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Abstract

This paper presents a space-time approximate dispersion-diffusion analysis of high-
order, finite volume Upwind Central (UWC) and Weighted Essentially Non-Oscillatory
(WENO) schemes. We perform a thorough study of the numerical errors to find a-
priori guidelines for the computation of under-resolved turbulent flows. In particular,
we study the 3-rd, 5-th and 7-th order UWC and WENO reconstructions in space, and
3-rd and 4-th order Runge-Kutta time integrators. To do so, we use the approximate
von Neumann analysis for non-linear schemes introduced by Pirozzoli. Moreover, we
apply the “1% rule” for the dispersion-diffusion curves proposed by Moura et al. [41]
to determine the range of wavenumbers that are accurately resolved by each scheme.
The dispersion-diffusion errors estimated from these analyses agree with the numerical
results for the forced Burgers’ turbulence problem, which we use as a benchmark. The
cut-off wavenumbers defined by the “1% rule” are evidenced to serve as a good estimator
of the beginning of the dissipation region of the energy cascade and they are shown to
be associated to a similar level of dissipation, with independence of the scheme.

Finally, we show that WENO schemes are more diffusive than UWC schemes, leading
to stable simulations at the price of more dissipative results. It is concluded both UWC
and WENO schemes may be suitable schemes for iLES turbulence modelling, given their
numerical dissipation level acting at the appropriate wavenumbers.
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1. Introduction20

In recent years, the scientific community has started to favour numerical schemes21

with high accuracy [4, 9, 20], which are often referred to as high order methods (i.e.22

order > 2). Examples of high order schemes include Upwind Central (UWC), Weighted23

Essentially Non-Oscillatory (WENO) or discontinuous Galerkin, which can be combined24

with compact time integration: Runge-Kutta (RK) or ADER methods [14, 17, 42, 43, 53],25

to feature low numerical errors and construct accurate high order space-time numerical26

schemes. Details on high order methods may be found in the review of WENO schemes27

by Shu [52] or by Balsara [3], who studied various higher-order accurate space-time28

schemes (including WENO, discontinuous Galerkin and ADER schemes). There are29

also several works on improving the efficiency of WENO schemes, such as Jiang and Shu30

[27] and Balsara et al. [5], in which the adaptive order WENO schemes (WENO-AO)31

are presented. The 7-th order WENO schemes used in this work were first presented by32

Balsara and Shu in [6].33

High-order schemes are exceptional candidates for the computation of laminar flows34

but are also very useful to simulate under-resolved turbulent flows due to their compro-35

mise between high accuracy and efficiency [18, 23, 32]. WENO schemes are an example36

of well behaved scheme for all class of flows, since in smooth regions, WENO recovers37

highly accurate central stencils, whilst for non-smooth flows, the embedded smoothness38

indicator allows for reconstructions that find the smoothest one-sided stencil.39

All numerical schemes unavoidably introduce errors in the numerical solution, which40

can be divided into dispersion and diffusion errors [49]. To quantify the accuracy of41

numerical methods, Fourier-type analyses have proved very useful in the past [38, 41, 44],42

and can shed light into more complex physics such as when dealing with turbulent43

flows. Additionally, an in depth knowledge of the numerical errors help to design or44
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validate numerical schemes used to simulate turbulent flows [11, 37]. The Fourier-type45

analysis proposed by von Neumann [13, 25] establishes a dispersion-diffusion relation as46

a function of the Fourier mode’s wavenumber. This analytical procedure can only be47

applied to linear equations and linear numerical schemes. For non-linear approximations,48

Pirozzoli [44] proposed a suitable approximate dispersion relation for non-linear shock-49

capturing schemes based on their wave propagation properties for smooth solutions.50

Pirozzoli’s approach will be retained in this work to analyse the characteristics of non-51

linear WENO schemes. Additionally, Fourier-type analyses enable the estimation of a52

cut-off wavenumber from which numerical diffusion dominates. In this respect, Moura53

et al. [41] proposed the “1% rule” to estimate the effective resolution of the numerical54

scheme in terms of the largest wavenumber that can be accurately resolved, k1% (i.e.55

wavenumbers with error smaller than 1%). Subsequently, this technique has been used56

to design accurate schemes for implicit Large Eddy Simulations [11, 37].57

Implicit Large Eddy Simulation (iLES) methods encompass schemes where the nu-58

merical diffusion plays the role of the explicit dissipative sub-grid model. Although it is59

still not clear, from a theoretical perspective, if the numerical diffusion can accurately re-60

tain the underlying physics, iLES methods have been successful in capturing the correct61

physics for turbulent and transitional flows [8, 15, 54, 19, 55]. Among the advantages,62

we highlight the simplicity and the low computational cost when compared to explicit63

LES models, as they do not require the computation of a sub-grid model [41].64

In classic low order schemes, spatial errors dominate over temporal errors as usually65

the characteristic mesh size is larger than the time step. This tendency changes when66

considering high order spatial schemes, since in these cases spatial and temporal errors67

can become comparable. The analysis of dispersion-diffusion errors is commonly carried68

out semi-discretely, assuming that the integration in time does not introduce large errors69

(compared to spatial errors) given a small enough time step [2, 38, 40, 48, 47], however70

full space-time analysis are possible and of major importance when dealing with high71

order discretizations, as included in this text. Further arguments in favour of space-72

time analyses were introduced by Alhawwary and Wang in [1], who stated that time73

integrators introduce significant numerical diffusion in iLES simulations, as one usually74

chooses the highest time step available under the CFL stability constraint.75

In the literature, the Fourier-type analysis is generally applied to linear advection76

equations, to then validate the observations in more challenging applications, such as77

non-linear regimes. An example is Burgers’ turbulence, which consists in solving Burgers’78

equation [10, 16] with either a turbulent forcing term or a turbulent initial condition.79

This equation acts as simplified version of the one-dimensional Navier-Stokes equation,80

while retaining important properties like quadratic nonlinearities leading to turbulent-81

like energy cascades [30, 35, 40, 41].82

In this work we analyze several fully-discrete, high-order finite volume schemes by83

means of the approximate dispersion-diffusion analysis [44] and the “1% rule” [11, 37, 41]84

to obtain a-priori guidelines for suitable computation of under-resolved turbulence. The85

results obtained from the approximate dispersion-diffusion analysis are compared to86

forced Burgers’ turbulence results [38].87

The selected numerical schemes for this study are the 3-rd, 5-th and 7-th order UWC88

and WENO reconstructions (namely, the traditional WENO reconstruction from Jiang89

and Shu, often called WENO-JS [27]) in combination with 3-rd and 4-th order Runge-90

Kutta time integrators. WENO schemes, originally presented by Liu et al. [34], are91

of special interest due to their capability to accurately capture both discontinuous and92
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smooth regions of the flow, without spurious oscillations [50]. The keystone of such93

schemes is a dynamic stencil selection, based on a measure of the smoothness of the94

solution. Those stencils containing discontinuities are not included in the reconstruction95

and the accuracy is reduced to first order. It must be noted that UWC schemes are the96

linear counterpart of WENO schemes, for which the linear weights are recovered in the97

stencil combination.98

There is an extensive literature regarding the evaluation of the properties of different99

WENO schemes for their application to wave propagation problems and compressible100

Navier-Stokes turbulence. Even though WENO schemes are regarded as very diffusive,101

specially in smooth regions [28, 33], they have been considered for iLES simulations,102

where the role of a SGS model is replaced by the numerical scheme [22, 39, 40, 46,103

57]. There are not many studies where the analysis is applied to the fully-discrete104

scheme including the integration in time. Here, we use the “1% rule” to provide a105

new systematic way to evaluate UWC-RK and WENO-RK schemes in fully non-linear106

problems, and extend von Neumann analyses to quantify the accuracy of high order107

schemes in turbulent-like regimes. The application of the analysis and results herein108

presented to CFD simulations could be a useful tool for engineers, as it would help109

to select the numerical scheme in terms of spatial reconstruction type and order, time110

integration order and/or CFL number, for a given problem and a sought accuracy and111

efficiency.112

The rest of the paper is organized as follows: the formulation of the UWC-RK and113

