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Abstract. We prove that the terms Ep;q
r �S6� in the Fro« licher spectral sequence associated to any

hypothetical complex structureonS6 would satisfy Serre duality. It is also shownthat thevanishing
oftheDolbeault cohomologygroupH1;1�S6� ensures the existence ofaholomorphic 2-formonS6

living even inE2;0
2 �S6�, which in particular implies the nondegeneration of Fro« licher's sequence at

the second level.
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1. Introduction

A. Gray has proved recently in [5] that, in spite of H1�S6� being zero, the Hodge
number h0;1�S6� would not vanish for any hypothetical complex structure on S6.
As it is pointed out in [5], this property is interesting because it would imply the
existence of a nonzero (@-closed but non @-exact) differential form a0;1 on S6, which
could be interpreted geometrically. Fro« licher (or Hodge^de Rham) spectral sequence
fEp;q

r �S6�grX 1 would also provide additional invariants of a complex structure
on S6 [3]. Terms Ep;q

1 in this sequence coincide with the usual Dolbeault cohomology
groupsHp;q, and fErg abuts onto the de Rham cohomology H��S6� of the six sphere.
In this context, Gray's observation means that E1�S6� 6� E1�S6�, that is, the
sequence does not degenerate at the ¢rst level or, equivalently, Hodge decomposition
Hk � �p�q�kHp;q fails in degree k � 1, which implies the well-known fact that S6

would not be Ka« hler. It is also well-known that S6 does not admit inde¢nite Ka« hler
structure because its second Betti number b2�S6� � 0 and then it cannot be sym-
plectic. However, the nonintegrable almost complex structure on S6 coming from
the identi¢cation of R7 with the purely imaginary Cayley numbers makes the
six-dimensional sphere nearly Ka« hler, and therefore Einstein [4].

We show in Proposition 3.1 that a proof similar to the one given in [5] allows us to
conclude that at least one between the Hodge numbers h2;0 and h1;1 is nonzero; thus,
Hk 6� �p�q�kHp;q for k � 1; 2; 4 and 5.
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Let us denote hp;qr � dimEp;q
r �S6� for rX 1. We shall refer to these dimensions as

the Hodge numbers of a hypothetical complex structure on S6 (for r � 1 they
are the usual Hodge numbers hp;q). To our knowledge it is not known whether
for rX 2 the terms Ep;q

r �M� and Enÿp;nÿq
r �M� are isomorphic for general complex

n-dimensional manifolds M. In Theorem 3.2 we exhibit that the Hodge numbers
of S6 would satisfy Serre duality hp;qr � h3ÿp;3ÿqr for all r.

Finally, Corollary 3.3 shows that the vanishing of the Dolbeault cohomology
groupH1;1 (notice that E1;1

2 always vanishes by Theorem 3.2) implies that Fro« licher's
spectral sequence does not collapse even at the second step. Therefore S6 would be,
as far as we know, the ¢rst example of a compact simply-connected manifold of
the lower possible dimension for which E2 6� E1, i.e. providing a new solution
to the question posed by Grif¢ths and Harris in [6, page 444]. So a better under-
standing of (simply-connected) compact complex manifolds having E2 6� E1 could
provide an approximation to the study of the long standing problem on the existence
of a complex structure on S6. (Recent advances on this existence problem can be
found in [8] and [9].) Simply-connected examples of dimension much larger than
3 with E2 6� E1 have been given by Pittie [10]. In the non simply-connected case,
compact complex manifolds of dimension 3 have been found recently in [2].

2. Fro« licher's Sequence of Complex Manifolds

In this section we prove that the sequence Er degenerates at the step n for any
compact complex n-dimensional manifold having no holomorphic n-forms.

