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Abstract. Given a bounded open subset Q and closed subsets A4, B of R¥,
we discuss when an estimate u(z) < g(dist(z, AU B)), z € Q\ (AU B),
for a function u subharmonic on 2\ B, implies that u(x) < h(dist(z, B)),
z € Q\ B, where g,h : (0,00) — (0,00) are decreasing functions and
g(0") = h(0") = co. We seek for explicit expressions of h in terms of g.
We give some results of this type and show that Domar’s work Domar,
Y Ark. Mat. 3, 429-440 (1957) permits one to deduce other results in
this direction. Then we compare these two approaches. Similar results
are deduced for estimates of analytic functions.
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1. Introduction

The main question addressed in this paper is as follows. Assume Q C R* is a
bounded open set, A C € is compact and B C R¥ is closed. Let u: Q\ B —
[-00, 00) be a subharmonic function that satisfies an estimate

u(z) < g(dist(z, AUB)), ze€Q\(AUB), (1.1)

where g : (0,+00) — (0,+00) is a strictly decreasing function with g(0") =
+00. We wish to deduce an estimate

u(x) < h(dist(z, B)), (1.2)
where the function h : (0, +00) — (0, +00) is defined explicitly in terms of g.
The first part of the paper (Sects. 2 and 3) is devoted to this problem.
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Theorem 2.3, together with Remark 2.4, show that whenever A is a Lip-
schitz curve and g is regular and its singularity at 0 is of power type, (1.1)
implies that for some constant C' > 0,

u(z) < g(Cdist(z, B)), x€Q\B. (1.3)

If g(s) is regular and its growth at 0% is slower than any power s7¢, & > 0,
then the estimate (1.3) is stronger than an estimate u(x) < Cg(dist(z, B)).

The above-mentioned results, applied to domains €2 in the complex plane,
allow us to get results on estimates for analytic functions. In particular, The-
orem 2.3 implies that for an analytic function f : © — C, the estimate
If(2)| < C(dist(z,AN B))™P, where A C Q is a compact Lipschitz curve
implies that |f(z)] < C;(dist(z, B))™”, for some constant C; and the same
exponent § > 0. See Corollary 2.8 below.

The second part of the paper (which starts with Section 4) is devoted
to the discussion of the results by Domar [6] and obtaining their quantitative
versions. We show that these later results give an alternative approach to the
above problem.

Domar’s setting is as follows. Given a nonnegative upper semicontinuous
function F': Q — (—o0, +oc], where Q@ C RF, denote by Cr the class of all
subharmonic functions u: £ — R such that v < F' and set

M(x) := sup{u(z) : u € Cp}. (1.4)

Domar addresses the question whether M (z) is bounded on compact subsets
of Q. It is well-known that it is true if and only if M is subharmonic. For k = 2,
this question is related to normality of the family of analytic functions f in a
domain  in the complex plane, defined by the inequality log|f| < F.

Domar gives two theorems in this direction. Under the same assumptions
as Domar, in Section 4 we give estimates of the form

M(z) < h(dist(z, 99)), (1.5)

where h is a function explicitly written down in terms of F. This is done by
following Domar’s arguments.

In Section 5, we formulate and prove Theorem 5.1, which gives an answer
to the main question of the paper under the assumption that A is p,-admissible
for some p, < k (see Definition 2.2 below). Roughly speaking, this means that
A is not too massive, in particular, its Minkowski dimension has to be less than
k. If the Assouad dimension of A is less than p, < k, then A is p,-admissible.

Theorem 5.1 is obtained by applying our quantitative versions of Domar’s
results.

In several places, we find out that a regularity assumption on the growth
of g permits us to formulate simpler results. This assumption is that g(1/s)
belongs to a Hardy field (see Section 2 for a definition).

Theorem 5.1 applies to functions g that may have much stronger singu-
larity at 0T than the singularity of power type. In Section 5, we will prove
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Theorem 2.5, which is a particular case of Theorem 5.1 for regular functions
g whose singularity at 0% is at most of power type. For these functions g, it
asserts that whenever A is p,-admissible and p, < k, (1.1) implies that for any
a > 1, there exists C € (0,1) such that

u(z) < ag(Cdist(z, B)), =z €\ B. (1.6)

It is interesting to compare Theorem 2.3, obtained by a direct estimate,
with Theorem 5.1, which follows from Domar’s methods. On one hand, The-
orem 5.1 allows much higher growth of g at 0 than Theorem 2.3 and a much
more general class of sets A. On the other hand, for the case when A is a Lips-
chitz curve and the singularity of g(s) at 07 is weaker than s~¢ for any € > 0,
Theorem 2.3 gives a more exact estimate, because (1.6) is weaker than (1.3).

At the end of Section 5, we give a list of open questions.

Section 6 (Appendix) contains a proof of a technical lemma, which is
close to Domar’s arguments.

It should be noted that there is some resemblence between our main
problem and the classical problem of describing removable sets for analytic,
harmonic or suharmonic functions. The most famous of these problems is prob-
ably the Painlevé problem of describing removable singularities of bounded
analytic functions, solved by Tolsa in [19], with remarkable previous contribu-
tions by David [5] and Melnikov and Verdera [15], among others. We refer to
Bjorn [2] for a treatment of a variant of the problem for analytic functions in
H?P. The problem of removable singularities for harmonic functions comes back
to Carleson [4]. The results by Nazarov, Tolsa and Volberg [16] in a sense gen-
eralize the solution of the Painlevé problem on analytic functions to harmonic
functions in n dimensions. We refer to reviews [16] and [20] for an account of
these fields.

See Gardiner [10] and Riihentaus [17] for results on the corresponding
problem for subharmonic functions and [18] for results on n-harmonic func-
tions.

Despite the resemblence, the setting of all these papers differs from ours.
Indeed, we assume a priori that our function u is subharmonic (or analytic)
on A\ B, whereas in all these works the main question is whether this fact can
be deduced from the assumptions on the growth of u near A. Our assumptions
on A, typically, do not imply that A is removable for the corresponding class
of functions.