WENO-RK methods is described in Section 2. The Fourier-type analysis is presented114

in Section 3, in both analytical and approximate versions, and the cut-off wavenumbers115

given by the “1% rule” are examined. In Section 4.2, the values obtained from the “1%116

rule” are tested against the results of the forced Burgers’ turbulence problem, showing117

the performance of UWC/WENO-RK schemes. Finally, in Section 5 some conclusions118

are drawn.119

2. High order numerical schemes120

The methods considered herein focus on the resolution of the one dimensional scalar121

hyperbolic law,122

∂u

∂t
+
∂f(u)

∂x
= S(x, t), (1)

where u = u(x, t) ∈ C ⊆ R is the conserved quantity, with C the domain; f(u) ∈ R is123

a convex flux function; and S(x, t) ∈ R is the source term. Following the finite volume124

method, the computational domain is discretized by means of volume cells (considered125

of constant length, ∆x, in this work) as seen in Figure 1. The discretization cells are126

defined as Ωj =
[
xj−1/2, xj+1/2

]
(with j = 1, ..., N , being N ∈ N the number of cells),127

where xj , xj−1/2 and xj+1/2 are the positions of the center and interfaces of cell Ωj ,128

respectively. The time step will be denoted by ∆t and will be computed dynamically129

using the CFL condition [13, 25].130

When integrating 1 inside Ωj ,131 ∫ xj+1/2

xj−1/2

∂u

∂t
dx+

∫ xj+1/2

xj−1/2

∂f(u)

∂x
dx = 0, (2)
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Δt
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uj
n

tn

tn+1
uj
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Figure 1: Discretized computational domain.

we get a semidiscrete form of (1),132

dūj
dt
− 1

∆x

(
f̃?j+1/2 − f̃

?
j−1/2

)
= 0, (3)

where ūj is the cell-averaged value of u and f̃?j+1/2 and f̃?j−1/2 are the numerical fluxes133

at the interfaces, that approximate f(u). Making use of the discrete spatial operator,134

L(ūj), (3) can be compactly written as135

dūj
dt

= L(ūj), (4)

with136

L(ūj) =
1

∆x

(
f̃?j+1/2 − f̃

?
j−1/2

)
. (5)

We integrate in time using a strong stability preserving third-order Total Variation137

Diminishing Runge-Kutta (TVDRK3) scheme [47], hereafter referred to as RK3, com-138

posed of three sub-steps,139

ū
(1)
j = ūnj + ∆tL(ūnj ),

ū
(2)
j = 3

4 ū
n
j + 1

4 ū
(1)
j + 1

4∆tL(ū
(1)
j ),

ūn+1
j = 1

3 ū
n
j + 2

3 ū
(2)
j + 2

3∆tL(ū
(2)
j ),

(6)

where ūnj and ūn+1
j are cell-averaged values at times tn and tn+1, respectively, and ū

(1)
j140

and ū
(2)
j the cell averaged values in the RK3 intermediate steps.141

Since the temporal accuracy of the 3-rd order RK time stepping scheme does compete142

with the spatial accuracy when using the 5-th and 7-th order scheme with a high CFL143

number, a SSP 4-th order RK scheme [24] has also been implemented. This scheme,144

5



hereafter referred to as RK4, is composed of five sub-steps145

ū
(1)
j = ūnj + 0.391752226571890∆tL(ūnj ),

ū
(2)
j = 0.444370493651235ūnj + 0.555629506348765ū

(1)
j + 0.368410593050371∆tL(ū

(1)
j ),

ū
(3)
j = 0.620101851488403ūnj + 0.379898148511597ū

(2)
j + 0.251891774271694∆tL(ū

(2)
j ),

ū
(4)
j = 0.178079954393132ūnj + 0.821920045606868ū

(3)
j + 0.544974750228521∆tL(ū

(3)
j ),

ūn+1
j = 0.517231671970585ū

(2)
j + 0.096059710526147ū

(3)
j + 0.063692468666290∆tL(ū

(3)
j )

+0.386708617503269ū
(4)
j + 0.226007483236906∆tL(ū

(4)
j ),

(7)
We use upwind fluxes to compute the numerical inter-cell fluxes,146

f̃?j+1/2 =
1

2

(
fRj+1/2 + fLj+1/2

)
− (λ̃∆u)j+1/2, (8)

where fLj+1/2 = f(uLj+1/2) and fRj+1/2 = f(uRj+1/2) are the physical fluxes, λ̃j+1/2 is the147

local wave propagation speed,148

λ̃j+1/2 =
∂f(u)

∂u

∣∣∣∣
j+1/2

, (9)

and ∆uj+1/2 = uRj+1/2−u
L
j+1/2. The values uLj+1/2 and uRj+1/2 are computed using high-149

order reconstructions in space. In this work, we use WENO schemes, which define the150

reconstructed data at the interfaces from a piecewise reconstructions inside the cells.151

WENO reconstructions at the left and right interfaces of cell j read [34]152

uLj+1/2 =

(K+1)/2∑
m=1

ωLm

(K+1)/2∑
n=1

cLmnūj+m−n

 ,

uRj−1/2 =

(K+1)/2∑
m=1

ωRm

(K+1)/2∑
n=1

cRmnūj+m−n

 ,
(10)

where K is the (odd) spatial order of accuracy. For the sake of simplicity, superscripts L153

and R are hereafter omitted. The non-linear weights ωm, both for left and right values,154

are155

ωm =
αm∑(K+1)/2
i=1 αi

, m = 1, ..., (K + 1)/2, (11)

with the coefficients αm,156

αm =
dm

(βm + ε)2 , m = 1, ..., (K + 1)/2. (12)

The optimal linear weights, dm, and the smoothness indicators, βm, are provided in157

Appendix A, as well as the coefficients cmn; ε is given a small value to eliminate divisions158

by zero. The value ε = 10−14 is retained here. Note that when (12) is not used, and if159

setting αm = dm, then the linear Upwind Central scheme (UWC) is recovered [51]. In160
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this work we study both the WENO (non-linear reconstruction) and the UWC (linear161

reconstruction) schemes, which are compared to a first-order upwind scheme (FOU)162

[21, 31].163

It must be noted that in this paper we restrict to the traditional WENO scheme by164

Jiang and Shu [27]. However, recent improvements of the WENO method have been165

introduced, such as the adaptive order WENO scheme (WENO-AO) presented in [5],166

which allows to approach the behavior of UWC schemes in some limits, thus improving167

the efficiency of the method.168

3. Methodologies for dispersion-diffusion analyses169

The numerical approximation of the 1D linear advection equation 1 usually involves170

the presence of spurious dispersive and diffusive effects in the numerical solution. When171

dealing with linear numerical schemes, such as UWC and FOU schemes, the traditional172

von Neumann analysis gives the analytical expression for the numerical dispersion and173

diffusion [13, 25]. Alternatively, an approximate dispersion-diffusion relation can be174

defined for non-linear schemes, such as the WENO method, using the technique proposed175

in [44]. Following [44], the spectral properties of the aforementioned schemes will be176

extracted by analyzing the evolution of a single sinusoidal wave, from a finite set of177

wavenumbers within the Fourier modes supported by the grid. Let us note that a178

simplification is made for the non-linear cases in that non-linear interactions between179

waves with different wavenumbers will not be taken into account.180

We analyse the propagation of small perturbations to obtain the analytical and/or181

approximate dispersion-diffusion relation for a linear scheme (the UWC scheme) and a182

non-linear scheme (the WENO scheme) in combination with the RK3 integrator.183

We use the 1D linear advection equation, given by the homogeneous version of equa-184

tion (1), with the particular flux f(u) = au, where a is a constant advection velocity.185

Space and time coordinates are denoted by x and t, respectively. The computational186

domain is defined as Ω × [0, T ], where T is the simulation time and Ω = [−L,L] is the187

spatial domain, with T, L ∈ R+. To avoid boundary effects, periodic boundary condi-188

tions are considered, i.e. u(−L, t) = u(L, t). As initial condition, one single oscillatory189

mode u(x, 0) = ûke
i(kx) is set, where k = 2π/λ is the wavenumber, λ is the wavelength190

and ûk is the amplitude of the k-th Fourier mode,191

ûk =
1

2L

∫ L

−L
u(x)e−i(kx)dx. (13)

The exact solution of the 1D linear advection equation, with velocity a, at an arbitrary192

time t, is therefore193

u(x, t) = ûke
ik(x−at). (14)

