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 A B S T R A C T

Wall modelling of turbulent reacting flows is crucial for applications such as aero-engine simulations. The 
velocity-scalar probability density function (PDF) method has proven effective for modelling flames in complex 
combustion regimes, but its application near walls is computationally expensive due to the need for wall-
resolving grids, even with the aid of adaptive mesh refinement. This study aims to reduce computational cost 
by employing a modern wall model in large eddy simulations (LES). We demonstrate that a simple subgrid 
model is sufficient for a wide range of wall distances, though modification to the stochastic forcing is needed 
to prevent spurious pressure formation near walls. The proposed wall-modelled stochastic fields framework 
significantly improves upon existing methods without wall modelling. It also highlights the potential for 
cost savings by using wall-modelled LES-PDF. For this purpose, the Eulerian stochastic fields framework is 
particularly suited as it can integrate with most existing LES wall models with minimal modifications.
1. Introduction

The joint velocity-scalar probability density function (VSPDF) can 
be used as a unified framework for modelling turbulent reacting flows
[1,2]. It provides closure for all subgrid turbulent transports,
turbulence-chemistry interactions, and potentially non-ideal equations 
of state, without assuming a specific combustion regime or flame struc-
ture. Our recent work [3] demonstrated that the VSPDF can effectively 
model turbulence production and decay in a large eddy simulation 
(LES) context and can accurately predict autoignition in a supersonic 
jet flame.

Since most combustion applications occur in confined geometries, 
accurate prediction of wall-bounded turbulent flow can be of extreme 
importance to the quantities of interest. However, applying a velocity 
PDF model near walls is not trivial, as turbulent stresses become highly 
anisotropic and must follow certain asymptotic scalings close to the 
wall [4,5]. In high-speed flows, the challenge becomes even more 
complex due to significant variations in temperature and density [6].

Most attempts to adapt the PDF model near walls focus on modelling 
the turbulent kinetic energy dissipation rate 𝜖 in the proximity of solid 
walls. Early works by Dreeben and Pope [7,8] employed a joint PDF of 
velocity and frequency. They suggest that 𝜖 ∝ 𝑢3𝜏∕𝜅𝑦 and the turbulent 
length scale 𝓁 ∝ 𝑦 near the wall, where 𝑢𝜏 is the friction velocity, 𝜅
is the von Kármán constant, and 𝑦 is the distance to the wall. They 
proposed a tensor dissipation term ℘𝑖𝑗 ∝ 1∕𝑦 to account for the non-
local effect of fluctuating pressure. The approach was later revised [4] 
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to include an additional dissipation in the wall-normal velocity com-
ponent. Their method was adopted by Wacławczyk et al. [5], who 
proposed a blending function ∝ 𝑦 to switch between the near-wall 
dissipation model and the standard homogeneous isotropic model.

It is important to note that the above literature considers turbulent 
stress in the Reynolds-averaged Navier–Stokes (RANS, ensemble aver-
age) context. In LES (spatial filter), resolved large eddies capture most 
anisotropic and non-local effects, and the subgrid stress is expected to 
return to isotropy much quicker than the RANS stress. Hence, in this 
work it is postulated that the tensor ℘𝑖𝑗 is unnecessary and the simpler 
simplified Langevin model (SLM) [9] would be sufficient in an LES 
framework. Nevertheless, the model needs to be modified near the wall 
to ensure that the modelled subgrid kinetic energy behaves correctly.

Another challenge is that previous studies require wall-resolving 
grids, whose cost is estimated to scale with the Reynolds number 𝑅𝑒1.8
in LES [10,11], rendering them impractical for many engineering ap-
plications. This requirement can be alleviated using hybrid RANS/LES 
approaches or LES wall models, where the near-wall region is modelled 
instead of resolved (e.g., see reviews [12–14]). The Eulerian nature of 
the stochastic fields (SF) PDF formulation [15] allows the direct appli-
cation of these near-wall modelling strategies. This simplifies the effort 
to apply the PDF method close to walls and allows a straightforward ex-
tension to high-speed flows, e.g., by incorporating the energy equation 
into an ordinary differential equation (ODE) based wall model [16].
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The present work will extend the VSPDF-SF framework developed 
in [3] by integrating it with a wall model. The necessary modifications 
to the model will be discussed, and the solver will be evaluated in 
high-speed reacting and non-reacting flow cases.

