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ARTICLE INFO ABSTRACT

MSC: A numerical method, used for solving two-parameter singularly perturbed systems with large
35B25 time delays which are commonly encountered in a variety of scientific and engineering
35B50 applications, is constructed and analyzed in this work. To attain high precision and stability, the
35K51

suggested approach combines the cubic spline interpolation with the Crank-Nicolson method.

2:5753 The two-parameter nature of the problem introduces significant challenges due to the presence
65M12 of boundary layers and the interaction of small perturbation parameters with large time delays.
65M15 The technique successfully captures the abrupt changes and steep slopes present in such systems
65M22 by using cubic splines. According to theoretical analysis, the suggested scheme significantly
65M50 outperforms current techniques by achieving second-order convergence in both spatial and
Keywords: temporal variables. The theoretical conclusions are corroborated in practice by numerical
Singularly perturbed systems experiments, which show the method’s robustness and its efficiency. Discussions of applications
Two-parameter problems in fluid dynamics, heat transport and control systems reflect clearly the approach’s applicability
Large time delay in real-world scenarios. The findings show that the Crank-Nicolson method together with the
Numerical approximation cubic spline approach is an effective technique for precisely resolving two-parameter singularly

Scientific applications

perturbed systems with significant time delays, providing a solid foundation for practical
High-order accuracy

scientific and engineering problems.

1. Introduction

Numerous real-world systems evolve across a variety of time frames due to their slow and rapid dynamics. These systems are
singularly perturbed because they usually contain minor perturbations (small parameters) terms that multiply the highest-order
derivative terms. Large time delays further complicate these systems, necessitating the use of specialized numerical techniques to
find a correct numerical approximation [1,2]. Numerous scientific and technical applications, such as chemical reactor dynamics,
brain signal transmission, climate modeling, power system stability and epidemiology, include singularly perturbed systems with
two parameters. These applications cover multi-scale behavior, in which temporal delays are caused by transport lags, feedback
control loops, or incubation periods, diffusion and response processes take place on different timescales. The stability and accuracy
of the numerical approximations are greatly impacted by the existence of both a substantial time delay and a small perturbation
parameter that multiplies the highest-order derivatives. These systems are characterized by singularly perturbed partial differential
equations (PDEs) with two positive parameters (one for the second-order spatial derivative and another for the first-order spatial
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derivative), which can be sufficiently small and also of different magnitude. Large time delays, such as the average process time of
a control loop, can cause boundary layers, oscillations and negatively impact system stability. Because analytical solutions for these
systems are uncommon, numerical approximation approaches play a crucial role in their study.

In this paper, we present a spline-based numerical approximation for solving a type of two-parameter singularly perturbed PDE
systems with a significant time delay. The Crank-Nicolson finite difference method is used for the time discretization to assure
stability and accuracy, whilst a cubic spline-based approach is used for the spatial discretization to efficiently capture abrupt
gradients and boundary layers. The suggested method guarantees high accuracy in resolving boundary layers and capturing delayed
effects effectively. This research aims to add to the numerical treatment of singularly perturbed systems with delays by providing
insights into their stability, behavior and real-world consequences. Here are mathematical models for two-parameter singularly
perturbed systems with large time delays in various real-world applications. Each model uses modest perturbation parameters to
multiply first and second-order derivative components, as well as a large delay term.

Climate-Atmosphere Interaction with Heat Transport Delay: Analyzing ocean—atmosphere heat exchange with delayed effects [3].

aT, 0’T, aT,

o +€1§ +€2$+kTa=h(To(I—T)—Ta),

aT, 0°T, aT,

T g tagy trT =0 i~ T, a-D

where:

* T,(x,1) is “atmospheric temperature”,

» T,(x,1) is “oceanic temperature”,

* ¢, represents slow diffusion of heat,

* ¢, models fast atmospheric response,

* k,y are heat dissipation coefficients,

* h is the heat exchange parameter,

» QO represents external forcing,

+ 7 accounts for time delay in heat transport.

Epidemic Spread with Incubation Period Delay: Examining disease spread with incubation delays and spatial diffusion [4].

oS %S oS
E +€1ﬁ +€2$ = —ﬁSl(I—T),

al 0’1 al
E+€ —+€2$ =pSI(t—1)—7vl,

1
0x2
where:

* S(x,1) is the susceptible population,

» I(x,t) is the infected population,

* ¢, represents slow diffusion of the disease,
* ¢, models fast infection response,

 f is the transmission rate,

« y is the recovery rate,

« 7 represents the incubation period delay.

Species Competition with Migration and Delayed Growth: Two-parameter singularly perturbed systems with large time delays occur
in ecological modeling, notably in species movement and competition scenarios. These models aid in understanding species
cohabitation, habitat fragmentation, and population stability in dynamic situations. The existence of minor perturbation factors
impacting both diffusion and response terms, combined with a lengthy time delay, results in complicated boundary layer behavior,
necessitating numerical approximations [5].

Ny EN N ey (1= NN v — Ny

ot €] ox2 € Ox =TV T K, 11V1 1LV 1)
s 4 PNy | o Ny(t—7) (1 Nt PN N, + M (N! - N,)
— +e€ €©—— =17 - -] - - s
ot 1752 2755 24V2 T K, 24V2 pASAD 2

where:

* Ny (x,1), Ny(x,1) are population densities of two competing species,
* ¢, represents slow migration across habitats,

* ¢, is a small perturbation parameter affecting temporal growth,

* ry,r, are intrinsic growth rates,
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* K, K, are habitat carrying capacities,

* a, f are interspecies competition coefficients,

* d,,d, are mortality rates,

+ 7 represents the reproduction delay (e.g., maturation period),
* M, M, are migration coefficients,

* N|, N, represent populations in adjacent habitats.

The equation system shown above depicts the intricate interplay between species movement, competition and delayed reproduc-
tion. The inclusion of two minor perturbation parameters (¢; and ¢,) creates boundary layers, necessitating specialized numerical
approaches to obtain efficient solutions. The substantial time delay (z) refers to biological processes including gestation, maturation
and delayed reaction to environmental changes, which impact species survival and coexistence. The diffusion parameters represent
geographical dispersal, which is an important element in ecosystems facing habitat fragmentation or climate-induced migration.
Unlike traditional Lotka—Volterra models, this approach takes into account both geographical and temporal heterogeneities, making
it extremely useful for ecological conservation, invasive species management and epidemiological investigations. Because of the
stiffness of the equations and the existence of boundary layers, traditional numerical approaches fail to produce stable solutions.
As a result, the Crank-Nicolson technique (for the time discretization) is combined with the cubic spline collocation (for the spatial
discretization) to obtain high-accuracy approximations while successfully resolving abrupt gradients at domain borders.

In [6] the authors proposed an adaptive approach for semilinear parabolic problems with singular perturbations. Their
methodology merged Newton’s method with adaptive discretization, which made use of a spatial finite element method and the
backward Euler time-stepping system. They developed a strong a posteriori error analysis and created a completely adaptable
Newton—-Galerkin time-stepping method, showing its usefulness through numerical tests. A hybrid approach for singularly perturbed
systems of second-order reaction—diffusion equations was presented in [7]. The authors used a numerical approach based on finite
differences in conjunction with the Successive Complementary Expansion Method (SCEM). Examples demonstrating convergence
features demonstrate how well their method approached solutions of singularly perturbed reaction-diffusion systems. In [8] the
authors improved the accuracy of capturing boundary layer behaviors by creating a fitted mesh B-spline collocation technique for
singularly perturbed differential-difference equations with large delays. In [9], they introduced a parameter-uniform numerical
technique for singularly perturbed partial differential equations with time lag, assuring uniform convergence across perturbation
parameters. A numerical technique for singularly perturbed parabolic time delay convection—diffusion-reaction equations was
proposed in [10]. The authors used the Crank—Nicolson approach for temporal discretization in conjunction with an exponentially
fitted operator finite difference method. Their method handled boundary layers and time delays well, achieving uniform convergence
without limiting mesh production.

An effective hybrid numerical technique for tackling coupled systems of singularly perturbed linear parabolic problems was
constructed in [11]. The approach coupled a high-order hybrid scheme on a generalized Shishkin mesh for spatial discretization
with an additive system for temporal discretization. With first-order precision in time and third-order accuracy in space, the authors
presented an error analysis showing uniform convergence. Recently, an effective numerical method for singularly perturbed time-
delayed parabolic problems with two parameters was introduced in [12]. They used a fitted numerical approach to deal with
the difficulties caused by temporal delays and tiny perturbation parameters, obtaining parameter-uniform convergence and using
numerical experiments to show the method’s efficacy. In [13] it was analyzed a system of time-dependent singularly perturbed
differential-difference equations characterized by small shifts, using Taylor series expansions and a combination of the Crank-
Nicolson method with a Shishkin-type mesh and cubic B-spline collocation method, achieving nearly second-order accuracy. The
numerical approximation of first-order linear and nonlinear singularly perturbed initial value linked systems was examined in [14].
They did this by combining the backward differences with a suitable component splitting in two effective discretization techniques.
In [15] a 2D elliptic singularly perturbed system was considered, where the diffusion parameters are the same and the convection
parameters are also the same, similarly to problem (1.2) considered here. In [16] that work was extended to the case where the
diffusion parameters can be different and in [17,18] to the most general case for which both the diffusion and the convection
parameters can be all different In all those works, uniformly convergent methods, based on the classical upwind scheme, were
constructed on adequate Shishkin meshes for the different cases.

