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whenever X is a random vector uniformly distributed on any con-
Msc: vex body K € R" and (e;)]_, is the standard canonical basis in R".
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secondary 26D15, 52A40 which will hold whenever X is a random vector uniformly dis-
tributed on K N Z" for any convex body K C R" containing the
L . origin in its interior. We will also make use of such discrete ver-
Borell’s inequality . L . .. .
Discrete inequalities sion to obtain discrete inequalities from which we can recover t.he
Mean width estimate Ew(Ky) ~ w(Zjogn (K)) for any convex body K contain-
Random polytopes ing the origin in its interior, where Ky is the centrally symmetric
random polytope Ky = conv{%Xq,..., =Xy} generated by inde-
pendent random vectors uniformly distributed on K, Z,(K) is the
Lp-centroid body of K for any p > 1, and w(-) denotes the mean
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1. Introduction and notation

Given a convex body K € R" and p > 1, its Lp-centroid body, Z,(K), is defined as the convex
body with support function

1

1 1
hz,a) () = (EI(X, y)IP)? = m/ux,yn"dx vy e R",
K

where X is a random vector uniformly distributed on K, EY denotes the expectation of a random

variable Y, and |K| denotes the volume of K (i.e., its n-dimensional Lebesgue measure). Let us recall

that, given any convex body L C R", its support function h; is defined as h;(y) :=sup(x, y) for every
xel

y € R" and that every sublinear function f :R" — R is the support function of a unique convex
body (see [32, Thm 1.7.1]). These bodies were introduced, under a different normalization, in [24].
Since then, they have shown to play a crucial role on the distribution of the mass on convex bodies
(see e.g. [12,15,27]).

By Holder’s inequality, for any convex body K € R" and any 1 < p <g, if X is a random vector
uniformly distributed on K we have that for any 6 € $"~!, the Euclidean sphere in R",

1 1
hz, ) (0) = (E[(X,0)[P)? < (E[(X,6)|7)7 =hz,k)(®). (11)
Equivalently,
Z,(K) € Zg(K). (12)

As a consequence of Borell’s inequality (see [26, Appendix IIl] and [8, Thm. 2.4.6 and Rmk. 2.4.8]),
we have that there exists an absolute constant C > 0 such that for any convex body K C R" and any
6 € S"™1, if X is a random vector uniformly distributed on K, then for any 1 < p <gq,

(]E|<x,9>|q)5 gc% (E|(X,0)|P)%. (1.3)

Equivalently, there exists an absolute constant C > 0 such that for any convex body K € R", and for
any 1<p=gq,

Z(K) € C%ZP(K). (14)

Writing equations (1.2) and (1.4) together, we have that there exists an absolute constant C > 0 such
that for any convex body K CR" and any 1 <p <q,

Zp(K) € Zg(K) € c%zp(K). (1.5)

Let us stress out that the constant C in the equations (1.3) to (1.5) is a positive absolute constant,
independent of the dimension n, of the convex body K € R", and of the parameters 1 < p <gq. Let us
also point out that the fact that (1.1) and (1.3) hold for every convex body K and every 6 € "~ ! is
equivalent to the fact that they hold for every convex body K € R" and 6 = e,, where (e)}_; is the
canonical basis in R". That is, for every convex body K CR" and 1 < p <gq, if X is a random vector
uniformly distributed on K then

(EI(X. en)I?)7 < (E|(X. en)]?)7 < C% (EI(X, e)|?)7 . (16)

Indeed, given K € R™ a convex body and 6 € $"~!, there exists an orthogonal map U € O (n) such
that Ule, =6, where U' denotes the transpose matrix of U. Thus, if X is a random vector uniformly
distributed on K, then for any p > 1
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(EN(X. 0)[P)7 = (EI(X. Ulen)[P)? = (E|(UX. en)|P)7 = (E[(Y. en)|?)7 .

where Y is a random vector uniformly distributed on UK. Therefore, applying (1.6) to the convex
body UK, we obtain (1.1) and (1.3).

The main purpose of this paper is to obtain a discrete version of (1.6), in which the random vector
X is uniformly distributed on the intersection of a convex body K C R" with the integer lattice Z",
following an active line of research whose purpose is to obtain discrete analogues of classical results
in convex geometry (see, for instance, the discrete versions of the Brunn-Minkowski inequality proved
by Gardner and Zhang in [14], Koldobsky’s slicing inequality [3], or Meyer’s inequality [13]).

In [21], the authors obtained a discrete Brunn-Minkowski inequality for the lattice point enu-
merator G,(-), which is defined as the cardinality of the intersection of a set in R" with Z" (see
Theorem 2.1 below). Such version of the Brunn-Minkowski inequality allows to recover the classi-
cal one (see [32, Theorem 7.1.1]), and has been very useful to obtain some other discrete versions
of inequalities in convex geometry (see, for instance, [20] for a discrete version of an isoperimetric
inequality or [4] for discrete versions of Rogers-Shephard type inequalities and related inequalities).
Due to the fact that adding an open unit cube in the large term in this discrete version of the Brunn-
Minkowski inequality is necessary, typically an extra open unit cube appears in some terms in these
new discrete inequalities. Nevertheless, one can still deduce their continuous versions from them.

In this paper, we will mainly consider convex bodies K € R" with 0 € int K, the interior of K, and

r}(la% [(x,en)| > 1. Such condition will ensure that K N Z" £ @ (i.e.,, Gy,(K) # 0) and that if X is a
xeKNzZn

random vector uniformly distributed on K NZ", then E|(X, es)|P # 0 for every p > 1. Besides, for any
convex body K € R™ with 0 € int K, we have that AUK will satisfy such condition for any orthogonal
transformation U, if A > 0 is large enough, which will allow to recover continuous inequalities from
discrete ones for convex bodies containing the origin in its interior.

Unfortunately, given 1 < p <q and n € N, it is not possible to find C(p,q,n) > 0 such

1 1
that (IEl(X, en)|q)a < C(p,q,n) (]I:?|(X,en)|p)F for every convex body K c R" with 0 € intK and
maé |(x,en)| > 1. This can be easily checked by considering K = conv({(x,—1/2) e R™ ! x R :
xeKNzZn

IXlloo < A} U {en}) and letting A — oo, where conv(A) denotes the convex hull of the set A C R".

