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Introduction

Simulating physical systems has long been a central goal in science and engineering.
From modelling fluid flows and viscoelastic behaviours to simulating interactions between
systems, traditional numerical methods such as the Finite Element Method (FEM) and
Computational Fluid Dynamics (CFD), based on the discretization of partial differential
equations (PDEs), have provided a robust framework for understanding complex dynam-
ics. However, as systems become more intricate, with complex irregular geometries and
fast-evolving phenomena, these traditional solvers often become computationally expen-
sive. This limits their applicability in large-scale simulations, and makes them unsuitable
for real-time tasks, such as predictive digital twins [1-3].

In recent years, we have seen the rise of data-driven methods and machine learning,
which has opened new possibilities for accelerating or even replacing conventional solvers
[4-7]. By learning from simulation or experimental data, surrogate models aim to reduce
the cost of numerical integration, enabling faster predictions while maintaining acceptable
levels of accuracy [8—10]. Regarding these methods, deep neural networks have shown
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strong capabilities to model nonlinear dynamics. However, these approaches, usually
referred as black boxes, often fall short when modelling physical systems, as they lack
in interpretability, exhibit poor extrapolation behaviour, fail to perform stable long-term
predictions, and typically violate fundamental physical laws.

To mitigate these shortcomings, physics-informed deep learning has emerged, embed-
ding prior physical knowledge into the learning procedure [11,12]. Several strategies have
been proposed, with Physics-Informed Neural Networks (PINNs) [13] being one of the
most well-known. PINNs incorporate the PDEs that govern the system into the learning
process, including a residual term in the loss function that enforces the satisfaction of
the PDEs. While these method offer increased interpretability and more stable long-term
predictions, they assume known governing equations and fixed initial and boundary con-
ditions, limiting their applicability in scenarios where such equations are unknown or
cannot be easily applied.

To address these limitations, alternative approaches infer time evolution from data,
enabling to incorporate known physical properties into the learning process. For instance,
Hamiltonian [14—17] and Lagrangian [18-20] neural networks enforce conservative
mechanics laws. However, these approaches do not account for the dissipative nature
of most dynamical systems. The GENERIC formalism extends to dissipative systems by
incorporating a metriplectic structure [21,22]. Recent works have shown the strength of
GENERIC for modelling evolution of complex systems [1,23-27], leading the develop-
ment of Thermodynamics-Informed Neural Networks (TINNS) [28]. TINNs incorporate
energy and entropy constraints into learning, leading to the fulfillment of the first and
second laws of thermodynamics, achieving a thermodynamically compliant framework.

In parallel, the advances in geometric deep learning and, in particular, Graph Neural
Networks (GNNs), have introduced new possibilities for modelling physical systems over
unstructured domains [29-32]. This allows to accurately represent complex geometries,
an important advantage over Convolutional Neural Networks (CNNs), which require
a grid-shaped domain [33,34]. By representing the system as a graph, GNNs can effi-
ciently capture local interactions and generalize across different topologies. Approaches
like MeshGraphNets, based on the message passing procedure, have shown strong perfor-
mance in various physics-based tasks such as fluid mechanics and solid mechanics [35].
However, generally these approaches remain agnostic to the underlying physics of the
system and do not explicitly enforce any physical constraints to the solution.

Recent advances have explored the gap between geometric and physics-informed
deep learning by incorporating inductive biases into graph-based models [3,36]. These
approaches have demonstrated strong performance for both fluid and solid mechanics, as
well as in systems involving multi-body interactions [37].

The aim of this work is to further explore the generalization capabilities of thermodynamics-
informed graph-based models for predicting the time evolution of physical systems. In
particular, the problem of shape parametrisation is one of the most important and most
difficult in the field of computational mechanics. To be able to develop a methodology
that allows to obtain real-time simulations on arbitrary geometries is of utmost interest.
Scientific machine learning techniques based on the use of graph networks offer unprece-
dented opportunities in this respect. The fact that such networks contain a network at
each of the nodes of the mesh (and possibly at each of the edges) offers very important
advantages. The position of the nodes can be varied without affecting the accuracy of the
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predictions, thanks to the local character of the nodal networks. This offers the possibility
of using graph networks in the same way as finite element or finite difference meshes, for
example.

