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In recent years, parallelization has become a strong tool to avoid the limits of classical sequential 
computing. In the present paper, we introduce four space-time parallel methods that combine 
the parareal algorithm with suitable splitting techniques for the numerical solution of reaction

diffusion problems. In particular, we consider a suitable partition of the elliptic operator that 
enables the parallelization in space by using splitting time integrators. Those schemes are then 
chosen as the propagators of the parareal algorithm, a well-known parallel-in-time method. Both 
first- and second-order time integrators are considered for this task. The resulting space-time 
parallel methods are applied to integrate reaction-diffusion problems that model Turing pattern 
formation. This phenomenon appears in chemical reactions due to diffusion-driven instabilities, 
and rules the pattern formation for animal coat markings. Such reaction-diffusion problems require 
fine space and time meshes for their numerical integration, so we illustrate the usefulness of the 
proposed methods by solving several models of practical interest.

1. Introduction

In the last decades, the development and improvement of complex computer architectures has led to the construction of more 
and more sophisticated supercomputers. The aim of this phenomenon is to increase the number of connected computing cores, thus 
enabling more powerful parallel implementations. Although it is an ongoing process, most of future costly computations will definitely 
be performed significantly faster in parallel.

In the field of numerical analysis, parallelization has become a strong tool for the numerical integration of evolutionary differential 
problems. In particular, problems with very fine spatial and time meshes, which imply a high computational cost, are the main focus 
of this technique.
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Many methods have been proposed in order to implement parallelization in space, but the increasing number of available con

nected processors might also require numerical techniques that further permit parallelization in time. Research on parallel-in-time 
methods goes back to the 1960s, when Nievergelt proposed the first parallel time integrator (cf. [1]). For a general survey on the 
existing parallel-in-time integrators, we refer the reader to [2]. Among these methods, we highlight the parareal algorithm. First 
introduced by Lions, Maday, and Turinici in [3], this rather simple but efficient method is based on two propagators: one of them 
should be cheap and inaccurate, whereas the other one is considered to be expensive but accurate. The key point of the algorithm is 
that a parallel implementation of the latter propagator is permitted.

Several interpretations of this algorithm have been provided in the literature along the years. It was defined as a predictor-corrector 
method in [4], and Gander and Vandewalle proved that it is, in fact, a multiple shooting method (see [5] for further details). Finally, 
it can also be considered as a two-level multigrid method (cf. [6]).

In this paper, we present a new family of space-time parallel methods based on the parareal algorithm, which can be applied to 
integrate reaction-diffusion problems. Parallelization in space is performed by partitioning the elliptic operator into simpler terms. 
Subsequently, using time-splitting integrators, the original problem can be reduced to the solution of a set of uncoupled systems at 
each internal stage. More information about this class of time integrators can be found in the monograph [7].

In this work, we consider two splitting techniques, namely, dimensional (cf. [8]) and domain decomposition (cf. [9]) splittings. 
While the former is simpler, the latter is more flexible since it can be implemented for complex spatial domains and discretizations. 
The main contribution of our proposal lies in using such integrators as propagators within the parareal algorithm, thereby enabling 
parallelization in both space and time. Consequently, both the fine and coarse time integration steps can exploit spatial parallelism. 
As a result, the fine propagator is computed more efficiently, and the coarse propagator becomes significantly cheaper. In particular, 
processors that remain unused during the coarse step in the classical parareal scheme can now be used to parallelize it in space. 
Furthermore, unlike other space-time parallel methods based on parareal, our strategy avoids the need for spatial iterations to ensure 
convergence (only the corresponding iterations of the parareal time-parallelization framework are required).

The proposed methods will be tested for the integration of reaction-diffusion problems. In particular, Turing pattern models will 
be considered. These models, first introduced by Turing in [10], describe phenomena that involve chemical reactions with spatial 
diffusion, giving rise, in the presence of diffusion-driven instabilities, to animal coat patterns (see [11] for more details). More 
specifically, we will consider some well-known Turing pattern formation problems from the literature, as the Gray-Scott, Thomas, 
and Schnakenberg models. A general survey on these models can be found in [11] and [12]. Such particular models typically require 
the use of fine spatial grids in order to capture the referred patterns (cf. [13]). In these situations, the implementation of classical 
explicit schemes might be overly expensive. That is not the case for the so-called implicit-explicit (IMEX) methods, which consider an 
explicit contribution of the reactive part and the implicit treatment of the diffusive part, usually containing stiff terms. In this setting, 
the time integrators involved in the newly proposed parareal solvers are related to classical IMEX methods. For further details on 
such methods and their application to reaction-diffusion problems, we refer to [8,14,15].

Remarkably, for reaction-diffusion problems posed on simple geometries that admit a Cartesian grid, some efficient matrix-oriented 
methods (cf. [16]) and exponential time-differencing schemes (cf. [13,17]) were recently developed. Nevertheless, there exist many 
applications in which the solutions cannot be approximated with the aforementioned techniques, since the spatial domain has an 
irregular shape (see, e.g., [18] for a series of examples from developmental biology). In this setting, the new algorithms provide an 
alternative for irregular geometries that may require general non-Cartesian spatial grids.

The rest of the paper is organized as follows. In Section 2, we introduce the model problem and recall two splitting techniques 
that permit parallelization in space. Moreover, we present the four splitting time integrators that will be used to solve the partitioned 
problem. In Section 3, we describe the parareal algorithm and adapt the main theoretical results from the classical literature for the 
case under study. In Section 4, we formulate four specific space-time parallel methods, which are subsequently used in Section 5 for 
solving reaction-diffusion problems stemming from Turing pattern models. Numerical experiments include a convergence analysis of 
the new solvers, the study of splitting errors for the time integrators under consideration, a series of robustness tests with respect to 
the spatial discretization parameter, scalability results that show the speedup of the methods for an increasing number of processors, 
and a comparison of CPU runtimes and global errors with classical IMEX methods from the literature. Different spatial domains 
are considered, including a circular domain for the Schnakenberg model that requires non-Cartesian meshes and suitable spatial 
discretizations for its solution. Finally, Section 6 contains some concluding remarks based on the performance of the methods for the 
preceding experiments.

2. Model problem and splitting techniques

In this section, we first introduce the model problem under consideration and then provide a brief description of two partitioning 
strategies for the elliptic operator. Following the method of lines, the partitioned problem is first discretized in space. Next, suitable 
splitting time integrators are introduced in order to integrate the resulting initial value problem. As we will see, each internal stage 
of the fully discrete problem consists of a set of uncoupled linear systems, whose solution can be parallelized in space.

2.1. Model problem and partitioning strategies

Let us consider the following reaction-diffusion model problem
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Fig. 1. The overlapping domain decomposition formed by two subdomains as the union of 𝑞 vertical strips. 

⎧⎪⎨⎪⎩
𝑢𝑡 =𝐿𝑢+ 𝑟(𝑢) + 𝑓, in Ω× (0, 𝑇 ],
∇𝑢 ⋅ 𝐧 = 0, on Γ × (0, 𝑇 ],
𝑢 = 𝑢0, in Ω× {0},

(1)

where Ω ⊂ℝ2 is a bounded connected spatial domain, with boundary Γ = 𝜕Ω. 𝐿 and 𝑟(⋅) denote the diffusive and reactive operators, 
respectively, the latter being a possibly nonlinear function. We denote by 𝐧 the outward unit normal on Γ. Let us assume sufficient 
smoothness on 𝑢 = 𝑢(𝐱, 𝑡), 𝑟(𝑢), 𝑓 = 𝑓 (𝐱, 𝑡), and 𝑢0 = 𝑢0(𝐱), and suitable compatibility conditions. The diffusive operator considered 
hereafter has the form 𝐿𝑢 =∇ ⋅ (𝐷∇𝑢), where 𝐷 is a 2 × 2 symmetric positive definite diffusion tensor.

In the sequel, we adopt a classical approach to split the elliptic operator by separately treating the diffusion and reaction terms. 
The former requires an implicit treatment, whereas the latter will be treated explicitly. In addition, let us consider a suitable partition 
of the diffusion operator into 𝑀 terms, i.e., 𝐿 =𝐿1 +⋯+𝐿𝑀 . In this work, we set 𝑀 = 2, although the extension to a larger number 
of split terms is straightforward. We propose two partitioning strategies that allow for space parallelization, namely, dimensional and 
domain decomposition splittings.