However, as a direct consequence of the fact that, if 1 < p <q, then the ¢9-norm is bounded by the
¢P-norm in RV for any N € N, we have that for every convex body K € R" with G,(K) 0, then

1 11 1
(EK(X, en)|T) 7 < Gu(K)P~a (E(X, en)|P)?.
Therefore, if we fix 1 < p <q and consider convex bodies such that G,(K) is bounded above by C%

1 1
with C an absolute constant, we have that G,(K)? 4 < G,(K) < C%, and for such family of convex
bodies we trivially obtain the following discrete version of Borell’s inequality:

(EI(X, en)[?)7 < c%aﬂux,ennp)%. (17)

The following theorem, and its equivalent form given by Theorem 1.2 below, gives a discrete ver-
sion of Borell’s inequality which also holds whenever G,(K) is not bounded. As we will see, when
applied to AK for a fixed convex body K € R" with the origin in its interior and taking A — oo, we
will recover the continuous version of Borell’s inequality. Notice that in such case G,(AK) will tend
to infinity and the estimate given by (1.7) cannot be applied.

Theorem 1.1. There exists an absolute constant C > 0 such that for any convex body K € R" with Gp(K) #0
andany1<p <q

1

1 g 1 (Gp(K+ (=1, 1))\ ?
E[(X,en)]7)7 <C~ [ 1+ (E|(Y,en)|P)p [ 22~ , 18
(El(X,en)|T)7 < p<+(|( e)l)"( oK) )) (1.8)

where X is a random vector uniformly distributed on K N Z", and Y is a random vector uniformly distributed
on (K + (-1, h™) N Z™.
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Let us introduce the following notation, which will allow us to express the right-hand side of
Theorem 1.1 in terms of the random vector X uniformly distributed on K N Z" and, studying the
asymptotic behavior of the quantity introduced here, prove that it implies (1.3) whenever O € intK:

For any convex body K € R" such that ma)% [(x,en)| >1 and any p > 1, we define Do(K, p) as the
xeKNnzZn

number given by

1 1
<1+(E|<Y,€n>|p)p (%)p)

Do(K. p) := ;
(E|(X. en)[P)?

)

where C, = (=1, 1)", Gy(K) is the cardinality of K N Z", X is a random vector uniformly distributed
on KNZ" and Y is a random vector uniformly distributed on (K + C,) N Z™. With this notation,
and taking into account Hélder’s inequality, we can rewrite Theorem 1.1 as follows in the case that

max |(x,e,)| > 1 (otherwise, Theorem 1.1 is trivial):
XeKNZM

Theorem 1.2. There exists an absolute constant C > 0 such that for any convex body K C R" with

max |(x,ep)|>1,andany1 <p <gq
xeKNZn

1 1 q 1
(E[(X.,en)P)? < (E[(X,en)|7)7 < CEDO(K’p) (E[(X.en)|P)? . (19)
where X is a random vector uniformly distributed on K N Z".

In order to study the asymptotic behavior of the number Do(AK, p) as A — oo and recover contin-
uous inequalities from their discrete versions, we also define, for any convex body K € R" such that
the Euclidean closed unit ball, Bg, satisfies Bg €K, and any g > 1, Dg(K) as the following number

Dq(K) := sup Do(UK, p).
yeou

Let us point out that the condition B} € K in this definition is imposed so that, for every U € 0 (n),
en € UKNZ™ and then for any p > 1 and any U € O(n), Do(UK, p) is well defined.

The following lemma, involving the role of the number Dg(-), will allow us to recover (1.6) from
Theorem 1.2 (with the same value of the constant C), as well as some other continuous inequalities
from discrete ones:

Lemma 1.1. For any convex body K € R" such that 0 € int K and any q > 1 we have

lim Dg(AK)=1.
A—00

Remark 1. Let us point out that for every convex body K € R" such that ma)% [(x,en)| > 1 and any
xeKNZn

p > 1 we have that Do(K, p) > 1. Indeed, if X and Y are random vectors uniformly distributed on
KNZ" and (K + Cp) N Z" respectively,

<(IE|(Y, en)|P)? (%)E)
(E[(X. en)|P)?
= <ZX€(K+CrA)ﬂZ” |(x, en)l")

erKﬁZ” | <X’ eﬂ) |p

Do(K, p) =

==
==

> <ZXEKOZ" |(x, e”>|p) =1.

erKHZ" [, en)|P

S
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For every convex body K C R" such that 0 € int K, there exists Ao > 0 such that Bg C AoK. Then, for
every A > Ag, U € O(n), and p > 1, choosing q > p, we have that

1< Do(AUK, p) < sup Do(AUK, p) = Dg(AK).
UeO(n)
1=p=q

Therefore, Lemma 1.1 implies that for every U € O(n) and p > 1 we have klim Do(AUK, p)=1.
—00

Random polytopes are important objects of study in several areas in mathematics since Sylvester
initiated their study with a problem posed in The Educational Times in 1864 [33]. This problem was
originally ill-posed and the question was modified within a year, and became known as the “four-
point problem”. It were Rényi and Sulanke who, in their seminal papers [29], [30], [31], focused on
the expected volume of random polytopes as the number of points generating it tends to infinity,
as well as on the vertex number in the planar case. Random polytopes appear in approximation
theory [6], random matrix theory [22], or in other disciplines such as statistics, information theory,
signal processing, medical imaging or digital communications (see [11] and the references therein).
Besides, since the work of Gluskin [16], they have been known to provide counterexamples to some
conjectures, or examples to the sharpness of some estimates on convex bodies (see the survey [25]
and its references, or [17] and [23]), as the behavior of some parameters of a linear and geometric
nature different from the known deterministic constructions.

Different quantities such as expectations, variances, distribution, concentration inequalities, cen-
tral limit theorems or large deviation principles of several geometric functionals, such as volume,
number of faces, or quermaRintegrals, associated to random polytopes are studied, which obviously
depend on the random model from which the random polytope is generated (see, for instance, [1],
[2], [7], [10], [18], or [19]). Here we will focus on the mean width and the following model: Given
a convex body K € R" with 0 €intK, N >n, and X1, ..., Xy independent random vectors uniformly
distributed on K, let Ky = conv{+Xji,...,£Xyn} be the centrally symmetric random polytope gener-
ated by Xj, ..., Xy. It is well known that there exist absolute constants c1, C/l, c2, C/2 such that for any
convex body K € R™ with 0 €intK, and any n < N <e" we have

C1W(Ze 10gn (K)) = EwW(KN) < caW(Z) 10gn (K)), (110)

where for any convex body L € R" containing the origin, w(L) denotes its mean width

w(l) = / hi(0)do (6),

sn—1

being do the uniform probability measure on S"~!. We refer the reader to [8, Proposition 11.3.10] for
a proof of the upper bound and to [8, Theorem 11.3.2] for a proof of a stronger result that implies
the lower bound when N > n2, which relies on the continuous Borell's inequality given by (1.3). The
fact that the lower bound also holds when n < N < n? is probably folklore. Nevertheless, since we
could not find it in the literature, we will include a proof, which relies on Borell’s inequality as well,
in Section 2.2. We also refer the reader to [5] for the study of the expected value of the mean width
of a large family of random convex sets, which include random polytopes generated by isotropic log-
concave random vectors.

