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ABSTRACT

This article addresses the control of mobile agents, termed followers, to track a time-varying affine formation specified by a set
of leaders. We present a distributed hierarchical method composed of a homogeneous high-order sliding mode observer and a
tracking controller. The observer estimates the followers’ target trajectories from neighbor information in finite time and is robust
to measurement noise. Compared to existing approaches, the method accommodates heterogeneous follower dynamics, main-
tains estimation accuracy independently of follower motion, and mitigates chattering effects. Convergence is guaranteed for both

continuous- and discrete-time implementations, which are supported by formal analysis and numerical simulations.

1 | Introduction

In multi-agent systems, formation control is a central problem
concerned with achieving and maintaining specific geometric
arrangements among agents [1]. Such formations, often defined
through graph specifications, are critical for applications ranging
from collective sensing [2] and cooperative navigation [3] to tasks
such as collaborative object transport [4]. Over the years, a wide
range of approaches to formation control have been developed.
In particular, distance-based [5] and position-based [6] strate-
gies have been popular in the literature. Bearing-based methods
have also emerged [3], where formations are stabilized through
relative bearing information instead of positions or distances.
Another active line has focused on strategies built on complex
Laplacian formulations [7, 8], which can be applied to formation
control and distributed localization in dynamic networks.

Affine formations constitute a particular class where the
achieved configuration is an affine transformation of a

nominal pattern [9-17]. This means that agent positions evolve
through combinations of translation, rotation, scaling, and
shearing applied to the nominal configuration. Compared to
translation-based formations [6, 18-20] or rigid formations [5,
21], affine formations enable richer maneuvering capabilities,
which is especially valuable when teams must adapt to environ-
mental constraints such as traversing narrow passages. Another
appealing feature is that affine formations can be controlled
through distributed algorithms with a linear core structure. In
this setting, the stress matrix [10] plays a role analogous to the
Laplacian in consensus-based formation control [6, 20], serving
as the key structure for analysis and design.

A number of studies have advanced affine formation control
from different perspectives. The affine formation maneuvering
problem was introduced in [10], showing that leader trajectories
define the target configuration and that followers can be con-
trolled accordingly. A scheme was later considered in [11] where
one special leader computes the time-varying affine parameters,
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and the other leaders estimate them through a sliding-mode
observer; moreover, the control design for the followers assumes
that they have high-order dynamics. A distributed sliding-mode
estimator was designed in [12], inspired by [6], so that fol-
lowers can estimate their own target positions in the forma-
tion. Restrictions to planar affine formations consisting only of
translation, rotation, and uniform scaling were analyzed in [13],
where leaders estimate parameters locally through direct mea-
surements and without communications. The framework was
extended in [22] to directed graphs, higher-order agent dynam-
ics, and time delays. A two-layer control strategy for leaders and
followers under Euler-Lagrange dynamics that ensures practi-
cal finite-time convergence was presented in [14]. Building on
the leaderless approach of [9], a unified sliding-mode control
law applicable to affine, rigid, and translational formations but
limited to first-order models was given in [15]. Heterogeneity
across agents was studied in [16] by allowing dissimilar param-
eters while still assuming first-order dynamics. Timed conver-
gence guarantees were addressed in [17] and [23]: the former
proposed a prescribed-time convergent controller using a scaling
time function, while the latter employed time-base generators to
ensure fixed-time convergence, both requiring a shared clock ref-
erence across agents. Other works [24, 25] applied optimization
frameworks to enhance the performance of affine formation con-
trol. The linear formation control formulation presented in [26]
extends standard affine formation control by defining nominal
configurations in higher dimensions. Taken together, these con-
tributions establish a solid foundation for affine formation con-
trol, covering problem formulation, heterogeneity, and conver-
gence guarantees. Yet, most approaches rely on either low-order
observers, restrictive agent models, or specific structural assump-
tions such as synchronized clocks or leader - follower hierarchies.

One way to address some of these issues is through hierarchi-
cal observer-controller designs. By separating estimation from
control, such schemes allow observers to handle uncertainty,
noise, or discrete communication constraints, while controllers
focus on motion dynamics. This separation has been successfully
exploited in several formation control settings though mostly out-
side the affine setting. An observer was used in [6] to estimate the
state of a virtual leader, while centroid estimation was the focus
in [27], and centroid-based strategies were extended to multiple
leaders in [20]. Other works have employed observers to estimate
statistical moments that describe the formation’s shape [28, 29],
the target positions and velocities of the agents [30], or the overall
state of the formation [31]. These studies highlight the usefulness
of hierarchical observer-controller designs, but they are tailored
to formations modeled through Laplacian dynamics. Affine for-
mations, by contrast, are governed by stress-matrix dynamics and
thus require different analysis tools.

One of the central challenges in affine formation tracking is
that leader motions define a persistently time-varying target
configuration. Observers must therefore follow trajectories that
evolve continuously rather than static references, and controllers
must remain effective despite discretization, noise, and modeling
imperfections. To cope with this variability, methods with strong
robustness and finite-time convergence properties are especially
suitable. In this context, sliding-mode techniques have played an
important role in the design of both observers and controllers.
Classical sliding-mode control approaches have been applied in

affine formation tracking. For instance, a first-order sliding mode
(FOSM) approach was proposed in [32], with a related hierar-
chical approach in [33]. While classical sliding-mode observers
are attractive due to their finite-time convergence, they are
affected by chattering and sensitivity to noise. High-order slid-
ing mode (HOSM) observers [34, 35] overcome these limitations
by exploiting weighted homogeneity, which yields finite-time
convergence while reducing chattering and improving robust-
ness to discretization and disturbances. HOSM-based algorithms
have been applied to distributed consensus problems [20, 36-38],
where they enable robust estimation of dynamic averages and
their derivatives. However, these works address Laplacian-driven
consensus problems, not affine formation tracking.