We have obtained a linear dispersion relation ω = ak for 1, with the angular frequency194

ω = 2π/T and the oscillation period T . The exact solution does not show dispersive195

characteristics since all modes propagate with speed a.196

Contrary to the exact solution, the numerical solution may suffer from artificial197

diffusion and dispersion. The dispersion relation can generally be written as198

ω̃(k̃) = k̃a(k̃) = ξ + iη, (15)
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where ω̃ is the modified angular frequency [25]. The advection velocity is then extended199

to a = a(k̃), with k̃ ∈ R, the modified wavenumber defined as the ratio between the200

modified angular frequency and the advection speed [41].201

The numerical solution of 1 is generally expressed as202

ūnj = ûke
i(kj∆x−ω̃n∆t), (16)

where ūnj are the cell averages at tn, xj = j∆x are the cell centers and tn = n∆t the203

discrete time instants. For the sake of clarity, the top-bar notation will be hereafter204

omitted. Algebraic manipulations of the previous relation allows to define the amplifi-205

cation factor between the numerical solution at two successive time steps, un+1
j =Munj ,206

as207

M = e−iω̃∆t = e−iξ∆teη∆t, (17)

This amplification factor can be written in polar form as M = |M| e−iθ, where |M| =208

eη∆t is the magnitude of the amplification factor and θ = ξ∆t is the phase, which are209

related to diffusion (numerical dissipation) and dispersion (phase velocity differences),210

respectively.211

The amplification factor M can be computed analytically to obtain the dispersion212

and diffusion relation provided that the numerical scheme is linear. Since here we con-213

sider non-linear numerical schemes, an approximate dispersion-diffusion relation has to214

be used instead, as explained in the following section.215

3.1. Approximate dispersion-diffusion relation216

The approximate dispersion-diffusion relation in [44] analyses the wave propagation217

properties of single sinusoidal modes by means of the Fourier Transform (FT) [1, 26,218

38, 41, 44]. On a finite grid of length L and cells j = 1, ..., N the supported Fourier219

modes have wavelengths λm = L/m, m = 1, ..., N/2 and the corresponding reduced220

wavenumbers are ϕm = m (k∆x), with 0 ≤ ϕm ≤ π. The quantity k∆x is defined as the221

product of the signal wavenumber, k, and the elements size, ∆x, to avoid the dependence222

with the domain length and the cells size. To analyze the full Fourier spectrum, we223

define a discrete set of modes, denoted by {ϕm}. This set is defined keeping a constant224

wavelength λ = 2π [44],225

ϕm =
2πm

N
, m = 1, 2, ..., N/2. (18)

The discrete solution computed by means of the the Discrete Fourier Transform226

(DFT) is227

Unm =
1

N

N∑
j=1

unj e
−i 2π(j−1)m

N , m = 1, ..., N, (19)

where Unm are the Fourier coefficients and m stands for the discrete Fourier mode index.228

The approximate analysis starts by applying the DFT to the initial condition, where229

only the fundamental mode is obtained. According to (17) and [44], the relation between230

the Fourier coefficients of the initial condition, U0
m, and the solution at an arbitrary time231

tn, Unm, is232

Unm = U0
me
−i

(
atn

∆x

)
W̃
, (20)
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where U0
m is the DFT of the cell averaged initial condition, u0

j =
∫ xj+1/2

xj−1/2
u(x, t = 0)dx,233

following equation (19); and whereM′ = e−i(at
n/∆x)W̃ is the approximate amplification234

factor [26, 44], and W̃ is the approximate modified (non-dimensional) wavenumber. In235

the particular case with n = 1 and t = ∆t, the amplification factor becomes236

M′ = e−iσW̃ , (21)

which is related to (15) as ω̃∆t = σW̃ , where σ = a∆t/∆x is the CFL number. From237

(20), the approximate modified wavenumber is calculated as238

W̃ = − 1

iσ
ln
U1
h

U0
h

= Ξ + iE. (22)

Table 1 shows the equivalence of the dispersion and diffusion relations between ana-239

lytical and approximate Fourier-type analyses.240

Dispersion (k̃∆x) Diffusion (|M|)
Analytical ξ∆t/σ ≡ θ/σ eη∆t

Approximate Ξ eσE

Table 1: Dispersion and diffusion relations for the analytical and approximate methods.

3.2. Error quantification using the “1% rule”241

In this work, we revisit the “1% rule” introduced by Moura in [41] and exploited in242

[11, 37] in the context of DG and Lattice-Boltzmann schemes. The 1% rule consists in an243

estimation of which set of wavenumbers values can provide accurate wave propagation244

characteristics.245

The “1% rule” is herein explored in the framework of UWC and WENO schemes.246

Originally, the “1% rule” wavenumber, k1%, was defined in [41] as an estimation of the247

largest wavenumber that can be accurately resolved. The underlying idea is to define a248

threshold for the waves where the relative dispersion errors are kept below the 1%. The249

information provided by the “1% rule” may be exploited to design suitable numerical250

schemes for iLES since, as argumented in [11, 37, 41], all waves with wavenumbers above251

the 1% limit should be dissipated as they may pollute the solution.252

In this work, the definition of the (k∆x)1% is extended from dispersion errors to both253

dispersion and diffusion relations, hereafter denoted by (k∆x)disp
1% and (k∆x)diff

1% . The254

wavenumber (k∆x)disp
1% differentiates between regions of negligible (k∆x < (k∆x)disp

1% )255

and significant (k∆x > (k∆x)disp
1% ) dispersion relative errors. Analogously, (k∆x)diff

1%256

differentiates between regions of negligible (k∆x < (k∆x)diff
1% ) and significant (k∆x >257

(k∆x)diff
1% ) diffusion relative errors. The aforementioned diffusion and dispersion relative258

errors are computed as:259

εdiff
1% =

∣∣∣∣∣∣M
(k∆x)disp

1%

∣∣∣− 1
∣∣∣

εdisp
1% =

∣∣∣∣∣∣
k̃∆x

(k∆x)diff
1%

− (k∆x)diff
1%

(k∆x)diff
1%

∣∣∣∣∣∣ .
(23)
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The analyses included in this work have been designed to assess the suitability of260

UWC and WENO schemes for the simulation of turbulent flows. Although further 3D261

turbulent cases need to be considered before definitively determining the suitability of262

the schemes to compute complex turbulent flows (e.g. wall bounded), the study does263

provide preliminary guidelines based on the dispersion-diffusion relation that help to264

predict the a-priori performance and suitable resolution for these schemes.265

3.3. Mesh convergence study266

Since the method of Pirozzoli [44] is approximate, the results depend on the mesh267

resolution. Therefore, we first perform a grid convergence analysis to rule out the effect268

of the mesh resolution (N in (18)) in the results of the approximate dispersion-diffusion269

errors. The convergence with mesh refinement (N = 4096, 8192 and 16384) of the270

diffusion and dispersion relative errors, εdiff
1% and εdisp

1% , associated to (k∆x)1% is studied271

in Figure 2 for the UWC3-RK3 scheme. We see that the diffusion error converges rapidly,272

thus not requiring a large number of cells. On the contrary, the asymptotic range of273

convergence for the dispersion relative error starts at N ≈ 4000 cells. Therefore, from274

now on, all results are calculated using N = 8192 cells to avoid the dependency of275

(k∆x)disp
1% and (k∆x)diff

1% on the cells size.276
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Figure 2: Convergence of the diffusion and dispersion errors with mesh refinement for UWC3-
RK3, values: εdiff

1% (σ = 0.1) ( © ), εdiff
1% (σ = 0.5) ( © ), εdiff

1% (σ = 0.9) ( © ), εdisp
1% (σ = 0.1)

( 4 ), εdisp
1% (σ = 0.5) ( 4 ) and εdisp

1% (σ = 0.9) ( 4 )

Additionally, we also validate the approximate method using the results for the277

WENO5 scheme by Jia et al. [26]. We confirm that our results show good agreement278

with the reference [26], both represented in Figure 3.279

4. Numerical Results280

We proceed to analyse the described FOU, UCW and WENO schemes using the281

linear advection equation and Burger’s turbulence problem.282
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Figure 3: Comparison of the approximate dispersion-diffusion relation with results from [26]. The
ideal dispersion relation is depicted using a dashed line.

