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ARTICLE INFO ABSTRACT

Keywords: Analytical arguments suggest that the Casimir energy in 2+1 dimensions for gauge theories
Casimir energy decays exponentially with the distance between the boundaries. The phenomenon has also been
Non-abelian gauge theories observed by non-perturbative numerical simulations. The dependence of this exponential decay

Boundary conditions in field theory on the different boundary conditions could help into a better understanding of the infrared

behavior of these theories and in particular their mass spectrum. A similar phenomenon is
expected to hold in 3+1 dimensions. Motivated by this feature we analyze the dependence of
the exponential decay of Casimir energy for different boundary conditions of massive scalar
fields in 3+1 dimensional spacetimes. We show that boundary conditions can be classified in
two different families according to the rate of exponential decay of the Casimir energy. If the
boundary conditions on each boundary are independent (e.g. both boundaries satisfy Dirichlet
boundary conditions), the Casimir energy is exponentially decaying two times faster than when
the boundary conditions interconnect the two boundary plates (e.g. for periodic or antiperiodic
boundary conditions). These results will be useful for a comparison with the Casimir energy in
the non-perturbative regime of non-Abelian gauge theories.

1. Introduction

Boundary effects of quantum fields play a crucial role in different quantum phenomena. The Casimir effect is one of the first
and clearest examples of these boundary effects [1]. In this case, the renormalized energy of the vacuum becomes dependent on
the boundary conditions when the quantum field is confined between two parallel plates. The variation of vacuum energy with the
distance between the two plates gives rise to a force between them. This force is determined by the specific conditions satisfied by
the quantum fields at the boundaries. Despite of its very tiny magnitude the effect has been observed for massless fields in several
different experimental setups [2-8].

Significant progress regarding the computation and understanding of the Casimir effect in different models and setups has been
made in recent years. Notable findings were presented in Ref. [9], where the vacuum energy for massless scalar fields under very
general boundary conditions was obtained in arbitrary dimensions. Later on, the temperature dependence was computed for 3+1
dimensional massless field theories in Ref. [10]. More recently, the massive case was studied in the low temperature limit for general
boundary conditions in 2+1 dimensional space-times [11].

However, the Casimir effect in interacting theories is much less known [12]. Recently, there has been some progress in the
analytic approach to a non-perturbative calculation of the Casimir energy for Yang-Mills theories in 2+1 dimensions [13-15].
This computation has been later corroborated by some numerical simulations using Dirichlet boundary conditions for SU(2) gauge
fields [16].
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This analytic approach is based on the parametrization of SU(2) gauge field by means of a massive scalar field, whose (magnetic)
mass m = g/ is given in terms of the gauge coupling g. For Dirichlet boundary conditions the non-perturbative Casimir energy
derived from numerical simulations does agree with that of a massive scalar field with such a magnetic mass.

In order to clarify whether or not there exists a similar relation between the Casimir energies of 34+1 dimensional Yang-Mills
theories and 3+1 dimensional massive scalar fields [17], some numerical simulations are in progress. Preliminary results for Dirichlet
boundary conditions can been found in Ref. [18]. In order to make a more comprehensive comparison with the results of a massive
scalar field it is necessary first to understand how the Casimir energy behaves under different boundary conditions.

Since comparisons with lattice gauge theory results require working at finite temperature, it is crucial to study the effects of
thermal fluctuations on Casimir energy at low temperatures in massive scalar field theories, to provide an accurate analytical
reference basis.

The paper is organized as follows. In Section 2 we introduce the setup and the renormalization scheme to be used throughout the
paper. In Section 3 we develop the formalism required to obtain the free energy in the low temperature regime. By means of these
formalism we compute the Casimir energy in Section 4, and also, we explore its decay in the large distance limit. In Section 5 we
analyze some particular boundary conditions and compare their behavior. The conclusions of the paper are summarized in Section 6,
and finally, in Appendix to verify the results we compute the Casimir energy using the explicit form of the spacial eigenvalues for
Dirichlet and periodic boundary conditions.