Motivated by this discussion, we propose a distributed
observer—controller scheme for affine formation tracking in
multi-agent systems. The scheme consists of a homogeneous
HOSM observer and a position tracking controller, and has the
following distinctive features:

« The first application of HOSM observers to affine formation
tracking.

« A hierarchical observer—controller structure that decouples
estimation from control, allowing heterogeneous follower
dynamics and flexible motion controller designs.

« A novel adaptation of HOSM to a problem fundamentally
different from prior uses (e.g., dynamic average consensus),
requiring a distinct design and analysis.

« The first formal analysis of affine formation tracking
under both discretization and measurement noise, covering
continuous-time and discrete-time implementations.

1.1 | Notation

Let R,N be the sets of real and natural numbers respectively.
Let sign(x) =1 if x > 0, sign(x) = —1 if x <0 and sign(0) = 0.
Moreover, if x € R, let [x|% := |x|*sign(x) fora > 0and [x]° :=
sign(x). In the vector case x = [x;, ...,x,]’ € R", then [x]* :
[[x]% ..., [x,]*]" fora > 0. Let 6, (®), 0, (®) denote the min-
imum and maximum singular values. For a non-negative integer
m, the m-th derivative of a function £ (¢) is denoted as £ (¢) with

f@ = 0.

2 | Preliminaries

Consider N € N agents, which can move in R with d > 2 and
N > d + 1, identified for convenience by an index in the set 7 :=
{1,...,N}.Let N, < N leadersindexedbyZ, :={1,...,N;} C
I.Moreover, consider N followerssuch that N, + N = N,and
denote the set of their indices by I := T \ I,. In subsequent
developments, we use the same symbol i € T for an agent index,
regardless of whether it is used for a leader or a follower, where
the distinction is made by specifying if i € I, or i € I respec-
tively, or simply i € T when no distinction is required.

The interaction between agents is modeled by an undirected
graph G = (I, £), where the agent index set 7 is the corresponding
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node set and € C T x 7 is the edge set. Denote with N the set of
neighbors of agent i € T according to G.

Given an arbitrary agent i € Z, its position at time ¢ is denoted
by p,(r) € RY. A nominal formation is specified by the graph
G together with a constant configuration of nominal positions
{p; },cr for all N agents. The goal is not for the agents to reach
these nominal positions exactly, but rather a formation obtained
from them by an affine transformation, uniquely determined by
the leaders’ positions. To clarify this, consider the following defi-
nitions and results we borrow from [10].

Definition 1. Let the affine image A(p}, ..., pj}) of the nom-
inal configuration be the set of all stacked agent positions for
which, for each one of them, there exist A € R?*? and b € R?
satisfying p; = Ap; + b for all i. Formally,

AP ...p)={p=1Ip].....p5]" €RN : AR,

beR’ p =Ap +bViel}.

Definition 2. Let the decomposition

| 41 Pn,+1
_|PL I _ .
S T

Pr
Pn, Pn

The nominal formation is affinely localizable by the leaders if for
any p € A(p}, --.,Py)s Pr is uniquely determined by p; .

For the tracking problem to be well posed, the affine transforma-
tion, and hence the desired positions of the followers, must be
uniquely determined by the current positions of the leaders. For
this purpose, the following lemma characterizes when a nominal
formation is affinely localizable and specifies the conditions that
the leaders’ nominal positions must satisfy.

Lemma 1 ([10, Theorem 1]). Assume that {p;}},c; affinely
span R?. Then, the nominal formation is affinely localizable if and
only if the nominal leaders’ positions {p; },c;, affinely span RY.

For the purpose of obtaining the concrete positions for the fol-
lowers in terms of those of the leaders, the concept of the stress
matrix Q € R¥*V is introduced, which has components

0 ifi#j,G.j)ge€
[5][./.: — Wy ifi;éj,(i,j)eé'.

>y ifi=j

kEN;

with the weights ;; in Q chosen such that

Y w,p;-p)=0Viel. @
JEN;

The existence of Q for the formation guaranteeing (1) is ensured
for a wide range of formations as studied in [10], in particulzg
for those called generically universally rigid which satisfy that Q

is positive semidefinite. In addition, the steps used to compute Q
given the graph ¢ and the nominal configuration are given in [10,
Section VIL.A]. The following lemma establishes a direct relation
between the nullspace of Q and the affine image of the nominal
configuration:

Lemma 2 ([10, Adapted from Lemma 5]). Consider a
graph G, a nominal formation {p;},c; and their corresponding
stress matrix Q, satisfying rank(ﬁ) =N —d —1. Then, {p;};c1
affinely span R? if and only if Null(Q ® I,) = A}, ... Py
where Null(e) represents the nullspace of the input matrix e.

The following lemma gives the explicit relationship between the
leaders’ and followers’ positions when the nominal formation is
affinely localizable.

Lemma 3 ([10, Theorem 2]). Let the conditions of Lemma 2
hold and .
Q=081

be decomposed as
Q= [QLL QLF
QIF Qpp

where Q;, € R*NiXd"Ni and the rest of the matrices are of appro-
priate dimension. Then, the nominal formation is affinely local-
izable if and only if Qp is nonsingular. Moreover, when Q. is
nonsingular, forany p € A(p;. ..., P} ), Pr can be uniquely deter-

mined as

Pr = _Q;}QZFPL'

Besides these results, we also make use of the standard compari-
son lemma [39, Lemma 3.4] as well as norm inequalities, which
we reproduce here for clarity:

Lemma 4 (Adapted from [39, Lemma 3.4]).
scalar differential equation:

Consider the

x(1) = [, x(0)

where f(t, x) € Ris continuous in t and locally Lipschitz in x for all
t>1t,>0andall x € R. Let y(t) be a differentiable function that
satisfies:

(@) < @@ y(@)
with y(t,) < x(ty). Then, y(t) < x(t) forall t € [t,, o).
Lemma5 ([40, Theorem 19, Page 28]). Let v=

[0y, ...,0]T €R" and define |V, = (X, |v,1?)""". Then,
with 0 < r < s, it follows that ||v||, < [[V]],.