4.1. Numerical errors for the advection equation283

The dispersion curves for the 3-rd, 5-th and 7-th order UWC and WENO schemes284

in combination with the RK3 and RK4 time integrators are presented in Figure 4.285

Analogously, the diffusion curves are presented for these schemes in Figure 5. Both286

RK3 and RK4 time integrators show similar dispersion-diffusion relations; differences287

are observed as the CFL number approaches 1. From these figures, it is inferred that288

dispersion errors behave similarly for all CFL numbers, σ. Contrarily, diffusion errors289

show larger differences between the different values of the CFL number. The numerical290

diffusion increases as σ is increased for both UWC and WENO schemes. As stated in291

previous works, WENO schemes involve a higher dispersive and diffusive errors than292

their linear counterparts.293

In Table 2 and Table 3, (k∆x)disp
1% and (k∆x)diff

1% are presented for all the spatial294

schemes in combination with the RK3 and RK4 time integrators. The relative diffusion295

and dispersion errors associated to such wavenumbers, εdiff
1% and εdisp

1% , are also presented296

in the tables 2 and 3.297

Figure 6 displays the cut-off wavenumbers, (k∆x)disp
1% and (k∆x)diff

1% . For low CFL298

numbers, i.e. σ < 0.3, both kdisp
1% and kdiff

1% are similar for the RK3 and RK4 schemes.299

Regarding kdiff
1% , the cut-off wavenumber monotonically decreases as σ increases, being300

this reduction higher for the RK4 scheme. On the other hand, the cut-off wavenumber301

kdisp
1% also decreases as σ is increased for the RK4 scheme, however, it does not show a302

clear tendency for the RK3 scheme.303

The order of the scheme and the CFL numbers can be varied and combined to provide304

a similar cut-off wavenumber. The resulting computational cost varies considerable with305

these combinations, and is analysed here. Figure 7 shows the cut-off wavenumbers with306

respect to CPU time for the selected schemes. For instance, it is observed that kdiff
1%307

for UWC5-RK3 and UWC5-RK4 with σ = 0.3, and kdiff
1% for UWC7-RK4 with σ = 0.9,308

provide similar results. In terms of computational efficiency, the CPU time of UWC7-309

RK4 is much smaller than those of UWC5-RK3 and UWC5-RK4, thus being the former310

more efficient. Generally speaking, this analysis suggests that, for the same accuracy,311

is more efficient to use high order spatial schemes with low temporal order, and with a312
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Figure 4: Approximate dispersion relation. CFL values: σ = 0.001 ( ), σ = 0.1 ( ), σ = 0.3
( ), σ = 0.5 ( ) and σ = 0.7 ( ). Ideal disperion relation ( ).

small CFL number.313

Figure 8 shows both diffusion and dispersion relative errors associated to kdisp
1% and314

kdiff
1% , respectively, and their variation with CFL number for all the numerical schemes.315
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Figure 5: Approximate diffusion. CFL values: σ = 0.001 ( ), σ = 0.1 ( ), σ = 0.3 ( ),
σ = 0.5 ( ) and σ = 0.7 ( ). Ideal diffusion relation ( ).

From these results, we observe that εdiff
1% tends to increase for all schemes as σ increases.316

Additionally, εdisp
1% decreases when σ increases, as observed in Figures 8b and 8d. This317

behaviour is explained by the high sensitivity of the diffusion relation to σ, which makes318

13



Scheme σ (k∆x)disp
1% εdiff

1% (%) (k∆x)diff
1% εdisp

1% (%)

FOU 0.1 0.29 0.37 0.46 0.03
0.3 0.46 0.94 0.31 0.38
0.5 0.98 0.00 0.28 0.45
0.7 0.70 2.11 0.31 0.38
0.9 0.87 3.22 0.48 0.03

UWC3-RK3 0.1 0.75 2.95 1.06 2.97
0.3 0.75 2.95 0.81 0.90
0.5 0.75 3.05 0.70 0.59
0.7 0.78 3.49 0.63 0.47
0.9 0.87 5.24 0.57 0.42

UWC5-RK3 0.1 1.09 4.81 1.41 1.25
0.3 1.09 4.89 1.16 1.68
0.5 1.14 5.72 1.02 1.20
0.7 1.30 9.84 0.89 0.72
0.9 0.93 2.25 0.76 0.33

UWC7-RK3 0.1 1.33 6.75 1.63 6.26
0.3 1.34 6.96 1.40 5.30
0.5 1.43 8.94 1.21 3.42
0.7 1.21 4.46 1.00 1.67
0.9 0.85 1.19 0.81 0.64

WENO3-RK3 0.1 0.79 11.47 0.78 2.97
0.3 0.62 4.75 0.58 0.08
0.5 0.62 4.75 0.50 0.20
0.7 0.62 4.75 0.45 0.20
0.9 0.62 4.75 0.41 0.15

WENO5-RK3 0.1 0.85 2.92 1.15 4.75
0.3 0.85 2.95 0.94 0.80
0.5 0.86 3.11 0.83 0.24
0.7 0.90 3.69 0.75 0.12
0.9 0.98 5.30 0.67 0.13

WENO7-RK3 0.1 1.04 4.43 1.31 1.08
0.3 1.04 4.34 1.11 0.85
0.5 1.06 4.77 0.99 0.84
0.7 1.15 6.98 0.88 0.64
0.9 1.01 3.56 0.77 0.36

Table 2: Non-dimensional wavenumbers and relative errors associated to the 1% rule, for FOU,
UWC-RK3 and WENO-RK3 schemes.

(k∆x)diff
1% to rapidly decrease as σ increases, whereas (k∆x)disp

1% does not exhibit such319

behaviour.320

The fact that with high CFL numbers the diffusion errors dominate over their dis-321

persion counterpart may be beneficial for iLES simulations, as it implies that the poorly322

resolved waves are damped.323

In Appendix B, the method of Pirozzoli has been applied to obtain the approximate324

dispersion-diffusion characteristics of different 2D WENO reconstruction schemes. The325

impact of the grid resolution has been studied alligning the wave direction with the326

diagonal direction of the grid (kx = ky). For this configuration, the results show that327

the differences between those schemes and their one dimensional counterparts are minor.328

4.2. Numerical errors for Burgers’ turbulence329

In this section, the previous findings on the numerical performance of UWC and330

WENO schemes are challenged with one-dimensional Burgers’ turbulence simulations331

[7, 10, 41]. According to [12], we augment the inviscid Burgers’ equation (1 with the332
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Scheme σ (k∆x)disp
1% εdiff

1% (%) (k∆x)diff
1% εdisp

1% (%)

UWC3-RK4 0.1 0.75 0.24 1.06 4.40
0.3 0.75 0.73 0.81 1.57
0.5 0.74 1.21 0.71 1.04
0.7 0.74 1.65 0.65 0.84
0.9 0.73 2.04 0.61 0.74

UWC5-RK4 0.1 1.09 0.22 1.41 4.99
0.3 1.09 0.65 1.18 1.69
0.5 1.08 1.06 1.07 1.09
0.7 1.07 1.39 1.01 0.88
0.9 1.03 1.59 0.95 0.81

UWC7-RK4 0.1 1.32 0.20 1.63 5.52
0.3 1.32 0.60 1.42 1.82
0.5 1.31 0.95 1.32 1.17
0.7 1.28 1.21 1.25 0.96
0.9 1.22 1.39 1.16 0.89

WENO3-RK4 0.1 0.79 0.98 0.78 1.07
0.3 0.62 1.20 0.58 0.04
0.5 0.62 2.07 0.50 0.02
0.7 0.62 3.02 0.45 0.01
0.9 0.62 4.03 0.42 0.01

WENO5-RK4 0.1 0.85 0.20 1.15 6.09
0.3 0.85 0.59 0.94 1.87
0.5 0.84 0.96 0.85 1.22
0.7 0.84 1.32 0.80 0.96
0.9 0.83 1.62 0.75 0.83

WENO7-RK4 0.1 1.04 0.21 1.31 5.33
0.3 1.03 0.61 1.11 1.81
0.5 1.02 0.96 1.03 1.19
0.7 1.01 1.27 0.98 0.95
0.9 0.98 1.48 0.93 0.8