In view of the connection of Borell’s inequality to the estimate of the mean width of random
polytopes given by (1.10), and the relation between Theorem 1.2 and the continuous version of Borell’s
inequality, it is our purpose to explore the relation between Theorem 1.2, and discrete versions of
(1.10). However, since the inequality given by Theorem 1.2 is only provided in the direction given by
0 = ey, in order to explore such relation, we must rewrite (1.10) in a different way.

On the one hand, notice that, by uniqueness of the Haar measure, we have that if dv denotes the
Haar probability measure on the set of orthogonal matrices O (n), then

5
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Wk = [ i @do©) = [ max [(x:.0)1do )
sn—1 sn—1 o
= 1max [(X;, Ulep)|dv(U) = / lm;l)}v|(UX,-,en)|dv(U).
<i<N <I=<

o@m) o@m)

Therefore,

Ew(Ky) =E / 1m,avilI(UXi,en>IdV(U)= / E]m,a>§VI<UXi,en)|dV(U)
<i< <i<

om) o
f |K|N/ 12111)( [(Uxi, en)ldxn ...dx1dv(U)
0 (n)

f |UI<|N/ .f1rl1ia<>§\l|(xi,en)lde...dx1dv(U).
o) Uk

On the other hand, for any p > 1 we have that

i
1
w(Zp(K)) = / th(K)(Q)da(Q)_ (W/' x,0)|Pdx | do(©)
K
_ )P

= / |K| /l x, Ufen)| dx) dv(U)

)P
K] /l (Ux, en)| dx) dv(U)
)P
/ | K|/|x en)l dx) dv(U).

0(n)

Therefore, Equation (1.10) is equivalent to

_ 1
!
A logN

) / KT / [(x, en)|11°8 N dx dv(U)

0(n) UK

1
< / W/ ma | (., eq) ey .. dxydv(U)

1<i<N
0(n) UK UK

1
7
[ logN

1 /
SCZ/ W/HX,EnHCZIOgNdX dv(U).

0(n) UK

(111)

In this paper we will prove the following two theorems, which will provide discrete versions of the
inequalities in (1.11) where the role of the volume is played by the lattice point enumerator measure
given by Gn(L), the cardinality of the set L N Z" for any Borel set L C R". The two inequalities in
(1.11) and, equivalently, equation (1.10) will be recovered from the discrete versions as corollaries.

6
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Let us also point out that, as a consequence of (1.5), inequality (1.10) can be equivalently written
with constants ¢} = ¢/, = 1. Nevertheless, for our purposes of finding analogue discrete inequalities
we decided not to do so.

Theorem 1.3. There exists an absolute constant C > 0 such that for every convex body K € R" with 0 € K
and every N € N with N > 3,

1
[ (Gn(UK)N ) max |(x;, en)|dv(U)
on) " X1

1<i<N
..... xyeUKNZ"
1
1 logN e
<C _— X, en)|'°8 dv(U).
< f g o el 0)
o(n) xeUKNZ"

As a consequence, the right-hand side inequality in (1.10) will be recovered.

Theorem 1.4. There exist absolute constants ¢, C > 0 such that if K C R" is a convex body with B}, C K,q > 1
and N € N with (CD¢(K))? < N < ¢4, then

1
(Ga(KDN > max [, en)]
X1

..... xNeKNZn —
2log(CDq (K))
1 log N logN
>cl —— Z [(X, )| 2ToBCDgTD
Gn(K)
xeKNZr

Given a convex body K € R" with Bg C K, and U € O(n) the convex body UK satisfies that
B} C UK and Dq(UK) = Dg4(K). Applying Theorem 1.4 to UK and integrating in U € O (n), we obtain
the following corollary, which provides a discrete version of the right hand-side inequality in (1.11):

Corollary 1.1. There exist absolute constants c, C > 0 such that if K € R" is a convex body with B} € K,q > 1
and N € N with (CD4(K))? < N < ¢4, then

1
/ Uy 21l el dv)
om X1,5000X

21og(CDg(K))

1 21 ](égN et
> S 0g(CDq (K) dv(U).
_C/ CaUK) E [(x, en)| a v(U)

o) xeUKNZ"?
As a consequence, the left-hand side inequality in (1.10) will be recovered.

Remark 2. Let us point out that, given a fixed N € N, it is necessary that ¢ > logN in order to
fulfill the conditions in Theorem 1.4 and Corollary 1.1. However, it might not be possible to find a
number q > 1 such that (CDq(K))2 <N, as the following example in R? shows: let, for any M € N,
Ky = conv (B3 U {(M,0), (—M, 0)}) € R2. This convex body satisfies that B3 € Ky and for any p > 1

1
1 1
pyp [ G2(Km+Co) \ P
1 (E|<Y,32)| )p( G2(Km) )

(E|(X. e2)|P)7

Do(Knm, p) =
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==

1
G2(Km)? + (er(KMJrCZ)nZZ I(x, 62>|p)

B T
(ZXGKMMZZ [{x, e2) |p) p

1 1 1

2M 43)7 + (22M 4 1))? 3\» 1

_ ¢ 2R % =<1v1+5) +CM+ 17,
2p

Thus, for any q > 1,
3\» 1 3 5
Dq(Km) > sup M+-) +CM+1)?P | =M+ =4+2M+1=3M+ =
1<p=q 2 2 2

and, given a fixed N € N, taking the convex body Ky with M large enough there exists no g > 1 for
which the condition (CDq(KM))2 <N is fulfilled.
However, given a fixed convex body K € R" with B} C K, Hélder’s inequality implies that

1
1+ Yy, en)P)? ((Colizen)?

Gn(UK)
Dq(K) = sup T
Jom (El{Xuy,en)|P)?
5 1+ hy (en) 2052
< sup
UeO(n) El(Xu, en)|
2+ hy(en) SV C)
= sup
Ueo(n) El(Xu, en)|

where, for every U € 0(n), Xy denotes a random vector uniformly distributed on UK N Z" and Yy
denotes a random vector uniformly distributed on (UK + C,) N Z". Therefore, given a fixed convex
body K € R™ with B} € K and calling

D(K) 2+ hyc(en) 5, ™
= sup ,
Ue0(n) El(Xu, en)|

we have that for every N > (CD(K))?, taking q = log N, the conditions in Theorem 1.4 are fulfilled.
Moreover, given a fixed convex body K € R" with B} C K and a fixed N € N, with N > €2, taking

q =logN, Lemma 1.1 implies that if A > 0 is large enough, then the condition (CDq()\K))2 <N<el
will be fulfilled.