The authors thank Istvan Prause and Tuomas Orponen for drawing our
attention to the relation between p,-admissible sets and the Assouad dimen-
sion.
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2. Our Main Results

Through this paper we consider fixed a dimension k > 2. Let p, g be positive
integers with p + ¢ = k. For any x € R¥ let us write z = (2/,2") with 2’ € R?
and 2”7 € RY. Given m € N, x € R™ and r > 0, we denote by B,,(x,r) the
open ball in R™ centered at = with radius r. For any z € R¥ and any r, s > 0,
we define the (open) cylinder

C(x,r,s) := Bp(z',r) x By(a",s).

For any a € R*, let T, : R¥ — R¥ denote the translation T,z = z+a. We denote
by | - | the norm in Euclidean spaces R™ and by m the Lebesgue measure in
RE.

We recall that a function ¢ : V — RY, where V C RP, is said to be of
Lipschitz class if

lp(x2) — (1)
lellLip == sup
w126V #ae T2 — T
is finite. We denote by G(p) the graph of ¢; it is a subset of V' x RY.

Definition 2.1. A compact set A C R* will be called a p-dimensional Lipschitz
surface if there are constants L, R > 0 such that for any a € A, there exist
a Lipschitz function ¢, defined on B,(0, R) and taking values in R?, with
Lipschitz constant ||¢||rip less or equal than L, and a k x k orthogonal matrix
U, such that
C(0,R,3LR)NU,T_,A=G(p).

In other words, near any of its points, A has to be a rotated graph of a Lipschitz
function of p variables.

One can replace the above parameter 3LR with NLR for any fixed con-
stant N > 1, getting an equivalent definition.

We will also work with more general sets than Lipschitz surfaces. In what
follows, for a set G C R* and ¢ > 0, we define

[Glo :=={y e R*¥\ G : 0 < dist(y,G) < o}.

Definition 2.2. Let p. € (0,k) be a real number and let G C R¥ be a compact
set. Put ¢, = k — p.. We say that G is p.-admissible if there is a constant C'
such that for any 2 € R* and any R,o > 0,

m([Gl, N B(z, R)) < Co’% RP-. (2.1)

Any p-dimensional compact Lipschitz surface is p-admissible, because it
can be represented as a finite union of (rotated) Lipschitz graphs. Notice also
that a finite union of p-admissible sets is a p-admissible set. There is a relation
of p-admissibility with the Assouad dimension, see Proposition 5.3 below.

We will need a few basic facts about Hardy fields of functions. We refer
to [3, Appendix of Chapter V] for more information. Let F be the collection of
intervals of the form [M,+00), where M € R, and let H(F,R) be the ring of
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real-valued functions, defined on sets from §. Two functions fi, fo € H(F,R)
are said to be equivalent (f; ~ f2) if they coincide on an interval belonging
to F. A subset R of the quotient set H(F, R)/ ~ by the above equivalence is
called a Hardy field if it is a subfield of the ring H(F,R)/ ~ and each class
in R contains a differentiable function f on an interval in § such that the
equivalence class of f’ also belongs to R .

Let R be a Hardy field. In what follows, when we say that a function f
belongs to R we will mean that the equivalence class of f is an element of fR. It
is known that any function which represents a non-zero element of R does not
vanish on some interval of the form [M,+00), where M € R. It follows that
for any two functions f1, fo in R, either f; < fy or fi > fo on some interval
[M,+00) as above.

The field of (H) functions (see [3]) is a particular example of a Hardy
field. It is formed by all expressions in ¢, defined on an interval from §, that
can be obtained from rational functions of ¢ by applying finitely many times
the composition with log, exp and arithmetical operations.

Let us introduce the function 7: (0, 00) — R, given by

12k if k > 2,
n(t) = e
log(1/t) if k=2.

Notice that z € R¥\ {0} ~ 7n(|z|) is a multiple of the fundamental solution of
the Laplace equation.

Now we are ready to state our first result. Section 3 will be devoted to
its proof.

Theorem 2.3. Let Q C RF be a bounded open set. Let A C Q be a closed subset
of a Lipschitz curve (that is, a 1-dimensional Lipschitz surface) and B be a
closed subset of R¥ such that BNQ is non-empty. Let 1: (3,00) — (0,00) be a
concave increasing function, with 8 > 0, such that ¥ (t) — oo when t — oco. Fix
some a > 0 small enough such that the composition function g(t) = (¢ on)(t)
is well-defined on (0, ). If u: Q\ B — R is a subharmonic function on Q\ B
satisfying
u(z) < g(dist(x, AU B)), z€Q, 0<dist(z,AUB) < « (2.2)
then there exist positive constants ci,co and 7, which do not depend on the
function u, such that
u(z) < 2g(cy dist(z, B)) — g(ce dist(z, B)), x€Q, 0 <dist(z,B) < 7. (2.3)

Remark 2.4. Suppose that g satisfies the hypotheses of the above theorem and
that for any 3 > 0 there exists § > 0 such that g(¢°) is a convex function on
(0,0]. Then the estimate (2.3) implies that

u(z) < g(vdist(z, B)), x €, 0 < dist(z, B) < 7,

where v > 0 and 7 > 0 are constants. The last convexity hypothesis on
g is automatically fulfilled if g(1/t) belongs to a Hardy field that contains
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functions f,(t) = t7, v € R. Indeed, in this case (d?/(dt)?)g(t?) cannot change
sign infinitely many times on (0, «].

By applying quantitative Domar’s theorems, in Section 5 we will get the
following.

Theorem 2.5. Let 0 < p. < k and let Q be a bounded open subset of R.
DY Suppose that B C RF is closed and A C Q is a compact p.-admissible
set such that m(A) = 0. Let g : (0,+00) — (0,400) be a strictly decreasing
function such that g(0%) = 400 and g(t) < C1t=P for t € (0,1], where 3 > 0
and Cy > 0 are constants. Suppose also that g(1/t) belongs to a Hardy field
R, which contains all functions t7, v € R. Then for any a > 1 there exists a
constant v € (0,1) such that the following holds. For any subharmonic function
u on Q\ B satisfying (1.1), one has

u(z) < ag(vdist(z, B)), =€ Q\ B. (2.4)

The Hardy field of (H) functions, mentioned above, meets the above con-
dition.

Theorem 2.5 only applies to functions g whose singularity at 07 is at
most of power-type. By using quantitative Domar’s theorems, below we give
Theorem 5.1, which applies to functions g with much stronger singularity at
0.

Corollary 2.6. Let A, B, be as in Theorem 2.5.