2. Renormalized effective action

Let us consider a free massive scalar field ¢ confined between two homogeneous plates separated a distance L. In the Euclidean
formalism the effects of finite temperature can be described by a compactification of Euclidean time into a circle of radius % = 2’+T
with periodic boundary conditions ¢(t + f#,x) = ¢(t,x). The corresponding partition function of the quantum field is

-1/2

Z(p) = det (—d; — V> + m*) @

where d, denotes the Euclidean time derivative, V2 the spacial Laplacian and m the mass of the fields. Since the infinite boundary
plates are homogeneous we can describe the boundary conditions by means of 2 x 2 unitary matrices U [19]

y —ioy = Uy +idy); U e U(2), 2
where
_( w(L/2) o (w(L/2)
V= (w(—L/2)> V= <1/'/(—L/2)> : @

w(xL/2) = ¢(t,x;,x,,+L/2) being the values of the fields ¢ at the boundary plates, y(+L/2) = +05(¢(t, x|, X,, =L/2)) the outward
normal derivatives on the plates, and ¢ is an arbitrary scale parameter that we shall set # = 1 for simplicity.
The U(2) matrices can be parametrized in the following way

U@,n,n) = et? (Icosy+in-osing); 0 €[0,2x), n€[-x/2,x/2), 4)

where ¢ are the Pauli matrices and n is a three dimensional unit vector n € S2. These parameters are restricted to the domain
0 < 6+ < # in order to keep the operator —V? selfadjoint and non-negative [9]. Also, we have to impose that n, = 0 because the
scalar field we are working with is real.

The determinant in Eq. (1) is ultraviolet divergent. We will regularize that determinant by using the zeta function regularization
method [20,21]. The regularized effective action is

1d
Sef = —log Z = =5 -~ L(5) |s=0- 5)
where
Epom. Lis)=tr (> (m? = V2= 33)7"). ®)

and u is a scale parameter that makes the zeta function dimensionless and encodes the standard renormalization group parametriza-
tion [22,23]. The renormalization prescription consists in fixing this parameter by physical constrains.

The eigenvalues of the operator —[] = —63 — V2 in the current set up are given by the sum of the two dimensional longitudinal
continuous spacial modes ¢> that are parallel to the plates, the discrete spacial modes g; on the transverse direction to the plates that
depend on the boundary conditions, and the square of the temporal modes (2z!/4)> which are related to the Matsubara frequencies,
ie.

2
A:(%) +qz+qf+m2 JeEN,IeZ. @
Hence, we can express the zeta function (6) in the following form
s 0 2zl 2 —s+1
B,m,L;s)=p* —=>— <i> +q*+m? . (8)
% # 47r(s—l)l;°o; 5 q;
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where S denotes the area of the boundary plates and we have integrated out the continuous spacial modes. A straightforward
analysis shows that the zeros of the following spectral function [9]

hb (@) =2i (sin(qL) ((q2 — 1)cosn + (q2 + 1) cos 6’) —2gsinf cos(qL) — 2qn, sin 11) . 9
are the discrete spacial eigenvalues of the Laplacian operator —A. Thus, by using Cauchy theory we can write the zeta function as

a contour integral

—s+1
Cpm, Lis) = 4 8m(s—1) 275 ((””) +q2+m2> I Tog (o) (10)

along a thin loop enclosing all the zeros of the spectral function A (k) that are in the positive real axis.
This expression has UV divergences that come from the zero temperature contributions and can be identified in the asymptotic
expansion at large L [9,24]

S0 = E) = C,(m)SPL + C,(m)SP + SP Co(m, L) + - (1n

where C,(m) is the divergent vacuum energy density of the boundary plates, C,(m) the also divergent bulk vacuum energy density
and C,(m, L) is the finite coefficient corresponding to the Casimir energy.