On the one hand, dimensional splitting is a classical partitioning technique that decomposes the diffusive operator into 𝑀 = 𝑑

terms, 𝑑 being the dimension of the spatial domain. In this case, each suboperator involves partial derivatives with respect to just 
one of the spatial variables. (cf. [8]). This strategy has certain evident drawbacks. If the operator contains mixed partial derivatives, 
dimensional splitting cannot be applied in a straightforward way. Moreover, complex spatial domains and spatial discretizations 
can also hinder the implementation of this partitioning technique. Assuming that 𝐷 = diag(𝑑1, 𝑑2), the dimensional splitting of the 
diffusive operator 𝐿 for a two-dimensional problem can be defined as

𝐿1𝑢 = (𝑑1𝑢𝑥)𝑥 and 𝐿2𝑢 = (𝑑2𝑢𝑦)𝑦.

On the other hand, domain decomposition splitting stands out as a more versatile type of splitting. A first version of this technique 
was introduced in [19], and later analyzed in [20], by Vabishchevich. Henceforth, we define a simple decomposition of the spatial 
domain into two overlapping subdomains, following the ideas described in [9]. For that purpose, let us consider two overlapping 
subdomains, {Ω1,Ω2}, that cover the spatial domain Ω. In particular, each subdomain consists of the union of 𝑞 disjoint vertical 
strips, as shown in Fig. 1. Note that every strip from a certain subdomain overlaps only with its neighboring strips, which belong to 
the other subdomain. The overlapping size is assumed to be equal for all the overlapping regions, and it will be denoted by 𝛽 in the 
sequel. Further details on how to construct similar domain decompositions are described in [21].

Next, let us define a family of partition of unity functions, {𝜌1(𝐱), 𝜌2(𝐱)}, subordinate to the aforementioned domain decomposition. 
Both functions should belong to ∞(Ω) and satisfy the following conditions (see, e.g., [9]): supp(𝜌𝑗 (𝐱)) ⊆ Ω𝑗 , for every 𝑗 ∈ {1,2}; 
0 ≤ 𝜌𝑗 (𝐱) ≤ 1, for every 𝑗 ∈ {1,2} and 𝐱 ∈ Ω; and 𝜌1(𝐱) + 𝜌2(𝐱) = 1, for every 𝐱 ∈ Ω. As noted in [9], for numerical purposes, 𝜌𝑗 (𝑥)
need not be ∞(Ω) functions, but just continuous and piecewise smooth functions. For the domain decomposition defined in Fig. 1, 
the following functions satisfy such conditions

𝜌1(𝐱) =
⎧⎪⎨⎪⎩
0, in Ω ⧵Ω1,

ℎ(𝑥), in Ω1 ∩Ω2,

1, in Ω1 ⧵Ω2,

and 𝜌2(𝐱) = 1− 𝜌1(𝐱), where 0 ≤ ℎ(𝑥) ≤ 1 is defined through suitable translations of the function (1 ± cos(𝜋𝑥∕𝛽))∕2. Similar partition 
of unity functions will be considered in the numerical experiments below.

Once the partition of unity functions are defined, we consider the following suboperators for the splitting of the diffusive term

𝐿𝑗𝑢 =∇ ⋅ (𝜌𝑗𝐷∇𝑢), 𝑗 ∈ {1,2}.
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2.2. Method of lines and splitting time integrators

Let us consider the reaction-diffusion problem (1), together with a splitting of the diffusion term, 𝐿 =𝐿1 +𝐿2, based on one of the 
partitioning strategies introduced in Subsection 2.1. We first define a suitable mesh Ωℎ covering the spatial domain Ω, where ℎ refers 
to the maximal grid spacing. Then, the spatial semidiscretization of such a problem (using, e.g., finite differences, finite elements, or 
finite volumes) yields an initial value problem of the form{

𝑈 ′(𝑡) = (𝐴1 +𝐴2)𝑈 (𝑡) +𝑅(𝑈 (𝑡)) + 𝐹 (𝑡), 𝑡 ∈ (0, 𝑇 ],
𝑈 (0) = 𝑢0,

where 𝑈 (𝑡) denotes the semidiscrete approximation to 𝑢(𝐱, 𝑡), 𝐴1, 𝐴2, and 𝑅(⋅) are semidiscrete analogues of the operators 𝐿1, 𝐿2, 
and 𝑟(⋅), respectively, and 𝐹 (𝑡) comprises the contribution of the boundary conditions and the source term 𝑓 (𝐱, 𝑡). Finally,  denotes 
a suitable projection or restriction operator acting on the initial condition.

We now recall certain time-splitting methods suitable for the integration of partitioned reaction-diffusion problems. For that 
purpose, we will consider first- and second-order schemes. Since the splitting of the diffusive operator consists of two terms, we will 
restrict the description of the schemes to 𝑀 = 2.

Let us first divide the time interval [0, 𝑇 ] into 𝑁 subintervals [𝑡𝑛, 𝑡𝑛+1], with stepsize 𝜏 = 𝑡𝑛+1 − 𝑡𝑛 = 𝑇 ∕𝑁 , for 𝑛 = 0,1,… ,𝑁 − 1. 
We further define the fully discrete solution 𝑈𝑛 ≈𝑈 (𝑡𝑛) and source term 𝐹𝑛 = 𝐹 (𝑡𝑛) at times 𝑡𝑛 = 𝑛𝜏 , for 𝑛 = 0,1,… ,𝑁 .

The fractional implicit Euler (FIE) method, also known as the locally one-dimensional (LOD) backward Euler scheme (see [8]), is 
a classical time-splitting method based on the Lie operator splitting. This method integrates each resulting subproblem by the implicit 
Euler scheme. Remarkably, it is 𝐿-stable and first-order convergent (see [22] for further details). In this work, we use a variant of the 
method that considers an explicit contribution of the reactive term and preserves its first-order consistency. The scheme is defined as 
follows: given 𝑈0 = 𝑢0, for 𝑛 ∈ {0,1,… ,𝑁 − 1},

⎧⎪⎨⎪⎩
(𝐼 − 𝜏𝐴1)𝑈𝑛,1 =𝑈𝑛 + 𝜏𝐹𝑛+1,

(𝐼 − 𝜏𝐴2)𝑈𝑛,2 =𝑈𝑛,1,

𝑈𝑛+1 =𝑈𝑛,2 + 𝜏𝑅(𝑈𝑛,2).
(2)

In order to introduce the stability function of splitting time integrators, it is usual to consider the partitioned Dahlquist test problem{
𝑦′(𝑡) = (𝜆0 + 𝜆1 +…𝜆𝑀 ) 𝑦(𝑡), 𝑡 ∈ (0, 𝑇 ],
𝑦(0) = 𝑦0,

(3)

where 𝜆𝑖 ∈ℂ, for 𝑖 ∈ {0,1,… ,𝑀}. In particular, 𝜆0 represents the reactive term, whereas 𝜆𝑗 , with 𝑗 ≥ 1, are related to the diffusive 
suboperators. Then, considering 𝑀 = 2 and denoting 𝑧𝑗 = 𝜏𝜆𝑗 , the application of scheme (2) to problem (3) yields the stability 
function

𝑅FIE(𝑧0, 𝑧1, 𝑧2) =
1 + 𝑧0

(1 − 𝑧1)(1 − 𝑧2)
. (4)

A slightly modified version of the previous scheme is also considered: the Douglas-Rachford (DR) method, first introduced in [23] 
for the cases 𝑀 = 2 and 𝑀 = 3, and subsequently generalized to an arbitrary number of split terms in [24] and [25]. The method is 
defined as follows: given 𝑈0 = 𝑢0, for 𝑛 ∈ {0,1,… ,𝑁 − 1},

⎧⎪⎨⎪⎩
(𝐼 − 𝜏𝐴1)𝑈𝑛,1 = (𝐼 + 𝜏2𝐴1𝐴2)𝑈𝑛 + 𝜏𝐹𝑛+1,

(𝐼 − 𝜏𝐴2)𝑈𝑛,2 =𝑈𝑛,1,

𝑈𝑛+1 =𝑈𝑛,2 + 𝜏𝑅(𝑈𝑛,2).
(5)

In this case, the diffusive part of the scheme is no longer 𝐿-stable, although it is still 𝐴-stable and first-order convergent (cf. [26]). The 
underlying benefit of this scheme is that, even though both FIE and DR schemes approximate the implicit Euler method, the former 
has first-order splitting error, whereas the latter has second-order splitting error (cf. [27]). Thus, the diffusive part is approximated 
more accurately using the DR method, although its stability properties are worse. Finally, the stability function of scheme (5) is given 
by

𝑅DR(𝑧0, 𝑧1, 𝑧2) =
(1 + 𝑧0)(1 + 𝑧1 𝑧2)
(1 − 𝑧1)(1 − 𝑧2) 

. (6)

For the sake of completeness, we also consider two second-order splitting time integrators, namely, the modified Douglas (MD) 
method and the linearly implicit Peaceman-Rachford (LIPR) method. The former scheme was initially presented in [28], and later 
analyzed for reaction-diffusion problems in [29]. The MD method is defined as follows: given 𝑈0 = 𝑢0, for 𝑛 ∈ {0,1,… ,𝑁 − 1},

⎧⎪⎪⎨⎪⎪⎩

𝑈𝑛,1 = (𝐼 + 𝜏𝐴)𝑈𝑛 + 𝜏𝑅(𝑈𝑛) + 𝜏𝐹𝑛,

𝑈𝑛,2 =𝑈𝑛,1 +
𝜏

2 (𝑅(𝑈𝑛,1) −𝑅(𝑈𝑛)),

(𝐼 − 𝜏

2 𝐴1)𝑈𝑛,3 =𝑈𝑛,2 −
𝜏

2 𝐴1𝑈𝑛 +
𝜏

2 (𝐹𝑛+1 − 𝐹𝑛),

(𝐼 − 𝜏

2 𝐴2)𝑈𝑛+1 =𝑈𝑛,3 −
𝜏

2 𝐴2𝑈𝑛.