3 | Observer-Based Affine Formation Tracking

In this work, we assume that the nominal formation is affinely
localizable and that the trajectories of the leader agents

p.(®)
p,=| : @)
Pn, ®
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are exogenous time-varying signals. The followers are assumed to
have dynamics of the form

P =w), i€l 3)
where w,(f) is the local controller, m; is the (possibly

agent-dependent) relative degree, and pf’"")(t) denotes the m;-th
time derivative of p,(7).

The objective is to design controllers u,(#), based solely on shared
local information, so that the followers’ positions converge to the
time-varying target configuration

PN,+1(I)

pr() = = —Q;;QIFPL(I),

py(®)

as determined by the leaders’ current positions in Lemma 3. That
is, we want

lim [p () - (-7 Q] ,p. )] = 0. 4)

To solve this problem, we adopt a hierarchical approach. First,
each follower i € I runs a local observer to estimate its tar-
get position and its derivatives from the leaders’ current posi-
tions. Second, these estimates serve as reference signals in a
trajectory-tracking controller for (3).

The proposed local HOSM observer of order m > max{m,}cz,
stores {p; ”(t)}"fzo at each follower, where P, ,(7) is the estimate
of the u-th derivative of the target position. The observer updates
are given by

f’i,y(t) = f)i,y+l(t) - Kﬂfy 2 Cuij (ﬁi,;l(t) - f)j,y(l)) )
JEN;

uel{o,....m—1},

Pin® ==, £, D 0 (D) = ;) | (5)
JEN;

for a follower agent i € I, with arbitrary initial conditions,
design parameters {x,}"_; > 0, stress matrix entries w,;, and
f,(e) = [o]% witha, = m'f;il . Note that for 4 = m, we have a,, =
0, hence f, (o) = [o|° = sign(e) is discontinuous. For this reason,
solutions of (5) are understood in the sense of Filippov [41]. As a
result, differential inclusions will be used repeatedly in this work,

as is standard in the study of sliding modes [15, 35].

For the leaders, we set
P, :=p" @), i€l (6)

From (6), we assume that a leader i € I, has access to pg“) (1) for
u# < m, which may not be directly available from sensors in prac-
tice. However, these can be estimated using only position mea-
surements, as described in Section 5.1.

The leaders’ states act as inputs to the followers’ observers. We
define

_ B0 _
f)N +1,u(t) N :
N ! A @)
pr,0=| : | p0= ppNv” N
D, (0 A
| pN,u(t) i
which, using (2) and (6), yield
[ P
() ()
. py @) ®
p,=| PV |= [?L ] ®)
P, 10 Pr,
| f’N,M(t) ]
where p(L")(t) in (8) denotes the u-th derivative of p, (¢). From

a communication standpoint, N in (5) denotes the neighbor-
hood of i € I in G, including both leaders and followers. Thus,
follower i requires {f)j’”(t)}z’zo from all j € N,. Leaders share

{p;")(t)}z;o as per (6), while followers share their own locally
computed {f)j,u(t)};"’:o.

Remark 1. The choice of a, in (5) ensures that the observer
error system is weighted homogeneous, that is, invariant under
the transformation ¢ = nt, 6:4(t’) =n" #1861 /n) [35]. This
property is used in Section 5 to establish robustness under mea-
surement noise and discrete-time sampling.

Assumption 1 (Leader motion constraints). Assume that
the nominal formation is affinely localizable, generically univer-
sally rigid, and that the exogenous leader positions p, (f) have
bounded (m + 1)-th derivative, with

1) = Q;L0] p" V@) e [-B, B Nr, Vi >0,

FF™L

for some known B > 0.

The only requirement in Assumption 1 is that the (m + 1)-th
derivative of p, () be bounded by a known constant, which
can be enforced as a constraint during trajectory planning. This
condition is compatible with a wide variety of leader trajectories.

Theorem 1. Let Assumption 1 hold, «,>0 for ue
{0, ...,m—1},and

d-N Q
Km>B Fo-max( FF).
Gmin(QFF)
Then there exists T > 0 such that

Pr, () =-Q.20] p(1), Vi>T, uel{o,....m}.

Proof.  See Section 4.2. o
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The design condition on «,, in Theorem 1 depends on the sin-
gular values of Q.. Moreover, the weights w;; in (5) generally
require centralized computation, as in other affine formation
control schemes [10, 13, 15]. These parameters can be computed
and distributed through an initialization procedure.

Theorem 1 guarantees that, after a finite time, the followers can
obtain their target positions and corresponding derivatives from
the leaders’ current positions via the outputs of the observer (5).
From these outputs, each agent can implement a local trajec-
tory tracking controller to follow its target position. For instance,
design parameters {p, , }m 01 can be chosen for a standard linear
trajectory tracking controller, where the observer outputs p, ,(f)
act as the reference signals at follower agent i € I:

m;—1

Zp,,,( P10 - b, 0)- ©)

H=

u,() =P, (

Proposition 1. Let Assumptlon 1 hold and (5) be designed as
in Theorem 1. Moreover, let {p; u} ! be chosen such that the poly-
nomial q(s) = s™ + ZM o PiySt of complex variable s is Hurwitz
foreveryi € I, meaning that all solutions s of q(s) = 0 have neg-
ative real part. Then, using (9) in (3) ensures that every follower
asymptotically converges to its position in the target configuration
as given in (4).

