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Imaging surface topography with coherent x-ray reflectivity: Theory, kinematics, and simulations
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A theoretical formalism is described for understanding coherent x-ray reflectivity (CXR) from the surface
of a semi-infinite crystal having a variable surface topography, described by the height profile h(x, y). The
surface topography is imaged as a complex “effective density,” obtained from the phasing and inversion of the
coherent x-ray reflectivity data, measured through a rocking scan centered at a vertical momentum transfer Q0

z

and a vertical range �Qz. The formalism predicts that the effective density has an amplitude with a maximum
located at the surface height for each position within the surface plane. The phase of the effective density has
a lateral variation that is controlled by the surface height and a vertical variation that reflects a combination
of the interfacial structure and specific choice of measurement conditions. This understanding enables direct
observation of nanometer-scale interfacial topography, i.e., h(x, y)cs (where cs is the vertical substrate lattice
parameter) with Å-scale sensitivity to surface height. Numerical simulations illustrate and confirm the theoretical
results. These results show how the interpretation of the interfacial density phase obtained by CXR data inversion
(i.e., surface topography with respect to a flat surface) is conceptually similar to that previously known for Bragg
coherent diffraction imaging (BCDI) measurements of isolated nanoparticles (i.e., lattice displacements with
respect to an ideal crystal lattice). This suggests that CXR can be thought of as a form of dark field imaging
with respect to the bright field BCDI approach. An implication of these results is that interfacial imaging may
bypass some of the significant challenges associated with BCDI imaging of multiple particles having different
orientations.

DOI: 10.1103/q75z-gk3l

I. INTRODUCTION

Imaging crystalline surfaces and interfaces has been a long-
standing challenge for coherent x-ray imaging due to their
very low scattering cross section. However, this situation is
rapidly improving with the advent of highly brilliant beams
in the hard x-ray regime (with incident energies equal to or
above 8 keV) produced at fourth generation synchrotrons.
These radiation sources offer new possibilities for imaging
weakly scattering systems thanks to an increase in coherent
flux by two to three orders of magnitude [1–3]. In this context,
hard coherent x-rays are particularly well suited for probing
nonideal interfacial systems (e.g., rough and irregular surfaces
[4]). The high penetration capability of hard coherent x-rays
allows for in situ imaging within environments that mimic
realistic conditions. Additionally, phase contrast encodes de-
viations from ideal crystallinity and provides high sensitivity
to nanoscopic topographical features such as steps, terraces,
pits, or crystalline distortions [5–7].
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The increasing availability of highly coherent beams at
hard x-ray energies, coupled to advances in computing ca-
pabilities, has fostered the development of a diverse range
of “coherent diffraction imaging” (CDI) techniques. These
techniques involve fine sampling (or oversampling) of the
diffracted intensity from an object illuminated by a coherent
x-ray beam around a specific point in reciprocal space, us-
ing a two-dimensional (2D) detector [8]. The data collected
are then processed numerically with algorithms to retrieve a
complex-valued image of the system [9–13]. For crystalline
systems, CDI measurements can be performed in Bragg ge-
ometry [Bragg coherent diffraction imaging (BCDI)] meaning
the diffracted intensity is sampled around a Bragg reflection
[14]. This enables the imaging of the structure and morphol-
ogy of isolated nanosized crystals in three dimensions (3D)
or of extended systems (through Bragg ptychography [15]).
These methods can be applied under a wide variety of environ-
mental conditions, achieving nanometric resolution and high
sensitivity to the presence of atomic defects [12,16–22].

The use of coherent x-ray scattering to study surface to-
pography has been explored previously and tested in third
generation synchrotrons. To compensate for the low coherent
flux of their beams, surface studies with coherent x-rays have
often focused mostly on grazing or small incident angles
[23–25] or used the x-ray photon correlation spectroscopy
(XPCS) mode [26,27]. Vartanyants et al. first described the
coherent x-ray reflectivity (CXR) method, demonstrating that
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by laterally oversampling the reflectivity signal in the low-
angle (i.e., Fresnel) regime, the morphology of a surface could
be reconstructed using a phase retrieval algorithm [23]. Later,
Zhu et al. extended the CXR method by combining it with
ptychography and wide angle scattering geometry where they
successfully inverted coherent diffraction patterns using the
surface reflectivity data from a platinum surface to create
interfacial images [28]. It was assumed, however, that the
observed phase differences were due solely to topography.
Those results also revealed some artifacts, the most notable
of which were significant differences in the interfacial am-
plitudes between different domains (i.e., terraces of different
heights). This is surprising since it would be expected that the
surface would have a single type of termination (except for
changes in surface height due to topography). These artifacts
may have resulted from using algorithms designed for for-
ward scattering data where the diffraction patterns necessarily
would be centrosymmetric due to Friedel’s law [29]. How-
ever, the measured signals (i.e., detector images) in a specular
reflection geometry are inherently asymmetric due to the tilt
of the detector plane (i.e., the Ewald sphere) in the reflection
geometry at finite momentum transfer, as well as due to the
asymmetry of the crystal truncation rod (CTR) shape that is
inherent to surface reflectivity [30]. Consequently, the asym-
metry in the registered diffracted intensity on the detector
plane would necessarily be interpreted as a complex density
(i.e., with both an amplitude and a phase), but the meaning of
the phase has not been evaluated. More recently, 3D interfacial
structure imaging has been addressed by combining coher-
ent x-ray holography and grazing incidence scattering [25].
Finally, the x-ray photon correlation spectroscopy (XPCS)
mode, where a series of diffraction patterns are collected while
the system is evolving, could measure the different timescales
associated to step dynamics [26] or terrace growth [27,31].
These coherent approaches can be compared to interfacial
imaging obtained with incoherent illumination using an objec-
tive lens, referred to as x-ray reflection interface microscopy
(XRIM) [32,33]. Surfaces imaged in XRIM appear with a
spatially variable reflected intensity that is controlled by the
beam illumination and topography appears as localized mod-
ulations of the reflected intensity at the step location. This step
contrast is controlled by the phase change across the step (due
to the combined effect of the step height and the scattering
condition Q0

z ).
Here, we develop a theoretical formalism for CXR that

reveals an expression for the complex-valued interfacial den-
sity obtained from the inverse Fourier transform of phased
data, thereby revealing the information that can be derived
from CXR measurements. We consider a specific measure-
ment approach and geometry that follows the general outlines
of BCDI, in which the measurement probes a 3D volume of
reflected intensities through a “rocking scan” that selects a
finite section of the specular crystal truncation rod (CTR),
measured at a vertical momentum transfer Q0

z with a finite
vertical range �Qz, while measuring the diffuse scattering
parallel to the interfacial plane. CXR results measured in this
geometry have not been reported to our knowledge. We as-
sume that the phases of the measured signals can be recovered
using traditional phase retrieval algorithms that have been
developed for CDI (including BCDI) [9–11].

Although we are following the well-defined approach of
BCDI, it is useful to note that there are both similarities
and differences in the use of CXR with respect to BCDI.
Our previous work showed, using numerical simulations, that
interfaces could be imaged using the magnitude of the inter-
facial densities obtained by inverse Fourier transform of the
phased CXR data [34]. That work highlighted two fundamen-
tal differences between the diffracted intensities recorded in
CXR and BCDI (i.e., a section of a CTR vs a Bragg peak,
respectively). One of these differences lies in the inherent
asymmetry of the intensity along the CTR at Q0

z away from
the Bragg peak position QB, which varies as ∼ 1/(Qz − QB)2

[30]. In the context of BCDI (in which the data are centered on
the Bragg peak position), it is well known that the scattering
intensities for an ideal nanocrystal are nominally symmetric
with respect to QB and that observation of asymmetric in-
tensities leads to a complex-valued density whose phase is
proportional to projection of lattice displacements (i.e., strain)
along the direction defined by QB [4]. The same consideration
suggests that any density obtained using the inherently asym-
metric CXR intensities (centered at Q0

z but not including the
substrate Bragg peak) should be necessarily complex valued,
but an understanding and interpretation of those phases has
not been identified yet. A second difference is the need to
explicitly account for the truncation of the CTR intensity that
is imposed by any finite reciprocal space volume (i.e., the
vertical region of interest, ROI).