We propose a methodology that integrates a port-metriplectic structure with a graph-
based learning framework, enabling physically-consistent predictions that comply with
the first and second laws of thermodynamics. While the formulation is general and can be
applied to a wide range of dynamical systems, we have used as a model problem the flow
of an incompressible fluid around objects of arbitrary shapes and positions. By encoding
local energy and entropy gradients along with conservative and dissipative dynamics at the
node level, the method offers a scalable approach to model complex physical behaviours.

The structure of the paper is as follows. A description of the problem setup is presented
in “Problem statement” section. The methodology is presented in “Methodology” section,
where both the geometric and metriplectic biases are described. “Results” section draws
the numerical results, including performance comparisons. Finally, the conclusions of the
paper are discussed at “Conclusions” section.

Problem statement
In this work, we propose a framework to estimate the temporal evolution of a system
governed by a set of independent state variables z € M C RP, where M denotes the
state space of these variables, assumed to have the structure of a differentiable manifold
in RP. The full-order model of a physical phenomenon can be expressed as a system of
differential equations governing the temporal evolution of the state z,

. dz

z:ﬁzF(z,t),te IT=(0,T], z(0) = zop, (1)
where ¢ refers to the time coordinate in the time interval 7 and F (z, £) is an arbitrary
unknown nonlinear function representing the system dynamics.

The goal of this work is to provide accurate and efficient predictions of the time evo-
lution of complex systems with previously unseen geometries, while incorporating some
information about the underlying physics governing their dynamics. Specifically, we aim
to ensure that the model respects physics at a fundamental level by enforcing the first and
second principles of thermodynamics: energy conservation and non-negative entropy
production.

To achieve this, as in previous works [36,38], we incorporate two biases into the model.
First, a geometric bias is introduced via Graph Neural Networks, which encode the spatial
structure and local interactions through a graph-based representation, adding a geomet-
ric prior to the prediction. Second, a thermodynamic bias is applied by enforcing the
GENERIC formalism into the learned dynamics, ensuring that basics principles of ther-
modynamics are satisfied. This combination allows the framework to be expressive and
generalizable, while respecting the physics inherent to the system.

Methodology

Geometric bias: Graph Neural Networks

As we have explained in the previous section, the geometric bias is applied to the network
by the use of GNNs. We work with a directed graph G = (V, £), where V = {1, ..., n}
is a set of |V| = n vertices and £ € V x V is a set of || = e edges. Each vertex and
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Fig. 1 Discretized domain of a physical system represented as a mesh, with node state variables z; and relative
nodal distances g;; (left). The same system is represented as a graph (right), composed of a set nodes and edges,
each associated with attributes: v; and ey, respectively

edge in the graph represents a node and a pairwise interaction in a discretized physical
system. For each vertex i € V, we associate a feature vector v; € Rv, representing the
physical properties of each node. Similarly, for each edge (i, j) € £, we associate an edge
feature vectore;; € Rfe, Asin previous approaches [35], when working with synthetic data
coming from numerical simulations (finite element or finite volumes methods), we assume
one-to-one correspondence between the vertices on the mesh and their connectivity and
the nodes and edges of the graph.

In this setup, the positional variables of the system (q;) are assigned to the edge feature
vector e;;. This implies that the edge features represent relative distances between nodes
q;:— 4 j‘
network to learn distance-based interaction while maintaining translation and rotation

(qij =q;,— qj) along with their Euclidean norm, . allowing to the graph neural
invariance. The remaining state variables are assigned to the node feature vector v;. A
simplified graph representation of a physical system is shown in Fig. 1, highlighting the
node state variables and relative distances between nodes.

Mesh Graph Neural Networks

These features are processed using an encode-process-decode scheme [35]. This scheme
consist on several multilayer perceptrons (MLPs) shared between all the nodes and edges
of the graph. The algorithm used in the original MeshGraphNets (MGN) work consists
of four steps (Fig. 2):

Encoder: The encoder transforms the vertex and edge features into higher dimensional
embeddings. We use two MLPs: one for nodes (¢,) and one for edges (g.). For each node,
we encode its physical state variables along with a one-hot vector indicating the node
type, enabling to define different boundary conditions. For the edges, we encode relative
position vectors between connected nodes, as well as their Euclidean norm.

Processor: The processor is the core of the algorithm, as it performs the message passing,
sharing nodal information between each vertex and its neighbours. It consist of M identical
message passing blocks. Each block is conformed by two MLPs, the first updates edge
features, while the later updates node features, and a permutation-invariant aggregation
function.

