
Master’s Thesis

Radio-based Multi-robot Odometry And
Localization

Author

Andrés Mart́ınez Silva

Supervisors

Fernando Caballero Beńıtez
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Abstract

Deployment of multi-robot teams in cooperative missions, like search and rescue,

or exploration of large and dangerous environments (i.e. tunnels, mines, or rubble

resulting from an accident), brings many unique challenges that are pushing research

in exciting new ways. Particularly, localization is a crucial component which

typically relies on cameras or Light Detection And Ranging (LiDAR) sensors and

underperforms in presence of poor lighting or dust in interiors, and adverse weather

conditions in exteriors. In this context, radio-based methods such as Ultra-Wideband

(UWB) and RAdio Detection And Ranging (RADAR), which have been traditionally

undersubscribed in robotics, are experiencing a boost in popularity thanks to their

robustness to harsh environmental conditions and cluttered environments. Hence, this

work proposes a multi-robot localization system that leverages the two technologies

with inexpensive and readily-available sensors (Inertial Measurement Units, or IMUs,

and wheel encoders) to estimate the position of a ground robot and an aerial robot

with respect to a global reference frame, by using a pose-graph optimization framework

with inter-robot constraints. The system has been developed for ROS 2 using the

Ceres optimizer, and has shown promising results in simulated conditions and on a

real-world dataset. Furthermore, the standard factor graph formulation also makes it

easily extensible to a full Simultaneous Localization And Mapping (SLAM) problem.
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Chapter 1

Introduction

1.1 Motivation

Heterogeneous multi-robot systems have gained increasing popularity in the last few

years. In particular, search and rescue missions often require operation in highly

cluttered scenarios, with very limited maneuverability and some areas which may

become inaccessible to humans and certain types of robots. In this context, deploying

a team of different robots that work cooperatively -p.e. an Autonomous Ground

Vehicle (AGV) and an Unmanned Aerial Vehicle (UAV) - can bring many benefits:

one robot may be allowed to access locations that are blocked to the other, enabling

the team to cover more terrain in less time (see Figure 1.1a). Additionally, information

sharing between robots allows for a more robust localization, which becomes essential

in GPS-denied environments. Each robot must be able to determine its own position

and the position of the other robot relative to itself. Although most research focuses

on vision or lidar-based methods for localization, the cluttered layout of some areas,

together with unfavorable environmental conditions such as fog in exteriors, dust

in interiors, or poor lighting, critically impacts the performance of these methods

(see Figure 1.1b). This is why radio-based methods are attracting interest in the

literature, with two types of sensors emerging as promising alternatives in robotic

systems: Ultra-Wideband (UWB) and RAdio Detection And Ranging (RADAR).

On the one hand, UWB sensors provide high-frequency range measurements

between anchors and tags with centimeter-level precision [3]. They are also lightweight,

cost-effective, and robust to harsh environmental conditions and obstructions, due to

their ability to penetrate obstacles. Standard UWB localization systems require the

anchors to be installed in the environment for effective triangulation, but this is often

impractical. A robotic team, on the other hand, can carry transceivers onboard to

obtain inter-robot distances that can be fused with different sources of odometry to

localize both robots in real time. On the other hand, RADARs are able to estimate
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(a) (b)

Figure 1.1: (a) UAV and AGV team in Defense Advanced Research Projects Agency
(DARPA) Subterranean Challenge [1] (b) Team of hazard detection and rescue
quadruped robots [2]

both the position (in the form of range, azimuth and elevation) and radial velocity

of nearby objects, by leveraging the Doppler effect. RADAR data, however, brings

a particular set of challenges: it is sparser than LiDAR or vision sources, with lower

angular and spatial resolution, and sensitive to noise from multiple sources, such as

multipath reflections and signal scattering. Nonetheless, it has already shown good

results in harsh weather and tight layouts, where the other methods generally struggle.

While inter-robot transformations have been widely covered in literature, there

is limited research involving on-board UWB transceivers as a source of relative

information. Moreover, radar-based localization remains still widely undocumented. In

fact, these sensors have mostly been tested separately, mainly in single-robot setups,

and there is very little work on heterogeneous multi-robot localization systems that

exploit the advantages of both.

1.2 Objectives

The main objective of this thesis is to design and implement a cooperative localization

framework for a team of two different robots -an AGV and an UAV- equipped each with

multiple UWB transceivers and a RADAR sensor. This involves, first, estimating the

relative transformation between the two robots based on distance measurements via

nonlinear optimization, and then building a multi-robot pose-graph that simultaneously

optimizes the positions of both platforms by fusing all available sensor data, including

pre-processed RADAR point clouds and other readily-available sensors such as IMUs

or wheel encoders. The previously estimated inter-robot transformation is integrated

in the pose-graph in order to localize both robots with respect to a common frame of

reference. The system will be tested in simulation, and then on a real world dataset.
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1.3 Document structure

This document is structured as follows:

− Chapter 2 reviews the state of the art on radio-based localization with a focus

on inter-robot transformations, RADAR odometry and cooperative systems. It

also provides a brief description of the software framework and hardware used to

validate the proposed solution.

− Chapter 3 introduces a theoretical formulation of the challenge to be addressed,

from range-based estimation to using RADAR as an odometry source, and finally

fusing this information in a pose-graph to simultaneously localize a team of an

UAV and an AGV.

− Chapter 4 focuses on implementation details regarding the specific setup used

to validate the proposed approach, including software architecture, flow diagrams

and pseudo-code.

− Chapter 5 presents and analyzes the experimental results obtained both in

simulation and in a real-world dataset.

− Chapter 6 concludes the thesis presenting some closing statements and future

lines of work.
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Chapter 2

Preliminaries

2.1 Related work

The problem of estimating inter-robot relative transformations based on distance

measurements has been extensively studied in [4], where the authors propose an

algebraic method to compute a 6 Degrees of Freedom (DOF) rigid transformation

between robot frames. A closed-form solution can be found from ten distance

measurements, and a discrete set of 40 solutions from as few as six [5]. In [6], the authors

particularize the case to UWB sensors and achieve a 4-DOF closed-form solution from

just six measurements. However, these methods are highly sensible to outliers and noise

and typically require further refinement with Nonlinear Least Squares (NLS). More

recently, the authors of [7] perform an exhaustive analysis on 4-DOF relative frame

transformation (RFT) estimation using UWB and visual-inertial odometry, proposing

a global estimation approach to improve NLS initialization. However, these methods

assume only one sensor per platform and do not exploit redundancy and frequency of

multiple onboard measurements. Other research has considered up to four onboard

UWB nodes [8] to compute instantaneous body frame transformations, though it relies

on the availability of sufficient simultaneous measurements. In heterogeneous teams

of robots, this assumption is often challenged due to limitations in sensor placement,

communications quality and noise.

RADAR-based localization and SLAM have been primarily explored in the context

of autonomous driving, due to its advantages over other sensor modalities in adverse

weather conditions. In [9], the authors present a RADAR-only motion estimation

system using a Frequency Modulated Continuous Wave (FMCW) RADAR without

Doppler information. In [10], a real-time pose-graph SLAM system that leverages

Iterative Closest Point (ICP)-based scan-matching to obtain relative transformations

between consecutive RADAR detections is introduced. To localize the vehicle, the

odometry component implements an Unscented Kalman Filter (UKF) that fuses wheel
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speed, yaw rate, steering wheel angle and velocity of the RADAR sensor. The latter

is obtained from radial (Doppler) velocities using a RADAR ego-motion estimation

algorithm [11]. In robotics, RADAR-based systems have only recently seen significant

development. Notably, the authors of [12] introduced an open source Robot Operating

System (ROS) package that implements real-time 6-DOF SLAM for 4D RADARs, and

the authors of [13] managed to localize a robotic platform in the presence of heavy fog

by fusing LiDAR and low-cost RADAR data.

Finally, cooperative localization involving a team of robots has been widely covered

in the past [14, 15, 16]. However, it is difficult to find relevant work regarding teams

of different robots that localize themselves with radio sensors, especially combining

UWB and RADAR. To the best of our knowledge, this is the first work that integrates

relative transformation estimation as an inter-robot factor in a multi-robot pose-graph

optimization framework, together with RADAR odometry factors.

2.2 Methodology

The work developed during the elaboration of this thesis was tested in simulated

conditions and with a real dataset. The project comprises three main modules that

were developed and tested in isolation, then integrated into a full localization system:

1) relative transform estimation from UWB measurements, 2) multi-robot pose-graph

optimization, and 3) RADAR odometry. This modular approach allows us to test the

first two modules by feeding them virtual odometry sources and distance measurements,

which are modeled with different sources of noise. Once performance achieves the

expected results under different simulation conditions, we can substitute these inputs

with real data from the dataset, which includes RADAR information. Due to the

difficulty of realistically simulating RADAR measurements, which are very sparse and

noisy, this module was only tested with real data once the rest of the system was

validated. For this methodology to work, the simulated modules replicate sensor

placement from the real system, as well as interfaces and message formats. With

careful parameterization, this enables seamless integration with both simulated and

real data.

Figure 2.1 shows a Gantt diagram of the project timeline. Note that development

and experimentation follow an iterative process that runs until the expected

performance is met. Then, the final results can be obtained and analyzed.