(1) Let g(t) = t7°, 0 < b < q. Then, by Theorem 2.5, (2.2) implies that
u(z) < Cy(dist(z, B)), x € Q\ B. If A is a closed subset of a Lipschitz
curve, k > 3 and b < k — 2, one can apply Theorem 2.3 to get the same
conclusion.

(2) Let now g(t) = log’(1/t) for 0 <t < 1/2, where 0 < b < oo. By Theo-
rem 2.5, (2.2) implies that for any a > 1 there exist constants C > 0 and
71 > 0 such that

u(z) < alog’(C/ dist(x, B)), x €, 0 <dist(z, B) < 7,

(8) Still consider the case g(t) = log"(1/t), where 0 < b < co and A is closed
subset of a Lipschitz curve.
If k> 2, we can apply Theorem 2.3 to get a better estimate

u(z) < log”(C/ dist(z, B)), x € Q, 0 <dist(z, B) < 11,

where C' > 0 and 71 > 0 are constants. If k = 2, we get this inequality if
we assume additionally that 0 < b < 1.

Remark 2.7. Suppose that g(1/t) belongs to a Hardy field, which is closed
under the mappings f(t) — f(Ct), C > 0. If for some b > 0, g(t)t* — 0 as
t — 07, then for any C € (0, 1) there are constants C; > 0, £y > 0 such that

g(Ct) < Cig(t), 0<t <ty
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Indeed, if it were not the case, then by applying the properties of Hardy
fields, one would have g(Ct) > C~g(t) for 0 < t < t;, where t; > 0. This
implies g(C™t1) > C~%"g(t1), n > 1, which contadicts the assumption g(¢)t* —
Oast— 0T,

Now suppose that g has a weak singularity at 0T, that is, for any ¢ > 0,
g(t)t* — 0 ast — 07. Due to a similar argument, then for any numbers C > 1,
to > 0 there is no v € (0,1) such that Cg(t) < g(vt), 0 <t < to. So for these
functions g, the assertions of Remark 2.4 and Theorem 2.5 are strictly stronger
than an estimate u(z) < Cg(dist(z, B)), © € Q \ B, where C' is a constant.

By applying Corollary 2.6 to the case when k = 2 and u = log|f|, where
f is analytic (so that w is subharmonic), we get the following statement.

Corollary 2.8. Let € be a bounded domain in the complex plane C, B a closed
subset of C and A C  a compact subset of a Lipschitz curve. Let f be an
analytic function on Q\ B.

(1) If, for some b >0 and C > 0,
If(2)] < Cdist(z, AUB)™", 2€Q\(AUDB),
then there is a constant Cy such that |f(z)] < Cydist(z, B)~" for all
z € Q\ B.
(2) If, for some a,b,a > 0,

b
1
< I :
|f(2)] _a<10gdist(z,AUB)> , 2€Q\ (AUB),dist(z,AUB) < a,

then there are constants €, 7 with € > 7 > 0, such that

If(2)] Sa(log 2 €Q\ B,dist(z, B) < .

c b
dist(z, B)) ’

By applying Theorem 2.5 to log | f|, we obtain a slightly weaker estimate
than that in (2) under a weaker assumption on the size of the set A.

Corollary 2.9. Let Q2 be a bounded domain in the complex plane C, 0 < p, < 2,
B be a closed subset of C and A C Q a compact p.-admissible set such that
m(A) =0. Let f be an analytic function on Q0 \ B.

If, for some a,b,a > 0,

1 b
< - 1
|f(2)] a(log Sz, )> , 2€Q\(AUB),dist(z,AUB) < «,

then for any a1 > a there are constants €, 7 with € > 7 > 0 such that

b
FE) < @ (108 o) -

These estimates for analytic functions were, in fact, the main motivation
of our research. In a forthcoming article [1], we apply analogues of Corollar-
ies 2.8 and 2.9 to questions related with the estimates of the resolvent growth
of a function of a linear operator.

z € Q\ B,dist(z, B) < 7.
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Corollary 2.10. The statements of Remark 2.4 and Corollary 2.8 generalize to
the case when A is a compact subset of Q which is contained in a finite unions
of Lipschitz curves.

Indeed, one can apply induction on n to prove that this statement holds
if A is contained in the union of n Lipschitz surfaces.

Remark 2.11. Theorem 2.5 does not hold if A is a general closed set. Indeed,
take B = {zo}, where 2y € . Fix a function g and then a function u, sub-
harmonic in Q\ {zo}, whose growth at z¢ is such that u does not satisfy the
conclusion of this theorem. Then one can find a closed countable set A C 2,
whose unique accumulation point is g, such that dist(z, A U B) decays so
rapidly when @ — x that (1.1) is satisfied. The same example shows that
Theorem 2.3 and Remark 2.4 also fail for a general closed set A.

3. Proof of Theorem 2.3

This section is devoted to the proof of Theorem 2.3. Fix Q, A, B, g and u as
in the formulation of that theorem. Recall that now we consider p = 1.

Notice that the function g is decreasing and g(t) — oo as t — 0F. More-
over, since the function # € R*\ {0} + n(|z|) is a multiple of the fundamental
solution of Laplace equation, the function —g(|z|) is subharmonic (see [11,
Theorem 2.2]). Using that g is decreasing, we can assume without loss of gen-
erality that A is a Lipschitz curve.

In Definition 2.1, we can take L as large as needed and R > 0 as small
as wanted. In particular, let us choose L, R so that L > 2 and R < 2a.

Fix a domain D in R¥ with C? smooth boundary such that

C(0,1,2L) c D C C(0,1,3L)
Given any a € A and r € (0, R), we set
Do = T U (rD).

To simplify notation, we will assume that U, = I. Then, by Definition 2.1,
C(a,R,3LR) N A is a graph of a function ¢ with ||¢||rip < L, which is defined
on the interval (' — R,a’ + R) (here a’ is the first coordinate of a, a = (a’, a’)).
Lemma 3.1. Let a € A and r € (0, R/8L). Assume that U, = I. Then for all
x € 0D, we have
"_ ’

|55L7f(1$)| < dist(z, A) < |2 — p(2)].
Proof. We have
ODar NA=0C(a,r,2Lr)NA={(d — R,p(a’ = R)),(a + R,p(a’ + R))}.