First, for each edge (i, j), the MLP (7r.) updates the latent representation of the edge by
taking into account the features of the sender and receiver nodes and the edge itself.

Then, for each node the messages are aggregated with a permutation invariant function
¢ base on the neighbourhood N; = {j eV|@Gj)e 5} of the node i. Finally, the node
features are updated with a second MLP (rr,) which takes the current node features and
the aggregated messages.
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Fig.2 Algorithm block scheme used in MeshGraphNets to predict a single-step variable change in time. a The
encoder transforms the node and edge features to a latent representation. b The processor shares and updates
edge and nodal information through the graph by applying M message passing blocks. ¢ The decoder predicts
the derivative of the input state variables. d The integrator obtains the next step state by using a forward-Euler

integration scheme

By applying the processor block recurrently M times, the network increases the receptive
field of each node, allowing it to better capture long distances dependencies in the graph.
In this work, we use unshared parameters across the M processing blocks and incorporate
residual connections to each message passing block, improving stability. As aggregation
function ¢ we use summation over the incoming messages.

Decoder: In order to predict the system state at time ¢ + A¢ from the state at time ¢, the
decoder uses an MLP (8,) to transform the latent node features v; into the output features
p;

Integrator: The last step of the algorithm implies updating the state of the system. The
output features obtained by the decoder are interpreted as the derivatives of the state
variables of our system, p; ~ ?i_f‘ In order to obtain the next step of the system, we use a
forward-Euler integration scheme, updating the system as: z;y ar = z; + At - %

Inductive bias: metriplectic systems

One of our main goals is to develop a scheme that satisfies fundamental physical princi-
ples. This is a key aspect for our framework, as we aim to provide accurate and credible
predictions, and when dealing with physical systems, this can only be achieved by fulfill-
ing the basics of physics. To this end, we can introduce some physics knowledge to the
network as an inductive bias [32]. Briefly, an inductive bias is a set of assumptions about
the data that guide the learning process, prioritizing one solution over others.

Some of the most well-known methods for including physics into model predictions
include the Physics-Informed Neural Networks (PINNs) [13]. These approaches enforce
the structure of specific partial differential equations (PDEs) governing the system, leading
to accurate solutions that are physics compliant. However, there are situations where
the governing equations of the system are either partially known or difficult to apply in
practice. In those cases, we need to find a formalism that enforces the physical consistency
of the solution without relying on any particular governing equation.

In this sense, using thermodynamics as inductive bias makes sense, as we are enforcing
the physical consistency of the prediction while using a very general framework that
can be applied to a wide range of systems. Previous works in this direction include
Thermodynamics-Informed Neural Networks (TINNs) [26,28,39] and Thermodynamics-
Informed Graph Neural Networks (TIGNNs) [36]. These methods are built to satisfy
known properties of the system, such as energy conservation or entropy dissipation,
implying that they can be applied to both conservative and dissipative systems, while
ensuring that principles of thermodynamics are fulfilled by construction.
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GENERIC formalism
To ensure that the solution remains physically meaningful, we adopt the "General Equa-
tion for Non-Equilibrium Reversible—Irreversible Coupling” formalism, generally known
as GENERIC [21,22]. This formalism extend the traditional Hamiltonian formulation
to complex systems involving both conservative and dissipative dynamics. The reversible
part of the system is governed by a Hamiltonian structure, defined by an energy functional
and a Poisson bracket, while the irreversible contribution is driven by a non-equilibrium
entropy functional and a dissipative or friction bracket [40,41].

The dynamic evolution for non-equilibrium systems, described by a set of state variables
z is given by:

dz_

Pl {z, E} + [z, S]. (2)

For computational purposes, it is convenient to reformulate the bracket notation using
two linear operators:

L:T"M—-TM, M:T*M — TM, (3)

where 7% M and T M represent the cotangent and tangent bundles of the state manifold
M, respectively. The operator L, associated with the Poisson bracket, is required to be
skew-symmetric, which ensures the conservative character of reversible dynamics. The
operator M, associated with the friction matrix, governs the irreversible part of the system
and must be be positive semidefinite in order to ensure that entropy production remains
non-negative. By replacing the original bracket expressions in Eq. (2) with their respective
operators, we obtain the time evolution equation for the state variables z,
dz oE aS

