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Abstract. In collective local interaction systems with agents assigned to different profiles (categories,
traits), the distribution of such profiles in the neighbourhood of any agent affects the exchange of ideas, a
basic element in Collective Intelligence experiments. It is important to control this distribution experimen-
tally, asking for criteria that should range from maximum homogeneity to maximum difference. We suggest
a method where we obtain these criteria by adding an extra interaction term to the Q-state Potts model,
producing a rich vacuum structure. By controlling the two parameters of the model, we can obtain different
patterns for the geometrical distribution of the agents. We study the transitions and phase diagram of this
model, considering the physics at constant magnetization, and show that the states correspond to a large
diversity of mixing patterns, directly applicable to agent distribution in CI experiments.

1 Introduction

We are interested in the propagation of ideas in a het-
erogeneous environment, and to study this we have
the preliminary problem of the arrangement of such an
environment.

The transition between different arrangements of
agents in a lattice was introduced as a subject of study
in sociology by Schelling [15]. A connection to models
from statistical physics [2,7,12,18] was soon noticed,
particularly to the Potts model, where it is possible to
consider situations with more than two profiles [2,16].
These studies were focused on segregation and aimed
to find how the phase transition into clustering occurs.
The social usefulness of breaking this clustering was
clearly recognised not only in segregation studies but
also in any deliberative process where information bub-
bles occur.

Looking at the aggregation of human agents, empir-
ical data have corroborated the existence of differ-
ent phases, ranging from echo chambers [21] to net-
works with strategic anti-assortativity [5], where agents’
preference goes beyond simple randomisation, and
they position themselves actively for contrast, avoiding
homophily.

Over this structure, different models of propagation
of ideas can be implemented [3] and with different net-
work topologies [10,17,19] consensus happens in even
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more subtle ways, such as the enhancement of informa-
tion gerrymandering [19]. Consensus itself is well known
to have a phase transition depending on the probability
of spreading, see [2, sect X].

We encountered the problem of agent mixing when
adapting to multiple kinds of agents a platform of prop-
agation of ideas [4] that forces consensus in a collec-
tive intelligence (CI) system. In CI we define a pro-
cess where collaborations are expected to produce bet-
ter ideas [9,14,22] than the aggregation of individual
votes. With such decision agents, where a participant
evolves from the knowledge of their neighbours, it is
important not only the dissolution of the information
bubble but also the knowledge of the kind of phases to
which the system is driven once the clusters dissolve.

In our model, agents—usually human participants
from some demographics—are located on a two-
dimensional square lattice of side L with V = L × L
nodes and periodic boundary conditions. In the practi-
cal implementation1 [4] the lattice is constructed with
the actual users at each moment, different from a
perfect regular square, although the geometry is con-
structed to be as close to the square as possible. This
point is not essential in this paper, and we consider
square lattices thereafter, but we stress that the algo-
rithm is expected to work with incomplete lattices.
The point is that the degree of any participant in our
platform is always less than or equal to four, avoiding

1 https://ic.kampal.com/.
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some of the extra complications from network topolo-
gies referred to above.

Up to now in this CI model we have been working
with experiments where all agents are humans from
similar demographics, interacting in real-time in one
unique process, in experiments of about one hour dura-
tion. Results from a social point of view can be seen in
[13]. The motivation to use different types of agents is
that now we consider the possibility of new segmented
experiments, where we start with isolated experiments
which after some time reunite in a single set in which
all agents can interact with one another. We have dif-
ferent profiles, for instance, man or woman, citizens and
politicians, segmentation for age or education level, etc.
Segmentation can also be based on levels of agent tol-
erance, relevant for spatial public goods game [20]. Or
even bots from AI tools can be considered to act in
these collective experiments, thus providing additional
profiles.

In general, we have a number Q ≥ 2 different profiles
initially evolving in their separate experiments, not dis-
similar to Axelrod models [1,11], and we finally unite
them in a single ensemble. At that moment, the pres-
ence of new or disruptive ideas that participants see
depends on their neighbourhood.