Fix © € 0D, ,. Then |z — a| < 4Lr. In particular, 2’ € (¢/ — R,a’ + R). Since
By (a,R) C C(a, R,3LR), the points of AN Bi(a, R) belong to the graph of ¢.
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The second inequality of the statement is immediate:

dist(z, A) < |z — (2, 0(2"))| = 2" = p(2")].
For the first inequality, notice that for some y € A we have dist(z, A) = |z —y|.
Hence

ly—a| <l|y — x|+ |z —a|] <2z —a|] <R,

and therefore y = (v, p(v')). Now let z := (2/,¢(2")). Since |2’ — a'| < 4Lr <
R, it follows that z € A. Since |y’ —2'| = |y —2'| < |y—=z| and |2 —2"| = |z—x],
we have

Lly—z| > Ly = 2| > |y =2"| > |2 =a"| = |y =2"| > |z — x| = |y — 2|

This gives that
|z =z < (L+ 1)y — x|,
so that

" /
—p) 24 .

= < — = 5 A
O = T <y — af = dist(e, A),

as we wanted to prove. [l

|

Now suppose that u is a subharmonic function on Q \ B, which satis-
fies (2.2). We wish to show (2.3). In this estimate, one can always replace ¢;
by a smaller positive constant and co by a larger constant (changing also the
value of 7). So, if estimates of the form (2.3) hold on two different subsets of €
(for different choices of constants ¢, ¢a, 7), then an estimate of the same form
holds also on the union of these two subsets.

If dist(x, B) < 20L dist(z, A), then dist(x, AU B) > dist(x, B)/(20L); so
in this case (2.2) clearly implies (2.3). Set 7 = R/2. Then it remains to prove
(2.3) for points z satisfying

20L dist(x, A) < dist(z, B) < R/2. (3.1)
Fix a point xo as in (3.1), and set
_ dist(zo, B) - R
- 10L 20L°
For some a € A we have dist(zg, A) = |xg — a| < r/2. Hence xg € Bg(a,r/2).
We also have

dist(a, B) > dist(zo, B) — |xo — a| > 10Lr — /2 > 9Lr.
Therefore By(a,9Lr) N B = (). Since
By(a,r) C C(a,r,2Lr) C D, C C(a,r,3Lr) C Bi(a,4Lr),

(3.2)

we have
D, NB=0 and dist(zg,dD,,) > r/2. (3.3)
Notice also that zg € Dy,
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We are going to prove that xg satisfies (2.3), with some constants ¢y, co
independent of zy. We may assume without loss of generality that U, = I. We
may also assume that

ANDyr=G(p) ={(z1,2"): 2" =p(a),d —R <2’ <d +R}.

The Lipschitz curve A intersects 0D, in two points, say y and z, with ¢’ =
a’ —r and 2’ = a/ + r. Consider the function v: D, , — R given by

T — x—z
v(x):=g <| 8Ly|> +g (' ST |) .
Notice that |a”” — y”| < Lr and |a” — 2”| < Lr. Therefore for x € D, ,
max{|z —yl, |z — 2|} < (4L + 2)r < 8Lr. (3.4)
Since r < «, it follows that v is well-defined on @a,r, except for the points y, 2.
Lemma 3.2. For all x € 0D, , \ {y, z} we have
g(dist(z, A)) < v(z) — g(r).
Proof. Take x € 0D, \ {y, z}. We distinguish three cases. First, suppose that
' =y'. Using Lemma 3.1 and that ¢(2’) = 3", we have

. | 1 y//‘ |:L, y|
> = . .
dist(z, A) ] ] (3.5)

In particular,
dist(z, A) > lz =yl (3.6)
’ 8L

and hence the statement follows using that g decreases.

Next, suppose that ¢y < z’ < 2’. In this case,
2" — p(a)]  |2" = a"| — |p(2) — "

L+1 - L+1
2Lr — Lr _ 2r _ |z —vy]
> > > .
- L+1 — 3~ 8L

Here in the first inequality we used Lemma 3.1. In the third and fourth in-
equalities we used that the Lipschitz constant of ¢ is L and that L > 2. In the
last inequality, we used that |x —y| < (4L + 2)r (see (3.4)). We conclude that
in this situation (3.6) also holds.

The third case 1 = 21 is completely analogous to the first case z1 = yq,

with the roles of y and z interchanged. g

dist(z, A) >

Notice that —v is subharmonic in D, , (see [11, Theorem 2.2]), so v — v
is subharmonic in D, ,. We also have

lim wo(z)= lim o(z)=+c0 (3.7)

Da,r3x—Yy Da,r3x—2

Fix any w € 0D, . Notice that

1 9 9
lzo — w| < |zo —al + |a —w| < (5 +4L)r < iLT = %dist(xo,B).
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By (3.1) and the last inequality, we get
dist(zo, B) — dist(zg, A) > (1 — 2—10) dist(zo, B) > 2|xg — w].
Therefore
dist(w, B) — dist(w, A) > dist(zg, B) — dist(xo, A) — 2|zg — w| > 0.
We conclude that dist(w, AU B) = dist(w, A) for any w € 9D, .
Combining this fact, Lemma 3.2 and equation (3.7), we obtain

limsup (u—v)(z) < —g(r)
Da,r2x—w
for all w € 0D, . Hence, by the maximum principle for subharmonic functions
(see [11, Theorem 2.2]), for all x € D, , (in particular for z¢), we have

u(z) < v(z) — g(r).

Since dist(xg,0Dqy,r) > r/2 (see (3.3)), we obtain |xg — y| > r/2 and
|xo — 2| > r/2. Then, using (3.2) we get

u(zo) < v(xo) — g(r)

< _

<2 <16L) 9(r)

- diSt({Eo, B) diSt((E(), B)
=29 ( 16012 I\ )

Therefore, taking ¢; := ﬁ, Co 1= ﬁ we conclude the proof of Theorem 2.3.
O

4. Quantitative versions of Domar’s theorems

Let Q be a bounded domain in R*, k > 2 and let F': Q — [0,00] be a given
nonnegative upper semicontinuous function. We recall that Cr denotes the
class of all subharmonic functions u:  — R such that v < F and define M (z)
by (1.4).

