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Abstract We study the dynamics of Nambu–Goto cosmic
string loops coupled to a massive Kalb–Ramond field. This
coupling provides a framework for describing the interac-
tion between the cosmic string and the gauge field. Within
this setup, we compute the energy flux associated with the
radiation of massive Kalb–Ramond modes from oscillating
string loops. For loops featuring kinks, we find that the decay
time scales with the square of the loop length. In contrast,
loops with cusps exhibit a decay time proportional to 3/2
times the loop length. The results are in good agreement
with field-theoretic simulations of Nambu–Goto-like loops
in the Abelian-Higgs model, supporting the validity of the
calculation.

1 Introduction

Soliton-like solutions emerge in various field theory mod-
els, including quantum chromodynamics, extensions of the
Standard Model of particle physics, condensed matter sys-
tems, and the high-energy physics of the early universe [1–3].
In the context of cosmology, the study of one-dimensional
topological solitons, known as cosmic strings, is of particular
interest due to their unique properties and potential presence
in various early-universe scenarios [4–7].

Understanding the dynamics of these non-linear objects
is a difficult task. Hence, lattice field theory simulations are
commonly employed as a computational tool. However, sim-
ulating cosmic strings evolving in the expanding universe
presents particular difficulties, as the simulations must simul-
taneously capture the details of a tiny string core and the vast
area of the Hubble volume. Numerous numerical approaches
in field theory try to obtain realistic results in simulations that
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encompass such contrasting scales [8–13], mostly relying on
the simplest models that correspond to global and local U(1)
symmetry breaking.

An alternative simulation method approximates cosmic
strings as infinitely thin and describes them using a Nambu–
Goto action [14–17]. This approach enables more detailed
simulations on a larger scale. Nevertheless, the reliability
of this approximation remains uncertain as it neglects back-
reaction and radiation inherent in the original field theory
model [18].

Accurate modeling of cosmic string dynamics and the evo-
lution of their network is essential for accurate prediction of
possible observational signals. Currently, gravitational lens-
ing [19–21], anisotropies in the cosmic microwave back-
ground [22–26], structure formation [27–30] and the stochas-
tic gravitational wave background [31–35] serve as the most
sensitive probes for detecting the presence of cosmic strings.
Such knowledge allows for constraints to be imposed on
high-energy models of the early universe through topological
defects [36–40].

It is important to note that realistic phase transitions in the
early universe may be considerably more complex than sim-
ple U(1) symmetry breaking. In particular, one may expect
features such as superconductivity [41,42] and Y-junctions
[43,44] in cosmic string networks. The Nambu–Goto approx-
imation plays a crucial role in extending the standard cos-
mic string network evolution to include such features [45–
49], enabling the development of observational predictions
beyond the simplest models [50–59].

In this paper, we focus our attention on cosmic strings
described by the Nambu–Goto action coupled to a massive
Kalb–Ramond field. We organize our study as follows: In
Sect. 2, we provide the motivation for studying the Nambu–
Goto action coupled to a massive Kalb–Ramond field. In
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particular, we construct our model as the infinitely thin limit
of the Abelian Higgs cosmic string model, employing the
duality between massive vector and massive Kalb–Ramond
fields. This duality suggests the applicability of the model
to Abelian Higgs cosmic strings. We demonstrate that the
Nambu–Goto string tension can be classically renormalized
due to the coupling with the massive Kalb–Ramond field,
as presented in Sect. 3. Section 4 discusses the emission of
massive radiation from Nambu–Goto strings, focusing on
specific examples such as cuspless loops [60] and Burden’s
loops [61]. We compare our findings with simulations of mas-
sive radiation from oscillating Abelian Higgs cosmic string
loops generated from artificial initial configurations [62–65].

Throughout the paper we define a 4-dimensional metric by
gμν with the signature (+,−,−,−),where all Greek indexes
run over space-time dimensions. Latin indexes in the middle
of the alphabet (i, k, . . .) run over spatial coordinates, while
the first letters (a, b, c, d) run over 2-dimensional string
worldsheet coordinates.

2 Effective model of Abelian Higgs cosmic strings

It is known that the global U(1) cosmic string model can
be represented effectively via Nambu–Goto action coupled
to a massless Kalb–Ramond field [66,67]. In this section,
we demonstrate that, similarly to global strings, local U(1)
Abelian Higgs strings in the infinitely thin limit can be effec-
tively described by the Nambu–Goto action coupled to a mas-
sive Kalb–Ramond field.