The formalism that we report here shows that the interface
appears as an isolated complex object that we refer to as an
“effective density” ρeff. This object has the properties that
(1) is discrete along the surface normal direction, where its
width is resolution limited and controlled by the vertical reso-
lution, and the vertical height, in z, at the interfacial density
maximum follows the surface topography h(x,y) (as shown
previously by numerical simulations [34]); (2) is complex
valued with a phase prefactor that depends solely on the
interfacial height and also having a vertical phase gradient
that is controlled by the intrinsic interfacial structure and
measurement conditions; and (3) has an amplitude within the
surface plane that is controlled by the beam illumination but
which is also modulated by topography. We also discuss the
constraints associated with the finite spatial resolution and
the modulo-2π uncertainties in the height determined from
the phase and define the conditions for which the topography
can be recovered uniquely. Notably, the phase of the recovered
effective density provides sensitivity to atomic-scale changes
in surface heights that are substantially smaller than the exper-
imental resolution (i.e., a form of “super-resolution” imaging).
In addition, we explicitly account for important experimental
details such as the nonorthogonal reciprocal space volume
which is inherent to measurements using specular CXR mea-
surements. Together, these insights enable the determination
of the topography from the phase of the complex interfacial
densities achieving sub-nm vertical sensitivity and a lateral
resolution that is controlled by the data range (∼10’s of nm’s)
for experimentally accessible conditions.

The paper is organized as follows. First, we describe the
scattering from an interface and derive a forward model for
calculating the complex structure factor (i.e., the diffracted
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FIG. 1. Kinematics of coherent x-ray reflectivity (CXR). (a) Scattering geometry in real space where a finite-size coherent x-ray beam
illuminates a crystalline surface at a fixed angle θ with respect to the surface, with coordinates x and z in the scattering plane. The momentum
transfer Q0 = k f − ki is the vector difference between the incoming and the outgoing k f wave vectors and defines the scattering condition.
(b) Detail of the surface topography (blue dots) and beam illumination (red region). Note that the apparent difference in beam direction is due
to the limited vertical range with respect to (a). (c) The reciprocal space intensity distribution associated with the topography in (a) and (b),
shown as log10[I(Qx, Qz )], and as a function of lateral and vertical momentum transfer (Qx and Qz, respectively), including the substrate Bragg
peak at QB, the region of interest centered at Qo

z . A detail of the ROI is shown, inset, with both the oblique experimental ROI of a measurement
(red box) and the “orthogonal ROI” that is used for comparison (in yellow), where a large ROI (white lines) is used to avoid artifacts in the
calculation. The CTR is decorated with elongated speckles which contain structural information associated with the topographical features
in the illuminated volume. (d) Schematic of the reciprocal space geometry showing the intensity (blue lines) from coherent illumination, the
detector plane (gray line) on the Ewald sphere centered at Qz = Qo

z that is tilted by an angle equal to the incident angle, and the scan direction
for a rocking scan along Qx . This results in a tilted reciprocal space ROI [red box, (c)]. The detector extends along the Qy direction which is
perpendicular to the figure plane.

wavefield) for arbitrary interface topographies using the kine-
matic scattering theory. Then, we use this forward model
to define the inverse problem where we derive the expected
functional form for the effective interfacial density that would
be obtained from the inversion of CXR data upon successful
phase retrieval. We then explain how the specific constraints
of experimental CXR measurements (i.e., the finite size and
nonorthogonal shape of the sampled reciprocal space due to
the tilt of the Ewald sphere) alter the imaged density and
describe how intrinsic interfacial densities can be recovered.
Finally, we outline the limits of this analysis and relevant
extensions.

II. KINEMATIC THEORY FORMALISM: FORWARD
AND INVERSE PROBLEMS

A. Total structure factor F(Q)

We consider the case where a finite-sized coherent x-
ray beam having a field magnitude of A3D(x, y, z), with
energy E and wavelength λ = hc/E , is incident upon a
semi-infinite crystalline solid having an electron density
ρ(x, y, z), at an angle θ , with respect to the surface plane
(Fig. 1). Here, (x, y) are the basis vectors within the sur-
face plane and z is the direction perpendicular to the surface
plane [see Fig. 1(a)]. In that coordinate system the beam
position in the surface plane is (x0, y0). Hence, (Qx, Qy)
is the momentum transfer within the surface plane while

Qz is the component along the surface normal direction
[see Fig. 1(b)]. The distribution of diffracted intensities is
described by kinematic diffraction theory through a com-
plex field called the structure factor F (Q) [29,35]. Here
the momentum transfer Q ≡ k f − ki = (Qx, Qy, Qz ) defines
the scattering geometry (where ki and k f are, respectively,
the incident and reflected wave vectors, and |ki| = |k f | =
2π/λ). The scattered intensity is calculated directly as I ∝
|F (Q)|2 for a fully coherent beam without ensemble average
[23]. We do not consider the absolute scattering intensities
for these calculations, and consequently the beam illumi-
nation is assumed to have a constant lateral size σt , with
a Gaussian beam shape with unit magnitude A3D(x, y, z) =
exp(− 1

2 {(y − y0)2 + [x − x0 + z/tan(θ )]2}/σt
2). This expres-

sion does not include the phase structure associated with a
highly focused beam [36]. Therefore, this specific formalism
is appropriate for experiments using long focal length beams,
where the detector distance is comparable to the beam focal
length, and with a modest beam size at the focus (∼1 µm).
More generally, the actual shape and phase structure of a
focused beam can be included in the illumination function,
and the additivity of the observed phase will combine contri-
butions from the object and the beam.

The structure factor F (Q) is determined from the electron
density and the beam illumination within the assumption of
kinematic diffraction theory which is appropriate for inter-
facial x-ray scattering [29]. The structure factor therefore is
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calculated as the 3D Fourier transformation (FT ) of the illu-
minated volume [23]:

F (Qx, Qy, Qz ) ≡
∫

x

∫
z

A3D(x, y, z)ρ(x, y, z)

× exp[i(Qxx + Qyy + Qzz)]dx dy dz

= FT [A3Dρ]. (1)

Equation (1) constitutes a forward model transforming the
structural features illuminated by the beam into a structure
factor and its associated scattering intensities in recipro-
cal space [Fig. 1(c)]. This expression does not explicitly
account for the attenuation of the x-ray beam into the sub-
strate, which will be included explicitly in the derivation
below.

When the phases are known, the unknown structure can
be imaged using the complement to Eq. (1), by means of
a 3D inverse Fourier transformation (FT −1). However, the
finite volume of reciprocal space that is measured needs to be
explicitly accounted for in the analysis. This is described by
a window function Ŵ3D(Q) that is centered at Q = [0, 0, Q0

z ]
and having a vertical range of �Qz [Fig. 1(c)]. The result is
calculated as

ρeff(x) ≡ exp
[
i Q0

z z
]
FT −1[F Ŵ3D] = FFT−1[F Ŵ3D]

= exp
[
i Q0

z z
] ∫

F(Q)Ŵ3D(Q) exp [−i(Q · x)]dQ.

(2)

Equation (2) defines the inverse model of Eq. (1), which
transforms the information encoded in the structure factor into
a complex-valued effective densityρeff (which is distinct from
the sample density because many of its properties are affected
directly by the specific details of the resolution function,
as will be shown below). The prefactor exp[i Q0

z z] accounts
for the phase of the Fourier transform of data centered at
Q0

z so that the effective density in Eq. (2) is equivalent
to that obtained using an inverse fast Fourier transforma-
tion (FFT−1), as is normally done in the analysis of BCDI
data [35].

To ensure interfacial specificity, we focus on the condition
where the probed reciprocal space volume includes a finite
section of the crystal truncation rod (CTR) along Qz and its
associated diffuse scattering (as a function of Qx and Qy),
while excluding any substrate Bragg peaks. As described pre-
viously through numerical calculations, the amplitude of the
effective density is controlled by the product of the substrate
electron density, the beam illumination, and the choice of
the reciprocal space window [34]. The effective density is
complex valued and, as we show below, its phase derives from
two sources: the vertical asymmetry of the CTR (along Qz)
within the measured window function Ŵ3D, and the surface
topography.

Equations (1) and (2) are similar in that they are
both Fourier transforms (FT) of products of functions:
the illuminated volume A3Dρ and the measured structure
factors F Ŵ3D. Applying the Fourier convolution theorem
[29,37], these expressions can be written as 3D convolutions

(⊗) of FTs:

F
(
Qx, Qy, Qz

) = FT [A3D] ⊗ FT [ρ]; (3.1)

ρeff(x) = exp
[
i Q0

z z
]{
FT −1[F ] ⊗ FT −1[Ŵ3D]

}
= exp

[
i Q0

z z
]
[A3D ρ] ⊗ FT −1[Ŵ3D]. (3.2)

Thereby, Eqs. (3.1) and (3.2) describe the impact of the
real-space illumination (i.e., beam size) on the distribution of
diffracted intensities, and the role of the measured reciprocal
space volume on the observed effective density, respectively.
As shown in our previous work [34], the lateral width of the
beam illumination A3D in the surface plane induces a lateral
broadening of the reciprocal space speckles (including the
CTR, the Bragg peaks, and diffuse scattering) due to the finite
beam size. Similarly, the finite vertical range of the measured
reciprocal space volume Ŵ3D ensures that ρeff is finite in extent
in the vertical direction (unlike the semi-infinite electron den-
sity ρ) having a vertical width that is resolution limited. The
lateral size of Ŵ3D defines the spatial resolution of ρeff within
the surface plane. In the next section, we examine the details
of the interfacial structure factor, defined as F0 ≡ FT [ρ].
Then, we will derive an expression for the effective density,
defined in Eqs. (2) and (3.2).