12



Figure 2.1: Gantt diagram showcasing the overall planning for the project. It includes
documentation, development, experimentation, and writing of the final thesis.

2.3 Validation framework

2.3.1 Radio sensors

The Eliko Real-Time Location System [3] was used to obtain relative distance

measurements between the two platforms. The system allows tracking any objects

in 2D or 3D space, using UWB radio waves to measure distance between its two basic

hardware components: anchors and tags. This technology operates by sending short

radio pulses across a wide frequency spectrum. By measuring Time-of-Flight (ToF)

distances, this system is able to obtain centimeter-level precision in ranges of up to 70

m even in challenging environments.

The Continental ARS548 RADAR [17] is the other sensor used in the experiments.

This is a 4D RADAR that measures distance, Doppler velocity, azimuth, and elevation

of detected objects. It operates on the 76-77 GHz band with real-time scanning across

the full Field of View (FoV) of 20 Hz. Among its main technical features, the RADAR

operates on a distance range from 0.2 to 302 m, with a distance resolution of 0.22 m,

a speed resolution of 0.35 km/h and an angular resolution as small as 0.1º. On the

other hand, it has an azimuth FoV of ± 60º and an elevation FoV of ± 14º, meaning

that the overall FoV is quite restricted as compared to a commercial 3D LiDAR.

2.3.2 Robotic platforms

The team of robots used in the dataset experiments are the ARCO (Autonomous Robot

CO-worker) ground platform developed by IDMind and the Matrice M210 V2 UAV

developed by DJI. The ARCO platform is a 4-wheeled platform with an independent

traction system that supports both holonomic and differential configurations. In this

setup, the robot is equipped with a 9-DOF IMU, a 3D OS-1-16 LiDAR Ouster,
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(a) (b)

Figure 2.2: (a) Eliko RTLS anchor (left) and tag (right) (b) ARS548 Continental
RADAR

four Eliko UWB anchors powered by PoE (Power over Ethernet), and an ARS548

Continental RADAR. A more detailed overview of the platform can be found in [18].

The M210 is a commercial lightweight quadcopter that, for the purposes of these

experiments, has been equipped with two battery-powered Eliko UWB tags, a 3D

OS-1-16 LiDAR Ouster and an ARS548 Continental RADAR. The platform includes

dual 6-DOF IMUs and barometers that are used to provide fused velocity estimations

in the absence of GPS. Additional information about the platform can be found in [19].

For more information, refer to Appendix A, where a picture highlighting the sensor

placement in both platforms is included.

2.3.3 ROS2 and Ceres

The methods presented in this thesis have been developed in ROS 2 [20]. It

is the second generation of the Robot Operating System, a powerful open source

framework for developing robot applications. It provides a modular architecture

comprising middleware, communications and developer tools. While ROS 1 was

widely adopted in research, it had major drawbacks that hindered its deployment in

production, including 1) a centralized architecture with a single point of failure (the

rosmaster), 2) a custom TCP/UDP network transport protocol that struggled over

faulty links, and 3) a lack of built-in security. In contrast, ROS 2 adopts a distributed

design, leveraging industry-standard DDS (Data Distribution Service), event-based

asynchronous communications, and emphasizes modularity and security. With ROS 1

reaching End-Of-Life in 2025, the ROS 2 design philosophy justifies the migration and

makes it specially fitting for challenging applications such as multi-robot systems. In

this work, ROS 2 is used to handle communications over all hardware and software

modules, as well as telemetry and data visualization. Particularly, the Eliko system

and ARS548 RADAR (see Section 2.3.1) interface with ROS 2 through custom drivers
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developed by the Social Robotics Lab and available for public use [21].

Both the ARCO and the M210 are set up to communicate with ROS 2 for control

and telemetry. In this work, we subscribe to sensor measurements from wheel encoders

and IMU in the case of the ARCO, and, in the case of the UAV, we obtain fused

velocity data from the autopilot through ROS2 topics via the DJI SDK.

Alternatively, Ceres [22] is an open source C++ library developed by Google for

modeling and solving optimization problems. Together with ROS 2, it plays a key role

in this work, as both the relative transform estimation and pose-graph optimization are

formulated as Nonlinear Least Squares (NLS) problems. Among the features that are

useful to this work, it supports automatic differentiation, custom manifold definitions,

robust loss functions, and covariance estimation. It also supports parallelization and

Graphical Processing Unit (GPU) acceleration, and provides numerous performance

metrics and diagnostic tools.

2.4 Chapter recap

This chapter included a review of relevant literature in the field of range-based

localization in Section 2.1, then defined the general methodology in Section 2.2 and

highlighted the main hardware and software tools being used in the thesis in Sections

2.3.

The next chapter delves into the theoretical formulation of the problem, including

a detailed explanation of the specific challenges behind this work and the methods

proposed to solve them.
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Chapter 3

Problem formulation

In this chapter, the core concepts about relative transform estimation, RADAR

odometry and pose-graph optimization are introduced. First, each of the individual

components of the system is described in depth, and then we propose a framework

where the three modules are integrated into a multi-robot localization system.

3.1 Relative localization

Suppose a heterogeneous team of two robots equipped with UWB transceivers are

moving in proximity, each of them describing a trajectory in their own local reference.

The UAV (robot 1) is equipped with two tags, and the AGV (robot 2) is equipped with

four anchors - see Figure 3.1. For more information on the basics of UWB localization,

refer to Appendix B.

Let p̃ = [x, y, z, 1]T ∈ R4 denote the homogeneous 3D coordinates of a point in

space. Let B1p̃ti ∈ R4 be the known homogeneous coordinates of UWB tag i in the

body frame of robot 1, and B2p̃aj ∈ R4 the known homogeneous coordinates of UWB

anchor j in the body frame of robot 2, and let O1p1 and O2p2 ∈ SE(3) be the poses

of robots 1 and 2 in their own local odometry frames, respectively. Consequently, the

homogeneous coordinates of tag i in the odometry frame of robot 1, O1p̃ti ∈ R4, and the

homogeneous coordinates of anchor j in the odometry frame of robot 2, O2p̃aj ∈ R4, are

known. In order to simplify the problem, we reduce the problem to 4 DOF by making

the assumption that the roll and pitch of each robot’s local odometry frame are known

and fixed. The IMUs onboard most robotic platforms are able to calculate roll and

pitch states very accurately thanks to the integration of gyroscopes and accelerometers,

and they are fully observable. Thus, only the translation components and the yaw angle

are expected to exhibit significant drift.

In this way, we can define a state vector x = [x,y,z,ψ]T , comprised of three

translation components and the yaw angle ψ, and T(x, θ, ϕ) ∈ SE(3) as the rigid
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Figure 3.1: Each robot describes a trajectory in its own local odometry frame while
collecting range measurements (dashed lines) between two tags and four anchors.
Measurement from different tags are represented in different colors.

transformation between the odometry frames defined by the state vector, and the

known relative roll θ and pitch ϕ. If both robots start their trajectories on the

horizontal plane, these values are set to zero. If not, they can be measured precisely

(e.g. through IMU readings at the starting points) and introduced as fixed values.

For ease of notation, from now on we will refer to this transformation as T(x). With

this information, it is possible to describe a measurement model, where the predicted

distance d̂(ti, aj) between tag i and anchor j is defined as follows:

d̂(ti, aj) = ||O1p̃ti − T (x)O2p̃aj||+ ϵ (3.1)

where ϵ ∼ N (0, σ2) represents an independent, identically distributed Gaussian noise

with σ = 10 cm, which is the uncertainty associated to the measurement. This value

has been selected according to the accuracy level stated in the technical specifications

of the commercial Eliko UWB system [3].

The objective is to find the inter-robot transformation T(x) between the odometry

frames of both platforms, which allows us to map the local positions of robot 2 to the

local reference frame of robot 1, according to the anchor-tag range measurements d.

This is an optimization problem that can be formulated in terms of Nonlinear Least

Squares (NLS). NLS methods aim to find the minimum of an objective function J

by performing a succession of linear approximations from an initial estimate until a

convergence criterion is met. The objective function is defined according to the general

NLS formulation outlined in [22], where J minimizes the sum of squared residuals over

one or more cost functions, which are the different terms in the objective function. Each

cost function defines a residual based on the difference between a prediction -expressed
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as a function of the optimization parameters- and an observation, often normalized by

the uncertainty associated to that observation.

In this problem, the objective function is defined as:

J = min
x

∑
W

(
∑
i,j

(
d̂(ti, aj)− d

σ
)2 + ||e4D(T(x),p)||2Σ) (3.2)

The first term is a scalar that, for each anchor-tag pair, minimizes the difference

between the predicted and the actual measurement, which is normalized by dividing by

its standard deviation σ. The second term is used to anchor the estimated transform

to a prior p ∈ SE(3), where e4D(.) is an error function that obtains a 4D residual by

comparing the translational and yaw components of two SE(3) poses. More information

on how this is performed is presented in Appendix C. Finally, ||e||Σ is the squared

Mahalanobis distance eTΣ−1e with covariance matrix Σ, and W is a distance-based

sliding window comprising from 2 to 10 m of each robot trajectory.