In this work, we consider a 1D system of singularly perturbed delay parabolic IBVP on M = M, X M, = (0, 1) X (0, S] given by

£X = (;_X + Ly X = —a(X(x, 5 = 7) +E(x, ), (x,5) € M, (1.2a)
3 vis
X(0,5) =1(s) in M;, X(1,s) =m(s) in M,, X(s5,0) =y in M,, (1.2b)
where M; = {(0,5)] 0<s<S}, M, ={(1,5)]0<s <S}, M, = ﬂx x A* =[0,1] X (-7,0], and L = (L, L,)T. Further, the operators
Lyvim and £;, for i = 1,2, are defined as
Lo =—E22 B P2
XV T lﬁ — By (X)a + Q(X, S),
0xX; %X,

2
X,
X == VIW_V2pkk(x)a_x+21q[j(an)X'a
=
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_(n O _(n O _(p® 0 C(an(x,s)  apa(x,s) B r
where E; = <0 V|>, E, = <O v2>’ P(x) = ( 0 Pzz(x)>’ Ox,s) = <q2](x,s) _qzz(X,S)>’ f(x,s) = (f1(x,9), [r(x,5)",

X(x,5) = (X{(x,9), Xo(x, )T, (s) = (,(5), L(s)T, m(s) = (m;(s), my(s))". For each (x,s) € M and x € ﬂx, the matrices P(x) and
O(x, s) satisfy

pjj(x)2a; >0, j=1,2, (1.3a)
O(x,s) is an Lymatrix = ¢;(x,5) <0,j #k, g >0, j,k=1,2, (1.3b)

2

2 qjk(x’ 5) 2@ >0,q,(x,s) > |qij(X, 9|, i,j=1,2. (1.30)
k=1

a(x,8) —gin(x,s
Here, we denote by « = min{a;,a,} and n = min(m)eﬂ{ % } i=1,2.
1

These conditions guarantee the presence of a boundary layer in both solution components at x = 1. Additionally, sufficient
compatibility conditions are assumed on the data of the continuous problem at the corner locations (0,0) and (1,0), in order that
the posterior developments are valid. The first ones of those compatibility conditions are given by

¢(0,0) = ¢,(0), ¢(1,0) = ¢,(0),
de,(0 9%¢(0,0 0¢(0,0
DO TIC0 10110020 4 0.01600.0 + 412(0,01600,0) = ~a(0)1p(0, ~) + £(0,0), @4
s 0x2 ox
de,(0 %¢(1,0 (1,0
d:i( b Vi _¢(2 ) = v,p11(1,0) ¢0.0) + g2 (1,0)¢(1,0) + g55(1,0)(1,0) = —a(D)p(1, —7) + £(1,0).
N ox ox

Previous compatibility conditions, are the extension of those ones for the scalar case (see [19]), which have been expanded in this
study.

Two-parameter singular perturbation BVPs are used to describe boundary layer phenomena in fluid dynamics, where high
Reynolds or Peclet numbers cause fast changes near the boundaries. These problems are crucial in comprehending viscous move-
ments and heat transfer in fluids [20]. Chemical engineers utilize reaction—diffusion systems with two small parameters to represent
processes where diffusion and reaction rates interact, resulting in abrupt gradients or layers in concentration profiles [21,22]. The
problem (1.2) may be classified into two groups based on the parameter v, and v,. When v, = 1, the problem under discussion
belongs to the one-parameter time-dependent convection—diffusion PDE class, and a boundary layer with a width of O(v,) is visible
in the neighborhood of x = 0. Both ends, x = 0 and x = 1, have two boundary layers, each having a width of O( \/V_l ), in the case

that v, = 0. Except for these two cases (v, # 0, 1), the ratio of v% to v, produces two unique outcomes in our two-parameter PDE. At
2 2

V \Z
x =0 and x = 1, two boundary layers are visible; these two cases are associated to the ratio = < 1 or = > 1, v, = 1, respectively.

Vi Vi
Benefits of spline techniques: When it comes to addressing singularly perturbed problems with delays and other difficult
numerical circumstances, spline approaches have the following advantages:

Splines provide solutions at any point within the region of interest, offering greater flexibility and accuracy than methods that
only provide solutions at discrete grid points.

Splines can efficiently approximate solutions for differential equations with boundary and interior layers.

They can be adapted for problems with non-uniform grids, such as Shishkin-type meshes, to resolve sharp gradients.

Splines are useful for approximation (fitting a smooth curve around the data points) as well as interpolation (passing through
specified data points).

The method’s simplicity helps to reduce the problem’s overall complexity and computation expense. The system’s tridiagonal
coefficient matrix simplifies computation and reduces the overall complexity of the equation system.

So, spline approaches provide a mix of computing efficiency, flexibility and smoothness, making them effective tools for modeling
and analyzing complicated shapes and functions. Their wide range of applications and robust mathematical foundations make them
are very convenient in many fields.

Up our knowledge, there are not previous works where uniformly convergent numerical methods, having second order in time
and almost second order in space, are studied, when they were used to approximate the exact solution of one-dimensional parabolic
singularly perturbed systems, for which there are small parameters in both the diffusion and the convection terms. This is the main
contribution of the present work.

This paper is organized like this. The appropriate a priori asymptotic behavior of the exact solution of the continuous problem is
presented in Section 2. In particular, we prove the maximum principle and also adequate bounds for the solution and its derivatives.
Bounds for both smooth and singular components are provided by breaking down the solution into its constituent parts. A discrete
numerical method for solving the continuous problem is presented in Section 3. In order to assess the correctness of the technique,
Section 4 focused on obtaining parameter-uniform error estimates. Section 5 discusses and shows the numerical results obtained for
two test examples that validate in practice the theoretical conclusions. Lastly, Section 6 presents some conclusions.
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2. Asymptotic behavior of the exact solution

In this section, we prove which is the asymptotic behavior of the exact solution with respect to the diffusion and the convection
parameters. Also, we give an adequate decomposition of the exact solution in its regular and singular components, proving
appropriated bounds for its partial derivatives, which will be useful in the posterior analysis of the uniform convergence of the
numerical method used to solve the continuous problem.

Lemma 2.1. Let X € (C*D(M)n COOM))? so that X > 0 on A (A = M, UM, U M,). Then £X > 0, V(x,s) € M provides
X>0, V(x,s) e M.

Proof. The procedures outlined in [13] can be used to complete the proof. []

Lemma 2.2. The following inequality proves the stability bound for X in (1.2).

1
X7 < <1l + max{ 15« il )

Proof. We begin by taking the barrier function ¢*(x,s) = 1 € ll57 + max{[|ll5 , Imll5 1X(x,9), (x,5) € M, Afterward, use Lemma
o s s
2.1 to get the desired outcome. []

Lemma 2.3. The following time derivative requirements are satisfied by the solution X of (1.2).
0'X

Er <C, i=0,1,2.
s

M

Proof. To prove the result, we first use the barrier function ¢ = C(1 + s). Let S = X, we start with X;. On M, U M,; S fulfills

1SCx, )| < max {[], [m|} < C.
SEM

0X;(x,0) 0>X,(x,0)

=0, also Vx € M,, e

In ﬂx, we know that X;(x,0) = 0 at s = 0 for all x which gives =0. Eq. (1.2a) gives

0X,(x,0) 02X ,(x,0) Ty 0X(x,0)

2
o =0+ — 2P Zlqk,-<x,0>X,(x,o>,
P

which provides
IS O)ll; = IfGx. O)ll; < C.
When differentiating Eq. (1.2a) with respect to s, we get

LS =1 -DX, (x,5) €M,

where D, = (%j ) Also ISl = Xl < C, applying the same barrier function as before. The analysis for T = X, is shown below.

IT(x, )| <C, (x,8) € M;UM,,
TG, Ol = I, 5. 0) — DX - £, Dl < C.
LT =1, - D, X-2DX,, (x.5) € M,

024,’/
952

where D, = < ) Then, by repeatedly employing ¢ = C(1+s5), ITll57 = IXllzp < Cis obtained which is the required result. []

Lemma 2.4. The derivatives of the solution satisfy the following estimations for I,m € {0,1,2,3,4} with0 <[/ +2 m < 4.

