oscillatory flows is de

rived, which gives a closed-form expression of the flow rate and mean 
velocity as a function of the pressure gradient amplitude, that does not 
require series calculations, and can be of great utility when integrated 
on models that need inexpensive computations of the flow rate. Another 
benefit of the present model, which is expressed as a dynamical system 
of first order, is that it employs the hydraulic diameter as a length scale. 
This fact could be considered an improvement with respect to the model 
in [24], where the length scale is the diameter of a circular cylinder hav

ing the same steady flow rate as that of the cross-section under study. 
Furthermore, the present model depends on just one constant param

eter, the loss-coe�icient of the section in steady flow. Generally, this 
parameter does not need to be computed, since it is available in the lit
erature for many geometries (see, for instance [2,26,24] and references 
therein). Finally, this approximate model is valid for any cross-section 
shape and it is very inexpensive from the computational cost point of 
view.

Therefore, based on the momentum transport equation, dimensional 
analysis and the theory of dynamical systems, this paper develops an al

gebraic model for the oscillatory flow rate of long arbitrary cross-section 
ducts as a function of frequency. In simulating the transient behavior of 
the elements of installations, it has been found that the frequency re

sponse follows the classic analysis of linear dynamical systems [30]. This 
behavior can be easily observed in Bode diagrams. Indeed, some exact 
solutions show that even the series coefficients resemble these functions 
[26,24].

Bode diagrams represent the frequency response of a system, focus

ing on the amplitude and the phase of the response in logarithmic scale 
for the abscissa. One of the advantages of Bode diagrams is that the 
graphic analysis allows the identification of the nature of the system 
under study. Thus, it is very useful for the interpretation of empirical 
results.

The paper is organized as follows. In Section 2, the theory of oscilla

tory flows for circular cross-section pipes is reviewed. In the third sec

tion, dimensional analysis is applied to confirm the relevant dimension

less numbers. Then, the model is developed for the circular geometry 
to then be extended to non-circular cross-sectional ducts. This section is 
followed by benchmarking of the model through well-established exact 
laminar solutions. Finally, the paper ends with the conclusions section.

2. Classic analytical solution for circular cross-sectional ducts

For oscillatory laminar incompressible flow inside a circular cross

section rigid long straight pipe driven by a harmonic pressure gradient, 
[22] presents an analytical solution, which can be used as a benchmark 
to test models and numerical simulations for the losses in oscillatory 
flows. This analytical solution assumes unidirectional flow and ignores 
entrance, turbulence and three-dimensional effects.

Given a pipe of length 𝐿, radius 𝑅, in a fluid of density 𝜌, and using 
complex notation (with 𝑖 the imaginary unit), the prescribed oscillatory 
pressure gradient can be written as

𝜕𝑝 
𝜕𝑥

= −𝜌𝐾𝑒𝑖𝜔𝑡 (1)

where 𝐾 is a constant (equal to 𝐾 =Δ𝑝∕(𝜌𝐿)) and 𝜔, the angular veloc

ity (related to the frequency of the motion, 𝑓 = 2𝜋𝜔). Using the above 
assumptions, the axial differential momentum equation written in cylin

drical coordinates simplifies to

𝜌
𝜕𝑢

𝜕𝑡 
= − 𝜕𝑝 

𝜕𝑥
+ 𝜇

(
𝜕2𝑢

𝜕𝑟2
+ 1

𝑟 
𝜕𝑢

𝜕𝑟 

)
(2)

where 𝑟 and 𝑡 denote respectively the radial and temporal coordinates; 
𝑢(𝑟, 𝑡), the fully developed axial fluid velocity and 𝜇, its fluid dynamic 
viscosity. After imposing the no-slip boundary condition at the duct 
wall, 𝑟 = 𝑅, and symmetry at 𝑟 = 0, the axial velocity can be written 
using complex notation and Bessel functions (see [22,4] and references 
therein)

𝑢(𝑟, 𝑡) = −𝑖𝐾
𝜔 
𝑒𝑖𝜔𝑡

[
1 −

𝐽0(𝑖𝑟𝑘̄) 
𝐽0(𝑖𝑅𝑘̄)