When working with noisy sensor data, the presence of outliers can lead to

the computation of artificially large residuals that can potentially compromise the

performance of the optimization. To address this, the cost functions are robustified,

meaning that a robust loss function - in this case, the Cauchy loss [23] - is used to reduce

the influence of outliers in residual computation. In this way, only residuals within an

acceptable range (two or three times the expected standard deviation) are used in the

optimization. This is specified as a parameter when defining the cost functions and

handled internally by the Ceres Solver (more details on the implementation can be

found in Chapter 4).

3.1.1 Dilution of precision

Dilution of Precision (DoP) is a well-known phenomenon in range-based localization

that plays a key role in the performance of the system. In UWB localization, it

refers to how the geometry configurations of anchors and tags affect the uncertainty

of the position estimate. For the problem to be well-constrained, the transceivers (i.e.

anchors and tags) must be placed as far apart as possible, and covering as much as

possible of the available space in both the horizontal and vertical directions. Otherwise,

poor geometric diversity leads to poor observability of the states that we want to

estimate, making the optimization problem ill-conditioned. This arises from the nature

of omnidirectional range measurements, which the optimizer uses to trilaterate the

position of the transceiver and can be visualized as spheres around the anchors. When

the anchors are spaced enough, the intersection between the spheres - which yields

the location of the tag - results in a smaller area of uncertainty. In contrast, when
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Figure 3.2: The effect of Dilution of Precision as the robots move far away from each
other. When the distance between the transceivers is too small with respect to the
distance between the robots, the uncertainty of the trilaterated position (highlighted
in red) increases, and the problem becomes ill-conditioned.

the distance between the anchors is too small compared to the distance to the tag,

the spheres become nearly tangent, producing a larger region of intersection and thus

greater uncertainty. This is illustrated in Figure 3.2.

In the setup used for this work, the ground vehicle is equipped with four anchors

arranged in a 3D rectangular prism with dimensions 64x60x55 cm (see Appendix

A.2). The drone carries two tags placed horizontally with a 48 cm separation. This

distribution is limited by the space available on the platform, imposing a practical

bound on the operational range of the system. As a result, the proposed UWB

localization system is only expected to perform at reasonable distances given these

bounds (approximately below 10 m separation).

3.1.2 Closed-form prior

NLS methods are by definition sensitive to initial conditions, where poor values can

increase the risk of converging to local minima, or not converging at all. One of the

most popular methods for solving NLS is Levenberg-Marquardt, which leverages step

size depending on the magnitude of the gradient of the cost function. However, as

mentioned in Section 2.1, even then this method struggles under a suboptimal initial

guess, often being used as a refinement step. To test the robustness of the proposed

solution, the closed-form linear solution proposed in [6] is incorporated as a prior. This

method solves an over-determined linear system from the set of available measurements,

using a RANSAC estimator to handle outliers. The first time the optimization is run,

the linear algorithm is used to find a potential candidate to initialize the state, and
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added as a robustified cost term. For future solves, the initial state is set to the previous

optimized state in order to have a smooth estimate, but the linear solution, if available,

is still incorporated in the cost function (see second term of Equation 3.2). This setup

allows us to analyze whether the prior contributes to convergence, or if the system is

robust enough without it.

3.2 RADAR odometry

Section 3.1 discussed inter-robot localization (this is, determining the position of one

robot relative to the other). Another fundamental component of a localization system

is odometry, which estimates a robot’s motion with respect to its own local frame.

In the previous section, we assumed this information was available and sufficiently

accurate. However, in practice, odometry derived from wheel encoders and IMUs tends

to accumulate drift over time. While LiDAR and vision-based methods are extensively

used for localization via scan-matching or image correspondences, as mentioned in

Section 1.1, they are particularly sensitive to challenging environmental conditions.

RADARs, on the other hand, are robust to harsh weather and lighting conditions and

can be used for localization using similar techniques. They provide range, azimuth,

elevation and radial or Doppler velocity (i.e. the component of the object velocity along

the sensor line of sight) with each detection. This information is converted into a sparse

pointcloud with per-point velocity estimates. Figure 3.3 shows a basic architecture of

a RADAR-based odometry or, by extension, SLAM system. The raw RADAR data

is first pre-processed on a front-end to obtain intermediate representations that can

be used in the backend to estimate the robot positions (and the map, in the case of

SLAM) in a factor graph optimization framework. In SLAM, the front-end is also used

to detect loop closures.

In this case, the pre-processing involves a filter to remove false positives and

dynamic objects, as well as ego-motion estimation (this is, estimating the velocity

of the sensor platform) by fusing radial velocity and IMU data. This information can

then be used as a constraint for registration-based scan-matching techniques. The

concatenation of consecutive relative transforms estimated with these methods can be

used as a standalone odometry system, or fused with additional measurements in a

larger localization problem.

3.2.1 Ego-Motion estimation

The first step is to filter the RADAR point cloud and compute a velocity estimation

of the sensor platform (also called ego-motion estimation). To do this, we use the
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Figure 3.3: Basic architecture of a RADAR Odometry and/or SLAM system, as
proposed in [24]

existing work presented in [25], which is a modified version of the original ego-motion

estimation algorithm introduced in [11], adapted for holonomic ground robots. The

original method defines the Doppler velocity vD of each detection in a RADAR scan

as the projection of the robot velocity vector v onto the unit vector h aimed towards

the detected point, which is expressed as a dot product:

vD = h · v = hxvx + hyvy + hzvz (3.3)

For a RADAR scan with N detections, it is possible to build a linear system that

can be solved via linear least squares:


vD,1
vD,2
...

vD,N

 =


h1x h1y h1z
h2x h2y h2z
...

...
...

hNx hNy hNz


vxvy
vz

 (3.4)

For ground-based holonomic robots, where motion is typically constrained to the

longitudinal (X) and lateral (Y) directions, one degree of freedom can be removed by

using the IMU-read roll and pitch to establish a relationship between the three velocity

variables:

v =

vxvy
vz

 =

 cos(θ)vx
cos(ϕ)vy

sin(θ)vx + sin(ϕ)vy

 (3.5)

This formulation improves robustness by accounting for feasible velocities and

reduces noise in the Z component, where RADAR data is particularly noisy due to

low vertical resolution and reduced FoV. However, for aerial platforms, this loosely

coupled formulation does not hold as the robot can exhibit significant velocity changes

in all three directions, and the three components need to be estimated independently.
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This method works under the assumption of staticity, thus, any moving obstacle

in the scene (p.e. the other robot, in this particular application) must be filtered out

beforehand. In [11], a RANSAC estimator is used to remove detections corresponding

to dynamic elements. An additional filter in [25] is used to discard points by range and

height, retaining only those within reasonable bounds.

3.2.2 Scan matching

Iterative Closest Point (ICP) is arguably the most popular scan-matching algorithm due

to its simplicity, and a good trade-off between accuracy and efficiency. Even though it

has known many variants since it was originally introduced, its basic structure remains

unchanged. The original point-to-point ICP consists on an iteration over two steps:

1. For a target point cloud P, and a source point cloud Q transformed with the

current transformation matrix T, find the correspondence set K = (p, q)

2. Update the transformation matrix T by minimizing the distance between each

pair of correspondences, using cost function E(T).

E(T) =
∑

(p,q)∈K

∥p−Tq∥2 (3.6)

The variant used in this work is Generalized ICP (GICP) [26], which is better

suited for handling noisy and sparse scans like those produced by RADAR sensors -see

Figure 3.4 for a comparison between RADAR and LiDAR scans. GICP extends the

standard ICP by modeling measured points as samples from Gaussian distributions

centered at the true points, which are assumed to be in perfect correspondence. This

way, each point pi in the target cloud and qi in the source cloud are modeled as

Gaussian-distributed variables: pi ∼ N (p̂i, C
P
i ) and qi ∼ N (q̂i, C

Q
i ), where p̂i and q̂i

are the true values and CP
i , C

Q
i are the respective covariance matrices.

The new cost function becomes a Mahalanobis distance between corresponding

point distributions:

E(T) =
∑
i

d
(T)T

i

(
CB
i +TCA

i T
T
)−1

d
(T)
i (3.7)

where d
(T)
i = pi −Tqi is the residual between corresponding points.

In practice, open-source libraries like PCL [27] provide standard implementations

of ICP and its variants, including GICP. PCL includes high-level methods that

estimate the relative transform from a source and a target point cloud, providing

fitness and performance metrics. Covariance computation is abstracted from the user
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Figure 3.4: Comparison of scans from a 3D OS1 LiDAR (red) and a 4D ARS548
RADAR (blue). Extracted from [21]

and performed internally using a k-nearest neighbors (kNN) search. The user only

needs to provide parameters regarding convergence criteria, and number of neighbours.

For improved efficiency, the small gicp library [28] provides optimized, parallelized

implementations of GICP and other ICP variants that serve as drop-in replacements

for the equivalent PCL classes. This is especially valuable in multi-robot localization

or SLAM systems that operate in real time, where performance is critical.

3.3 Multi-robot pose optimization

In the previous Sections, UWB relative localization and RADAR odometry provided

a source for inter-robot transformations and local position estimates for each robot,

respectively. However, these estimates must somehow be integrated consistently over

time for both robots. To overcome this challenge, factor graph optimization is a widely

documented approach to localization and SLAM [24, 29] that offers a robust framework

for fusing data from multiple sensor modalities in a global estimation problem. In

what follows, the basic concepts behind factor graph localization are introduced, and

a multi-robot extension is presented.