(7)
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It is based on the Douglas method (cf. [28]), but considers a second-order explicit treatment for the reactive term by means of the 
explicit trapezoidal rule. As shown in [29], the method is second-order convergent. If no reactive term is considered (i.e., 𝑅(⋅) ≡ 0), 
the scheme is 𝐴-stable (see [8] for further details). However, when the reactive term is non-zero, only 𝐴0-stability is guaranteed under 
certain restrictions on 𝑅(⋅) (as detailed in [29]). It is worth noting that this scheme belongs to the family of stabilizing correction 
methods (see, for instance, [30]), whose main advantage is that steady state solutions are also stationary points of the methods. The 
stability function of the MD method is given by the expression

𝑅MD(𝑧0, 𝑧1, 𝑧2) = 1 +
(1 + 𝑧0∕2)(𝑧0 + 𝑧1 + 𝑧2)
(1 − 𝑧1∕2)(1 − 𝑧2∕2) 

. (8)

Finally, let us consider the second-order time-splitting integrator given by the linearly implicit Peaceman-Rachford (LIPR) method. 
This scheme is based on the well-known Peaceman-Rachford method, first introduced in [31], and belongs to a family of time 
integrators called linearly implicit fractional step methods (cf. [32]). For the implementation of the scheme for reaction-diffusion 
problems, we refer the reader to [33]. Recall that the original Peaceman-Rachford method is 𝐴-stable, although its linearly implicit 
variant no longer satisfies such a property. Considering two stiff split terms and a reactive term, the LIPR method is defined as follows: 
given 𝑈0 = 𝑢0, for 𝑛 ∈ {0,1,… ,𝑁 − 1},{

(𝐼 − 𝜏

2 𝐴2)𝑈𝑛,1 = (𝐼 + 𝜏

2 𝐴1)𝑈𝑛 +
𝜏

2 𝑅(𝑈𝑛) +
𝜏

2 𝐹𝑛,

(𝐼 − 𝜏

2 𝐴1)𝑈𝑛+1 = (𝐼 + 𝜏

2 𝐴2)𝑈𝑛,1 −
𝜏

2 𝑅(𝑈𝑛) + 𝜏𝑅(𝑈𝑛,1) +
𝜏

2 𝐹𝑛+1.
(9)

The scheme is second-order consistent (see [32] for further details) and can be generalized to 𝑀 arbitrary split terms preserving its 
second-order consistency. The stability function of this method is given by

𝑅LIPR(𝑧0, 𝑧1, 𝑧2) =
(1 + 𝑧1∕2)(1 + 𝑧2∕2) + 𝑧0(1 + 𝑧0∕2 + 𝑧1∕2 + 𝑧2∕2)

(1 − 𝑧1∕2)(1 − 𝑧2∕2) 
. (10)

The numerical solution of semilinear reaction-diffusion problems on fine meshes using linearly implicit methods, such as (2), 
(5), (7), and (9), usually requires solving numerous large linear systems. The proposed partitioning techniques permit to reduce such 
systems to a set of uncoupled linear subsystems per internal stage. For dimensional splitting, each internal stage consists of essentially 
one-dimensional uncoupled subsystems to be solved. If domain decomposition splittings are considered, since each function 𝜌𝑗 van

ishes outside subdomain Ω𝑗 , each internal stage now contains an independent subsystem for each disjoint vertical strip belonging to 
Ω𝑗 . If each subdomain consists of the union of 𝑞 vertical strips, parallelization in space can be implemented using up to 𝑞 processors.

At first glance, one could think that dimensional splitting offers a stronger parallelization power, since more independent subsys

tems are obtained. However, once the subsystems are solved, all the processors need to communicate among them before starting the 
solution of the next stage. This is not the case for domain decomposition splittings, since only data from the overlapping regions need 
to be communicated between no more than two processors. As a consequence, the overall process can be faster, even if a smaller 
number of calculation cores is involved.

3. The parareal algorithm

Since the 1960s, there has been a rapid and promising development of parallel-in-time integrators. In the current section, we 
describe a classical method of this kind, known as the parareal algorithm. First introduced in [3], it is a rather simple method that 
guarantees strong parallelization properties. In the last two decades, equivalent formulations of the algorithm have been derived (see, 
for instance, [34] and [35]).

Let us consider two different partitions of the time interval [0, 𝑇 ]. First, we uniformly divide it into 𝑁𝑐 sets of the form [𝑇𝑛, 𝑇𝑛+1], 
for 𝑛 ∈ {0,1,… ,𝑁𝑐 − 1}. We define a coarse time step Δ𝑇 = 𝑇 ∕𝑁𝑐 , and denote 𝑇𝑛 = 𝑛Δ𝑇 , for every 𝑛 ∈ {0,1,… ,𝑁𝑐}. Next, each 
set [𝑇𝑛, 𝑇𝑛+1] is uniformly partitioned into 𝑠 finer subintervals [𝑡𝑛𝑠+𝑗 , 𝑡𝑛𝑠+𝑗+1], for 𝑗 ∈ {0,1,… , 𝑠 − 1}. In this case, a fine time step 
𝛿𝑡 =Δ𝑇 ∕𝑠 = 𝑇 ∕(𝑠𝑁𝑐) is introduced.

In this framework, the parareal algorithm considers two time integrators, also known as coarse and fine propagators. While the 
former is inexpensive and inaccurate, the latter is expensive but accurate. In fact, the coarse and fine partitions of the time interval 
introduced above are the basis for the coarse and fine propagators, respectively. The underlying advantage of the algorithm is that 
the fine propagator can be computed in parallel.

Let Δ𝑇 (𝑇𝑛, 𝑇𝑛+1, 𝑣) denote the approximation at 𝑇𝑛+1, obtained after a single time step Δ𝑇 of the coarse propagator, considering 
the initial value 𝑣 at time 𝑇𝑛. Similarly, 𝛿𝑡(𝑡𝑛𝑠+𝑗 , 𝑡𝑛𝑠+𝑗+1, 𝑣) denotes the approximation at 𝑡𝑛𝑠+𝑗+1, obtained after a single time step 
𝛿𝑡 of the fine propagator, with initial value 𝑣 at 𝑡𝑛𝑠+𝑗 . Then, if we consider the following initial guess for the parareal algorithm,

𝑈0
𝑛+1 = Δ𝑇 (𝑇𝑛, 𝑇𝑛+1,𝑈0

𝑛
), 𝑛 ∈ {0,1,… ,𝑁𝑐 − 1},

where 𝑈0
0 = 𝑢0, the algorithm is defined as follows

𝑈𝑘+1
0 = 𝑢0,

𝑈𝑘+1
𝑛+1 = Δ𝑇 (𝑇𝑛, 𝑇𝑛+1,𝑈𝑘+1

𝑛
) + 𝑠

𝛿𝑡
(𝑇𝑛, 𝑇𝑛+1,𝑈𝑘

𝑛
) − Δ𝑇 (𝑇𝑛, 𝑇𝑛+1,𝑈𝑘

𝑛
),

(11)

for 𝑛 ∈ {0,1,… ,𝑁𝑐 − 1} and 𝑘 ∈ {0,1,2,… }. The term  𝑠
𝛿𝑡
(𝑇𝑛, 𝑇𝑛+1,𝑈𝑘

𝑛
) from (11) denotes the approximation 𝑈̃(𝑛+1)𝑠 computed by 

the recurrence relation
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𝑈̃𝑛𝑠+𝑗+1 = 𝛿𝑡(𝑡𝑛𝑠+𝑗 , 𝑡𝑛𝑠+𝑗+1, 𝑈̃𝑛𝑠+𝑗 ), 𝑗 ∈ {0,1,… , 𝑠− 1},

where 𝑈̃𝑛𝑠 = 𝑈𝑘
𝑛

. Note that 𝑈̃(𝑛+1)𝑠 can be computed independently for every 𝑛 ∈ {0,1,… ,𝑁𝑐 − 1}, since the initial values 𝑈̃𝑛𝑠 = 𝑈𝑘
𝑛

are known from the previous iteration. Therefore, the computation of  𝑠
𝛿𝑡
(𝑇𝑛, 𝑇𝑛+1,𝑈𝑘

𝑛
) can be implemented in parallel using up to 

𝑁𝑐 processors.