Z L= +M

— 4
dt 0z 0z @

To complete the GENERIC formulation, two degeneracy conditions must be imposed:
{S,z} =[Ez] =0. (5)

The first condition implies that entropy is a degenerate functional of the Poisson bracket,
showing the reversible nature of the conservative part to the dynamics. The second con-
dition indicates the energy is a degenerate functional with respect to the friction matrix,
ensuring that the total energy of the system is conserved. These bracket-based conditions
can be reformulated into a matrix form, using the L and M operators previously defined,
resulting in the following degeneracy conditions:

aS oE
— M —

T _M==0 6
0z 0z ©)

Together with the requirement that the dissipation bracket is non-negative, these condi-
tions ensure that the system satisfies the first and second principles of thermodynamics.

— =0, —>0. 7)
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Fig.3 Schematic representation of a port-metriplectic system. Each subsystem €2; exchanges information with
its neighbours across its boundary I';, through ports (arrows) that correspond to the edges in the graph

Port-metriplectic implementation

The GENERIC formulation described in “GENERIC formalism” section is suited for closed
systems, where neither energy nor entropy is exchanged with the environment across the
system boundary. However, this assumption becomes inadequate in the context of graph-
based neural networks. In these models, each node evolves based on its own local informa-
tion and its interaction with neighbouring nodes. This means that each node can be treated
as an open system that exchanges information with its neighbours. Thus, including these
inter-nodal interactions enables a consistent application of the thermodynamic bias in
global systems composed of local subsystems interacting though well defined boundaries.

To account for this, we adopt a port-metriplectic formulation, as introduced in [37,38].
This framework is an extension of the GENERIC structure to open systems, composed of
interacting subsystems [42]. In this setting, each node of the graph is treated as a local open
subsystem that exchanges energy and entropy with its neighbours through its boundary,
referred to as a port. In a graph-based setup, each edge is treated as a port. This formulation
allows to impose a thermodynamic bias that is physically consistent and compatible with
the graph structure.

Figure 3 illustrates the structure of the port-metriplectic approach. The global system
is decomposed into a set of smaller subsystems, €2;, each associated with a graph node.
Each subsystem is bounded by a region I';, through which it interacts with neighbouring
subsystems. The exchange of information occurs through ports, defined by arrows, that
correspond to edges in the graph, defining local interaction interfaces.

By adopting this formulation, we are able to preserve the MGN architecture described
in “Mesh Graph Neural Networks” section, while applying the thermodynamic structure
at a local level. In this context, the Poisson and dissipative brackets can be decomposed

into bulk and boundary contributions:

3=1{ '}bulk +{- '}boundl [', ] = [" ']bulk + [" ']bound' (8)

By applying this decomposition, the GENERIC formulation described in Eq. 2 for an open
system is defined as

dz
i {z Elpui + [2 Slhuk = {2 E} + [z, S] — {2, E}bound — [% Slbound- €)

As we did in the previous section, we can reformulate Eq. 9 to matrix form:

dz _I oE M EAY 0Ebound 0Spbound )

— — Lbound——— — Mbound

>~ _ 1= 10
dt 8z+ 0z 0z 0z (10)
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The degeneracy conditions, which ensure thermodynamic consistency, still hold at bulk
level:

A 0E
bulk = My bulk —o. (11)
0z 0z

bulk

In the graph-based formulation, this translates into a port-metriplectic approach at
node level, in which we assume that each node exchanges energy and entropy with its
neighbours according to the graph connectivity. The matrix formulation defined in Eq.
10 is applied to each node i, resulting in:

dz; JE; 3s; JE; 3S;
Ml S B L 7, (12)
dt 0z;

= iT e e
0z; JeNG) 0z; 0z;
where N (i) denotes the neighbouring nodes of i, with j = 1,..., Mueigh Tepresenting the
nodes connected to i through graph edges.
Then, the degeneracy conditions are applied at node level,

3S; JE;
Li— =M;

T, 13
0z "oz (13)

foralli=1,.., n

Learning procedure

In this section we illustrate the complete architecture of our framework, which builds
upon the MGN algorithm defined in “Mesh Graph Neural Networks” section, but intro-
duces modifications to incorporate the thermodynamic bias. A schematic overview of the
proposed architecture is shown in Fig. 4, illustrating the modifications introduce with
respect to the MGN baseline.

