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Abstract
In this work, we analyze the numerical behavior of the classical Cauchy identity 

	

∑
λ

sλ(a1, . . . , an)sλ(x1, . . . , xm) =
n∏

j=1

m∏
i=1

1
1 − ajxi

,

by developing perturbation and running error analyses. We show that relative pertur-
bations in the nodes xi and coefficients aj  only induce small relative changes in the 
output provided some relative gaps are sufficiently large. We also propose an algo-
rithm computing a posteriori relative error bound with low computational overhead. 
Finally, we derive truncation error bounds for the Schur expansion of the formula. 
Numerical experiments confirm the sharpness of the theoretical results and illustrate 
the effectiveness of the proposed bounds in practice.
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condition number
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1  Introduction

Recent advances in computational algebra and numerical linear algebra highlight two 
complementary challenges arising when symbolic systems are applied to large-scale 
or numerically sensitive problems. The first concerns the algorithmic complexity of 
computing Schur polynomials and related symmetric-function expansions efficiently 
[1–3]. The second pertains to numerical stability issues that arise when symmetric-
function constructions are used to generate structured matrices, such as gramian or 
collocation matrices associated with symmetric polynomials [4, 5].

From a complexity-theoretic standpoint, the intrinsic difficulty of representing 
Schur polynomials by small algebraic formulas reveals fundamental limitations of 
determinant-based expressions. These limitations are not merely theoretical: in prac-
tice, they often manifest as severe numerical instabilities when such formulas are 
evaluated in floating-point arithmetic [1, 2]. In contrast, recent work exploiting bidi-
agonal factorizations and total-positivity properties derived from integrals of sym-
metric functions demonstrates that underlying structure can be leveraged to design 
algorithms achieving high relative accuracy in linear-algebra computations. Such 
approaches offer a promising framework for stable numerical evaluation and provide 
a natural bridge between symbolic constructions and reliable numerical algorithms.

Roundoff errors in N -digit binary floating-point arithmetic are studied using the 
standard floating-point model in Section 2.2 of [6]. In this model, the result of any 
arithmetic operation is assumed to differ from the exact result by a small relative 
error and loss of relative accuracy arises primarily when subtracting two nearly equal 
numbers of the same sign. This phenomenon, known as subtractive cancellation, is a 
major source of numerical instability in many linear algebra algorithms.

Cauchy-type identities are fundamental in the study of symmetric functions 
and algebraic combinatorics. They often involve expressions that link symmetric 
polynomials or functions, such as Schur functions, in a manner that reveals deep 
combinatorial and algebraic properties. Originally rooted in the classical works 
of Augustin-Louis Cauchy, these identities extend their relevance across various 
domains, including linear algebra, number theory, and special functions. Their versa-
tility lies in their ability to establish connections between seemingly disparate enti-
ties, such as determinants, symmetric polynomials, and partition functions.

The classical Cauchy identity for Schur functions can be expressed as:

	
S :=

∑
λ

sλ(a1, . . . , an)sλ(x1, . . . , xm) =
n∏

j=1

m∏
i=1

1
1 − ajxi

,� (1)

where the sum ranges over all partitions, and sλ denote Schur functions. Notice 
that only the partitions λ with at most min(n, m) parts contribute to the sum since 
sλ(x1, . . . , xn) = 0 whenever the number of parts of λ exceeds the number of vari-
ables. This particular identity plays a fundamental role in the theory of symmetric 
functions linking generating functions to combinatorial structures.

The classical form as the expansion involving products of (1 − xiaj)−1 is foun-
dational. Moreover, the product
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n∏
j=1

m∏
i=1

1
1 − ajxi

� (2)

is closely related to the determinant of the collocation matrix at the set of nodes 
{x1, . . . , xn} of the rational system 

(
1

1−a1x , 1
1−a2x , . . . , 1

1−anx

)
, for coefficients 

ai ∈ R, i = 1, . . . , n. In fact,

	
det

[
1

1 − ajxi

]n

i,j=1
= det V (x1, . . . , xn) det V (a1, . . . , an)∏

1≤i,j≤n(1 − ajxi)
,� (3)

where V (x1, . . . , xn) denotes the corresponding Vandermonde matrix.
In this paper, we perform a perturbation analysis of the product (2). It will be 

shown that the sensitivity of the product to small perturbations in the nodes and coef-
ficients depends primarily on the relative separations of their products to 1, rather 
than on their absolute distances. This behavior is not unique to this product but also 
appears in the computation of other determinants. For instance, it is well known that 
the smallest relative gap,

	
relgap := min

i ̸=j

|xi − xj |
|xi| + |xj |

,� (4)

provides a lower bound on the sensitivity of the determinant of V (x1, . . . , xn) (cf. [7]). 
Other interesting perturbation analyses can be found in [7–11].