2. Computational models

2.1. Joint velocity-scalar stochastic fields

The well-known closure problem in LES arises when a filtered 
non-linear function cannot be expressed in terms of the filtered flow 
quantities, 𝑄(𝜙) ≠ 𝑄(𝜙). This is particularly relevant in highly non-
linear chemical reaction source terms. A one-point PDF 𝑓 (𝜑𝜑𝜑, 𝐱, 𝑡) can 
be defined such that 𝑄 corresponds to its expected value, i.e., 

𝑄(𝜙𝜙𝜙(𝐱, 𝑡)) = ∫

∞

−∞
𝑄(𝜑𝜑𝜑)𝑓 (𝜑𝜑𝜑; 𝐱, 𝑡)𝑑𝜑𝜑𝜑 . (1)

This equation is exact as long as 𝑄 is fully described by the set 
of variables 𝜙𝜙𝜙 in the PDF sample space. A joint velocity-scalar PDF 
with sample space 𝜙𝜙𝜙 = [𝜌𝐘,𝐮, 𝑒] covering species’ partial densities, 
velocities, and internal energy, can close the chemical source terms 𝑆𝛼
and turbulent transport terms 𝜌̄𝑢𝑖𝑢𝑗 , 𝜌̄𝑢𝑖𝑌𝛼 , 𝜌̄𝑢𝑖𝐸 without assumptions 
(where 𝐸 = 𝑒 + 𝑢𝑖𝑢𝑖∕2 is the mass-specific total energy).

The PDF is represented by an ensemble of 𝑁𝑓  Eulerian stochastic 
fields (SF), with the discrete version of Eq. (1) being 

𝑄(𝜙𝜙𝜙(𝐱, 𝑡)) ≈ 1
𝑁𝑓

𝑁𝑓
∑

𝑛=1
𝑄
(

𝜙𝜙𝜙(𝑛)(𝐱, 𝑡)
)

, (2)

where the superscript (𝑛) denotes the solution of the 𝑛th SF. Favre 
filtering 𝑄̃ is computed in a similar fashion. Fluctuations about filtered 
quantities are denoted by 𝑄′ and 𝑄′′, such that 𝑄 = 𝑄 +𝑄′ = 𝑄̃ +𝑄′′.

The SF approach has the advantages of being easy to adapt to 
existing grid-based LES solvers and ensuring the conservation and 
boundedness of each stochastic realisation, which is key for numerical 
stability.

Each field evolves in time following 

𝑑𝐔(𝑛) =
[

−
𝜕𝐅(𝑛)

𝑖
𝜕𝑥𝑖

+
𝜕𝐃𝑖
𝜕𝑥𝑖

+ 𝐒(𝑛) + 𝜌(𝑛)𝐀(𝑛)
]

𝑑𝑡 + 𝜌(𝑛)𝐵𝑑𝐖(𝑛) , (3)

where 𝐔 = [𝜌𝐘, 𝜌𝐮, 𝜌𝐸]⊤ are the conservative variables of the Navier–
Stokes equation. 𝐅(𝑛) are inviscid Euler fluxes calculated using 𝐔(𝑛); 𝐃
are the filtered diffusive fluxes; 𝐒(𝑛) are the source terms of 𝐔(𝑛); and 
𝑑𝐖(𝑛) are independent Wiener processes non-zero only for the three 
momentum components.

Interactions between fields are modelled with the drift and stochas-
tic terms. They both average to zero and hence do not alter the 
filtered values. The drift term 𝐴𝜙 reduces subgrid variance inversely 
proportional to a subgrid turbulence timescale 𝜏sgs = 𝑘sgs∕𝜖sgs [9,17]. 