Let us brie£y recall that Fro« licher's spectral sequence of a complex manifoldM is
the ¢rst spectral sequence associated to the double complex �O�;��M�; @; @�, where
O�;��M� � �p;qO

p;q�M�, Op;q�M� being the space of complex-valued differential
forms of bidegree �p; q� on M, and @, @ are the differentials of type �1; 0� and
�0; 1�, respectively, in the usual decomposition d � @� @ of the exterior
derivative d. Thus, Ep;q

1 �M� � Hp;q�M� � f ap;q 2 Op;q�M� j @ap;q � 0g=@�Op;qÿ1�M��
and GrHk�M� � �p�q�kEp;q

1 �M� for any k, i.e. the terms Ep;q
r �M� are complex

invariants relating Dolbeault cohomology of M to de Rham cohomology of the
manifold.

We shall be using the following well-known property: each term Ep;q
r�1�M� can be

obtained as the quotient Ker dr=Im dr in a sequence of homomorphisms dr

� � � ÿ!Epÿr;q�rÿ1
r �M� ÿ!dr Ep;q

r �M� ÿ!
dr Ep�r;qÿr�1

r �M� ÿ! � � � : �1�

(For r � 1 the homomorphism d1 � @, i.e.

d1��ap;q�� � �@ap;q� 2 Hp�1;q�M�; for �ap;q� 2 Hp;q�M�:�

Therefore, hp;qr X hp;qr�1 and Ep;q
r � f0g implies Ep;q

r�s � f0g for all sX 1.
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In [5] it is proved that the Dolbeault cohomology groups H0;3�S6� and H3;0�S6�
vanish for any possible complex structure on S6. The argument given there still holds
for any compact complex manifold M of complex dimension n with Betti number
bn�M� � 0; thus the Dolbeault cohomology groups Hn;0�M� and H0;n�M� vanish
for these manifolds M. In particular, the following lemma is valid for any such
manifold.

LEMMA 2.1. Let M be a compact complex manifold of complex dimension n. If
there are no holomorphic n-forms on M then En�M� � E1�M�.

Proof: From (1), each term Ep;q
n�1�M� is obtained as a quotient in

� � � ÿ!Epÿn;q�nÿ1
n �M� ÿ!dn Ep;q

n �M� ÿ!
dn Ep�n;qÿn�1

n �M� ÿ! � � � : �2�

But for any complex n-dimensional manifold it is obvious that Ep;q
r �M� is always zero

if p or q are < 0 or > n. Therefore, the only terms Ep;q
n�1�M� which could be

non-isomorphic to Ep;q
n �M� are those for which �p; q� � �0; nÿ 1�; �0; n�; �n; 0� or

�n; 1�. Since the Dolbeault cohomology groups Hn;0�M� and H0;n�M� vanish for
M, En;0

r �M� � E0;n
r �M� � f0g for rX 1, which implies that all the homomorphisms

dn in (2) are zero, that is, Ep;q
n�1�M� � Ep;q

n �M� for all �p; q�. Analogously one con-
cludes that dr � 0 for any r > n, and therefore Ep;q

n �M� � Ep;q
r �M� � Ep;q

1 �M� for
all �p; q� and any r > n. &

3. Hodge Numbers of the Six Sphere

In this section we exhibit some properties of the Hodge numbers hp;qr of any hypo-
thetical complex structure on the six sphere.

PROPOSITION 3.1. For any hypothetical complex structure on S6 we have:

h0;1 � h0;2 � 1 > 0 and h2;0 � h1;1 � h1;0 � h1;2 � 1 > 0:

Proof: The Euler characteristic w of a compact complex 3-dimensional manifold
can be calculated by

w �
X6
k�0
�ÿ1�kbk �

X3
p;q�0
�ÿ1�p�qhp;qr ;

for any rX 1 [3]. In particular, for r � 1 and using Serre duality we get

w �
X3
p�0

X3
q�0
�ÿ1�p�qhp;q � 2

X3
q�0
�ÿ1�qh0;q ÿ

X3
q�0
�ÿ1�qh1;q

 !
� 2�w0 ÿ w1� ;

where wp �
P3

q�0�ÿ1�qhp;q, for p � 0; 1. But w0 is precisely the arithmetic genus [7],
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i.e. the index of the elliptic complex �O0;�; @�, which in terms of the Chern numbers of
the complex manifold is given by w0 � 1