Additionally, building on the performed structural sensitivity analysis, we develop 
a running error analysis for the computation of (2). This methodology not only allows 
the accurate evaluation of the Cauchy formula (1), but also provides realistic a poste-
riori error bounds that explicitly depend on the computed values. These error bounds 
are both computationally efficient and effective in tracking the propagation of numer-
ical errors, making them particularly valuable in practical applications where the 
reliability and certification of computed results are essential.

The Schur polynomials play a crucial role in combinatorics, representation theory, 
mathematical physics, and multivariate statistics [12–15]. Several expressions for 
their computation can be found in [13, 15, 16]. Unfortunately, available formulas 
are either prohibitively inefficient, involving large sums of monomials, or decep-
tively simple but prone to severe numerical instability, such as determinant-based 
representations.

For a given partition λ = (λ1, λ2, . . . , λk) with λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0 and 
k ≤ n, the classical definition of the Schur polynomial sλ(x1, . . . , xn) as the ratio of 
determinants involving powers of variables:

	
sλ(x1, . . . , xn) =

det
(
x

λj+n−j
i

)
1≤i,j≤n

det
(
xn−j

i

)
1≤i,j≤n

=
det

(
x

λj+n−j
i

)
1≤i,j≤n

det V (x1, . . . , xn)
,� (5)
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is a very unstable way of computing it. Section 8 of [1] provides numerical examples 
that demonstrate its numerical instability. This instability is precisely what motivates 
the present work, where we avoid determinant-based evaluations and instead ana-
lyze the numerical behavior of the Cauchy product representation. In [3], interested 
readers can find insightful analyses of numerical instabilities arising in the context 
of symmetric polynomials within modern computational algebra systems; see, for 
instance, the discussion of determinant evaluations in SageMath’s Symmetric Func-
tions library.

The Schur polynomial sλ(x1, . . . , xn) can also be written as

	
sλ(x1, . . . , xn) =

∑
T

n∏
i=1

x
mi(T )
i ,� (6)

where the sum is over all semistandard Young tableau T  of shape λ with entries in 
{1, . . . , n}, and mi(T ) is the number of times i appears in T . This combinatorial defi-
nition of Schur polynomials (6) is always accurate since involves no subtractions (see 
[15]). To avoid the addition of O

(
n|λ|) terms, Algorithm 5.2 in [1], uses dynamic 

programming for the accurate and efficient computation in flotating-point arithmetic 
of sλ(x1, . . . , xn), for xi > 0. Its complexity is only linear in n and subexponential in 
|λ|. In fact, it is bounded by O(e5.2

√
|λ| · λ1 · n) (see Proposition 5.3 of [1]).

If the left-hand side of the Cauchy identity is to be evaluated with a prescribed 
error tolerance, it is not necessary to sum over all partitions. Instead, a finite trunca-
tion of the sum may already achieve the desired level of accuracy. Taking into account 
this fact, we bound the error introduced by truncating the Schur function expansion.

The paper is organized as follows. Section 2 develops a perturbation analysis for 
the Cauchy formula, quantifying how small relative perturbations in the nodes and 
coefficients affect the value of the product (2), and deriving a structured condition 
number. In Sect. 3, a running error analysis is performed, providing an algorithm for 
computing the Cauchy formula along with a posteriori absolute and relative error 
bounds, using standard floating-point error models. Section  4 addresses the error 
introduced by truncating the Schur function expansion, and derives an upper bound 
for the tail of the sum based on combinatorial identities and asymptotic estimates. 
Finally, Sect.  5 provides numerical experiments validating the theoretical results. 
These include tests of the structured condition number, error tracking algorithms, and 
truncation bounds under different parameter regimes.

2  Perturbation theory

For a real value x ∈ R, the value computed in a floating point arithmetic is usually 
denoted by either fl(x) or x̂. Roundoff errors in N -digit binary floating-point arith-
metic are studied using the standard floating point model introduced in Section 2.2 of 
[6]. In this model, the result of any arithmetic operation is assumed to differ from the 
exact result by a small relative error:
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	 fl(x ◦ y) = (x ◦ y)(1 + δ)ρi , ◦ ∈ {+, −, ×, /}, |δ| ≤ u,� (7)

where ρi = ±1 and u := 2−N  is the machine precision. This model implies that 
products, quotients, and sums of like-signed quantities can be computed with low 
relative error. However, expressions involving cancellation may introduce significant 
error – for instance, the sum of three numbers cannot, in general, be computed accu-
rately in this model [17].