Table 3: Non-dimensional wavenumbers and relative errors associated to the 1% rule, for various
numerical schemes.

flux f(u) = u2/2) with a white-in-time random force, S(x, t). We follow [12, 38, 41] and333

compute the source term as334

S(x, t) =
A√
∆t

Nc∑
n=1

Zn(t)√
πn

cos

(
2πn

L
x

)
, (24)

where A is the amplitude of the fluctuations, for which we have adopted the value335

A = 0.04 proposed by Manzanero in [36]. This source term results from the sum of Nc336

harmonic modes, whose amplitude, Zn(t)/
√
πn, includes a standard normal distribution337

Zn(t).338

In absence of the forcing source term, fluctuations under the action of the convec-339

tive term, u∂u∂x , would evolve in time to form a set of large shock waves, reducing the340

initial randomness and minimizing turbulence. On the one hand, the energy spectrum341

associated to the energy transfer of these fluctuations is E(k) ∼ k−2 [10]. On the other342

hand, the energy transfer in the modes affected by S(x, t) is more representative of the343

Navier-Stokes turbulence [29, 45], E(k) ∼ k−5/3.344

Therefore, the solutions will present an energy spectrum divided in two regions. For345

small wavenumbers (i.e. the excitation region), the slope of the energy transference in346

the excitation region is −5/3. For large wavenumbers (also called inertial region), the347
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Figure 6: 1% rule for UWC and WENO schemes (third order ( © ), fifth order ( © ) and
seventh order ( © )), with RK3 (dashed lines) and RK4, with σ = 0.1, σ = 0.3, σ = 0.5,
σ = 0.7 and σ = 0.9. Fixed data: Nc = 80 - N = 8192.
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Figure 7: CPU times vs. kdiff
1% . CFL numbers, σ = 0.1, 0.3, 0.5, 0.7 and 0.9, are displayed in
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ratio of energy transference is −2. The switch from one behavior to the other depends on348
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Figure 8: Evolution of the diffusion-dispersion relative error against the CFL.

the maximum number of exciting modes, Nc. Additionally, the behavior of the solution349

in the inertial region is independent of the number of initial modes, as shown in following350

sections.351

In what follows, we solve Burgers’ equation (1) with the source term (24), in the352

domain Ω = [−1, 1], with the initial condition u(x, 0) = 1 and with periodic boundary353

conditions. The final time is tF = 600. As a result of the low amplitude of the source354

term, A = 0.04, the solution remains positive, and its average close to u = 1.355

We first investigate the solution of Burgers’ turbulence with the FOU, UWC and356

WENO schemes, up to 7-th order of accuracy. Because of the under–resolved nature of357

the problem, the choice of the numerical scheme (i.e. FOU, UWC or WENO) and the358

order of accuracy will have a noticeable impact in the numerical solution.359

To illustrate the characteristics of the solution and the influence of the order of360

accuracy, the WENO3-RK3 and WENO5-RK3 schemes have been used to compute the361

solution at t = 600. The rest of the parameters are ∆t = 10−4, N = 4096, Nc = 80362

and σ = 0.9. A comparison of the results are presented in Figure 9, showing that the363

solution final snapshot is similar for both schemes except for the smaller scales in the364

WENO5-RK3 solution, as a result of its higher accuracy (see Figures 9a–9d).365

Prior to the analysis of the performance of the schemes, it is necessary to study366
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Figure 9: Solution computed using the WENO3-RK3 and WENO5-RK3 schemes at t = 600, setting
∆t = 0.0001, Nc = 80 and N = 8192.

the sensitivity of the numerical solution to some relevant parameters of the problem,367

such as the maximum number of excitation modes, Nc and the number of cells, N .368

Figure 10 shows the computed energy cascade provided by the WENO5-RK3 scheme369

in three different grids, with N = 4096, N = 8192 and N = 16384 cells. Note we370

have represented the compensated spectrum, E(k)/k−2. The excitation and the inertial371

range are delimited by Nc, which has been kept constant in this test. The “1% rule”372

wavenumbers, kdisp
1% and kdiff

1% are also displayed. Such values are transformed from their373

non-dimensional counterparts presented in Table 2, (k∆x)disp
1% and (k∆x)diff

1% , following374

k1% =
N

2π
(k∆x)1%. (25)

The results in Figure 10 evidence that wavenumbers kdisp
1% and kdiff

1% scale properly375

with the mesh size. The green dashed/dotted lines represent the intersection points376

between the energy cascades with kdisp
1% and kdiff

1% , revealing mesh independence.377
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Figure 10: Superposition of energy cascades for WENO5 scheme with various cell numbers:
kdisp

1% (N = 4096) ( ), kdiff
1% (N = 4096) ( ), kdisp

1% (N = 8192) ( ), kdiff
1% (N = 8192) ( ),

kdisp
1% (N = 16384) ( ) and kdiff

1% (N = 16384) ( ).
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We now perform a complete analysis of the proposed schemes, namely the FOU,378

UWC3-RK3, UWC5-RK3, UWC7-RK3, WENO3-RK3, WENO5-RK3 and WENO7-379

RK3, using four different CFL numbers: σ = 0.1, σ = 0.3, σ = 0.5 and σ = 0.9.380

4.2.1. FOU scheme381

The results for the FOU scheme are included in Figure 11. As expected, it is ob-382

served that the FOU scheme introduces a high numerical diffusion from medium to large383

wavenumbers. The diffusion decreases as σ gets closer to 1 (as seen previously in Figure384

8), and consequently the numerical cascade is not able to capture the theoretical slope385

even in a small extent of the wavenumber range.386
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(c) FOU. σ = 0.5.
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(d) FOU. σ = 0.9.

Figure 11: Energy cascades for FOU scheme, with σ = 0.1, σ = 0.3, σ = 0.5 and σ = 0.9. Fixed
data: Nc = 80 - N = 8192.

4.2.2. UWC schemes387

UWC schemes are capable to capture the theoretical slope on a wide range of388

wavenumbers in the inertial region as shown in Figure 12. The energy cascades are389

characterized by an energy pile-up at high wavenumbers where the energy increases390

locally before it is entirely dissipated [40]. The magnitude of this energy pile-up in-391

creases with the order of the scheme and the “1% rule” accurately predicts the location392

of the maximum energy pile-up in the energy cascade. The cut-off wavenumber kdiff
1%393

approaches the wavenumber at which the maximum is located. Moreover, we locate394

the transition zone between the inertial and the diffusion region, as hypothesized. This395

result is evidenced in Figure 13, where kdisp
1% and kdiff

1% values are represented alongside396

the wavenumber associated to the maximum pile-up.397

The UWC5-RK3 and UWC7-RK3 schemes present a high coincidence between the398

position of maximum pile-up and the “1% rule” wavenumbers. The UWC3-RK3 shows399

the greatest disagreement, as it introduces higher numerical diffusion and the diffusion400

error prevails over the dispersion error. Even though kdisp
1% and kdiff

1% are both good401

indicators of the location of the maximum pile-up, a sharper agreement is observed for402

kdisp
1% , which is the one chosen in [41].403

The comparison of the results in Figures 12a, 12c and 12e (3-rd order, 5-th order404

and 7-th order) shows that the value of the compensated spectrum in kdisp
1% and kdiff

1% for405
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(a) UWC3-RK3. σ = 0.1.
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(b) UWC3-RK3. σ = 0.3.
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(c) UWC5-RK3. σ = 0.1.
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(d) UWC5-RK3. σ = 0.3.
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(e) UWC7-RK3. σ = 0.1.
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(f) UWC7-RK3. σ = 0.3.
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(g) UWC3-RK3. σ = 0.5.
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(h) UWC3-RK3. σ = 0.9.
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(i) UWC5-RK3. σ = 0.5.
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(j) UWC5-RK3. σ = 0.9.
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(k) UWC7-RK3. σ = 0.5.
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(l) UWC7-RK3. σ = 0.9.