2.1 Duality between massive vector and massive
Kalb–Ramond fields

Let us consider the Abelian Higgs model, which is given by
the action [68]

S =
∫ (

Dμϕ
(
Dμϕ

)∗ − 1

4
FμνFμν − V (ϕ)

) √−g d4x,

(1)

where V (ϕ) = λ
2

(
η2 − |ϕ|2)2

, g is a metric determinant,
λ and η define the shape of potential, Dμ = ∇μ − ieAμ

is the gauge covariant derivative, Aμ is electromagnetic 4-
potential, Fμν = ∇μAν − ∇ν Aμ is electromagnetic ten-
sor and ∇μ is a covariant derivative for curved space-time.
According to the Kibble mechanism [69], the Lagrangian
(1) can give rise to topological string-like defects. Pertur-
bation of the action (1), around the minimum of potential:
ϕ = η + ϕ1+iθ√

2
, leads to

S =
∫

(Lbr + Lint)
√−g d4x, (2)

where

Lbr = 1

2
∂μϕ1∂

μϕ1 − λη2ϕ2
1 − 1

4
FμνFμν + e2η2 Ãμ Ã

μ,

Lint includes higher order terms of ϕ1 and Aμ and the vector
field Ãμ = Aμ − 1√

2eη
∂μθ acquired mass M = √

2eη. By

adding a divergence term to the action (2) and using equations
of motion for the Proca field, one can obtain Hamiltonian for
the vector part of the action (2)1

H = −πμπμ + M2 Ã2
0 − Lbr, (3)

where πμ = Fμ0 is a canonical momentum. If there is no
explicit time dependence in Hamiltonian, it is possible to
carry out canonical transformations substituting Lbr( Ãμ) by
LKR(Bμν) with the corresponding change of canonical coor-
dinates Ãμ → Bμν and momenta πμ → Πμν = ∂LKR

∂ Ḃμν
. To

perform this canonical transformation we define2

Ãμ ≡ 1

3!eη EμνλρHνλρ, Fμν ≡ eη

2! E
μνλσ Bλσ , (4)

where Eμνλρ = εμνλρ√−g
is a Levi-Civita tensor, and the field

Bμν is a massive Kalb–Ramond field obeying equations of
motion

1√−g
∂μ

(√−gHμνλ
) + BνλM2 = 0, (5)

where Hμνλ = ∇{μBνλ} ≡ ∇μBνλ + ∇λBμν + ∇νBλμ.

Substituting relations (4) into Eq. (3) and subtracting
divergence term∼ ∂ρ

(√−gHμνρBμν

)
from the Lagrangian,

we obtain the canonically transformed Hamiltonian in terms
of new variables

H = ΠμνΠμν − 2M2B0νB
0ν − LKR(Bμν), (6)

where Πμν = H0μν and

LKR(Bμν) = 1

6
HμνηHμνη − 1

2
M2BμνBμν. (7)

Corresponding action (2) takes the form

S =
∫ (

1

2
∂μϕ1∂μϕ1 − λη2ϕ2

1

)√−g d4x

+
∫ (

1

6
HμνλHμνλ − M2

2
Bμν Bμν + Lint

)
√−g d4x . (8)

We showed that in the same way as for massless scalar field
[67], it is possible to carry out canonical transformation to
obtain a massive Kalb–Ramond field starting from a massive
vector (Proca) field [77,78]. This duality holds in a case of
quantum consideration as well [79].

1 We follow the method of Ref. [67].
2 The arbitrary coefficient of transformations in Eq. (4) was chosen in
a such way that the final effective Lagrangian has the massless limit
coinciding with the standardly used in the literature [66,67,70–74], but
different from the one used in Refs. [75,76].
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2.2 Effective action for Abelian Higgs strings

The action (8) describes perturbed fields around the vac-
uum. The complex scalar field acquires the vacuum expec-
tation value ϕ → η (up to a phase factor) far away from
the string core and tends to zero ϕ → 0 inside the string
core. Thus, the vector field Ãμ (which has dual representa-
tion by Kalb–Ramond field) becomes massive outside of the
cosmic string and massless inside the string core. To esti-
mate the radius of the string we use the Compton length:
δs ∝ m−1

ϕ ∝ (
√

λη)−1, while the radius for the vector (or
Kalb–Ramond) field is δv ∝ M−1 ∝ (eη)−1 (details can
be found in [4]). The relation between masses M and mϕ is

usually defined by parameter β ≡ mϕ

M =
√

λ
e .