1

(W/vp)" '
v, \" v2 !
2 2 . ifavi> nvy.
Vi Vi 2

Proof. To illustrate the outcomes, we look at two different scenarios: av% > nv; and avg < nv,. The stretched variable % = X s
Vi

if o2 <y,
al+mX
ds!dxm

obtained by altering Eq. (1.2) for the variable x, which corresponds to av% <nv,. Let T =0.T)x <0, \/L_> and dM is the extent
Vi

of M that is associated with M.
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The step techniques and the result in ([19], Theorem 10.1) are now used to establish the following limits for /,m € {0,1,2,3,4}
with 0 </ +2 m < 4. Then, it holds

al+mX
ds'oxm

<cd+ |IX[-),
W X1l

where, for each ¢ € <O, ) andy >0, W, . = ((0,SIX(§—7,E+7)N M. In order to accomplish our objective, we return to the

Vi

initial variable. )

Vo X V5§
Once the stretched variables ¥ = -~ and § = —— have been taken into consideration, we are left with the following problem:
V1 Vi

—~ \/2 ~ -

for av% > nv;, where M = (0,5—2 X (0, V—2> and oM is the boundary of M that corresponds to dM. Until we get the desired
Vi Vi

outcome, we continue to follow the same procedures as before. []

Previous bounds for the derivatives do not show the presence of boundary layer in the exact solution and they are not sufficient
for the analysis of the uniform convergence of the numerical method defined posteriorly. To obtain precise estimates, we need to
decompose the exact solution X into its regular and layer components. This decomposition is given in the form

X= X, + X; + Xr ,
~—— ~—— ~——

regular component left layer component right layer component

where the components are the solution of the problems

£X, =f(x,5), X,(x,0), X.(x,1)chosen suitably, X,(x, g, = Vs
L£X; =0,X;ly, =X-X,—Xp, X, chosen suitably, X, (x, )|y, =W, 2.1

LXg =0.Xgly, =X-X,-X;, Xglu, chosen suitably, Xg(x, )| s, = w-

Lemma 2.5. The layer components X, , X satisfy the bounds
[Xp(x,8)] < Cexp(=0;%), |Xg(x,s)| < Cexp(=6,(1 - x)),

where

Vi Vi

. 2 .
o if avi < vy, W if av3 < vy,
1 VVi
6, = 0, =
av, . s n P
—_ if avs > nvy, _— if avs > nv;.
v f 2 nvi 2‘/2 f 2 1

Proof. Make use of the barrier functions @*(x,s) = Cexp(—6,x) = X;(x, s) to obtain |X; (x, s)|’s necessary bound. The proof for

na
|Xr(x,s)| is very similar to that for av% < nv;. Suppose ®*(x, s) = C exp <—2—(1 - x)> + X; (x,s) for the case avg > nv, and use
Vi

the maximum principle to obtain the required result and refer [23] for more details. []
3. Discretization and numerical method
3.1. Time-dependent discretization
In this part, we provide an approach for determining the Interpolation/Extrapolation points, which are necessary to define s — ¢

in terms of the computational grid points and also to calculate X(x, s — 7).
The steps of the algorithm are as follows:

1. For a given N, define the set .QSM' as:

QY = (s, =nds |n=0,1,....N,}.
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2. Assign a value to 7.
3. Set the function X(x, s) using the interval and boundary conditions:

X(x,5) = $p(x,s), —T<s5<0,

X(0,s5) =(s), X(1,s)=m(s).

4. Determine the non-negative integer K as

= |#/4s],

where |p| represents the floor function of p.
5. For any s, in the subset {Sn}]::p which belongs to the range 0 < s <
substitute X(x, s — 7) with ¢(x, s — r) based on the interval condition.

6. For any s; € {s,} Ki ,» which corresponds to 7 < s < 1, we observe that s — 7 falls within the interval [s_g_j, s_g].

7. Express the delayed term s — z as a weighted combination of s;_yx_; and s;_g:

7, it follows that s, — ¢ € (—7,0]. Hence, we can

s—t=0s g1 +(1-O)s_g, K+1ZI<WN,,

where the weighting factor o is given by

Si_k =S +7
As

8. Finally, we approximate X(x, s — 7) using linear interpolation without affecting the validity of our conclusions:

0= > 0.

X(x,s —7) = OX(x, 8)_g_ + (1 —O)X(x,5_g), K+1<I<WN,.

Note 1. If 7 < 4s, then K = [i] = 0, which implies that s — 7 lies in the interval (s
interpolating between the nodes s; and s;_,.

m—1-50). In this case, we determine s — z by

Note 2. If 7 > 0 and s — = belongs to the set Q?/‘, then there exists an index K such that s — r = s;_g. This results in © = 0, meaning
. . Lo . . SNy
no interpolation or extrapolation is needed. However, in general, s; — = does not necessarily belong to £; *.
We use the Crank—Nicolson discretization, which is renowned for its implicit formulation and second-order accuracy, to discretize
in time on a uniform mesh. Because of its improved stability features, this method is especially beneficial for stiff difficulties. At
the (m + %)th time level, the discretized form of Eq. (1.2) may be written as

") = $lx snp1). X € 2y (<K +1) <n <0, (3.12)

LE"™ () = _%Xxx 0 -E, pP" 22(x) ~n+|( " ( + - (x)) X ) = —a XK (),

xEQ, n20, (3.1b)
1 ~ 1
TH0) = spy)s X (1) =050y, 020, (3.10)

. . . 1 L ~n+l
where I denotes the identity matrix of order 2 x 2, P""2 (x) = P(x), Q"2 (x) = (g;;(x, Sppl Mi<ij<zs X "lax (x, s,41) represents the
2

(n+ Dth time level approximation of the solution to Eq. (3.1) and

Pt n+
P =" z(x)+%x ()+E% ()+<1 22(x)>X()
The equation above may be rewritten as
)~(n+1(X) =X, 5,41), X € 2,,(-K+1)<n <0, (3.22)
prt n+d
LR 0= - 12(X) X o-E # w0+ < 1+ e 22 = >)~(n“(") =" (), x €2, n20, (3.2b)
H(O) = 1(Spp1)s )?"“(1) =n(spy) 1 >0, 320
where
gn+1(x) n+1(x)Xn+l -K n f"“(x).

Eq. (3.2) is rewritten as follows for the components X ;{‘“, where k =1,2:

n+l

X 00 = ¢xs041). x € 2y (<K +1) <1 <0, (3.32)
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1 1
+5 n+x
’ 1 Gy ™

ondl Vo P~ () oo “n
L,X (x)= —7(Xx;1)k(x) - X + <A—S + T>Xk+1(x),
PRI
+ =X 0 =g 0. 1 £k, (3.3b)
XP0) = [(sppn)s XD = my(spp). 120, (3.30)
where
n+t nt+i L
nel Vi o~ D 20 1 G 0\ ~ q, >(x) -
g0 =1, 200+ EI(X:x)k(x) + vy X (x) + (A—s - “"T>X,;‘(x) -k X[ ).

The local truncation error (LTE) may be examined with the help of the auxiliary problem

1 1
ontl  Bj ot P™7(x) gntl 1 O™2(x)) on+l
X 0=-5 X, 0-B———X 0+ g+ )X .
=g (), (3.42)
20 = 15,0, X (D) = (s, n20, (3.4b)

where the exact solution of the continuous problem at time level n replaces the numerical approximation X "(x) in (3.1) (see [11).

Lemma 3.1. The following definitions of LTE and global error are well known:
Sntl —n+l
E = X(x.su) - X (), G = X(x,snyy) - Xp (%),
Then, the following bounds hold
IE™ ) < cas), (3.5a)
16" < Cas), n< L. 3.5b)
N

Proof. For readers interested in proof, see [1,24]. []

Remark 3.2. The order reduction in the convergence of the time discretization showed in the previous result is due to the study
of its uniform stability, as it was proven in [1]. Nevertheless, as we will see in the numerical results section, this reduction is only
from a theoretical point of view and it is not observed in practice.
~n+l

Lemma 3.3. The estimated solution X" in (3.1) may be broken down into its regular, left layer, and right layer components of the form

~n+l ~n+l ~n+l ~n+l

X =X, 0+X, 0+X, ),
just like in (2.1), so that

~n+l ~n+l ~n+l
X, Ywl<c, (X, Yl< C9§ exp(=¢0,x), (X V()| < C9£ exp(—g6,(1-x)), 0<I<p,

where 0, and 0, have the same values as those given in Lemma 2.5. With 0 <[ < p, the derivative bounds are as follows, specifically for a
specified p and a fixed integer 0 < q < 1.

dl)?nﬂ(x)

T < C(1 + 6! exp (=0, x) + 6} exp (—g8(1 — x))).

Proof. The proof follows the ideas and techniques used in [25], where an elliptic scalar singularly perturbed problem with two
parameter was considered. []

3.2. Shishkin mesh generation

It takes a lot of computing power and a lot of nodal points to achieve uniform convergence on a uniform mesh in spatial variable.
Therefore, it is crucial to construct numerical schemes that are accurate and unaffected by the value of the perturbation parameters.
The fitted mesh technique, which uses a specialized layer-adapted mesh, successfully addresses these issues. In order to get a dense
distribution of points in the layer region, we use a piecewise uniform mesh of Shishkin type for the spatial discretization. To construct
this mesh, first we define the transition parameters &, and &,, which divide the domain into inner and outer areas. Taking into account
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Table 1
Values of B, B, and B! at nodal points.
j=m-1 j=m j=m+1 Otherwise
B,,(x)) : 2 : 0
" 1
B, (x;) - 0 = 0
B, * % A 0

the behavior of the exact solution proven previously, the transition parameters are given by

44/v 44/v

min{‘l‘, ! ln./\/'x}, ifav% <nvy, min{‘l‘, ! ln./\/'x}, ifav% <nv,
Vi Ve

§1 = &=

4v dv
min{l —lln_N'x}, ifav§>11v], min{jl 21n.N'X}, ifav§>11v].