A way of removing these UV divergences and extracting the value of Casimir energy from this asymptotic expansion is to
introduce a renormalization prescription. Our choice is to define the renormalized action as [24,25]

1d
SEr = =5 T Gen(Bom Lis)| (12)
with
Gren(Bom, Lis) = i (C(Bm. Lis) +C(Bom, L+2Lg:s) = 2 (Bom. L+ Lois) (13)
000

where we introduce an auxiliary length L. This renormalization scheme not only removes the divergences, but also the residual
terms that are independent of the distance between the plates or have a linear dependence on L. The remaining finite part consists
of the Casimir energy and some extra terms that do not depend linearly in # and also vanish as the distance between the plates goes
to infinity. This vanishing condition in the infinite limit L — oo is the physical condition we use to fix the renormalization scheme
prescription.

3. Zeta function in low temperature regime

We can explicitly compute the sum of the Matsubara modes in the low temperature regime, i.e. /L > 1, postponing the analysis
of contribution of the spacial modes. The expression (8) can be rewritten as

Bu

—s+1
Pm
¢(B,m, Lys) = (2”> ﬁ2<s—1>;,_§o< ( >+<2”>) . (14)

After applying Mellin transform and Poisson formula for the temperature dependent modes we get

2 2
pu\” 7r3/25 =5/2 , (?7) +(%) )’_%
(pm L= <2n> rs)p 4 1-_00/ o ' 4>

The result after integration is

pu\> 32s 3 4;8\? pm\> i
o Lis) = <27[> = F(S—E)IZ<<§> +<g>>
© ) 4, 2 g 2\ 3/4-5/2
+4;I§<n1) 3/2”((5) +<E> > K3/ <ﬂl\/q]2+m2> .

where the first term is linear on # and is the leading one in the zero temperature limit (/ = 0), whereas the rest (/ # 0) have a
non-linear dependence on f.

Let us first focus on the leading term. The sum of the boundary modes can be replaced by an integral modulated by the spectral
function (9)

05 SBT (s — 3/2)
1675/2i(s) dq
The renormalized zeta function (13) in our renormalization scheme is given by

2s _ s hL h
U Sﬂl’(s- 3/2) - j{dq(q2+m2)3/2 ilog (@) (g ).
1675/2ir(s) Lo~ dq ( L0+L( ))

=B m, Ly s) = dg (¢ +m)"” Liognk(g). (16)

2Lg+L
1=0 L: —
Cren (Bom, Ly s) =
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The only divergent contribution left in the zeta function is the I'(s) factor of the denominator, which disappears when computing
the derivative of Cr’er?(ﬂ m, L; s) with respect to s and evaluating it at s =0,
L @hy " @
(Crl;?), (B,m, L;0) = i lim }qu (q2 + m2)3/2 4 log —M8 1. a7)
1272i Lo—oo dq ( L0+L( ))

Now, the loop integral can be simply reduced to an integral over the imaginary axis by using the fact that the integrand is
holomorphic

2Lg+L
hi Ga)hy, " (ig)

lim / dq (m? — )| Ljog 0 O (18)

1272 Lo—eo dq L0+L

)
Notice, that since the integrand is parity odd, the integral between ( m, m) vanishes, but the branching point of the square root
— k2 at —m introduces a change of sign and thus the contributions between (—oco, —m) and (m, o) have the same sign. Taking
this into account the integral reduces to

(20) (p.m, L;0) =

2Lg+L

S © i Gi@)hy " (iq)
(&) Bom.L:0)= 2L im / dq (g —m?)?| Liog LU} 19)
672 Lo—~oo dq ( Rt ))
Finally, we can take the limit L, — oo in the spectral function

lim A (ig) = lim e?™) ((¢* +1)cosn + (4> — 1)cos 6 +2gsin6) , (20)
L,—oc0 L,—»c

and the result can be expressed in terms of the asymptotic spectral function

h{(iq) = ((q2+ 1)cosn + (¢ — l)cosG+2qsin6‘), 21)
which leads to the simpler expression
L/
1=0Y/ Sg [ 2 2\3/2 d hy (iq)
,m,L;0) = ——— d - L——l 22
(Gen) Bom L;0)= =5 | da (¢ =m) < Oghm(,q) (22)

3.1. Contribution of the | # 0 modes

In this case

2s 3/2
Cl#O(ﬂ m,L;s) = <§Z> tz[(s)ﬁf 22( D~ 3/2+s

- om 2\ 3/4-5/2
() o 075

the sums over the two series are convergent since the Bessel function Kj,, exponentially decays as its argument grows. Therefore,
only the factor I'(s) is divergent, which after derivation and evaluation at s = 0 gives