In this section, we consider the effective description of a
cosmic string. The action (8) can be decomposed into three
parts. The first term, Sstr, describes the dynamics of the cos-
mic string, which in the limit of vanishing thickness reduces
to the Nambu–Goto action. The second term, S4d, governs
the dynamics of the massive Kalb–Ramond field Bμν and
the massive scalar field ϕ1 in the vacuum region outside the
core of the string. The third term encodes the possible inter-
actions between the cosmic string and the four-dimensional
massive fields Bμν and ϕ1. The complete system may thus
be schematically represented as

SEff = Sstr + S4d + Sint, (9)

where below we define each part of the action.
The first term corresponds to a cosmic string, which can

be expanded in relation to the string thickness δs as follows
[80]:

Sstr = −μ0

∫ √−γ

[
1 − δ2

s

μ0
α1R + δ4

s

μ0

(
α2R

2

+α3KIμνK
μν

J K I
λρK

Jλρ
)

+ O(δ6
s )

]
dσdτ, (10)

where dσdτ is an element of a string worldsheet, which is
parametrized by σ a ≡ (τ, σ ) variables, γ = det

[
γab

] ≡
det

[
Xμ

,a Xν
,bgμν

]
, Xμ

,a ≡ ∂Xμ

∂σ a , μ0 ∼ η2 is the string ten-

sion, R and KIμν are the Ricci and extrinsic curvatures of
the worldsheet with I, J indexes of the spatial directions
orthogonal to the cosmic string. A non-trivial contribution
to the string’s motion occurs only at the fourth order of the
expansion in relation to the string thickness, δ4

s ∝ (
√

λη)−4

[80]. Therefore, we will neglect these contributions and retain
only the leading order; however, see Sect. 5 for a discussion
of possible effects.

The second term consists of 4-dimensional integrals that
describe the dynamics of the massive scalar field and the

Kalb–Ramond field

S4d =
∫ (

∂μϕ1∂
μϕ1

2
− m2

ϕϕ2
1

2

+HμνλHμνλ

6
− M2BμνBμν

2

)√−gd4x .

To describe the interaction part Sint, we first examine the cou-
pling between the Kalb–Ramond field and the cosmic string.
In regions distant from the core of the string, the vector field
Aμ is characterized by a “pure” gauge rotation encircling the
defect. This concept is illustrated, for example, in Eq. (4.1.3)
of Ref. [4]. Consequently, the 4-potential of the vector field
becomes linked to the magnetic flux of the cosmic string
through an integration along the path encircling the string:∮
Aμdxμ = 2π n

e , where n is the number of windings. Thus,
to incorporate the interaction term between the cosmic string
and the Kalb–Ramond field into the action defined by Eq. (9),
one can follow a logical pathway analogous to that utilized
for global strings in Ref. [67]. Using relations (4) and (10)
one concludes that equations of motion for massive Kalb–
Ramond field (5) should have a source term J νλ of the fol-
lowing form [70]

1√−g
∂μ

(√−gHμνλ
) + BνλM2 = −4π J νλ

≡ −2πη

∫ [
δ(4)(xμ − Xμ(σ, τ )) + O(δ2

s )
]
dσνλ, (11)

where dσνλ ≡ εabXν
,a X

λ
,bdσdτ and O(δ2

s ) represents terms
corresponding to possible couplings between the Kalb–
Ramond field and the cosmic string that arise due to the string
thickness. Hence, the interaction between the Kalb–Ramond
field and the cosmic string can be expressed as3

SKR-NG = −2πη

∫
Bμν

(
1 + O(δ2

s )
)
dσμν. (12)

In addition to the massive Kalb–Ramond field Bμν, there
exists a massive scalar field ϕ1, which can likewise be excited
by the motion of the cosmic string. Massive radiation from
cosmic strings has been investigated using quantum pertur-
bative methods [82,83], non-perturbative numerical simula-
tions [10,84,85], and through effective models inspired by
domain wall simulations in 2 +1 dimensions [86]. Although
the precise form of the coupling between the Nambu–Goto
action and the ϕ1 field is not known, dimensional arguments
suggest that the interaction must depend on the dimension-
less ratio ϕ1/η. This consideration leads to the final form of
all possible interactions of the Nambu–Goto action with the

3 Within the context of superconductivity, a comparable effective
Lagrangian was proposed, as presented in Eq. (8) of Ref. [81].
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massive fields:

Sint = −2πη

∫
Bμν

(
1 + O(δ2

s )
)
dσμν

+ μ0

∫ [
Lϕ−str

(
ϕ1

η

)
+ O(δ2

s )

] √−γ dσdτ, (13)

where Lϕ-str

(
ϕ1
η

)
represents the leading-order contribution

to the interaction between the cosmic string and the massive
scalar field ϕ1, of order δs . The interaction terms involving
both the Kalb–Ramond field Bμν and the scalar field ϕ1 are
of the same order, η ∼ δ−1

s , in the case of critical coupling,
β = 1. Although the transformations (4) are not valid in
the massless limit M → 0 (β → ∞) , the effective action
consistently reduces to the expected form for global cosmic
strings in this limit.