2. Preliminaries
In this section we will introduce some well-known results that will be used in our proofs.
2.1. The lattice point enumerator

Let us recall that the lattice point enumerator measure, dGy, is the measure on R" given, for any
Borel set L € R", by

Gn(D) =8(LNZ"Y),

where #(-) denotes cardinality of a set.

The measure given by the lattice point enumerator satisfies the following discrete version of the
Brunn-Minkowski inequality, which was proved in [21, Theorem 2.1], and from which one can recover
the classical one [32, Theorem 7.1.1]. It reads as follows:

8
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Theorem 2.1. Let A € (0, 1) and let K, L € R"™ be non-empty bounded Borel sets. Then

Gn (1= MK + 2L+ (=1, 1)) 7 = (1 = )G(K)T +2Gn(L).

The measure dG, also satisfies (see [34, Lemma 3.22] and [4, Section 3.1]) that for any convex
body K € R" and any bounded set M containing the origin

lim

Ghn(AK + M
Gn(AK + M) = |K|. (2.1)
A—>00 Al

Moreover, for any f : K — R which is Riemann-integrable on K, we have that

.1 b .1
Jim o 1 (3)deuw=tim 3 feo= [ fovdx 22)
K

K xekn(}zr)

where the first identity follows from the definition of the measure dG,. The second identity can be
obtained by extending the function f to a rectangle containing K as f(x) =0 for every x ¢ K, which
is Riemann-integrable on the rectangle, and applying [9, Proposition 6.3], which is valid for Riemann-
integrable functions on the rectangle. Notice that Z f(x) is a Riemann sum of the extension
xeKﬂ(%Z”)

of f to the rectangle, corresponding to the partition given by the rectangle intersected with cubes
with vertices on %Z”.

As a consequence of (2.1) and (2.2), many continuous inequalities can be recovered from discrete
inequalities. The following consequence of these equations will be useful in the sequel.

Lemma 2.1. Let K C R" be a convex body with 0 € K, m € N and q > 1. Then

1/q
. 1 X; q
llm/ S — Z max ‘(—’,en> dv(U)
A 00 (GnOUK))™ 1<iem \ A
o) X1,...,Xm€EAUKNZ"
1/q
1
= <o | max [{x;,en)|9dxy ... dx dv(U).
/ |UK|m/ /.]Sismuz n)| m 1 ( )
0(n) UK UK
Proof. For every U € O (n),
1 Xj q
SN G 2 2 ‘(Xle”>
A—>oo( n( )) X1yeens xmeAUI(ﬂanslfm
Al moq
=lm(|{——) — Z max |{x;, en)|?
r—o00 \ Gn(AUK) anm 1<i<m
X1oeos xNeUKﬁ(%Z”
1
=——— |-« [ max [(x;,en)|9dxy, ...dx1.
|UK|m/ 1sism|(l n) " dxm 1
UK UK

Besides, for every A > 0 and any U € O(n),

q

—_— max |(—,e
(GanQUK)™ Z 1<i<m ‘( A ”>
X1,....XNELUKN(Z")
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1
Nl c.ourknm max |{x;, ep)|?
(Ga(AUK))M Z 1§i§m|<l )|
Xlyerrs xNeUKm(%Zn)
1
q
N eorer X mElwel
| (Gh(AUK))™ xeUK

= max [{x, en)| = max{hyg (en), hyx (—en)} < R(UK) = R(K),

where R(L) :=inf{R > 0 : L € RB}} denotes the circumradius of L, which is integrable in O (n). By
the dominated convergence theorem, the result follows. O

Notice also that given a Borel set L € R", for every x € L N Z" we have that x + %Bgo is a cube
with volume |x + %Bgo| =1 and if x1,x, € LN Z" with x1 # x,, then (x1 + %B';o) N (xy + %B’;o) has
volume 0. Taking also into account that L N Z" € L and then (LN Z") + 1B € L+ 1B we have
that

1 n
<I|L+ §B°°

Gn(L) = ’(LﬂZn)-i- %Bgo ) (2.3)

2.2. Expected mean width of random polytopes

In this section we give a proof of the lower bound in (1.10), which holds for every N >n, if N > 3,
since we could not find this proof in the literature. We state it here as a theorem.

Theorem 2.2. Let K C R" be a convex body with 0 € int K, N > n with N > 3, let X1, ..., Xy be independent
random vectors uniformly distributed on K, and let Ky be the centrally symmetric random polytope generated
by X1,...Xn, thatis, Ky = conv{xXj, ..., £Xn}. There exists an absolute constant c1 > 0 such that

Ew(Kn) = ciw(Zjogn (K)).
Proof. For any 6 € S"~! and any o > 0 we have

P (1235)§V|(Xi:9>| za) =1-P <1r;1ia§>§]|<xi,0>l <a>
=1-P(|(X1.0)| <a)"
=1-(1-P((X1,0)] = a)".
Therefore, taking o = hK% (), where for any 0 <8 < 1, K is the floating body defined by
hi, (6) =sup{t > 0 : P(|(X1,0)| > t) > &}

we have that

( ) ( 1>N 1
P max [(Xi,0)|>hg, ®))=21—-(1——=) =1—-.
N N

1<i<N e
Thus, by Markov’s inequality, for any 6 € S"™~!, calling c=1—e"!,

Ehgy (0) = hg, 0) - P < max [(X;,60)] > hy (9)> > chg, (0).
N 1=<i<N N N

10



D. Alonso-Gutiérrez and L.C. Garcia-Lirola Journal of Complexity 92 (2026) 101993

It was proved in [28, Thm 2.2] that there exist absolute constants cq, c; > 0 such that

Clhzmg%(m(@) <hg;(©) < Czhzlog% @ (6).
forany 0 <4 < % Since there exists an absolute constant C > 0 such that 1 < log% <log 2% < Clog%
for every 0 <6 < % < % the inclusion relation (1.5) implies that there exist absolute constants ¢’ = ¢;
and ¢” =c¢,C > 0 such that

C/hzl L@ 0) <hg, @) <c"hz | k)©®).

og log 3

forany 0 <68 < % In particular, for any 6 € S"1,

Ehgy (0) > chi, (6) = cc’hz,, k) (6).

N

if N > 3. Integrating in € S"™! and using Fubini’s theorem we obtain the result with c; =cc’. O

3. Discrete Borell’s inequalities

In this section we are going to prove Theorem 1.2. As a consequence of Theorem 1.2 and
Lemma 1.1, we can obtain inequality (1.3) for convex bodies with 0 € intK.