(€Y (.m, 1:0) = ”iﬁz Z < 5 /—q/2 o T, (e- qf+mzﬂ> L, <e— q;+m2ﬂ>> . 24
J

Once again, we can use the spectral formula (9) for the sum of the discrete modes q;

(Claﬁo)’(ﬂ’m, L;0) = 3 f/ﬂ %dq (ﬁ\/q +m? L12< —Va*+m? ﬁ)
+Li3( -V 2+m2ﬂ)) log (hL(9)) , (25)

which gives rise to the renormalized zeta functlon (13)

}{dq (ﬂ\/ 2+ m? Li, (e_‘/mﬂ)
2Lg+L
o) L

Following similar steps as in the case / = 0 we can reduce this integral to the imaginary axis because the integrand is holomorphic
in the domain which allows this contour deformation

(Crl;?) (B.m, L;0) =— 11 L/ dg (ﬂmhz (e‘mﬁ>

Ly—co 272if2

(grljr?) (B,m, L;0) = hinm 2122

4
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L 2Ly+L
+Li3 (ef\/m27q2ﬂ)) i log h (lq)h (iq) ' @)
: dq plotl
(i)’

Now, since the integrand is parity odd, the integral between (—m, m) apparently vanishes. But the branching point of the square root
\v/m? — g2 introduces a minus sign between the integrals on the intervals (—oo, —m) and (m, o0). In summary, the result of the integral
is

(&) om. L:0) == lim ”2/}2 dq(,;\/q_—mzm(mz (V=)
5 (1 (¢ T )) | £ g 200200 | -

dq ( L0+L(lq)>

and using Eq. (20) in the limit L, — co we get

2ﬂ2 dq(ﬁ*/q _m2m( ( —iWﬁ))

+3 (Li3 (e—f\/ﬁﬂ)n < L- diq log foo EZ?)) . (29)
U

(G2 (B.m. L:0) =

4. Free energy

From the renormalized zeta function we can easily derive the Casimir energy. The temperature independent part of the free
energy F = S.¢/p is the Casimir energy [26]

Ly:
— S * 3/2 d hy; (iq)
F'=%(8,m,L) = E¢ ,L:—/d 2 m? L- —log——2—
v (B.m L) = Ej(mL)= —— ; q(q* - m?) aq ¢ e ) (30)

whereas the / # 0 terms encode the temperature dependent contributions

- o / o(VE = R (Liy (V70 ) )

+5 (Liy (79) ) <L Loy Ziﬁ’f;ﬁ) . G
U

Both contributions to the free energy vanish when the distance between the plates L tends to infinity, which is the physical
requirement of the renormalization scheme prescription chosen. Moreover, in the zero temperature limit, F/* vanishes and we
recover the free Casimir vacuum energy.

FXp.m L) =

4.1. Casimir energy in the asymptotic limit

Let us now explore the behavior of the Casimir energy in the limit when the effective distance mL tends to infinity mL — oo.
First, we can rewrite the spectral function as

hE(ig) = ™ ((¢* + D cosn + (¢* — 1) cos 0 + 2gsin @) (1 + ny sin()X e~ + Y 7215

where X and Y are

4q
X(q,0,n) = - (32)
(@6, (g2 4+ 1)cosy+ (g2 — 1) cos O +2gsin @
2 2 :
—(g° +1)cosn — —1) cos @ +2gsinf
Y(qb.m = L Deosn=@ — D asinf, 33)
(g>+1) cosn+(qg*> —1) cos @ +2gsinf
Using the asymptotic expansion in powers of e~¢~ in the logarithmic ratio of spectral functions
hg;(ig) L 2L 3L
og — =gqL+n singX e + (Y — X' /2)e™*E + O(e7h), (34)
hy (iq)
and introducing this expansion in the integral of the Casimir energy we get
Ef = S dq(q® - m2)3/2i (nysing X e™1E + (¥ — X' /2)e™ 2L + O(e73L)) (35)
1272 dq
o / dq g(@® = m)'/? (ny sing& &1+ (Y = &[22 + 0(e7h))
m
where X’ = (n, sin(;)X)?. This integral can be estimated by using the saddle point approximation for each exponential term
/°° @ dx ~ oFx0) /°° o3 P C0x=x0 (36)
m m
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where we consider the quadratic approximation of F(x) around its maximum at x,. In the limit mL — oo, the maximum is attained
in the integration domain at the point x, = m(1 + a/(mL)), a being a positive numerical parameter. This means we can express the
integral of each exponential term as

