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ARTICLE INFO ABSTRACT
Keywords: Physics-informed neural networks (PINNs) are numerical solvers that embed all the physical infor-
Neural networks mation of a system into the loss function of a neural network. In this way, the learned solution ac-

Numerical methods

counts for data (if available), the governing differential equations, or any other constraint known
Differential equations

of the physical problem. However, they face serious issues, notably their tendency to converge
on trivial or misleading solutions. The latter occurs when, although the loss function reaches low
values, the model makes incorrect predictions. These difficulties become especially significant
in differential equations involving multiscale behavior, such as those containing rapidly vary-
ing terms, as well as in problems whose solutions exhibit strong oscillatory behavior. To address
these challenges, we introduce the Dynamical Boundary Constraint (DBC) algorithm, which im-
poses restrictions on the loss function based on prior training of the PINN. To demonstrate its
applicability, we tested this approach on examples of different areas of physics.

1. Introduction

Differential equations are the backbone of calculus, as they describe the relationships between variables and their derivatives.
They are essential to our comprehension of the natural world in physics areas and are extensively employed in other domains of
knowledge. The challenge is that most differential equations do not have manageable analytical solutions, so we often have to rely
on numerical methods instead.

As deep learning becomes widely used across scientific fields, interest in applying it to differential equations has grown rapidly,
positioning it as a promising alternative or complement to traditional numerical methods. Early attempts to solve differential equations
with Neural Networks (NN) date back to the 1990s [1]. These methods relied on trial functions that satisfied boundary conditions,
which had the drawback that each problem required a different trial function. More recently, new techniques have been developed to
overcome the limitations of the early methods, most notably the Physics-Informed Neural Networks (PINNs) [2]. A PINN is a NN that
embeds the governing physical laws, usually written as differential equations, directly into its training process. Instead of learning
from data alone, a PINN is trained to minimize a loss function that includes the residuals of the governing differential equations and
related quantities (initial and/or boundary conditions), the error in observed data (if available), and, in general, any other constraint
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\begin {equation}\label {eq:ode.gen} \mathcal {D}\!\left ( x, \mathbf {y}, \mathbf {y}^{(1)}, \mathbf {y}^{(2)}, \dots , \mathbf {y}^{(k)} \right )=\mathbf {0},\end {equation}


$x \in \Omega \subset \mathbb {R}$


$\Omega $


$\mathbf {y}=\mathbf {y}(x) \in \mathbb {R}^m$


$k$


$x$


$\mathcal {D}$


\begin {equation}\left \{\mathbf {y}(x_0),\mathbf {y}^{(1)}(x_0),\ldots ,\mathbf {y}^{(k-1)}(x_0)\right \}, \label {Xeqn2-2}\end {equation}


$x_0$


$N$


$\Omega $


$\Gamma _{ODE}$


$\Gamma _{ODE}$


\begin {equation}\label {eq:loss} \mathbf {L}(\theta ,\Gamma _{ODE}) = \omega _{ODE} \mathbf {L}_{ODE}(\theta ,\Gamma _{ODE}) + \omega _{IC} \mathbf {L}_{IC}(\theta ),\end {equation}


$\theta $


$\mathbf {L}_{ODE}(\theta ,\Gamma _{ODE})$


$\mathbf {y}_{NN}(x)$


$\mathbf {L}_{IC}(\theta )$


$\omega _{ODE}$


$\omega _{IC}$


\begin {equation}\mathbf {L}_{IC}(\theta ) = \sum _{j=0}^{k-1} \left \| \mathbf {y}_{NN}^{(j)}(x_0) - \mathbf {y}^{(j)}(x_0) \right \|^2, \label {Xeqn5-5}\end {equation}


$N_{DBC}$


$N_S=N_{DBC}+1$


$x_0$


$N_S$


\begin {equation}\mathbf {L}_{DBC}(\theta ) = \frac {1}{N_{DBC}} \sum _{\alpha =1}^{N_{DBC}} \left \| \mathbf {y}_{NN}(\hat X_{\alpha })-\hat Y_\alpha \right \|^2. \label {Xeqn6-6}\end {equation}