Collecting all terms for the effective action and retaining
only the leading-order terms, which are of order η2 ∼ δ−2

s
and η ∼ δ−1

s , we obtain the following effective action:

SEff ≈ Sstr + Sint + S4d, (14)

where

Sstr ≡ −μ0

∫ √−γ dσ dτ, (15)

Sint ≡ −2πη

∫
Bμν dσμν

+ μ0

∫
Lϕ−str

(
ϕ1

η

) √−γ dσ dτ, (16)

S4d ≡
∫ (

∂μϕ1∂
μϕ1

2
− m2

ϕϕ2
1

2

+HμνλHμνλ

6
− M2BμνBμν

2

) √−g d4x . (17)

The equation of motion for the string, up to terms of order
O(δ2

s ), can be written as

∂a

(√−γ γ ab∂bX
μ
)

= 2πηHμ
νρV νρ + ηFϕ

μ0
+ O(δ2

s ),

(18)

where V νρ ≡ εab∂a Xν∂bXρ and Fϕ is a dimensionless
expression that accounts for the back-reaction effect from
the massive scalar field ϕ1. The first term on the right-hand
side represents the back-reaction due to the Kalb–Ramond
field. In the case of critical coupling, when β = 1, both terms
on the right-hand side contribute similarly. Our main goal is
to study the coupling of the Nambu–Goto cosmic string with
the massive Kalb–Ramond field. In particular, in Sect. 3, we
will examine the effect of the string tension renormalization
due to massive Kalb–Ramond field. In Sect. 4, we will focus
on the radiation of the massive Kalb–Ramond field, while
neglecting the back-reaction effects.

3 Green function and renormalization of tension

In this section, we use Green functions to evaluate the renor-
malization of the Nambu–Goto string tension induced by a
massive Kalb–Ramond field.

3.1 Green functions for massive Kalb–Ramond field

To understand the evolution of the Kalb–Ramond field, we
need to study the equations of motion (11). For this purpose,
we choose Lorenz gauge conditions [87]

∇μB
μν = 0. (19)

Thus, from (11) one obtains

∇μ∇μBνλ + (
gνρBλσ + gλρBνσ

)
Rσρ

+Bσμ
(
gνρRλ

σμρ − gλρRν
σμρ

) + M2Bνλ = −4π J νλ,

(20)

where Rμν is a Ricci tensor and Rλ
μνσ is a four-dimensional

Riemann tensor. Hereinafter we will be considering only a
local reference frame that coincides with Minkowski space,
i.e. we neglect all possible corrections caused by space-time
curvature. In that case, Eq. (20) reduce to

∂μ∂μBνλ + M2Bνλ = −4π J νλ. (21)

Solution of (21) has the form

Bνλ(x) = Bνλ
0 (x) − 4π

∫
GM (x − x ′)J νλ(x ′)d4x ′, (22)

where Bνλ
0 is a homogeneous solution and the Green function

GM (x − x ′) is given by

GM (x − x ′) = − 1

(2π)4

∫
e−ik(x−x ′)

k2 − M2 d4k. (23)

Introducing infinitesimal parameter we can carry out integra-
tion (see chapter IV.4 of [88] for details):

Gr,a
M (x − x ′) = Θ(±Δt)

2π
G̃(�), (24)

where G̃(�) ≡ δ(�2) − M
2Δ

J1(M�)Θ(�2), the upper
sign for retarded and lower for advanced Green functions,
� ≡ √

Δt2 − r2 ,r = |x − x′|, Δt = t − t ′, k = |k|,
ω =

√
k2 + M2, Θ(x) is the Heaviside step function and

J1(x) is a Bessel function of the first kind. In the case of
an infinitely big mass of radiation, M → ∞, advanced and
retarded Green functions become zero. This fact follows from
the relation

lim
M→∞

M

2x
J1(Mx)Θ(x2) = δ(x2), (25)

which is proven in appendix A.1 of Ref. [89]. We can obtain
the self-interaction part of the Green function using the
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method of Refs. [72,90]:

Gself = 1

2

(
Gr

M + Ga
M

)
. (26)

Choosing the homogeneous part of the solution Bμν
0 to satisfy

boundary conditions and using the form of the source (11)
with (26), we can write the self-field solution as

Bμν
self = −η

2

∫
Vμν G̃(�)dτdσ, (27)

where Vμν ≡ εab∂a Xμ∂bXν .