4’ vya _’T

Using these transition parameters, the interval [0, 1] is partitioned into three subregions: [0, ¢, ], [{;, 1 -] and [1—¢,, 1]. We allocate
N /4 points within the subintervals [0, ;] and [1-¢,, 1], while assigning N /2 points to [}, | —¢,]. The spatial mesh is represented as
ANy = {xm}mNio, with the interval length given by %, = s,, — 5,,_;» m = 1,2, ..., N, corresponding to the subinterval I,, = (s,,_;.5,,).

il me12,. N
N 4 mhy, m=12,.., M
~ 20-¢,-&) N, 3N, N~ N, 3N,
hm=<T, m==E 41, T, Xpp =&+ m— 5, m= =541, 2,
N, _ 3N
N, 4
with x; = 0.

3.3. Spatial discretization

B-splines are used for the spatial discretization in order to build an accurate and effective numerical scheme. To ensure continuity
at the domain boundaries, four fictitious nodes, x_,, x_;, X 41, and xy ;,, are introduced. The nodes x_, and x_, are placed on
the left side of AVx, while x w,+1 and x,- ,» are positioned on the right side.

For the definition and fundamental characteristics of B-splines, see [26]. They are given by

ME (x,,_
B,,(x) = %’
hm
where
= Copoy =%, x <X,
E () = (g =03 =4 " "
0, X2 Xy g-
For m=—1,..., N, + 1, the functions 5,, are provided by
(x— xm72)3’ Xpp X < Xy g,

X %fn+3%fn(x—xm_l)+37Lm(x—xm_l)2—3(x—xm_l)3, Xy <X < Xy
B, (x) = = B+ 302 (X1 — %)+ 3R, (X, — X7 = 3(Xpp — %), X, Sx <Xy,
" (xm+2 - x)3’ Xpmil S X S Xy,

0, otherwise.

Readers interested in certain fundamental characteristics of B-splines are advised to consult the Ref. [27]. Those qualities make it
simple to obtain the Table 1.
We may use a linear combination of the B-spline basis functions to obtain an approximate solution at time s, ,, i.e., we consider
N+l
1 1
X = Y whtl B, (0.

m=-—1

The unknown coefficients wf’nfk‘ to be found at each time step using a variant of the Thomas approach. A system of linear equations
for the unknown coefficients is produced by substituting the B-spline representation into the discretized version of the governing
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equations (Eq. (3.3)). Then, we have

El(\;n+1:_v_l<iwn+l _i
=5\

2 m=11 2
h R

Mathematics and Computers in Simulation 241 (2026) 326-350

1
n+s
2
1 Py - () 1
witl + 72 w;:]rl) R A

1 (x) +1 2l eS|
+<E+ P ><6w; 11+§w2;1 +6w7n+ll

+ q12 (X )<6wntl +an+1+lwn+1 >

VL(-LM L
72 2h, "' 2R

3 m2 6 m+1;2

2w”

1 )
n n
- = + ——w
m—1;1 7 m;l it m+1;1
H 2 s 2 H
2 h

m

n
wm+l;l)

m

g
1 4y G\ /1, 2, 0,1,
+ B - 2 gwm—l;l + §wm;1 + gwm+1;l

1
a4 ()
—12 (—w" +2 )+ Lo

>,05msNX,05n5NS—1,

m

n+1
wm+l;l>

2 6 m—1;2 3 6 m+1;2
n+%( )
y4 X
et =g (%wfnﬂa -+ %wfn:%z) el CE A ey
Rz "R Rz M 2h, "' 2m, ™"
1 9 (w) +1 2 +1 Lo+l
+<E+T 6w;1n12+3 w, 2%% Wi
(xm) 1 1
+1 +1 +1
(g w, " 3w, +6wfn+ll>
n+ 1 1 2 n 1 n
=g2 ( )+_<_w I;2_~_wm;2+~_wm+l;2
2\n2 "2, 2,
.
2
Py~ (xp) < 1, .\ )
Vy——F—— |\~ =W, 1, Tt =W,
p) 5 o m—1;2 2, m+1;2
1
n+>
1 9 G\ (1, 2 1
"\ 2 gwm—1;2+3 +6wm+12
n+%( )
4y " Xn) (1 2 1
- T(wan*lzl + Ew;;I + Ew:‘nﬂ;l), 0<m<N,0<n<N, -1,
with boundary conditions given by
1 2 1
gw’itll +3 3 w(")Jrll + 6wl = [l(sn-H)
1 2 1
6 ’;\71—114'5 ’}\711"'8 Tfrlﬂ 1 =mylsy) 0Sn< N =1
1 2 1
gw'f]'12+ 3w8+21 + 6w1’§1 L(Spe1)s
1 2 1
gwﬁl_l 2t 3 ’/1\712 + 6 j\}rlﬂ 2 =my(s,e1), 0SSN — L.
Egs. (3.6a) and (3.6b) provide the following results once the terms are collected:
n+% n+% n+%
ozt (20 Py~ ) S Gem) st | 2L Gem)
ml g T g, 6\ 4s 2 ml |52 " 3\ 4s 2
m m

1

n+1

1
nts
4y~ (Xp)
n+1 12 m
+ wm;z (T) +

n+3 nJrl n+l
w i V, p—“ “Con) + i1 + —q“ O + ! Gy * ()
sl P72 2 4h,, 6\ 4s 2 m=1:2 12

n+%( ) |

q X n+ > v

wtl 12 m — 2 w" o
m+1;2< 12 > =g “C)t m—1;1 [ ~ Va

202,
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n+s
Pyt o)

4h

m

(3.6a)

(3.6b)

(3.60)
(3.6d)
(3.6€)
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ntd n+l
+1(L (x ) +u' +2(L 0 Gw) Fu AN P )
6\4s 3\ & 2 e ) > 4h,
1 1 41
s <xm) R A S O AN AL
+ g AS wm 1;2 ]2 - wm;2 3 - wm+1;2 12 B (373)
1
5 +§ nts
0 2 (xy) Gy * (X) o (x ) —v Py~ (Xp)
+1 — o+l 21 m +1( 121 m +1 21 +1 1 22 m
LX" = w:'n—l;] ( 12 > + wnm;l < 3 > + w:ln+1;1 ( 12 > + w:'n—l;z =y TtV
2n2 4h,,
n+l n-*—l
+ l 1 1122 (xm) +wn+l 1 Z — + q22 ’ (xm) + wn+l __V] — vV —p22 i (XM)
6\ 25 "3 As 2 12 | op2 S
n+l n+1
1/ 1 422 (x ) 4y, 2 (%) 4y 2 (X)
+-| = =g + X)) — N ) | —
6\ 2s 2 Wiy 12 m1 3
() "3 ) "3 o)
‘721 Xm 12 Py " Xp) 11 dyp X 2!
- “ I + “ rrul I a— + = _—— + " —=_
w’"””( 12 ) 12 [2}13” T4 6 (As 2 )] “m2 [ 72

m m

3, i, G,
21 9 Pnm i Py Cm) 11y Xy
Y P 2 L T T 3.7b
* 3 <AS 2 Tt 2Zr2n v 4h,, * 6\ 4s 2 ( )

With the Egs. (3.6¢)—(3.6f), (3.7a), and (3.7b) taken into account, we obtain the following linear system

m

Aw™! = B, (3.8)

where B = Cw" + D and the corresponding matrices are defined by

- £l - ’
Az Ay G G
T
n+l _ n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
w = (w—l,l’wO,l v Wy W o2 Wo ""’wAfx,z’wNXH,z) ’
1*' component 2" component

with
A, =1[1/6,2/3,1/6,0,...,0;tridiag(p, (x,,), p2(x,), p3(x,,)); 0, ..., 0,1/6,2/3,1/6],
A, =10,0,...,0; tridiag(q; (x,,,). 42(x,,), 4 (x,)); 0, ..., 0, 0],
Az =1[0,0,...,0; tridiag(r, (x,,), 12 (x,,), 11 (x,,)); 0, ..., 0,0],
Ay =1[1/6,2/3,1/6,0,...,0; tridiag(s (x,,), $o(x,,), 83(x,,)); 0, ..., 0,1/6,2/3,1/61,
¢, = 0,0, ..., 0; tridiag(t, (x,,). t2 (x,,). 13 (x,)); 0, ..., 0,01,
C, = 10,0, ..., 0; tridiag(u, (x,,), uy(x,,), u; (x,,)); 0, ..., 0,0],
C; =10,0, ..., 0; tridiag(v, (x,,), V2 (x,,), v{ (x,,)); 0, ..., 0,01,
C, =10,0,...,0; tridiag(w, (x,,), W5 (x,), W3(x,,)); 0, ..., 0,0].