]
(3)

where 𝐽0(𝑧) is the zeroth order Bessel function of the first kind and 𝑘̄ =√
𝑖𝜔∕𝜈 with 𝜈 the kinematic viscosity. Here, the term 𝐽0(𝑖𝑟𝑘̄)∕𝐽0(𝑖𝑅𝑘̄)

accounts for the variation across the radius. The mean velocity 𝑢̄(𝑡), 
which gives the volumetric flow rate 𝑄 = 𝑢̄𝑆 , with 𝑆 = 𝜋𝑅2 the cross

sectional area of the duct, can be obtained by integrating 𝑢(𝑟, 𝑡) across 
the duct section, yielding
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𝑢̄(𝑡) = −𝑖𝐾
𝜔 
𝑒𝑖𝜔𝑡

[
1 − 2

𝐽1(𝑖𝑅𝑘̄)
𝐽0(𝑖𝑅𝑘̄)

]
(4)

where 𝐽1(𝑧) is the first order Bessel function of the first kind. In dimen

sionless form, by reorganizing the constants, the mean velocity (4) can 
be expressed as

𝑢̄(𝑡)𝜈 
𝐾𝑅2 = −𝑖 1 

𝜔𝑅2∕𝜈
𝑒𝑖𝜔𝑡

[
1 − 2

𝐽1(
√
−𝑖𝜔𝑅2∕𝜈)

𝐽0(
√
−𝑖𝜔𝑅2∕𝜈)

]
(5)

For very low and very high frequencies, the asymptotic behavior of the 
mean velocity is, respectively,

𝑢̄(𝑡) =
⎧⎪⎨⎪⎩
𝐾𝑅2

8𝜈 𝑒𝑖𝜔𝑡
√

𝜔𝑅2

2𝜈 << 1

− 𝑖𝐾

𝜔 𝑒
𝑖𝜔𝑡

√
𝜔𝑅2

2𝜈 >> 1
(6)

The oscillating stress at the wall, responsible for the pipe losses, is 
obtained by differentiating the mean velocity (4) with respect to 𝑟 at the 
wall, yielding

𝜏(𝑡) = 𝜇
𝜕𝑢(𝑟, 𝑡)
𝜕𝑟 

||||𝑟=𝑅 = −𝜇𝐾𝑘̄

𝜔 
𝑒𝑖𝜔𝑡

[
𝐽1(𝑖𝑅𝑘̄)
𝐽0(𝑖𝑅𝑘̄)

]
(7)

This implies that the stress is slightly phase-delayed with respect to the 
pressure gradient. Specifically, the complex number involving 𝑘̄ and the 
ratio of Bessel functions introduces an imaginary component that shifts 
the phase of the wall shear stress relative to the real part of the driving 
pressure gradient.

Remarks. 

1. As a function of the frequency Reynolds number, Re𝜔 = 𝜔𝑅2∕𝜈, the 
division between low and high frequency corresponds to Re𝜔 ≈ 1.

2. The square root of the frequency Reynolds number is also called the 
Womersley number.

3. For low frequencies, 
√
𝜔𝑅2∕2𝜈 << 1, the duct behaves as a station

ary flow. In this case, the velocity and flow rate respond instantly 
to the pressure gradient, and are endowed with the same phase, as 
in Poiseuille flow.

4. For high frequencies, 
√
𝜔𝑅2∕2𝜈 >> 1, the volumetric flow rate in 

the duct tends to zero and to be delayed 90◦ with respect to the 
pressure gradient.

5. Note that the solution for the mean velocity can be represented as 
the real part of

𝑢̄(𝑡) = 𝑈̂𝑒𝑖𝜔𝑡 (8)

with 𝑈̂ a complex number that depends on Re𝜔.