3.2 Renormalization of the string tension

To see how the massive Kalb–Ramond field affects the string
tension, we should plug the expression for self-field Bμν

self ,

given by Eq. (27), into the action (9). Considering only the
last term of (9) in the similar method as in Refs. [73,91] we
can write down

Sself = −πη2
∫ (∫

Ṽμν G̃(�̃)d τ̃dσ̃

)
Vμνdτdσ, (28)

where Ṽμν depends on (τ̃ , σ̃ ) and Vμν depends on (τ, σ ),

�̃2 = (X (τ, σ ) − X (τ̃ , σ̃ ))2. We consider that the cosmic
string segment represented by (τ̃ , σ̃ ) is close to the point
of interest with (τ, σ ), so we can perform an expansion in
terms of s = σ − σ̃ and t = τ − τ̃ variables. In particular,

�̃2 ≈ Ẋ2(τ, σ )t2 + X ′ 2(τ, σ )s2 (29)

and

Vμν(τ̃ , σ̃ )Vμν(τ, σ ) ≈ 2γ, (30)

where we used the temporal string gauge4

X0 = τ, ẊμX ′
μ = −Ẋ · X′ = 0, (31)

Ẋμ ≡ ∂Xμ

∂τ
, X ′μ ≡ ∂Xμ

∂σ
. Using expansions (29) and (30),

we can write down the self-interaction term in the following
way

Sself = 2πη2
∫ √−γΔμ dτdσ, (32)

where Δμ = √−γ
∫
G̃(�̃)dtds, leading to a classically

renormalized tension: μ = μ0 + 2πη2Δμ. To obtain an
explicit form of Δμ we use the expression

∫
δ
(
�̃2

)
dtds − M

2|Ẋ |
∫

J1(p)Θ(p2)√
p2 + a(s)2

dpds

= 1√−γ

∫
e−a(s)

s
ds, (33)

4 In the context of the specified temporal gauge (31), we observe that
the condition Ẋ2 + X ′,2 = 0 may not be satisfied in the presence of a
back-reaction.

where p = M
√
Ẋ2t2 + X ′ 2s2, ε =

√
x′ 2

1−ẋ2 , a(s) ≡ sM |x′|
and we used the property of delta function δ( f (x)) = δ(x)

| f ′(x)|
for the first integral, while for the second integral we employ
the relation

∫ ∞
0

J1(x)√
x2+a2 dx = 1−e−a

a [92]. Hence, using the
expression (33), we obtain that Δμ is given by

Δμ = Ei(−MΔs |x′|) − Ei(−Mδs |x′|), (34)

where Ei(...) is the exponential integral and we introduced
two renormalization scales: δs – the size of a string core and
Δs – the size of cut off, corresponding to the string length
(see discussion in section II.E of Ref. [72]).

There are two asymptotic cases when M → 0 and M →
∞, for which the tension renormalization in (34) reduces to

lim
M→0

Δμ = log

(
Δs

δs

)
, lim

M,Δs→∞ Δμ ≈ β
e−|x′|/β

|x′| , (35)

were the first expression reproduces the result for global
strings [72,73,75]. The second expression in Eq. (35) rep-
resents the string tension renormalization for large values of
M and Δs . We notice that it does not diverge when |x′| → 0
because of the determinant in the definition of the action (32).
As we see from Eq. (35), the tension renormalization (34) is
finite when Δs → ∞ in contrast to the global string case.
Equation (34) illustrates that the renormalized tension under-
goes variation along the string, attaining its maximum value
– equivalent to the global case – at kinks and cusps.

One can try to obtain the back-reaction effect for Nambu–
Goto cosmic strings similarly to the approach in Refs. [72,
75]. However, it is impossible to write down a local equa-
tion with back-reaction corrections. As was pointed out in
Ref. [89] for the case of massive radiation from the parti-
cle, the back-reaction should be included only as integrals
(27) requiring consideration of the full system of integro-
differential equations. We leave this problem for further
investigation.

4 Radiation

In this section, we derive the equation for the radiation of
massive particles from infinitely thin cosmic strings coupled
to a massive Kalb–Ramond field. We also perform a compar-
ative analysis with numerical simulations of cuspless loops
[62,63] and radiation from cusps [64] of Abelian Higgs cos-
mic strings.

4.1 Radiation for Kalb–Ramond field

To obtain the expression for radiation of the massive Kalb–
Ramond field we will follow the procedure of [93–95]. We
consider a periodically oscillating loop with the period T�.