Since A has a block tridiagonal structure, we analyze its diagonal dominance and also its condition number.
The matrix norm is given by

‘N‘X
A7l = max Al .
147l = | ma NX;I( -

The condition number of the matrix A in the infinity norm is given by
Koo = ANl A o

The Block Thomas Algorithm guarantees an efficient inversion process for the tridiagonal matrices under consideration. However,
the existence of stiffness perturbation parameters may cause [|A~!||,, to grow, which would raise the condition number x(A).
Because of the potential for numerical instability caused by this rise in the condition number, it is not practicable to compute A~
explicitly. Instead of solving .A~! directly, the problem is addressed repeatedly in MATLAB to improve numerical stability rather
than explicitly computing A~!.

These matrices, which have the arguments provided, are tridiagonal and of order (N, +3)X (N, +3). The corresponding elements
of these matrices for m =0, 1, ..., N, are provided by

1 1

rt+2 n+2 rH-%

)= _H/IJ]1 (x,,,)+1 1 +qu (%) (x)_v1+2 1+q11 (C9)

PriXm) = 72 2 4h, 6\ 4s 2 > P2 T 3 ’
m

m
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+1 !
p3(x,) = 1 P~ ) 1( 1 4y (xm)> 0G0 = 4y, “(xp)
3 (Xp) = ——=— = - > 41\ Xp) = ’
'2n 4h,, 6\ 4s 2 12
L n+1 1
(x)=ql22("’) rx)_qu(m rx)_qQIZ(x,,,)
QX 3 s 11\ m 12 > 12 Ay, 3 5
1
2 2
_ 1 129 (Xm) 1 1 a5, (xm) 1 2 1 a5, (xm)
R e S U T A TIA A T e |
1
ey = - Py Xn) 11 Gy (X
3Vm w4 6\4s 2 )
m
2 pJ%(xm) 1(1 q:';r%(xm) vi 2/(1 q?;r%(xm)
t = — ) | L I S I ) S
e g 6<As 2 > 2(%m) W *3 <As 2 >
1
1 Py 2(xm) 1(1 q, Z(Xm) 4y, 2()Cm)
t =L (== i =_ )
30m) = > ih, 5\ 2 X 12
1 ! n+l
_ 4 G 4y " 4y * Cm)
uy(x,,) = — T vi(x,) =— T Vo(Xy,) = — T
1 1
Vi p22 ? (xm) 1 1 q22 2 (Xm) 1 2 1 q22 ? (xm)
i) = 6\ 4s 7)W= 43(1 2 )
202, 4h,, s 2 s

n+ 5 n+%
Wil = gy 22 ) Lt Con)
BT e Y g 6\ 4s 2 ’

n+% n+% n+% n+% T
D= (g8 “(x0)s-oon8 "y )smy(S,q1)s b(s,p1): 8, “(Xp)soonn 8y “ G ) Ma(s,pyy) | -

4. Uniform convergence

Lemma 4.1. For cubic B-spline functions, the following inequality is valid.
N+l
Y B, <10, xel0.1].
n=-—1
Proof. We follows the methodology described in [24]. Then, for a nodal point x;, we have
Bioi(xp) =1, Bi(x) =4, B(x)=1

So, it follows
N+l
DBl = By o)l + 1B el + Bryy (xpl = 1+4+ 1 =6.
n=-1
For x € [x;_;, x;], we obtain
N+l
D 1B, = 1B + 1By (0] + [Bi(0] + B ()] < 1+4+4+1=10.

n=-1

Thus, ZN-‘H

n=-—1

Next result proves the uniform convergence of the spatial discretization.

|B,(x)| <10, Vx € [0, 1], which is the required result. [J

Theorem 4.2. If g € C?[0,1], then the approximated solution X" (x) to the solution X (x) of (3.1) on .ngﬁ at the (n + 1)th time level
satisfies

sup @™ =X < CNHIn )

0<vy,»p<l

Proof. To solve the problem (3.4), the special spline interpolant X (x) is provided by

N+l
Xy, ()= Y wlB,x).

m=—1

337



P. Kumari and C. Clavero Mathematics and Computers in Simulation 241 (2026) 326-350

For simplicity, we denote X by X"*!. Following to [28], we can obtain
Lo~ ~ —4—j
107X = Xy )l <w IXOIR 7 j=0,1,2, .1

where D denotes the derivative, h = max,, 7,, and w; are constants. The estimations (4.1) and use of Lemma 3.3 clearly shows that
123 4\ ~
> woh ) IX@ ()l

n+1/2

~ v =2
1£,X(x) - £,X | < (—gw - =|p

3
wh + %Hm’f“/z

=2 =3 —
<C <—v]u/2h -V pﬁ'l/z yih + H%TH/Z woh )[1 +0‘1‘ exp(—q0,x)
+ 605 exp(—g0,(1 — x))], (4.2)
S 12 =2 \Z -3
[£,X(x) = LoX v | < <—71u/2h - 22 pgl/z wvih + = H{R"H/Z )|X(4)(x)|
-2 =3
SC(—vlu/zh — vy |0 v +ng“/2 woh )[1 + 07 exp(—g6, %)
+ 03 exp(—g0,(1 — x))], (4.3)
where
+1
m+i 1 qkk 2( )
R =

The bounds for the three distinct intervals [0, &1, [&;, 1 — &] and [1 — &,, 1] are established independently.

First, we consider the case when avg < nv; holds.

Then, if x,, € [0,§], ie,, ] <m < %, it holds exp(—6,;x,,) < 1 and exp(—8,(1 — x,,)) < exp(=6;(1 — &))) < N{. Thus, (4.2) and
(4.3) yield

> —3 —4
1£,X(x,) — £,Xy | < C <Vll[/2h | P lwn e+ Hm;’*'/z woh >(1 + 0%+ 0, (4.4)
and
< -2 n+1/2 -3 n+1/2 —4 4 4
[£2X(x,) = LoX | SC (vivnh +w|lpy, “|lwrh + ||R, woh | (L+6]+067). (4.5)
— 4 164/v
Also, h = i = \/_l In NV, therefore, we have

No o Nyyna

2

_ 164/v;

vk = vy, < " NX> <CNAIN2,
N/ na

These inequalities are used in (4.4) and (4.5) to get

, (4.6)

1 -3 7 16
vl P lunh = v||pt <N\/;ln/\f SCNZMN) . k=12,
'mz“/z woh <CNT N k=12,
2 4
— 164/v \/na
vmhzef = vy, Vi In N, Y— ) <CNZInN
Ney/na N
3 4
164/v V
nt1/2]| 73 n+1/2 1 na -
pk';(‘/ l/’lh 9;‘:\/2 pkz/ W1<N nall’l.N.x> (\/W) SCN‘X3(IDN.X)3’ k=12,
4
12| Tt = w172, 164/vy A, VAU CN N
k Yo 1= k J\/ ’_na \/V_l = x x/
16\/_ na ¢
—2 vV
viyah 05 = vy, In NV, —— ) SCN 2N,
Ni+/na 4/
4
16 Vha
ne12l| 234 || mig2 \/_ n 3 3 _
P Wi 65 = iy, <./\f — Nx> (W SCNP(nN), k=12,
4
16 \na
' ERz+1/2 WOE49§ _ ‘ mz+1/2 " \/_ Nx _;7 < C./\/.74(1n./\/.x)4, k=1,2.
Ne/na 4/ *
Ny
4

1£,X(x,) — £,X . | < CNTHI N2, 0<m<
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> N,
1£,X(x,) = LoX v | SCNT2(InN)?, 0<m< = 4.7)
When x,, € [£,,1 - &1, i.e,
using that 7 < we can obtain
X
~ N 3N,
1£,X(x,) — £ Xy | SCN2, E+1<m< T (4.8)
and
~ N 3N,
1£,X(x,) = £,X | SCN 2, 4” +l<m< = X (4.9)

3N,
When x,, € [1 — &,1], i.e, T" +1 <m < N, we obtain exp(=0,x,,) < exp(=0,(1 — &)) < N and exp(—6,(1 — x,,)) < 1. Therefore,
(4.2) gives

n+1/2

~ —2
1L, X(Cx,) = L1 Xy | SC <v]y/2h + v ||py, '

45 _ 10V
Ne o Nyyna

2

) 164/v

Vi, h =VIWZ<N LW, < CNZAH(In N,
xy/na

-3 +1/2
y1h +H9{Y /

woﬁ“) (1406} +063). (4.10)

Also, 7 =

In V,, so, it holds

3
164/v
-3 \/
w2 B = vl 2y, LnA, | <CNZMnND, k=12,
Ny/na
—4
'm';“/z woh <CN N k=12

2 4
— 16 \/
Vi y/2h20?./\/';’ =y, < il In N'x> <£> < CNA(In N,
Niyfna Vi

4
— 16 \/ha
N e T e T2 il In N, SCNZNY, k=12,
N, \/ﬁ Vi
4
16
'm”“/z y/#@“:'m’““/z il In N, Ve < CNTHIn N4,
k 0 1 k x x
N, \/_11(1 N