𝐴(𝑛)
𝜙 =

𝐶𝜙

𝜏sgs

(

𝜙 − 𝜙(𝑛)
)

(4)

for 𝜙 = 𝑌𝛼 , 𝑢𝑖, 𝑒.
The stochastic term, 𝐵𝑑𝑊𝑖, acts in the opposite manner by in-

creasing the subgrid variance and drives the PDF towards a Gaussian 
distribution, controlling the rate of return to isotropy, 

𝐵 =
√

𝐶0𝜖sgs . (5)

Note that the stochastic term is only applied to the momentum compo-
nents.

The subgrid dissipation rate 𝜖sgs is modelled as a function of the 
subgrid kinetic energy 𝑘sgs = 𝑢′′𝑖 𝑢

′′
𝑖 ∕2, 

𝜖 = 𝐶
(

1 +𝑀2
) 𝑘3∕2sgs

, (6)
sgs 𝜖 sgs 𝓁

2 
with the subgrid Mach number 𝑀sgs =
√

2𝑘sgs∕𝑐 accounts for the effect 
of dilatational dissipation in compressible turbulence [18], where 𝑐 is 
the local speed of sound. The length scale 𝓁 is chosen to be the local 
LES filter width 𝛥. The model constants are 𝐶0 = 2.1, 𝐶𝜖 = 1.05, 
𝐶𝑢 = (1∕2 + 3𝐶0∕4), and 𝐶𝑒 = 𝐶𝑌 = 1 following [9,17–20].

2.2. Wall fluxes model

The boundary layer is a thin region near a wall where a steep 
velocity gradient exists as a result of the no-slip condition. Its profile is 
self-similar with respect to the non-dimensional distance and velocity, 
𝑦+ = 𝑦𝑢𝜏𝜌𝑤∕𝜇𝑤 and 𝑢+ = 𝑢∕𝑢𝜏 , where 𝑢𝜏 =

√

𝜏𝑤∕𝜌𝑤 is the friction 
velocity, and 𝜌𝑤, 𝜇𝑤, 𝜏𝑤, are density, dynamic viscosity, and shear 
stress at the wall (𝑦 = 0), respectively. A wall-resolved LES requires 
the first grid point to be positioned at 𝑦+ ≈ 1. As 𝑢𝜏 increases with 
𝑅𝑒, the number of grid points required to maintain this condition 
grows quickly. Alternatively, wall-modelled LES strategies leverage 
some universality of the boundary layer to model, instead of resolve, 
the near-wall region. Therefore, the grid-point requirement is only 
bounded by the outer turbulence scales. The cost savings can be up 
to several orders of magnitude, especially when 𝑅𝑒 is high [11].

In this work, we utilise the equilibrium wall stress model by Kawai & 
Larsson [16] where two coupled ODEs are solved on a one-dimensional 
virtual domain normal to the wall. The virtual domain is embedded in 
the LES grid, which takes the LES solution as boundary conditions at 
the far end, and no-slip adiabatic or isothermal wall conditions on the 
wall end. The outputs are wall shear stress 𝜏𝑤 and heat flux 𝑞𝑤, which, 
in turn, are used to update the LES flow field. 
𝑑
𝑑𝑦

[

(𝜇 + 𝜇𝑡)
𝑑𝑢∥
𝑑𝑦

]

= 0 , (7)

𝑑
𝑑𝑦

[

(𝜇 + 𝜇𝑡)𝑢∥
𝑑𝑢∥
𝑑𝑦

+ (𝜆 + 𝜆𝑡)
𝑑𝑇
𝑑𝑦

]

= 0 , (8)

where 𝑑∕𝑑𝑦 denotes wall-normal derivative, and 𝑢∥ is the wall-parallel 
velocity. Turbulent viscosity and conductivity are modelled follow-
ing [16], 

𝜇𝑡 = 𝜅𝜌𝑢𝜏𝑦
[

1 − exp
(

−
𝑦+

𝐴+

)]2
, 𝜆𝑡 =

𝑐𝑝𝜇𝑡
𝑃𝑟𝑡

. (9)