$\hat X_\alpha $


$\alpha $


$\hat Y_\alpha $


$\mathbf {y}_{NN}$


\begin {equation}\frac {d^2y}{dx^2}=-y. \label {harmonic oscillator eq}\end {equation}


$x$


$y(x)$


\begin {equation}\mathbf {L}_{ODE}=\frac {1}{N}\sum _{i=1}^N\left (\frac {dy_{NN}^2}{dx^2}(x_i)+y_{NN}(x_i) \right )^2, \label {LD harmonic}\end {equation}


\begin {equation}\mathbf {L}_{IC}=(y_{NN}(x_0)-y(x_0))^2+(\frac {dy_{NN}}{dx}(x_0)-\frac {dy}{dx}(x_0))^2, \label {LIC harmonic}\end {equation}


\begin {equation}\mathbf {L}_{DBC} = \frac {1}{N_{DBC}} \sum _{\alpha =1}^{N_{DBC}} \left ( y_{NN}(\hat X_{\alpha })-\hat Y_\alpha \right )^2. \label {Xeqn10-10}\end {equation}
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$5 \times 10^{-5}$


$N_{DBC}=0$
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$\mathbf {L}_{IC}$


$\mathbf {L}_{ODE}$


$N_{\text {train}} = 200$


$N_{\text {val}} = 10 \times N_{\text {train}}$


$y_{exact}= \cos (x)$


$y(x_0)=1$


$y'(x_0)=0$


$x_0=0$


$N=200$


$x\in [0,20]$
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$_{DBC}$


$\mathbf {L}_{IC}$


$\mathbf {L}_{IC} \sim 10^{-7}$


$\mathbf {L}_{ODE}$


$\sim 10^{-3}$


$N_{DBC}=0$
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$\mathbf {L}_g$


$N_{DBC}=0$


$N_{DBC}=5$


$\mathbf {L}_{ODE}$


$x$
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$N_{DBC}=2$


$N_{DBC}=3$


$\mathbf {L}_{ODE}$


$\mathcal {D}$


$\mathcal {D}$


\begin {equation}\mathbf {L}_g=\frac {d\mathbf {L}_{ODE}}{dx}=\frac {1}{N}\sum _{i=1}^N\left (\frac {dy_{NN}^3}{dx^3}(x_i)+\frac {dy_{NN}}{dx}(x_i) \right )^2. \label {Lg}\end {equation}


\begin {equation}n(r)=\frac {1}{1-r_s/r}. \label {refractive index}\end {equation}


$r_s=\frac {2GM}{c^2}$


$G$


$c$


$M$


$r$


$\vec r$


\begin {equation}\frac {d}{ds}\left (n\frac {d\vec r}{ds}\right )=\nabla n, \label {ray equation}\end {equation}


$s$


$n$


$\vec r=(x,y)$


$r=+\sqrt {x^2+y^2}$


$\vec p=(p_x,p_y)=n\frac {d \vec r}{d s}$
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$(x, y, p_x, p_y)$


$\mathbf {L} = \mathbf {L}_{ODE} + \mathbf {L}_{C}$


$\mathbf {L}_{ODE}$


$\mathbf {L}_{C}=\mathbf {L}_{IC}+\mathbf {L}_{DBC}$


\begin {align}&\mathbf {L}_{ODE} =\frac {1}{N}\sum _{i=1}^N \bigg (a_1\cdot \left [r^3\frac {d{p_x^{NN}}}{d{s}}(s_i)+n^2r_sx^{NN}(s_i) \right ]^2+ \nonumber \\ &a_2\cdot \left [r^3\frac {d{p_y^{NN}}}{d{s}}(s_i)+n^2r_sy^{NN}(s_i) \right ]^2+ \nonumber \\ & a_3\cdot \left [\frac {d{x^{NN}}}{d{s}}(s_i)-\frac {p_x^{NN}(s_i)}{n}\right ]^2+ \nonumber \\ &a_4\cdot \left [\frac {d{y^{NN}}}{d{s}}(s_i)-\frac {p_y^{NN}(s_i)}{n}\right ]^2\bigg ), \label {LD}\end {align}