4
— 16 a
vlwzhzeg = vy, \/_ In N, SCNT2(In N2,
Niv/na 4
4
_ 16 \/na
vy o2 e = vl Vi, .A/X ~— ) NN, k=12,
Niv/na 4y/vi *
4
16 \na
'mz“/z WO#@gz‘m;“/Z Vi NX V) <eNFmNy, k=12
Niv/na 4y/vy

These inequalities from (4.21) are used to get

~ 3N,
1£,X(x,) = £, X | < CNZ(In N2, TX +1<m< N, (4.11)
and
~ > , 3N
1£:X(x,) = £2X . | < CN (I N2, T tlsms N,. (4.12)
Combining (4.6)-(4.12) yields
1£X(x,) - £X | S CNX NP 0<n< N, (4.13)
e — £X | = |g(x,) — £X . | < CN 2 (In N (4.14)

In second case, we consider that av% > nv, holds.
N,
Then, if x,, € [0,¢], i.e., 1 <m < T", it holds exp(—6,x,,) < 1 and exp(—6,(1 — x,,)) < exp(=0,(1 — &))) < N. Thus, (4.2) and
(4.3) yield

n+1/2

~ —2
1£,X(x,) =L Xy | C <v|u/2h + v Py

-3 +1/2
y1h +H§R;’ /

WUE“) (146" + 69, (4.15)
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and
o - -3 —
1£,X0x,) = £2X . | §C<vlu/2h + v, [P w +ng+‘/2 woh >(1 + 0%+ 0.
— 4 16
Also, h = i = et In NV, therefore, we have
Ny ha
) 16 2
vivah = vy, < 1 NX> < CNTA(In N2,
xN2
nri2l| =3 172 16v, : 3 3
P Wik = wallp |l < an\fx> SCNP(nN’, k=1,2,
Nva
4
'm';“/z woh <CN*InNYY, k=12,
et < 16v, > < o )4 ~2(In N2,
v =V —_ n
12 1 1¥2 NxVZ v,
—3 16
w|lpi kel = v, |pir W]( - ) < ) SCNIMINY, k=12,
wr12]| 74 oa  laantls2 16V1 4 4
‘Eﬂk woh 0] = ‘ Ry o <./\f vza < CNHIn N,
—2 16v
vy h 6'3 =V, < : > <4L> (lan)Z,
nt1f2l|  73aa 4+1/2 16V1 ’ 3 3
| Py 702 = vl g = 7) P CNZINY, k=12,
RH2 |y i 02 = [|or 12 16V1 Y CNH N, k=12
‘ k Vo 2_‘ k Vo Nxvza 4v, x G -7

These inequalities are used in (4.4) and (4.5) to get

~ N,
1£,X(x,) = £, X | SCNZInND?, 0<m< T",

= ) 2 N,
1£,X(x,) = £X | S CN MNP, 0<m< 2%

. N,
When x,, € [§,1 - §],ie, —

h< i Then, the local error satisfies

Ny
1£,X(x,) = £, X | < CN2, NT +1<m< 3{4‘/’(,
and
1£,X(x,,) — £,X 5 | < CNT2, j:{" +l<m< 3{4‘["

(4.16)

(4.17)

(4.18)

X, using (4.1), we derive that X and its derivatives are bounded in this interval, and

(4.19)

(4.20)

3N,
When x,, € [1 - &,1], i.e., —= +1 < m < N, we obtain exp(=0,x,,) < exp(=0,(1 — &)) < N and exp(-6,(1 — x,,)) < 1. Therefore,

from (4.2) it follows 4

~ -2 -3 —
1£,X(x,) — £1Xy | < C <vlu/2h + [Pk + HZR'I'“/Z woh > (1+6%+63).
— 4 16
Also, h = & =y, N; so, it holds
Ny Nan

—2 16 2
viyoh = v, < e lan> < CNA(In N,
X

=3

n+1/2 Wlh =v,

n+1/2
2Pk

P

16 3
v <N_V2 In NX> SCNDMN, k=12,
n

X

4

'9%’;“/2 woh <CN*InNYY, k=12,
=2 4 16v, 2 Voo 4 ) 2
vivah 0N = vy, [ ——=In N, — ) SCN*(nN,),

erl Vi

w2l =34 /2 16v, P lav,\* 3 3
pkk lh 9]=V2 pkk WI(annNX> <V_> SC./\/;(IIINX), k=1,2,
x 1
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4
‘9&’;*1/2 1,/0<16v2 1nJ\f) <L> <CNTHIn N
Vi

n+1/2
ERk

—4
woh 9‘1‘ :‘

-2 16v,
viyoh eg=v1y/2<Nx In N) <4V2> N2 (In N2,
w2l =34 +1/2 16V2 } -3 3 _
ollp, ek 65 = va|pp, v ln./\f <C./\/X (InNy)°, k=12,
2
w2y h 0 = [|orr+/? 16V21 N, (o <cN*41 N k=12
k Yot & = |17 Yo ./\fxn 4, « DN, =L4

These inequalities from (4.21) are used to get

~ 3N,
121X (x,) = £, Xy | £ CNZ(In N2, L r1<m< N, (4.22)
and
X -2 2 3'A/‘x
[LoX(x,) = LoX | < CNZ(In V)7, L tlsms Ny (4.23)
Combining (4.17)—(4.23) yields
1£X(x,) - £X | S CNTXINND? 0<n< N, (4.24)
e — £X | = |g(x,) — £LX . | < CN 7 (In N (4.25)

Now, for both cases, let £X N () =80, X, (%) = [(pa)s X, (i) = my (S0, which results in the linear system
A~n+l B.
Next, it follows
AW —wty = B- B, (4.26)

where

n+l _ snt+l _ n+1 ol o+l el n+1 _ o+l n+l _ ~n+l n+1 _ ~n+1 T
w w (w — Wy Wy 01 wy [ P N ) wa;l,w();z Wy >+ s W N2 )

B =B =(g,(xg) — & (x0). & (x1) = & (x)). ... 810 n) — &1(x v, )s 82(x0) — &2 (xp), - ,gz(x/\fx) = gz(x/\fx))?
Therefore, using (4.14) and (4.25), we get
1B - Bl < CN2(In N> (4.27)
Utilizing this estimate, from [29], (4.26) and (4.27), we deduce that it holds
Wt = F | < AT IB = BIl < CN 2 (In V)% (4.28)

The system matrix A arising in (4.26) is a block tridiagonal and strictly diagonally dominant matrix. Hence, A is an M-matrix

(see, e.g., [29]), which guarantees that 4~! exists and is nonnegative. Moreover, letting
6= In,.in(aii _zlaijl)s
J#i
the strict diagonal dominance of the reaction matrix Q yields 6 > C, > 0, where C, is independent of the perturbation parameters
vi, v, and the discretization parameter V. Consequently, it holds
_ 1

A" e < 55C

for some constant C independent of v;, v, and WN,. This establishes the desired uniform bound for A~!.
From (3.6¢)—(3.6f) as boundary conditions, we get
1 _ ~ntl -2 2
[w™! — @™ < CN 2 (In N,
and

n+1 _ o+l -2 2
lw N+l wJ\/ +l| SCNX (n N,

and thus

max W™ — @ < CNTHIn N
L [w,, | « (nWN,)
Hence, we have
N+l
n+l _ n+l _ ~n+l -2 2
|x Xy (0] < . ™t — g Z ID,,(x)] < CN2(In N2,

m=—1
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Table 2 X ‘
ElN"N‘, RN"N‘, EN"N‘, RY": for Example 5.1 taking v, =278,
wivs vy 2 Ly Ly
Va N N)) —
(12,6) (24,12) (48,24) (96,48) (192,96)
276 4.0105¢—-04 1.4520e—04 4.5998¢-05 1.25189¢-05 3.1997¢-06
1.4657 1.6584 1.8775 1.9681
2710 4.0045¢-04 1446004 4.5983¢-05 1.25143¢-05 3.1983¢-06
1.4696 1.6529 1.8775 1.9682
2714 4.0238¢-04 1.4538¢—-04 4.6103¢-05 13426005 3.3889¢-06
1.4687 1.6569 1.7798 1.9861
2718 4.0289¢—04 1.4541e—04 4.6109¢-05 1.3428¢-05 3.3893¢-06
1.4703 1.6570 1.7798 1.9862
22 4.0293¢-04 1.4541e-04 4.6110e-05 13429¢-05 3.3893¢-06
1.4704 1.6570 1.7797 1.9863
272 4.0293¢-04 1.4541e—04 4.6110e-05 1.3429¢-05 3.3893¢-06
1.4704 1.6570 1.7797 1.9863
o 4.0293¢—04 1.4541e-04 4.6110e-05 1.3429¢-05 3.3893¢-06
R 1.4704 1.6570 1.7797 1.9863
CPU time (s) 0.0620 0.0814 0.0902 0.4532 0.9290
Table 3
NN gNeNs  gNeNs  pNeN; ; —9-8
Ez,vm s Ry By Rz.», for Example 5.1 taking v, =275,
W Ny~
v, (12.6) 24.12) (48.24) (96.48) (192,96)
276 1.6316e-04 5.4838¢-05 1.5829¢-05 4.2841e-06 1.0979¢-06
1.5730 1.7926 1.8855 1.9642
2710 1.6137¢~04 5.4642¢-05 1.5770e-05 4.2692¢-06 1.0821¢-06
1.5623 1.7928 1.8851 1.9801
2714 1.6365¢-04 5.4702¢-05 1.5850e—~05 4.2801e-06 1.0910e-06
1.5809 1.7871 1.8888 1.9720
2718 1646504 5.4714e-05 1.5854¢-05 4.2810e-06 1.0914¢-06
1.5894 1.7871 1.8888 1.9718
22 1.6467¢—~04 5.4714¢-05 1.5855¢-05 4.2811e-06 1.0914¢-06
1.5896 1.7870 18889 1.9718
272 1.6467¢~04 5.4714¢-05 1.5855¢~05 4.2811e-06 1.0914¢—-06
1.5896 1.7870 1.8889 1.9718
By 1.6467¢—~04 5.4714¢-05 15855005 4.2811e-06 1.0914¢-06
Ry 1.5896 1.7870 18889 1.9718
CPU time (s) 0.0710 0.0921 0.1092 0.4618 0.9781