B. Interfacial structure factor F0(Q)

The interfacial structure factor is defined as the 3D Fourier
transform (FT) of the electron density for a surface with vari-
able topography but uniform illumination (e.g., a plane wave):

F0(Q) ≡
∫

ρ(x) exp [iQ · x]d3x = FT [ρ]. (4.1)

Since the electron density can be described as the sum
of the atomic contributions at each lattice position i: ρ(x) =∑

i ρi(x), the interfacial structure factor will be the di-
rect sum of the corresponding Fourier transforms: F0(Q) ∝∑

i FT [ρi(x)] [23]. This sum can be separated into a semi-
infinite column of unit cells reproduced at each lateral lattice
position (xi, yi ) with a height corresponding to the surface
height profile h(xi, yi ) at that position [Fig. 1(b)]. Therefore,
the structure factor can be factorized into a term depending
on the crystalline semi-infinite column Fcol(Q) and another
term that describes the interfacial topography Ftop(Q), that is
defined by h(xi, yi ) at each unit-cell position within the surface
plane:

F0(Q) = Fcol(Q)Ftop(Q). (4.2)

This expression is general for any crystalline surface pro-
vided that the interfacial structure is identical at each surface
unit cell [34]. In Eq. (4.2), all information concerning the
vertical interfacial structure (i.e., subsurface structural dis-
placements, surface reconstructions, as well as the presence
of adsorbates and conformal thin films [38]) and the substrate
lattice structure (i.e., atomic unit-cell structure, stacking of
layers in orthogonal vs nonorthogonal lattices) is contained
in the column structure factor Fcol(Qz ) [30]. To simplify the
derivation, we assume an orthogonal lattice with a surface
that is ideally terminated (i.e., where each layer is identical)
with a top layer at z0 = 0, and a vertical lattice spacing cs.
In that case, the semi-infinite column of unit cells produces a
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column structure factor which can be expressed as the product
of a unit-cell form factor, describing the atomic arrangements
within each unit cell and a CTR structure factor Fcol(Q) =
FUC(Q)FCTR(Qz ) [30], where the CTR form factor is

FCTR(Qz ) ≡ 1

1 − β exp (−iQzcs)
. (4.3)

Here, cs is the vertical lattice spacing, β =
exp{−cs/[	 sin(θ )]} corresponds to the attenuation of
the x-ray beam as it passes through one crystalline layer
at an incident angle θ , and 	 is the x-ray attenuation
length. Typical x-ray attenuation lengths are large with
respect to atomic dimensions (e.g., 	 = 90 µm for a 10-keV
photon in calcium carbonate CaCO3, corresponding to
β = 0.9999 for an incident angle of θ = 11◦). Thus,
this term is typically ignored. Nevertheless, it plays an
important part in the convergence of expressions derived
below. The surface topography is assumed to be due to
crystallographic roughness, where the surface height is
h(x, y)cs. The topographic structure factor then becomes [23]

Ftop(Q) ≡
∑
x,y

exp [iQzh(x, y)cs] exp[i(Qxx + Qyy)]

= DFT x{exp [iQzh(x, y)cs]}, (4.4)

where DFT x is the discrete Fourier transform within the
surface plane.

C. Effective interfacial density ρeff(x)

An expression for the effective interfacial density can be
derived by combining Eq. (2) with the expression for the
structure factor F [Eq. (3.1)] and using the definition of the
intrinsic structure factor F0 [Eq. (4.1)]:

ρeff(x) = exp
[
iQ0

z z
]
FT −1[{FT [A3D] ⊗ F0(Q)}Ŵ3D(Q)].

(5)

Further simplification can be achieved by taking the special
case where the illumination is perpendicular to the surface
plane, so that its FT is separable into terms depending on
the in-plane and vertical momentum transfers: FT [A3D(x)] =
Â2D(Qx, Qy)δ(Qz ). Note that this assumption eliminates a
skewing of the reciprocal space ROI due to the tilt of the beam,
as described previously [34], and simplifies the derivation, but
does not alter the properties of ρeff, as will be shown below.
Introducing the factorized form of the intrinsic structure fac-
tor [Eq. (5)] and applying the Fourier convolution theorem,
the separability of Fourier transformations of the convolution
product ⊗ = ⊗x⊗y⊗z and of the 3D reciprocal space window
Ŵ3D(Q) = Ŵ2D(Qx, Qy)Ŵ1D(Qz ) yields the following result:

ρeff(x) = exp
[
i Q0

z z
]{

A2D(x, y)δ[z − h(x, y)cs]⊗zρeff-0(z)

⊗zFT −1
z [FUC(Qz )]

}⊗x,yW2D(x, y). (6.1)

This expression shows that ρeff(x) can be described as con-
volutions along z and within the surface plane (x, y) of various
terms: The first term A2D(x, y) corresponds to the beam illumi-
nation within the surface plane. The term δ[z − h(x, y)cs] =
FT −1[FTx{exp [iQzh(x, y)cs]}] derives from the inverse FT
(IFT) of the topographical structure factor defined in Eq. (4.4),

and therefore can be understood as a representation of the
topography. The term W2D(x, y) is the lateral resolution func-
tion, arising from the IFT of the finite window in reciprocal
space Ŵ2D(Qx, Qy). We have also defined an intrinsic effective
density, ρeff-0(z) as the IFT of the CTR structure factor in the
Qz direction over the range defined by the vertical window
function:

ρeff-0(z) ≡ FT −1
z [FCTR(Qz )Ŵ1D(Qz )]. (6.2)

From the convolution of the delta function describing the
topography with the intrinsic interfacial density, we then ob-
tain the expression

ρeff(x) ≡ exp
[
i Q0

z z
]{

[A2D(x, y)ρeff-0[z − h(x, y)cs]]

⊗zFT −1
z [FUC(Qz )]

}⊗xW2D(x). (6.3)

This shows the intuitive result that the lateral variation
of the effective interfacial density is controlled by the beam
illumination, and that the height of the interfacial density
magnitude at any given position within the surface plane (x, y)
is shifted along the surface normal direction as described by
the surface topography h(x, y), with a lateral “blurring” due
to the convolution with the lateral window function W2D(x)
describing the real-space resolution.

D. Intrinsic effective density ρeff-0(z)

The intrinsic effective densityρeff-0(z) is defined in Eq. (6.2)
as the IFT of the CTR structure factor within the 1D window
function Ŵ1D(Qz, Q0

z ,�Qz ), that is centered at Q0
z and has

a vertical width �Qz. Here, we derive a mathematical form
for ρeff-0, which reveals the specific characteristics of an in-
terface located at h(x, y) = 0. This can also be written as a
convolution of IFTs, using the Fourier convolution theorem:
ρeff-0(z) = FT −1

z [FCTR(Qz )] ⊗ FT −1
z [Ŵ1D(Qz )]. In the next

paragraphs, we will look at each term individually.
The IFT of FCTR(Qz ) can be explicitly calculated, using the

expansion of a geometric series of the form 1
1−r = ∑∞

n=0 rn

where r ≡ β exp(−iQzcs):

FT −1
z {FCTR(Qz )} = FT −1

z

{
1

1 − β exp(−iQzcs)

}

= FT −1
z

{ ∞∑
n=0

βnexp(−inQzcs)

}

=
∞∑

n=0

βnδ(z + ncs). (7.1)

This yields a semi-infinite summation of Dirac delta func-
tions corresponding to the semi-infinite series of atomic
layers, i.e., at z = −ncs (where n = 0, 1, 2, . . . ). The IFT of
the 1D window can be calculated as

FT −1
z {W1D(Qz )} =

∫ �Qz
2

− �Qz
2

exp
[−i

(
qz + Q0

z

)
z
]
dqz

= exp
[−iQ0

z z
]
�Qzsinc

(
�Qz

2
z

)
, (7.2)

where sinc(x) ≡ sin(x)/x and qz ≡ Qz − Q0
z is the re-

duced momentum transfer describing the reciprocal space
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relative to the center of the window function Q0
z . Equa-

tion (7.2) shows that there is a broadening of the intrin-
sic effective interfacial density along the surface normal

direction due to the finite extent of the reciprocal space
window function Ŵ1D(Qz ) multiplied by a phase factor
exp[−iQ0

z z]:

ρeff-0(z) =
{ ∞∑

n=0

βnδ(z + ncs)⊗z exp
[−iQ0

z z
]
�Qzsinc

(
�Qz

2
z

)}

= �Qz exp
[−iQ0

z z
] ∞∑

n=0

βn exp
[−iQ0

z ncs
]
sinc

[
�Qz

2
(z + ncs)

]
. (7.3)

The intrinsic effective density consists of the resolution
broadened densities for each layer multiplied by the phase
factor exp[−iQ0

z ncs], corresponding to the vertical phase shift
for that layer, at z = −ncs with respect to an interface at z = 0,
and then summed over all layers. The term βn, accounting for
the attenuation of the x-ray beam into the substrate, ensures
convergence of the expression. There is also an overall pref-
actor exp[−iQ0

z z], which is the complement to the prefactor in
Eq. (2) associated with the use of FFTs.