\begin {align}&\mathbf {L}_{IC}=\nonumber \\ &b_1\cdot [x^{NN}(s_0)-x_0]^2+b_2\cdot [y^{NN}(s_0)-y_0]^2+ \nonumber \\ &b_3\cdot [p_x^{NN}(s_0)-p_{x_0}]^2+b_4\cdot [p_y^{NN}(s_0)-p_{y_0}]^2. \label {LIC}\end {align}


$\mathbf {L}_{DBC}$


$\vec {\xi } = (\vec {r}, \vec {p})$
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$r \rightarrow 0$
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\begin {align}\frac {dy_1}{dx} &= a \cdot (y_2 - y_1) \nonumber \\ \frac {dy_2}{dx} &= y_1 \cdot (b - y_3) - y_2 \nonumber \\ \frac {dy_3}{dx} &= y_1y_2 - cy_2, \label {eqlorenz}\end {align}
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$\mathbf {L} = \mathbf {L}_{ODE} + \mathbf {L}_{C}$


$\mathbf {L}_{ODE}$


$\mathbf {L}_{C}=\mathbf {L}_{IC}+\mathbf {L}_{DBC}$


$\mathbf {L}_{DBC}$


$\mathbf {L}_{IC}$


\begin {align}&\mathbf {L}_{ODE} =\frac {1}{N}\sum _{i=1}^N \bigg (\alpha _1\left [\frac {dy_1^{NN}}{dx}(x_i)-a\cdot (y_2^{NN}(x_i)-y_1^{NN}(x_i))\right ]^2+ \nonumber \\ &\alpha _2\left [\frac {dy_2^{NN}}{dx}(x_i)-y_1^{NN}(x_i)\cdot (b-y_3^{NN}(x_i)) +y_2^{NN}(x_i)\right ]^2+ \nonumber \\ &\alpha _3 \left [\frac {dy_3^{NN}}{dx}(x_i)-y_1^{NN}(x_i)y_2^{NN}(x_i)+cy_2^{NN}(x_i) \right ]^2\bigg ), \label {LD chaos}\end {align}


\begin {align}&\mathbf {L}_{IC}(x_0)= \beta _1[y_1^{NN}(x_0)-y_1(x_0)]^2+ \nonumber \\ &\beta _2[y_2^{NN}(x_0)-y_2(x_0)]^2+\beta _3[y_3^{NN}(x_0)-y_3(x_0)]^2. \label {LIC Chaos}\end {align}
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known of the solution. NNs can naturally incorporate differential equations because they can compute derivatives through automatic
differentiation.

PINNs are already applied across various fields, including fluid dynamics [3], quantum mechanics [4], photonics [5], or engi-
neering studies [6,7]. This underscores their applicability to a wide range of scientific fields, motivating numerous studies focused
on their advancement and optimization [8,9].

However, PINNs still face significant challenges [10]. One major issue is their tendency to converge to trivial (null) solutions
when applied to differential equations over large domains. Additionally, they can also produce results that appear reliable - because
the total loss is low - yet are actually incorrect. Such difficulties are especially evident in differential equations whose solutions or
governing terms exhibit multiscale features and/or strongly oscillatory behavior.

Several approaches have been proposed to address the challenges faced by PINNs when dealing with differential equations that
involve multiscale terms or solutions exhibiting strong short-scale variations. These approaches include adding regularization terms
to keep the different components of the loss at comparable scales or using two NNs to separately handle the low-order and high-order
oscillatory terms [11]. Unbalanced gradients during backpropagation have been identified as a potential cause of PINN malfunc-
tion [12], suggesting that adjusting the learning rate for individual loss terms may improve predictive accuracy.