2 c1c2 [1].
If S6 has a complex structure then w0 � 0 because the Betti numbers b2 and b4 of S6

are both zero. Therefore, since w � 2 for the six sphere, we get that w1 � ÿ1. Finally,
since h0;3 � 0 and h0;0 � 1 we conclude that 0 � w0 � 1ÿ h0;1 � h0;2 and
ÿ1 � w1 � h1;0 ÿ h1;1 � h1;2 ÿ h2;0. &

THEOREM 3.2. For any hypothetical complex structure on S6 we have that
hp;qr � 0, for all �p; q� 6� �0; 0�; �3; 3�, and h0;0r � h3;3r � 1 for any rX 3. Moreover:

h0;02 � h3;32 � 1;

h1;02 � h1;12 � h3;02 � h0;32 � h2;22 � h2;32 � 0;

h0;12 � h2;02 � h1;32 � h3;22 ;

h0;22 � h2;12 � h1;22 � h3;12 :

Furthermore, h0;12 � h1;2 ÿ h1;1 � 1X 0.
Proof: Since Hk�S6� � f0g for 1W kW 5, from Lemma2.1 it follows that

GrHk � �p�q�kEp;q
1 � �p�q�kEp;q

r for any rX 3, which implies hp;qr � 0, for all
�p; q� 6� �0; 0�; �3; 3�, and h0;0r � h3;3r � 1 for any rX 3.

Let us prove that Ep;q
2 � E3ÿp;3ÿq

2 for all p and q. First of all, since h0;3 � h3;0 � 0
and 1 � h0;03 � h3;33 W h0;02 ; h3;32 W h0;0 � h3;3 � 1 we get

h0;02 � h3;32 � 1 and h0;3r � h3;0r � 0; for rX 1: �3�

From (1) and (3) it follows that for �p; q� � �1; 0�; �1; 1�; �2; 2� and �2; 3� the sequences
of homomorphisms d2 reduce to 0ÿ!Ep;q

2 ÿ! 0, and therefore Ep;q
2 � Ep;q

3 � f0g,
that is,

h1;02 � h1;12 � h2;22 � h2;32 � 0: �4�

The remaining sequences of homomorphisms d2 are 0ÿ!Ep;q
2 ÿ!

d2 Ep�2;qÿ1
2 ÿ! 0,

for �p; q� � �0; 1�; �0; 2�; �1; 2� and �1; 3�. Since

Ep;q
3 � Ker d2 and Ep�2;qÿ1

3 � Ep�2;qÿ1
2 =Im d2;

we conclude that hp;q2 ÿ hp�2;qÿ12 � hp;q3 ÿ hp�2;qÿ13 � 0, for �p; q� � �0; 1�; �0; 2�; �1; 2�
and �1; 3�. This implies

h0;12 � h2;02 ; h0;22 � h2;12 ; h1;22 � h3;12 ; h1;32 � h3;22 : �5�
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Finally, the sequences of homomorphisms d1 are

0ÿ!E0;q
1 ÿ!

d1 E1;q
1 ÿ!

d1 E2;q
1 ÿ!

d1 E3;q
1 ÿ! 0 ;

for q � 0; 1; 2; 3. Since Ep;q
2 � Ker d1=Im d1 we have that

h0;q ÿ h1;q � h2;q ÿ h3;q � h0;q2 ÿ h1;q2 � h2;q2 ÿ h3;q2 ;

for q � 0; 1; 2; 3, and from (3) and (4) these equalities reduce to

ÿ h1;0 � h2;0 � h2;02 ;

h0;1 ÿ h1;1 � h2;1 ÿ h3;1 � h0;12 � h2;12 ÿ h3;12 ;

h0;2 ÿ h1;2 � h2;2 ÿ h3;2 � h0;22 ÿ h1;22 ÿ h3;22 ;

ÿ h1;3 � h2;3 � ÿh1;32 :