The parameters are 𝜅 = 0.41, 𝑃𝑟𝑡 = 0.9, 𝐴+ = 17 following [16]. 
The second LES cell from the wall is used as the matching point of 
the virtual domain (the far end), as suggested by [16]. Eq. (7)–(8) are 
applied to the mean/filtered flow quantities, and all stochastic fields 
share the same 𝜏𝑤 and 𝑞𝑤. This allows the formulation to stay consistent 
with the filtered diffusive fluxes in Eq. (3) in the limit of the wall.

2.3. Near-wall treatments for the PDF

While the wall stress model accurately captures the mean flow, 
additional measures are required to ensure the proper behaviour of 
subgrid quantities near walls. If we follow [7], in the logarithmic layer, 

𝑘 ∝ −⟨𝑢,𝑣,⟩ ∝ 𝑢2𝜏 , (10)

𝜖 =  = −⟨𝑢,𝑣,⟩
𝑢𝜏
𝜅𝑦

∝ 𝑘3∕2

𝜅𝑦
, (11)

where angled brackets and , denote RANS averaging and the fluctua-
tions around it.

These relationships were originally discussed in a RANS context.
A priori analysis by filtering the DNS turbulent channel flows by Lee 
et al. [21] reveals that although Eq. (10) is true for LES, Eq. (11) is not. 
Therefore, even though 𝑘3∕2sgs ∕𝜅𝑦 follows accurately the production-like 
term ̂sgs = 𝑢′𝑣′𝑢𝜏∕𝜅𝑦, it fails to model 𝜖sgs as intended.

Surprisingly, Fig.  1 shows that the 𝜖sgs model in Eq. (6), assuming 
isotropic flow, agrees well with DNS across the whole range of 𝑦+ in 
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Fig. 1. Top row: Production () and dissipation (𝜖) of turbulent kinetic 
energy (𝑘) in RANS, along with Eq. (11); Middle row: Production-like ̂sgs
and dissipation (𝜖sgs) of subgrid kinetic energy (𝑘sgs) in LES (𝛥+ ≈ 50), along 
with Eq. (6) and (11); Bottom row: Reynolds stress (dash line) and subgrid 
stress (solid line) normalised by 𝑢𝜏 , in descending order of the peak value, 
𝑢′𝑢′, 𝑣′𝑣′, 𝑤′𝑤′, 𝑢′𝑣′, respectively.

both 𝑅𝑒𝜏 tested. This can be explained physically by the fact that even 
if 𝓁 decreases with 𝑦, 𝐶𝜖 also changes, and the two effects cancel out 
each other.

Another key observation is that LES subgrid stresses are significantly 
smaller than RANS stresses and return to isotropy much more rapidly. 
This suggests that in LES, the resolved large eddies primarily capture 
the flow anisotropy, while the subgrid scales align more closely with 
Kolmogorov’s hypothesis. As a result, the applicability of the simple 
model is substantially extended.

Another requirement for the model is that 𝐶0 → 0 as 𝑦 → 0 [7]. 
This represents the realisability constraint of the Reynolds stress tensor. 
More importantly, the stochastic forcing √𝐶0𝜖𝑑𝑊𝑖 normal to the wall 
must vanish approaches the wall to satisfy the non-permissible condi-
tion. If this is not done, spurious pressure waves will form, as shown in 
Section 3.1. We choose 𝐶0 to decay linearly with 𝑦, 

𝐶0 = min(2.1, 𝑦+∕250) . (12)

The constant 250 is empirically calibrated from the supersonic channel 
flow in Section 3.1. Additionally, for numerical stability, 𝐶0 = 0 is 
applied to the two cells closest to the wall. This is consistent with the 
region where the wall stress model is applied.
3 
Table 1
Summary of simulation parameters [27].
 Parameter [unit] Value  
 Bulk Reynolds number 𝑅𝑒𝑏 = 𝜌𝑏𝑢𝑏ℎ