The breakthrough of this work is to consider the previously defined splitting time integrators as propagators of the parareal 
algorithm, in such a way that space-time parallel methods are obtained. It is worth noting that the only required iterations are those 
related to the time parallel process.

Among the properties of the parallel-in-time method, we highlight the fact that, even though it is defined as an iterative algorithm, 
convergence is guaranteed in a finite number of steps (cf. [36]). In fact, the algorithm needs at most 𝑁𝑐 iterations to converge to the 
fine approximation (i.e., the approximation computed sequentially by the fine propagator). However, in order to be competitive, a 
smaller number of iterations should be enough to find a good approximation. Concerning stability issues, the authors in [37] advise 
considering an 𝐿-stable coarse propagator in order to avoid instabilities of the parareal algorithm, especially when stiff problems are 
solved. For a deeper discussion on the stability properties of the algorithm, we refer the reader to [4].

To conclude this section, we will adapt the definition of the convergence factor, first presented in [5], to the case of considering 
a partitioned equation. For that purpose, let us consider again the partitioned Dahlquist test problem (3). In this framework, the 
convergence factor of the parareal algorithm is defined as

(𝑧0,… , 𝑧𝑀 , 𝑠) =
|𝑟(𝑧0∕𝑠,… , 𝑧𝑀∕𝑠)𝑠 −𝑅(𝑧0,… , 𝑧𝑀 )|

1 − |𝑅(𝑧0,… , 𝑧𝑀 )| , (12)

where 𝑅 and 𝑟 are the stability functions of the coarse and fine propagators, respectively. Then, if 𝑦𝐹
𝑛

denotes the approximation to 
the solution of problem (3) at 𝑡 = 𝑇𝑛 computed by the fine propagator, and 𝑦𝑘

𝑛
is the approximation obtained at the 𝑘-th iteration of 

the parareal algorithm at 𝑡 = 𝑇𝑛, the following bound holds (cf. [5])

sup
𝑛>0 

|𝑦𝐹
𝑛
− 𝑦𝑘

𝑛
| ≤ ((𝜆0Δ𝑇 ,… , 𝜆𝑀Δ𝑇 , 𝑠))𝑘 sup

𝑛>0 
|𝑦𝐹

𝑛
− 𝑦0

𝑛
|.

Thus, if (𝜆0Δ𝑇 ,… , 𝜆𝑀Δ𝑇 , 𝑠) < 1 is fulfilled, the parareal algorithm converges to the fine approximation at each iteration.

These results can be generalized to more complex problems as long as certain additional conditions are imposed. In particular, 
for matrix differential problems of the form{

𝑦′(𝑡) = (𝐴0 +𝐴1 +…+𝐴𝑀 )𝑦(𝑡), 𝑡 ∈ (0, 𝑇 ],
𝑦(0) = 𝑦0,

with 𝐴𝑖 ∈ℝ𝑚×𝑚, for 𝑖 ∈ {0,1,… ,𝑀}, if the set of matrices {𝐴0,𝐴1,… ,𝐴𝑀} is simultaneously diagonalizable, that is, if there exists 
an invertible matrix 𝑉 ∈ℝ𝑚×𝑚 such that 𝑉 −1𝐴𝑖𝑉 is a diagonal matrix, then it holds

sup
𝑛>0 

‖𝑉 𝑒𝑘
𝑛
‖∞ ≤

⎛⎜⎜⎝ max 
𝜆𝑖∈𝜎(𝐴𝑖) 

𝑖∈{0,1,…,𝑀}

(Δ𝑇𝜆0,… ,Δ𝑇𝜆𝑀, 𝑠)
⎞⎟⎟⎠
𝑘

sup
𝑛>0 

‖𝑉 𝑒0
𝑛
‖∞,

where 𝑒𝑘
𝑛
= 𝑦𝐹

𝑛
− 𝑦𝑘

𝑛
and 𝜎(𝐴𝑖) denotes the set of eigenvalues of the matrix 𝐴𝑖, for 𝑖 ∈ {0,1,… ,𝑀}.

We should remark that these results cannot be directly applied to reaction-diffusion problems with nonlinear reactive terms. Nev

ertheless, as suggested in [38], the qualitative behavior of the algorithm usually goes hand in hand with the theoretical convergence 
condition. The numerical experiments in Section 5 will confirm this claim.

4. Formulation of the space-time parallel solvers

In this section, we combine the parareal algorithm and the described splitting time integrators in order to obtain space-time 
parallel methods suitable for evolutionary problems. As explained before, the solvers proposed in this work consider the time-splitting 
integrators as the coarse and fine propagators of the parareal algorithm.

We choose the FIE scheme (2) as the coarse propagator for all the proposed solvers, due to its simplicity and inexpensiveness. 
Recall that (2) further applies an 𝐿-stable integration of the stiff diffusion term, thus representing a suitable choice that preserves 
the overall convergence of the parareal method (cf. [4] and [37]). Second-order splitting time integrators could also be considered 
as coarse propagators. However, if the diffusive part was solved by a second-order 𝐿-stable scheme, the computational cost would 
drastically increase, which would be counterproductive in terms of efficiency. Finally, the four aforementioned time-splitting methods 
are considered as fine propagators of the algorithm.

In summary, the following methods are proposed:

• the Parareal/FIE-FIE method: the parareal algorithm with the FIE scheme (2) as the coarse and fine propagators;

• the Parareal/FIE-DR method: the parareal algorithm with the FIE scheme (2) as the coarse propagator and the DR method (5) as 
the fine propagator;

• the Parareal/FIE-MD method: the parareal algorithm with the FIE scheme (2) as the coarse propagator and the MD method (7) 
as the fine propagator; and
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• the Parareal/FIE-LIPR method: the parareal algorithm with the FIE scheme (2) as the coarse propagator and the LIPR method 
(9) as the fine propagator.

Before numerically testing the performance of the proposed solvers, we formulate a general convergence result that applies to 
diffusion problems.

Proposition 1. Let FIE(𝑧0, 𝑧1, 𝑧2, 𝑠) denote the convergence factor (12) of the Parareal/FIE-FIE method for 𝑀 = 2. Analogously, let DR, 
MD, and LIPR denote the convergence factors of the Parareal/FIE-DR, Parareal/FIE-MD, and Parareal/FIE-LIPR methods, respectively. 
Then, the bounds

FIE(0, 𝑧1, 𝑧2, 𝑠) ≤ 1∕3, DR(0, 𝑧1, 𝑧2, 𝑠) < 1,

MD(0, 𝑧1, 𝑧2, 𝑠) < 1, LIPR(0, 𝑧1, 𝑧2, 𝑠) < 1

hold for every (𝑧1, 𝑧2) ∈ (−∞,0)2 and 𝑠≥ 2 even.

Proof. The convergence factors for each method are obtained by substituting the amplification functions (4), (6), (8), and (10), 
respectively, into formula (12). The proof for the results corresponding to the first-order methods is thoroughly detailed in [39]. To 
establish the results for the second-order methods, it suffices to extend the arguments used for the Parareal/FIE-DR method.

When an explicit term is included, the convergence of the parareal algorithm becomes sensitive to the choice of coarse and fine 
time steps. Therefore, an alternative approach is adopted to identify suitable time step combinations that ensure convergence of the 
proposed solvers. This strategy is analyzed below in the context of several well-known reaction-diffusion problems.

5. Numerical experiments

This section is devoted to the numerical illustration of the newly proposed space-time parallel methods when applied to the 
solution of nonlinear reaction-diffusion problems. Both dimensional and domain decomposition splittings will be studied.