�6�

Now Serre duality hp;q � h3ÿp;3ÿq implies that h2;02 � h1;32 and h0;12 � h2;12 ÿ h3;12 �
ÿ�h0;22 ÿ h1;22 ÿ h3;22 �. From (5) it follows

h0;12 � h2;02 � h1;32 � h3;22 ;

and then h2;12 ÿ h3;12 � ÿh0;22 � h1;22 , which implies using again (5) that 2h0;22 � 2h1;22 ,
i.e.

h2;12 � h0;22 � h1;22 � h3;12 :

Moreover, from (6) we obtain h2;0 ÿ h1;0 � h0;12 � h0;1 ÿ h1;1 � h2;1 ÿ h3;1 X 0. Prop-
osition 3.1 implies that h0;12 � h1;2 ÿ h1;1 � 1X 0. &

COROLLARY 3.3. If S6 had a complex structure then the Dolbeault cohomology
group H0;1 would be nonzero. Moreover, there would also be cohomology in degree
2 because either (i) H1;1 6� f0g, or (ii) H1;1 � f0g and then H2;0 6� f0g and
E2;0
2 6� f0g, i.e. E2�S6� 6� E1�S6�.

Remark 3.4. Since E0;1
2 � Ker f@:H0;1ÿ!H1;1gwe have h0;1 X h0;12 X h0;1 ÿ h1;1,

and from Theorem 3.2 we get h1;1 X h1;2 ÿ h0;2 X 0. Therefore, in case (ii) all the
Hodge numbers hp;q are determined by h1;0 and h0;2 (for example,
h1;2 � h0;2; h0;1 � h0;2 � 1; h2;0 � h1;0 � h0;2 � 1; . . .); moreover, since h2;02 � h0;12 �
h0;1 � h2;0 ÿ h1;0, the surprising fact E1�S6� 6� E2�S6� 6� E1�S6� would be obtained
if H1;0 6� f0g.
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Explicit descriptions of the terms Ep;q
2 and Ep;q

3 are [2]:

Ep;q
2 �

f ap;q 2 Op;q j 0 � @ap;q � @ap;q � @ap�1;qÿ1g
f @bp;qÿ1 � @bpÿ1;q 2 Op;q j 0 � @bpÿ1;qg

;

Ep;q
3 �

f ap;q 2 Op;q j 0 � @ap;q � @ap;q � @ap�1;qÿ1 � @ap�1;qÿ1 � @ap�2;qÿ2g
f @bp;qÿ1 � @bpÿ1;q 2 Op;q j 0 � @bpÿ1;q � @bpÿ2;q�1 � @bpÿ2;q�1g

;

and the homomorphisms d2 and d3 in the sequence (1) are given by: d2��ap;q�� �
�@ap�1;qÿ1� and d3��ap;q�� � �@ap�2;qÿ2�. Using these descriptions, Corollary 3.3 and
taking into account that E1;1

2 �S6� � f0g for any hypothetical complex structure
on S6, we get:

COROLLARY 3.5. If S6 has a complex structure then there exists a nonzero
@-closed differential form a0;1 on S6 such that a0;1 6� df , for any function f on S6,
and with @a0;1 6� 0. Moreover, one of the following assertions holds:

(i) The Dolbeault cohomology group H1;1 does not vanish and then there exists a
nonzero @^closed di¡erential form a1;1 on S6 such that a1;1 62 @�O1;0�S6��and, either
@a1;1 62 @�O2;0�S6�� or a1;1 � @b1;0 � @b0;1with @b0;1 � 0, for some forms b1;0; b0;1 on
S6.

(ii) The Dolbeault cohomology group H1;1 � f0g and then there exists a nonzero
holomorphic 2-form a2;0 on S6. Moreover, a2;0 is d-closed and therefore
a2;0 2 d�O1

C�S6��, although a2;0 62 d�O1;0�S6��. On the other hand, since
E0;1
2 6� f0g in this case, the form a0;1 given at the begining of this corollary satis¢es

that @a0;1 � @a1;0 6� 0 for some (non @-closed) form a1;0 on S6.
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