The encoder and processor blocks remain unchanged with respect to the original MGN
architecture. However, the decoder block is modified to predict the components of the
nodal GENERIC formalism. The single decoder is replaced by six small decoders, each
defined as a MLP that acts on latent node and edge features. These decoders produce the
energy g—ff and entropy g—‘z gradients for each node, nodal flattened I; and m; operators,
and edge flattened /;;, m;; operators. For edge operators, the corresponding decoders use
both nodal and edge latent features.

As these operators are predicted as flattened vectors, they must be reshaped into their
corresponding matrix form, The reshaping is done by the reparametrization block, an
additional step with respect to the MGN scheme. As shown previously, the Poisson oper-
ators L; and L;; are required to be skew-symmetric:

L =1;,— liT, Lj=1;= l};, (14)
while the dissipative operators M; and M;; are defined to be positive semi-definite:

T T
M; =mm;, Mjj =mj; = ;.
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Decoder, reparametrization and integrator blocks.

Fig.4 Top: Proposed algorithm block scheme. a The encoder transforms the node and edge features to a latent
representation. b The processor shares and updates edge and nodal information through the graph by applying
M message passing blocks. ¢ A set of six decoders predict the energy entropy gradients, and the flattened
Poisson and dissipative operators both at node and edge levels. d The reparametrization blocks reshapes the
flattened operators into matrices with the appropriate structure. e The integrator computes the next system state
using a forward-Euler scheme based on port-metriplectic dynamics. Bottom: Detail of the decoder,
reparametrization and integration blocks in the proposed scheme

Similar to the original MGN scheme, our last step is an integrator that updates the
system state. This is done using a forward-Euler scheme:

dz;
ZitrAar = Zip + AL - d_tl' (16)

where, for each node i, the system derivative % is obtained from the nodal GENERIC
formalism defined in Eq. 12.

The loss function used during the training process is composed by two different terms:

« Data loss: This term measures the accuracy of the network prediction. It is computed
as the Mean Squared Error (MSE) between the predicted and the ground-truth time
derivatives of the state variables over the graph nodes:

where ||-||, denotes the L2-norm. Using the time derivatives helps to normalize the
loss components to similar orders of magnitude.

+ Degeneracy conditions loss: This term enforces the thermodynamic consistency of
the learned dynamics by penalizing violations of the degeneracy conditions:

2 2

35S
Llesen = HL,'—' (18)

Zi

oE;
+ | Mi—
Zj

2 2
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Fig.5 Mesh example showing the different node types used in the graph: normal, inflow, outflow, and wall
boundary. Each category encodes distinct boundary conditions relevant to the simulation

The total loss term is composed of a weighted sum of both terms. A hyperparameter 12"
is introduced to balance their influence,
L= Cdata + )Ldegen . Edegen (19)

Results
We have evaluated the proposed method on two different examples involving fluid
mechanics, both based on the simulation of unsteady flow around previously unknown
solid obstacles. The first example corresponds to unsteady flow-past-a cylinder, where
the obstacle geometry varies in size and position, but always maintain a cylindrical shape.
The second example involves diverse geometries, where the obstacle shape itself changes
across simulations.

In botch cases, the underlying dynamics are governed by the incompressible Navier—
Stokes equations. The state variables for describing the state for the flow-past-a cylinder
consist of the velocity # and pressure P fields at each node of the graph:

S={z=(uP)cR> xR} (20)

The simulations are defined on Eulerian triangular meshes, where nodal coordinates
remain fixed in space and are encoded as edge features. The state variables are assigned
to the node features. In addition, a one-hot vector n is added to the node features to
represent the different types of node: inflow, outflow, wall boundary or fluid (normal)
nodes, as shown in Fig. 5. This node-type encoding allows us to impose appropriate
boundary conditions at the inflow, outflow and wall modes, while predictions are carried

out on fluid nodes,

vi=mPn), e;= (qi —4; |9, — 4q; HZ) (21)

where the dimension of node features is F, = 12, while edge features dimension is F, = 3.
Before training, all variables are normalized using global statistics computed from the
training test, ensuring consistent scaling between variables and simulations.

To evaluate the performance of the model, we measure both Root Mean Squared Error
(RMSE) and Relative Root Mean Squared Error (RRMSE) between the predicted and
reference fields. These metrics are computed independently for each state variable and
are averaged over all nodes. Long-range accuracy is measured by evualting predictions at
1-step, 50-steps, 200-steps and full sequence predictions.