Now, let us consider a set of nodes x = {x1, . . . , xm} and a set of coefficients 
a = {a1, . . . , an} such that 0 < x1 < · · · < xm ≤ 1 and 0 < a1 < · · · < an ≤ 1, 
with anxm ̸= 1.

The following perturbation analysis follows the same structural pattern as previ-
ous analyses in [7–11], in the sense that the sensitivity is controlled by relative gap 
conditions, and the rational structure of the factors (1 − ajxi)−1 allows the perturba-
tions to be accumulated multiplicatively using the standard floating-point model of 
Higham.

In order to obtain an appropriate structured condition number for the evaluation of 
(1), we establish a new relative distance:

	
relgap1 := min |xi − 1/aj |

|xi|
= 1

anxm
− 1,� (8)

and derive the following perturbation results.

Theorem 1  Let S  be defined as in (1) for nodes xi , i = 1 , . . . , m, and coef-
ficients aj , j = 1 , . . . , n. Consider Ŝ  as the value in (1) computed for perturbed 
nodes x̂i = xi(1 + δi), i = 1 , . . . , m, where the perturbations satisfy |δi | ≤ δ with 
0 < δ < 1 . Then,

	

∣∣∣∣∣
S − Ŝ

S

∣∣∣∣∣ ≤ δ n m/µ

1 − δ n m/µ
,� (9)

for any µ ≤ relgap1  as in (8).

Proof  Observe that

	

(1 − aj x̂i) − (1 − ajxi)
1 − ajxi

= x̂i − xi

xi − 1/aj
= δixi

xi − 1/aj
,

for i = 1, . . . , m and j = 1, . . . , n. Therefore, for any µ ≤ relgap1, we can express

	 1 − aj x̂i = (1 − ajxi)(1 + δ′
i),

where |δ′
i| ≤ δ/µ.

Using (1), and by accumulating the perturbations following Higham’s standard 
technique (see Chapter 3 of [6]), we obtain

1 3
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Ŝ = S

n∏
j=1

m∏
i=1

(1 + δ′
i) = S(1 + δ̄), |δ̄| ≤ δ nm/µ

1 − δ nm/µ
,� (10)

and the result follows. � □
Observe that, from (9), we derive

	

∣∣∣∣∣
S − Ŝ

S

∣∣∣∣∣ ≤ n mκδ, κ := 1
relgap1

,� (11)

and clearly see that small relative perturbations in the nodes only produce small rela-
tive changes in the value of S as long as the relative distance (8) of the product anxm 
to 1 is large enough.

The following result extends the previous analysis to the sum (1) computed with 
perturbed nodes and coefficients.

Theorem 2  Let S  be defined as in (1) for nodes xi , i = 1 , . . . , m, and coefficients 
aj , j = 1 , . . . , n. Consider Ŝ  as the value in (1) computed for perturbed nodes 
x̂i = xi(1 + δi) and coefficients âj = aj(1 + δ′

j), such that |δi |, |δ′
j | ≤ δ with 

0 < δ < 1 , i = 1 , . . . , m, j = 1 , . . . , n. Then

	

∣∣∣∣∣
S − Ŝ

S

∣∣∣∣∣ ≤ 2δn m/µ

1 − 2δn m/µ
+ O(u2),� (12)

for any µ ≤ relgap1  as in (8).

Proof  Since

	

(1 − âj x̂i) − (1 − ajxi)
1 − ajxi

=ajxi − âj x̂i

1 − ajxi
=

xi(δ′
j + δi + δ′

jδi)
xi − 1/aj

,

for any µ ≤ relgap1, we can write

	 1 − âj x̂i = (1 − ajxi)(1 + δ′
i,j),

where |δ′
i,j | ≤ (2δ + δ2)/µ = δ(2 + δ)/µ. From (1), and accumulating the perturba-

tions in the style of Higham (see Chapter 3 of [6]), we can write

	
Ŝ = S

n∏
j=1

m∏
i=1

(1 + δ′
i,j) = S(1 + δ̄), |δ̄| ≤ 2δ n m/µ

1 − 2δ n m/µ
+ O(u2),� (13)

and the result follows. � □
Now, from (12), the relative error satisfies
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∣∣∣∣∣
S − Ŝ

S

∣∣∣∣∣ ≤ 2 n m κ δ,� (14)

where κ is defined in (11). This inequality shows that small relative perturbations in 
the nodes and coefficients lead to small relative changes in the value of S, provided 
the relative gap between anxm and 1 given by (8) is sufficiently large. Thus, by (11), 
n m κ can be interpreted as an appropriate structured condition number for comput-
ing (1) with respect to perturbations in the nodes; analogously, by (14), 2 n m κ is an 
appropriate structured condition number if perturbations in both the nodes and the 
coefficients are considered.