Thus, we can perform Fourier transformations for the source
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and the field:

Jμν =
∞∑

n=−∞
J̃μν
n e−inω0τ , Bμν =

∞∑
n=−∞

B̃μν
n e−inω0τ ,

(36)

where J̃μν
n ≡ 1

T�

∫ T�

0 Jμνeinω0τdτ and ω0 = 2π
T�

is a charac-
teristic frequency. Substituting (36) into (21) one obtains
(
∇2 + k2

n

)
B̃μν
n = 4π J̃μν

n , (37)

where kn = nω0

√
1 − n2

0
n2 ≡ nω0Rn, n0 = M

ω0
. Thus, the

solution of (37) for a particular n-mode is given by

B̃μν
n = −

∫
Gn(x, x̃) J̃μν

n (x̃)d3x̃, (38)

whereGn(x, x̃) = eikn |x−x̃|
|x−x̃| .Summing components of the field

(38) one can write down the full expression

Bμν = −
∞∑

n=−∞

∫
exp

[
inω0 (|x − x̃|Rn − t)

]
|x − x̃| J̃μν

n (x̃)d3x̃.

(39)

Considering that the size of the source �, which is a loop
size, much smaller than the distance r to the source, we can
approximate r 
 �. In that case (38) takes the form

B̃μν
n = eiknr

r
Jμν
n + O

(
1

r2

)
, (40)

where Jμν
n ≡ − ∫

e−ikn r̂·x̃ J̃μν
n (x̃)d3x̃ with a unit vector r̂

oriented towards the observer.
One can notice that whenever n0 > n: kn → ikn, which

means an exponential decay of radiation with distance r.
Since we assume that r → ∞, we neglect all radiation com-
ing from n < n0 and higher-order terms in (40). Hence, sub-
stituting (40) into (36) and taking into account that r → ∞
one obtains

Bμν
rad =

∑
|n|>n0

Jμν
n

ei(knr−nω0τ)

r
, (41)

where J0i
n = Rnr̂lJlin due to Lorenz gauge conditions (19).

The Umov–Poynting vector S ≡ T 0i for the Kalb–
Ramond field in (9) can be expressed as

S = 2
(

PP0 + M2 (Ev × Hv)
)

, (42)

where Pμ = 1
3!ε

μνληHνλη and three-dimensional vectors are
Ei

v = B0i , Hi
v = 1

2!ε
ikl Bkl . We are interested in the energy

flux I per solid angle Ω time-averaged over the period T�,

which is〈
d I

dΩ

〉
≡ 1

T�

∫ T�

0

d I

dΩ
dτ, (43)

where d I
dΩ

≡ r2r̂ · S. Substituting (42) and (41) into (43) and
using the equality

1

T�

∫ T�

0
ei(knr−ω0nτ)ei(k

′
nr−ω0n′τ)dτ = δn,−n′

together with Jkl−n = (
Jkln

)∗
, one can obtain the final expres-

sion in the following form

〈
d I

dΩ

〉
=

∑
|n|>n0

n2ω2
0

2
Rn

×
(

|εikl r̂ i Jkln |2 + 4
(n0

n

)2 |r̂mJmk
n |2

)
, (44)

which is reduced to the expression of the massless case when
M → 0 [66,74]. One can notice that (44) depends on the loop
size � = 2T�, in contrast to the expressions for massless
radiation. We are going to elaborate on this point in next
sections for a particular shapes of loops.

4.2 Massive gauge radiation from cuspless loops

In this section, we conduct an analytical investigation of the
massive gauge radiation from infinitely thin strings, with a
specific focus on cuspless loops. Our analysis reveals that
these loops, which emit only massive gauge radiation, exhibit
a lifetime that is proportional to the square of the loop length:
τ ∗ ∝ �2. This observation aligns with findings from field
theory simulations of oscillating Abelian Higgs cosmic string
loops at critical coupling (β = 1), generated by artificial
initial conditions [62,63,65]. In this and the next section, we
will neglect the back-reaction effects from the massive vector
and scalar fields. As a result, the equation of motion for the
string is given by Eq. (18) with a zero right-hand side. The
cuspless loop solution can then be written as [60]:

X± = e±

{ T�

π
σ± − T�

2 , 0 ≤ σ± ≤ π,

3T�

2 − T�

π
σ±, π ≤ σ± ≤ 2π,

(45)

where e± are unit vectors and σ± = τ±σ. Rewriting integrals
(40) via σ± variables, we obtain

Jlkn = η

4T�

J [l
+ J k]− , (46)

where J k± = ∫ 2π

0 e
in

(
σ±− π

T�
Rn r̂·X±

)
dσ±. Carrying out inte-

gration and substituting into (44) we obtain the final expres-
sion

〈I 〉 ≡ η2Γ ≡ η2
∞∑

n>n0

Γn, (47)

where

Γn = 16

π2 n
2Rn

∫
D+
n D−

n sin2 α

[
cos2 ϑ +

(n0

n

)2
sin2 ϑ

]
dΩ,

123
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Fig. 1 Dots on the upper panel represent values of Γn when n0 = 4
and α = π