) . —jmL ¢;(0,n,ny,m) 1
d 0,1n,nq, ek = €~ (. 0,n,n,,m)+ = +0 .
/m q80.n,n1,9) (mL)3/2<j,l( 1, 1y, m) L D)y

Then the Casimir energy formula can be written as

. Sm3 ) ol 01’2(9,7]’ nlsm) 1
Ej, =D <n1 sing e <C1,1(9J1,n1,m) + L +0 (mL)? &7
om 02’2(9,7],"17’") 1 —3m
e2mL (Czﬁl(ea’%"l’m) + — +0 ((mL)2 >> +0(e73 L)) . (38)

The coefficient of the leading exponential term e~"* vanishes when n, sinn = 0, which increases the Casimir energy exponential

decay rate by a factor 2, e=2"L, Thus, according to the asymptotic behavior of the Casimir energy we have two distinct families of
boundary conditions

_mL .
spe fe if tr(Uoy) #0
(mL)™"Ey {e-sz if tr(Uo,) =0, (39)

that are determined by the dependence or not on ¢, of the unitary matrix U involved in the definition of the boundary conditions.

The classification of the boundary conditions into two different families according to the speed of the exponential decay of
Casimir energy for a massive scalar field in 3+1 dimensions, is the main result of this paper. A similar classification also appears in
2+1 dimensions [11].

These two families differ in the vanishing or not of tr(Uc;). When tr(Uos,) does not vanish, the boundary conditions involve a
relation between the boundary values at the two boundary plates. In contrast, when tr(Uoc,) is zero, the constraints imposed by the
boundary conditions at the boundary values on the two boundary plates are independent one from each other.

This result was found previously for Dirichlet and periodic boundary conditions [27]- [28], but we have shown that the result is
more general and has a clear physical meaning: if the boundary conditions on each boundary are independent, the Casimir energy is
exponentially decaying two times faster than when the boundary conditions interconnect the two boundary values at the two plates,
as occurs for periodic or antiperiodic boundary conditions. In fact, the same result can be proved to hold for any space dimension
D. Indeed, in general dimensions instead of (35) we have

© hE(iq)
Ef](L,m) = I / dq (qz - mz)D/2 <L -4 log go - s (40)
2D+ ;D)2 (? + 1) m dq = hy(ig)

from where we derive the same type of results.

5. Particular cases of boundary conditions

We can analytically compute the Casimir energy for some special boundary conditions that are of interest because they can also
be implemented for gauge fields.

(i) Periodic boundary conditions: w(L/2) = w(—L/2) and (L/2) = —y(—L/2). The associated unitary operator is Up = o,. The
contribution of spectral functions has the form

% tog (1, Gia) /hﬁp(iq)) — Lcoth(qL/2), (41)

which gives to the expression of the Casimir energy

[

Sm? K,(jmL)

ES(L,m)= ——— s 42
p(Lm) == ; 7 (42)
when m # 0, and
2
. S
ES(L,0)=—2 43
(L, 0) L3 (43)

in the massless case. In the large mL limit this expression decays exponentially as e~ which is the result expected since the unitary
matrix Up depends on o}, i.e. Tro; o; =2 # 0. The temperature dependent terms of the free energy are

I1#0 ___SL [* CR— - iV
FJ (B,m, L) = ¥y /m dq (ﬁ\/q m ER<L12 (e ))

+S (Li3 <e—fv @-np ) )) (1 = coth(qL/2)). (44)
Although this integral cannot be analytically computed, the asymptotic expansion of 1 — coth(¢qL/2) shows that it has the same
asymptotic behavior as the Casimir energy