Section 5 will illustrate the sensitivity of the sum to the proposed structured condi-
tion number.

3  Running error analysis

For the evaluation of the Cauchy formula (1), we propose the following algorithm.
 
 Algorithm 1 Evaluation of the Cauchy formula (1)

Our goal is to adapt Algorithm 1 so that it simultaneously computes the deter-
minant and provides a posteriori error bounds that account for the effects of finite-
precision floating-point arithmetic. This enhancement is designed to incur only a 
negligible increase in computational cost. For a detailed exposition of the underlying 
methodology—whose notation we adopt hereafter—see [6]. For a practical applica-
tion of a similar approach, we refer the reader to [18].

Let Ei,j  denote the error in the computation of Si,j  using Algorithm 1, defined as

	 Ei,j := S̃i,j − Si,j , i = 1, . . . , m, j = 1, . . . , n,� (15)

where S̃i,j  is the computed value obtained through one multiplication (∗), one sub-
traction (−), and one division (/).

According to the rounding model (7), the computed value S̃i,j  can be expressed 
in terms of S̃i−1,j  as

	 S̃i,j = S̃i−1,j (1 − ajxi(1 + δi,j))−1(1 + δ̄i,j)(1 + ui,j)−1,

1 3
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where |δi,j |, |δ̄i,j |, |ui,j | ≤ u, with u being the unit roundoff.
Using (15) and performing straightforward algebraic manipulations, we obtain

	
Ei,j + ui,jS̃i,j = Ei−1,j(1 − ajxi)−1 + S̃i−1,j(1 − ajxi)−1

[
δi,j

ajxi

1 − ajxi
+ δ̄i,j + O(u2)

]
.

Consequently, the error |Ei,j | satisfies the bound

	
|Ei,j | ≤ |Ei−1,j | |1 − ajxi|−1 + u

[
|S̃i−1,j | |1 − ajxi|−1

(
1 + |ajxi|

|1 − ajxi|

)
+ |S̃i,j |

]
+ O(u2).

Since S0,1 is computed exactly (no arithmetic operations are involved), we have 
E0,1 = 0, and therefore

	 |Ei,j | ≤ u πi,j + O(u2),� (16)

where the majorizing sequence πi,j  is defined recursively by

	 π0,1 := 0, πi,j :=
(
πi−1,j + |S̃i−1,j |

)
|1 − ajxi|−1 + |S̃i−1,j | |1 − ajxi|−2|ajxi| + |S̃i,j |,�(17)

for j = 1, . . . , n and i = 1, . . . , m.
To slightly reduce the computational cost of evaluating (17), we introduce the 

auxiliary sequence

	
Mi,j := πi,j + |S̃i,j |

2
, j = 1, . . . , n, i = 1, . . . , m,

which satisfies the recursion

	
M0,1 := |S̃0,1|

2
, Mi,j = Mi−1,j |1 − ajxi|−1 + |S̃i−1,j | |1 − ajxi|−2 |ajxi|

2
+ |S̃i,j |,

for j = 1, . . . , n and i = 2, . . . , m.
Finally, from (16) we derive the running absolute error bound

	 |Em,n| = |S̃m,n − Sm,n| ≤ γ u + O(u2), γ := 2Mm,n − |S̃m,n|,

where γ u is computed alongside the determinant evaluation in Algorithm 1.
Using the following lemma, we can derive a sufficient condition–based on the 

computed product S̃n,m and the absolute error bound γ u–to obtain a running relative 
error bound. The proof is omitted, as it follows by an argument, which is analogous 
to that of Theorem 3.1 in [19].