Solving a factor graph consists of maximizing the posterior density p(x|z) of states x
given the relative measurements coming from observations z. Through Bayes’ theorem,

the posterior can be expressed as the product of the measurement density p(z|x) and
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Figure 3.5: Basic elements of a pose-graph formulation: nodes, or robot positions (in
blue) are joined by edges, which are predicted relative transformations which arise from
observations coming from uncertain measurements (in red, where Ω is the associated
information matrix). Extracted from [29].

.

the prior over the states p(x), divided by a normalization term that can be dropped as

it does not involve the states:

xMAP = argmax
x

p(x|z) = argmax
x

p(z|x)p(x)
p(z)

= argmax
x

p(z|x)p(x) (3.8)

Multiple types of factor graphs are described in literature depending on the problem

to be solved. In the general SLAM formulation, states x are both robot positions and

landmarks in the map. Pose-graphs are a particular case of factor graphs where the

states are uniquely robot positions, without landmarks. In pose-graph SLAM, robot

poses are connected by loop closures. When there are no loop closures, the problem is

reduced to pose-graph localization.

A pose-graph is composed of robot positions, which are represented as nodes, and

observations coming from sensor measurements, which are represented as edges or

factors (see Figure 3.5). In the case of a single robot, edges are often relative pose

measurements that serve as constraints between two consecutive nodes, in the case of

odometry, or two arbitrary nodes, in the case of loop closing in SLAM.

Even if real-world sensor noise is often complex, with the presence of outliers and

multimodal distributions, a common assumption when solving a pose-graph SLAM or

localization problem is that noise models are Gaussian. This is because, under this

assumption, the problem can be formulated as nonlinear least squares of the form:

X∗ = argmin
x

∑
i,j

||zij − ẑij(xi,xj)||2Σi
= argmin

x

∑
i,j

||e(ẑij, zij)||2Σi
(3.9)
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Where zij is a relative measurement between two nodes and ẑij(xi,xj) is the

predicted measurement for a configuration of those two nodes with covariance Σi. In

many cases, including this work, these values correspond to relative transformations,

and e(zij, ẑij) would be an error function that compares the prediction and the

observation. To compensate for the errors that can be induced in the least-squares

estimations due to the Gaussian assumption, outliers should be handled through

robustified cost functions or consensus-based rejection methods like RANSAC.

Pose-graphs can be extended to multi-robot systems with a few considerations. In

this work, we adopt the concept of encounters and anchor nodes introduced in [14].

Encounters are edges that connect the poses of two robots, and anchor nodes define

the transformation between the local odometry frame of each robot and a global frame

of reference - or, equivalently, they define where each robot starts their mission. In this

way, robot poses are expressed in their own local frames, and encounter constraints

involve the anchor nodes to express the inter-robot measurement in a global reference

frame. A schematic representation of this framework is shown in Figure 3.6. To reduce

the problem to 4-DOF we can make use of the error function e4D(.) presented in

Equation (3.2), and detailed in Appendix C. This yields the following expression:

X∗ = argmin
x

∑
W

R−1∑
r=0

(||e4D(xr
0,p

r)||2Σ0
+

Nr−1∑
i=1

||e4D(ẑi,i−1, zi,i−1)||2Σi,i−1
)

+
∑
i,j∈C

||e4D(cij, zij)||2Σij
(3.10)

The first term anchors the first pose of each robot to a prior, which is commonly

set at the origin. This is a common method to address gauge freedom - the fact that

the trajectories are globally underconstrained by themselves, as they are composed of

chaining relative transformations. The second term groups the odometry constraints

between the consecutive poses of each robot along their respective trajectories, for a

total of Nr relevant poses or keyframes. The third term refers to encounter constraints,

where c is the predicted relative transformation between pose xi of robot r, and pose

xj of robot r’, as explained by the anchor nodes (∆r,∆r′). The general formulation

states:

cij = (∆r⊕ xr
i )⊖ (∆r′ ⊕ xr′

j ) (3.11)

Even then, the overall system still faces a gauge freedom that is addressed by adding

an additional prior to at least one of the anchor nodes.

With this formulation, we can introduce multiple sources of sensor information to

estimate the local poses of each robot (RADAR, IMU, wheel odometry) by deriving
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Figure 3.6: Multi-robot pose-graph formulation for two robots. Nodes are represented
in blue, including robot positions x and anchor nodes ∆. Odometry constraints u
connect consecutive robot nodes, while encounter constraints c connect the poses of
different robots at any time. Priors p anchor each robot trajectory to their own local
frame, and at least one of the anchor nodes to a global frame. Extracted from [14]

.

relative pose constraints between keyframes. Anchor nodes, on the other hand,

handle inter-robot constraints in the graph, such as those coming from UWB relative

estimation. Because robot poses are still expressed locally, each robot can build its

own graph without seeing the others. Only when encounters are produced, global

consistency is enforced.

3.4 Chapter recap

This chapter covered a theoretical analysis regarding the main components of the

localization system: relative localization based on UWB ranging in Section 3.1,

RADAR odometry in Section 3.2 and multi-robot pose-graph optimization in Section

3.3.

In what follows, the practical implementation of these concepts is presented,

including the proposed software architecture, algorithms and flow diagrams of the

developed solution.
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Chapter 4

Implementation

In this Chapter, an overview of the developed localization system is presented. First,

we provide a description of the software architecture as well as implementation details

regarding inter-process communication and pseudo-code. This includes a practical

overview of the ROS 2 nodes that were developed and how they communicate with

each other. Finally, we provide an explanation of how these modules were tested and

validated in experiments, both in simulated conditions and with the dataset. The full

code is available in a public GitHub1 repository.

4.1 Software description

The proposed solution was developed by taking a modular approach, according to the

formulation in Chapter 3. This approach allows to test each component independently

before integrating the full system, facilitating experimental validation. Additionally,

the architecture was designed to be used indistinctly with real or simulated sensor

information. A general schematic of the full system can be seen in Figure 4.1. The

arrows represent the flow of data between nodes through ROS topics.

4.1.1 Relative transformation node

The first node of the pipeline implements the Relative Transform Estimation (RTE)

introduced in Section 3.1. A pseudo-code of the implementation of this module is

provided in Algorithm 1. This node takes the poses of each robot in their respective

local frames by subscribing to their available odometry topics. It also takes pairwise

anchor-tag range measurements from the Eliko RTLS. In order to make this information

available through ROS 2 topics, we use the Eliko driver developed by the Service

Robotics Lab of Pablo de Olavide University. Among other functionalities, the driver

synchronizes and publishes all available range measurements at a given time using

1https://github.com/amartinezsilva/mr-radio-localization.git
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Figure 4.1: Overall architecture of the developed system. The symbol ⊕ is a graphic
convention to simplify the diagram, and represents that both topics are used as input.
For example, RADAR pre-processing subscribes to each robot IMU and RADAR
pointcloud topics.

a custom ROS 2 message. The output is the estimated relative pose between the

two robots as a homogeneous transformation matrix with an associated covariance, in

a custom PoseStampedWithCovariance message. To do this, the node pre-processes

input data by synchronizing the latest range measurements with the latest odometry.

This step is necessary to compute the positions of the UWB transceivers in the local

frame of each robot, which are used by the Ceres optimizer to compute the residuals. To

ensure that the measurements provide enough observability for the estimated states,

a distance-based measurement window W is employed. This window only includes

measurements that comprise between two and ten meters of each robot trajectory.

Measurements corresponding to situations where neither robot has moved are rejected

in order to avoid accumulating highly correlated data.

The optimization runs on a 10 Hz timer, however, it is only performed under the

following conditions: 1) that the robots have moved or rotated a minimal amount since

the last optimization, 2) that the window contains enough sufficiently informative

measurements (corresponding to different points of both robots trajectories, and

coming from both tags).

4.1.2 RADAR odometry nodes

Section 3.2 discussed that RADAR odometry systems often require the raw point cloud

to be filtered in order to remove dynamic objects. Additionally, the pre-processing step

can be used to estimate the linear velocity of the platform on which the RADAR is

mounted, by leveraging filtered pointclouds and IMU data. This step is performed in

the RADAR pre-processing nodes. A pseudo-code of this implementation is provided
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Algorithm 1: Relative Transform Estimation Node

Inputs : Odometry poses O1p1,
O2p2 ∈ SE(3);

UWB range measurements d(ti, aj);
Fixed tag/anchor positions B1p̃ti,

B2p̃aj;
Parameters: initial conditions, motion threshold ϵ, noise σ, Wsize.