3. Dimensional analysis

Let us apply the dimensional analysis theory [31] to the mean ve

locity of a pipe in oscillatory flow. Let a pipe of length 𝐿 and radius 𝑅, 
be subject to a periodic pressure difference with amplitude Δ𝑝 and an

gular velocity 𝜔 in a fluid of density 𝜌 and kinematic viscosity 𝜈. For a 
given cross-sectional shape, the mean velocity 𝑈 , or 𝑈̂ in complex nota

tion, produced by the pressure difference is a function of the following 
variables

𝑈̂ = 𝑓 (Δ𝑝,𝜔,𝑅,𝐿, 𝜌, 𝜈) (9)

According to Buckingham’s Pi theorem, adopting 𝑅, 𝜌 and 𝜈 as fun

damental variables yields four dimensionless numbers. Therefore, the 
above relation 𝑓 can be expressed as a different dimensionless function 
𝑓 ′ that depends on

𝑈̂𝑅

𝜈
= 𝑓 ′

(
𝐿 
𝑅
,
Δ𝑝𝑅2

𝜌𝜈2
,
𝜔𝑅2

𝜈

)
(10)

Fig. 2. Problem setup. 

This new function 𝑓 ′ depends only on three variables instead of five. 
The third number is the Reynolds number based on angular velocity,

Re𝜔 = 𝜔𝑅2

𝜈
(11)

which will be termed the frequency Reynolds number.

From the analytical solution of Section 2, for a duct of cross-sectional 
area 𝑆 , it can be concluded that the volumetric flow rate 𝑄 = 𝑈𝑆 de

pends linearly with respect to the pressure gradient and it is inversely 
proportional to the pipe length 𝐿. Therefore, in Eq. (10) the dependency 
of 𝑄 or 𝑈 can be linearized with respect to the pressure difference Δ𝑝
and 𝑅∕𝐿, resulting in

𝑈̂𝑅

𝜈
= 𝑅

𝐿 
Δ𝑝𝑅2

𝜌𝜈2
Cq(

𝜔𝑅2

𝜈
) (12)

Finally, this implies that the dimensionless flow rate in a duct can be 
expressed as a function of just one dimensionless number, namely, the 
frequency Reynolds number,

𝑈̂ μL

Δ𝑝𝑅2 = Cq(Re𝜔) (13)

As a consequence, the dimensionless complex mean velocity (or volu

metric flow rate) depends only on the shape of the cross-section and 
Re𝜔, i.e., the dimensionless frequency. This result is in agreement with 
the analytical solution (5).

4. A model of oscillatory flow for circular cross-sections

The transient integral momentum equation that governs the fully

developed mean velocity 𝑈 (𝑡) in a straight pipe of length 𝐿 and circular 
constant cross-section 𝑆 under a pressure difference 𝑝2 − 𝑝1 (see Fig. 2) 
can be written in the axial direction for laminar flow as [31],

𝜌
d𝑈
d𝑡 

𝐿𝑆 = (𝑝1 − 𝑝2)𝑆 − 32
μL

𝐷2 𝑈𝑆 (14)

For oscillatory flow, using complex variable, let

𝑝1(𝑡) − 𝑝2(𝑡) = (𝑝̂1 − 𝑝̂2) 𝑒𝑖𝜔𝑡 =Δ𝑝 𝑒𝑖𝜔𝑡 (15)

𝑈 (𝑡) = 𝑈̂𝑒𝑖𝜔𝑡 (16)

Note that 𝑈̂ is a complex variable that has information about the mod

ulus of the mean velocity and its phase with respect to the pressure 
gradient. Substituting into Eq. (14) yields,

𝑖𝜔𝜌𝐿𝑈̂ = (𝑝̂1 − 𝑝̂2) − 32
μL

𝐷2 𝑈̂ (17)

The pressure gradient and the previously defined constant 𝐾 can be 
identified as

𝐾 = −1 
𝜌

d𝑝̂
d𝑥

=
𝑝̂1 − 𝑝̂2
𝜌𝐿 

= Δ𝑝
𝜌𝐿 

(18)

Operating, the mean velocity in the pipe can be expressed as

𝑈̂ = 𝐾

𝑖𝜔+ 8𝜈 
𝑅2

(19)

which, in dimensionless form, becomes

𝑈̂𝜈 
𝐾𝑅2 = 1 

𝑖
𝜔𝑅2

𝜈
+ 8

(20)
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Fig. 3. Bode diagram showing the dimensionless mean velocity behavior (mod

ulus and phase) as a function of frequency Reynolds number, Re𝜔 , in a circular 
duct. Analytical solution of Womersley [22] and present model (21).