In the sequel, we consider three different models governing chemical reactions with spatial diffusion, which, in the presence of 
diffusion-driven instabilities (also known as Turing instabilities), give rise to the biological phenomenon of pattern formation (cf. 
[10,40]). In particular, we deal with the following reaction-diffusion model problem

⎧⎪⎪⎨⎪⎪⎩

𝑢𝑡 = 𝑑1Δ𝑢+ 𝑟1(𝑢, 𝑣) + 𝑓1, in Ω× (0, 𝑇 ],

𝑣𝑡 = 𝑑2Δ𝑣+ 𝑟2(𝑢, 𝑣) + 𝑓2, in Ω× (0, 𝑇 ],

∇𝑢 ⋅ 𝐧 = 0, ∇𝑣 ⋅ 𝐧 = 0, on Γ × (0, 𝑇 ],

𝑢 = 𝑢0, 𝑣 = 𝑣0, in Ω× {0},

(13)

where two chemical species 𝑢 = 𝑢(𝐱, 𝑡) and 𝑣 = 𝑣(𝐱, 𝑡) (called morphogens in the original work [10] by Turing) are involved. For each 
particular model, the diffusion coefficients 𝑑1 and 𝑑2, the nonlinear reaction kinetics functions 𝑟1(𝑢, 𝑣) and 𝑟2(𝑢, 𝑣), and the source 
terms 𝑓1 = 𝑓1(𝐱, 𝑡) and 𝑓2 = 𝑓2(𝐱, 𝑡) will be specified. Note that, in general, 𝑓1 and 𝑓2 will be null, since the chemical processes under 
consideration do not usually involve an external addition or removal of concentration of species. Taking into account the geometry 
of the spatial domains, the first two models, due to Gray-Scott and Thomas, will be discretized in space by using second-order finite 
differences, while the third one, due to Schnakenberg, will be discretized by means of piecewise linear finite elements.

Together with the evolution of the error for an increasing number of iterations, we also introduce a rather heuristic procedure that 
will help us analyze the convergence of the methods. Taking into account that the elliptic operator is partitioned into three terms, 
the first one corresponding to the reactive part and the last two to the diffusive part, we will consider 𝑀 = 2 in the expression (12) 
for the convergence factor. In this framework, the convergence region is described as the set of every (𝑧0, 𝑧1, 𝑧2) ∈ ℂ3 that satisfies 
the condition (𝑧0, 𝑧1, 𝑧2) < 1. In our case, let us denote by 𝜆1 and 𝜆2 the eigenvalues of the two diffusive terms that generate the 
smallest convergence region if 𝑧1 = 𝜆1Δ𝑇 and 𝑧2 = 𝜆2Δ𝑇 are considered. Then, for those values of 𝑧1 and 𝑧2, a convergence region 
with respect to 𝑧0 can be defined as the set of all 𝑧0 ∈ ℂ that fulfills the bound (𝑧0, 𝑧1, 𝑧2) < 1. In the sequel, when we refer to the 
convergence region, it will mean this one, that is defined in ℂ and can be visually analyzed. In order to estimate the value of 𝑧0 for 
each reaction-diffusion problem, we take a similar approach to that presented in [41], which is based on the ideas introduced in [42] 
and [43]. The key point is to obtain the Jacobian of the reaction function 𝑟(𝑢, 𝑣) = (𝑟1(𝑢, 𝑣), 𝑟2(𝑢, 𝑣)), to evaluate it at the steady state 
solution for 𝑢 and 𝑣, and to compute its eigenvalues. Such eigenvalues, denoted by 𝜆0,1 and 𝜆0,2, are an estimation of the spectrum of 
the Jacobian of 𝑟(𝑢, 𝑣). If 𝑧0,1 = 𝜆0,1Δ𝑇 and 𝑧0,2 = 𝜆0,2Δ𝑇 are inside the convergence region, we can conclude, at least heuristically, 
that the methods will converge. Although not theoretically proven, in practice this criterion works as a quite good estimator for the 
convergence behavior of the presented methods, as we will see in the following subsections.

5.1. Gray-Scott model

Let us consider a reaction-diffusion problem based on the Gray-Scott model with known exact solution. The Gray-Scott model 
(also called cubic autocatalytic model) was described in [44] as the two reaction scheme 𝐴 + 2𝐵 → 3𝐵 and 𝐵 → 𝐶 , where 𝐵 is a 
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Table 1
Global errors for the 𝑢-component obtained with schemes (2), (5), (7) 
and (9), considering dimensional splitting and a set of increasing values 
for 𝑁 .

𝑁 = 25 𝑁 = 50 𝑁 = 100 𝑁 = 200
FIE 2.3874e-01 1.4272e-01 7.9667e-02 4.2383e-02

DR 1.1008e-01 4.8758e-02 2.2751e-02 1.1003e-02

MD 1.6684e-02 3.9796e-03 9.6877e-04 2.3895e-04

LIPR 9.8714e-03 2.2934e-03 5.5673e-04 1.3739e-04

Table 2
Global errors for the 𝑢-component obtained with schemes (2), (5), (7) 
and (9), considering domain decomposition splitting (𝑞 = 2 and 𝛽 = 1∕8) 
and a set of increasing values for 𝑁 .

𝑁 = 25 𝑁 = 50 𝑁 = 100 𝑁 = 200
FIE 2.1868e-01 1.3281e-01 7.8068e-02 4.3634e-02

DR 1.0032e-01 4.4609e-02 2.1613e-02 1.0732e-02

MD 1.8707e-02 4.4801e-03 1.1134e-03 2.7639e-04

LIPR 5.8203e-02 1.3719e-02 3.3448e-03 8.2361e-04

catalyst and 𝐶 some inert product. Based on the mass-balance equations and considering diffusion, the model has the form (13) with

𝑟1(𝑢, 𝑣) = 𝜃 (1 − 𝑢) − 𝑢𝑣2, 𝑟2(𝑢, 𝑣) = 𝑢𝑣2 − (𝜃 + 𝜂) 𝑣. (14)

In this experiment, we consider the spatial domain Ω = (−1,1) × (−1,1) and the final time 𝑇 = 2. The parameters are set equal to 
𝑑1 = 𝑑2 = 𝜃 = 1 and 𝜂 = 0. The source terms and initial conditions are such that the exact solution of the problem (13)-(14) is

𝑢(𝑥, 𝑦, 𝑡) = cos(2𝜋𝑥) cos(𝜋𝑦) cos(2𝑡),

𝑣(𝑥, 𝑦, 𝑡) = cos(𝜋𝑥) cos(2𝜋𝑦) cos(2𝑡).

This same experiment was performed in [14] using second-order IMEX methods.

Let us first analyze the convergence behavior of the splitting time integrators introduced in Subsection 2.2. Tables 1 and 2 show the 
evolution of the global errors for the 𝑢-component when considering the spatial and time discretization parameters ℎ = 𝜏 = 2∕𝑁 , for a 
set of increasing values of 𝑁 . As expected, both FIE and DR methods behave like first-order schemes. Essentially, the difference in the 
size of the errors is due to the size of the splitting error for the diffusion part of both methods. While the FIE method shows a first-order 
splitting error with respect to the first-order IMEX scheme, the DR scheme has a second-order splitting error. As a consequence, global 
errors are bigger for the FIE scheme for both partitioning techniques. A detailed description of splitting errors for first- and second

order methods, as well as some techniques to improve the accuracy of splitting methods when considering ADI and DD techniques, 
can be found in [45] and [21], respectively. Note that, if we modify the FIE method in order to reduce its splitting error following 
the strategy proposed in [45], we obtain the DR scheme. Later in this section (cf. Fig. 10) we will see the implications of the splitting 
errors and the parallel capabilities on the CPU time. On the other hand, both MD and LIPR schemes show a second-order convergent 
behavior. Depending on the scheme, either dimensional or domain decomposition splittings can yield more accurate approximations. 
Therefore, we will focus on the parallelization capabilities and the geometry of the spatial domain in order to choose one technique 
or the other.

Fig. 2 shows an accurate approximation of problem (13)-(14) computed by the MD method with dimensional splitting, considering 
ℎ = 0.01 and a time step 𝜏 = 2.5 ⋅ 10−3. The results are consistent with those obtained in [14].

Next, we analyze the convergence behavior of the proposed iterative methods applied to the model problem (13)-(14) with 𝑇 = 1. 
In this case, we consider the discretization parameters ℎ = 0.025, Δ𝑇 = 0.05, and 𝛿𝑡 = 2.5 ⋅10−3. Two vertical strips and an overlapping 
size 𝛽 = 1∕8 are set for the decomposition of the spatial domain. In Fig. 3, we represent the convergence region of the Parareal/FIE-FIE 
for the reactive part of the problem. The red diamond in this plot represents the eigenvalue of the reactive part of problem (13)-(14) 
multiplied by Δ𝑇 (in this case, there is a single eigenvalue 𝜆0,1 = 𝜆0,2 = −1 with multiplicity 2). Note that 𝑧0,1 = 𝑧0,2 = −0.05 is real and 
negative, and it is located inside the convergence region. Even though we only show the convergence region for the Parareal/FIE-FIE 
method, the rest of the proposed solvers have similar regions, and the concluding qualitative results are the same.

Fig. 4 shows the evolution of the errors for the 𝑢-component with respect to the fine approximation. The errors of all four methods, 
considering both dimensional and domain decomposition splittings, are shown for an increasing number of iterations. Remarkably, 
for this model problem, we observe a faster convergence when dimensional splitting is used. Moreover, second-order methods show a 
slightly larger error with respect to the fine approximation. It must be noted, however, that the fine approximation of these methods 
is significantly more accurate than that of first-order schemes. Therefore, it seems to be preferable to choose second-order methods 
since, when compared with first-order solvers, the number of iterations to reach a certain tolerance is similar, but the corresponding 
approximations are more accurate.