Proof of Theorem 1.2. The left-hand side inequality in (1.9) is a direct consequence of Holder’s in-
equality. Let us prove the right-hand side inequality. Fix 1 < p <q and let X be a random vector
uniformly distributed on KNZ" and let Y be a random vector uniformly distributed on (K + C,) NZ".
Let also, for s > 1 to be chosen later,

A(s) = {xeRn D (X, en)| SS(]El(X,en)V’)%]

={xeR" : [(x,en)|P <sPE[(X,en)[P}.

Notice that, for any t > 1 we have
(tA(s) = A(ts)" = {x eR" : |(x,en)| > ts (E|(X, en)|l’)% }
and
A +Cr = {XGR” D {x, en)| > s(]E|(x7en)|P)% — 1} .
Since A(s) is convex and centrally symmetric, we have that for every t > 1

A(s)E D LA(ts)C + gA(s)
T t+1 t+1

and then, since K is convex,
A(S)SNK D 2 A(ts)c+t_1A(s) NK
=\t+1 t+1
52 (A(ts)CﬂK)—i—t_](A(s)ﬂK)
T t+1 t+1 '

Therefore,

11
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(A(S) + Cp) N (K + Cp) 2 (A($)° N K + Cp)
2 t—1
D ——(A{ts)*NK)+ ——(A®G) NK) + Cp.
_t+1(() )+t+l(() )+ Ca
By the discrete Brunn-Minkowski inequality (see Theorem 2.1), if A(ts) N K # @,

Gn((tA($))* N K)

Ga((A(S) + Ca) N (K + Cp))7 = til
t—1 1
+ t—f-—lcn(A(S) NK)w.

Thus,

Gn((AG)° + Ca) N (K + Ca)) = Ga(A(ts)° N K)FT G (A(s) N K)

being this inequality also true if A(ts)° N K = @. Therefore, for any t > 1

2 t—1

Gn((A(S) + Cp) N (K + Cp)) - (Gn(A(ts)C N K))fT1 (Gn(A(s) N K)) o
Gn(K) - Gn(K) Gn(K)
Notice that, by Markov’s inequality,
Gn(A(S)NK) _1_ Gn(A()NK) -
Gn(K) Gn(K) -

1-s"P.

Besides, also by Markov's inequality, if s (E|(X, en)lp)% > 1, then
Gn((A(S) + Cn) N (K + Cn)) - E(Y, en)|?
< - 5
GnliHCa) (sEIX en)pyP —1)

1
Therefore, for every t > 1, if s (E|(X, e;)|P)? > 1 we have

Gn(K + Cn) ]E|(Y,en)|1" s <Gn(A(ts)C N 1<))f+21 (1 _s,p)g;—}
Gn(K) (s(]E|(x,en)|P)E _ 1) Gn(K)
and then, if also s > 2,
%
Gn(A(ts)* NK) <(1-s7P) Gn(K + Cn) E|(Y,en)[?
Gn(K) - Gn(K) (1-577) (s E|(X, en)|P)% — 1)p

p+1)
2

<cn<1<+cn))5 (EI(Y. en)]?)?
Gl S (1 =50y (sEIX, en)?)F ~1)

p+1)

<<<Gn(1<+cn>>é 2ENY . en)?)F ) :
TN G s @®x enn)p — 1

Now, choose

1
. .
4-+AEN(Y, e)|P)7 (oS )?

s= : =4Dy(K, p).
(E|{X, en)|P)?

12
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Recall that, as seen in Remark 1, Do(K, p) > 1 and so s > 4. Also,

Gn(1<+cn)>%
2T S0

PVF _ Py»
s (E[(X.en)”)? — 1= 4E|(Y. en)] )"( Gn(K)

Thus, we have that

¢ p+1) bt
]P’<|(X,en)|>ts(IE|(X,en)|p)%):G”(A(ts) ﬂK)§<1> 2 S(1)2
Gn(K) 2 2
_ ptlog2
=e 2

Therefore,

E[(X.en)?  q gt "P (X, en)| > D) dt

(E[(X. en)|?)? (E[(X. en)|?)?

o
1
:q/uq_1P(|(X en)| > u (E|[(X,en)|P)? | du
0

du

1
q/uq 1P<Xen)|>uE|Xen 5)
0

o0

+qfuq—‘P<|<x,en>| >u(E|<x,en>|P)%)du
<5145 /vq 1IP>( (X, en>|>vs(E|<x,en>|P)%)dv
1

_1, —pbvlog2
<s?+5iq vq le="2 dv

—_

o0
pvlog2

ssq—i—sqq/vq‘]e‘ z dv

0
o0
q
) q/rq’]e’rdr
0

R R
sT+s (plogz

q 4 2 !
= — ) T
sT+ (plogZ) 1+q)
2 q
=g <1+<—> F(1+CI)>.
plog2

Takmg mto account that, by Stirling’s formula, there exists an absolute constant Ko > 0 such that

10g2 ra +q)q < Koq for any q > 1, we obtain

1

2 4 a
(1+(55) ra+0)
plog2

13
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1 —2 ra %
( +(plogz) +o )
<1+K02>

p

< S(E[(X. en)[P)? (Ko + 1)%

==

<s(EKX,en)]P)

o=

<s(El(X, en)?)

= 4(Ko + 1)%D0<K, p).
which proves inequality (1.9) with C=4(Ko+1). O

Given a convex body K with 0 € intK, we denote r(K) and R(K) the inradius and circumradius of
K, that is, the optimal constants satisfying that r(K)B} < K € R(K)BY.

Lemma 3.1. Let K C R" be a convex body with 0 € int K, maXycgnzn |(X, en)| = 1 and /AR (K) < 2r(K)>.
Then,

n n
a) Gn((1+ K\ K) < ((1 Tt W@)) - (1 - %%)) ) K| for all t > 0.
b) For any p > 1 we have

K + ¥ngn
Do(K,p) <1+ | 2 B3l

err(l()ﬂgmzn [{x, en)|
1
Vi 3vn \" VARIO\N'N\P (1L
+ (1) Roo ((1+38) - (1- 3) )" ke

1 1
(e Lxeromnzs (x en)l) Ga(r()BY

Proof. Let us first prove a). By (2.3),

1_, Jno,
IGan((1+DK\K)| < (1+t)1<\1<+5300 < (1+r)1<\1<+732
Jn
<|A+K\ K+ —~—K]|.
—‘( FOKA +2r(K)
Now, since
R(K
—1<gR(1<)ngQ ,
r(K)

we have

_ Kc VRRWK)
2r(K) 2r2(K)