As a function of the frequency Reynolds number Re𝜔 = 𝜔𝑅2∕𝜈 and the 
pressure gradient Δ𝑝∕𝐿, the above expression can be written as

𝑈̂ μL

Δ𝑝𝑅2 = 1 
𝑖 Re𝜔 + 8

(21)

Fig. 3 (obtained with Python [32]) depicts the dimensionless mean 
flow response of the exact solution and the present model as a function 
of dimensionless frequency in a Bode diagram, showing a very similar 
response. Indeed, in control theory this response corresponds to a linear 
system of first order [24]. In particular, the top plot analyzes the di

mensionless mean velocity modulus as a function of frequency whereas 
the bottom plot shows the phase of the mean velocity. The red line de

picts the error of the present model with respect to the exact analytical 
solution.

Remarks. 

1. The asymptotic behavior of the model coincides with that of the 
analytical solution, namely:

lim 
𝜔→0

𝑈̂ = 𝐾𝑅2

8𝜈 
(22)

lim 
𝜔→∞

𝑈̂ = − 𝑖𝐾

𝜔 
(23)

In dimensionless form,

lim 
𝜔→0

𝑈̂ μL

Δ𝑝𝑅2 = 1
8

(24)

lim 
𝜔→∞

𝑈̂ μL

Δ𝑝𝑅2 = − 𝑖 
Re𝜔

(25)

2. The model’s mean velocity modulus and phase are practically iden

tical as the exact velocity modulus for the whole range of frequen

cies.

3. For low frequencies, the modulus of the mean fluid velocity is in 
phase with the pressure gradient, and the flow behaves as a steady 
flow.

4. For high frequencies, the modulus of the mean fluid velocity tends 
to zero, while its phase tends to a delay of 90◦.

5. Therefore, Fig. 3 shows that the proposed model matches the exact 
solution for the limiting cases of zero and infinite frequency. The 
zero frequency case corresponds to a very slowly changing flow, 
where the steady friction factor employed in the present model ex

actly represents the flow solution. In the high-frequency regime, 
the velocity and flow rate tend to zero, so the friction factor data 
has little impact on the fluid flow. The error between the model 
and the exact solution is highest in the medium regime of Reynolds 
numbers (1,100), where the unsteadiness and inertia of the flow are 
significant. In this range, the steady friction factor departs from the 
exact unsteady one.

5. Extension of the model to non-circular cross-sections

Equation (14) can be extended to non-circular cross-sections intro

ducing the hydraulic diameter of the pipe [2],

𝐷ℎ =
4𝑆
P 

(26)

where 𝑆 is the cross-sectional area and P is the wetted perimeter, that 
is, the length of the perimeter of the cross-section that is in contact with 
the fluid and, therefore, subject to friction. For laminar flow, the steady 
friction factor based on the hydraulic diameter can be written as

𝜆 = (𝑓𝑅𝑒)
𝑅𝑒𝐷ℎ

(27)

where (𝑓𝑅𝑒) is a constant dependent on the cross-sectional shape [2].

In this case, the momentum equation in the axial direction, Eq. (14), 
becomes

𝜌
d𝑈
d𝑡 

𝐿𝑆 = (𝑝1 − 𝑝2)𝑆 − (𝑓𝑅𝑒)
2 

μL

𝐷2
ℎ

𝑈𝑆 (28)

After some algebra and defining the radius as half the hydraulic diame

ter, 𝑅 =𝐷ℎ∕2, one obtains

𝑈̂ μL

Δ𝑝𝑅2 = 1 
𝑖 Re𝜔 + (𝑓𝑅𝑒)

8 
(29)

Remarks. 

1. Equation (29) can be used for any cross-sectional shape, as it de

pends on its (𝑓𝑅𝑒) value, the steady loss coefficient. The asymp

totics for small and large frequencies are:

lim 
𝜔→0

𝑈̂ μL

Δ𝑝𝑅2 = 8 
(𝑓𝑅𝑒)

(30)

lim 
𝜔→∞

𝑈̂ μL

Δ𝑝𝑅2 = − 𝑖 
Re𝜔

(31)

2. Note that for the circular cylinder, (𝑓𝑅𝑒) = 64 and Eq. (21) is re

covered.