The function ρeff-0 is the mechanism by which CXR
measurements obtain interfacial specificity, as described pre-
viously [34]. This derives from the prefactor that imposes
a different phase for each layer which leads to destructive
interference between the individual atomic layers. Its detailed
behavior depends upon both the vertical location and size of
the reciprocal space window function, defined by Q0

z and �Qz,
respectively. This is shown in Fig. 2, calculated for the case of
�Qz = 0.05QB, where the substrate Bragg peak is at QB =
2.09 Å−1, so that the window function excludes the substrate
Bragg peak (using β = 0.99). The sinc function for each layer
is much wider than the layer spacing because it is controlled
by the vertical resolution 2π/�Qz. The phase shift between
neighboring layers [Fig. 2(a)] leads to destructive interference
for all layers that are far from the interface, resulting in an
effective density that is nonzero in magnitude only near the
interface and with a finite width along the surface normal
direction [Fig. 2(b)]. Note also that the observed behavior is
independent of the magnitude of β if the decay length is larger
than the effective interfacial width (i.e., β > 0.9). The result
is also independent of the number of layers included in the
summation N as long as βN ∼ 0. For the case of β = 1 (i.e.,
no attenuation), the expression predicts a second peak at z =
−Nc, corresponding to the scattering from the bottom layer
of a N-layer thick crystal, at which point the CTR shape will
include oscillations in the structure factor magnitude. These
properties of ρeff-0 for different values of β are illustrated in
Fig. S1 of the Supplemental Material [39].

The magnitude of the intrinsic effective density |ρeff-0| has
a shape that is similar to the sinc function for a single layer,
with a maximum magnitude located at the surface height,
and with the expected nodes of the sinc function being re-
placed by intensity minima [Fig. 2(b)]. The phase of the
intrinsic effective density reveals an internal vertical phase
gradient [indicated both in color in Fig. 2(b) and plotted in
Fig. 2(c)]. Note that the width of this function is controlled
by the experimental vertical real-space resolution as might
be expected due to the sharp cutoff of the vertical window

function Ŵ1D(qz ). This result can be understood from Eq. (6.2)
which shows that the vertical shape of ρeff-0 is the convolu-
tion of the semi-infinite substrate electron density with the
vertical real-space resolution function, i.e., the sinc function
arising from the vertical cropping of the data in the reciprocal
space; thus, the effective density retains characteristics of both
the sinc function associated with the data termination and a
phase gradient that is the result of the vertical asymmetry
of the CTR.

E. Full expression for the effective interfacial density ρeff(x)

The final expression for the effective interfacial density can
now be written out explicitly [Eq. (8)]. Here we make use of
the observation that the vertical width of the intrinsic effective
density ρeff-0 is controlled by resolution along the surface nor-
mal direction and is much broader than the unit-cell electron
density. Consequently, we replace that convolution with the
average unit-cell density 〈ρUC〉:

ρeff (x) = 〈ρUC〉{A2D(x, y) exp
[
iQ0

z h(x, y)cs
]

× ρeff-0[z − h(x, y)cs]
}⊗xW2D(x, y). (8)

This effective interfacial density is described by a
complex-valued function ρeff−0[z−h(x, y)cs], whose magni-
tude is peaked at the interface height h(x, y), along with
a phase prefactor corresponding to the interfacial height
exp[iQ0

z h(x, y)cs]. Although ρeff-0[z−h(x, y)cs] is complex
valued, its value is the same at z = h(x, y)cs, for any (x, y).

F. Asymptotic behavior of the intrinsic effective density ρeff-0(z)

A deeper understanding of the complex interfacial density
can be obtained by deriving an approximate expression from
the definite integral over the range defined by the reciprocal
space window function:

ρeff-0(z) = exp
[
i Q0

z z
] ∫ Q0

z + �Qz
2

Q0
z − �Qz

2

exp (−iQzz)

1 − exp (−iQzcs)
dQz

=
∫ �Qz

2

− �Qz
2

exp (−iqzz)

1 − exp (−iqzcs) exp
(−iQ0

z cs
)dqz, (9.1)

where the second expression uses the reduced momentum
transfer qz = Qz − Q0

z . We ignore the role of beam attenuation
β [from Eq. (4.3)] as we have demonstrated that ρeff-0(z) is
independent of β for the conditions that we are considering
[39]. A linear Taylor expansion of the denominator for small
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FIG. 2. (a) The intrinsic effective density ρeff-0(z) is calcu-
lated by representing the nth substrate layer as a sinc function,
sinc[ �Qz

2 (z + (n−1)cs )], for n = 1, 2, . . . . Here, the sinc functions
for the first 20 layers of a semi-infinite substrate (with the surface
at z = 0, vertical black dashed lines) are shown with its amplitude
along the vertical axis and the phase indicated in color [in radians;
scale bar for phase is shown, inset, in (b)]. A beam attenuation of
β = 0.99 for each layer is included [leading to the decrease in the
peak density for layers 1–20, as shown in (a)]. The intrinsic effective
density ρeff-0(z) as its (b) magnitude and (c) phase, corresponding to
the sum of all layers (n = 1 to �), are shown. Also in (b) and (c)
are the asymptotic behaviors of the amplitude and phase obtained by
a Taylor expansion [red dashed line; as described by Eq. (9.3)]. The
red dots indicate the height corresponding to the maximum effective
density amplitude (where the amplitude and phase of the effective
density are evaluated).

values of qz leads to the result

ρeff-0(z) ≈
[

�Qz

1 − exp
(−iQ0

z cs
)
]{

sinc

(
�Qz

2
z

)
− 1

12

× cs exp
(−iQ0

z cs
)

[
1 − exp

(−iQ0
z cs

)]�Qz
2z

}
. (9.2)

Equation (9.2) shows that intrinsic effective density has
three primary contributions. The overall magnitude is deter-
mined by the prefactor which is controlled by both �Qz and
Q0

z (i.e., where the reflectivity signal is measured on the CTR
and how much of the CTR is included in the measurement).
The first term within the curly brackets is a real-valued sinc
function located at z = 0 (corresponding to the surface height)

whose width is controlled by the vertical data range (i.e., the
resolution). This indicates that a dominant contribution to the
shape of ρeff-0(z) is determined by the choice of the data range
�Qz. The second contribution to the density is described by
a term that is linear in z whose prefactor depends again upon
both Q0

z and �Qz. In this expression, both terms in the curly
brackets and the prefactor are complex valued.

The limiting behavior for the intrinsic effective density,
measured near a substrate Bragg peak, leads to the expression

ρeff-0(z) ≈ �Qz

i
(
QB − Q0

z

)
cs

{
sinc

(
�Qz

2
z

)
+ i�Qz

2z

12
(
QB − Q0

z

)
}

.

(9.3)

This shows that the linear contribution to the intrinsic ef-
fective density is purely imaginary near the substrate Bragg
peaks where the reflectivity signal becomes largest, corre-
sponding to a vertical phase gradient within the interfacial
region. The inverse dependence on (QB − Q0

z ) shows that
the phase gradient will be maximized for measurements near
the substrate Bragg peak (where the reflectivity signal varies
most rapidly with Qz) and increases quadratically with size
of the reciprocal space window function �Qz. The behavior
described by Eq. (9.3) [red lines in Figs. 2(b) and 2(c)] is com-
pared to the exact functional form predicted by Eq. (7.3). Note
that the predicted phase variation is nonlinear even though this
expression includes only the first linear term in the Taylor
expansion. This is due to the nonlinear variation of the real
part of ρeff-0(z) described by the sinc function.