Recall that {fz’?(%) <1. It follows that

iy Ji VARK)
(A+OK\K+ 5 s K< (1 +tit 2r(1<)> A (l a TUO) «

and then

14
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v NG JAR(K)
““)K\’HWK‘SKHH_Z i) (1 S )¢

n n
n nR(K
14+t4+ L (1= @ IK]|.
2r(K) 2r2(K)
Let us now prove b). We have that if X and Y are random vectors uniformly distributed on K N Z"
and (K + C,) N Z" respectively, for any p > 1,

+ (EILY, en)|P)? (%)%
(E[(X, en)|P)?
= 1 + <Zx6(l<+cn)nzn [(x, en)|P )%
(EI(X, en)|P)? Y veknzn | % en)|P

Do(K, p) =

On the one hand, by Hélder’s inequality and (2.3),

1 n (X, e > nnzn |(X; en)|
(EIX.en)?)? = EI(X, e)| = Zaeknze [oenll , Sxeromnz 225
Gn(K) K+ 181

- 2 _xer(k)Binzn | (X: €n)|
- NG
K + 4Bl

On the other hand,

1 1
(er(K+cn)mZn I(x, en)|p>" _ (1 N D_xe((K+Corknzin 11X en)|p>"

ZXEKQZ" |(X, en>|p er](ﬂzn |(Xa en>|p

erKﬂZ" [{x, en)|P

1
n [{X, € P\r
<1+ (er<(1<+cn)\1<>mz (X, en)] )

1
- (er((l<+f3 m\Kkynzn |(X, en) [P )1’

Z:xczr(K)Bngn [(x, en)|P

1
N
ZXE((K+r<K>K>\’<>”Z” [(x, en}|P\ P

err(l()sgmzn [{x, en)|P
hers 2 (€0) G ((1+ %) K\ 1<)%

(err(}()sgnzn I(x, en)|p)%

(1 + r?@) R(K) G ((1 + r(i?) K\ 1<)%
(m err(K)B’z’mZ" X, en)| )é (r(K)BY) %

(1 T r(f)) R(K) Gn (( )) \1<)

=
(‘m(?u‘o‘s T 2xer(i)Bynzn | (X en)l )G (r(K)By)”

<1+

<1+

15
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By a), we get

Vn 31 \" VAR(K)\"
e ((H (K))K\K)‘ ((Hzr(m) _<1_ 272() ) )'K'

and the statement follows. O

Let us now prove Lemma 1.1, ie., that, for every convex body K C R" with 0 € int(K) and any
q > 1, we have

lim Dg(AK)=1.
A—00

Proof of Lemma 1.1. Let K € R" be a convex body with 0 € int(K), p > 1 and U € O(n). Notice

that if » > r(K)~! we have B} C AUK and then max |(x, en)| > 1. Therefore, if A > r(K)~! the
xeAUKNZ"
number Do(AUK, p) is well defined. Since r(AUK) = Ar(K), R(AUK) = AR(K) and |[A\UK| = A"|K|, by

Lemma 3.1 we have that, whenever A > max {r(l()‘l, *Z@R(%) }

IAUK + 1B
1<Do(AUK,p) <1+

er)\r(l()BgnZn [(X, en)|

()R (e 245)' - (o= 0)) ik

1
(Gorimm Lnesrcopinzs | enll ) Ga(Ar(K)BY) P

Thus, for every A > max {r(K)_l, *;EZR(%) },

1< Dy(AK)= sup Do(AUK, p)

UeO(n)
1=p=q
IAUK + 3B
<1+ sup

UeO(n) er,\r(K)Bng" [{x, en)|

1
N VAR(K) 7
() R00 (1 ) - (- i) e
+ sup 5
V0% (Gamiomy reraosnze | en)l) GaGr(K)BY)?

Let us see that both supremums tend to 0 as A — oo. First,

IAUK + 1B UK + B
sup = s
Ueom Lxerr(pynzn |(X-endl  veom erkr(K}B”ﬂZ" I(x, en)l
an

er,\r(K)B"mZ" [{x, en)|

‘K—i—‘/—B”

T .
A er}\r(K)BgﬂZ“ |(X’ en)l

16
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. . Vi,

Since lim |K + ——B;|=|K| and, by (2.2),
=00 2

jmg 2 [

.1
=Jim = 37 len)

xeir(K)B3NZ" xer(K)B3n1zn
= [ imeniax
r(K)BY
we get that
‘K + Y pn
lim =0
=00 31 D xer(k)Bn Lzn | (X en)]
and then
_ MUK + % B
lim sup =
=00 ye0(n) erkr(l()BgﬂZ” [{x, en)|

Let us now see that

! (A + r(f,{)) R(K) ((A n %)n - (/\ — ﬁ’“’”)”)% K|
im sup

2r2(K)
A—>00 UeO(n)

1
1=p=g (Gn(lr(K)Bg) 2 xenroypanzn | (%, en)|> Gn(Ar(K)By)”
Since
v VNR(K)
. (()‘Jr 2r<’<>) (k_ 2r2(K) ) >|K|
lim
A—00

Gn (Ar(K)BY)
3/ \" VAR(K) \™
— 1im Al_”((“r 2r<'?>> B (A_ 2:2(10) )|K|
G (Ar(K)BY)

A—00
0
= 711 :07
[r(K) B3|

3yn \"_(, _ ViR \"
there exists A > 0 such that if A > A; then (( +2r(K)) (k ) ) l

GH(AT(K)BZ;)(K) <1 and, for every 1 <p<gq
1 1
N VAR \" i N i\ i
(k—i— 2r(K)) —(k— 2r2(K)) al - (k+3r(,<)) —(A—m) X
Gn (Ar(K)BY)

Gn (Ar(K)BY)

Therefore, for every A > max {r(K)_1, fff(%? , Al}

o (28R (e 248) - (= £20)') e

2r2(K)
1
5% (7@(”(,03;) Y xear(yBinzn 1%, en>|) Gn(Ar(K)BY)?
1
NG N VRGO \" a
< (1 * W) R (A + 2f<'<>) _ ()‘ EEG ) K|
— 1
CaGr(R)BY) 2 xenryBinzn (5 en)l Gn (Ar(K)B3)

17
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1
Vi N VAR(K) a
_ (1 + Ar(K)) R(K) <}‘ + 2r(K)) <)‘ 22K ) K|
- 1 1 :
TG0 (0By) ™ 2 xenr(yBinzn (5> en)l Gn (Ar(K)B})

Since

e lim < ):
=00 Ar(K)

(e 28) - (- )
2r2(K) K| =0,

e lim
A 00 Gn (Ar(K)BY)

cim Y |(Re)|= f |(x, en)dx, and
A—00 ANl A " n ’

xeAr(K)ByNZn r(K)B!

lim_ iG (Ar(K)BD) = [r(K) B,

we have that

NG 371\ Jn " g
lim (1 + n(K)) REO (A " 3r(’0) (k r(K)) K| =0
1 =
Jim W”’ S etz |- en)] Gn (Ar(K)BD)
and then
N JAR(K) b
. <A + r(K)) R(K) (( 2r(K)) (k T 22K ) ) IKl»
lim sup =0

==

A
"0 (ke Lxewonnze | en)l) Ga(Ar(K)BY)

Therefore,

lim Dg(AK)=1. O
L—o00

As a consequence of Theorem 1.2 and Lemma 1.1, we can obtain inequality (1.6) for convex bodies
containing the origin in its interior.