With such multiple demographics, different options
for the agent arrangement can be preferred by the
experimenter; for instance, a pure random state could
be preferred to a “chessboard” antiferromagnetic phase
and to the assortative clustering, but also—having more
than two kinds of agents – a maximally heterogeneous
neighbourhood could be preferred to the one provided
by randomisation and to the one provided by the AF
chessboard.

Because a typical experiment in real time contains
up to thousands of agents, and mixing should typically
be completed in less than a minute, we need efficient
tools and algorithms to construct the actual agent dis-
tribution, and the Potts-type models can address this.

To obtain all required distributions we need to intro-
duce a second coupling, added to the standard Potts
model, that tunes local heterogeneity as described in
the next section. The new model presents a phase
structure that supports very different geometrical agent
distributions. Experimentalists can therefore tune two
parameters in a continuous way to select the desired
region, but the analysis in this paper simplifies their
choice, as we can use the physics of the model as a
guide.

2 The model

In Potts model, we consider a lattice in d dimen-
sions, usually regular (cubic), where the variables are
integer numbers, and the energy counts the number
of equal neighbours. Different geometries, number of
neighbours, couplings... can be considered, with differ-
ent physical behaviour [6,8]. In the AF case, the dom-
inant configurations (or vacua) tend to maximise the

number of different neighbours. The main energy terms
studied have been first neighbours (in d = 2, 4 neigh-
bours, up, down, right and left), and second neighbours
(also 4, now on diagonals). The studies consider the
Macrocanonical system, where temperature T is fixed,
and the q value of a node can change without restric-
tions, and then the global magnetizations are not fixed.

We analyse here a model with important differences
with respect to previous studies.

The main difference is that we consider that the num-
ber of agents for each colour is fixed. From a sociological
point of view, it is easy to understand: we must locate
on a lattice for instance 4 types of agents, and we have
a fixed number of each one: 23 men from cities, 17 men
from rural areas, 31 women from cities, and 16 women
from rural areas.

Then, we start with N total agents, with Q different
types, each one with a number Nq, q ∈ {1 . . . Q}, the
magnetization, where

∑Q
1 Nq = N . The Potts Model

presents as the basic tool to mix agents while keeping a
constant magnetization vector Nq. For instance in the
simpler case of a L×L lattice (with even L) and Q = 2
if we consider very small T , the ordered phase will be
two compact blocks of equal q agents. In the small T
but negative coupling, the Antiferromagnetic vacuum
is a chessboard pattern, with every agent surrounded
entirely by different ones.

Our goal is to distribute on a two-dimensional square
lattice N agents of Q types, where each type has Nq

agents, with
∑

1,Q Nq = N . We define local interac-
tions (first neighbours) to build a model (Energy or
Lagrangian) that produces the desired patterns of agent
mixing at a global level.

We begin by considering different possible, local-
level, requirements that help us to our definition of
Energy.

• R1 All neighbours qi must have the same colour as
the central node q0

• R2 All neighbours qi must have a different colour
from the central node q0

• R3 The central node must be surrounded by nodes
with the same colour (regardless of central node
colour)

• R4 The central node must be surrounded by nodes
with the maximum number of different colours
(regardless of central node colour)

We explain these requirements in detail.
If we consider Q = 5 for example, a configuration

with the central node having q = 0 and also the four
neighbours with colour q = 0 satisfies requirement R1.
If the four neighbours are coloured with q = 1, 1, 2, 3,
we fulfil the R2 requirement. In Fig. 1 we show the two
situations.

The standard Potts model, in a square lattice, allows
us to obtain these configurations, in the Ferro or Anti-
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Fig. 1 Two typical configurations for Q = 5. The left one corresponds to requirement R1 and the right to the R2

Fig. 2 Two typical configurations for Q = 5. The left one corresponds to requirement R3 and the right to the R4

Ferro regions. We define the standard Potts Energy as

Ēκ =
∑

n,μ

δ(q(n), q(n + μ)) (1)

and the partition function as

Z =
∑

Conf

eκĒκ

In the large positive κ region the system goes to Ferro-
magnetic vacuum, and we obtain the R1 requirement.
On the contrary, if we go to large negative values of κ
we obtain configurations with the R2 condition.