Let n: (o, 8) — R be a given decreasing function, where (a, ) is a (finite
or infinite) subinterval of R. We set

N (s):=1inf{t € (o, B) : n(t) <s}, se (limgn,oo). (4.1)
Notice that n~ is right-continuous and that 7~ (s) = « for s € [lim, 7, o). If
n is continuous and strictly decreasing, then = coincides on (limg n,lim, 7)
with 71, the inverse of 7.

We define 74, the right-continuous regularization of the function 7 by
N4+ (t) = limy+ n(t). Functions n and ny differ only on a countable set, and
n=(s) = (n4) " (s) for all s.

If i decreases and is right-continuous, then n(n~(s)) < s for all s.
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Recall that given a measurable function H: R — [0, 00], if h: Q — [0, 0]
is its distribution function, i.e. h(s) := m({H > s}), then for any ¢ > 0 we
have

/ H(x)dx:/ooh(s)derth(t). (4.2)
{H>t} t

Denote by f: [0,00) — [0, 00] the distribution function of F. Then f~ is
equidistributed with F', that is, for any yg > 0, the one-dimensional measure
of the set where f~(s) > yo is the same as the k-dimensional measure of
the subset of Q, where F(z) > yo. Similarly, log™ f~ is equidistributed with
log™ F.

In this section we will obtain a quantitative version of the following results
by Domar [6] using a slight refinement of his arguments. We will use a notation
quite similar to that employed in [6] to facilitate the comparison.

Theorem A. ([6, Theorem 2]) If for some e > 0,

/ [log™ F(ac)]k_H_E dz < o0, (4.3)
Q
then M (x) is bounded on every compact subset of ).

Theorem B. ([6, Theorem 3|) Suppose that F(x1,...,xx) only depends on the
first q. variables, where 1 < q, <k —1. If

2]
| 108" £ (s)d(s1) < 4, (4.4)
0
then M (x) is bounded on every compact subset of ).

We remark that in his statements, Domar understood that subharmonic
functions cannot take value —oo. Here we allow this value. This does not
affect Domar’s statements. Indeed, max(u, 0) is a subharmonic function for any
subharmonic function u, so that M (x) does not depend on whether in (1.4),
suharmonic functions that take value —oo are allowed or not.

As Domar mentions in [6], if ¢, > 1, then (4.4) holds if

/Q [log™ F(m)]w dx < oo (4.5)

for some w < ¢.. If g, = 1, then (4.4) is equivalent to condition (4.5) for w = 1.

These results by Domar [6] are vast generalizations of Levinson’s loglog
theorem [12] on analytic functions. It is worth mentioning that in [7], Domar
has generalized his results in [6] to solutions of certain elliptic and parabolic
equations. In [13], Logunov gave an analogue of Levinson’s log log theorem for
harmonic functions. Logunov and Papazov in [14] give a version of Levinson’s
theorem for solutions of elliptic equations and relate this result with what they
call a three ball inequality.

@ Springer



Self-Improving Estimates of Growth of Subharmonic. .. Page 13 of 25 50

4.1. Our Version of Domar’s Theorem A
From now on, we fix a constant a > 1.
Denote by Sk the volume of the k-dimensional ball By (0, R). Given u €
Cr, for any v € R set
E, ={a"<u< a”“} cQ and ¢,:=m(E,).
Notice that if (4.3) holds, then ¢, is finite for all v > 0.

Lemma 4.1. (See [6, Lemma 1]) Let D be a positive constant and A a positive

integer, both so large that

a 1

Suppose that for some v > A and some z, € ) we have
u(z,) >a” and Bi(z,,R) C 9,
where
R>D(lyx+-+0,)""
Then there exists x,11 € Bg(x,, R) such that

w(xy41) > a’tt

Domar used the value a = e, but here we will make some advantage of
choosing finally a close to 1.

As an immediate consequence of the above lemma we obtain the following
result.

Corollary 4.2. Let D and X\ be as in Lemma 4.1. Suppose that u(xs) > a® for
some u € Cr and some xy € Q, where t > \. Let s be a real number such that
s —t is a positive integer and let

s—t—1

R>D Z (gt-l-n—)\ R €t+n)1/k.
n=0

Then either By(x¢, R) intersects the boundary of Q or u(xs) > a® for some
Zs € Br(zy, R).
We set
fi(t) = f(a"), t>0.
Lemma 4.3. Let D and X\ be as in Lemma 4.1. Fort € (A\+1,00), let

k—1

k—1\F L
6(t)::()\+1)< - ) (t—1—\)e/k

and

=

Y(t) = V(OO Fi(sTrE ) ds + (= NP R (- N |

ti)\)kfli»s
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and set o(t) = d(t)yY(t). If for some v € Cp, t > A+ 1 and x4 € €2, one has
u(xy) > at, then
dist(x4, Q) < De(t).

This lemma is just a slight refinement of the computations given in the
proof of Theorem 2 of [6]. We postpone its proof to the Appendix.
Notice that §(t) — 0 when ¢ — oo, and (4.3) implies that ¢ is bounded:

1

k

0<u(t) = [ /{ oy logT E dx]

IN

[/Q[logf F(x))k-1te dw} f < 0.

Consequently ¢(t) — 0 when ¢ — co. Now Theorem A can be deduced from
Lemma 4.3 as follows. Suppose that M is not bounded on some compact set
K C Q and put p := dist(K,0Q) > 0. Take t > 0 so that Dy(t) < p. Let
x4 € K be such that M (x;) > at. Then, for some u € Cr we have u(x;) > a,
and by Lemma 4.3 we arrive to the contradiction dist(z:,0Q) < Dp(t) < p.

Let us see how Lemma 4.3 can be used to obtain a quantitative version
of Theorem A. First, notice that the function 6: (A + 1,00) — R is positive,
strictly decreasing and 6(t) — oo when ¢t — (A + 1)T. On the other hand, the
function ¥: (A + 1,00) — R is decreasing. Moreover, if

m{zx eQ: F(z)>s}) >0 (4.7)

for all s, then we can also guarantee that 1 is positive. Consequently ¢: (A +
1,00) — R is a positive strictly decreasing function such that ¢(t) — oo when
t— (A+1)" and ¢(t) — 0 when t — co. Also, since § is continuous and 1 is
right-continuous the product ¢ = §¥ is right-continuous.

We will use the right-continuous function ¢~ : (0,00) — (A + 1,00)
(see (4.1)).