Lemma 1  Let x̃  denote the floating-point approximation of a nonzero real number x , 
and assume that

1 3
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	 |x̃ − x| ≤ uK + O(u2 ),

where u is the unit roundoff. If |x̃| > uK , then

	

∣∣∣∣
x̃ − x

x

∣∣∣∣ ≤ u
K

|x̃|
+ O(u2).� (18)

Let us observe that, as a direct consequence of Lemma  1, if 
|S̃n,m| > u

(
2Mn,m − |S̃n,m|

)
, then the quantity

	
Γ :=

u
(
2Mn,m − |S̃n,m|

)

|S̃n,m|
� (19)

provides a valid running relative error bound for the computation of S. This bound 
can be computed alongside the determinant evaluation by using Algorithm 2, which 
is a suitably modified version of Algorithm 1.
 
Algorithm 2 Evaluation of the Cauchy formula (1) with running error bound

Section 5 illustrates the accuracy and sharpness of the running relative error bound 
given in (19).

4  Upper error bound of finite truncations

If the left-hand side of the Cauchy identity

	

∑
λ

sλ(a1, . . . , an)sλ(x1, . . . , xm) =
n∏

j=1

m∏
i=1

1
1 − ajxi

,

can be evaluated up to an error tolerance ∆ ≥ 0, it is unnecessary to sum over all 
partitions, and a finite truncation of the sum may already yield sufficient accuracy.

For a positive integer K, we can split the sum as
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∑
λ∈Λ

sλ(an)sλ(xm) = SK(an, xm) + RK(an, xm),� (20)

where we have used the shorthand notation an := a1, . . . , an and xm := x1, . . . , xm, 
and

	
SK(an, xm) :=

K∑
k=0

∑
|λ|=k

sλ(an)sλ(xm), RK(an, xm) :=
∞∑

k=K+1

∑
|λ|=k

sλ(an)sλ(xm).

In this section, we derive a bound for the tail of the sum, RK(an, xm), proving that 
limK→∞ RK(an, xm) = 0; this immediately allows to determine a value of K that 
guarantees RK(an, xm) ≤ ∆.

For this purpose, we shall use the following identity.

Lemma 2  For k, n, m ∈ N,

	

∑
|λ|=k

sλ(1, . . . , 1︸ ︷︷ ︸
n

)sλ(1, . . . , 1︸ ︷︷ ︸
m

) =
(

k + nm − 1
k

)
.� (21)

Proof  Let us consider tuples (x1, . . . , xn) = (t, . . . , t) and (y1, . . . , ym) = (1, . . . , 1). 
From the well-known homogeneity property of Schur polynomials, described by

	 sλ(tx1, . . . , txl) = t|λ|sλ(x1, . . . , xl), t ∈ R,� (22)

the corresponding Cauchy identity (1) reads as follows

	

∞∑
k=0

tk
∑

|λ|=k

sλ(1, . . . , 1︸ ︷︷ ︸
n

)sλ(1, . . . , 1︸ ︷︷ ︸
m

) =
(

1
1 − t

)nm

.� (23)

Recall that the complete homogeneous symmetric polynomial of degree k in l vari-
ables, usually denoted as hk(x1, . . . , xl) for k = 0, 1, 2, . . ., is the sum of all mono-
mials of total degree k in the variables. Formally,

	
hk(x1, . . . , xl) :=

∑
1≤i1≤i2≤···≤ik≤l

xi1xi2 · · · xik
.

Taking into account that the generating function for hk(x1, . . . , xl) is given by the 
infinite product

	

∞∑
k=0

hk(x1, . . . , xl)tk =
l∏

i=1

1
1 − xit

� (24)
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(see [13, Chapter 1.4]), and considering l = nm and xi = 1, i = 1, . . . , nm, we 
derive

	

∞∑
k=0

hk(1, . . . , 1︸ ︷︷ ︸
nm

)tk =
(

1
1 − t

)nm

=
∞∑

k=0

tk
∑

|λ|=k

sλ(1, . . . , 1︸ ︷︷ ︸
n

)sλ(1, . . . , 1︸ ︷︷ ︸
m

).� (25)

Equating the coefficient of any tk in the previous identity, we derive

	

∑
|λ|=k

sλ(1, . . . , 1︸ ︷︷ ︸
n

)sλ(1, . . . , 1︸ ︷︷ ︸
m

) = hk(1, . . . , 1︸ ︷︷ ︸
nm

) =
(

k + nm − 1
k

)
,� (26)

where the last equality in (26) follows from the fact that evaluating at 1 the complete 
symmetric function gives the number of monomials of total degree k in nm variables, 
that is, the number of combinations with repetition of choosing k elements from nm 
distinct ones. � □

Now, we prove the main result of this section.