III. SIMULATED CXR MEASUREMENTS

A. Kinematics and coordinate transformations

CXR measurements are simulated by illuminating a crys-
talline surface with a finite-sized coherent x-ray beam at an
angle of incidence θ (with respect to the surface plane) and
placing the detector in a specular reflection condition, at an
angle 2θ , whose value is twice the incident angle correspond-
ing to a vertical momentum transfer Q = Q0

z (Fig. 1). Data are
obtained by rocking the sample (i.e., changing the incident
angle θ with respect to the incoming beam) over a narrow
angular range (∼1◦) with small angular steps (δθ ∼ 0.001◦)
with a fixed detector to ensure oversampling within the surface
plane. This registers a series of slices across the CTR so that
a 3D volume of diffracted intensity is measured [30,34,38].
The Ewald sphere is tilted, however, with respect to the sur-
face normal direction leading to a nonorthogonal ROI volume
[Figs. 1(c), 1(d), and 3(a-iii)].

The relevant details associated with CXR measurements
will be illustrated here by simulation. This is done by calcu-
lating the effective density using the following expression:

ρeff (x) = FFT−1[{FT [A3D(x)]

⊗ [Ftop(Q)Fcol(Qz )]}Ŵ3D(Q)]. (10)

Here, Ftop(Q) is calculated as a discrete Fourier trans-
form of the interfacial topographic phase [Eq. (4.4)],
exp[iQ0

z h(x, y)c], for the specific choice of reciprocal space
ROI. This calculation assumes a unit cell with pointlike
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FIG. 3. Conjugate reference frames in real and reciprocal space for the simulations. (a) The orthogonal reference frame of (i) the sample
surface, (ii) the coordinate geometry of the measurement and the directions defined by the detector plane (Qδ, Qν ), and the scan direction (Qθ ),
and (iii) the intensities calculated from the sample in the orthogonal frame with the nonorthogonal experimental ROI (gray parallelogram with
a thick gray line indicating the detector plane at the center of the ROI). (b) Data represented in (iii) the “square matrix representation” that
is used by standard phase retrieval algorithms correspond to skewing the (ii) reciprocal space and real-space coordinates where the detector
plane is along the vertical direction. Thus, the detector slices appear as vertical slices and, as a result, the CTR appears tilted; (i) the effective
densities are obtained by inverse Fourier transform of the CXR and result in a recovered density that is vertically skewed with respect to the
original object. (c) The original structure in the orthogonal reference frame is recovered by use of a skewing operator [Eq. (13)], whose Fourier
transform corresponds to the structure factor within the orthogonal ROI.

atoms (inclusion of the atomic structure of the substrate, in-
cluding the finite size of the atoms and their arrangement
within the unit cell, can be incorporated using atomic and
unit-cell form factors [29]). The ideally terminated interface
has a column form factor corresponding to the ideal CTR
form factor for Fcol(Qz ) = FCTR(Qz ), which is calculated in
closed form [Eq. (4.3)]. We consider the specific case of
specular reflectivity from an ideally terminated orthogonal
lattice. The extension to the general situation is straight-
forward and involves only different choices for Fcol(Qx, Qz )
(for instance, to account for any nonideal terminations,
nonorthogonal crystal structures, and nonspecular scattering
conditions).

The oblique illumination of the surface in a specular re-
flection geometry with a finite beam size has multiple distinct
effects on the effective density. The first effect of beam illu-
mination is the explicit inclusion of the beam direction in the
calculation of the intensities. We assume the beam has a Gaus-
sian profile transverse to the beam direction characterized by
a full width at half-maximum �b, and the total structure factor
is calculated in the orthogonal coordinates of the interface
[Fig. 3(a-i)]. This extends the beam footprint laterally within
the scattering plane and laterally shifts the beam illumination
for each layer below the surface. This convolution of the
beam with the interfacial structure is calculated by Fourier
transform: A(Q) ⊗ F (Q) = FT −1[FT [A]FT [F ]]. Note that
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a large ROI [dashed white line, Fig. 1(c)] that is twice the size
of the experimental ROI [solid red line, Fig. 1(c)] is used in
the structure factor calculations to avoid artifacts associated
with the convolution and skewing to simulate realistic signals.

The second effect of the incident beam direction is found
in the shape of the reciprocal space ROI volume Ŵ3D(Q). For
a measurement in the specular reflection geometry, the ROI is
nonorthogonal because the Ewald sphere (the range of inten-
sities probed at a fixed sample position) is tilted with respect
to the surface normal direction by an angle corresponding
to the angle of incidence θ [red box, Fig. 1(c), and gray
box, Fig. 3(a-iii)]. Consequently, the ROI is defined along the
vectors Qδ and Qν within the detector plane, and Qθ along the
rocking scan direction [where δ and ν are the corresponding
scattering angles across the detector, within and transverse to
the scattering plane, respectively; θ is the angle corresponding
to the direction of the rocking scan, Fig. 3(a-ii)]. Here, we
assume that the lateral ROI range in Qx and Qy is sufficiently
large so that the CTR has a sharp cutoff along Qz but not in
(Qx, Qy).

Measured CDI data are typically analyzed as a stack of
detector images obtained in a rocking scan. This “square
matrix representation” is an orthogonal basis in which the
detector plane is oriented in the vertical direction and the
rocking curve scan direction is in the horizontal direction
[gray lines, Fig. 3(b-iii)]. In this basis the CTR is tilted due to a
shear distortion of the structure factor in the Qθ direction (i.e.,
along the rocking curve direction), which in this measurement
geometry coincides with Qx [Fig. 3(b-ii)]. The effect on the
measurement is incorporated by calculating the total structure
factor Ftot(Q), within a large ROI, and then skewing these
values (about the center of the ROI, Q0

z ) onto the orthogonal
ROI [Fig. 3(b-iii)], corresponding to Fexp(Q):

Fexp(Q) ≡ FTx
{
exp

[
i
(
Qz − Q0

z

)
x tan (θ )

]
FT −1

x [Ftot(Q)]
}
.

(11)

The operator exp[i(Qz − Q0
z )x tan(θ )] was derived using

the formalism developed by Maddali et al. [40,41] to simu-
late the effect of a nonorthogonal ROI [see the Supplemental
Material for a rigorous derivation of Eq. (11) [39] and see
Refs. [37,40,41], cited therein]. The experimentally observed
effective density is then calculated by inverse FFT of these
simulated data using an orthogonal ROI, Ŵ3D-orth(Q):

ρeff-exp(x) = FFT−1[Fexp(Q)Ŵ3D-orth(Q)]. (12)

A direct consequence of the nonorthogonal ROI is that
the direct space interfacial image of ρeff-exp(x) obtained with
Eq. (12) is distorted in real space [Fig. 3(b-i)]. An undistorted
version of the effective density can, thus, be recovered from
that obtained from ρeff-exp(x) by the following relation [40,41]:

ρeff(x) =FT −1
z

{
exp

[−i
(
Qz − Q0

z

)
x tan (θ )

]
× FTz{ρeff-exp(x)}}. (13)

This confirms that the imaged interfacial density obtained
from a ROI that is skewed due to the tilt of the Ewald sphere
[i.e., ρeff-exp(x)] is skewed with respect to the actual interfacial
structure ρeff(x), but is otherwise equivalent to the effective
density obtained using an orthogonal ROI. This expression

allows an unskewed image of the interface to be recovered
when using the nonorthogonal ROI corresponding to an actual
experiment [Fig. 3(c-i)]. The Fourier transform of ρeff(x) will
then reproduce the intensities within the orthogonal ROI [Fig.
3(c-iii)]. Recall that the derivation of this formalism assumed
that the x-ray beam was incident on the surface at normal
incidence. The differences in the effective densities obtained
using the orthogonal and skewed ROIs correspond to the
differences in scattering intensities for x-ray beams that are
incident at normal vs oblique angles of incidence. Therefore,
the simplifying assumption of using a normal incident beam
that was made in the derivation Eq. (6.1) does not limit the
generality of the derived results in Eq. (8).

B. Recovering the topography from simulated CXR

These ideas are illustrated in Fig. 4. For these calculations,
we incorporate the details of a measurement that are compa-
rable to what might be accessed for measurements with hard
x-ray beams (e.g., E = 10 keV). These calculations assume
a parallel fully coherent beam having a Gaussian profile with
a full width at half-maximum (FWHM) of 0.5 µm. The sur-
face is assumed to be crystalline having a vertical and lateral
lattice spacing of as = cs = 3 Å, with a vertical Bragg peak
position of QB = 2π/cs = 2.09 Å−1. The simulated measure-
ments correspond to a vertical momentum transfer of Q0

z =
0.95 QB = 1.99 Å−1 at an incident angle of θ = 11.3◦ and a
beam footprint within the scattering plane of 2.5 µm. These
simulated results will be compared to equivalent calculations
near the CTR midzone, at Q0

z = 0.55 QB = 1.15 Å−1 and θ =
6.5◦. In both cases, we include a reciprocal space ROI that has
size of �Qz = �Qx = 0.01QB = 0.021 Å−1 in both the verti-
cal and horizontal directions, respectively. This corresponds
to a spatial resolution of 2π/�Q = 30 nm. The assumed
surface topography [Figs. 1(a) and 1(b)] includes a series
of steps with heights of 1–4 vertical unit cells, separated by
flat terrace areas.