M. Asorey et al. Annals of Physics 481 (2025) 170195

(ii) Dirichlet boundary conditions: w(L/2) = w(—L/2) = 0. The corresponding unitary matrix is U = —I and the spectral function
factor is

4 1og (hL (i9)/h (iq)) = Lcoth(qL) (45)
dg Up Up :
The Casimir energy is given by

©

c _ Sm? K,(2jmL)

ED(m,L)——mz;j—2, (46)

j=
when m # 0, whereas for the massless case we have
2

) S

ES(0,L)=——22_, 47
OB =~ “7

Since —Tr I o; = 0, we have the expected asymptotic behavior where the Casimir energy decays as e~>"L. For I # 0 terms of the free
energy we have
SL [ I GO s
Fllfo(ﬁ,m,L) - W/ dg (ﬂ,/qz _mR (le (e iVe? m2ﬂ)>
m

+S (Li3 (w’Wﬂ ) )) (1 = coth(gL)) . (48)

This integral cannot be explicitly analytically computed but it can be shown that decays exponentially in the same way as the
Casimir energy.

An alternative calculation for the above boundary conditions by using the exact spectrum of the spacial Laplacian instead of the
spectral function is postponed to Appendix.

(iii) Neumann boundary conditions: y(L/2) = y(—L/2) = 0. Although the corresponding unitary matrix is Uy = I and the spectral
function differs from that of Dirichlet boundary conditions, the derivative of the logarithm of both spectral functions is the same as
(45). Thus, the free energy is the same as for Dirichlet boundary conditions.

(iv) Anti-periodic boundary conditions: w(L/2) = —y(—L/2) and y(L/2) = y(—L/2). The corresponding unitary matrix is U, = —o,
and in this case the derivative of the logarithm of the spectral function is

d Loy rco on)
dolos (hUA(tq)/hUA(tq)) = Ltanh(qL/2). (49)
Thus, the Casimir energy is
Sm2 e (_1)j+l )
Epy, (Lom) = == 2‘1 i KalmL) (50)
=
for m # 0, and
Tn2S
E¢(L,0) = 51
AL0) =2 (51)

in the massless case. We remark that one gets the same asymptotic decay as for periodic boundary conditions, since U, also depends
on o,. The temperature dependent part of the free energy is
(o]
FRGm == 5L [ ag (pV@E—m? R (Liy (V7))
4 2723 Jm
+3 (Li3 (e*"V 2-mp ))) (1 - tanh(gL/2)). (52)

with the same exponential decay as the Casimir energy.

(v) Zaremba boundary conditions. This boundary condition consists of one boundary wall with Neumann boundary conditions whereas
the opposite boundary has Dirichlet boundary conditions. They are described by the operator U, = +o03. The derivative of the
logarithm of spectral functions is given by

d Loy o\
4o 108 (hf G/h3, Gia)) = L tanhiqL), (53)
and the Casimir energy is
c _oSm? g
EUZ(L,m)_gﬂszf 7 KaQimb), (54)
=
when the mass is non-null, whereas
Eay
ES(L,0) = —— 55
2(L0) 1152013 (55)

for the massless case. The exponential decay is the same as for Dirichlet or Neumann boundary conditions e=>"L. The rest of the
terms of the free energy have the form

g b == S5k [T aq (pye=at w (1 (V7))

272283

7
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10?
= Dirichlet
10—1 4 Periodic
= Anti-Periodic
10744 w
10774
o 107104
g ~ e=2myg
a 04
~
[Hw)
&y —10710
-10774
—107* 4
—-107'4
—-10% T T T T T
2 4 6 8 10
mL

Fig. 1. Behavior of the adimensional Casimir energy (in logarithmic scale) for different boundary conditions as a function of the adimensional
distance mL.

10?

—— Dirichlet
10-1 4 Periodic

Anti-Periodic
~ e~mL = Zaremba

10—4 4

10—7 4

107104
04
_10-10

F7°/(Sm)

710—7 4

—1074 A

—107" 4

—10% T T T T T
mL

Fig. 2. Behavior of the adimensional free energy in logarithmic scale for Dirichlet, periodic, Neumann and Zaremba boundary conditions, as a
function of the effective distance mL with a fixed temperature mp = 1.