Theorem 3  For K > 0  and any sequences 0 < a1 < · · · < an < 1  and 
0 < x1 < · · · < xm < 1 , we have

	

∞∑
k=K+1

∑
|λ|=k

sλ(a1, . . . , an)sλ(x1, . . . , xm)

< (anxm)K
nm−1∑
k=0

(
K + nm

k

) (
anxm

1 − anxm

)nm−k

.

� (27)

Proof  Let us denote ρ := anxm and N := nm. Using the combinatorial definition of 
Schur polynomials (6) and their homogeneity property (22), we derive

	

∞∑
k=K+1

∑
|λ|=k

sλ(a1, . . . , an)sλ(x1, . . . , xm)

<
∞∑

k=K+1

∑
|λ|=k

ρk sλ(1, . . . , 1︸ ︷︷ ︸
n

)sλ(1, . . . , 1︸ ︷︷ ︸
m

).
� (28)

From Lemma 2, the sum over partitions of size k can be evaluated exactly. Then,

	

∞∑
k=K+1

∑
|λ|=k

sλ(a1, . . . , an)sλ(x1, . . . , xm) <
∞∑

k=K+1

ρk

(
k + N − 1

k

)
.� (29)
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Note that the sum at the right-hand side of (29) can be expressed in terms of deriva-
tives of a geometric series. In fact,

	

∞∑
k=K+1

(
k + N − 1

k

)
ρk = 1

(N − 1)!

∞∑
k=K+1

(k + N − 1) · · · (k + 1)ρk

= 1
(N − 1)!

dN−1

dρN−1

( ∞∑
k=K+1

ρk+N−1

)
= 1

(N − 1)!
dN−1

dρN−1

(
ρN+K

1 − ρ

)
.

� (30)

Finally, applying the Leibniz rule for higher-order derivatives yields the stated result. 
� □

The behavior of the explicit upper bound given by expression (27) becomes clearer 
when viewed asymptotically. The function

	
f(ρ; K, N) = ρK

N−1∑
k=0

(
K + N

k

) ( ρ

1 − ρ

)N−k

, ρ ∈ (0, 1),� (31)

approaches 0 as K → ∞. Moreover, it can be checked that

	 f(ρ; K ′, N) < f(ρ; K, N), K ′ > K.

So, for any ε > 0, and any given ρ and N, there always exists K > 0 so that for 
K ′ ≥ K we have f(ρ; K ′, N) < ε.

Let ρ = anxm < 1 and N := nm. From (27), for fixed N and ρ, the truncation 
error decays essentially geometrically with rate ρK  when K → ∞. In particular, 
when ρ is moderately small, the remainder decreases extremely rapidly, which is 
consistent with the behavior observed in the numerical experiments of Sect.  5. This 
interpretation also explains why the value of K required to achieve a prescribed toler-
ance is primarily governed by the magnitude of the extreme product anxm.

In the following section, the convergence of the sum over partitions together with 
the behavior of bound (27) are numerically explored.

5  Numerical experiments

In this section we present a series of numerical experiments that analyze several 
aspects of the previously discussed theoretical results, and that are useful for explor-
ing their strengths and limitations. Regarding the methodology of the presented 
results, for a given real quantity x, the relative error of its computed value x̂ is given 
by |x̂ − x|/|x|. The exact value x is determined by means Wolfram Mathematica, 
using 100-digit precision arithmetics.

First, we study the accuracy of the right-hand side of formula (1) for increasing 
values of the structured condition number deduced in Sect. 2. Moreover, we pursue to 
test the accuracy of Algorithm 1 under numerically challenging conditions, as well as 
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the usefulness of the relative running error bound provided by Algorithm 2. To achieve 
these goals, strictly increasing equidistant nodes xi = i/(m + ϵ), i = 1, . . . , m and 
coefficients aj = j/(n + ϵ), j = 1, . . . , n are considered. Notice that, for small val-
ues of ϵ, anxm approaches unity as n, m grow, and therefore a lack of accuracy in the 
computation of the product due to cancellation is expected—indeed, this behavior 
can be observed in Table 1. In addition, the relative running error bound computed 
by means of Algorithm 2 exhibits a sharp performance, endorsing its use in keeping 
track of the accuracy loss.

Secondly, with regard to the left-hand side of formula (1), our interest is to study 
the convergence speed when considering the sum over partitions of increasing size 
|λ|. To do so, we will consider the a priori adverse scenario of relatively close nodes 
and coefficients, and for which the bound provided by Theorem 3 is expected to be 
not far of the actual error. Two experiments are provided, analyzing the dependence 
of the results with both the size n × m and the value anxm.