The calculated intensities within the large ROI
[Fig. 4(a-ii)] show the expected specular truncation rod
as a function of reduced vertical momentum transfer (e.g.,
qz = Qz − Q0

z ) along with diffuse scattering that appears
as speckles (for |qx| > 0) due to the presence of steps.
Fourier transform of the complex structure factors within the
orthogonal ROI [white box, Fig. 4(a-ii)] reveals the effective
density magnitude [Fig. 4(a-i)] which is concentrated in a
single plane near z = 0. It has a lateral variation that reflects
the beam illumination and a vertical width corresponding to
a single pixel whose size is defined by vertical resolution, as
expected from theory. This confirms the main predictions of
the theoretical formalism [Eq. (8)] and previous simulations
[34]. These amplitude data do not reveal any clear sensitivity
to the topography since the height range of the topography
(∼4 unit cells, or 1.2 nm) is much smaller than the resolution
(30 nm) corresponding to the pixel size.

The same analysis is also applied to simulated experimen-
tal data derived using the nonorthogonal ROI corresponding to
a measurement [red box, Fig. 4(a-ii)] where the CTR appears
tilted [Fig. 4(b-ii)]. In this case, the vertical slices within
the red ROI correspond to detector images in an experiment
(the extension of the signal outside the ROI is not physically
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FIG. 4. (a) The magnitude of (i) the effective density ρeff(x, z) and (ii) the associated intensities (as log10[I(Qx, Qz )]) are shown for the data
within the large ROI, including the orthogonal ROI (white dashed line) and the experimental ROI (red parallelogram). Here the surface plane is
at z = 0. (b) The data are skewed to map the structure factors from the orthogonal reference frame (a-ii) onto the square matrix representation
(b-ii), whose Fourier transform leads to a tilted interface. (c) The original density is recovered (c-i), after skewing the effective density (b-i),
whose Fourier transform is shown (c-ii). (Note the absence of intensities in the white regions.)

meaningful and is shown to illustrate the skewing process).
The real-space image of the effective density becomes tilted,
as expected [Fig. 4(b-i)]. Understanding the surface height
and phase behavior of these images would be complicated by
the pixelization of the effective density and its misalignment
with respect to the surface coordinate frame. We then use the
skewing operator [Eq. (13)] to obtain an image of the effective
density [Fig. 4(c-i)] that appears identical to that obtained
from the orthogonal ROI. As expected, the intensities obtained
by Fourier transform of the effective densities recover the
original intensities within the ROI [Fig. 4(c-ii)].

We now directly test the derived formalism by com-
paring the assumed beam illumination and surface to-
pography with that extracted from the effective densities
(Fig. 5). Here, an image of the magnitude, abs(ρeff ) [Fig.
5(a-i)] and phase, angle (ρeff ) [Fig. 5(a-ii)] of the effec-
tive density (for Q0

z = 0.95 QB, as shown in Fig. 4) are

shown over a narrower range of heights so that their
properties can be discerned. The lateral variation of the am-
plitude within the interfacial plane [dashed line, Fig. 5(a-i)]
shows the expected Gaussian shape of the beam illumination
except for small deviations near the steps [Fig. 5(a-iii)]. These
features resemble the features observed in x-ray reflection
interface microscopy (XRIM) measurements of interfacial to-
pography [32,33]. XRIM is an incoherent imaging tool that
probes only the amplitude of the interfacial structure factor.
Its sensitivity to step height, imaged as the local change in the
imaged amplitude across the step, has been shown to be due
to interference associated with the change in phase at the step
[32,33].

The effective density phase (shown where the effective
density amplitude is larger than 10% of the maximum value)
shows both lateral and vertical structure [Fig. 5(a-ii)]. The
lateral variation of the phase is due to the presence of
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FIG. 5. Comparison of the original and recovered effective densities for two scattering conditions: (a) Q0
z = 0.95 QB and (b) Q0

z = 0.55 QB,
both using a ROI of size �Qz = �Qx = 0.01QB. For each scattering condition, the (i) amplitude and (ii) phase of the effective density are
shown by inverse Fourier transform of the complex structure factor. The (iii) amplitude and (iv) phase of the complex effective densities (blue
lines) are obtained from the plane of maximum effective density [dashed lines in (i) and (ii), respectively]. (v) The topography is recovered
from the phase using Eq. (14). The vertical dashed lines between (iii) and (iv) show how discontinuities in the recovered amplitudes correspond
to the step locations. The recovered amplitudes and heights (blue lines) are also compared to that from the original structure [gray lines in
(ii) and (v)], demonstrating agreement for the amplitudes in each case while the actual topography (i.e., step heights) is recovered in (a)
but not (b).

steps, exp[iQ0
z h(x)cs], as expected from Eq. (8). This can be

quantified by plotting the phase within the surface plane [Fig.
5(a-iv)] at the vertical position corresponding to the maximum
in the effective density magnitude. The phase of the complex
effective density shows direct sensitivity to the topography
[Fig. 5(a-iv)], with changes in phase occurring at the location
of the steps and coinciding with weaker changes in amplitude.
The surface height profile h(x) can be recovered from the
phase using the relation

h(x, y) = [angle(ρeff ) + 2πn]/
[(

Q0
z − QB

)
cs

]
(14)

with a corresponding surface height h(x, y)cs. The term 2πn
indicates that the recovered phase is only known to within

integer multiples of 2π (i.e., there is a modulo-2π uncertainty
in the recovered phase). The recovered surface topography is
shown [using n = 0 in Eq. (14)] and reproduces the original
topography except for an overall offset in height (which is
not uniquely observed) and a small gradient in the height
(which is not understood). This example shows that the sur-
face topography can be observed directly by CXR even when
the vertical height variation is substantially smaller than the
vertical resolution of the measurement.

Results for a second simulation with the same topography
but at Q0

z = 0.55 QB are shown in Fig. 5(b). The effective
density amplitude [Fig. 5(b-i)] is very similar to that ob-
served at Q0

z = 0.95 QB [Fig. 5(a-i)] but with a larger lateral
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footprint due to the smaller incident angle, and with larger
changes in the amplitude at the steps, shown explicitly [Fig.
5(b-iii)], consistent with the interpretation for XRIM [32,33].
The phase of the effective density shows larger changes across
the image [Fig. 5(b-ii)] and is evident in a plot of the lateral
variation of the recovered phase within the surface plane [Fig.
5(b-iii)] which is generally larger in magnitude from that
observed at Q0

z = 0.95 QB [Fig. 5(a-iii)] as expected due to
the higher phase sensitivity of the CXR data at the midzone
of the CTR. The derived height profile recovers the expected
step locations but does not, however, recover the actual terrace
heights. Furthermore, the recovered topography has apparent
step heights that are not multiples of cs = 3 Å as expected
for a crystal surface. In fact, in many cases the apparent step
height is smaller than the assumed vertical lattice spacing
which is unphysical. We note that the differences between
the actual and recovered profiles have values of approximately
∼ 6.3 Å = 2π/(Q0

z − QB), reflecting the modulo-2π ambigu-
ity indicated in Eq. (14). This is an artifact of deriving the
surface height from the measured phase which can lead to
inherent ambiguities in the derived height, as is discussed
more below.

C. Comparison of recovered and predicted effective densities

Since the intensities along the surface normal direction are
inherently diffuse (i.e., they appear as vertical streaks for any
measurement that does not include the substrate or thin-film
Bragg peaks), the observed effective density will be “resolu-
tion limited” along that direction, and therefore will have a
vertical width of approximately a single pixel when sampled
at the real-space spacings corresponding to the data range.
The theoretical formalism [e.g., Eqs. (9.2) and (9.3)] predicts
that the phase of the effective density has an inherent vertical
gradient that occurs within its vertical width. This prediction
can be tested by Fourier interpolation of the effective density
for length scales smaller than the resolution:

ρeff-interp(x) = FTz
−1{FTz[ρeff (x)]m}bm. (15)

Here, m indicates the size of the matrix ρeff(x) along the
vertical direction, while the size of the interpolated density is
increased by a padding FTz[ρeff(x)] with zeros by a factor of
b before the final Fourier transform.