which provides

max [X"™! =X (x)] < CN (I N

0<m< Ny

Thus, using the triangle inequality leads to

sup [ =X < CN T (In N,

0<vy,vp<1
which is the required result. []

Using the previous results, we can obtain the main result of the work, which proves the uniform convergence of the fully discrete
scheme.

Theorem 4.3. The error associated to the numerical solution X"*! given by the fully discretized scheme (3.8) on the piecewise uniform
Shishkin mesh, satisfies

sup  [IX = X|| < C((45)*/? + N3P (In NP,

0<vy,»p<1

where 0 < p < 1 and N” < As. Therefore, the fully discrete scheme is a uniformly convergent method which has second order of convergence
in time and almost second order in space.
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Table 4
Ny Ny NN, DN, . s
ELVI'V2 y Rlvvm N E]'V2 N RLVz for Example 5.1 taking v, = 27°.
W Ny =
v (12,6) (24,12) (48,24) (96,48) (192,96)
27 2.8702e—04 8.7851¢—05 2.4431e-05 6.6963¢—06 1.6789¢—06
1.7080 1.8463 1.8673 1.9958
22! 2.8794¢~04 8.7928¢-05 2.4512¢-05 6.6704e—06 1.6677¢~06
17114 1.8428 1.8776 1.9999
23 2.8795¢—04 8.7927¢~05 2.4507¢-05 6.6999¢—06 1.6672¢—06
17114 1.8431 1.8710 2.0067
2% 2.8795e—04 8.7924¢-05 2.4506e—05 6.6999¢—06 1.6673¢~06
17115 1.8431 1.8709 2.0066
27 2.8795¢—04 8.7924¢-05 2.4506e—05 6.6999¢—06 1.6673¢~06
17115 1.8431 1.8709 2.0066
2 2.8795¢—04 8.7924¢—05 2.4506e—05 6.6999¢—06 1.6673¢—06
1.7115 1.8431 1.8709 2.0066
g 2.8795e—04 8.7924¢-05 2.4506e—05 6.6999¢—06 1.6673¢~06
R 1.7115 1.8431 1.8709 2.0066
CPU time (s) 0.0623 0.0849 0.1028 0.5180 0.9801
Table 5
NoNe NN, ENN, NN, : -
EZ,V,.\/Z s Ry By s R2,v2 for Example 5.1 taking v, =275,
N, M) =
" (12,6) (24,12) (48,24) (96,48) (192,96)
27 1.9779¢—04 7.0635¢—05 2.4179¢-05 7.7136e-06 2.0106e-06
1.4855 1.5466 1.6483 1.9398
22! 1978104 7.0634¢—05 2.4211e-05 7.7147e-06 2.0108e—06
1.4857 1.5447 1.6500 1.9398
23 1.9783¢—04 7.0635¢—05 2.4212¢-05 7.7148¢-06 2.0109¢-06
1.4858 1.5447 1.6500 1.9398
2% 1.9784¢—04 7.0637e—05 2.4212¢-05 7.7149e—06 2.0109¢—06
1.4858 1.5447 1.6500 1.9398
277 1.9784¢—04 7.0637¢~05 2.4212¢-05 7.7149e-06 2.0109¢-06
1.4858 1.5447 1.6500 1.9398
2 1.9784¢—04 7.0637e—05 2.4212¢-05 7.7149¢-06 2.0109¢-06
1.4858 1.5447 1.6500 1.9398
B 1.9784¢—04 7.0637e—05 2.4212¢-05 7.7149e-06 2.0109¢-06
R 1.4858 1.5447 1.6500 1.9398
CPU time (s) 0.0568 0.0639 0.0792 0.1882 0.6851
Table 6
[ S
EINX‘A", NX’N‘, NX’N‘, RY* for Example 5.1 taking v, = 275,
ViV Ly, ? Ty Ly,
N Ny~
v, (12,6) (48,12) (192,24) (768, 48) (3072,96)
276 4.0105¢—04 12125004 3.4282¢-05 8.5983¢—06 2.1527¢-06
1.7258 1.8225 1.9953 1.9979
210 4.0045¢—04 12121604 3.3287¢-05 8.3584¢—06 2.0837e—06
1.7241 1.8645 1.8775 2.0041
2 4.0238¢—04 1.2508¢—04 3.3307¢-05 8.3586¢—06 2.0919¢-06
1.6857 1.9090 1.9945 1.9984
218 4.0289¢—04 1.2508¢—~04 3.3409¢-05 8.3608¢—06 2.0921e-06
1.6875 1.9045 1.9985 1.9987
22 4.0293e-04 1.2508¢—04 3.3410e-05 8.3609¢—06 2.0921e-06
1.6877 1.9045 1.9985 1.9987
2% 4.0293¢-04 1250804 3.3410e-05 8.3609¢—06 2.0921¢-06
1.6877 1.9045 1.9985 1.9987
BN 4.0293e-04 1.2508¢—~04 3.3410e-05 8.3609¢—06 2.0921e-06
Ry 1.6877 1.9045 1.9985 1.9987
CPU time (s) 0.0620 0.0974 0.1336 0.3512 0.5190
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Table 7 ) ‘
ElN"N‘, RN"N‘, EN"N‘, RY"s for Example 5.2 taking v, =278,
ViV Ly, > Ly Ly
N N)) =
v, (12,6) 4,12) 48,24) (96,48) (192,96)
27 6.0117¢-04 2.1023¢-04 6.1972¢-05 17562105 4.7197¢-06
1.5158 17623 1.8192 1.8957
20 6.0137¢—04 2.1035¢—04 6.1986e—05 1.75633¢05 4.7206e06
1.5155 1.7628 1.8194 1.8955
21 6.0259¢-04 2.1206¢-04 6.2087¢~05 1.75737¢-05 4.7372¢-06
1.5067 1.7721 1.8209 1.8913
2718 6.0267e~04 2.1209¢-04 6.2088¢05 1.75738¢—05 4.7372¢-06
1.5067 1.7723 1.8209 1.8913
22 6.0269¢—04 2.1211e-04 6.2089¢-05 1.75738¢—05 4.7372¢-06
1.5066 1.7724 1.8209 1.8913
2% 6.0269¢~04 2.1211e-04 6.2089¢~05 1.75738¢—05 4.7372¢-06
1.5066 1.7724 1.8209 1.8913
o 6.0269¢—04 2.1211e-04 6.2089¢-05 1.75738¢-05 4.7372¢06
R 1.5066 1.7724 1.8209 1.8913
CPU time (5) 0.0831 0.0976 0.1073 0.8318 1.2973
Table 8
N, NN, NN, BN, o
A S EZV1 y Rz.», for Example 5.2 taking v, =275,
N N)) =
v, (12,6) 4,12) 8,24) (96,48) (192,96)
27 3.16300-04 1.1021e—04 3.2378¢—05 8.75641¢-06 2.2213¢-06
1.5220 1.7672 1.8866 1.9789
2 3.1639¢—04 11012¢-04 3.2371e-05 8.75633¢—06 2.2206e06
1.5226 1.7663 1.8863 1.9794
2t 3.1742¢-04 1112404 3.2482¢-05 8.75735¢-06 2.2308¢-06
1.5127 1.7760 1.8911 1.9729
2718 3.1752¢-04 1113204 3.2489¢—05 8.75742¢-06 2.2314¢-06
1.5121 1.7767 1.8914 1.9726
22 3.1754¢-04 1113304 3.2491¢-05 8.75743¢-06 2.2316¢-06
1.5121 1.7767 1.8915 1.9724
2% 3.1754e-04 1113304 3.2491¢-05 8.75743¢-06 2.2316¢-06
1.5121 1.7767 1.8915 1.9724
B 3.1754¢-04 1.1133e-04 3249105 8.75743e—06 2.2316¢-06
Ry 1.5121 1.7767 1.8915 1.9724
CPU time (s) 0.0593 0.0639 0.0801 1.0541 1.1261
Table 9
.
BN RN NN RV for Example 5.2 taking v, = 275,
Vv Ly, ? Ty, Ly,
W) =
" (12.6) 4.12) 48,24) (96.48) (192,96)
21 2.9839¢-04 9.2962¢-05 2.9605¢-05 8.3098¢-06 1.9329¢-06
1.6825 1.6508 1.8330 2.1040
2721 2.9845¢—04 9.3038¢-05 2.6633¢~05 7.3159¢-06 1.9374¢-06
1.6816 1.8046 1.8641 1.9169
2% 2.9862¢-04 9.3045¢-05 2.6636¢-05 7.5163¢-06 1.9377e-06
1.6823 1.8046 1.8253 1.9557
2% 2.9863¢—04 9.3045¢-05 2.6638¢-05 7.5164e06 1.9377e-06
1.6824 1.8044 1.8254 1.9557
27 2.9863¢~04 9.3045¢-05 2.6638¢-05 7.5164¢-06 1.9377e-06
1.6824 1.8044 1.8254 1.9557
2 2.9863¢~04 9.3045¢-05 2.6638¢-05 7.5164¢-06 1.9377¢-06
1.6824 1.8044 1.8254 1.9557
BN 2.9863¢—04 9.3045¢-05 2.6638¢-05 7.5164¢—06 1.9377e-06
RYA: 1.6824 1.8044 1.8254 1.9557
CPU time (s) 0.0823 0.0987 0.4843 0.9184 1.3285
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Table 10
Nodl, NN, N, NN, o s
E2,v|,v2 s Ry EZ,vz s Rzyv2 for Example 5.2 taking v, =275,