R3 and R4 add new conditions which indicate how
many different colours we have among the neighbours
of a node. In the same case with Q = 5 we have two
opposite situations, when all neighbours are different
(therefore we have 4 colours) or when all of them are
the same colour. In Fig. 2 we can see both cases. It is
very important to note that the colour of central node
is irrelevant in this case (We will return to this point
later).

However, requirements R3 and R4 must be analysed
with more attention. In d = 2 all the possibilities can
be seen in Table 1.

Table 1 Different options to define the number of different
neighbours

Neighbours Different colours Different pairs

abcd 4 6
abcc 3 5
aacc 2 4
accc 2 3
cccc 1 0

If we want to mix agents in different ways, the number
of different colours has the same value for aacc and
accc cases. From the point of view of mixing, these two
situations are different. In general, we can see that the
first case is better for diversity, and then we must define
a new criterion distinguishing these cases. To do that
we consider the number of different pairs between the
four neighbours. We obtain the third column in Table
1, and we break the previous degeneracy. We modify
therefore R3 and R4 criteria:

• R3 The centre node is surrounded by nodes with
the minimum number of different pairs (regardless
of central node colour)
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• R4 The centre node is surrounded by nodes with
the maximum number of different pairs (regardless
of central node colour)

We define <<qn>> as the set of the six pairs which
can be constructed with nodes surrounding (next neigh-
bours) the node qn To obtain this number of pairs we
define a new interaction term in the Potts model.

Ēρ =
∑

n,(a,b)∈<<qn>>

δ(qa, qb) (2)

It is important to note that if we use only Ep the
lattice is decomposed into two non-interacting sublat-
tices (chessboard black and white). The term κ from
the standard Potts is the one that couples both subnet-
works. We can see Eρ as a plaquette interaction in the
sublattice; this is clear from Fig. 3 (right) by rotating
the lattice 45 degrees.

This new term (ρ), introduced order to control the
number of different colours between first neighbours is
different from the NN usual interactions; it is a plaque-
tte term, with two decoupled lattices, which are coupled
by the standard first neighbour term (κ).

We now define the full model through the partition
function

Z =
∑

Conf

eκĒκ+ρĒρ (3)

In Fig. 3 we show the interaction terms. If nodes con-
nected by one arrow are of equal colour, their contri-
bution to Energy is 1. On the left the standard Potts
interaction (κ term). At right the new proposed pair
interaction (ρ term).

3 Phase diagram

We want to study the phase diagram of our model. As
previously mentioned, the system depends strongly on
the choice of the Mq values. We define the Q magneti-
zations as

Mq =
∑

n∈V

δ(q(n), q) (4)

To make simulations, we must fix a precise value.
The structure, phases, vacua, etc. depends of course on
the q and Mq distribution used. We will comment on
general aspects applicable to different values of Mq and
q, but for large computations on Monte Carlo, we will
specifically use q = 4 and Mq = V/4 ∀q, that is to
say, we have one quarter of nodes with each colour. We
maintain this ratio for the different V values.

We want to study the phase diagram in the (κ, ρ)
plane. We define the observables

Eκ = (1/4V )∂ ln Z/∂κ = (1/4V )Ēκ

= (1/4V )
∑

n,μ

δ(q(n), q(n + μ)) (5)

Eρ = (1/6V )∂ ln Z/∂κ = (1/6V )Ēρ

= (1/6V )
∑

n,(a,b)∈<<qn>>

δ(qa, qb) (6)

These energies are in the interval [0, 1]. To locate with
precision the phase transitions, we use the associated
specific heats

Cκ = ∂〈Eκ〉/∂κ = 4V (〈E2
κ〉 − 〈Eκ〉2) (7)

Cρ = ∂〈Eρ〉/∂ρ = 6V (〈E2
ρ〉 − 〈Eρ〉2) (8)

These quantities can diverge at phase transitions
with the Volume, according to the critical exponents;
in our case, these critical exponents are not meaning-
ful because they depend on the Mq values. Anyway,
the divergence of specific heats is a clear signal of tran-
sition in the thermodynamic limit, and we will study
this behaviour to locate the transition line in the phase
diagram in a particular case.