Chaotic systems provide a typical example of differential equations with highly oscillatory solutions. PINNs have been shown to
struggle with such systems, as reported in Ref. [13], where a PINN was applied to solve the double pendulum equation. Several strate-
gies have been proposed to overcome this limitation. One notable approach incorporates Fourier layers into the PINN architecture,
applying sinusoidal filters to the input. This modification improves the PINN capacity to represent and adapt to the rapid variations
characteristic of highly oscillatory solutions [14]. Another technique uses transfer learning, in which the PINN is first trained on low-
frequency problems and then fine-tuned on high-frequency ones [15]. This approach has been shown to yield improved predictive
accuracy for oscillatory equations, such as the damped cosine.

Finally, PINNs tend to enforce initial conditions and reduce the differential equation loss independently, which can result in
solutions that are not globally consistent across the domain [16]. One possible strategy is to divide the domain into smaller subintervals
and train an independent PINN on each segment. However, this strategy significantly limits the model’s ability to generalize across
the full domain.

Here, we introduce the Dynamic Boundary Constraint (DBC) algorithm as a solution to the limitations described above for PINNSs.
The core principle of the algorithm lies in the incorporation of additional restrictions, interpreted as boundary conditions, which are
dynamically integrated into the training process alongside the existing initial conditions, thus enabling the PINN to ensure accuracy
throughout the domain.

While enriching the PINN loss function with additional physical, analytical, or structural constraints is a well-established strat-
egy in the literature -such as gradient-enhanced [17], symmetry-enforced [18], and analytically constrained formulations [19]-our
contribution focuses on a specific formulation tailored to the problem considered here.

The rest of this paper is organized as follows. Section 2 presents the DBC method within the general PINN framework for solving
Ordinary Differential Equation (ODE) systems. In Section 3.1, we highlight how standard PINNs struggle to accurately solve even
a basic ODE, such as the harmonic oscillator. In contrast, the proposed DBC method yields a solution that closely matches the
correct result. To further investigate the capabilities of the DBC method, we next apply it to a series of more challenging problems.
In Section 3.2, to illustrate a multiscale problem, we will model the trajectory of a light ray in curved spacetime near a massive
gravitational object (e.g., a black hole) using the optical ray equation. In Section 3.3, highly oscillatory behavior is studied with the
Lorenz equations, the most iconic dynamical system that laid the foundation for chaos theory. These examples evaluate the robustness
of our method on ODEs with multiscale and highly oscillatory behavior, while also demonstrating its applicability across diverse areas
of physics.

2. PINNs with dynamic boundary constraints

As described in the introduction, PINNs are standard NNs that embed the governing differential equation, along with its initial
and/or boundary conditions, directly into the loss function. In this work, we focus on general ODE systems. Mathematically, such a
system can be expressed as:

D(x,y,yV,y?, ... ,y®) =0, )

where x € Q C R is the independent variable in the domain Q, y = y(x) € R™ is the unknown (possibly vector-valued) solution, the
superscript denoting differentiation of order k£ with respect to x, and D denotes a possibly linear system of ODEs.
The differential Eq. (1) is then solved for a given set of initial conditions:

{Y(Xo)’ y(”(xo), ,y““”(xo)}, 2

where x,, denotes the point at which the initial conditions are imposed.

A finite set of N collocation points in the interior of Q, denoted by I'ypj, is introduced to discretize the solution. The PINN is
evaluated at the points in I'y ¢, during the training process.