Page 10 of 18
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The RMSE for a given variable is defined as:

RMSE = (22)
while the RRMSE is taken as
N .
1 el 2>
RRMSE = | — -, (23)
N2 ( bl

where y and y denote the reference and predicted values.

Additionally, we compare the proposed method against two baselines trained using
the same hyperparameters: (i) a vanilla MGN, following the same original formulation
introduced in [35], which predicts velocity gradients directly and estimates pressure as
an auxiliary variable, without incorporating any thermodynamical constraints; and (ii)
a vanilla TINN [28], which includes the thermodynamic bias but does not exploit any
geometric information.

The following subsections present a detailed description of each example, including
dataset, training settings and an analysis of the results.

The network architecture is implemented in PyTorch and is publicly available online in
GitHub.

Example 1: Flow past-a-cylinder

Database and hyperparameters

For the first example, we have utilized a publicly available dataset produced by Google
Deepmind to test MeshGraphNets [35]. The dataset consists of 1200 simulations of
unsteady flow past a cylindrical obstacle. The cylinder varies in diameter and position
across different simulations. No-slip conditions are applied to the walls and the cylinder
obstacle. The flow conditions are varied by modifying the free stream velocity. All cases
are discretized in N; = 600 time increments of At = 1072.

The chosen hyperparameters for training the model include a hidden dimension of
N}, = 128 neurons for both node and edge latent features, with L, = 2 hidden layers.
The number of message passing iterations is set to M = 15. We use the Swish Activation
function [43] for all layers in the model except the decoder heads final layer, which do
not use any activation function. The Adam optimizer is used during the training process
[44]. During training, gradients are computed after single-step updates, while multi-step
rollouts are only employed for evaluation. The number of training epochs is Nepochs = 34,
which is equivalent to training for approximately 10 x 10° steps using a batch size of 2. The
learning rate is set to /, = 10~%, and decreased two orders of magnitude to [, = 10~ after
8 x 10° steps following an exponential scheduler. Additionally, the training noise variance
is set opoise = 2 X 1072, The weight of the degeneracy loss term is set to adegen — 102
selected from a hyperparameter optimization study using the Weight & Biases (W&B)
framework [45], where values where explored within the range [10_4, 10_1].


https://github.com/cberbarbanoj/Local-Thermodynamics-Informed-MGN
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Table 1 Relative Root Mean Squared Error (RRMSE) for each variable across different rollout

horizons
Variable RRMSE [x 1073]

1-step 50-step rollout 200-step rollout Full rollout
Uy 223 £0.09 9.37 £0.55 14.17 £ 0.61 13.40 £ 0.52
uy 2.98 £0.08 6.72 £0.32 10.04 £0.38 9.95 £ 0.45
P 1.57£0.10 323+£0.13 287 £0.17 277 £0.22

All values are scaled by 103

Ground Truth, f=250 Prediction, f=250 Error, f=250

-0.608 0.003 0614 1220 1835 -0.608 0.003 0614 1220 1835 0.157 0,079 0.000 0.079 0157

(a) ua

Ground Truth, f=250 Prediction, f=250 Error, f=250

|
|
I

1003 0,502 -0.002 0.498 0,999 1,003 0,502 0.002 0.498 0,999 -0.071 -0.036 0.000 0.036 0.071

(b) uy

Ground Truth, f=250 Prediction, f=250 Error, f=250

|
I
I

1115 -0.100 0915 1930 2945 1115 -0.100 0915 1930 2,945 -0.055 -0.028 0.000 0.028 0.055

(c) P

Fig. 6 Prediction results for a representative test snapshot (frame number f = 250, corresponding to time

t = 2.505). Each row corresponds to one predicted variable: a uy, b uy, ¢ P. For each, we show ground truth (left),
predicted field (middle), and absolute error (right). The model accurately captures the main flow features across
all variables

Results

The rollout prediction results are summarized in Table 1, which reports the RRMSE for
each variable at different time horizons (1, 50, 200, and full-step rollout). All values are
scaled by 1073 and averaged over the test set. The results indicate stable error growth,
demonstrating the ability of the model to maintain accurate predictions over long ranges.

Figure 6 shows a comparison between predicted and the ground truth velocity and
pressure fields at a single snapshot from a test case. The corresponding absolute error
fields are also shown. The prediction accurately captures the main flow features, with low
discrepancies across the domain.