Figure 12: Energy cascades for UWC schemes, with σ = 0.1, σ = 0.3, σ = 0.5 and σ = 0.9. Fixed
data: Nc = 80 - N = 8192.

the UWC3-RK3 scheme lies beneath the ideal trend. On the other hand, these values of406

the compensated spectrum lie over the ideal trend for the UWC5-RK3 and UWC7-RK3407
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Figure 13: Assessment of the coincidence of kdisp
1% and kdiff

1% with the positions of the pile-up
maximum for UWC-RK3 schemes. Fixed data: Nc = 80 - N = 8192.

schemes, due to the energy pile-up.408

We propose a simple criterion (detailed in Appendix C) to detect the magnitude of409

the deviation of the computed energy spectrum at the wavenumbers given by the “1%410

rule” with respect to the extrapolated inertial range. We define the energy deviation,411

Λ, such that a positive energy deviation indicates the presence of an energy pile–up,412

and negative otherwise. In Figure 14 we have represented the results of the energy413

deviation criterion, computed by (C.1) using kdisp
1% and kdiff

1% , for the UWC-RK3 schemes414

with σ = 0.1, σ = 0.3, σ = 0.5 and σ = 0.9. The figure evidences that the energy415

pile-up increases as the order is increased and that the UWC3-RK3 does not exhibit416

such pile-up, as stated before. Moreover, the energy pile-up decreases as σ increases.417

This behaviour is related to the raise of the diffusion error measured for kdisp
1% , also shown418

in Figure 14. Furthermore, the figure also shows that energy deviations measured by419

Λdiff < 0 show a lower dependency on the order of accuracy as the CFL number increases420

(see Figure 14d).421

Regarding the application of UWC to iLES simulation, it must be noted that low422

values of σ would involve a very high dispersion error due to the energy pile-up. As423

σ increases the dispersion error at kdiff
1% notably reduced, allowing to follow closely the424

theoretical energy cascade, and making these schemes more suitable in for iLES. A high425
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diffusion error for k > kdisp
1% implies the diffusion of turbulent fluctuations that would not426

be properly propagated by the numerical scheme. These fluctuations will be attenuated427

by the UWC schemes when using high CFL numbers, avoiding possible dispersion errors428

and energy pile-up. In this case, the numerical scheme would play the role of a subgrid429

model, implicitly filtering the small scales.430

To complete this analysis, the most relevant results obtained with UWC-RK4 schemes431

have been included in Appendix D. Firstly, with regard to energy cascades, noticeable432

differences are only observed for high CFL numbers, such as 0.5 and as 0.9, shown433

in Figure D.25. Those CFL numbers feature an energy pile-up, contrarily when us-434

ing UWC-RK3 scheme. Secondly, as with RK3 schemes, Figure D.26 shows that the435

cut-off wavenumber kdiff
1% locates the transition zone between the inertial and the dis-436

sipation region. It approximates the wavenumber at which the maximum pile-up is437

located. Thirdly, Figure D.27 shows a similar trend as UWC-RK3 schemes. In conclu-438

sion, UWC-RK4 schemes exhibit a similar behavior to UWC-RK3 schemes, with some439

small differences at high CFL numbers where the former are less dissipative.440

UWC3-RK3 UWC5-RK3 UWC7-RK3

-1

-0.6

-0.2

0.2

0.6

0

2

4

6

(a) σ = 0.1.

UWC3-RK3 UWC5-RK3 UWC7-RK3

-1

-0.6

-0.2

0.2

0.6

0

2

4

6

(b) σ = 0.3.

UWC3-RK3 UWC5-RK3 UWC7-RK3

-1

-0.6

-0.2

0.2

0.6

0

2

4

6

(c) σ = 0.5.
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Figure 14: Energy pile-up criterion for UWC-RK3 schemes, with σ = 0.1, σ = 0.3, σ = 0.5 and
σ = 0.9. Contents: ( ) Λ = 0, © Λdisp, © Λdiff , � Dispersion error (%) y × Diffusion error
(%). Fixed data: Nc = 80 - N = 8192.

4.2.3. WENO schemes441

The energy cascades for WENO schemes are displayed in Figure 15. The main442

difference with respect to the previous results is the absence of the energy pile-up. This443

22



is directly related to the high amount of numerical diffusion provided by the WENO444

schemes in comparison with the UWC schemes. This is evidenced in Figure 16, where445

the energy deviations, Λ, are negative in all cases. It is worth noting that the WENO7-446

RK3, having a higher order of accuracy than the UWC3-RK3, provides a slightly steeper447

spectrum in the inertial range due to the intrinsic diffusive properties of the WENO448

schemes. Such schemes use a dynamic stencil selection that reduces the order of accuracy449

to one at shocked regions, which explains this behavior.450

Figure 16 shows that dispersion errors are reduced as σ increases, in the same way451

as for the UWC-RK schemes. This makes WENO-RK schemes highly robust for iLES,452

though their high diffusion errors could compromise their accuracy and their ability to453

capture small scales. An important observation inferred from Figure 16 is that the energy454

deviations measured by Λdiff have a similar magnitude for WENO3-RK3, WENO5-455

RK3 and WENO7-RK3 schemes. In other words, the ratio between the energy of the456

numerical solution and that of the extrapolated trend in kdiff
1% is alike amongst all WENO-457

RK schemes, with independence of the order of accuracy, and for each choice of the CFL458

number σ (specially for σ = 0.1). This may be beneficial for numerical schemes using459

local time stepping or in flows where large disparity of scales co-exist (e.g. turbulent460

flows). On the other hand, the energy deviations measured at kdisp
1% , Λdisp, show larger461

variations amongst the WENO3-RK3, WENO5-RK3 and WENO7-RK3 schemes and no462

clear conclusions can be extracted. Finally, it is also observed that the level of energy of463

the mode associated to kdiff
1% , E(kdiff

1% ), does not have a strong dependency on the order464

of accuracy.465

With regard to the higher order integration in time, the results of WENO-RK4466

schemes are very similar to those of WENO-RK3 schemes, so that the same conclusions467

can be drawn from them. In this case, differences are smaller than for UWC schemes,468

as time integration errors are usually smaller than those of the WENO reconstruction.469

For the sake of brevity, results for WENO-RK4 schemes are not displayed.470
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(a) WENO3-RK3. σ = 0.1.
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(b) WENO3-RK3. σ = 0.3.
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(c) WENO5-RK3. σ = 0.1.

0.5 1 1.5 2 2.5 3 3.5

-14

-12

-10

-8

-6

-4

-2

0

-14

-12

-10

-8

-6

-4

-2

0

(d) WENO5-RK3. σ = 0.3.
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(e) WENO7-RK3. σ = 0.1.
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(f) WENO7-RK3. σ = 0.3.
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(g) WENO3-RK3. σ = 0.5.
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(h) WENO3-RK3. σ = 0.9.
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(i) WENO5-RK3. σ = 0.5.
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(j) WENO5-RK3. σ = 0.9.
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(k) WENO7-RK3. σ = 0.5.
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(l) WENO7-RK3. σ = 0.9.

Figure 15: Energy cascades for WENO schemes, with σ = 0.1, σ = 0.3, σ = 0.5 and σ = 0.9.
Fixed data: Nc = 80 - N = 8192.

24



WENO3-RK3 WENO5-RK3 WENO7-RK3

-1

-0.6

-0.2

0.2

0.6

0

2

4

6

8

(a) σ = 0.1.
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(b) σ = 0.3.
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(c) σ = 0.5.
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(d) σ = 0.9.

Figure 16: Energy pile-up criterion for WENO-RK3 schemes, with σ = 0.1, σ = 0.3, σ = 0.5 and
σ = 0.9. Contents: ( ) Λ = 0, © Λdisp, © Λdiff , � Dispersion error (%) and × Diffusion error
(%). Fixed data: Nc = 80 - N = 8192.