The canonical loss function of a PINN consists of two contributions:

L6.Tope) = wopeLope®.Tope) + wicLic(0), 3
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where 6 denotes the NN trainable parameters. The term L (0, pr) measures the extent to which the NN approximation y y y (x)
satisfies the governing differential equation at the interior collocation points, while L, () measuring the accuracy with which the
initial conditions are enforced. The pre-factors w,p and @, are real numbers being part of the hyperparameters of the problem.
Explicitly, these losses are:

2
1 1 2 k
Lope@.Topr) = z D(XYNNYE\,)NY;,)NY;,)N)” 4
x€lopE
and
k=1 R
Lic® = Y [y G0 =¥ exo)| )
=0

where the subscript NN denotes the quantities predicted by the PINN.

The central idea of the DBC method is to improve the generalization properties of a PINN by progressively enriching the loss func-
tion with additional constraints. To this end, the domain over which the ODE is solved is partitioned into a sequence of subintervals.
If we introduce a number of DBCs equal to N p., the number of subintervals becomes Ng = Nppe + 1, which also corresponds to
the number of required NN training runs, each involving a complete optimization over all epochs. Training is first performed on the
subinterval containing the initial condition at x,. Once the first training run convergence is achieved on the first subinterval, the
network prediction at its endpoint is stored (the first DBC) and enforced as an additional constraint in the loss function for the second
run, which includes the second subinterval. In other words, the training process is then continued on the subsequent subinterval,
using the previously learned endpoint value to guide the solution. This procedure is repeated sequentially over all subintervals. In
particular, the loss function for the final N training run (including all DBCs) is given by:

Nppc

Y o=
a=1

DBC

2
. (6)

L 0) =
pac(0) N

This loss function measures the accuracy with which the DBC conditions are enforced at endpoints X, of the a-th training-run/subin-
terval, where Y, is the saved PINN prediction on that training run. If the final training run is successful, y, y should provide a good
approximation to the solution of the differential equation for the given initial conditions within the domain of interest.

A final technical note. Two approaches may be employed in the algorithm: (i) the cumulative approach, which includes training
points from both the current and all previous subintervals, or (ii) the individual subinterval-based approach, where the PINN is trained
exclusively on points within the new subinterval. Regardless of the chosen approach, the final training run is performed over the
entire domain.

3. Case studies and applications
3.1. Limitations of standard PINNs

We illustrate the challenges encountered by PINNs when applied to large domains and the corresponding DBC-based solution by
considering the one-dimensional harmonic oscillator:

d?y

dx?

The PINN takes values of x as input and produces the corresponding predictions (approximations) for y(x). The standard PINN
consists of two loss terms, one for the differential equation and another for the initial conditions. That is,

=-y. 7

] N /gy 2
Lope = N ; < szN (x) + yNN(X1)> s 8

X

for the differential equation and,

d d
Lyc = (ran(xo) = y(x0))? + <%(xo) - 2 ), 9)

for the initial conditions.
The DBC loss for the final training run can be expressed as:

Npgc

S (X - 1,)% 10)

[VI)BC a=1

Lppc =

The subscript NN indicates the predictions made by the PINN. Eq. (8) evaluates these parameters at a set of N distinct points
x;, which corresponds to the training data. In Eq. (9), the output of the PINN is evaluated at the coordinate corresponding to the
initial conditions, x,. As described in the previous section, ¥, is the saved PINN prediction at X,, the endpoint of the e-th training-
run/subinterval.
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Fig. 1. Comparison of PINN predictions (dots) with the exact solution (solid line) for the harmonic oscillator equation using the cumulative approach:
(a) standard PINN (N . = 0); (b) PINN with two DBCs (square marks their location); and (c) PINN with five DBCs. (d) Box plot of the MAE between
the PINN predictions and the exact solution across 10 independent training cycles, shown as a function of Nz-. The orange line shows the median,
while the whiskers represent the minimum and maximum errors. The PINN results shown in panels (a)-(c) correspond to the lowest observed error. (e)
Training losses associated with the lowest-error model for each DBC configuration in (d). Squares indicate the initial condition loss, L. The ODE loss,
Lopg, is evaluated at N,;, = 200 training points (circles) and validation points (triangles), with the latter chosen so that N, = 10 X Ni,.