3. Observe also that the dimensionless mean flow depends solely on 
one variable --the dimensionless frequency number, Re𝜔-- and one pa

rameter: the steady friction factor of the cross-section, (𝑓𝑅𝑒). Also, 
the higher the friction factor of the cross-section, the smaller the 
mean flow modulus.
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Table 1
Steady friction factors in straight ducts for several 
cross-sections [2].

Cross-section (𝑓𝑅𝑒)

Circular 64.00 
Concentric cylinders with aspect ratio 0.6 95.59 
Concentric cylinders with aspect ratio 0.4 94.71 
Squared 56.91 
Rectangular with aspect ratio 0.5 62.19 
Rectangular with aspect ratio 0.25 72.93 
Equilateral triangular 51.10 
Isosceles triangular, 𝛼 = 30◦ 53.30 

4. Although the model appears simple compared to other exact ana

lytical solutions and uses the steady loss coefficient of the cross

section, it gives quite remarkable results as will be shown next.

5. This model can be very useful when integrated in more complex 
models that need an inexpensive expression of the flow rate or the 
mean velocity as a function of time [20,33,34].

6. Table 1 shows (𝑓𝑅𝑒) for typical cross-sections.

6. Application examples of the model to non-circular 
cross-sections

In this section, the behavior of the present model, given by (29), is 
compared to well-established analytical solutions in the laminar regime 
for ducts with squared, rectangular and equilateral triangular cross

sections.

The results are presented in dimensionless form as Bode diagrams, 
which display the magnitude and phase of the sinusoidal mean flow 
induced by the prescribed pressure gradient frequency (or angular ve

locity 𝜔). The dimensionless frequency is represented by the frequency 
Reynolds number. Thus, as the horizontal axis spans from zero to large 
values of the frequency Reynolds number, the corresponding frequency 
is also scanned from zero to large values. For the same reason, dimen

sional analysis dictates that the results are valid for any duct size, as 
they depend solely on the cross-sectional shape. All plots in this section 
were generated using Python [32].

6.1. Squared cross-section

It is instructive to compare the proposed model with the solution of 
Urata [24] for arbitrary rectangular aspect ratios, whose length scale 
is based on the diameter of a circular pipe with equivalent volumetric 
flow rate. While accurate, this method can be cumbersome in practical 
applications. In contrast, the present model uses the hydraulic diame

ter as length scale, a readily available geometric property with a direct 
physical interpretation.

As an example, Fig. 4 shows the Bode diagram for the present model 
applied to a squared cross-section duct, compared to Urata’s analytical 
solution. In this geometry, (𝑓𝑅𝑒) = 56.91, P= 4𝑎, 𝑆 = 𝑎2 and 𝐷ℎ = 𝑎 =
2𝑅, with 𝑎 the side of the section [2]. Thus, the model simplifies to:

𝑈̂ μL

Δ𝑝𝑅2 = 1 
𝑖 Re𝜔 + 7.114

(32)

In particular, Fig. 4 compares the exact and modeled mean flow 
solutions for square cross-section ducts as functions of dimensionless fre

quency. The top plot shows the dimensionless velocity modulus, while 
the bottom plot presents its phase relative to the pressure gradient. The 
red line depicts the error of the present model and the exact analytical 
solution. Once again, we observe that the oscillatory flow behaves like a 
first-order dynamical system, and the model matches the exact solution 
at both very low and high frequencies. The largest discrepancy between 
the model and the analytical solution occurs in the intermediate range, 
specifically for frequency Reynolds numbers between 1 and 100, where 

Fig. 4. Bode diagram showing the modulus and phase of the dimensionless mean 
flow in a squared cross-section duct as a function of the frequency Reynolds 
number Re𝜔. The present model (32) is compared to Urata’s analytical solution 
[24].

the assumptions underlying the model begin to diverge from the exact 
dynamics.

6.2. Rectangular cross-section

For the case of a rectangular cross-section with an aspect ratio 0.5, 
(𝑓𝑅𝑒) = 62.19, P = 3𝑎, 𝑆 = 𝑎2∕2, and 𝐷ℎ = 2𝑎∕3 = 2𝑅, with 𝑎 the 
longest side of the section [2]. Fig. 5 shows the Bode diagram response of 
the proposed model compared with the analytical solution of Urata [24]. 
Thus, in this case:

𝑈̂ μL

Δ𝑝𝑅2 = 1 
𝑖 Re𝜔 + 7.774

(33)

Again, Fig. 5 compares the exact and modeled mean flow solutions 
for a rectangular cross-section duct as functions of dimensionless fre

quency. The same comments made for the square cross-section apply 
here.