2 , while the dashed line is the best-fit power-law function.
Dots on the lower panel represent radiation efficiency Γ dependence
on n0 when α = π

2 , while the dashed line shows the best fit function

Γ ∝ n−0.98
0

Γ is the radiation efficiency, dΩ = sin ϑdϑdφ is a solid

angle, D±
n = 1−(−1)n cos[πnRn r̂·e±]

n2(1−(Rn r̂·e±)2)
2 and

r̂ = {cos ϑ, sin ϑ cos φ, sin ϑ sin φ} ,

e± = {0, cos α/2, ± sin α/2} . (48)

In the massless limit M → 0, the expression for radiation
(47) coincides with one given in Ref. [60].

To understand how the efficiency of radiation, denoted as
Γ, depends on the loop length �, we perform the infinite
sum in (47). Following the approach described in [96], we
numerically calculate and sum the first non-trivial terms of
Γn and approximate the remaining sum with a power-law
function, as illustrated in Fig. 1. This provides us the full
radiation efficiency Γ for various values of n0, as shown
in the right panel of Fig. 1. The best-fit value for the case

of α = π
2 is given by Γ (�) ≈ Γ0

( M
4π

)−0.98
�−0.98, where

Γ0 ≈ 57. Rounding the value, we find that the string loop
decays radiating the gauge field according to

d�(τ)

dτ
≈ −4πΓ0/ (�(τ )M)

→ �(τ)2 = �(0)2 − 8π

M
Γ0τ, (49)

which means that the lifetime of the oscillating cuspless loop,
described by the Nambu–Goto action and emitting massive
gauge radiation through its coupling to the Kalb–Ramond
field, is given by τ ∗ = �2M

8πΓ0
, i.e. the same proportionality

obtained by the field-theory simulations of oscillating cus-
pless loops with artificially prepared initial conditions, as
reported in Refs. [62,63]. It is crucial to emphasize that the
number of kinks on loops influences the value of Γ0, while
the proportionality τ ∗ ∝ �2 remains constant.

In contrast, non-oscillating loops extracted from field-
theoretic simulations of cosmic string networks exhibit a
different scaling between the lifetime τ ∗ and the loop length
�. As demonstrated in Refs. [63,65], loops formed within a
string network do not undergo oscillations and their lifetimes
scale linearly with their length, τ ∗ ∝ �. In the following sec-
tion, we demonstrate that the presence of cusps can further
modify the relationship between τ ∗ and �.

4.3 Massive gauge radiation from loops with cusps

In this section, we explore another example of massive gauge
radiation from infinitely thin strings coupled to the Kalb–
Ramond field, with a specific focus on loops with cusps,
particularly Burden’s type of loops [61]. The results obtained
here exhibit a decay pattern similar to that observed in numer-
ical simulations investigating the decay of cusps [64].

Loops with cusps, which satisfies equations of motion (18)
with a zero right-hand side due to the neglect of back-reaction
effects, can be represented by the following expression [61]

X− = T�

πN−
(cos N−σ−, sin N−σ−, 0) ,

X+ = T�

πN+
× (cos N+σ+, sin N+σ+ cos ψ, sin N+σ+ sin ψ) ,

(50)

where string worldsheet parametrization is given by σ± ∈
[0, 2π ]. Substituting (50) into (46) and carrying out integra-
tions one can obtain

J k± = 2T�e−imδ±

×

⎛
⎜⎜⎝

sin δ±
d± Jm±(m±d±) − i J ′

m±(m±d±) cos δ±(
cos δ±
d± Jm±(m±d±) + i J ′

m±(m±d±) sin δ±
)

α±(
cos δ±
d± Jm±(m±d±) + i J ′

m±(m±d±) sin δ±
)

β±

⎞
⎟⎟⎠ ,

(51)

123
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Fig. 2 In the upper panel, the dots represent values of Γn for the case
when n0 = 4 and ψ = π

2 , with the dashed line representing the best-fit
power-law function. In the lower panel, the dots illustrate the depen-
dence of radiation efficiency Γ on n0 with ψ = π

2 , and the dashed line

corresponds to the best-fit function Γ ∝ n−0.53
0

where δ± = arctan
[
r̂x
κ±

]
,m± = n

N± , d± = Rnκ±
√

1 + r̂2
x

κ2±
,

κ− = r̂y, κ+ = r̂y cos ψ + r̂z sin ψ, α+ = 1, α− = cos ψ,

β+ = 0, β− = sin ψ. Substituting expression (51) into (44),
we numerically integrate over the solid angle Ω to obtain
the expression for the radiation efficiency, Γn, for loops with
cusps. Summing the first modes, we approximate the remain-
ing sum with a power-law function, as illustrated in the left
panel of Fig. 2. By performing the summation for different
values ofn0,we demonstrate the dependence of cosmic string
radiation efficiency on the string loop length, as depicted in
the right panel of Fig. 2.