Output: Estimated relative transform T (x) and covariance Σ

1 Function RangeMeasurementsCallback ():
2 if both O1p1 and O2p2 are recent then
3 Compute O1p̃ti and

O2p̃aj;

4 Append
(
d(ti, aj),

O1p̃ti,
O2p̃aj

)
to sliding window W ;

5 Function OptimizationTimerCallback () ; // Runs periodically (10

Hz)

6 :
7 if ∥∆p1∥ > ϵ and ∥∆p2∥ > ϵ then
8 Prune outdated or distant measurements from window W ;
9 if |W | is sufficient then

10 (Optional) Initial Guess:;
11 Solve closed-form linear system to obtain prior pose p;
12 Nonlinear Optimization (Ceres);
13 Solve for x = [x, y, z, ψ]T by minimizing cost function J(x) defined

in Eq. (3.2);
14 if converged then
15 Estimate covariance Σ via marginalization;
16 Apply moving average to x;
17 Publish T (x) as PoseWithCovarianceStamped;

in Algorithm 2. These nodes subscribe to the raw IMU data and RADAR Point Clouds

of each platform through their respective topics, and produce a new, filtered pointcloud

and an ego-motion estimation. The latter is published via a Twist message, where the

angular information is set to zero. In order to communicate with the RADAR sensors

through ROS 2, the ARS 548 driver [21] developed by the Service Robotics Lab of

Pablo de Olavide University is used. This driver converts the RADAR detection into

a ROS 2 PointCloud2 message with Doppler velocity information.

This work uses the pre-processing presented in [25] which has been adapted to

handle both robots at the same time. While the original work proposed a loosely

coupled solution for holonomic and non-holonomic ground robots, this implementation

is only valid for the AGV. In the case of the UAV, the original estimation by [11],

which computes the three linear velocities, is used instead. Algorithm 2 provides an

overview of the RADAR pre-processing algorithm.
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Algorithm 2: RADAR Pre-processing Node

Input: RADAR point cloud P , IMU orientation quaternion qIMU,
transformation TRADAR→imu, robot type (holonomic AGV or UAV),
range/azimuth/elevation/RCS thresholds, inlier threshold ϵ, median
threshold τ

Output: Ego velocity vector vr, filtered RADAR point cloud

1 IMU Callback:;
2 Update current orientation: qcurr ← qIMU;

3 RADAR Callback:;
4 Transform all points pi ∈ P using TRADAR→imu;
5 Extract {xi, doppleri,RCSi} fields from cloud;
6 Compute orientation change: ∆q;
7 if estimate(P,∆q, robot type) succeeds then
8 Publish vr as TwistWithCovarianceStamped msg;

9 Filter cloud with range and height thresholds;
10 Publish filtered cloud;

11 Function: estimate(P,∆q, robot type);
12 Apply SNR, range, azimuth, and elevation filters ⇒ valid targets V with

radial velocities vD ;
13 if median(|vD|) < τ then
14 Set vr ← 0;
15 return true;

16 else
17 Run RANSAC:;
18 foreach iteration do
19 Randomly sample n targets from V with radial velocity vD;
20 Solve for vr using Eq. (3.4), depending on robot type;
21 Compute predicted radial velocity v̂D using Eq. (3.3);
22 Mark target i as inlier if |vD − v̂D| < ϵ;

23 Solve for vr using largest inlier set;
24 return true if inliers exist;

4.1.3 Pose-Graph Optimization node

The node at the end of the pipeline implements the multi-robot pose-graph

optimization framework that was described theoretically in Section 3.3. This node

expects inputs from all the previous nodes: namely, it subscribes to odometry from the

AGV and the UAV, the optimized transform from the relative estimation node, and

the filtered point clouds and ego-velocity estimations from the RADAR pre-processing

nodes. The outputs are the optimized local trajectories of each robot as an array of

poses, and the optimized anchors, which are transformations that map each of the

local trajectories to a global reference frame. The graph is published in real time,
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and exported to a .csv file at the end of execution. Figure 4.2 shows the pose-graph

architecture particularized to the AGV-UAV use case.

The nodes of each of the local pose-graphs are represented with a different color:

blue for the UAV poses and green for the AGV poses. Each of the robots constructs

its own pose-graph locally, adding a new keyframe after enough displacement has been

detected through odometry observations. When a new keyframe is added, all the

available measurements (in Figure 4.2, represented as ellipses with dashed lines) are

synchronized to compute the relative constraints between the previous keyframes.

Constraints are represented with dashed lines joining the different nodes. There are

four types: first, odometry constraints are relative transformations between consecutive

nodes based on observations from wheel odometry or autopilot velocities. Secondly,

ICP constraints are relative transformations resulting from scan-matching using the

filtered RADAR pointclouds and the ego-velocity estimates. Notice that scan-matching

is performed over a set of previous keyframes. This is specially useful when working

with RADAR, as filtered pointclouds are very sparse and noisy, and comparing

only with the previous keyframe may not provide a strong enough constraint. This

approach considers temporal redundancy, which helps handle occlusions and spurious

correspondences. Next, encounter constraints are created by the estimated relative

transforms based on UWB measurements. Whenever a relative transform observation

is available, the predicted observation involves the current active keyframes as well as

the anchor nodes, and tries to align the nodes according to the relative transformation.

As it was explained in Section 3.3, anchor nodes are variables that represent where each

of the robot starts their mission with respect to a common reference (either provided

by a map, or chosen arbitrarily in the case of SLAM), and provide global consistency

to the pose-graph. In Figure 4.2, anchor nodes are represented with the letter ∆,

and encounter constraints are highlighted in red. Finally, prior constraints are used to

address gauge freedom in two ways, as discussed in Section 3.3: to fix the first local

poses to a (local) known value p0, and to fix the AGV anchor to a (global) known

value p∆.

Figure 4.3 shows a flow diagram of the process. At initialization, the priors for

each of the trajectories are set, as well as the prior for one of the anchor nodes. Then,

each robot adds its first keyframe, which is initialized with odometry values. After

this, the optimization runs on a timer which executes its callback at a rate of 10

Hz. It manages the keyframes of each robot independently, and adds global encounter

constraints whenever a new inter-robot transformation is estimated by the RTE node.

Similarly to the RTE node, it only adds a new keyframe if enough motion has been

detected (this can be inferred from any of the proprioceptive measurements which are
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Figure 4.2: Multi-robot pose-graph design in the AGV-UAV scenario.

usually published at a stable rate, let it be wheel odometry, autopilot velocities, or raw

IMU). In order to store the graph efficiently, only a short history of raw measurements

is kept in memory. This way, constraints between nodes are stored as a structure

containing the ids of the nodes that they connect, the relative transformation between

them, and its associated covariance.

4.1.4 Simulation

A simulation framework was developed to test the functionality of the ROS 2 nodes

described in 4.1.1 and 4.1.3. The simulator consists of two additional ROS nodes:

an odometry simulator and a measurement simulator. Figure 4.4 shows the modified

architecture with the new components. In what follows, their basic functionality is

described:

− Odometry simulator: this node creates two trajectories as a sequence of linear

and angular velocity commands for two robotic platforms, integrates them and

publishes the corresponding poses consistently over time. The node aims to

simulate a real odometry system by providing local pose estimates, like those

coming from wheel encoders in the case of the AGV, or the autopilot in the

case of the aircraft. It also models odometry drift over time, by injecting each

pose with a bias that grows with the distance traveled, and a random zero-mean

Gaussian noise that is added in a per-step basis. It takes as parameters the origin

of each trajectory with respect to a common frame, the maximum and minimum

allowed velocities and accelerations, and a factor to model odometry noise based

on total distance and angle traveled. This node publishes both the ground truth

positions of the robots, and the simulated odometry positions injected with noise.
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Figure 4.3: Flow diagram detailing the pose-graph optimization cycle

Figure 4.4: Architecture of the system in simulation conditions. Notice that ground
truth poses are only used to generate the simulated measurements, while the estimation
node takes odometry poses and range measurements, which is the information available
to the robots.
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− Measurement simulator: the purpose of this node is to simulate range

measurements by using the ground truth relative transformation Tgt between

the local odometry frames of the robots, which is available through the odometry

simulator. By recovering the measurement model defined in Equation 3.1, we are

able to create a simulated range measurement d(ti, aj) between tag ti and anchor

aj:

d(ti, aj) = ||O1p̃ti −Tgt
O2p̃aj||+ ϵ ∼ N (0, σ2) (4.1)

The simulated odometry and range measurements can be used as inputs to the

Relative Transformation Node as well as the Pose-Graph Optimization node without

any changes to their design or functionality. This allows to easily switch between

simulated and real inputs, which is especially valuable in experimentation. Finally,

due to the complexity of accurately modeling RADAR measurements, the RADAR

odometry module was not included in the simulated framework, and only tested with

real measurements. Because of this, it was incorporated only after the rest of the

components were verified both in simulation an in the dataset.

4.2 Chapter recap

This chapter covered an implementation overview of the proposed localization system,

detailing the functionality of the different individual modules, which were implemented

as ROS 2 nodes, and how they communicate with each other. Section 4.1.1 covered

relative transformation estimation, Section 4.1.2 detailed the pre-processing of RADAR

point clouds including ego-motion estimation, Section 4.1.3 presented the global pose

optimization at the end of the pipeline, and finally, Section 4.1.4 showcased the

architecture of the system adapted for simulation.

In what follows, experimental results, which were obtained using the proposed

system, are presented and analyzed in both simulation and a real-world dataset.
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Chapter 5

Experimental analysis

This Chapter presents and analyzes results from a set of experiments that were

conducted to validate the designed multi-robot localization framework. The first two

experiments correspond to the simulation framework, where the functionality of the

relative transformation estimation node, as well as the pose-graph optimization node,

are tested using virtual measurements. We generate two different set of trajectories

that model two different scenarios of cooperative navigation. Then, results from a real

world experiment are presented, where we validate the functionality of the RADAR

odometry module using data captured from the ARS548 RADARs onboard both of the

robots.