We use a Monte Carlo Metropolis algorithm in a
d = 2 square lattice with periodic boundary condi-
tions (pbc). The elemental update takes two randomly
selected sites, with different colours, and tries to inter-
change their colours. In this way we preserve the Mq

constraints. We perform k iterations between measure-
ments, with M measures for a block, and finally B
blocks. We have therefore kMB iterations, with MB
measures. To compute errors, we make blocks of size
M , and we have of course B blocks. The exact values
depend on L and also of the region of parameter space.
We control in all cases that the system is thermalised
and errors are (almost) block-size independent.

We make different runs along parameter space. First,
we use a L = 16 lattice to explore the main proper-
ties and possible phase transitions. After that we run
L = 32 and L = 64 lattices, in a smaller region around
transitions, to locate transitions and to study scaling
and divergences. We have runs on a grid over the space
parameter, horizontals with ρ = cte and verticals with
κ = cte and also along main diagonals (ρ = ±κ). We use
up to k = 40,M = 10000, B = 100 for each parameter
values.

In Fig. 4 we plot the energies and specific heats along
the vertical line κ = −1, ρ ∈ [−2, 1].

After a detailed analysis the phase diagram for this
case (q = 4,Mq = V/4,∀q) is plotted in Fig. 5.

We have 4 different regions.

• T0 In this region we have a disordered system, and
therefore small values for Energies. This is the cen-
tral part of the run in Fig. 4.

• T1 For negative values of κ the system goes to AF
situation, with each point surrounded by different
colours (Eκ ≈ 0), and the large value of ρ, pro-
duces that these 4 neighbours will be equal between
them, with Eρ ≈ 1. This is possible with configura-
tions similar to b in Fig. 6. This region corresponds
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Fig. 3 Schematic representation of the 4 interactions from the κ term (left); on the right, we show the 6 terms entering
the pair interaction with the ρ term

Fig. 4 Energies along the line κ = −1, ρ ∈ [−2, 1]

Fig. 5 Phase diagram

to positive values of ρ in Fig. 4. In this figure we
have also plotted the value of Eκ, to see that in this
region is zero (only the L = 16 result is plotted)

• T2 Here both κ, ρ are positive. Therefore the 4
neighbours tend to be equal, maximising both Ener-
gies (to their maximum value 1). Hence, we have a
ferromagnetic vacuum, with the constraint of con-
stant magnetizations. The system tends to form
homogeneous blocks, like a in Fig. 6.

• T3 Large negative values of ρ. Here Eρ goes to zero,
and we have that the 4 neighbours for each node
are different. This is possible, as can be seen in c
in Fig. 6. If the 4 nodes are different, one of them
must be equal to the central node, and therefore
Eκ = 1/4. This region corresponds to large negative
values of ρ in Fig. 4. We can see that Eρ ≈ 0, and
Eκ ≈ 0.25 (we plot only the L = 16 for this energy).

The global phase diagram has been obtained from
several Monte Carlo simulations along different lines.
For each possible transition, we have run L = 16, 32, 64
lattices, and we study the scaling of the specific heats.
In Fig. 4, lower part we plot the values of Cρ for the
different sizes. In the transition from T0 to T1 (right
peaks) we can see that the apparent critical ρ moves
slightly, and the maximum value also grows up. In the
T3 to T0 transition (around ρ ≈ −1.78) the finite size
effects are larger, with clear movement for the appar-
ent critical ρ. The system seems to converge, and the
maximum scales with L to some power (a critical expo-
nent). All these facts point out to a phase transition in
the thermodynamic limit. The transition order and crit-
ical exponents could be computed from a more in-depth
finite size scaling analysis. However, this order and crit-
ical exponents depend on the details of our choice: the
q and especially the Mq values. Therefore we do not
consider this study here.

For these results to be of broader interest, we must
consider the non magnetization-fixed model (Macro-
canonical model with unconstrained magnetizations),
which will be addressed in a future publication.
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Fig. 6 Vacua examples in a L = 8 lattice

Based on the different runs, we have finally obtained
the phase diagram of Fig. 5.