N, N~

" (12,6) 4,12) (48,24) (96,48) (192,96)

2719 4.1872¢-04 1437104 4.4658¢-05 1.2792¢-05 3.335¢-06
1.5428 1.6862 1.8037 1.9395

2 4.1947¢-04 1.4429¢-04 4.4735¢-05 1.2891¢—05 3.3381e-06
1.5396 1.6895 1.7950 1.9493

2% 4.1953¢-04 1.4435¢-04 4.4740e-05 1.2894¢-05 3.3381¢-06
1.5392 1.6899 1.7949 1.9496

2% 4.1955¢-04 14436004 4.4742¢-05 1.2895¢05 3.3382¢-06
1.5392 1.6900 1.7948 1.9497

27 4.1955¢-04 1.4436¢-04 4.4742¢-05 1.2895¢~05 3.3382¢-06
1.5392 1.6900 1.7948 1.9497

2% 4.1955¢-04 14436004 4.4742¢-05 12895005 3.3382¢-06
1.5392 1.6900 1.7948 1.9497

B 4.1955¢-04 14436004 4.4742¢-05 1.2895¢-05 3.3382¢-06

Ry 1.5392 1.6900 1.7948 1.9497

CPU time (s) 0.0692 0.0726 0.1054 0.6238 1.0947
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Fig. 1. Surface plots for Example 5.1’s first and second solution components using various values of v, and v, with N, = N, =72.
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Fig. 2. For the first solution component of Example 5.1, numerical solution at various time levels ((a) and (b)) using various values of v, and
v,, and contour plots ((c) and (d)) of the solution using N, = N =72.

Proof. This result is established by combining the findings of Lemma 3.1 and Theorem 4.2 and following a similar technique that
this one in [1]. O

Remark 4.4. From previous Theorem, we see that the order in space is reduced by the value of the constant ¢; nevertheless, as
we will see in the numerical results section, this reduction occurs only from a theoretical point of view, due to the technique used
to prove the uniform convergence of the fully discrete scheme. In practice, this reduction does not appear and the real order of
uniform convergence is almost two due only to the logarithmic factor, which is an usual factor when piecewise uniform Shishkin
meshes are used to solve singularly perturbed problems.

5. Numerical results

Example 5.1.

X, X, X, 5

K— IW—7\/2?+(3+X)X1—6X2=—X1(X,S—0.5)+S(1—S),
X, °X, X, . 5 5
K_Vl p —7v2¥ =2X;+ 5 +eH)X, ==X (x,5=0.5) +x7(1 = x)7,

Xi(x,5) =0, X5(x,5) =0, (x,5) €M,
X,0,5)=0, X,(1,5) =0, X,(0,5) =0, X,(1,5)=0, s €[0,1].
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Fig. 3. Error graphs for Example 5.1’s solution components using v; = 27'* and v, =271,

Example 5.2.

0X X i 0X

X0 A (s e SN O o 62X - (14 59X, = —2X, (s — 0.6) + 2exp(os(] - 5),
0s 0x2 2 ox

0X, X, 0X, 7s ) )
—= —vj— — (1 +2x)—= —2cos| = ) X| +4exp(l — 5)X, = =2X (x,5 — 0.6) + (10x + 1)s°(1 — 5)~,
0s 0x2 0x 4

Xi(x,5) =0, X5(x,5) =0, (x,5) € M,
X,0,5)=0, X,(1,5) =0, X,(0,5) =0, X,(1,5)=0, s €[0,1].

Since the exact solutions to the above-described problems are unknown, we estimate the errors using the double mesh approach
(see [1]). The error estimates for both components (k = 1,2) are calculated as

Nvax _ ~ ~
ks goax [ X4 Xom-tsS2n-1) = XX 81 )

0<n<N

with the related convergence orders are given by

NeN, NNy 12N 2N,
Rk,\)/(],v; - 10g2 <Ek,\)/(],v; /Ek,le,vz ’ ) :

Additionally, we determine the v, and v, component-wise uniform maximum pointwise errors, by using EkN‘fz’M and EkNé‘l’N‘ together

with the corresponding v, and v,-uniform orders of convergence Rﬁ/VXZ’M and Rkle’N‘ as follows
NN, NN,
Ekz * = max EkN"’N‘, E, 7% = max EN"’N‘,
WV vy VIV V2 vi kvivy
NNy 2N 2N, NNy 2N 2N,
RN.x.N; _ lOg(Ek"fl S/Ekv‘/lx R RNX’NS _ log(Ek,\jz :/Ek,vzx Y
kv T log2 T kv T log2 ’
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Fig. 4. Surface plots for Example 5.2’s first and second solution components using various values of v, and v, with N, = N, = 72.

We begin by about the findings fzrom the tabuzlated data. The error estimates for Example 5.1’s first solution component are shown

V, V.
in Tables 2 and 4 for the case —= < 1 and —= > 1, respectively. Similarly, Tables 3 and 5 show these estimations for the second

component of Example 5.1. Tablvels 7,8,9, an‘a 10 show these findings for Example 5.2. The almost second-order parameter-uniform
theoretically proved may be verified by looking at these tables. Table 6 displays the numerical errors alongside the estimated order
of convergence to confirm the second-order accuracy in time; to see that, we multiplied N, by 4 and N, by 2. A value of order of
convergence close to 2 confirms the second-order accuracy of the numerical scheme with respect to the time variable.

Each table also includes the CPU time (in seconds) taken for all values of the diffusion parameters at each column with N, and
N, fixed, when we use the Block Thomas Algorithm to solve the linear systems related to the two test problems; from this table, we
can observe that this CPU time is not very large and that it is not affected by the value of the convection and diffusion parameters.

Surface plots of solution components for various values of v; and v, for both cases are used to visually evaluate the boundary
layers (see Figs. 1 and 4). At both extremities of the spatial domain, we see the presence of boundary layers. In order to show the
existence of boundary layers, we also displayed the contour plots in Fig. 2((a) and (b)). The solution is plotted at different time levels
in Fig. 2((c) and (d)). We find that the solution stays steady over time and exhibits the expected structure, proving the efficiency of
the suggested approach. Furthermore, for smaller perturbation parameters, the presence of boundary layers is evident. The graphs
corroborate the method’s accuracy and robustness. To assess the accuracy of the numerical method, we plot the error graphs for
different values of the perturbation parameter. From Fig. 3, we observe that the error decreases as the mesh is refined, confirming
the convergence of the method.

6. Conclusions

This paper presents an effective numerical method for solving a two-parameter singularly perturbed system with a substantial
time delay that consists of two coupled equations using spline basis functions. High accuracy and stability of the numerical solutions
are ensured by the suggested technique, which successfully manages the difficulties presented by the existence of small perturbation

parameters and considerable delay. An effective and reliable framework for capturing distinct boundary layers and resolving the
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complex dynamics brought about by the delay term is provided by the combination of the Crank—Nicolson finite difference method
for time discretization with the cubic spline collocation in space to discretize in space. The suggested method’s accuracy and
dependability are corroborated by the numerical results, which indicate that even for sufficiently small perturbation values, it
generates reliable approximations. In order to improve the computing efficiency, future studies may concentrate on applying this
paradigm to multidimensional problems and investigating adaptive mesh refining techniques.
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