5.1 Experimental results on simulation

Two sets of trajectories were generated using the odometry simulator node (see Section

4.1.4) to cover different use cases of cooperative navigation between a ground vehicle

and an aerial vehicle. In the first case (see Figure 5.1a), both robots describe a planar

parametric trajectory in the shape of an ’8’ at a constant velocity of 0.5 m/s. Both

robots start separated by a distance of 1 me in the horizontal plane and 2 m in the

vertical plane, with a relative orientation of 30º in the vertical axis. The trajectories

are considered to be completed when 100 m are covered by both of the robots, which

results in a series of loops around the closed circuit. During this trajectory, the relative

distance between the robots is expected to remain consistent with both platforms

staying relatively close to each other. In this scenario, we assume that the odometry

is accurate enough to not accumulate significant drift over time.

The second set of trajectories is generated randomly, and can be seen in Figure

5.1b. In this experiment, the robots start separated by 0.5 m in the horizontal plane, 2

m in the vertical plane, and 7◦ in orientation. The trajectories are also 100 m long but

covered at variable velocities, using feasible dynamic constraints to generate realistic
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(a) (b)

Figure 5.1: Two sets of simulated trajectories for the AGV (red) and the UAV (blue)
generated for the experiments: (a) Parametric trajectories (b) Randomly generated
trajectories with 2% odometry drift

curvatures. In this case, the yaw offset will make the robots progressively separate

from each other. Additionally, we simulate a 2% odometry drift which is expected to

degrade the quality of measurements over time. The purpose of this experiment is to

illustrate the behavior of the system in a more realistic scenario, and to observe the

impact of DoP in UWB-based relative localization, which will manifest as the robots

get further away from each other.

In order to evaluate the algorithms, the Absolute Trajectory Error (ATE) is used to

compute the error in translation, and the Root Mean Squared Error is used to compute

the errors in the yaw angle. On the other hand, Ceres provides a 4x4 covariance matrix

Σi for each estimated 4-DOF pose. To quantify the overall uncertainty of the estimated

trajectory, the traces - sum of diagonal elements - are computed and then averaged.

To give the result some physical meaning, the translation and yaw parts are computed

separately. This way, for N estimated poses in a robot :

ATE =

√√√√ 1

N

N∑
i=1

∥∥pest
i − pgt

i

∥∥2
, σ̄2

xyz =
1

N

N∑
i=1

(
σ2
xx,i + σ2

yy,i + σ2
zz,i

)

RMSEyaw =

√√√√ 1

N

N∑
i=1

(
wrap[−π,π)

(
ψest
i − ψ

gt
i

))2
, σ̄2

ψ =
1

N

N∑
i=1

σ2
ψψ,i

(5.1)

To evaluate the relative transformation computation, the RMSE of the angular

and translational components of the transformation error are used: this is, the
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rotational and translational difference between the ground truth relative transformation

and the estimated one, averaged over the whole trajectory. Figure 5.2a shows the

transformation error in Experiment 1. Two cases are represented, when the odometry

estimations are precise enough (each robot can estimate its own position without

significant drift), and when they are not (in cases where only wheel odometry or IMU

integration is available, which accumulate drift). In the first case, the error quickly

converges from the initial solution (in this case, the Identity transformation) to very

small values (≈ 0.4 cm in translation, and ≈ 3◦ in rotation). In the presence of drift,

once it becomes significant towards the middle of the trajectory, the error starts growing

again, reaching nearly 0.8 cm in translation.

A 3D representation of the resulting optimized trajectories for Experiment 1 can

be seen in Figure 5.3a. Alternatively, the final optimized global positions for the two

robots can be seen in Figure 5.4, already transformed by the anchors. Notably, the

most significant error is seen in the vertical (Z) component, which can be attributed

to the following causes: (1) trajectories are planar with minimal relative motion in

the vertical direction, and (2) very small vertical spread on the anchors (≈ 0.5m) and

no vertical separation on the tags lead to almost identical vertical components of the

anchor-tag vectors when the UAV maintains a fixed altitude of 2 m above the AGV.

These conditions lead to poor observability of the vertical direction. However, this

behavior is expected, and a direct consequence of DoP and the weak coupling between

the measurement model and the Z-component of the relative transformation.

Regarding the second set of trajectories, Figure 5.2b shows the RMSE of the angular

and translational components of the relative transformation error, with and without

drift. In the first half of the trajectories, where the robots remain close together and

odometry estimates are accurate enough, the behavior is similar to Experiment 1. In

contrast, from the middle point onward, both cases start to accumulate a significant

error predominantly in translation, which grows faster upon noisy odometry. In both

cases, the large robot separation makes it difficult for the estimator to converge due to

high DoP in the later parts of the trajectories. This effect is not seen in rotation, which

is probably due to the initial solution being very close to the real yaw offset imposed

on the trajectories.

The 3D representation of the optimized trajectories can be seen in 5.3b and the

temporal evolution of the states is shown in Figure 5.5. While odometry drift degrades

the quality of the estimated trajectories in the four components, the divergence is

again predominant in the vertical direction, now leading to significant errors (>0.5 m).

This is due to the same phenomenon that was noticed in Experiment 1, in this case

potentiated by bad odometry estimates and higher DoP.
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(a) (b)

Figure 5.2: Relative Transformation RMSE over time, with and without odometry
drift. (a) Experiment 1 (parametric trajectory) (b) Experiment 2 (random trajectory)

(a) (b)

Figure 5.3: Optimized 3D poses of the AGV(red) and the UAV(blue) after pose-graph
optimization: (a) Parametric trajectories (b) Randomly generated trajectories with 2%
odometry drift

Table 5.1 shows quantitative results of the pose-graph experiments. Errors on the

AGV are significantly lower, which is due to the fact that the global reference is set to

coincide with the local origin of the AGV trajectory, with the UAV anchor carrying the

error of the relative transformation. However, in Trajectory 1, after 100 m of trajectory,

we are able to obtain errors as low as 0.27 m in translation and 1.2º in rotation using

precise odometry. In the presence of drift, we manage an error as low as 1.23 m in

translation and 13.4◦ in rotation in Trajectory 2. Finally, regarding the influence of the

linear prior, while it contributed to a 15 % decrease in error under perfect odometry

conditions (Trajectory 1), it did not impact the results in any noticeable way under

noisy odometry (Trajectory 2) with respect to error or convergence times.
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(a) (b)

Figure 5.4: Temporal evolution of the estimated states in Experiment 1 (a) AGV (b)
UAV

(a) (b)

Figure 5.5: Temporal evolution of the estimated states in Experiment 2 (a) AGV (b)
UAV
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5.2 Experimental results on real data

5.2.1 Dataset description

The dataset experiment was conducted at building 45 in Pablo de Olavide University

(see Figure 5.6a). Figure 5.6b shows the reference trajectories being used for

comparison, estimated via Direct LiDAR Localization (DLL)[30] using 3D LiDARs

onboard both robots. The AGV trajectory spans 30 m in the horizontal plane and

includes frequent fast heading changes, while the UAV trajectory covers 102 m in 3D

space with overall smoother motions. Although out of the scope of this work, it is worth

noting that DLL relies on pointcloud-to-map registration for position tracking and is

quite sensitive to LiDAR scan quality - making it less precise than other systems like

Optitrack motion capture. When evaluating these references, it was noticed that, while

the UAV reference proved consistent when checked against the map, the AGV reference

showed some issues due to fast rotations and lack of informative range data X direction

of the map, which is a hallway. Conversely, in the UAV case, this issue does not

manifest as much, as the robot is facing a nearby wall in this direction during most of

the trajectory (as seen in Figure 5.6a), and performs overall smoother motions. These

issues help explain the larger errors observed with respect to the method proposed,

especially towards the end of the trajectories.

5.2.2 Results

Figure 5.7a shows the estimated relative transformation converging to the ground truth

solution, and Figure 5.7b indicates the rotational and translational components of the

RMSE of the estimated transformation. After nearly 20 seconds of trajectory, when

both of the robots have advanced enough, the error quickly converges to ≈ 1.1 m in

translation and ≈ 5◦ in rotation. Considering measurement error, which can comprise

from 10 to 20 cm at these operating ranges, and odometry error (in this case, only wheel

and IMU odometry are being fed to the optimizer, both of which tend to accumulate

significant drift), the results are favorable and consistent with what was obtained in

simulation. Additionally, the linear method from [6] was implemented but RANSAC

failed to find a prior with enough consensus. Consequently, even in the absence of

a good initial solution, the proposed method is robust enough to compute a decent

estimate in translation and yaw, given that measurements are sufficiently informative

in terms of relative motion. Finally, Appendix A includes an additional representation

of raw range data gathered during the experiment, as compared with the estimated

and ground truth inter-robot distances.

In Figure 5.8, the linear velocities estimated by the RADAR ego-motion algorithm
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(a) (b)

Figure 5.6: (a) Real experiment taking place in building 45 of Pablo de Olavide
University (b) Reference trajectories of the AGV and UAV, estimated with Direct
LiDAR Localization. A star marks the beginning of each trajectory.