6.3. Equilateral triangular cross-section

For the case of an equilateral triangular cross-section, (𝑓𝑅𝑒) = 51.10, 
P = 3𝑎, 𝑆 = 0.4330 𝑎2 and 𝐷ℎ = 0.5774 𝑎, with 𝑎 the side of the triangle 
[2]. Accordingly, the present model yields:

𝑈̂ μL

Δ𝑝𝑅2 = 1 
𝑖 Re𝜔 + 6.388

(34)

In this case, Fig. 6 compares the present model with the exact so

lution presented in [26], which is obtained using a series expansion in 
terms of eigenvalues and eigenvectors.

Fig. 6 compares the exact and modeled mean flow solutions for the 
equilateral triangular cross-section duct as functions of dimensionless 
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Fig. 5. Bode diagram showing the modulus and phase of the dimensionless mean 
flow in a rectangular cross-section cylinder with aspect ratio 0.5 as a function 
of the frequency Reynolds number, Re𝜔 . The present model (33) is compared to 
Urata’s analytical solution [24].

frequency. The top plot presents the dimensionless velocity modulus, 
while the bottom plot shows the corresponding phase relative to the 
pressure gradient. The red line indicates the error of the present model 
relative to the exact analytical solution. As noted earlier, the oscillatory 
flow behaves like a first-order dynamical system. The model is accurate 
for very low and very high frequencies, with the largest error occurring 
in the intermediate frequency Reynolds number range (1,100).

Conclusions

A model for flow in long ducts of arbitrary constant cross-section 
under an oscillatory pressure gradient has been developed using the 
integral momentum equation, dimensional analysis and the theory of 
linear dynamical systems. The model, based on complex variable the

ory, expresses the dimensionless mean flow (or volumetric flow rate) 
as a function of the dimensionless frequency and a single parameter, 
namely (𝑓𝑅𝑒), the steady-state friction factor for laminar flow. The char

acteristic length scale used is the hydraulic diameter, which naturally 
leads to the definition of a frequency Reynolds number.

It has been shown that the oscillatory flow rate and mean velocity 
behave as a first-order linear dynamical system. For low frequencies, 
the mean velocity reaches its maximum and is in phase with the ap

plied pressure gradient, behaving as a quasi-steady flow. This explains 
why using the steady friction factor in the model yields good agreement 
with the analytical solution. At high frequencies, the flow rate tends to

ward zero and lags the pressure gradient by 90◦, which accounts for the 
model’s accuracy in that regime as well. Consequently, the greatest er

ror occurs in the intermediate-frequency regime, for Reynolds frequency 
numbers in the interval (1,100).

In dimensionless form, the modeled mean flow depends solely on 
the dimensionless frequency of the driving pressure gradient and the 

Fig. 6. Bode diagram showing the modulus and phase of the dimensionless mean 
flow in an equilateral triangular cross-section cylinder as a function of frequency 
Reynolds number, Re𝜔 . The present model (34) is compared to Wang’s analytical 
solution [26].

steady friction factor of the cross-section. It has been shown that a larger 
friction factor corresponds to a smaller flow rate.

The model has been compared to well-established analytical so

lutions, demonstrating reasonable accuracy. It is therefore potentially 
useful in applied models and computational tools for engineering and 
biological systems that are subject to periodic flows.

This model has practical applications in both engineering and bio

logical contexts. In engineering, it can be integrated into the design of 
hydraulic shock absorbers for automotive engine mounts and suspen

sion systems, where oscillatory flows are induced by periodic vibrations 
[20,21]. It is also applicable to microfluidic devices, where precise con

trol of oscillatory flow in non-circular channels enhances mixing and 
pumping efficiency. In biomedical applications, the model can support 
simulations of blood flow in small vessels, stenosed arteries or artifi

cial circulatory devices–such as total artificial lungs–where oscillatory 
components influence gas exchange [14]. By providing a computational 
inexpensive yet accurate tool, the model enables real-time analysis for 
such applications.
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