Proof.  Set the reference for the followers as

pNL+1,ref(t)
pF,ref(t) = QFFQIFPL(t) = : 5
pN,ref(t)

and define the tracking error e;(t) = p;(t) — P, ¢(t) for i€
I,.Then,

e (1) = u,(t) — p"(1)

i,ref

m;—1
= Bun = B[00 = X5, (B0 - B, )
u=0

m;—1

==Y 0 €0 +d,(0), (10)

u=0
where

m;—1

4,0 = (B, (0~ Py + Zp,,,(p,”(n P00,

Since {p; ”} ' lead to a Hurwitz characteristic polynomial,
(10) is BIBO stable with respect to d,;(r). By Theorem 1, d,(7) is
bounded, so regardless of the initial follower conditions pf.”)(O),
i € I, the values of pl(,” )(t) remain bounded for ¢ € [0, 7] with
T given in Theorem 1. Hence, there are no finite-time escapes
before convergence of the observer (5). For t > 7, d,(t) = 0, so
(10) becomes disturbance-free and lim,_, , ||e;(?)|| = 0, complet-
ing the proof. O

Remark 2. From the proof of Proposition 1, it follows that
any trajectory tracking controller that guarantees no finite-time

escapes for the error system (10) can be used. Consequently,
any BIBO-stable tracking controller is admissible. Since estimates
of high-order derivatives of the target position are available to
every follower, the approach allows considerable flexibility in
the choice of follower dynamics and controllers. For example, it
can be applied to agents with nonlinear dynamics using suitable
tracking controllers for unicycle systems [42], multirotors [43],
and Euler-Lagrange systems [44].

Remark 3. The proposed observer (5) requires agent posi-
tions to be expressed in a common global reference frame.
This condition is met in many applications where absolute
positioning is routinely available without centralized computa-
tion, such as outdoor multi-agent systems with GPS or indoor
environments equipped with UWB, optical tracking, or other
infrastructure-based localization systems. In settings without
such infrastructure, a global frame can still be established in a
distributed manner from relative measurements or a small set
of anchors with known positions, using established distributed
localization and coordinate alignment methods such as [45].
Once such a common frame is available, either through infras-
tructure or distributed estimation, the proposed scheme can be
applied without modification.

4 | Observer Convergence Analysis
41 | Toward Convergence

This section presents several useful lemmas for the convergence
proof of (5). First, write (5) in compact form:

Bru® = Brr® = K, [ 0pn, oy, Lo, [£,@B,0)
forpe{0,....m-1}
Brn(®) = =K [0y, Lo, | (@B (0 (1)

Denote the follower observation error by

8,() =P, () +Q;LQ] ¥ ). 12)

Convergence of (5) as described in Theorem 1 implies conver-
gence of {8,(1)})_, in finite time toward the origin, and the fol-
lowing result establishes the dynamics for this error.

Lemma 6. Let Assumption 1 hold and consider system (5).
Then, {6/4(1)}/’;':0 with 8,(t) in (12) satisfy

5,1)=8,,()—«
5, =r(0) - «,f,

£,(Q:18,(1), ueO, ... ,m—1)
(Qrp8,,(1). 13)

Proof.  First, note that

Q8,0 = QT p (1) + Qpppy (1) = [QTF QFF]f:M(z). (14)

Since Assumption 1 holds, Lemma 2 ensures

[ PL(I)

eNullQ®1,).
- Q QLFpL(t)
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Then,

t
0=0 { B0 ]
= QP
Q,,p.(1)— QLFQ;:IFQIFPL(I)]

Q)P (1) = QppQp Q) p, (1)

Q; QLF:| [ p. () }
Q7 p Q| [~ Q07 pL(0)

which, taking u-th time derivative, leads to

Q%) =0,,0.50] p"0)

and therefore

[QLL QLF]f’y(T) = QLLP(L”)(I) + QLFf’F,M(t)
= QLFQEVQZFP(L”)(’) +Q; pPr (1)
= 0,(Q710], 00+ By, ) = ©,:8,0). (15)
Then, combining (14) and (15) we have that
[zi‘; ] 8,(1) = Qp, (). (16)

As a result, we have that

[0d<N,,-><d-NL Id-Nf:IfM(Qf)y(t))

Q
= [Od‘NdeANL IdANF]f”< |:QLF:| 5”(t)>
FF

= [0 I ] £,Q.r5,1)
ANxdNL SN LN £ Q1 p8,(1)

=£,(Qprb,1).
Henceforth, for 4 € {0, ...,m — 1}, using (11):
5,()=9.5.0] p¥ V) + by, 0
= QRO+ Brn
= K |0g.n,xd-n, Id~NF]fy(Qf)u(t))
=06, —x,£,(Qpp5,1)
and similarly, for y = m:

8,(0) = QLR Py V(O + P, (1)

— 0Ol OT m+th
- QFFQLFPL (t)

~ K [Od»NszLNL Id-NF] Qfm(Qf)m(t))

=1(t) — k,£,(Qppb,,(1)).
[m]

The following result establishes a Lyapunov inequality for an aux-
iliary system which will be useful to study (13).

_1 TQ
for some B, > 0 and a, € [0,1). Then, V,(8,(1)) = 56;4([)”6;4(’)
is positive definite and satisfies

V6,00 < 1\ V(6,0) = £,V,8,00 "5

with Yy = B,\2d N0 Qpr) and ¢, =
EM+1 “M+l
ZT’(;40-mi11(QFF) z .