The best-fit value for the case of ψ = π
2 is given by

Γ (�) ≈ Γ0
( M

4π

)−0.53
�−0.53, where Γ0 ≈ 88. This radiation

emission translates to the following equation describing the
loop decay

d�(τ)

dτ
≈ −Γ0

√
M/

(
2
√

�(τ)π
)

→ �(τ)3/2 = �(0)3/2 − 3

4

√
M

π
Γ0τ. (52)

This expression leads to the lifetime of the loop emitting

massive gauge radiation as τ ∗ = 4�3/2

3Γ0

√
π
M . Interestingly,

this result coincides with the one obtained by studying cusps
of Abelian Higgs cosmic strings in field theory simulations
[64].

5 Discussion and conclusions

In this study, we explored the dynamics of Nambu–Goto cos-
mic strings coupled to a massive Kalb–Ramond field. Using
duality transformations, we showed that this setup effec-
tively describes Abelian Higgs strings in the infinitely thin
limit. By employing Green functions, we derived the classi-
cally renormalized tension of Nambu–Goto strings. Unlike
global strings, local strings show worldsheet-dependent ten-
sion, peaking at kinks and cusps – reaching the same maxi-
mum as global strings. We also obtained integral expressions
for the backreaction effects.

We then analyzed loop decay due to massive Kalb–
Ramond radiation. For periodic loops, the energy flux per
solid angle is given by Eq. (44), which depends on loop length
�. For cuspless loops, the radiation efficiency Γ decreases
linearly with �, implying a lifetime scaling as τ ∗ ∝ �2, con-
sistent with Abelian Higgs simulations of oscillating loops
generated from specific initial conditions [62,63]. For loops
with cusps, we studied burden-type solutions and found
Γ ∝ �−1/2, leading to τ ∗ ∝ �3/2, matching the simulation
results [64].

Although our effective model reproduces simulation
results, the connection to Abelian Higgs strings is non-trivial.
In particular, our analysis neglects scalar modes (e.g., Lϕ-str

in Eq. (14)), which may contribute significantly when β ∼ 1.

Therefore, a complete picture should include both scalar and
gauge radiation – something we leave for future work. Still,
our results match simulations at β = 1, suggesting that scalar
radiation either behaves similarly (as suggested by the study
of massive modes for global strings [97]) or is suppressed.

Another deviation from the Nambu–Goto approximation
arises from string thickness and back-reaction, which appear
as higher-order corrections to the action (10) and the coupling
(13). These effects can smooth out kinks and cusps, leading
to a cutoff at some mode ncut [98]. However, if the power-law
behavior of Γn emerges before this cutoff, the string thickness
only modifies the overall normalization Γ0 (Fig. 3).

Importantly, Eq. (44) is general and does not rely on a
specific form of the source Jmk

n , making it applicable to more
realistic string models that account for thickness and internal
modes. It relates the total radiated energy 〈I 〉 to the spectral
distribution Γn . By summing from a threshold mode n0, one
excludes contributions from lower harmonics. If the energy
loss scales with loop length as a power law – as observed in
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Fig. 3 Triangles, stars, and disks show how Γn varies with n for dif-
ferent n0. The dashed line is the best-fit power-law for Γn at large n.

The dash-dotted line suggests possible exponential suppression due to
string thickness

simulations [62–64] – then Γn is expected to follow a power-
law behavior over the corresponding frequency range.

While our results agree with field-theoretic simulations
of oscillating cosmic string loops generated from idealized
initial conditions, this does not imply that such loops are pro-
duced in realistic string networks. In fact, current simulations
indicate that network-formed loops generally lack sufficient
angular momentum to avoid collapse and typically disinte-
grate before completing a single oscillation, with their life-
times scaling linearly with length, τ ∗ ∝ � [63,65]. Whether
loops arising from network evolution can survive for multi-
ple oscillations before collapsing remains an important open
question [16,17,99], with direct implications for predict-
ing observational signatures, particularly gravitational waves
[65]. By improving effective models of cosmic strings, we
aim to clarify the origin of the discrepancy between field-
theoretic simulations and the Nambu–Goto approximation.
In particular, the backreaction and angular momentum loss
included in the Nambu–Goto framework when coupled to
gauge and scalar fields may provide a mechanism that sup-
presses the formation of oscillating loops in realistic net-
works.
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