In addition, space-time parallelization becomes particularly advantageous when dealing with large time intervals. In such cases, 
explicit methods are generally impractical due to the prohibitively large number of time steps required, and parallelization in time 
becomes crucial. In order to show the performance of the proposed space-time parallel solvers in this setting, we consider the Gray
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Fig. 2. Approximation of the 𝑢-component for the Gray-Scott problem at 𝑡 = 1 computed by the MD method, considering dimensional splitting with ℎ = 0.01 and 
𝜏 = 2.5 ⋅ 10−3 . (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Fig. 3. Convergence region of the Parareal/FIE-FIE method and scaled eigenvalue of the reactive part (red diamond) for the Gray-Scott model, for ℎ= 0.025, Δ𝑇 = 0.05
and 𝛿𝑡 = 2.5 ⋅ 10−3 .

Fig. 4. Evolution of the error for the 𝑢-component of the Parareal/FIE-FIE, Parareal/FIE-DR, Parareal/FIE-MD, and Parareal/FIE-LIPR methods with respect to the 
fine approximation for the Gray-Scott problem, considering (a) dimensional splitting or (b) domain decomposition splitting, and choosing ℎ = 0.025, Δ𝑇 = 0.05 and 
𝛿𝑡 = 2.5 ⋅ 10−3 .

Scott problem with an extended final time 𝑇 = 200, and we analyze the evolution of the error for an increasing number of iterations. 
The results, shown in Fig. 5, correspond to the four solvers under consideration with both partitioning strategies. A comparison 
between Figs. 4 and 5 reveals a closely similar convergence behavior, which indicates that increasing the time domain does not affect 
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Fig. 5. Evolution of the error for the 𝑢-component of the Parareal/FIE-FIE, Parareal/FIE-DR, Parareal/FIE-MD, and Parareal/FIE-LIPR methods with respect to the 
fine approximation for the Gray-Scott problem, considering (a) dimensional splitting or (b) domain decomposition splitting, and choosing ℎ = 0.025, Δ𝑇 = 0.05, 
𝛿𝑡 = 2.5 ⋅ 10−3 and 𝑇 = 200.

the convergence of the proposed algorithms. Consequently, given that larger time intervals allow for enhanced parallelization, the 
solvers presented here constitute a highly effective option for problems with a large final time 𝑇 .

Next, in order to discuss the scalability properties of the proposed methods and compare them with their sequential counterparts, 
we perform several scalability tests. We set ℎ = 0.025, Δ𝑇 = 1∕32 and 𝛿𝑡 = 1∕640, so that 𝑠 = 20. Two and three iterations are 
computed, respectively, for the first- and second-order solvers, thus obtaining global errors with a similar order of magnitude. In this 
experiment, we specially focus on the speedup obtained from the parallelization of the coarse propagator, since the classical version 
of the parareal algorithm only considers parallelization of the fine propagator.

In this framework, we assign 2, 4, or 8 processors for the spatial parallelization of the sequential coarse propagator. The computa

tions required for the fine propagator are parallelized in space and time as follows. Let 𝑗 ∈ {2,4,8,16,32,64} denote the total number 
of processors under consideration. For each value of 𝑗, we will consider 𝑗∕2 large time slots for the time parallelization of the fine 
propagator. Then, inside each time slot, two processors will be used for the spatial parallelization. For instance, if 16 processors are 
available, 8 large time slots will be considered for the time parallelization (each one with length 𝑇 ∕8), and two processors will be 
assigned to each of them in order to perform the spatial parallelization.

In addition, we also compare both partitioning strategies. In the case of domain decomposition splittings, we define two different 
settings, each corresponding to one of the propagators. In particular, for the coarse propagator, we consider 𝑞 = 2, 𝑞 = 4 or 𝑞 = 8
strips, and an overlapping size 𝛽 = 1∕32, while, for the fine propagator, we choose 𝑞 = 2 strips and 𝛽 = 1∕16.

On the other hand, for the sequential counterparts of the proposed methods, we consider the first-order IMEX-𝜃 method (cf. [46]), 
with 𝜃 = 1, and the second-order IMEX Runge-Kutta method proposed in [8, section IV.4.3]. This latter scheme results from the 
combination of the implicit and explicit trapezoidal rules, and is given by{(

𝐼 − 𝜏

2 𝐴
)
𝑈𝑛,1 =𝑈𝑛 + 𝜏𝑅(𝑈𝑛) +

𝜏

2 (𝐴𝑈𝑛 + 𝐹 (𝑡𝑛) + 𝐹 (𝑡𝑛+1)),

𝑈𝑛+1 =𝑈𝑛 +
𝜏

2 (𝐴(𝑈𝑛 +𝑈𝑛,1) +𝑅(𝑈𝑛) +𝑅(𝑈𝑛,1) + 𝐹 (𝑡𝑛) + 𝐹 (𝑡𝑛+1)),
(15)

for 𝑛 ∈ {0,1,… ,𝑁 −1}. This choice is based on the stability and convergence properties of the splitting time integrators under study. 
Although more sophisticated solvers could be considered (see, e.g., [47]), they would be more expensive in terms of computational 
cost.

In this framework, we recall the definition of the speedup as

𝑆(𝑞) =
𝑇𝑠

𝑇𝑝(𝑞)
,

where 𝑇𝑠 is the runtime for a sequential integration of the problem at hand, while 𝑇𝑝(𝑞) denotes the runtime for its parallel solution 
using 𝑞 calculation cores. The computations were performed on a shared-memory machine with 256 GB of RAM and 192 AMD CPU 
Epyc7513 2.6 GHz processors, hosted by CESAR (Supercomputing Center of Aragón, Spain).

Figs. 6-9 show the CPU runtime (in seconds) and the corresponding speedup for an increasing number of processors. Overall, at 
most eight calculation cores suffice to outperform the sequential implementation in all the cases. In addition, dimensional splitting 
seems to be faster than domain decomposition splitting, since the former strategy yields tridiagonal systems, while pentadiagonal 
systems are obtained with the latter. Note that considering an increasing number of processors 𝑞 ∈ {2,4,8} for the coarse solver 
permits to reduce the total runtime and to increase the speedup of the method. This is a key advantage of the new proposal as 
compared with the classical parareal algorithm, which restricts the time parallelization to the fine propagator. Observe that the 
first-order solvers perform faster than the second-order ones, due to the fact that an extra iteration is considered for the latter. As a 
result, we can conclude that, if a large number of processors is available, the new algorithms show very good scalability properties 
for problems with high computational demands.
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Fig. 6. Scalability results for the Parareal/FIE-FIE method applied to the Gray-Scott model for both dimensional (Dim) and domain decomposition (DD) splittings, 
with ℎ = 0.025, Δ𝑇 = 1∕32, and 𝛿𝑡= 1∕640. The IMEX-𝜃 method, with 𝜃 = 1, is considered as the sequential integrator.

Fig. 7. Scalability results for the Parareal/FIE-DR method applied to the Gray-Scott model for both dimensional (Dim) and domain decomposition (DD) splittings, 
with ℎ = 0.025, Δ𝑇 = 1∕32, and 𝛿𝑡= 1∕640. The IMEX-𝜃 method, with 𝜃 = 1, is considered as the sequential integrator.

Fig. 8. Scalability results for the Parareal/FIE-MD method applied to the Gray-Scott model for both dimensional (Dim) and domain decomposition (DD) splittings, 
with ℎ = 0.025, Δ𝑇 = 1∕32, and 𝛿𝑡= 1∕640. The IMEX Runge-Kutta method (15) is considered as the sequential integrator.

Finally, we illustrate the computational savings provided by the combined parareal splitting solvers with respect to splitting 
methods without parareal and to classical unsplit IMEX methods. More specifically, we show the CPU runtime required to achieve 
a prescribed error tolerance for the Parareal/FIE-FIE, the Parareal/FIE-DR, the FIE, the DR, and the IMEX-𝜃 methods, with 𝜃 = 1. 
First, we discuss whether the partitioning techniques improve the IMEX-𝜃 method, since the former can be parallelized at the cost of 
assuming a splitting error. For that purpose, we fix the spatial discretization parameter to ℎ = 0.02, and implement the aforementioned 
methods for an increasing number of time steps, ensuring that a prescribed accuracy is reached. Dimensional splitting is considered as 
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Fig. 9. Scalability results for the Parareal/FIE-LIPR method applied to the Gray-Scott model for both dimensional (Dim) and domain decomposition (DD) splittings, 
with ℎ = 0.025, Δ𝑇 = 1∕32, and 𝛿𝑡= 1∕640. The IMEX Runge-Kutta method (15) is considered as the sequential integrator.