Theorem 4.4. (A quantitative version of Theorem A) Let Q be a bounded
domain in RF, k> 2, and let F: Q — [0,00] be a nonnegative upper semicon-
tinuous function such that m({x € Q: F(x) > s}) > 0 for all s, and

/ [log™ F(x)]kiprs dz < oo
Q

for some € > 0. Let Cp be the class of all subharmonic functions u: & — R
such that w < F and set M(x) := sup{u(z) : v € Cr}. Fiz a constant a > 1
and let the function ¢ be as in Lemma 4.3. Then for all x € Q we have

M(x) < a(,o—(D_1 dist(z,BQ))'

Proof. Suppose on the contrary that M(z) > a@” (D71 dist(2,09) for some
z € Q. Then, for some u € Cp we have u(z) > a (P dist@0)  Gince
o~ (Dt dist(z,09)) > XA + 1, by Lemma 4.3 we arrive to a contradiction:
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dist(z,99) < Dp(p~ (D~ dist(x, 09Q))) < dist(x,dNQ).

4.2. Our Version of Domar’s Theorem B

Let F, :={x € Q: F(x) > a"} for each v > 0. Choose some p, € (0,k) and
put ¢. = k — p.. Notice that, to the contrary to Domar’s Theorem B, we allow
non-integer values of ¢,. Set

m(F, N Bi(z, R))
Rp- ’

where the supremum is taken over all balls By(x, R) contained in 2. Notice
that p,, is a decreasing function, that p,, (07) exists and is positive.

g, (V) :=sup v>0, (4.8)

Lemma 4.5. Let D be a positive constant and A a positive integer, both so large
that

a 1

Let u € Cp. Suppose that for some v > X\ and some x,, € {2 we have
w(z,) > a” and  Bg(x,,R) C Q,

where
R > Dy, (v — A,
Then there exists x,+1 € Br(z,, R) such that

u(z, 1) > a” .

Proof. The proof is quite similar to that of Lemma 4.1. If u(z) < a**! for all
x € Bi(z,, R) then

u(zy,) < L/ u(x) dx
SR By (zv,R)

1
/ u(z) dx + / u(z) dx
Fu—AmBk(xluR) Bk(xvvR)\vak

= 5’7}%
1

< g (@ g, (v = VR 40" \Sk)
R

L fape (v =NRe 1
- |: R’“Sl +a)‘

v a n 1
a’ | — 4 =
DS a?

< a”

— )

which contradicts the hypothesis u(x,) > a”. O
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Corollary 4.6. Let D and A be as in Lemma 4.5. Suppose that u(z;) > a® for
some u € Cr and some x; € Q, where t > \. Let s be a real number such that
s —t is a positive integer and let

s—t—1
R>D Y [ng. (t+n— NV

n=0

Then either By(z¢, R) intersects the boundary of 0 or u(xs) > a® for some
xs € Bi(zt, R).

Lemma 4.7. Let D and X be as in Lemma 4.5. Suppose that pg, (v) is finite
for any v > 0 and

1
/ i, (s) ds/9* < oo. (4.10)
0
Set
Haqx (t=X)
o(8) ;:/ (o (s) —t+1+N)dsY/,  t> X (4.11)
0
If for some u € Cp, t > X and z; € Q one has u(x;) > a', then
dist(z, 0Q2) < Dp(t).

Proof. Since u is bounded from above on compact subsets of 2, by Corol-
lary 4.6 we have

dist(wy, 00) < DY [g, (t — A+ n)]/o

n=

0
0 g, (t=Atn)
-pY} /0 ds'/a-
n=0

0 Hay (t_>‘+”)
:DZ/ (n+1)ds'/a
n=0 " Hax (t—=A+n+1)

0 Hay (t=A+n)
<DZ/ (u;(s)—t—i-l—i—)\)dsl/q*
=0 . (-2t

Mg (t_)‘)
:D/ (u(;(s)—t—i-l—f—)\)dsl/q*
0

= Dp(t).

Notice that the function p is decreasing.

Theorem 4.8. (A quantitative version of Theorem B) Let 2 be a bounded
domain in RF, k> 2, and let F: Q — [0,00] be a nonnegative upper semicon-
tinuous function. Fix a constant a > 1 and let F, := {x € Q: F(z) > a"} for
each v > 0. Choose some p, € (0,k) and put q. =k — p,. Set
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m(F, N Bg(z, R))

Rp+ ’
where the supremum is taken over all balls By(x, R) contained in Q. Suppose
that (i, (v) is finite for any v > 0 and

1
/ thg. (8) dst/? < oo
0

(see (4.1)). Define the function p as in Lemma 4.7. Then for all x € Q we
have

tq. (V) :=sup v>0,

M(I) < ap_(D_ldist(z,E)Q))'
We remark that condition (4.4) of Theorem B implies condition (4.10).

Proof of Theorem 4.8. Suppose on the contrary that
M(JC) > ap’(D’ldist(m,c’)Q))

for some x € 2. Then there are some u € Cr and 3 € R such that

U(l‘) > @70 > ap’(D’1 dist(m,aﬂ)).
Since p~ (D! dist(z,0)) > A, by Lemma 4.7 we arrive to a contradiction:

dist(z,99) < Dp(s2) < Dp(p~ (D~ dist(z,09))) < dist(z, 09Q).
O
Remark 4.9. Theorem 4.8 is still true if, instead of defining the function g,
by (4.8), we just require that
F, N By(z,
sup m(F, N Bg(z, R))

B (z,R)CQ Rp-

< pg. (v)

for all ¥ > 0. This can be seen easily from the proof of this theorem. This
observation will be useful for application of this result.

5. Application of Quantitative Domar’s Results to Our
Problem. Proof of Theorem 2.5

Here we show how to apply Theorem 4.8 to obtain an answer to our main
question for the case when A is a p,-admissible set. We are going to prove the
following.