The chosen PINN architecture has three hidden dense layers, each containing 500 neurons. The trainable parameters are initialized
using the Glorot Uniform initializer, and the activation function employed is the hyperbolic tangent in all cases. We use the Adam
optimizer with a learning rate of 5 x 10~ for optimization. This setup will be used throughout this work unless otherwise stated. We
emphasize, however, that the specific architecture is not critical: PINNs generally exhibit a high degree of robustness to choices such
as the number of layers, neurons, or optimizers.

Fig. 1(a) shows that a standard PINN without DBCs (red dots) fails to predict the solution to the harmonic oscillator equation
Yexaer = €0s(x) (black line) across a domain spanning multiple periods. The analytical solution is obtained for the initial conditions
y(xp) =1 and y'(x() = 0 at x, = 0. For training, we use N = 200 points uniformly distributed across the interval x € [0,20]. Though
trained on this interval, the PINN has difficulties capturing the harmonic behavior, leading to significant deviations from the actual
solution, particularly as x increases. This illustrates the limitations of the standard PINN when applied to ODEs with strongly oscillatory
solutions over extended domains.

An interesting tendency is observed in the prediction made by the standard PINN. Near the region where the initial conditions
are imposed, the PINN prediction accurately approximates the analytical solution. However, as we move further from this point, the
trend begins to deviate. In this situation, the solution asymptotically approaches the zero function, which, while valid, is not the
solution to Eq. (7) for the specified initial conditions.

The impact of introducing DBCs is demonstrated in Fig. 1 (b) and (c); with two and five DBCs (represented by squares), the PINN
predictions (shown as dots) perfectly match the exact solution. At this point, the deviation between the exact solution and the PINN
prediction becomes evident in the standard PINN case, highlighting a critical limitation that is effectively addressed by incorporating
DBCs.
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—— Exact solution —-—- gPINN (C) LrotaL with DBC L/C,y0
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102 — PINN
—— gPINN
1074
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Lic,y, Lope
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Ly Lpsc
> 0.0 10-2 10-2
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(b) with DBC 10-5 | | 106 ' . ‘
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Fig. 2. Standard PINN vs. gradient-enhanced PINN (gPINN), with and without DBCs. Panels (a) and (b) show the exact solution (black solid line)
together with the predictions obtained using the cumulative approach for the PINN (blue) and gPINN (red): (a) without DBCs (N - = 0) and (b)
with DBCs (N = 2). These results correspond to the lowest total loss reached during training. Panel (c) depicts the evolution of all loss terms
during training for both the PINN and gPINN, corresponding to the results in panel (b). The gradient loss L, is shown for comparison in the case of
the standard PINN, although this term is not active in that case.

Note that the cumulative approach was used in Fig. 1, but the individual subinterval-based approach can also yield accurate
solutions, as demonstrated in Fig. 1 in the Supplementary Material.

This improvement is statistically supported, as evidenced by the box plots in Fig. 1(d), which depict the Mean Absolute Error
(MAE) distributions obtained from 10 independent training cycles for each value of N . The error bars (whiskers) indicate the
maximum and minimum values of the error. The orange line indicates the median of the distribution.

At first glance, the error observed in standard PINNs might appear to stem from difficulties in minimizing the loss during training.
However, this is not the case. As shown in Fig. 1(e), the losses corresponding to the initial conditions L;. (squares) are very low
in the standard PINN configuration (L;- ~ 10~7). The losses associated with the differential equation, L, pf, remain low (~ 1073)
regardless of whether they are computed on the training or validation dataset (a denser dataset with ten points between each training
pair). The absence of overfitting in this case is further confirmed by Fig. 2 (a) (Npgc = 0) and (b) (Nppc = 5) of the Supplementary
Material, which plot L, as a function of x for both datasets. This relatively small value would indicate a good performance of the
PINN, considering that the oscillatory terms in Eq. (7) are generally of larger magnitude. This showcases that low-loss values do not
necessarily guarantee accurate PINN predictions. This can be attributed to a common behavior in PINNs. Once the initial conditions
are enforced, L decreases at all collocation points, even though the resulting local solutions may no longer be consistent with the
prescribed initial conditions.