Corollary 3.1. There exists an absolute constant C > 0 such that for every convex body K € R™ with 0 € int K,
if X is a random vector uniformly distributed on K, then forany 1 <p <gq

==

(EI(X. en)I?)? < (E|(X. en)]9)7 < c% (EI(X. en)I?)

Proof. Let K CR" be a convex body with O €intK and 1 <p <gq. Let A > r(K)~1 > 0. Then, we have

that maxZ |(x,en)| > 1. By Theorem 1.2, if X is a random vector uniformly distributed on AK N Z",
xexKnzZn

1 1 q 1
(E[(X.en)[P)P < (E[(Xx.en)|?)7 < CBDO()LK,p) (El(X5,en)P) P,
where C > 0 is an absolute constant. Equivalently,

1 1
X P\ X N\ a X
(E 2 ey ) <(E|(Z:. e, ) scﬂno(uﬂp)(E 2 e
A A p A

18
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On the one hand, for any p > 1 we have

X 4 1 X
E’<Tk’e“> =G0l > ‘(X’e”>
n( )XEAKQZ"

1 1 X
e T
)»_”G"()\K) A xerKNZn A

1 1
— p
=7 " > lx.en)lP
m Gn (M) xeknizn

and, by (2.1) and (2.2), taking the limit as A — oo we obtain that

X
lim E|<—*,en>
A—>00 A

where X is a random vector uniformly distributed on K. On the other hand, as seen in Remark 1,

L
:m/I(x,en>|"dx:E|<X,en)|”,
K

lim Do(AK,p)=1
A—>00

and then, if X is a random vector uniformly distributed on K,

==

(EI(X. en)I?)7 < (E|(X. en)]9)7 < c% (E[(X.en)P)? . O

4. Expected mean width of random polytopes via discrete inequalities

In this section we will prove Theorems 1.3 and 1.4 and show how they imply the inequalities in
(1.11) and, equivalently, (1.10). In order to prove Theorem 1.3 we prove the following lemma.

Lemma 4.1. Let L C R" be a convex body with 0 € L, N € N and a > 0. Let X1, ..., Xy be independent
random vectors uniformly distributed on L N Z". Then, for any q > 0,

1
P (max [(Xi, en)| > a(EI(Xl,en)qu) <Na™%.

1<i<N -
Proof. By the union bound, we have that

1 1
P (fgj%l(xi,en)l Za(lEHX],en)lq)q) <NP (I(X1,en)| ZG(EI(X1,en)Iq)“>
= NP ([(X1,en)|? > a’E|(X1, en)]7).
By Markov’s inequality
P (1{X1,en)|? = a’E[(X1, en)|?) <a™9.

Therefore,

1
P ( max |(X;, en)| za(EI<X1,en>|")5) <Na™. O

1<i<N
Proof of Theorem 1.3. For any a > 0 and any q > 1, let us call

1
1 1 1
hq(U) := (m Z [{x, en>|q> =(]E|(XU»en>|q)q ,

xeUKNZ"

19
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where Xy is a random vector uniformly distributed on UK N Z". Let also A and B be the following
subsets of (ZMN x 0(n):

:{(xl,...,xN,U) :x;eUKNZ", V1<i<N, ]ma)gvl(xi,en)l Zahq(U)},
<i<

:{()q,‘..,xN,U) xieUKNZ", Y1 <i<N, ]m;a)?\’l(xi,en)l <ahq(U)}.
<i<

Notice that AN B =¢ and

AUB={(x1,...,xN,U) : X, e UKNZ", ¥1 <i<N}.

Therefore,
/ W > max |{xi, en)|dv(U)
om T K anevknzn ' ==N
/ W Z [max [{xi, en) | xa(x1, ..., xn, U)dv(U)
0o(n) TR xyeUKNZn 1=izN
./ m Z lrllagfvl(xl,enHXB(X], .., xn, Udv(U).
o) " X1,...xNeUKNZN — —

On the one hand,

/W Z mlaX|(X1,€n)|XB(Xla . xn, Uydv(U)

om Xl eUKNZ" ~— —
/(G (UK)N Z ahq(U) xg(x1, ..., XN, U)dv(U)
0(n) 8 X1,...XNEUKNZM"
1
= / G Y ah)dv(L)
0(n) T X xyeUKNZn
=a / hg(U)dv(U).
o(n)

On the other hand, let us call, for every k € N U {0}, A, the following subset of (Z"N x 0 (n):

A = {()q,...,xN, U) e A : 2%ahy(U) < 1m;1)§v|(x,-,en)| < 2"“ahq(U)}
<i<

o0
Notice that if k; #k, then Ay, N Ay, =@ and A = U Ag. Then,
k=0

/ W Z max [{xi, en)|Xa(X1, ... Xy, U)dv(U)

omy Xl eUKknzr — —

/ W Z max [{xi, en |ZXA,((X1,...,XN,U)dU(U)

(ﬂ) ..... UKQZ” -
1
< / W > sz“ahq(U)XAk(x],...,xN,U)dv(U)
(ﬂ) ..... JXN ceUKNZ" k=0

20
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1
_ k
=2a / hq(U)IEOZ G > Xa X1, -, Xy, U)dv(U).
K= X1

0(n)

Applying, for any U € O (n), Lemma 4.1 with L = UK we have that if (Xy)1,...(Xy)n are independent
random vectors uniformly distributed on UK N Z", then

[o¢]
1
k
2a / hg(U) ) 2 RO > xata...xy U)do(U)
o) k=0 X1 XN

oo
=2a / hg(U) ) 2'P <2k+1ahq(U) > max [(Xy);, en)| = 2kahq(U)> dv(U)
<i<
o) k=0 -

<2 / hg(U) 22"1? <12a5>§v {(Xu)i» en)] = 2"ahq(U)> dv(U)
0(n) =

<2a / hg(U) ) " 2*N(2*a)~%dv(U)

o) k=0
=1
_ 1—q
=2Na / hq(U)Zz(qil)kdv(U)
o) k=0
2Na'~4
=— hq(U)dv(U).
271 5
. 2
Taking a =e and g =logN > log3 > 1 we have that — =< — =C1 and
T 20T 1- Jlog3—1

1
/ (Gn(UK)N Z l111.a<>§vl(?<i,€n)|dv(U)

o) X1,...XNEUKNZ" — —

=(e+eCy) / hiog N (U)dv(U)

o)
1 .
=(e+eC S x, e,) 108N dv(U),
e+ o/(cn(um > lxen)l ) ()
o(n) xeUKNZn

which proves Theorem 1.3 with C=e+eCy. O

As a consequence, we obtain the right-hand side inequality in (1.11) and, equivalently, the right-
hand side inequality in (1.10).