4.2.4. Comparisons between UWC and WENO schemes471

We finally compare UWC-RK and WENO-RK schemes. Figure 17 shows a logarith-472

mic plot of E(kdiff
1% ), for the 3-rd, 5-th and 7-th UWC-RK3 and WENO-RK3 schemes473

using σ = 0.1, 0.3, 0.5 and 0.9. A high similarity is observed between the 5-th and the474

7-th order scheme (both UWC and WENO), whereas the 3-rd order scheme shows an475

increasing deviation from the 5-th and 7-th order schemes as the value of σ is increased.476

Regarding the dependency of E(kdiff
1% ) on σ, WENO schemes show a slightly higher sen-477

sitivity, whereas UWC schemes show very small variations as σ is increased. It must478

be noted that in the case of the 3-rd, 5-th and 7-th UWC-RK3 schemes with σ = 0.1,479

E(kdiff
1% ) is virtually the same for all of them. The particular case of the WENO schemes480

for σ = 0.1 is depicted in Figure 18.481

In Figure 19, we analyze the validity of the “1% rule” to define a cut-off wavenumber482

from the approximate dispersion-diffusion relation that successfully translates to non-483

linear problems. Figure 19a represents the magnitude of E(kdiff
1% ) with respect to the484

cut-off error percentage for the 3-rd, 5-th and 7-th order WENO-RK3 schemes with485

σ = 0.1. It is observed that cut-off percentages lower or equal than 1% yield to a very486

similar energy magnitude, E(kdiff
1% ), in particular for the 5-th and 7-th order schemes. As487

the percentage is increased from 1% to 10%, strong differences appear among the energy488
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Figure 17: Evaluation of the computed energy at kdiff
1% as a function of σ. Fixed data: Nc = 80 -

N = 8192.
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Figure 18: Detail of the energy cascade for ( ) WENO3-RK3, ( ) WENO5-RK3 and ( )
WENO7-RK3 schemes showing their corresponding energy deviations, Λdiff (black segments).
Fixed data: Nc = 80 - N = 8192 - σ = 0.1.

magnitude predicted by the dispersion-diffusion relation associated to the percentages.489

The same behavior is noticed in Figure 19b, where Λdiff is plotted against the cut-off490

error percentage. In this case, also the 3-rd order scheme matches very well the 5-th and491

7-th order schemes. Therefore, we confirm the validity of the “1% rule” to show what492

percentages of deviation bigger than 1% would not be suitable.493

5. Concluding remarks494

In this work, we quantify the numerical errors of two widespread high-order finite495

volume reconstructions, the WENO and the UWC methods, in combination with 3-rd496

and 4-th order RK integrators. The approximate non-linear dispersion-diffusion analysis497

by Pirozzoli [44] has been used to estimate the fully-discrete errors in the schemes. Unlike498

most of previous work, the approximate dispersion-diffusion analysis has been applied499

to the space-time discrete equations and not only to the semi-discrete operators.500

The “1% rule”, introduced by Moura et al. [41] in the framework of DG schemes, has501

been considered to quantify numerical errors. A sensitivity analysis of the approximate502
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Figure 19: Evaluation of the computed energy, E(kdiff
1% ), and the energy deviation, Λdiff , as

functions of the error percentage for WENO schemes. Fixed data: Nc = 80 - N = 8192 -
σ = 0.1.

dispersion-diffusion relation to the grid size has been carried out to assess its suitability503

to obtain the wavenumbers and diffusion-dispersion errors associated to the “1% rule”.504

A number of points greater than N = 4000 has proved to be required in order to505

obtain accurate results, in particular regarding the dispersion and diffusion errors at506

kdiff
1% and kdisp

1% . The analyses for linear and non-linear problems provide guidelines for507

iLES simulations.508

In general, WENO schemes involve a higher diffusion than their linear counterparts,509

i.e. UWC schemes. This is because they feature a dynamic stencil selection to fulfill510

the essentially non-oscillatory property that reduces the scheme to first order at dis-511

continuities. The approximate dispersion-diffusion relation shows that they also involve512

a higher dispersion than the UWC schemes. The “1% rule” evidences that the cut-off513

wavenumbers, kdiff
1% and kdisp

1% , are larger for UWC schemes than WENO schemes. Fur-514

thermore, both quantities increase as the order of accuracy of the scheme is increased.515

The dependency on the CFL number of such quantities has also been studied. On the516

one hand, kdiff
1% is reduced as σ increases for all the schemes, as the time-stepping RK3517

and RK4 methods accumulate larger errors when increasing ∆t. On the other hand,518

kdisp
1% does not show a clear trend for the RK3 schemes, but it does decrease as the CFL519

number is increased for the RK4 schemes.520

The conclusions stated above agree with previous literature [22, 28, 33, 39, 40, 46, 57]521

and are evidenced when considering the application of the schemes to the Burgers’522

turbulence problem. The analysis of the intertial range of the energy spectrum of the523

numerical solution shows the presence of an energy pile-up at high wavenumbers for524

UWC-RK3 and UWC-RK4 schemes. This pile-up is reduced as the CFL number is525

increased in the case of UWC-RK3 schemes, and it remains for UWC-RK4 schemes. On526

the other hand, both WENO-RK3 and WENO-RK4 schemes exhibit a steeper spectrum527

in the inertial region due to the excessive diffusion at shocked regions.528

In view of these results, both UWC-RK3 and UWC-RK4 schemes, and WENO-RK3529

and WENO-RK4 schemes may be a suitable choice for iLES turbulence modelling, taking530

into account several considerations. UWC-RK3 and UWC-RK4 schemes will accurately531

reproduce a wider range of the energy spectrum than WENO schemes, though energy532
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pile-up may appear just before the diffusion region. Such pile-up is reduced as the CFL533

number increases for UWC-RK3 schemes, making those schemes better candidates in534

this situation. In this respect, Figure 14 shows that the pile-up virtually disappears and535

the dispersion error is strongly reduced as the CFL number increases.536

It is worth noting that in presence of strong shocks (specially in 2D and 3D problems),537

UWC schemes may not be robust enough and may become unstable. On the other hand,538

WENO schemes offer a higher robustness even in presence of strong shocks, motivated by539

their essentially non-oscillatory property. This is done at the cost of involving a relatively540

high numerical diffusion, due to the dynamic stencil selection. Both the approximate541

dispersion-diffusion analysis and the results from Burgers’ turbulence show that this542

amount of diffusion may prevent the scheme from recovering the k−2 slope in a large543

extent of the inertial region, specially the 3-rd and 4-th order WENO methods. WENO544

schemes are not sensitive to the CFL number, showing similar results for all the choices545

of this parameter. The conclusions obtained for UWC and WENO schemes with σ = 0.1546

were previously reported for a decaying Burgers’ turbulence problem in [40], where the547

authors only focused on the analysis of the semidiscrete operators.548

The validity of the “1% rule” has been assessed for the 3-rd, 5-th and 7-th order549

WENO-RK3, WENO-RK4, UWC-RK3 and UWC-RK4 schemes. It has been confirmed550

that we can use the cut-off wavenumber kdiff
1% as a good estimator of the beginning of551

the diffusion region [41]. Two different criteria, based on the energy deviation from552

the extrapolated trend, Λdiff, and the energy magnitude at kdiff
1% , are used as a tool of553

analysis in combination with the “1% rule”. Several observations for the schemes herein554

considered are pointed out:555

(a) for UWC-RK3 and UWC-RK4 schemes, the “1% rule” accurately predicts the loca-556

tion of the maximum energy pile-up in the energy cascade. The cut-off wavenumber557

kdisp
1% approaches the wavenumber at which the maximum is located (see Figures558

13 and D.26). Note that kdiff
1% is also a good estimator;559

(b) different order WENO-RK3 and WENO-RK4 schemes provide a similar level of560

energy deviation with respect to the extrapolated trend, i.e. the quantity Λdiff is561

alike among them (see Figures 16 and 19b). Additionally, Λdiff for UWC schemes562

shows a high sensitivity with respect to the order of the scheme due to the energy563

pile-up. Such sensitivity decreases as the CFL σ is increased in the case of UWC-564

RK3 (see Figure 14);565

(c) different order schemes of each family, namely WENO and UWC, provide a similar566

level of energy at kdiff
1% , i.e. E(kdiff

1% ) is alike among them. In particular, the greatest567

coincidences are observed for 5-th and 7-th order UWC schemes, as well as for 5-th568

and 7-th order WENO schemes (see Figures 17 and 18). The 3-rd order version of569

such schemes seems significantly more diffusive;570

(d) a good coincidence between the approximate dispersion-diffusion relation and the571

results for Burgers’ turbulence is evidenced. The validity of the “1% rule” is572

assessed, showing that there are not larger cut-off percentages to define other rules573

that satisfy the properties above, i.e. items (a), (b) and (c) (see Figure 19);574

(e) efficiency plots of the schemes have been presented (see Figure 7). These plots575

allow to make a choice of the spatial and temporal order of accuracy, as well as576
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of the CFL number, to obtain a sought value of kdisp
1% and/or kdisp