(a) (b)

Figure 5.7: (a) Temporal evolution of the estimated relative transform with predicted
motion uncertainty. (b) RMSE of the estimated transform with respect to ground truth
from DLL, showing rotational and translational components.

are represented, after being smoothed with a 10 sample moving average filter. Ground

truth linear velocities are estimated by computing the derivative of the DLL pose

estimation, and similarly smoothing the result. In this experiment, despite its

holonomic configuration, the robot moves predominantly in the forward direction,

where the RADAR is able to capture significant changes in velocity (≈ 0.5 m/s).

In the Y axis, while there is some movement in the early part of the trajectory, the

RADAR is not able to capture subtle changes in velocity (≤ 0.2 m/s). The UAV case,

which proves more challenging as there is individual motion in the three directions, the

method is also able to provide a consistent estimate. In this case, the ground truth
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estimation is sufficiently accurate and it is possible to compare directly against it.

Figure 5.9 shows the final optimized trajectories of the UAV and the AGV in

3D, and Figure 5.10 shows the four optimized states of both trajectories with respect

to time. The AGV trajectory is anchored to the map while the UAV trajectory is

not, which means the relative localization error is manifested on this side. This is

consistent with Figure 5.7a, where the bias in the Y direction matches the errors found

in the relative transformation (≈ 1.1 m). Additionally, it was found that RADAR

scan-matching frequently produced inconsistent translations in the vertical direction

that contaminated the estimation, which was compensated by setting a higher variance

in this direction to the relative transformation constraint computed by GICP. This is

a well-known issue in RADAR-based systems due to the low vertical resolution of the

sensor [25], and is most notably seen in the aerial vehicle trajectory. Conversely, on

the AGV side, the error is mostly manifested in the direction of the hallway, especially

when the robot rotates in place. Table 5.1 shows the global trajectory error and average

uncertainty of the system.

Finally, performance metrics for all optimization experiments are provided in Table

5.2. All experiments were performed in real time from a stream of data stored in a

.bag file, and run on a Gigabyte AORUS 5 KE laptop with a 12th Gen Intel® Core™

i7-12700H CPU and 32GB of RAM. In both cases, the optimization is parallelized

with four threads. The temporal metric is provided by Ceres and corresponds to the

total time spent in the solver. The relative transformation estimation is overall less

demanding due to mostly scalar residuals, can be performed in 200 ms with a consistent

variance. Pose-graph optimization shows more variance across experiments, which can

be attributed to the variable number of 4D residuals being included in the optimization

problem depending on the availability of sensor measurements. However, the average

time per solve in the case of the dataset is very similar for both optimization problems,

and imply that the system would be able to run at rates from 5 to 10 Hz, which are

quite acceptable for real-time localization.

5.3 Chapter recap

This chapter presented and evaluated results obtained by testing the proposed

localization system across a set of scenarios comprising simulation, in Section 5.1, and

a real-world experiment in Section 5.2. In the next chapter, this thesis is concluded

with some final remarks as well as promising lines for future work.
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(a) (b)

Figure 5.8: RADAR-estimated velocities as compared with DLL velocities in the AGV
(a) and the UAV (b)

(a)

(b)

(c)

Figure 5.9: (a) 3D representation of the global optimized poses with anchor
transformation, (b) and (c): Optimized local AGV and UAV trajectories, respectively,
starting from the origin without anchor transformation.
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(a) (b)

Figure 5.10: Estimated global positions and yaw orientation with respect to time in
the AGV case (a) and the UAV (b), already transformed by the anchors, as compared
with ground truth. Both trajectories are globally anchored to the AGV origin, which
means the relative transformation error is manifested in the UAV trajectory.

Table 5.1: ATE and average uncertainty (trace of covariance) after pose-graph
optimization

Experiment Robot ATE (m/◦) σ̄2 (m² / rad²)
Trajectory 1 (no drift) UAV 0.27 / 1.2 0.028 / 0.009

AGV 0.07 / 1.3 0.028 / 0.009
Trajectory 2 (2% drift) UAV 1.28 / 12.0 0.215 / 0.016

AGV 1.22 / 13.4 0.154 / 0.021
Dataset UAV 1.28 / 4.50 0.080 / 0.023

AGV 1.28 / 9.87 0.28 / 0.09

Table 5.2: Optimization performance for the Relative Transform Estimation (RTE)
and Pose-Graph optimization problems (avg. runtime ± std. dev, in s), with number
of runs in parentheses

Experiment RTE Pose-Graph
Trajectory 1 0.287 ± 0.094 (264) 1.076 ± 0.807 (120)
Trajectory 2 0.282 ± 0.108 (102) 0.695 ± 0.710 (127)
Dataset 0.140 ± 0.141 (50) 0.118 ± 0.238 (226)
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Chapter 6

Conclusions

This work showed the potential of radio-based localization methods in GPS-denied

environments where LiDAR and vision may fail - e.g., in poorly lit scenes or in places

with harsh weather conditions. A multi-robot cooperative localization framework

using UWB and RADAR was proposed to localize a team of a ground platform

and an aerial platform. UWB was used for inter-robot localization by aligning the

trajectories using short-range anchor-tag measurements gathered along over a few

meters of trajectory. With a configuration of two tags on the aerial platform and

four anchors on the ground robot, both translation and yaw were reliably estimated

even without an initial guess. However, performance degraded at longer distances

due to limited transceiver geometry and DoP. On the other hand, RADAR odometry

estimates were obtained via ego-motion estimation and scan-matching. Even though it

requires careful pre-processing and outlier rejection due to the sparsity and multi-modal

noise of RADAR scans, per-point Doppler velocity estimates proved useful to obtain

a consistent estimation of the robot linear velocity, which can in turn be used as an

initial solution for scan-matching.

This information was then incorporated into a multi-robot pose-graph optimization

as relative pose constraints, and fused with proprioceptive measurements which tend

to accumulate drift over time. Finally, the relative pose-graph formulation allowed

to introduce global consistency to the overall problem with the inclusion of two

anchor nodes and a new type of encounter constraint that aligns the robot trajectories

whenever they are seeing each other, or sharing a view of the scene. Simulation and

dataset results proved the robustness of relative localization and RADAR ego-motion

estimation, which allowed to track long, complex trajectories of two different robots

with relative localization errors of approximately 1.3 % in the most complex case, which

is the UAV, even in the presence of noisy odometry.
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6.1 Future work

This work addresses a localization problem, and this means that there are no explicit

place recognition or loop closing strategies in effect. While the fusion of different

sensor modalities and inter-robot measurements across a sliding window of keyframes

help reduce the accumulation of uncertainty over time, it is still expected to grow as

the robots explore the environment.

With this in mind, the main promising line of work becomes extending this system

to a full multi-robot, radio-based SLAM system. Adopting a factor graph formulation

facilitates this, as pose-graph localization can be considered a simplified version of

pose-graph SLAM, where only odometry constraints are being considered. In this

context, RADAR place recognition would be a major challenge due to the small FoV

of the sensors, and the low resolution and visual aliasing induced by noise in RADAR

scans. The small FoV also means that the same place will appear very different

when looked at from different positions. To address this, learning-based approaches

are already being used to obtain meaningful embeddings of RADAR scans for place

recognition by leveraging the filtered static scan resulting from ego-velocity estimation

[31]. In a multi-robot scenario, encounters would enable loop closures not only when

a robot revisits a location, but also when any of the robots sees a location previously

seen by others. Finally, while UWB can’t be used for place recognition, it can still

serve its original purpose by providing a global alignment constraint between the robot

trajectories.
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List of acronyms.

Abbreviation Definition
AGV Autonomous Ground Vehicle
ATE Absolute Trajectory Error
CPU Central Processing Unit
DOF Degree Of Freedom
DoP Dilution of Precision
FMCW Frequency-Modulated Continuous Wave
FoV Field of View
GPU Graphics Processing Unit
ICP Iterative Closest Point
IMU Inertial Measurement Unit
LiDAR Light Detection And Ranging
NLS Nonlinear Least Squares
RADAR RAdio Detection And Ranging
RF Radio Frequency
RFT Relative Frame Transformation
RTE Relative Transform Estimation
RMSE Root Mean Squared Error
ROS Robot Operating System
SE(3) Special Euclidean Group in 3 dimensions
SLAM Simultaneous Localization And Mapping
ToF Time of Flight
UAV Unmanned Aerial Vehicle
UWB Ultra-Wideband

59



60



Appendix

61





Appendix A

Anchor-tag placement and raw
range data

This appendix presents additional information regarding the experimental setup for the

real-world scenario showcased in the dataset that is being used as reference in this work,

and also replicated in simulation. Figure A.1 highlights the location of the relevant

sensors onboard both of the robots, including the four UWB anchors on the ARCO

platform and the two UWB tags on the UAV platform, as well as the two ARS548RDI

RADARs. Notice that the RADAR in the aerial platform is oriented backwards and

tilted to point below the robot, while the RADAR on the ARCO points forward in the

same direction as the robot.