𝜇𝑤
 [–] 17 000  

 Bulk Mach number 𝑀𝑏 =
𝑢𝑏
𝑐𝑤
 [–] 1.5  

 Friction velocity 𝑢𝜏 [cm/s] 2913.43  
 Wall temperature 𝑇𝑤 [K] 500  
 Wall dynamic viscosity 𝜇𝑤 [g/cm-s] 2.67×10−4  
 Channel half height ℎ [cm] 0.6845  
 Domain size 𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧 [cm] 12ℎ, 2ℎ, 4ℎ 
 Mesh size 𝑁𝑥 , 𝑁𝑦 , 𝑁𝑧 [–] 192, 32, 64 

2.4. Implementation

All simulations presented were conducted using the in-house fi-
nite difference solver, Cerisse [22]. It is implemented based on AM-
ReX [23], which provides efficient block-structured grid adaption rou-
tines. The inviscid fluxes are reconstructed using a fifth-order Targeted-
Essentially-Non-Oscillatory (TENO) scheme [24] and an HLLC Riemann 
solver [25]. Diffusive fluxes are discretised using second-order central 
difference, with mixture-rule species diffusivity [26].

Time integration is carried out using a second-order explicit Runge–
Kutta scheme with operator-splitting procedures. When 𝜏sgs is small or 
𝜖sgs is large, the subgrid model places a stringent requirement on the 
time step size, analogous to the CFL condition. It can be circumvented 
using a novel two-step integration procedure 
𝛥𝑢∗𝑖 = 𝐵𝛥𝑊 , (13)

𝛥𝑢𝑖 = ∫

𝑡+𝛥𝑡

𝑡
𝐴𝑢𝑖𝑑𝑡 + 𝐵𝑑𝑊

≈ 𝛥𝑢∗𝑖 +

(

𝑢̃𝑖 − 𝑢(𝑛)𝑖 − 𝛥𝑢∗𝑖
)

𝛥𝑡
𝛥𝑡 + 𝜏sgs∕𝐶𝑢𝑖

.
(14)

𝛥𝑊  is a dichotomic random number with variance 𝛥𝑡. See [3] for full 
details on the solver implementation and discussions regarding the use 
of adaptive mesh refinement (AMR) with SF.

3. Results

3.1. Supersonic turbulent channel flow

The supersonic turbulent channel flow of Modesti & Pirozzoli [27] 
is used to test the wall-modelled SF strategy. The case parameters are 
listed in Table  1. LESs with the WALE model [28] are used for a com-
parative assessment with SF. The WALE model is designed to provide 
the correct near-wall scaling of the eddy viscosity without requiring a 
dynamic procedure. It can be coupled with the same ODE wall model 
presented. All simulations share the same mesh and numerical schemes, 
with 𝑦+ = 32 for the first LES grid point.

Due to the coarse near-wall resolution, LES without wall model 
underpredicts both 𝜏𝑤 and 𝑞𝑤, leading to an overestimated bulk velocity 
⟨𝑢⟩ and temperature ⟨𝑇 ⟩, as shown in Fig.  2. Applying the wall model 
greatly improves the results. The SF predicts a lower ⟨𝑇 ⟩ both with 
and without wall model, by approximately 5% compared to WALE. The 
exact reason behind this phenomenon remains unclear, but speculation 
is around the lower density near the walls compared to the WALE 
model. Furthermore, SF without the wall model and the 𝐶0 modifica-
tion performs worse than other approaches and deviates further from 
DNS, especially in density, showcasing the importance of modifying 𝐶0.

The root-mean-square (RMS) velocities for all simulations agree 
well with DNS results, even in the absence of a wall model. This 
suggests that the RMS values are less sensitive to wall stress than the 
mean values. However, discrepancies are observed within a few grid 
points from the wall. This is somewhat expected because, even if 𝜏  is 
𝑤
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Fig. 2. Mean and root-mean-square profiles. Labels are ‘‘DNS’’: DNS from [27]; 
‘‘SF’’: SF w/o wall model; ‘‘SF-WM’’: SF w/ wall model; ‘‘WALE’’: WALE w/o 
wall model; ‘‘WALE-WM’’: WALE w/ wall model.

predicted correctly, the grid is too coarse to capture the small eddies 
in the boundary layer.