1% , in terms of577

computational efficiency.578

As stated by Maulik and San [40], the conclusions withdrawn for the forced Burgers’579

turbulence problem may not be smoothly extended to other more complex problems580

such as the Navier-Stokes equations and additional investigation/benchmarking would581

be required to verify the properties herein observed in such problems. Nonetheless, the582

reported observations may serve as guidelines for further studies for iLES when selecting583

high order finite volume numerical schemes.584
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Appendix A. WENO reconstruction coefficients591

In this appendix values for the smoothness indicators, βm, the optimal linear weights,592

dm, and coefficients cmn are shown. Their dimensions are determined by the spatial order593

of accuracy, K. For K = 3, we have:594

β1 = (uj − uj−1)2 dL =
1

3

(
1 2

)
cL =

1

2

(
3 −1
1 1

)

β2 = (uj+1 − uj)2 dR =
1

3

(
2 1

)
cR =

1

2

(
1 1
−1 3

) (A.1)

For K = 5, we have:595

β1 =
13

12
(uj−2 − 2uj−1 + uj)

2 +
1

4
(uj−2 − 4uj−1 + 3uj)

2

β2 =
13

12
(uj−1 − 2uj + uj+1)2 +

1

4
(uj−1 − uj+1)2

β3 =
13

12
(uj − 2uj+1 + uj+2)2 +

1

4
(3uj − 4uj+1 + uj+2)2

(A.2)

dL =
1

10

(
1 6 3

)
cL =

1

6

 11 −7 2
2 5 −1
−1 5 2



dR =
1

3

(
3 6 1

)
cR =

1

6

 2 5 −1
−1 5 2

2 −7 11


(A.3)

29



For K = 7, we have:596

dL =
1

35

(
1 12 18 4

)
cL =

1

12


25 −23 13 −3
3 12 −5 1
−1 7 7 −1

1 −5 13 3



dR =
1

35

(
4 18 12 1

)
cR =

1

12


3 13 −5 1
−1 7 7 −1

1 −5 13 3
−3 13 −23 25


(A.4)

β1 = uj−3 (547uj−3 − 3882uj−2 + 4642uj−1 − 1854uj)

+uj−2 (7043uj−2 − 17246uj−1 + 7042uj)

+uj−1 (11003uj−1 − 9402uj) + uj (2107uj)

β2 = uj−2 (267uj−2 − 1642uj−1 + 1602uj − 494uj+1)

+uj−1 (2843uj−1 − 5966uj + 1922uj+1)

+uj (3443uj − 2522uj+1) + uj+1 (547uj+1)

β3 = uj−1 (547uj−1 − 2522uj + 1922uj+1 − 494uj+2)

+uj (3443uj − 5966uj+1 + 1602uj+2)

+uj+1 (2843uj+1 − 1642uj+2) + uj+2 (267uj+2)

β4 = uj (2107uj − 9402uj+1 + 7042uj+2 − 1854uj+3)

+uj+1 (11003uj+1 − 17246uj+2 + 4642uj+3)

+uj+1 (7043uj+2 − 3882uj+3) + uj+3 (547uj+3)

(A.5)

Appendix B. Dispersion-diffusion analysis of 2D WENO schemes597

The method of Pirozzoli has been applied to obtain the dispersion-diffusion char-598

acteristics of the 2D spatial reconstruction schemes. Two different schemes have been599

considered for this analysis, namely the Class A and Class B WENO schemes detailed in600

[56]. On the one hand, the Class A reconstruction scheme is is based on a dimensional601

splitting, being faster and easier to implement at the cost of a reduction of the order of602

accuracy. On the other hand, the Class B scheme is based on a dimension-by-dimension603

2D reconstruction and retains the formal order of accuracy, being more complicated in604

implementation. The approximate diffusion-dispersion errors of the Class A and the605

Class B semi-discrete schemes have been computed by applying the method of Pirozolli606
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method to the 2D advection equation:607

∂u

∂t
+
∂u

∂x
+
∂u

∂y
= 0, (B.1)

in the domain Ω = [−L,L] × [−L,L] and with initial condition u(x, 0) = ûke
i(kxx+kyy),608

where kx and ky are the x and y wavenumbers. Cartesian grid and diagonal wave609

propagation direction have been considered.610

The dispersion-diffusion curves for the WENO3-RK3, WENO5-RK3 and WENO7-611

RK3 schemes, computed for the semi-discrete case (i.e. σ = 0), are presented in Figures612

B.20, B.21 and B.22, respectively. A detail of the dispersion curves is shown in Figure613

B.23. The results show that differences between the 1D and 2D schemes are minor. The614

largest differences are observed in the dispersion curve, where the Class B 2D scheme615

shows a small deviation from the 1D curve.616
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Figure B.20: 1D, 2D class A and 2D class B WENO3-RK3 [56] dispersion and diffusion charac-
teristics.

Appendix C. Energy deviation criterion617

We propose a simple criterion to detect the magnitude of the deviation of the com-618

puted spectrum at the wavenumbers given by the “1% rule” (due to an energy pile-up619

or due to excessive diffusion) with respect to the extrapolated inertial range:620

1. Calculate the slope of the energy cascade (inertial region) of the computed solution,621

χ, by means of the least square method, allowing to define the extrapolated energy622

spectrum Eχ = k−χ.623

2. Compute the energy value in k1% using the previous extrapolation Eχ1% = Eχ(k1%).624

3. Finally, calculate the logarithmic difference between the energy of the computed625

solution at k1% and the extrapolated energy magnitude as follows:626

Λ = log10E(k1%)− log10Eχ1% = log10

(
E(k1%)

Eχ1%

)
. (C.1)
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Figure B.21: 1D, 2D class A and 2D class B WENO5-RK3 [56] dispersion and diffusion charac-
teristics.
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Figure B.22: 1D, 2D class A and 2D class B WENO7-RK3 [56] dispersion and diffusion charac-
teristics.

The presence or the absence of the energy pile-up will be denoted by the sign of Λ.627

This quantity will be computed using both dispersion and diffusion wavenumbers, kdisp
1%628

and kdiff
1% , yielding to Λdisp and Λdiff . Figure C.24 shows an example of the extrapolation,629

Eχ(kdiff
1% ), as well as the least square linear trend, Eχ(k), and the energy cascade of the630

numerical solution, E(k). In this particular case, Eχ(kdiff
1% ) lies beneath the extrapolated631

trend for the UWC3-RK3 scheme, i.e. Λdiff < 0, and it lies above the extrapolated trend632

for the UWC7-RK3 scheme, i.e. Λdiff > 0.633

It must be pointed out that we have used the extrapolation of the inertial range of634

the computed spectrum instead of the ideal k−2 trend as it allows to measure relative635

variations with respect to the inertial range provided by each scheme.636
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Figure B.23: Zoom of 1D, 2D class A and 2D class B WENO3-RK3 [56] dispersion relation.
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Figure C.24: Variables involved in the application of the pile-up criterion

Appendix D. Burgers’ turbulence analysis with RK4 schemes637

In this appendix the most relevant results obtained with UWC-RK4 schemes have638

been included. Figure D.25 shows the energy cascades of UWC-RK4 schemes with639

σ = 0.5 and 0.9, because the energy pile-up does not decrease, as it does in the UWC-640

RK3 results. For smaller values of the CFL number, σ < 0.5, the energy cascades for641

both set of schemes are very similar.642
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(a) UWC3-RK4. σ = 0.5.
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(b) UWC3-RK4. σ = 0.9.
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(c) UWC5-RK4. σ = 0.5.
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(d) UWC5-RK4. σ = 0.9.

0.5 1 1.5 2 2.5 3 3.5

-14

-12

-10

-8

-6

-4

-2

0

-14

-12

-10

-8

-6

-4

-2

0

(e) UWC7-RK4. σ = 0.5.
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(f) UWC7-RK4. σ = 0.9.

Figure D.25: Energy cascades for UWC-RK4 schemes, with σ = 0.5 and σ = 0.9. Nc = 80,
N = 8192.

In Figure D.26, kdisp
1% and kdisp

1% values are represented alongside the wavenumber643

associated to the maximum pile-up.644

Finally, Figure D.27 shows the results of the energy deviation criterion for the UWC-645

RK4.646
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