In Table 2, nodes xi = 1/10 + (i − m)/1000, i = 1, . . . , m and coefficients 
aj = 3/10 + (j − n)/1000, j = 1, . . . , n are considered, keeping anxm size-inde-
pendent. The contribution to the sum of the left-hand side of (1) provided by

	

∑
|λ|=k

sλ(an)sλ(xm),

corresponding to the partitions of size |λ| = k, is gathered, together with the relative 
error of Sk(an, xm)—the truncated sum as defined in (20). Finally, the relative error 
bound provided by (27) is also depicted. As can be seen, the contributions to the sum 
are not necessarily decreasing with k; in fact, they seem to have a maximum high-
lighted in bold in the table which depends on the size n × m: as the dimension of the 
system grows, so does the size of the partitions that contribute the most. In addition, 
the provided bound also captures this behavior.

In the next experiment, to study the dependence with 
anxm, nodes xi = α/10 + (i − m)/1000, i = 1, . . . , m, α = 2, 3, 5, and coeffi-
cients aj = 2/10 + (j − n)/1000, j = 1, . . . , n are considered, keeping a constant 
size n × m = 8 × 12. The same quantities as in the previous case are collected in 
Table 3, where a similar behavior is observed: the dependence of the contributions 
of fixed partition size |λ| = k exhibits a maximum on k, which position grows with 
anxm.

n × m ϵ nmκ Formula (1) Running error
20 × 10 1 1.3e + 03 3.8e − 15 6.7e − 14
20 × 10 10−1 1.3e + 04 2.5e − 14 9.2e − 14
20 × 10 10−3 1.3e + 06 7.0e − 13 1.6e − 12
20 × 10 10−6 1.3e + 09 3.1e − 10 1.5e − 09
40 × 20 1 1.0e + 04 1.3e − 14 2.8e − 13
40 × 20 10−1 1.1e + 05 1.0e − 13 3.3e − 13
40 × 20 10−3 1.1e + 07 1.2e − 12 3.3e − 12
40 × 20 10−6 1.1e + 10 4.5e − 10 3.0e − 09

Table 1  Structured condi-
tion number, relative error, 
and relative error bound 
in the computation of S 
through formula (1) with 
xi = i/(m + ϵ), i = 1, . . . , m 
and aj = j/(n + ϵ), 
j = 1, . . . , n
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6  Conclusions and further research

In this work, we have developed a comprehensive perturbation and error analysis for 
the classical Cauchy identity in terms of Schur functions, deriving structured condi-
tion numbers that accurately quantify its sensitivity with respect to perturbations in 
both the nodes and the coefficients. Our results show that the relative error during the 
floating-point computation is governed by the relative gap between the extreme prod-
uct anxm and 1, and that small perturbations induce only moderate relative changes 
in the output when this gap is sufficiently large.

An efficient algorithm with a low-cost running a posteriori relative error bound 
is also proposed. The provided bound, computed alongside the main evaluation, has 
negligible additional computational cost and reliably tracks the propagation of round-
ing errors in floating-point arithmetic. Numerical experiments confirm its sharpness 
and practical usefulness.

We have also addressed the problem of truncating the Schur expansion of the Cau-
chy identity, providing explicit upper bounds for the truncation error. The numerical 

Table 2  Dependence on n × m of the contributions to the sum over partitions of fixed size k, the relative 
error of the sum up to size k and the relative error bound given by (27), for xi = 1/10 + (i − m)/1000, 
aj = 3/10 + (j − n)/1000, i = 1, . . . , m, j = 1, . . . , n, with anxm = 0.03.  For each size  n × m,  
the row that contributes the most to the sum over partitions of fixed k is highlighted in bold
n × m k ∑

|λ|=k

sλ(an)sλ(xm) Relative error of Sk(an, xm) Relative bound (27)

5 × 5 1 7.3e − 01 1.8e − 01 5.4e − 01
2 2.8e − 01 4.3e − 02 1.9e − 01
3 7.3e − 02 8.5e − 03 4.7e − 02
4 1.5e − 02 1.4e − 03 9.5e − 03
5 2.5e − 03 2.0e − 04 1.6e − 03
10 5.9e − 08 2.9e − 09 4.1e − 08
15 2.4e − 13 9.0e − 15 1.9e − 13