The direct effect of 𝐶0 can be seen in Fig.  3. Without the modifi-
cation in Eq. (12), non-zero 𝐶0 in the stochastic term creates a forcing 
in the wall-normal direction, generating spurious pressure waves that 
contaminate the SF solution. After applying the 𝐶0 modification, the 
pressure fields are smoother and exhibit less fluctuations.

The effect of the number of fields is examined in Fig.  4. The 
prediction of ⟨𝑇 ⟩ improves with more fields, but the overall difference 
remains small. Similarly, the shape and magnitude of 𝑘sgs vary slightly. 
It is difficult to assess the predictions of 𝑘sgs, as they are not available 
in the literature and are mesh (or filter) dependent. Nevertheless, the 
SFs with wall model produced 𝑘sgs that follows the general trend, as 
observed in Fig.  1, whereas the SF without wall model fails to replicate 
it.

3.2. Michigan ramjet

With the velocity PDF validated in the canonical flow case, we apply 
the full velocity-scalar PDF to a laboratory-scale ramjet experimentally 
studied by Micka [29] (see Table  2). The complex flow patterns in this 
configuration are characterised by: (1) shock/boundary layer interac-
tions (SBLI) and shock train induced by the combustor back pressure, 
(2) high-speed fuel injection into a crossflow, and (3) flame stabilised 
in the jet wake, making this case ideal for validating the model in a 
multi-physics engineering scenario. 
4 
Fig. 3. Pressure of individual fields with and without near-wall 𝐶0 modifica-
tion (Eq. (12)). Each line represents one SF.

Fig. 4. Comparison between 8 and 16 stochastic fields.

Table 2
Inflow and fuel injection parameters [29].
 Parameter [unit] Value 
 Inflow Mach number 𝑀 [–] 2.2  
 Inflow stagnation temperature 𝑇0 [K] 1400  
 Inflow stagnation pressure 𝑝0 [kPa] 590  
 Fuel Mach number 𝑀 [–] 1  
 Fuel stagnation temperature 𝑇0 [K] 288  
 Fuel stagnation pressure 𝑝0 [kPa] 755  
 Global equivalence ratio (H2-air) [–] 0.28  

Based on the inflow conditions and isolator height, the Reynolds 
number is 𝑅𝑒 ≈ 107. Due to the short residence time, a detailed 
chemical mechanism is necessary for correctly predicting autoignition 
and the flame position. A 9-species, 21-reaction H2-air mechanism by 
Li et al. [31] is used, which has been successfully applied in DNS of a 
similar configuration [32].

Eight SF are employed as a compromise between accuracy and 
computational cost, which is also in line with usual practice [3]. Two 
levels of refinement are used, with the finest mesh size being 0.03 cm. 
The grid is adaptively refined around regions of high pressure gradient 
and vorticity to capture shocks and mixing. The average 𝑦+ of the 
first grid point is approximately 200. The resulting total cell count is 
8.3 million. This is estimated to be approximately one-tenth of the cell 
count of a wall-resolved LES.