4 Experimenter selections in practice

As has been noted, the exact characteristics of the dom-
inant configuration depend on the actual value of the
parameters, corresponding to the exact position of the
phase transitions and details of the phase diagram.
In the implementation we usually restrict the exper-
imenter options to a reduced number of possibilities,
mainly the regions considered in previous sections, to
facilitate the choice; we list in Table 2 the values of the
parameters to choose for these cases.

5 Some particular cases

The introduction of this model permits us to obtain
configurations with required constraints and to see if
it is possible to avoid frustration and also to find dif-
ferent realisations or equivalent configurations. Let us
consider the case Q = 2, L = 8, N0 = N1 = 32, and
we want to be in a region with maximum diversity. For
these values of Q and Mq we do not know the phase dia-
gram, but we expect that in the region of ρ � 0, κ � 0,
we will have a vacuum similar to that of the region T3
considered previously. (different neighbours and differ-
ent pairs) In this case, the line configuration (one row
with all zeros, another with all ones, etc.) optimally
satisfies the constraint of having the maximum number
of differences to the first neighbours, and of having the
maximum number of differences between neighbours,
two in each case. However, many non-homogeneous
configurations satisfy exactly the same constraint, for
example, a typical one obtained in the simulation and
shown on the left of Fig. 7.

As another particular case, we can consider the case
with Q = 5, L = 10, Nq = 20 ∀q. We are located in
region T3. It is not easy to manually find the dominant
configuration or to know if it is possible to saturate the
condition Eκ = Eρ = 0. In this case, using a Monte
Carlo simulation, it is easy to see that it is possible
to meet both conditions: each node is surrounded by
others of a different colour, which in turn are different
from each other. See Fig. 7 on the right. (We remark
that now we are considering q = 5, and therefore a node
can be surrounded by 4 different colours, also different
from the central one).

6 Conclusion and further work

By modifying the standard Potts model with a plaque-
tte interaction term, we have introduced a generalised
model with two interaction terms, designed to yield a
rich variety of mixing patterns. The model provides a
flexible framework for designing collective intelligence
experiments, allocating Q types of agents in a lattice.
We have identified 4 different vacua regions in the phase
diagram, corresponding to different arrangements, and
explored how frustration manifests in some of these
regions. Our findings demonstrate that by tuning the
parameters κ and ρ we can control the level of homo-
geneity or diversity in the neighbourhood of an agent.

We want to remark that in our model implementa-
tion with Mq fixed ∀q, we have a different model for
each choice of concrete values of Mq. Therefore from
the point of view of statistical mechanics, we have a dif-
ferent model for each election, and then we don’t have
universal properties. In the model without fixed mag-
netization, that is to say, the standard Macrocanoni-
cal study, we expect a universal behaviour, and then
critical exponents could be computed. This will be the
objective of a next research, as realistically the CI
experiments will always happen at finite size and do
not benefit from an exact infinite volume solution.
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Table 2 Parameter selection To obtain some patterns to mix agents

κ ρ Neighbours about me Neighbours to each other

κ = 0 ρ = 0 Random Random
κ < 0 ρ > 0 Different Equal
κ > 0 ρ > 0 Equal Equal
κ ≈ 0 ρ < 0 Different Different

Fig. 7 Configurations in region with ρ � 0, κ � 0 (similar to T3). Left: A configuration with Q = 2, L = 8, N0 = N1 = 32.
We can see a bundle with q = 0 around the subjacent toroidal geometry with winding number 2, and another one with
winding number 1. Right: A configuration with Q = 5, L = 10, Nq = 20 ∀q. In this configuration, the system is not
frustrated, and we have a vacua with both energies in the minimum values Eρ = Eκ = 0

Another topic of research will be how the different
configurations, and perhaps their dynamical variation,
influence the opinion propagation and thus the process
of consensus.

Finally, we want to explore how the different config-
urations influence the mix not of human but of pure
AI agents, where the strategies of [4] provide new scal-
able mechanisms beyond the traditional consensus@N
or pass@N strategies.
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