On the other hand, Figure A.2 shows, in black, the range measurements reported

by the UWB transceivers during the experiment described in Section 5.2. In red, the

inter-robot range is represented as inferred from DLL ground truth, and in blue, the

range resulting from the relative transformation estimated in this work. The initial

values show the optimized transformation converging from the identity to the solution,

which closely matches both the observations and ground truth. Additionally, it shows

a period when the transceivers stop reporting ranges when the robots get too far apart

(over 10 m).
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(a) (b)

(c) (d)

Figure A.1: Left column: overview of the ARCO platform and sensor setup. Right
column: overview of the M210 platform and sensor setup. The purple identifiers refer
to the IDs of the onboard tags on the UAV and anchors on the AGV. The RADARs
are highlighted in red.

Figure A.2: Comparison of all pairwise range measurements obtained in the experiment
(black) with the ground truth inter-robot distance estimated by DLL (red) and the
presented method (blue). The captured data includes a segment where connection is
temporarily lost due to the transceivers going out of range. Additionally, one of the
tags fails to connect in the second part of the trajectory, which results in non-observable
yaw.
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Appendix B

Basics of trilateration

Range-based localization methods, including Ultra-Wideband (UWB) localization, rely

on the principle of trilateration. Trilateration is the geometric process of determining

the position of an unknown point of interest in space (in this case, the tag), based on

the distances or ranges to reference points whose positions are known (in this case, the

anchors). Suppose we have four anchors ai, i ∈ {1, 4} distributed in 3D space, and we

want to know the position of a tag t. Each anchor can measure its distance di to the

tag. If we assume the measurements have no error, this means that:

− With only one anchor a1, the tag can be anywhere on the surface of a sphere

centered at a1 with radius d1.

− Adding another anchor a2 and its corresponding range d2 reduces the possible

positions of the tag to the intersection of the two spheres (a circle).

− Introducing a third anchor a3 and its distance d3 restricts the possible tag

locations to two points in space.

− Finally, with a fourth anchor a4 and its distance d4 the location of the tag is

finally obtained.

Figure B.1 shows a graphical representation of this example. In the real

world, however, the problem becomes more complex as range measurements have an

uncertainty associated to them. This uncertainty is influenced by sensor specifications

and geometry (namely, DoP, which is described in Section 3.1.1), which means that

adding more measurements is usually required to reduce the area of uncertainty.

This method is often confused with triangulation, which uses angles instead of

distances. For more information on the differences between the two, refer to [36].
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Figure B.1: Graphical representation of the trilateration process used to locate a tag
with four anchors.

B.1 Inter-robot transformations based on distances

The previous section covered the general case of estimating the location of a tag

in a static sensor network. Now, suppose two robots are moving in 3D. One

robot is carrying one or more anchors, and the other carries one or more tags,

which provide range measurements between them. Additionally, each of them is

able to estimate their position and orientation in their own global frame (p.e. via

dead-reckoning). In cooperative localization, sensor-fusion algorithms generally require

that all measurements are expressed with respect to a common frame of reference. This

implies knowing the relative transformation between said global frames, which can be

inferred from relative range measurements taken at different vantage points of the robot

trajectories as they move. This problem is known as motion-induced robot-to-robot

extrinsic calibration, and has been previously covered in [4]. In this seminal work, the

authors provide an observability analysis to demonstrate that the robots must move

between observations in order to reliably estimate a closed-form 6-DOF relative pose

(expressed as a translation vector p0 and a quaternion q0), and an algebraic method to
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compute it. In what follows, a brief explanation of the general formulation presented

in that work is provided. For more information, please refer to [4].

Let p1,k and p2,k be the positions of robot 1 and 2 at time k in their global frames

(so that p2,k = [x2,k, y2,k, z2,k]
T ), and dk the range measurement at time k, the scalar

term εk is defined as a function of known or measured values:

εk :=
1

2

(
d20 + pT

1,kp1,k + pT
2,kp2,k − d2k

)
(B.1)

From this, the authors formulate a homogeneous linear system where the vector of

unknowns x̄17x1 includes: a vector q̄T of 10 quadratic monomials formed from q0; the

relative translation vector from the global frame of robot 2 to robot 1 pT
0 ; the rotated

translation vector r0 = C0
Tp0 - where C0 is the rotation matrix from the global frame

of robot 2 to robot 1- and the scalar ρ = 1. In this way, the system is defined as follows:

Mq̄+A

[
p0

r0

]
− ε = 0⇒Mx̄ = 0 (B.2)

where,

A :=


pT1,1 −pT2,1
...

...
pT1,n−1 −pT2,n−1

0 0

 , ε :=


ε1
...

εn−1

1

 (B.3)

M :=
[
M A −ε

]
, x̄ :=

[
q̄T pT0 rT0 ρ

]T
(B.4)

M(k, :) = pT1,k

 x2,k 2y2,k 2z2,k 0 −x2,k
−y2,k 2x2,k 0 2z2,k y2,k
−z2,k 0 2x2,k −2y2,k −z2,k

0 −2z2,k −x2,k 2y2,k x2,k
2z2,k 0 −y2,k −2x2,k y2,k
2y2,k 2x2,k z2,k 0 z2,k

 , k = 1, . . . , n− 1

M(n, :) =
[
1 0 0 0 1 0 0 1 0 1

]
More recently, the authors in [6] followed this work with a simplified method

that estimates 4 DOF of the relative transformation (the translation component

ε = [u, v, w]T and an elemental rotation around the vertical axis α) which showed

better performance compared to the original 6 DOF method in [4]. In this case,

a reduced vector of unknowns x̄ = [u, v, w, cosα, sinα, L1, L2, L3]
T is defined, where

L1, L2, L3 are auxiliary variables:

L1 = ucosα + vsinα (B.5)
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L2 = vcosα− usinα (B.6)

L3 = u2 + v2 + w2 (B.7)

Recovering the previous notation, at each vantage point k in the trajectories, the

positions of robot 1 and robot 2 in their own global frames (p1,k = [x1,k, y1,k, z1,k]
T

and p2,k = [x2,k, y2,k, z2,k]
T , respectively) are known, as well as the distance measured

between them dk. With this information, a linear system of equations is formulated:

Mx̄− b = 0 (B.8)

where,

M(k, :) =
[
−2x1,k −2y1,k 2z2,k − 2z1,k −2(x1,kx2,k + y1,ky2,k)

2(x1,ky2,k − y1,kx2,k) 2x2,k 2y2,k 1
]
, k = 0, . . . , n− 1

bk = d2k − pT
1,kp1,k − pT

2,kp2,k + 2z1,kz2,k, k = 0, . . . , n− 1 (B.9)

While both methods aim to solve the same problem, this thesis uses the latter

to obtain a prior for NLS, because of its simpler formulation and better suitability

to the use case covered in this work (4-DOF relative estimation with UWB sensors).

For more information on this particularized method, including comparisons with the

original work in [4], please refer to [6].
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Appendix C

4-DOF error function

At many points in this work, it is necessary to perform operations with SE(3)

poses. Particularly, it is important to 1) concatenate poses by applying relative

transformations from odometry, 2) compute the difference or relative transformation

between two poses, and 3) project the poses to the degrees of freedom that we are

interested in estimating. To do this, we adopt the motion composition operators, as

well as the exponential and logarithmic mappings. These operations are associated with

Lie Groups and their corresponding Lie Algebras, which are widely used in localization

and SLAM problems. This appendix discusses the basic concepts that directly relate

to the work presented in this document. For more information, please refer to [35] and

[34].

Let a, b and c be SE(3) poses, this is, 6D poses belonging to the Lie Group known

a Special Euclidean Group in 3D. Poses have different parameterizations, and one of

the most commonly used in localization and SLAM is 4x4 homogeneous transformation

matrices. Assuming this is the representation we are using, we define the operators:

c = a⊕ b = a · b (C.1)

b = c⊖ a = a−1 · c (C.2)

Here, ⊕ is the motion composition operator, which applies a perturbation b

(typically, a relative motion resulting from odometry) to a pose a expressed in a global

frame. This concatenation yields a new pose c also expressed in the global frame.

Conversely, the inverse motion composition ⊖ expresses c locally in the frame of a. It

can be used to retrieve the relative motion, or difference, between two poses expressed

in a common frame (for example, a prediction and an observation).

Other useful operations when working with Lie Groups are the exponential and
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logarithmic mappings. In SE(3), the logarithmic map ξ(.) maps an SE(3) element to

its minimal 6D representation in the associated Lie Algebra se(3), which contains three

translational components and three rotational components. This operation is invertible

through the exponential map, with maps a minimal representation in se(3) back to its

corresponding element in SE(3).

The logarithmic mapping is used in this work to obtain a minimal representation

of a 4x4 transformation matrix that can be passed to the optimizer, reducing the

number of parameters from 16 down to 6 in the case of full 3D poses. In our particular

scenario we only are interested in translation and rotation along the vertical axis, so

the optimizer must work with just 4 variables, and the remaining degrees of freedom

must be held fixed. To do this, we retrieve the three translational components and

the last angular component of the minimal representation to compute a 4D residual.

Recovering the notation in Equation C, for a predicted pose a and observed pose b,

the error function becomes:

e4D(a,b) = ξ(a⊖ b)[1:3,6] (C.3)

This definition results in a smooth and differentiable error that is invariant to the

global coordinate frame and consistent with pose composition. Additionally, it can

very easily be extended to full 6-DOF estimation by using the whole six elements of

the logarithmic map.
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