The interpolated effective density is shown in Fig. 6(a)
for the calculation at Q0

z = 0.95 QB. Its amplitude shows the
expected sinc function shape in the vertical direction [Fig.
6(a-ii)] with a vertical width controlled by the resolution
(∼30 nm). The phase reveals the presence of a gradient in
the phase as a function of z, as well as shifts in the ver-
tical phase associated with changes in the surface height
[Fig. 6(a-iii)]. These observations are consistent with the pre-
dictions by theory [Eqs. (7.3), (8), and (9.3)], and as illustrated
in Fig. 2. The important role of phase sensitivity in recovering
surface topography can be seen by plotting the vertical vari-
ation of the amplitude and phase of the effective density for
two positions separated by a surface step (Figs. 6(a-iv) and
6(a-v)]. These data show that the change in surface height
as measured by a shift in the effective density amplitude is
negligible, as expected since the changes in height are much
smaller than the resolution. However, the changes in phase
at the surface location, defined at the height of maximum

amplitude [dashed line, Figs. 6(c) and 6(d)] is significant and
a direct consequence of the change in surface height. Similar
results are shown for the simulation of the effective density
at Q0

z = 0.55 QB [Fig. 6(b)], which are qualitatively similar to
those observed in Fig. 6(a), except for a higher sensitivity in
the phase changes associated with steps.

D. Considerations for obtaining unique topographies

The sensitivity to interfacial topography derives from two
sources: the vertical shift in the effective density amplitude
and the change in phase of the effective density. Since a typ-
ical measurement will have a ROI whose size is significantly
smaller than the Bragg peak spacing, the vertical resolution
will typically be inherently large (∼10’s of nm). While this
provides high resolution with respect to the typical beam
footprint (∼few microns), it is large compared to the relevant
topographic variation, except for very rough surfaces. We
have shown, however, that the phase sensitivity is sufficient to
recover elementary topography through the changes in phase
for an ROI at Q0

z = 0.95 QB, but that the recovered topography
for an ROI at Q0

z = 0.55 QB includes unphysical step heights.
One consideration in this regard is that the recovered phase

is uncertain to any multiple of 2π (the “modulo-2π ambigu-
ity”). Since what is observed for surfaces with well-separated
steps is the phase change between different terraces, this
modulo-2π ambiguity can lead to multiple heights that are
consistent with the observed phase at each position that dif-
fer by multiples of �zmod-2π = 2π/(Q0

z − QB), where QB is
the momentum transfer of the closest Bragg peak. This rela-
tion makes use of the observation that the topographic phase
of the effective density at Q = QB corresponds to 2πh(x)
which is indistinguishable from any multiple of 2π . This
uncertainty is inherent to any phase-based approach that is
derived from measurements at a single momentum transfer
(e.g., as in Bragg x-ray standing waves which probe the struc-
ture factor phase at the Bragg peak position [42–44]). The
interface location, however, is independently constrained by
the magnitude of the effective density, and this sensitivity
derives from measuring the structure factor within the ex-
tended ROI width �Qz, leading to a resolution broadened
width �zres = 2π/�Qz, providing a distinct (albeit lower
resolution) constraint on the surface height. Therefore, a
unique determination of terrace heights can be obtained when
the modulo-2π ambiguity �zmod-2π = 2π/(Q0

z − QB) is com-
parable to (or larger than) the vertical resolution �zres =
2π/�Qz. This implies that a design criterion for obtaining
unique topographies is that �zmod-2π � �zres. It is also neces-
sary to exclude the Bragg peak to retain interfacial specificity,
which provides a second constraint. Together, these consider-
ations reveal that the optimal scattering conditions to obtain a
unique topography should be chosen based on the constraints

�Qz/2 <
∣∣Q0

z − QB

∣∣ <∼ �Qz. (16)

This insight reveals that a unique measurement of the sur-
face topography with a given ROI size will be best achieved
when the ROI is adjacent to a Bragg peak.

This explains the differences in recovered topographies
derived from inversion of simulated data at Q0

z = 0.95 QB

[Fig. 5(a-v)] and Q0
z = 0.55 QB [Fig 5(b-v)] for a fixed �Qz =

075410-12



IMAGING SURFACE TOPOGRAPHY WITH COHERENT … PHYSICAL REVIEW B 113, 075410 (2026)

FIG. 6. (i) Original one-dimensional surface topography, h(x), along with the vertical Fourier interpolation of the effective densities from
Figs. 5(i) and 5(ii), for two scattering conditions: (a) Q0

z = 0.95 QB and (b) Q0
z = 0.55 QB, both using a ROI of size �Qz = �Qx = 0.01QB.

For each case the (ii) amplitude and (iii) phase of the interpolated effective densities are shown. Vertical line scans at the locations of the red
and blue dashed lines (corresponding to terraces that differ in height by one unit cell) are shown for the (iv) amplitude and (v) phase. While
the difference in surface height (of cs = 3 Å) at these two locations is not observable in the amplitude images [(ii)] and plots [(iv)], distinct
phase shifts are observed in the phase images [(iii)] and plots [(v)]. Also shown in (iv) are the different solutions that differ in height by the
modulo-2π ambiguity discussed in the text.

0.01QB. The recovered topography reproduces the original
topography for Q0

z = 0.95 QB. In that example, the modulo-
2π ambiguity of height is �zmod2π = cs

0.05 = 20cs = 60 Å,
is smaller than (but comparable to) the vertical resolution,
�zres ∼ cs

0.01 = 100c = 300 Å. That is, there are ∼ 5 different
surface heights within the envelope defined by the vertical res-
olution that are nominally consistent with the observed phase
[vertical dashed lines, Fig. 6(a-iv)]. That the original topog-
raphy was reproduced suggests that the criterion in Eq. (16)
may be stricter than necessary. In comparison, the effective
density obtained at Q0

z = 0.55 QB has a modulo-2π height
ambiguity, �zmod-2π = cs

0.45 = 2.2cs ∼ 6.3 Å, with the same
resolution of ∼ 300 Å, leading to 47 different surface heights

consistent with height determined from the effective density
amplitude [vertical lines, Fig. 6(b-iv)]. Recalling that differ-
ences in the original and recovered topographies at Q0

z =
0.55 QB were observed to differ by multiples of ±6.3 Å,
and that the recovered step heights had values that were not
multiples of the vertical lattice spacing, cs, we conclude that
the deviations between the recovered and actual topography
are due to the modulo-2π height ambiguity. We note that
knowledge of the actual elementary step height (derived from
the crystal structure) could be used to recover the actual
topography by selecting the modulo-2π height offsets for each
terrace that allows all step heights to be multiple of the vertical
lattice spacing, cs.
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A second criterion concerning robust interfacial imaging
by CXR is to maximize the sensitivity of the data to the
topography itself so that the imaged effective density is robust
to any “noise” associated with actual data and any instabilities
that may result from the phase recovery process. The derived
functional form for the effective density exp[iQ0

z h(x, y)cs]
[Eq. (8)] shows that the sensitivity to topography increases
away from the Bragg peak, proportional to (Q0

z − QB). At
the same time, the available signal decreases away from
the Bragg peak, proportional to 1/(Q0

z − QB)2, due to the
CTR shape. Consequently, the optimal scattering condition
to maximize the combination of sensitivity, uniqueness,
signal while uniquely recovering the surface topography
will be adjacent to a Bragg peak. Conversely, if the desired
information is the lateral location of steps (rather than the
actual terrace heights), then the optimal measurement will be
closer to the anti-Bragg position, which is the point on the
CTR that is furthest from the Bragg peak while maintaining
sufficient scattering intensities.

E. Limitations and extensions of the current formalism

The derived formalism incorporates an implicit assumption
which is that the intensities in the 3D reciprocal space volume
could be calculated using a fixed setting of the sample (e.g.,
at a single incident angle and beam footprint). There are,
however, multiple factors that can change the beam footprint
during a rocking scan measurement. We discuss two of them:
The first factor is the change in beam footprint size during
the rocking scan due to changes in the incident angle that
is needed to sweep out a volume in reciprocal space within
the scattering plane. A second is a change in the position
of the beam footprint that would arise due to misalignments
of the sample with respect to the rotation center.