Results are compared to an implicit LES (ILES) where numerical 
dissipation serves as the turbulence model, neglecting subgrid fluctua-
tions. In Fig.  5, the instantaneous temperature field shows the presence 
of a shock train that begins approximately 30 cm ahead of the fuel 
injector. A shock was initially formed in the combustor as a result of the 
pressure rise due to combustion. It then travels upstream and stabilises 
into a classical SBLI configuration, with 4–5 consecutive, increasingly 
weaker shocks, gradually bringing the flow to subsonic speeds. This 
flow structure is not present in the simulation without the wall model. 
This is because when shear stress is underpredicted, the boundary layer 
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Fig. 5. Instantaneous temperature field of SF with 𝐶0 modification but without wall model (top), SF with both 𝐶0 modification and wall model (middle), and 
ILES with wall model (bottom). All plots have the same colourmap ranging from 200 K to 2500 K.
Fig. 6. Mean and RMS values of bottom wall pressure. The dashed lines mark the cavity location. Labels are the same as Fig.  5, while ‘‘WMLES’’ is the wall-
modelled LES in [30], and ‘‘Exp’’. is the experimental measurements in [29].
Fig. 7. Subgrid kinetic energy distribution of wall-modelled SF at the centre plane. Brighter indicates higher 𝑘sgs.
grows much slower and cannot provide sufficient room for the back 
pressure to transmit upstream, hence preventing the formation of the 
shock train. As a result, the flow remains supersonic throughout the 
isolator, and a bow shock is formed at the fuel jet and a weak flame is 
stabilised in the cavity. The wall pressure distribution in Fig.  6 confirms 
that the wall-modelled SF and ILES agree well with experimental 
measurements and previous wall-modelled LES study [30], while the 
simulation without wall modelling is inaccurate.

Concerning the effect of small scales, it can be seen in Fig.  7 that 
𝑘sgs from the wall-modelled SF peaks at two locations: the separation 
bubble of the first shock and the fuel injection point. However, due 
5 
to the length of the isolator, most of the 𝑘sgs decays before reaching 
the fuel injector. Therefore, the shock train’s impact on fuel mixing is 
mainly done through resolved scales rather than subgrid scales.

Since the flow has been slowed and heated substantially in the 
isolator, ignition takes place once the hydrogen is mixed with air 
shortly after injection. In this case, the flame is primarily controlled 
by large-scale mixing, and the chemical reactions happen quickly due 
to the high temperature, so the influence of SF is not significant. 
Nevertheless, the proposed wall-modelled SF approach is successfully 
validated in this complex and challenging flow field, demonstrating its 
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potential for efficient applications of the PDF method in wall-bounded 
flow configurations.

4. Conclusions

This paper presents a wall-modelled stochastic fields (WMSF) strat-
egy as a straightforward and efficient extension for applying the joint 
velocity-scalar PDF to wall-bounded flows.

The primary objective of this approach is to reduce the high com-
putational costs associated with resolving viscous length scales close to 
solid walls. This is achieved by coupling the SF with a state-of-the-art 
wall stress model that can accurately predict shear stress and heat flux. 
The Eulerian stochastic fields approach simplifies the implementation 
of most existing wall models, with the potential of applying more 
advanced wall models with PDF methods in the future.

The results show that the simplified Langevin model, originally 
designed for isotropic flow, can effectively predict subgrid-scale dissi-
pation across a wide range of 𝑦+ values. Modification to the stochastic 
term in the SF momentum equation is required to ensure it vanishes 
near the wall, preventing spurious pressure generation.

The resultant WMSF framework is validated in a supersonic turbu-
lent channel flow and a ramjet case, showing good agreement with DNS 
and experimental data, and demonstrating the method’s versatility for 
complex flow cases.

This new approach represents a significant improvement over the 
SF without wall modelling, thereby enabling accurate simulations of 
wall-bounded turbulent reacting flows at a reasonable computational 
cost.

Novelty and significance statement

The novelty of this research is that it is the first attempt to integrate 
a modern LES wall model into the LESPDF approach. It is significant 
as it unlocks the potential of applying the velocity-scalar PDF in wall-
bounded flows, as well as to perform wall-modelled LES with the 
PDF, which represents an order-of-magnitude cost saving compared 
to wall-resolved LES. The study also investigates the applicability of 
the existing simplified Langevin model in the LES context, while many 
previous works focus on RANS modelling. Even for previous LES-PDF 
works, discussions contrasting the LES with RANS are not usually 
given. The results of this work demonstrate a significant improve-
ment achieved by employing an ODE-based wall model. The Eulerian 
stochastic field formulation is especially well-suited for implementing 
such models without requiring extensive modifications.
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