It is important to note that the number of DBCs, despite the intuitive expectation that increasing them should improve performance,
cannot be used as a reliable indicator of solution accuracy. As depicted in Fig. 1(d), the associated error (minimum value in the box
plot) increases when moving from Njp- =2 to Nppe = 3, even though, as shown in panel (e), this change slightly reduces L, pg.
This trend is even more obvious in later examples.

DBCs can be naturally integrated with other techniques designed to improve the performance and robustness of PINN architectures.
In Fig. 2, we illustrate the combined application of DBCs with the gradient-enhanced PINN (gPINN) [17]. This technique is based on
the properties of D (Eq. (1)). The method assumes that the exact solutions are smooth enough for the gradient of D to exist, thereby
justifying the additional enforcement of its vanishing derivatives. For the harmonic oscillator example, this results in an additional
loss term,

2
= Mooe _ Ly (D don an
& "N 4 dx3 ! dx V)
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As shown in Fig. 2(a), the gPINN alone exhibits the same difficulty as the standard PINN in recovering the solution, even for the
simple case of a harmonic oscillator when DBCs are not employed. Moreover, Fig. 2(b) indicates that adding the gradient loss to
the total loss function does not lead to a noticeable improvement in accuracy once DBCs are included. Using gPINNs, the minimum
loss values are achieved in fewer training epochs compared to standard PINNSs, as clearly demonstrated by the loss evolution shown
in Fig. 2(c). These loss curves correspond to the training run presented in panel (b). However, the inclusion of the additional term,
which requires computing third-order derivatives, increases the computational time per epoch by approximately a factor of 1.6.

For the remaining examples in the manuscript, we have not performed additional gPINN comparisons to isolate the discussion
and focus specifically on the performance of the DBC approach, which is the central contribution of this work.

3.2. Multiscale problems

The Fermat principle remains fundamental in geometric optics despite being formulated centuries ago. It inspires innovative ap-
plications, such as the recent development of generalized laws of reflection and refraction in metasurfaces [20]. Another example of
the method’s relevance is the study of light trajectories in GRaded-INdex (GRIN) media using the optical ray equation derived from
the principle of minimal action. GRIN lenses offer significant advantages over traditional lenses, including their ability to miniatur-
ize optical systems through compact designs while maintaining high-resolution imaging and efficient light transmission. The optical
ray equation is also instrumental in the design of mini-endoscopes for probing deep brain regions [21,22], in the development of
lightweight and miniaturized lens systems [23], and in the inverse reconstruction of refractive-index distributions from prescribed
light trajectories [24]. The optical ray equation admits closed-form analytical solutions only in a limited set of simple geometries.
Heterogeneous refractive-index distributions and realistic material optical properties (e.g., dispersion) typically give rise to differ-
ential equations for which analytical solutions are either intractable or entirely unavailable. In such cases, numerical methods or
approximations are required to obtain a solution [25-27].

We applied the standard PINN enhanced with the DBC method to the optical ray equation. Exemplarily, we calculated light paths
around massive stellar objects (e.g., black holes), where the gravitational pull on light is modeled as an effective refractive index [28],
based on the Schwarzschild metric [29],

_r
L—r,/r

Here, ry = ZGZM is the Schwarzschild radius, which is composed of the gravitational constant G, the speed of light in vacuum ¢, the

(4
mass M, and the radial distance to the center of the astronomical object r.
To describe the light path 7 in such an effective medium, we use the optical ray equation,

i(nﬂ> = Vn, (13)
ds\ ds

n(r) = 12)

where the parameter s represents the arc-length along the ray path.