Theorem 5.1. Let 0 < p, < k and let Q be a bounded open subset of R¥.
Suppose g is continuously differentiable. Fix a > 1. Choose D > 1 so that this
value of D and \ = 1 satisfy (4.9). Suppose that B C R¥ is closed and A C Q
is a compact p.-admissible set such that m(A) = 0. Let C1, = max(C, 1), where
C' is the constant in the condition (2.1) for p.-admissibility. Put

faa(v) == C1 (g7 (@)™
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and let
Fraq(t) = logag((cil)a) (5.1)

be its inverse function. Assume that p_, satisfies (4.10). Put

)u'ad(t_l)
pad(t):/ (1, (s) — t +2) ds'/9-, t>1. (5.2)
0

Set 7 = dist(A,09)/2 > 0. Then for any subharmonic function u on Q\ B
satisfying (1.1), one has

u(z) < ap;d(diSt(z’B)/(gD)), z € Q\ B,dist(z, B) < 7. (5.3)

Notice that (5.2) is just the formula (4.11), applied to p4q in place of pq,
and to A = 1.

Let us relate the notion of a p.-admissible set with the Assouad dimen-
sion. If H C R is a bounded set and > 0, we denote by N,.(H) the smallest
number of open balls of radius » whose union contains H.

Definition 5.2. Let A be a bounded non-empty subset of R*. Given p € (0, k)
and C' > 0, consider the condition
RN\P
(Alp,C)) forall0 <r < Rand x € A, N.(B(z,R)N A) < C(;) :
The Assouad dimension of A is defined as

dimas A = inf {p : there exists C' > 0 such that (A(p, C)) holds}.

We refer to the book by Fraser [9] for a comprehensive account of this
notion.

Proposition 5.3. Let p. < k. If the Assouad dimension of A is less than p.,
then A is p.-admissible.

Proof. By the assumption, (A(p.,C)) holds for some constant C' > 0. Hence
for all 0 < 0 < R, B(xz, R) N A can be covered by less than C'(R/c)P+ balls of
radius o. It follows that [A], is covered by the balls with the same centers of
radia 20. This implies (2.1), which shows that A is p,-admissible. O

There are many examples of sets A C R* of non-integer Assouad di-
mension, in particular, self-similar sets that are attractors of iterated function
systems, which satisfy the so-called Open Set Condition. See [9], Theorems
6.4.1, 6.4.3 and Corollary 6.4.4 and Falconer’s book [8], Chapter 9 (in partic-
ular, Theorem 9.3). There are cases when dimag A is strictly between k — 1
and k.
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Proof of Theorem 5.1. Integrating by parts, we get

.“'ad(l/_l) 1
paal) = [ () +2 = v) da?
0

1 |T=Hada(v—1)

= /J;d(x)x"j

=0

Mad(l’fl) , 1 s
- [ b @ do o+ (2 ) paate 1)

(5.4)

1 1

= (v = Dpag(v —1)7 + (2 = v)piga(v — 1)7-

l‘ad(Vﬁl) _ 1
- ) @a do
0
1 Had(y_l) _ 1
—paalv = 0% = [ ) @) e
0
Since (p,,)" < 0, it follows that peq(v) > prea(v — l)i. Hence, by (5.1),

Paq(t) =1 +1og, g(Cy ™) > 1+ log, g(1). (5.5)

Suppose u satisfies (1.1), and fix a point x € Q \ A such that 0 <
dist(z, B) < 7. Consider two cases.

CASE 1: dist(z, A) > dist(x, B)/3. Then, by (5.5),
u(z) < g(dist(z, AU B)) < g(dist(z, B)/3)
< a—1+p;d(dist(ac,B)/3) < ap;d(dist(x,B)/(SD))’
which gives (5.3) in this case.
CASE 2: dist(z, A) < dist(z, B)/3 < 7. Put d = dist(x, B)/3. Then
dist(z, 9Q) > dist(A4, 90) — dist(z, A) = 27 — dist(z, A) > 7 > d.

Hence B(z,d) C Q2. We apply the estimate of Theorem 4.8 to the point x and
the open ball B(xz,d). Notice that for any y € B(z,d),

dist(y, A) < d + dist(z, A) < 2d = dist(z, B) — d < dist(y, B).

Hence we have v < F in B(xz,d), where the majorant F' has the form

F = g(dist(-,A)). We put F(y) = +oo if y € A. This function is upper
semicontinuous on B(xz,d). We have

F,={y€ B(z,d): F(z) >a"} ={y € B(z,d) : dist(y,A4) <o(v)},
where we have denoted o(v) = g~!(a”). Since A is p,-admissible,
m(F, N Bi(z, R))
sup

., o < Co(v)® =C(g7(a")" < paa(v).
(y,R)CB(x,d)
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By Theorem 4.8, applied to the ball By(z,d) and its center (see also Re-
mark 4.9),

u(x) < aPeal¥/P) = gPaa(dist@B)/BD) 0 c O\ B, dist(x, B) < 7.

O

Proof of Theorem 2.5. We will use (5.4). First we observe that the limit

t, 5l
i d
Lie lim Jo(tad) (@)as do (5.6)
t—0t tas
exists and satisfies —oo < L < 0. Indeed, by the L’Hospital rule,
1
o ()@t — v

b i e o fim ) @) .7

Since g(1/s), (d/ds)g(1/s) and all power functions s® belong to R, it is easy to
get from (5.1) that the last limit exists, but might be infinite. Since (p,,)’(t) <
0, we have —oo < L < 0. It remains to see that L # —oc.

Indeed, if lim;_,o+ t(p,,) () = —oo, then for any v > 0 there would
exist some tg = to(y) > 0 such that (u,,)'(t) < —v/t for 0 < t < ty. By
integrating between t and to, we would get that for any v > 0, atac® >
K(y)t™7 > 0 for 0 < t < to(7y). This, together with the growth assumption on
g, contradicts (5.1).

Notice that peq(r —1) — 0 as v — oo. Since L > —oo, (5.4) implies that

paa(v) < Coptaa(v —1)7-,
say, for v > vy (in particular, (4.10) holds). By (5.1), it follows that
Poaq(t) <1+ pgy(Cy %) < 14 log, g(vot),

say, for 0 < t < tg, where tg > 0 and vg > 0 are constants. Now we apply
Theorem 5.1 and obtain an estimate

u(z) < aPaaldist(@B)/(3D)) < ag(vdist(z, B)), dist(z,B) <, (5.8)

where v = v9/(3D) and 7 > 0 is a constant. By substituting v with a smaller
positive constant, we get that (5.8) holds for any x € Q\ B. Hence (2.4) is
valid. O

Remark 5.4. If g(t)t? — +oo0 ast — 0F for any 3 > 0, but the rest of assump-
tions of Theorem 2.5 hold, then the quantitative Domar’s Theorem 4.8 does
not give the estimate u(x) < g(vdist(z, B)), where v > 0 is a constant.