Corollary 4.1. There exists an absolute constant C > 0 such that for every convex body K € R" with 0 € K
and every N € N with N > 3,

1
/ W/---/]rélia;vuxi,en)ldxlv...dx1dv(U)

0 (n) UK UK
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1
logN

1
§C/ W[l(x,en)ll"g’vdx dv(U).

o) UK

Proof. By Theorem 1.3 we have that there exists C > 0 such that for any A > 0, any convex body
K CR" with 0 € K and every N € N with N > 3 we have that

1
/ (Gn(UGK)N 2 max |{xi, en)[dv(U)
0(m 1

X1yeees xNeUGK)NZY — —

1

<C S — x, ep)|'1°8N dv(U).

< / Gwa 2w )
o) xeUMK)NZ

Equivalently,

1 X;
/ GaGUK)N 2 ffiaﬁzKTe”) dv(U)
o) n X1,...XNEAUKNZ" — —
1
<cf L 3 ‘(X e >10gN mdv(U)
= Ga(AUK) PRt '
o XeAUKNZM

Lemma 2.1 with m= N and g =1 yields

1 Xi
lim —_— max K—,e ) dv(U
A—)OO/. (Gh(AUK))N 2 1<isN I\ A" )
0(n) X15een XNEAUI(Q(Z")
1

= max |{x;, ep)|dxy ...dx1dv(U).

/ IUKIN/ 1§i§N|(l n) [dXN 1dv(U)

o0@n) UK UK

Using now Lemma 2.1 with m=1 and q =logN we get

1
. 1 X logN logN
im <Gn(w1<) 2 )(X e”> ) dv()

) xeAUKNZ"

: TN
_ / W/Hx, enNax | dv(u).
0(n) UK

and the result follows. O
Let us now prove Theorem 1.4.

Proof of Theorem 1.4. Let C > 0 be twice the absolute constant given by Theorem 1.2 and let X be a
random vector uniformly distributed on K N Z". Then

2p\%
M < CDo(K, p).
(E[(X, en)|P)?

We can assume, without loss of generality, that C > e. By the Paley-Zygmund inequality, for any
1<p=gq,
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P (I(X en)| = 1 (]EI(X en)l”ﬁ) P (I(X,en)lp > i]EI(X,en)Ip)

- <1 ) (E|(X, en)[P)?
- 2P ) E|(X,en)|?P
1 1
> > .
T 4(CDo(K, p))?P ~ 4(CDg(K))?P

log N

. log
Choosing 1 < p1 = ZI68(CD,(K) = 210gC

<logN < g we obtain

P (|<x,en>| = (E|<x,en>|‘”)3_1) .

Therefore, if Xi,..., Xy are independent random vectors uniformly distributed on K N Z", we have
that

1
P(maXHXhen)l §(E|<X en)|P1) 71 )

1<i<

=1 —P(max [(Xi, en)| < % (ENX, en)lq)”>

1<i<N

1 N
=1-P (|<x,-,en>| <3 (E|<X,en>l‘”)ﬁ>

1 1 \\N
=1- (1 ~P (|<x,-,en>| 5 (EI(X. en)l?1) 71 ))
N
i (1- L) oqZeMee(t 4N)>1_e i
4N
Therefore, by Markov's inequality,

E max [(Xj, en)] >1(]E|( >|p1)"1_1 ~P<max I(Xi, en)] >1(]E|(X en)|P1) Pt )

1<i<N 1<i<N
1
1—e" 2 1
> ———— (E[(X, eq)|P1) i
_1
This proves Theorem 1.4 with c = 1_3 1O

Let us now see that Corollary 1.1 implies the left-hand side inequality in (1.11).

Corollary 4.2. There exist absolute constants c1, c’1, ¢ > O such that if K € R" is a convex body with 0 € int K
and N € N satisfies that N > c then

1
= ... max |{x;j, ep)|dxy ...dx;dv(U
[ e [ ] ma e enig . axiavew)
om) UK UK
1 C/1|3)gN
>c — X, en)|1198 N dx dv(U).
> 1/ |u1<|/'< | )

om) UK

Proof. Let c = 4C?2, where C is the constant given by Theorem 1.4 and Corollary 1.1. Let K € R" be a
convex body with 0 € intK and let N > ¢ = 4C2. Let us take q = log N. Since Alim Dq(AK) =1, there
— 00

exists Ao > 0 such that for every A > Ao we have B C AK and Dg(AK) < 2. Thus
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(CDg(AK))?> <4C? <N =e¢q.
Therefore, by Corollary 1.1, there exists an absolute constant ¢; > 0 such that we have that for every

A > Ao,

<i<N
X1,..,XNEAUKNZ" — —

1
/ (Ga(GUK))N ) max |(xi, en)|dv(U)
()] 1

21og(CDg(K))

1 : logN logN
>c —_— X, en)|2108CPa) dx dv(U
> 1/ Gn(AUK)X;M;K'( ] )
o(n)
2log(2C)
1 logN logN
>c _— X, e )| 210820 dv(U
> [ e ML 0)
o(n) xerUK

1
/ 1 Z ¢ logN ¢} logN
=c1 _— [{x, en)|1 dv(U),
Ga(WUK) o= "

0O(n)

with ¢/ = m. Equivalently,

1 i
/ (Ga(RUK)N 2 122N KXI e")

0o(n) X1,....XNEAUKNZN

=Cl/ m > |fFe)

o) xeAUKNZ"

dv(U)

_1
cjlogN '\ cjlogN

dv(U).

Taking limit as A — oo and using Lemma 2.1 with m=N and ¢ =1 and with m=1 and g =c'logN,
we obtain

1
/ —f max (X,’,en”dXN...dX]dV(U)

[UKI|N 1<i<N
0(n) UK UK
1 c’ll:)gN
>c — X, en)|<1108N gx dv(U). O
_1f |u1<|/'< 2l )
0(n) UK
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