Proof.  First, note that due to Assumption 1, the nominal forma-
tion is generically universally rigid. Hence, Q is positive semidef-
inite and thus its principal block Q. is as well. Moreover, the
formation is affinely localizable and thus Lemma 3 implies Q
is nonsingular. As a result, Q. is positive definite. Henceforth,
V,(8,(1)) is positive definite as well. Moreover, it satisfies that for
anyr,(t) € [-B,, B,]*"r:

V ,(8,(0) =8,);28,()
= 8,01, () = k,8,(0 5 [Qrr,(0]™
< IV, @1 = &, v [v(r) |
< B,\d - Nelv)ll — k,v() [v()|

where  v()=Q;6,(H)  Note  that  if
[v,(8), ..., vy, (D] then

v(t) =

|01 ()] *sign(v; (1))
V()" [v)]% v, @) ...

vy (1)

[ogn (D] *sign(vyy (1))

= (V)L )"

) — d-N
with the norm definition (||v(t)||mu+1)"fr1 =X o] %,
Moreover,

Ounin( Q)8R 8, < VDI < 04,038 Q1B

Hence, Lemma 5, namely ||v||; < ||[v||, with 0 < r < s, implies

VOl 1 2 VO 2 /0@ )8, (R £8,(0)

due to , + 1 < 2. Therefore:
V,(8,0)) < B,\/d - NVl =k, (VO )"

< B,\Vd - Npoy(Qpp)y/6,)RQrr8, (1)

Gut
2

— Ky Omin(Qpp) 2 (8,(DQpp8,(1) T

= B,\/d - Npona(Qpp)y/2V,

ay
2

- Kyo-min(QFF) (ZVM)MT
completing the proof. O

SF) — ; _ @l
Lemma 8. Let (1) = n,[v(1)|’ with §, € [0,1), T, = m

and initial time t > 0. Then,

@I+ A= pn, -7 ifn, 20127

1-4 ;
u(t nw—(1- ify, <0,
Lemma 7. Consider the differential inclusion o) P = o)l (1=h &
In,|(t —7) te[r,r+TM]
8,(t) € (=B, B,J"Nr — x,[Q,8,(1)|" (17) 0 ifn, <0.1>7,+7
6 International Journal of Robust and Nonlinear Control, 2025
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Proof. 1t can be verified that the solution of the separable dif-
ferential equation can be written as

Lo = Jo@)|' P + A = pn, (1 = 7)

for v(f) #0 from which the case with 5, >0,z > 7 follows
directly. Moreover, choose V,(v(t)) = v(t)?/2 such that

Vv, =n,0() [v(t) | = ,7”|U(t)|ﬂ“+1 <0

for v(t) # 0 when #, < 0. Henceforth, when #, < 0 the origin is
asymptotically stable. In this case, the explicit solution reaches
the origin at = 7 + 7, and remains there forever completing the
proof. O

4.2 | Convergence of the Distributed Observer
Proof of Theorem 1. We will show, by induction, that there
exist b,, 7, such that [|5,(®)|| < b, for r €[0,7,] and 6,(1) =0
for # > 7,. As induction base, we start with y = m. Note that
according to Lemma 6, 8,,(r) satisfy (17) with B,, = B due to
Assumption 1. Hence, Lemma 7 implies that V,,(8,,(1)) satisfies

ap+l

Vu(8(0) < 1,0 VY3 (8,,(1) = £,V (8,(0)
= NV Vin(8,(0)
due to a,, = 0 and with 5,, = y,, — {,, < 0 due to the design condi-

tions for k,, in Theorem 1. Now we use the comparison Lemma 4
and Lemma 8 with y = m, §,, = 1/2,7 = 0 to obtain

VYV (8,(1) < VV,(8,,(0) = I, 11/2

if t €[0,7,] and 4/V,,(5,,(t)) =0 for t > 7, with 7,, >0 as in
Lemma 8. Hence, the induction base is established with 7, =
T, and

by = V/2V,,(8(0))/01nin (R -

Now, assume the induction hypothesis for §,,,(r) in order to
show it for 6,(n for arbitrary u € {0, ...,m —1}. This is, we
assume the existence of b,,,,7,,; such that ||5,,,®)| < b,
for t € [0,7,,,] and §,,,() = 0 for t > 7,,,. Under this setting,
Lemma 6 implies that 6, (¢) satisfy (13), which is of the form (17),
with B,=b,, fort € [0, 7,41]- Hence, in this interval, Lemma 7

implies that V,(6,,(1)) satisfy

V,(8,() < 7,4/ V,(8,()

withy, = b,,14/2d * N6, (Qpp). By the comparison Lemma 4
and Lemma 8 with, =y, > 0,5, =1/2,7 = 0:

VB, 0) < V8,000 +m,1/2 <\ [V, (8,0) +1,7,1/2

= by Gmin(QFF)/Z

for t € [0, 74411 Now, for t > Tyt1s if follows by the induction
hypothesis that 5;4(’) satisfy (13), which is of the form (17), with

B, = 0. From Lemma 7, V,(6,,(?)) satisfy

V,(8,(0) < —L,V, (8,05 =1,V (8,0

withn, = -{, <0and g, = (¢, + 1)/2forallt > 7,,,. From here,
it follows that

A I8,OIPmin (@ r)/2 < 3V, (8,(0) < b, \/orn@rp)/2

is maintained Vr > 7., since V,,(8,(1)) is nonincreasing in that
interval. Moreover, the comparison Lemma 8 in addition to
Lemma 8 with 7 = 7,,, imply the existence of 7, > 7, such
that V,(6(#)) = O forall7 > T,,. Hence, set 7, = T, to complete the

induction. Therefore, §,(1) = 0,Vu € {0, ..., m},Vt > T =1,

5 | Robustness Analysis

5.1 | Robustness to Noisy Leader
Measurements

Up to this point, it was assumed that a subset of the follower
agents had access to leaders positions p,(¢) for some i € I;, and
their derivatives. In practice, follower agents may measure these
quantities by means of onboard sensors or the leaders might com-
municate them directly. In any case, it is usual to have access to
the position measurement p;(¢) but not directly to its derivatives.
Hence, we study this usual scenario next in which the derivatives
need to be estimated, providing a specific approach to carry out
such estimation. If a leader node i € T, cooperates, has access
to noisy measurements of its own position pé(z) = p,(?) + &,(?)
with noise €,(t) € e[-1,1]¢, it can replace (6) with the following
derivative estimator:

B (1) = By in (1) — k7 [Bro(0) — )| =
forue{0,...,m—1}

Pin(D) = =[P, o)) — O] ™1 (s)

fori € I, . The estimator in (18) corresponds to the Robust Exact
Differentiator (RED) in [34] and will be used for the leaders in
conjunction with (5) for the followers. Appropriate parameters
{KZ }L":O are known for the RED to induce the terminal neighbor-
hoods

mp+1

1B,,,() = P DIl < cle o (19)

fori € T;,after some finite time 7¢ > 0and for positive constants
{cj }Z’:O, provided pl(.”’“)(t),i € 1, is uniformly bounded for all
time. Note from (19) that (6) is recovered when € = 0. In a case
where the leader agents do not cooperate and cannot communi-
cate directly with any follower, then some of the followers might
measure the positions p¢ (s) and run a copy of (18) foreveryi € 7;.
The following result establishes the robustness of the proposed
observer (5) to measurement noise, when used in conjunction
with (18).

Proposition 2. Let the same assumptions as in Theorem 1
hold. Moreover, let (5) with (18) in place of (6). Then, there exists
T, > 0 and positive constants {y,}/_, such that for all t > T, and
uefo,...,m}:

m—p+1

Br () - (-7, B ) H < yye
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Proof.  Finite time escapes of (5) cannot occur before the con-
vergence time of (18) at t =79, even under noise using the
same argument as in the proof for the standard differentiator in
[34, Lemma 7]. Thus, we analyze ¢ > 7¢. Let £, =p,,0) -
p}’(¢) for i € I, with p, (1) = [p,, (7. .... Py, ,(OT]T More-
over, write

Pr,® Pr, 0 0

in place of (7). The analogue version of (16) is:

(u)
ap, ()= | PO | 4 Qe Qur| [e0
Pr (1) Q. Qpp 0

QLF QLL
= 6,1+ e,(1).
[QFF] ' |:Q1I:F:| !

8,(1)=8,,,() — k,£,(Qrp8,() +Q £,1), y <m—1
5, =1(t) — ,0f, (Qp£5,(1) + Q] L£,(1)). (20)

Henceforth,

m—ptl

Moreover, €,(t) € [—l,l]d‘N'-\/d~NLcl‘js w1 as a result of
(19) for 1 > 7. Therefore, €,(1) € [-1,1]¢ N pm= 141 with p =
1

MaXy, <, (\/d . NLc“j) " e, It can be verified that (20) is
invariant under the homogeneity transformation ¢’ = 5t, p' =
np, 6;4(t’) = " #*1§ (¢’ /n) with n > 0 following the same steps
asin [36, Lemma 17]. Moreover, (20) is globally finite-time stable
when p = 0 due to Theorem 1. Therefore, the result follows from
[35, Theorem 2]. o

Remark 4. Note that in this section, noise is considered for
P, (1) in (5) for the leader variables i € I; and not for followers
i € I;.Thereasonisthatnoise appears in practice due to measur-
ing the leader positions. In contrast, p, ,(t) for followersi € I are
virtual variables stored digitally at each agent, and do not suffer
from any additional noise. However, measurement noise for the
follower position will impact the controller (e.g., the one in (9))
rather than the observer. Fortunately, since our scheme makes
the design of the controller independent of the observer structure,
additional analysis can be conducted individually using standard
techniques, which we omit for conciseness.

5.2 | Robustness to Discrete-Time
Communication

In the previous sections, continuous-time communication is
assumed for the local observer in (5). However, implementation
is made in discrete time. This makes the analysis of robustness to
discrete-time communication particularly relevant. Assume that
agents exchange messages at discrete time instants {kA}?? with
sampling step A > 0. Then, the alternative version of (5) is:

m—p v AV+1
. AY Kty
cMk+1] = —p. k] — ——
pl,u[ + ] é V! pl,,u+v[ ] (V+1)'
X fu+v Z wij(f)[,y+v[k] - ﬁj,;ﬁ-v[k]) (21)
JEN;

for follower agents i € 7, where we write p, ,[k] := P, ,(kA).
Hence, information and updates are only produced at the dis-
crete time instants {kA}$2 . Similarly as with (5), aleader j € T,
shares {p; y[k]},';;o = {p;")[k]}::;() with its neighbors, whereas a
follower j € I, shares {p; M[k]},’:;o directly from its local version
of (21).

The following result quantifies the chattering of the proposal, that
is, the accuracy as a function of A and m.

Proposition 3. Let the same assumptions as in Theorem 1
hold and consider (21). Then, there exists K € N and positive con-
stants {y, };":0 such that forall k > K:

Br, K1 = (~07, 0L 01K

< 7/”Am—;4+l.

Proof.  First, it can be verified that

m—p

Qe —kay (t = kDK,
P, = Z(,) Tpi,;HV[k] R T
XE, | D @By (K] = B [KD (22)
JEN;
comply (21) and

D1, (0 =Dy () — k£, D o0,;(By ,[K] = B, [KD)
JEN;

forue{0,....m-1}

Din(® = =k, £, D @Dy [kl = D, KD |
JEN;

Henceforth, the error variables §,(¢) for (22) satisfy

5,(€8,,(1)—x,8£,(Qr8,—A0,1]), y<m—1
5,1 € [-B,B""Nr —k £ (Qp 8,1 — A[0,1])) (23)

since
6,lk1=6,01— (1 —kA)) € 6,(t — A[0,1])

due to r — kA € [0, A] when ¢ € [kA, (k + 1)A]. It can be veri-
fied that (23) is invariant under the homogeneity transformation
' =nt, p =np, 5:‘(t’) = ;1’"_”+15M(t’/11)with11 > 0andp = A.
Thus, the proof follows as in Proposition 2. O

For clarity, Proposition 2 and Proposition 3 separately addressed
robustness to measurement noise and to discrete-time implemen-
tation. For completeness, the following result establishes conver-
gence when both measurement noise and discrete-time updates
are present simultaneously.