Fig. 10. CPU runtime for certain error tolerances performed by the Parareal/FIE-FIE, the Parareal/FIE-DR, the FIE, the DR, and the IMEX-1 for fixed ℎ = 0.02 and 
applied to the Gray-Scott model.

the partitioning strategy. Fig. 10 shows the results of the described analysis. As expected, due to the smaller size of its splitting error, 
the DR method displays similar errors for lower runtimes than the FIE method, and both of them outperform the IMEX-𝜃 method, 
which is shown to be the most time-consuming scheme. A similar behavior can also be observed when comparing the Parareal/FIE-DR 
with the Parareal/FIE-FIE method, and both of them with the IMEX-𝜃 method. Remarkably, the combined parareal splitting solvers 
are the fastest methods, and even the Parareal/FIE-FIE scheme outperforms the DR method. Thus, we conclude that space-time 
parallelization can make a difference in the search for faster computations for complex problems demanding relatively fine spatial 
and temporal meshes.

5.2. Thomas model

In this subsection, we consider a Turing pattern model governing the reactions between oxygen and urid acid. It is known as the 
Thomas model and it was first introduced in [48] to describe activator-substrate kinetics with uncompetitive inhibition mechanisms. 
The model considers null source terms, while the nonlinear reactive terms are given by

𝑟1(𝑢, 𝑣) = 𝛾

(
𝑎− 𝑢− 𝜌𝑢𝑣 

1 + 𝑢+𝐾𝑢2

)
, (16)

𝑟2(𝑢, 𝑣) = 𝛾

(
𝛼𝑏− 𝛼𝑣− 𝜌𝑢𝑣 

1 + 𝑢+𝐾𝑢2

)
. (17)

In the sequel, we perform an experiment proposed by Murray in [11], considering the spatial domain Ω = (−2,2) × (−2,2) and 
𝑇 = 4. We set the parameter values 𝜌 = 18.5, 𝑎 = 92, 𝑏 = 64, 𝛾 = 25, 𝛼 = 1.5, 𝐾 = 0.1, 𝑑1 = 1, and 𝑑2 = 10, and the following initial 
conditions
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Fig. 11. Approximation of the 𝑢-component for the Thomas problem computed by the MD method, considering dimensional splitting with ℎ= 0.02 and 𝜏 = 10−5 . 

Fig. 12. Convergence region of the Parareal/FIE-FIE method and scaled eigenvalues of the reactive part (red diamonds) for the Thomas model, for ℎ= 0.02, Δ𝑇 = 2 ⋅10−4
and 𝛿𝑡 = 10−5 .

𝑢0(𝑥, 𝑦) = 10 − 0.05
9 ∑

𝑘=1
cos(𝜋𝑘𝑥∕2),

𝑣0(𝑥, 𝑦) = 9 + 0.05
9 ∑

𝑘=1
cos(𝜋𝑘𝑦∕2).

Let us first illustrate the pattern described by the reaction-diffusion problem given by (13), (16) and (17), with the preceding initial 
conditions. Fig. 11 shows the approximation of the 𝑢-component computed by the MD method, considering dimensional splitting, 
with ℎ = 0.02 and 𝜏 = 10−5.

In order to test the proposed space-time parallel methods, we consider a spatial mesh size ℎ = 0.02, and the coarse and fine 
time steps Δ𝑇 = 2 ⋅ 10−4 and 𝛿𝑡 = 10−5, respectively. In this setting, the convergence region of the Parareal/FIE-FIE method and the 
eigenvalues of the reactive part multiplied by Δ𝑇 are plotted in Fig. 12. Note that, once again, both eigenvalues 𝜆0,1 ≈ −177.532425
and 𝜆0,2 ≈ −17.784571 are real and negative, while the scaled eigenvalues 𝑧0,1 ≈ −0.035506 and 𝑧0,2 ≈ −0.003557 are within the 
convergence region of the Parareal/FIE-FIE method. As compared with the previous model, the eigenvalues are significantly larger 
in this case. Therefore, a finer time step Δ𝑇 is chosen so that 𝑧0,1 and 𝑧0,2 are within the convergence region. Note that both values 
are also inside the convergence regions of the rest of the newly proposed methods.

According to the previous analysis and given the simple geometry of the spatial domain, dimensional splitting seems to be the 
best choice to decompose the elliptic operator into split terms. We first study the convergence behavior of the four given solvers, 
considering a fixed mesh size ℎ = 0.02 that guarantees a stiff regime, and then justify the use of these methods rather than explicit 
schemes.

Fig. 13 depicts the evolution of the error for the 𝑢-component with respect to the fine approximation, for all four methods. A 
similar behavior is observed for the 𝑣-component. The solvers under consideration converge, with the first-order methods showing a 
slightly higher convergence rate.
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Fig. 13. Evolution of the error for the 𝑢-component of the Parareal/FIE-FIE, Parareal/FIE-DR, Parareal/FIE-MD, and Parareal/FIE-LIPR methods with respect to the 
fine approximation for the Thomas problem, considering dimensional splitting, and choosing ℎ= 0.02, Δ𝑇 = 2 ⋅ 10−4 and 𝛿𝑡 = 10−5 .

Table 3
Number of iterations required by the solvers to achieve a fixed tolerance of 
10−6 , with ℎ = 0.5∕2𝑗 , Δ𝑇 = 2 ⋅ 10−4 and 𝛿𝑡= 10−5 , for increasing values of 𝑗.

𝑗 = 0 𝑗 = 1 𝑗 = 2 𝑗 = 3 𝑗 = 4 𝑗 = 5
Parareal/FIE-FIE 9 9 8 8 8 8

Parareal/FIE-DR 9 9 8 8 8 8

Parareal/FIE-MD 9 9 9 8 8 8

Parareal/FIE-LIPR 9 9 9 8 8 8

Finally, we will compare the newly proposed algorithms with classical explicit methods. In this experiment, we considered the 
discretization parameters ℎ = 0.02, Δ𝑇 = 2 ⋅ 10−4 and 𝛿𝑡 = 10−5. As pointed out above, the reactive term demands a small time step 
in order to be located inside the stability region (cf. [8]), but it does not depend on the spatial mesh size. Therefore, if the time step 
is sufficiently small, considering finer spatial grids does not affect stability. This is not true for explicit methods. A simple stability 
analysis concludes that, if we set ℎ = 0.02 for the Thomas model, a time step smaller than 3 ⋅ 10−6 is required to ensure the stability 
of classical explicit methods. This situation becomes even worse if we consider successive refinements of the spatial grid, since the 
time step needs to be reduced accordingly.

To conclude, we perform a robustness analysis of the proposed space-time parallel solvers with respect to the spatial mesh size 
ℎ. As shown in Table 3, when the grid is successively refined, the methods require the same (or even a smaller) number of iterations 
to achieve a prescribed tolerance. This property, together with the fact that finer spatial meshes do not require smaller time steps, 
implies that the new algorithms outperform explicit time integrators for fine grids, while the latter may be preferable for coarser 
ones.

5.3. Schnakenberg model

So far, we have considered reaction-diffusion models posed on square domains discretized by means of finite difference methods. 
As mentioned in the introduction, there exist specific algorithms specially designed for such domains, e.g., matrix-oriented techniques 
or exponential time-differencing methods (see [13,16,17] for further details). These methods, however, cannot be applied when the 
spatial domain does not admit a transformation into a rectangular domain (cf. [49]). In this setting, the newly proposed solvers can 
deal with complex geometries and more general discretizations preserving their efficiency.

In order to illustrate this idea, let us consider a classical activator-substrate model due to Schnakenberg (cf. [50]). It is an au

tocatalytic system involving two reactants in the kinetics with at least three reactions. In this model, lateral inhibition is achieved 
via substrate consumption. The corresponding reaction-diffusion problem considers null source terms and the nonlinear reaction 
functions

𝑟1(𝑢, 𝑣) = 𝛾(𝑎− 𝑢+ 𝑢2𝑣), 𝑟2(𝑢, 𝑣) = 𝛾(𝑏− 𝑢2𝑣). (18)

The spatial domain Ω is the circle centered at (0.5,0.5) with radius 0.5, and the final time is 𝑇 = 0.25 (see [18] for similar experiments). 
The values of the parameters are set according to [15, Example 5] (clearer figures for the same example are depicted in [51] for a 
rectangular domain). In particular, we choose 𝑎 = 0.126779, 𝑏 = 0.792366, 𝛾 = 1000, 𝑑1 = 1, and 𝑑2 = 10, and the initial conditions 
are defined as suitable perturbations of the steady state solution

𝑢0(𝑥, 𝑦) = 0.919145 + 0.0016cos(2𝜋(𝑥+ 𝑦)) + 0.01
8 ∑

𝑘=1
cos(2𝜋𝑘𝑥),
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Fig. 14. (a) Overlapping domain decomposition for a circle formed by two subdomains as the union of two concentric rings and (b) triangular mesh covering the 
spatial domain.