3 (Li3 (e*"mﬂ ))) (1 — tanh(qL)). (56)

5.1. Asymptotic behavior of Casimir energy

From the previous results we can see how the asymptotic behavior of the Casimir energy for mL > 1 follows a common rule
(39); for Neumann, Dirichlet (46) and Zaremba (54) boundary conditions it is exponentially decaying

(mL)Y?Ef, ~ et (57)

at the same rate, which agrees with the prescription given by the general rule because in all these cases tr (Uo, ) = 0. However, the
boundary conditions satisfying that tr (Us,) # 0 like periodic (42) and anti-periodic (50) the exponential decay is

(mLY2ES ~ e, (58)

The behavior of the Casimir energy for these boundary conditions with different asymptotic behaviors is displayed in Fig. 1.

On the other hand, we can also plot the rest of the terms of the free energy Fl’fo, that cannot be analytically calculated, to show
how they have the same exponential decay with mL as the Casimir energy (see Fig. 2).

How the boundary conditions are imposed at each wall is what physically differentiates the two families with different asymptotic
behavior. In the family with a faster decay (Dirichlet, Neumann and Zaremba) the boundary conditions on each plate are imposed
independently, whereas for the second family (periodic, antiperiodic) there is an inter-connection between the boundary values at
the two boundary plates, which induces a slower decay.
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6. Conclusions

In this paper we have shown that the rate of exponential decay at large distances in the Casimir energy of a massive scalar field
in 3+1 dimensions, splits the boundary conditions into two different families. These two types differ by the fact that whether or not
there is an inter-connection between the boundary values of the fields or its normal derivatives at the boundary plates.

Although measuring this effect for massive fields seems hopeless because this exponential decay makes it negligible in comparison
with the effect for electrodynamics fields (that experience just a potential decay with the distance), from a theoretical viewpoint
it can be relevant for discerning whether the infrared behavior in non-abelian gauge theories can be described by massive scalar
fields or not.

In fact, in 2+1 dimensions numerical simulations [16] and some analytic arguments [14,15] point out that with Dirichlet
boundary conditions the gauge theories have an exponential decay with a mass lower than the lightest glueball. Finding some
similar behavior for 34+1 dimensions would provides new hints for a better understanding the infrared regime of non-abelian gauge
theories, and in particular can illuminate the solution of the mass-gap problem. In particular, the identification of these two different
regimes of exponential decays for the Casimir energy would provide a very strong support of this conjecture and its implications.
Some accurate numerical simulations to test the conjecture are in progress.

CRediT authorship contribution statement

Manuel Asorey: Writing — review & editing, Supervision, Project administration, Funding acquisition, Conceptualization.
Fernando Ezquerro: Writing — original draft, Investigation, Formal analysis, Conceptualization. Miguel Pardina: Validation,
Supervision, Formal analysis.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

We are partially supported by Spanish Grants No. PGC2022-126078NB-C21 funded by MCIN/AEI/10.13039/ 501100011033,
ERDF A way of making EuropeGrant; the Quantum Spain project of the QUANTUM ENIA of Ministerio de Economia y Trans-
formacién Digital, the Diputacién General de Aragén-Fondo Social Europeo (DGA-FSE) Grant No. 2020-E21-17R of the Aragon
Government, and the European Union, NextGenerationEU Recovery and Resilience Program on ’Astrofisica y Fisica de Altas Energfas,
CEFCA-CAPA-ITAINNOVA.

Appendix. Explicit calculations of the free energy

In this section we calculate the free energies of the theory for two different boundary conditions (Dirichlet and periodic) directly
by using the known spectrum of the spacial Laplacian, and compare with the results obtained by using the general method based
on the spectral function and the use of Cauchy theorems.