First, to evaluate the effect of changes in beam footprint
size, we use the conditions chosen for the simulations in
Figs. 5 and 6. That is, an incident beam of FWHM = 0.5 µm
and energy of E = 10 keV; a substrate of layer spacing of
cs = 3 Å; a ROI located at Q0

z = 0.95 QB = 1.99 Å−1, and of
size of �Qz = �Qx = 0.01QB = 0.021 Å−1, corresponding
to a resolution of 30 nm. At these conditions, the incident
angle is 11.3◦, corresponding to a beam footprint of 2.55 µm,
and this will change by 5% across the full angular rocking
scan range (0.6◦) corresponding to the lateral ROI size.
We therefore expect that the imaged densities will not be
strongly influenced by these small changes at the edges of the
illuminated region since the effective densities, as presented
here, are analyzed only for regions where the illumination
exceeds a threshold of 10% with respect to the maximum
illumination. A second consideration for this measurement
is that the angular step size in the rocking curve scan (i.e.,
within the scattering plane) needs to be � 0.002◦ to have an
oversampling ratio of � 3.6 along the beam footprint, and
this requires 300 images to be taken within the 0.6◦ rocking
scan range. At the same time an oversampling factor of 9
for the transverse footprint size is easily achieved by typical
experimental conditions (i.e., a detector pixel size of 55 µm,
at a detector distance of 2 m). This reveals that the limiting
factor in these measurements will be the number of images
(and time) needed to oversample the beam footprint within the

scattering plane. In comparison, for a measurement at Q0
z =

0.55 QB = 1.99 Å−1, we can expect a 15% change in the beam
footprint during the rocking scan for the same ROI window
size, and the total number of measurements would need to
increase to 500 to maintain the same oversampling ratio.

Second, we investigate the effect of sample misalignment.
Any sample misalignment with respect to the rotation center
of the diffractometer would cause the incident beam footprint
to translate across the surface during the rocking scan, chang-
ing the illuminated region. If we apply the same criterion to
the experimental conditions described above (i.e., requiring
that any shift of the beam position to be < 5% of the beam
footprint), we estimate that the misalignment of the sample
height would need to be < 1.2 µm. Since this is substantially
larger than the assumed beam size (0.5 µm), a suitable align-
ment of the sample can be achieved by a traditional lineup
procedure.

The specific impact of these factors will need to be un-
derstood by systematically incorporating these behaviors into
simulations of the measured intensities. One possible exten-
sion of this work would be to use the ideas of ptychographic
imaging [28] to use the changes in sample illumination to
increase the stability of the phase recovery process and re-
move the implicit limitation on resolution imposed by these
systematic errors. This would be especially useful for CXR
measurements that require a larger range of incident angles:
either to achieve higher lateral resolution within the scattering
plane for measurements in the CTR regime; or for measure-
ments at smaller incident angles (especially closer to the total
external reflection condition, θ ∼ 1◦) where the range of inci-
dent angles needed to achieve a given resolution is larger due
to the smaller vertical momentum transfer.

IV. CONCLUSIONS

A theoretical formalism was developed for coherent spec-
ular reflectivity from topographically rough surfaces of
semi-infinite crystalline solids. The formalism shows that the
interface is imaged as a complex-valued effective density.
It has a vertical width defined by the vertical resolution,
2π/�Qz, that follows the surface topography, and a lateral
variation that is controlled primarily by the beam illumina-
tion. The phase of the complex-valued effective density has
a lateral variation that is controlled by the surface topography
h(x, y), and a vertical variation controlled by the measurement
conditions (e.g., Q0

z and �Qz). This formalism also reveals the
important role of coordinate transformations in the interpreta-
tion of the observed density due to the nonorthogonal ROI
and uses simulations to illustrate some of the key principles to
recover surface topography from the complex densities.

Comparison to previous work reveals some important de-
velopments. The early work of Vartanyants et al. (prior to
the revolution in coherent x-ray sources and imaging) recov-
ered interfacial topography by constraining the beam shape
[23]. The present results show that the amplitude of the ef-
fective density provides an image of the beam illumination
(albeit with some artifacts associated with the topography),
suggesting that this prior constraint on the analysis may not
be necessary (that is, assuming the phase retrieval process
for CXR is robust). This approach therefore has the potential
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to be used to characterize the beam shape, especially when
using well-characterized surfaces. The work of Zhu et al.
imaged surfaces using a ptychographic approach [28], leading
to successful images of phase changes across steps, but not
the topography itself. One distinction between those results
is that their measurements did not use “rocking curves” to
probe a 3D ROI but instead measured the 2D slices of recip-
rocal space data as a function of beam position. Our analysis
shows how 3D reciprocal space data sets can be used to
uniquely determine the surface topography from the change
in phase between terraces (at least in principle) by distin-
guishing the vertical and lateral contributions to the phase of
the effective interfacial density. An extension of this approach
for the case of ptychographic imaging would be beneficial.
Finally, we have shown that the topographic sensitivity of the
XRIM technique, which is observed using focused incoherent
x-ray beams with an objective lens [32,33,45] is analogous
to the amplitude probed here by CXR. Also, the XRIM mea-
surements inherently image the interface projected onto the
detector plane, while the CXR approach provides a true 3D
image of the interface of interest which will be particularly
useful for understanding the structure of thin films where
the different interfaces can be distinguished (if their vertical
separation is resolved by the measurement).

This understanding of CXR highlights important similar-
ities and distinctions with respect to that obtained by BCDI
from isolated nanoparticles, most notably for the phase of
the recovered density. The phase of the complex density in
BCDI reflects the spatial variation of the lattice displacements
within a nanoparticle which can be related to lattice strain (i.e.,
the deviations from perfect crystallinity). The present results
show that the lateral variation of the interfacial phase obtained
by CXR is defined by the interfacial topography (i.e., devia-
tions from a flat surface). In both cases the magnitude of the
lattice displacements in BCDI and topographic variations in
CXR are significantly smaller than the spatial resolution of the
images (but the respective images of their variation are limited
by resolution). An important difference between BCDI and
CXR is their interface specificities. Interfacial information
(e.g., the particle topography) is seen by BCDI measurements
as the termination of the particle density, i.e., as an isosur-
face defined by a fixed threshold value. Such images are
not, however, interface specific as the densities also include
contributions from the particle’s interior density. In contrast,
the CXR formalism that we report here provides a general
approach for interface-specific imaging (as illustrated by the
absence of any substrate density below the surface in the
imaged densities). The distinction between these approaches
can be illustrated by noting that, for example, the inter-
face location inferred by BCDI might be sensitive to several
extrinsic factors, such as the spatial resolution of the mea-
surement and the chosen threshold value. In contrast, the
formalism for CXR provides a direct approach to determine
the interfacial topography that is, in principle, independent
of the experimental resolution along the surface normal di-
rection. Notably, the observed phase of the effective density
provides topographic information (i.e., elementary steps) with
substantially higher sensitivity than the vertical resolution of
the data (∼10’s of nm’s). In previous work [34], we also

demonstrated how the effective density magnitude of het-
eroepitaxial interfaces appear equivalent to that of isolated
interfaces, except that the observed interfacial density is re-
duced with respect to an isolated surface corresponding to the
change in structure factor across the interface.

This methodology follows the same measurement and
phasing process as that used in BCDI measurements (i.e.,
measurement of a rocking curve corresponding to the sam-
pling of diffracted intensities within a 3D reciprocal space
volume followed by its numerical processing using phasing
algorithms). Consequently, the present formalism can be used
to directly augment the information obtained in a BCDI mea-
surement by creating interface-specific images of selected
nanoparticle interfaces through analysis of the associated trun-
cation rods. In other words, this interfacial imaging approach
can be thought of as a “dark field” imaging capability, similar
to the use of dark field imaging of complex structures by other
forms of x-ray imaging [46–49]. Within the context of a BCDI
measurement, this approach can use diffuse scattering signals
to isolate a particular substructure (e.g., an interface) within
complex samples. This will be complementary to the approach
in which such features are seen through the recovered strain
fields [20]. Another important potential impact of these re-
sults is that it should enable the phasing of BCDI data from
samples having multiple crystals with different orientations
(i.e., mosaic disorder). Such samples are challenging since the
BCDI approach is implicitly referenced to a single ideal lattice
where the lattice planes have an orientation that is specified by
the Bragg peak [50]. Consequently, the phasing of data from
crystals that are highly deformed or with distinct orientations
is generally extremely challenging as there is no single basis
for which to understand the structure of multiple misoriented
particles [51]. The present results suggest that the phasing
of the truncation rods from two neighboring rotated particles
should be straightforward since there is no implicit crystalline
basis for the interfacial images as there is in BCDI. Instead,
such samples should be equivalent to imaging surfaces of sin-
gle nanoparticles without opposing facets. We expect that the
relative position of those interfaces will be encoded through
the interference in their respective scattering intensities. By
doing such an analysis for different truncation rods, we expect
that the shapes of the different particles (seen by the inter-
faces) can be reconstructed even when the phasing of BCDI
would otherwise be challenging.
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