We compare our method against the baseline MGN and the vanilla TINN. Figure 7
shows the RMSE distribution across the test set for each variable over full rollouts. The
proposed method achieves lower mean error and variance, indicating that combining both
thermodynamic and geometric biases contributes to improve long-range predictions.

Finally, we measure the computational efficiency of the method. Training the model
takes 140 h on a single NVIDIA RTX 3090. Inference times are shown in Table 2, where
we compare the rollout time for the baseline MGN, our approach and running the CFD
simulation. We can see that the baseline MGN approach outperforms our method, which
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Fig.7 Log-scale RMSE distribution across test set for each variable over full rollouts. Comparison between our
method, the baseline MGN, and the vanilla TINN

Table 2 Computational performance comparison

Metric CFD (GT) Baseline MGN Ours
Full rollout time (s) 492 3.84 456
Time per step (ms) 820 6.4 7.6

makes sense, considering that it only requires one decoder while our is composed by
6 decoder heads. Eitherway, both methods are considerably faster than computing the
ground-truth simulation, achieving 107 x speedups.

Example 2: Flow past-an-obstacle—varying geometries

Database and hyperparameters

For the second example, the ground-truth simulations are computed by solving the 2D
incompressible Navier—Stokes equations. Six different types of obstacles are considered,
using the following primitive shapes: circle, triangle, square, rectangle, pentagon, and
hexagon. Each shape is randomly varied in position, orientation, and size, following a
similar procedure to [46]. This results in a total of 1200 simulations, each with an average
of 2600 mesh nodes. No-slip boundary conditions are applied at the channel walls and
around the obstacle. The fluid has a density of p = 1 and a dynamic viscosity of u© =
1073. The freestream velocity is varied across simulations, sampled uniformly I/ [0.5, 1.5].
The dataset is split into training, validation and test sets, containing 1000, 100, and 100
simulations, respectively. All cases are discretized in N; = 600 time increments of At =
1072,

As for the hyperparameters, we keep the same latent dimension of Nj, = 128 neurons
for both nodes and edges, with L, = 2 hidden layers, and M = 15 message passing
steps. Swish Activation function [43] is employed for all layers in the model, except in the
final decoder layers which are left unactivated. Optimization is performed using Adam
optimizer for Nepochs = 35 (about 10 x 10° steps with batch size 2) [44]. During training,
the loss is evaluated after single-step time integrations, whereas multi-step evaluations
are reserved for testing. The learning rate is set to /, = 10~%, and decays to /, = 107°
after 8 x 10° steps following an exponential scheduler. To improve robustness, noise with
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Table 3 Variable-wise Relative Root Mean Squared Error
(RRMSE) for different rollout horizons

Variable RRMSE [x 1073]

1-step 50-step rollout 200-step rollout Full rollout
Uy 1.04 £0.03 293+£0.14 532+£025 5.65+£0.29
uy 1.32£0.04 3.79+£0.26 6.74 £ 0.40 7.10 £ 045
P 1.63£0.14 2.04 £ 0.11 3.28£0.32 3.76 £0.44

All values are multiplied by a factor of 10~2

Ground Truth, f=375 Prediction, f=375 Error, f=375

T 0| I

1074 0217 0640 149 2353 1074 0217 0,640 1496 2353 0114 -0.057 0.000 0.057 0114

(a) uz

Ground Truth, f=375 Prediction, f=375 Error, =375

!
!

1477 -0.791 -0.105 0581 1267 1477 -0.791 -0.105 0581 1267 -0.156 -0.078 0.000 0.078 0156

(b) uy

Ground Truth, f=375 Prediction, f=375

Error, f=375

|
|
I

1.976 -0.881 0214 1309 2403 1976 -0.881 0214 1.309 2403 0125 -0.062 0.000 0.062 0125

(c) P

Fig. 8 Prediction results for a test snapshot (frame number f = 375, corresponding to time t = 3.75s) with an
unseen obstacle geometry (hexagon-shape based). Each row corresponds to one predicted variable: a uy, b uy,
P.The ground truth (left), predicted field (middle), and absolute error (right) show good generalization to this
geometry

variance opoise = 2 X 1072 is added during training. The degeneracy loss weight is set to
rdegen — 101, selected using the W&B framework [45], from a hyperparameter search in
the range [10_4, 10_1].