Indeed, the arguments of the above proof can be reversed, and one gets
that in this case, L = —oco. Hence now (5.4) gives that for any C7 > 0 there
exists vy such that p(v) > Cipg. (v — 1)é for v > 1. This in its term implies
that for any vy > 0 there exists tg > 0 such that

p~(t) > 1+1og, g(vot), 0<t<ty.
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Hence for any v > 0 there exists C' > 0 such that the majorant provided by
Theorem 4.8 satisfies

qf (dist(@.B)/D) > Cg(vdist(z, B)),

whenever dist(z, B) is sufficiently small. Since g(t) grows more rapidly than
any power =P, it is easy to get that for any vi,vs such that 0 < vy < vg,
limsup,_, o+ g(v1t)/g(vat) = +o00. This implies our assertion.

Remark 5.5. Theorem 5.1 has been obtained by applying Theorem 4.8 to our
main problem. Instead one could try to apply Theorem 4.4. It looks like,
however, that this gives worse estimates. For instance, under the hypotheses
of Theorem 2.5, by applying Theorem 4.4 one only gets that

u(z) < (dist(z, AU B))fﬁ, ze€Q\(AUB)
implies
u(z) < n(dist(z, B)), x € Q\ B,

where n(y) =m (y)yf%i and limg+ 771 = +oo. This is worse than the estimate
given by Theorem 2.5 (which is a consequence of Theorem 5.1).

As the next example shows, if the growth of ¢ is close to the limit one per-
mitted in Domar’s estimates, Theorem 4.8 in fact gives a much worse estimate
than g(vdist(z, B)).

Ezample 5.6. Consider the case of the function g(t) = exp(t~%), where a > 0.
It grows at 07 faster than any power 7. Assume that A is p,-admissible for
some p, < k. Then we get

o(v) = Vﬁé, tad(V) = Clvw, pog(x) = Ca~ar
(where C’,C > 0 are some constants). To meet the condition (4.10), we have
to impose the condition a < 1.

An easy calculation using (5.4) yields that p_,(t) ~ Cat " T°a as t — 0F,
where Cs > 0 is a constant. We get that the majorant from Theorem 4.8 has
the form .
p~ (dist(z,B)/(3D)) _ aW(dist(LB)) dist(z,B) 1-«

a )

where lim;_,q+ W(t) is finite and positive. For any constant v > 0, this majo-

rant grows much faster near the set B than the function g(vdist(-, B)). If a is

close to 1 (that is, the growth of g is close to the limit one), then the exponent
[0}

— 12 in the above expression is close to —oo.

We end the article with the following open questions.

Question 1. Can the conclusion (2.4) of Theorem 2.5 be substituted by an es-
timate
u(z) < g(vdist(z, B)), x€Q\B,

where v € (0,1) is a constant?
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By Corollary 2.10, it is true for finite unions of closed subsets of Lipschitz
curves.

Question 2. Are the estimates in quantitative Domar’s Theorems /.4 and 4.8
optimal in some sense?

Question 3. Is the estimate in Theorem 5.1 optimal?

Question 4. In particular, does there exist a reqular function g(t), whose sin-
gularity at 0T is stronger than any power t=°, such that, for a class of sets A,
(1.1) smplies an estimate u(z) < g(vdist(x, B)), wherev € (0,1) is a constant?

Question 5. Suppose that k = 2, and identify R? with the complex plane. Are
the estimates for subharmonic functions of the form u(z) = log|f(z)|, where
f is analytic on Q\ B, better than those for general subharmonic functions?
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6. Appendix

Proof of Lemma 4.3. Since u is bounded on compact subsets of 2, by Corol-
lary 4.2 we have

dist(z¢,0Q) < DY (lpnx + -+ Lign) /¥,

n=0
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Clearly

o}

DCEERRR A R DI (AON SRR ALY EYCRRID S TCEN
n=0

n=0 n=0

and by Holder’s inequality

e i 1 k—1+e 1q k
E ok :E _— Lttt n—N) Y
~ t+n—X ~ (t—l—n _ )\)k—;Jrs ( ) t4+n—2X

k=1 1
oo 1 k oo k
< [Z k—1+‘| ' lZ(t +n- )\)k_lJrEftJrnA] :

n=0 (t +n— )‘) k=t n=0
Now, on one hand we have

oo

ot [
neo (t+n—2X) S 1 (s —A) h-Tfe
(t+8—)\)_k—1]s_oo
= €
T k-1 R
1 1

e (t—1—=NF1’

Notice that {z € Q : u(z) > a'~*} is an open set (since u is upper semicon-
tinuous) that contains x¢, so it has positive Lebesgue measure. Therefore

0<m{a™ <ul) =Y lin_»,
n=0

and consequently €¢4,,—x > 0 for some n > 0. Hence

(oo}
0< D (ttn =Ny,
n=0

Therefore
oo *
dist(z¢, 8Q) < DA(t) - [Z(t +n =N
n=0
On the other hand,
Dottn— N <> / log! w(z)]*~1*¢ da
— =0/ {t+n—r<logt u<t4n—r+1}

-/ flog;F ()]~ 1+ da
{logF u>t—X\}

< / log” ()]~ 1+ d,
{log F>t—X}
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where in the first inequality we have used that
0, ={v <loglu<v+1},
and in the last inequality we have used that u < F'. Therefore

1
k

dist(x, 0Q) < DI (t) - (/ [log! F(x)k-1+e dm)
{

Now set H(z) := [log] F(z)]*~1*¢ and let h be its distribution function. Then
h(s) = m({{log] F*717 > s}) = m({F > exp(s717)}) = f1(s77°).

Using (4.2) we get
/S [log! F(x)]* " da = / H(z)dz
{ {H>(t—M)k—1+e}

log F>t—A}

logd F>t—\}

:/ h(s) ds-+ (t — X)* " FR((E—2)F1F)
(t—/\)k_1+€
:/ Fi(sF=E ) ds+ (=N T L (- )
(t,)\)k—lﬁ»s
=y(1)"
Summing up, dist(xz:, Q) < Dy(t), as we wanted to prove. O
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