8 × 12 1 2.7e + 00 7.6e − 01 1.2e + 00
2 3.7e + 00 5.2e − 01 9.6e − 01
3 3.3e + 00 3.0e − 01 6.9e − 01
4 2.3e + 00 1.5e − 01 4.2e − 01
5 1.3e + 00 6.5e − 02 2.2e − 01
10 8.6e − 03 2.0e − 04 1.5e − 03
15 6.1e − 06 9.4e − 08 1.4e − 06

12 × 19 1 6.1e + 00 9.9e − 01 2.1e + 00
2 1.9e + 01 9.5e − 01 2.1e + 00
3 3.9e + 01 8.7e − 01 2.1e + 00
4 6.0e + 01 7.5e − 01 1.9e + 00
5 7.4e + 01 6.0e − 01 1.8e + 00
6 7.7e + 01 4.4e − 01 1.5e + 00
7 6.9e + 01 3.0e − 01 1.2e + 00
8 5.4e + 01 1.9e − 01 8.7e − 01
9 3.8e + 01 1.1e − 01 5.9e − 01
10 2.4e + 01 5.8e − 02 3.8e − 01
15 7.4e − 01 9.9e − 04 1.5e − 02
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tests illustrate both the asymptotic decay of the remainder and the dependence of the 
main contributions on the partition size.

Several directions for future work remain open. The methodology developed 
here could be extended to other Cauchy-type identities involving different families 
of symmetric functions (e.g., Hall–Littlewood, Macdonald, or Jack polynomials), 
where stability and truncation issues may be even more delicate. The integration 
of our error bounds into certified numerical libraries for symmetric functions could 

Table 3  Dependence on anxm of the contributions to the sum over partitions of fixed size k, the relative 
error of the sum up to size k and the relative error bound given by (27), for xi = α/10 + (i − m)/1000, 
i = 1, . . . , m, α = 2, 3, 5, and aj = 2/10 + (j − n)/1000, j = 1, . . . , n, for n × m = 8 × 12.   For 
each size  n × m,  the row that contributes the most to the sum over partitions of fixed k is highlighted in 
bold
anxm k ∑

|λ|=k
sλ(an)sλ(xm) Relative error of Sk(an, xm) Relative bound (27)

0.04 1 3.7e + 00 8.9e − 01 1.2e + 00
2 6.8e + 00 7.3e − 01 1.1e + 00
3 8.5e + 00 5.3e − 01 9.0e − 01
4 8.0e + 00 3.4e − 01 6.7e − 01
5 6.1e + 00 1.9e − 01 4.4e − 01
10 1.9e − 01 2.5e − 03 1.1e − 02
15 6.4e − 04 5.3e − 06 4.1e − 05

0.06 1 5.6e + 00 9.8e − 01 1.2e + 00
2 1.6e + 01 9.3e − 01 1.2e + 00
3 2.9e + 01 8.3e − 01 1.2e + 00
4 4.2e + 01 6.9e − 01 1.1e + 00
5 4.9e + 01 5.3e − 01 9.0e − 01
6 4.8e + 01 3.8e − 01 7.1e − 01
7 4.0e + 01 2.5e − 01 5.1e − 01
8 3.0e + 01 1.5e − 01 3.4e − 01
9 2.0e + 01 8.3e − 02 2.1e − 01
10 1.2e + 01 4.3e − 02 1.2e − 01
15 3.2e − 01 6.7e − 04 3.0e − 03

0.10 1 9.3e + 00 1.0e + 00 1.4e + 00
2 4.4e + 01 1.0e + 00 1.4e + 00
3 1.4e + 02 9.9e − 01 1.3e + 00
4 3.4e + 02 9.7e − 01 1.3e + 00
5 6.5e + 02 9.4e − 01 1.3e + 00
6 1.1e + 03 8.8e − 01 1.3e + 00
7 1.5e + 03 7.9e − 01 1.2e + 00
8 1.9e + 03 6.9e − 01 1.1e + 00
9 2.1e + 03 5.7e − 01 9.8e − 01
10 2.2e + 03 4.6e − 01 8.3e − 01
11 2.0e + 03 3.5e − 01 6.7e − 01
12 1.8e + 03 2.5e − 01 5.2e − 01
13 1.4e + 03 1.7e − 01 3.8e − 01
14 1.1e + 03 1.1e − 01 2.7e − 01
15 7.6e + 02 7.1e − 02 1.8e − 01
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make these results directly applicable in computational algebra systems and scientific 
computing environments.
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