Corollary 1. Let the same assumptions as in Theorem 1 hold.
Moreover, let discrete-time noisy leader measurements p, ,(1),i €

I, complying

1 m—p+1
1By, 1K1 - B 1K < cf max { A, 757 } 24)
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fori € I,,A,e > 0,fork > K¢ with finite time K¢ > 0 and positive
constants {c;’ }Z’=0. Hence, with such modification, there exists K €
N and positive constants {y, }Z’:O such that (21) complies that for
allk > K:

1 ym—p+l
< max{A,emﬂ }

Brlkl - (-2750] 0} 1K])

Proof. Assume k > K¢, condition after which (24) has been
established. Follow the same arguments as in the proofs of
Proposition 2 and Proposition 3 to obtain the error system:

5,(t) € 8,,,() — k5,8, (Qrp8,(t — p[0, 1) + Q] ,£,(0), u <m—1

5,(t) € [-B, BI*Nr — i £, (Qp8,,(t — p[0,1]) + Q] ,£,,(1))

uem LF~m
(25)

with &,,(1) € [-1,1]% Ve pm=#+1 and

1
p= max{ max (\/d . NLcd>m_”+l max {A,sm%l },A}.
0<p<m H

Compare (25) with (20) and (23). It can be verified that (25) is
invariant under the homogeneity transformation ' = nt, p' =
np, 5:4(t’) = ;1'"‘”“6”(1’/11) with # > 0. Hence, the proof follows

in the same way as in Proposition 2 and Proposition 3. O

Remark 5. The terminal bounds obtained in Corollary 1 rely
on noisy leader measurements with accuracies of the form (24),
rather than directly on the continuous-time differentiator (18).
Nevertheless, [46] presents a discretization method for simulat-
ing (18) that guarantees precisely the accuracy requirement in
(24), provided that pl(.'"“)(t),i € 1,, is uniformly bounded for all
time.

6 | Numerical Examples

For the sake of conciseness, we consider the nominal formation
and stress matrix borrowed from the example in [10, Figure 3]
with N =7 and d = 2. We set N; = 3. All noise signal compo-
nents were simulated by drawing uniformly in £[-1, 1] for each 7,
with e described for each experiment. To test persistently varying
leader trajectories for all experiments, these are selected as

o 2cos(?) sin(®) |, e (1L23)=1
(1) = Fi ,2,3) =
P sin(f) 2cos(t) P L

p; =1[2.01",p; =[11]",p; = [1,-1]",p} = [0,1]"

p:=1[0.-1]",p; = [-1.1]".p; = [-1,-1]" (26)
which can be verified to comply with Assumption 1 for arbitrary
m with B = 3. As a first example in ideal conditions with € = 0,

wesetm = 5aswellas k;, = - - - = k5 = 50 for which it can be ver-
ified that

Ky = Ks > BA/d - N0y (Qpp)/0min(Qpp) = 46.96

such that the design conditions in Theorem 1 are complied. This
example with such high-order dynamics can be particularly rel-
evant in the context of quadrotor control, where higher-order

derivatives of position are used as inputs when generating tra-
jectories [47].

In all subsequent experiments, discrete-time simulations are car-
ried out using (21), which, as discussed in Section 5.2, is the
proper discretization of the main algorithm in (5). In contrast, the
follower dynamics (3) are simulated with a forward Euler scheme
using a small step size A, ., = 107> s to accurately approximate
the continuous-time behavior. Such step size may differ from the
observer step A > 0 which represents the time between commu-
nication rounds. As a first experiment, we consider a very small
observer step A = 107 s and noiseless leader measurements to
approximate the behavior of the ideal continuous-time algorithm
(5) and to visualize its performance. In this case the output tra-
jectories of the observer are shown in Figure 1. It can be observed
that finite-time convergence to the exact values of the references
and its derivatives is achieved before 7 ~ 2 s. Each follower agent
is assumed to have integrator dynamics with m; = 5. We used the
output of (5) in the local controller (9) for each agent with p, ,
chosen from the coefficients of the polynomial with poles all at
—0.1. Some captures for this experiment are shown in Figure 2
where it is observed that the followers’ positions converge to the
formation dictated by the current positions of the leaders.

Now, we test our observer under noisy measurements and dis-
crete time sampling and compare its performance with other
methods in the literature. For comparison, we selected the linear
methods described in [10] and the sliding mode method in [15],
summarizing the most common approaches to solve the affine
formation tracking problem.

To test the proposal’s performance under noisy leader measure-
ments, we considered the setting described in Section 5.1 for
which we keep A = 107> s and vary & > 0. To compare with [10],
we selected m = 1 in our proposal. Note that the method in [15]
cannot be used since it only handles m = 0. For the sake of fair-
ness and to test the linear protocol in its ideal setting, we use it
as an observer to estimate the components of the target follower
positions —Q;}. Q] . p, (t) and velocities —Q}}. Q] .p, (1.

Figure 3 shows the error trajectories for the position estimation
without noise and with noise of magnitude € = 0.2. The method
in [10] was configured with acceleration cancellation and gains
such that the settling time is similar to our proposal (see the left
side of Figure 3). However, note that our method, being of finite
time, can achieve faster convergence with smaller gains. As a
result, such selection of gains for the linear method leads to more
considerable noise sensitivity, where our method performs con-
sistently better.