A.1. Dirichlet boundary conditions

The eigenvalues of the discrete modes of the Laplacian operator —4 are of the form k, = zn/L where n =1, ..., c0.
The corresponding zeta function (8) is given by

2s o o . 2 2\ ~5tl
i (8) 2555 (o (2)+(2))

j=ll=—

and operating in the same way as we did in the general case we get

S 3/2-s
L (Bu\” s 3 B\ pm\?
C(ﬂ’m’L’s)_<2n> T(5)? F(S_E)Z (<ﬂ> +<E>

Jj=1

© 3/4-s/2
+4 Y (a0 # ’ +(m ’ K syl (= ’ +m?
= 2L 2z 3/2=s L

Although this expression diverges in the limit s — 0 its first derivative does not. Let us first derive the I'(s) on the / # 0 terms

() (B.m, L;0) =% Y <% G2 + (L) Liy <e*%v<f”)z+<ml>2>
zp* o

+ Liy (5? VirP+mL? > > . (A.2)
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whereas from the / = 0 terms we get

2s 2 42y I(s—2 3-2s
C’=°(ﬂ,m,L;s)=<E> 7Sk 1"(3_2)(@) _Q(’"_L>
T 16 L3I (s) z \/; P
< mL s
+4 — K, (2jmL) |, (A.3)
;(Mz> 2o 2jm >>

and by using the Gamma function I'(s) properties we get

©

—or/ SLpm* ( u 3 ) Sm3p  Spm? < K, (2jmL)
L;0) = 2log—+ =) — . A.
(€= (Bom 1:0) = === (2log - 4 5 ) = 5=+ T ,ZT I (A4)
The Casimir energy can be computed from this expression by using the renormalization prescription we described in (12)
sm? w Ky 2jmL)
ES(L,m)=——— —_ A.5
DLm) == ,21 I (A.5)
which is the same as that derived in (46) by the spectral function method. In the massless case it reduces to
2
S
ES(L,0) = ———2_. A6
VYTV (A.6)

The temperature dependent component (A.2)
PG =5, z (LG i, (VT ) 1 (oG ) )
- L jim ((g’*o)’ (B,m, L +2Ly;0) =2 (¢ (B, m, L+ Ly; 0)) ,
gives the same result as the one obtained from the expression (48).
A.2. Periodic boundary conditions

In the case of periodic boundary conditions, we have as discrete eigenvalues k, = 2zn/L with j € Z, and the corresponding zeta
function

—s+1
o _ [ Bu * s < 2 B\’ mp\>
C(ﬂ,m,L,S)— <§> mhl;oo<l +<I> +<E> (A7)

becomes

s Pu ¥ s 3\ < b 2 pm 2
C(ﬂ,m,L,s)—<§> = F<S_5>,_zw<<f> +<§>
© 3/4-s/2
(i) ()
45 e ((2) (2)

Jj=—ool=1

SN\ 2
XK/ |61 <2%> +m2|]. (A.8)

after some simple operations
For | # 0 terms we can just take the derivative of the I'(s) and evaluate it in s =0

() (B,m, L;0) =% Y <% (77 +(mL)? Liy <e—%V<f”>2+<'"L>2>
T
+Li; (ﬂm)) (A.9)

==

whereas the / = 0 term can be rewritten as

2 w2Spr (s— §) 0 2N\ 3/2-s
- L 2 mL
=0, m, L; s) = <M—> — <'2 +{ = > s A.10
EOmL9={27 ) SBre-ne-D ,-:z_:m / ( 2 ) (A-10)
and by using the properties of Gamma function I'(s) we get
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Thus, under the renormalization prescription (12) the Casimir energy is

[

Sm? K, (jmL)
ES(L,m)=— _, A.12
S(L,m) MLJ; I (A12)
which does coincide with (42), and in the massless case we get
2
S
ES(L,0) = -2 A13
»(L,0) 90L3 ( )
The temperature dependent component (A.9) is
[ s .
FIP g, m 1) =— > -y <£ Qjm)% + (mL)? Li, ( e~ T V@ +mD?
27 1= L
s, (T
- L im () Gom L +2L5:0) =2 (") (B, L+ 19:0)). (A14)
Zﬂ Ly—oo

which also does agree with expression (44).
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