Results

Table 3 presents the RRMSE values for the rollout prediction, evaluated at multiple pre-
diction horizons (1, 50, 200 and full sequence). The values, scaled by 10~3 and averaged
over the test set, present a controlled growth in error as rollout advances, showing the
model’s ability to remain accurate over long-range predictions.

Figures 8 and 9 display the model predictions for two test snapshots and different obsta-
cle geometries. Each figure shows the ground truth and predicted velocity and pressure
fields, and their corresponding absolute error. These examples demonstrate the ability of
the model to generalize to unseen geometries while maintaining good accuracy.

To further assess performance, we compare our model against two baselines: a vanilla
MGN and a vanilla TINN. Figure 10 presents the RMSE error for all predicted variables
over full rollouts. Our method achieves lower average errors and reduced variability across
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Ground Truth, f=15 Prediction, f=15 Error, f=15

! n

0673 0.001 0675 1348 2022 0673 0.001 0675 1318 2022 0,060 -0.030 0.000 0.030 0.060

(a) uz

Prediction, f=15 Error, f=15

I
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1385 0,699 -0.012 0675 1362 1385 0,699 0,012 0675 1362 -0.063 -0.031 0.000 0,031 0.063

(b) uy

Ground Truth, f=15 Prediction, f=15 Error, f=15

1752 -0.804 0144 1093 2041 1752 -0.804 0.144 1003 2041 -0.067 -0.034 0.000 0,034 0.067

(c) P

Fig.9 Prediction results for another test snapshot (frame number f = 15, corresponding to time t = 0.15s)
featuring a different unseen obstacle geometry (rectangle-based shape). The rows correspond to:a ux, b uy, P,
each showing ground truth, prediction, and absolute error. The model successfully predicts the flow for unseen
obstacles
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Fig. 10 Log-scale RMSE distribution across test set for each variable over full rollout predictions. Comparison
between our method, a baseline MGN, and a baseline TINN

the test set, highlighting the benefit of combining geometric and thermodynamic biases
for long-term time integration.

Regarding computational preformance, the model was trained for 76 h on a single
NVIDIA RTX 4090 GPU. Table 4 compares the inference time per rollout to both the
baseline MGN and the high-fidelity CFD solver. The ground truth solution was computed
on a machine with an Intel i9-13900K CPU with 64 GB of RAM. While our method is
slightly more expensive during inference than the vanilla-MGN due to its multi-head
decoder structure, it remains orders of magnitude faster than the CFD simulations, with
speedups up to 145x.
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Table 4 Computational performance comparison

Metric CFD (GT) Baseline MGN Ours
Full rollout time (s) 1250 453 858
Time per step (ms) 2083.33 7.55 14.3
Conclusions

In this work, we have presented a thermodynamically-informed graph neural network
architecture for predicting the time evolution of complex dynamical systems while pre-
serving the underlying thermodynamic structure. Our approach builds upon the Mesh-
GraphNet architecture, replacing its standard decoder with six specialized heads that
predict energy and entropy gradients, as well as flattened Poisson and dissipative oper-
ators. These components are assembled at the node level using a port-metriplectic for-
mulation based on the GENERIC formalism, which has previously demonstrated strong
performance [38]. This formulation ensures compliance with first and second principles
of thermodynamics, while preserving the computational performance.

The proposed method has been evaluated on two fluid mechanics scenarios: flow past
cylindrical obstacles with varying position and size, and a more general case involving
obstacles with different primitive geometries. In both settings, the model shows high
accuracy in long-term rollouts and improved robustness compared to a vanilla MGN.
Moreover, inference is significantly faster than computing the ground truth using a tradi-
tional solver, making the method suitable for quasi-real time and real-time applications

However, the method still presents limitations related to scalability and computational
cost. In simulations with fine meshes, a high number of message passing iterations or fine
time discretization is required to capture the dynamics accurately, increasing the com-
putational cost. To overcome these limitations, future approaches will explore multiscale
and hierarchical graph neural networks [47,48] that allow to transfer information across
different spatial scales, minimizing the number of message passing steps. Additionally,
while the method shows good generalization capabilities, it has been trained and vali-
dated on synthetic CFD datasets. In this sense, future work could extend the framework
to more complex behaviours, such as non-Newtonian fluids or turbulent regime, as well
as integrating experimental or sensor-based data to enhance real-world applicability.
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