Another significant advantage is shown in Figure 4. Here, we
compare the estimation error for the velocity over 100 different
noise levels € € [0, 2]. It is observed that while the linear method
has better performance under small noise levels, HOSM outper-
forms it when the noise level increases. The reason is that the
maximum error for the linear method grows linearly. In contrast,
for HOSM, the error grows as e%lﬂ = \/E with y = 1 as a result
of Corollary 1 or more clearly as in Proposition 2 given the small
size of the time step A, leading to smaller asymptotical error when
compared to the linear case.

International Journal of Robust and Nonlinear Control, 2025

85UB0|7 SUOLILLIOD BATE81D 3dedldde ay) Aq peusenob ae sspiie YO ‘8sn JO s3I 10} ARiqiT8uIIUO A8]IA UO (SUONIPUOD-PUR-SLLIBYLIOD" A 1M ARIq 1 BUIUO//SdNY) SUORIPUOD PUe SWB | 81 88S *[620z/2T/20] uo Ariqiaulluo A8|IMm ‘ezobesez 8 pepsieAun AQ 800/ 0UI/Z00T OT/I0P/WO0 A8 | ImArIq iUl |Uo//Sdny Woi) papeojumod ‘0 ‘6£2T660T



T T

0 > time [s] i 6
—.10 ]
S
£ | |
= 0 S
= =%

S| !
B0 ]
0 2 time [s] 4 6

X
o
T
"

0 2 time [5]4

[=2]

T T

0 2 time [s]4 6

T T

(=)
Ny
h

0 2 time [s]4 6

FIGURE1 | Example trajectories for the X component of p, ,(¢) for followers i € {4,5,6,7} = I (blue lines) and m = 5. Recall that the observer

(5) achieves its goal if p; , () manages to estimate the components of o)

trajectories as well (red dashed lines).

T (0

1P} () corresponding to the i-th agent. Hence, we show such reference

5 ®t =0s ® - g t="Ts
—_ x x © & ®
£ 0 . O @X .
> X x © Xoad Bgp ©
-5 © L t=2s L
-10 0 10 -10 X [m] 10 -10 0 10
FIGURE2 | Different frame captures for the trajectories of the agents (see Section 6). Blue (red) circles are leader (follower) positions. Blue crosses

are the positions of the followers in the target configuration. The blue circles and crosses define an affine transformation of the nominal configuration.
This transformation is a scaling by a factor of two at # = 0, and evolves over time according to the trajectories of (26). A video for this experiment can be

found in https://rodrigoaldana.github.io/utils/affinevideo.html.

Finally, we show the advantages of our proposal in the
discrete-time case, particularly when compared to the FOSM
method from [15], which corresponds to (5) with m = 0. We
performed the same simulation with different values of time
step A with fixed € = 0. In this case, the errors are caused by
the effect of chattering due to the discrete-time switching in
the sliding mode. The result is shown in Figure 5, where it is
observed that the error for the position variable (x = 0) is con-
sistently decreased by increasing the protocol order m. This is
expected since Proposition 3 ensures worst-case errors propor-
tional to A" #*1 which decrease as m is increased for A < 1.
As a result, our method outperforms that in [15] when m > 0.
Note that although the simulation step A, = 107> s for the
continuous-time system (3) is chosen sufficiently small to accu-
rately capture the plant dynamics, the observer operates with a

step size of up to 2 x 1073 s. This value is on the order of stan-
dard communication intervals in digital protocols such as WiFi or
Bluetooth. Therefore, the effectiveness of the proposed approach
is demonstrated under conditions that are consistent with practi-
cal applications.

7 | Conclusions

We presented a hierarchical approach for affine formation track-
ing relying on a homogeneous communication-based observer.
The aim of this observer is to compute the local references for
each agent according to an affine transformation of the forma-
tion derived from the current position of the leaders. The main
novelty of this work relied on the utilization of arbitrary order

10

International Journal of Robust and Nonlinear Control, 2025

85UB0|7 SUOLILLIOD BATE81D 3dedldde ay) Aq peusenob ae sspiie YO ‘8sn JO s3I 10} ARiqiT8uIIUO A8]IA UO (SUONIPUOD-PUR-SLLIBYLIOD" A 1M ARIq 1 BUIUO//SdNY) SUORIPUOD PUe SWB | 81 88S *[620z/2T/20] uo Ariqiaulluo A8|IMm ‘ezobesez 8 pepsieAun AQ 800/ 0UI/Z00T OT/I0P/WO0 A8 | ImArIq iUl |Uo//Sdny Woi) papeojumod ‘0 ‘6£2T660T


https://rodrigoaldana.github.io/utils/affinevideo.html
https://rodrigoaldana.github.io/utils/affinevideo.html

e=0

= 05 I i
E —— Linear [5]
< —— HOSM (Ours)
IC:u.
B
§

0% 0 ¢ 5] 20 30 0
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1.8 2

Average steady-state absolute error for the X coordinate of f, , () (velocity 4 = 1) under measurement noise for the leader positions for

different values of the noise magnitude . The linear method in [10] with m = 1 is compared to our proposal (HOSM). Solid curves represent worst-case
bounds fitted to the experimental data. Linear growth is shown for the linear protocols and of the form y\/g for HOSM.
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FIGURES5 |
protocol orders m. Note that the case with m = 0 (FOSM) coincides with the method in [15].

Average steady-state absolute error for the X coordinate of P, [k] in (21) for different values of the sampling step A and different
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homogeneous sliding modes for the observer design, a concept
that had not been explored in the literature on affine formations
before. We formally demonstrated the exact convergence of the
observer in finite time in the ideal case. We provided robustness
guarantees against discrete-time communication and measure-
ment noise affecting the leaders’ positions. A separation principle
for the observer-controller pair was discussed, enabling the use of
different controllers or dynamics at each agent. For future work,
we consider other scenarios that could involve controlling the
motions of the formation leaders, thus expanding the scope of our
research.
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