Fig. 15. Approximation of the 𝑢-component for the Schnakenberg problem computed by the MD method, considering domain decomposition splitting with ℎ= 0.005
and 𝜏 = 10−6 .

𝑣0(𝑥, 𝑦) = 0.937903 + 0.0016cos(2𝜋(𝑥+ 𝑦)) + 0.01
8 ∑

𝑘=1
cos(2𝜋𝑘𝑥).

As explained in Subsection 2.1, the circular domain does not allow for a direct implementation of dimensional splitting and, as a 
consequence, we are required to use a domain decomposition partitioning for this example. In the sequel, we consider a slight modifi

cation of the decomposition defined in Fig. 1 in order to account for the circular domain. Fig. 14(a) depicts a possible decomposition 
which satisfies the properties established in Subsection 2.1. The radii of the rings are defined in such a way that the area of each 
ring is the same. For 𝑀 = 2 subdomains, each of which is formed by 𝑞 = 2 rings, the radii are 𝑟1 = 1∕4, 𝑟2 =

√
2∕4, 𝑟3 =

√
3∕4, and 

𝑟4 = 1∕2. In the following experiments, we will consider 𝑞 = 2 and 𝛽 = 0.025. Thus, the overlapping region between Ω11 and Ω21 is 
defined as {(𝑥, 𝑦) ∈ ℝ2 ∶ (𝑟1 − 𝛽∕2)2 < (𝑥 − 0.5)2 + (𝑦 − 0.5)2 < (𝑟1 + 𝛽∕2)2}. Accordingly, the overlapping regions between Ω21 and 
Ω12, and between Ω12 and Ω22 are defined using the values of 𝑟2 and 𝑟3, respectively. On the other hand, Fig. 14(b) represents a 
triangular mesh with a maximum element size ℎ = 0.025. Remarkably, the mesh can be defined to be independent of the domain 
decomposition.

In this setting, Fig. 15 shows an accurate approximation of the 𝑢-component for the preceding values of the parameters and 
initial conditions. The approximation is computed using the MD method with domain decomposition splitting, taking a time stepsize 
𝜏 = 10−6. Piecewise linear finite elements are considered for the spatial discretization with ℎ = 0.005.

Now, let ℎ = 0.025, Δ𝑇 = 2 ⋅ 10−5 and 𝛿𝑡 = 10−6 be the discretization parameters for the proposed space-time solvers. In the next 
experiment, the time steps under consideration are really fine due to two reasons: on the one hand, the model requires small stepsizes 
in order to obtain qualitatively close approximations to the exact solution (see [15]); on the other, the chosen parameter Δ𝑇 is such 
that the eigenvalues of the reaction term multiplied by Δ𝑇 are located within the convergence region of the parareal algorithm. 
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Fig. 16. Convergence region of the Parareal/FIE-FIE method and eigenvalues multiplied by Δ𝑇 (red diamonds) or Δ𝑇 ∗ (green diamonds) of the reactive part for the 
Schnakenberg model, for ℎ= 0.025, Δ𝑇 = 2 ⋅ 10−5 , Δ𝑇 ∗ = 10−4 and 𝛿𝑡 = 10−6 .

Fig. 17. Evolution of the error for the 𝑢-component of the Parareal/FIE-FIE, Parareal/FIE-DR, Parareal/FIE-MD, and Parareal/FIE-LIPR methods with respect to the 
fine approximation for the Schnakenberg problem, considering domain decomposition splitting, and choosing ℎ= 0.025, Δ𝑇 = 2 ⋅ 10−5 , and 𝛿𝑡 = 10−6 .

Fig. 16 illustrates this latter motivation by plotting the convergence region of the Parareal/FIE-FIE method and the eigenvalues of 
the reactive term multiplied by Δ𝑇 (red diamonds). Note that, unlike in previous models, such eigenvalues are no longer real for the 
Schnakenberg model. Their values are 𝜆0,1 ≈ −60.34521+917.16192 𝑖 and 𝜆0,2 ≈ −60.34521−917.16192 𝑖, that is, their imaginary parts 
are significantly larger than their real parts, which remain negative. In this way, 𝑧0,1 ≈ −0.001207+0.018343𝑖 and 𝑧0,2 ≈ −0.001207−
0.018343𝑖 lie within the convergence region, so the method should converge as shown later. Observe that, if we consider a coarser 
time step Δ𝑇 ∗ = 10−4, the scaled eigenvalues obtained when multiplying the eigenvalues by Δ𝑇 ∗ are 𝑧∗0,1 ≈ −0.006035 + 0.091716𝑖
and 𝑧∗0,2 ≈ −0.006035− 0.091716𝑖 (green diamonds). These values lie outside the convergence region, which means that the iterative 
method will fail to converge. In fact, considering such a value for the coarse time step, the errors of the successive iterations drastically 
increase. As in the previous experiments, similar regions can be obtained for the rest of the proposed solvers. This simple example 
illustrates the fact that, although the study of the convergence regions does not have a formal theoretical support, it can help us 
determine a suitable size for the coarse time step Δ𝑇 .

Finally, Fig. 17 shows the evolution of the error for the 𝑢-component of the proposed methods, when applied to solve the problem 
given by (13) and (18) with the discretization parameters indicated above. As expected, all the methods have a convergent behavior 
and, remarkably, their first 5 iterations converge extremely quickly. This is a matter of interest, since a small number of iterations 
is usually enough to obtain close approximations to the fine solution. In fact, the error of the fine approximation is larger than 10−2
for the four solvers, concluding that at most three iterations are sufficient to obtain an approximation whose order of magnitude is 
similar to that of the error. Note that the curves corresponding to the Parareal/FIE-MD and the Parareal/FIE-LIPR methods overlap 
in Fig. 17. Numerical experiments suggest that second-order space-time parallel solvers offer more accurate approximations without 
a significant extra number of iterations. All in all, the experiment shows that the proposed methods are also perfectly implementable 
for complex geometries and discretizations, with similar performance.
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6. Concluding remarks

In this work, we have introduced four space-time parallel solvers based on the combination of the parareal algorithm and different 
splitting techniques for reaction-diffusion problems. In the resulting methods, the diffusive part has an implicit contribution, while 
the reactive term is treated explicitly. Since the methods are parallelizable both in space and time, they can be implemented using a 
large number of processors.

After providing some theoretical convergence results for diffusion problems, the newly proposed algorithms have been applied 
to the numerical solution of several reaction-diffusion pattern formation models, where fine spatial and temporal discretizations are 
essential for achieving accurate results. Based on the collection of numerical experiments provided, the methods represent a useful 
tool to simulate Turing phenomena governed by different models.

The convergence properties of the iterative strategy are quite promising, since just a few iterations are required to get close 
approximations to the solution provided by a sequential implementation of the fine propagator. The coarse time step is sometimes 
required to be small, especially for problems with complex eigenvalues in their reactive part. In this context, however, this condition is 
not a demanding requirement, since small stepsizes are needed to obtain accurate approximations for the models at hand. In addition, 
it is relevant to note that the number of iterations required for convergence does not increase for second-order splitting methods. 
Hence, the overall convergence properties are preserved when increasing the order of the time integrators. Remarkably, it has also 
been shown that increasing the size of the time interval does not impact the convergence behavior of the methods, further reinforcing 
their suitability for long-time simulations (precisely where parallelization becomes increasingly advantageous).

Suitable robustness and scalability analyses have been performed, obtaining compelling results. On the one hand, the solvers are 
robust with respect to the spatial discretization parameter, resulting in excellent performance on fine spatial grids. On the other hand, 
the speedup of parallel computations performed in the scalability test shows an optimal exploitation of the available processors.

Regarding the choice of dimensional or domain decomposition splittings as partitioning techniques, we conclude that while the 
former generally shows better convergence properties, the latter is significantly more flexible concerning the geometry of the domain 
and the spatial discretization under consideration. In particular, domain decomposition splittings can be easily extended to finite 
element or finite volume discretizations on complex domains, as illustrated for the Schnakenberg model on a circular domain.

The ideas exposed in this work for the combination of parallel-in-time methods and time-splitting integrators can be further 
explored in order to develop more efficient schemes for evolutionary problems. In particular, since the parareal algorithm can be 
regarded as a two-level multigrid method (cf. [5]), we plan to extend the algorithms proposed here to a multilevel framework that 
considers the multigrid-reduction-in-time (MGRIT) approach (cf. [6]).
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