This is a clear example of multiscale behavior in ODEs, as evidenced by the dependence of the path light on the gradient of n,
which strongly varies near the Schwarzschild radius.

By limiting the problem to a plane that includes the massive object situated at the origin of the coordinate system and by expanding
Eq. (13), we can express the ray equation for the trajectory 7 = (x, y) in Cartesian coordinates as follows:

dpy _ on(x,y) 2 I'sX
= -
ds 0x r
by _onx.y) _ _ a1y 14)
ds dy r3
where r = +1/x2 + y? and the momentum p = (p,, p,) = nj—i. Therefore:

dx __Px

ds  n(x,y)

d D
vy (15)
ds  n(x,y)

To solve Egs. (14) and (15), we define a PINN whose input layer takes the arc-length parameter s, and whose output layer represents
the four-dimensional vector (x, y, p,, p,). The total loss function of the PINN is defined as L = L g + L, where Ly accounts for
the contributions from Egs. (14) and (15) (i.e., the differential equation residuals), while L = L;- + Lppc, the contributions from
the initial conditions and DBCs respectively. Explicitly:

| X dpNN 2
Lopg = N Z <a1 . [r3 (;s (sp) +n2rstN(s,-):| +
i=1

dpNN 2
a, - [r3 dy (s;) + neryNN(s,-)] +
s

2
dxNN PiVN(Si)
as - 7s S;) — - +
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Fig. 3. (a) Comparison of light trajectories between the PINN predictions (dots) and the RK solutions (solid lines) for two initial conditions. Triangles
and squares indicate the locations of the DBCs for the two example configurations, while the central circle denotes the radius of the massive object’s
event horizon. (b) Box plot of the MAE between the PINN predictions and the RK method across 10 independent training cycles, shown as a function
of Npge. The error bars (whiskers) represent the minimum and maximum error values. The orange line is the median of the distribution. (c) Training
losses corresponding to the lowest-error model for each DBC configuration in (b). The initial condition loss, L, is represented by squares. The ODE

loss, Lypg, is evaluated at N,;, = 200 training points (circles) and at validation points (triangles), with the latter chosen such that Ny,; = 10 X Nin-
The cumulative approach was used.

NN PNN(S,') :
o fe )

and,
Ljc=
by - [xVN (s9) = xoI + by - YN (s9) = yo P+
by - [P ™ (s0) = Py 1P + by - [0}V (59) = py, I a7
The same mathematical expression as in Eq. (17) is used for L, with the phase-space vectors & = (7, p) taken from the set of DBCs.
Here, the superscript NN denotes the quantities predicted by the PINN, so that n = n(x¥,yV V). Egs. (14) have been rearranged

in Eq. (16) to avoid singularities for r — 0. Eq. (17) is evaluated at the initial value of the parameter s (s,), whereas Eq. (16) is
evaluated at s; (i = 1,..., N), corresponding to the training points. The hyperparameters a; and b; (i=1,...4) can be tuned to improve
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the performance of the PINN. In our case, a; =5 and a, = 10, with all other values equal to one. This adjustment was based on initial
tests, indicating that these components were more challenging to predict than other terms in the loss function.

Regarding the NN, we used the same hyperparameters as those for the harmonic oscillator, except that here there are five dense
hidden layers, each with 500 neurons. Similarly to the harmonic oscillator, the cumulative approach is employed.

Fig. 3(a) shows the light paths computed using the PINN (dots) and compares them to calculations with the fourth-order Runge-
Kutta (RK) method (solid lines). We choose r, = 1 so that the light trajectory is neither perfectly straight nor does it collapse into
the massive object within the region of space under consideration. Two distinct impact parameters have been chosen (in units of r,):
i) (xg, yp) = (—=12.5,6.25), and ii) (xy, yy) = (—=12.5,4.375). In both cases, the initial momentum is the same: (Pxy» Py,) = (12.5,0). In this
case, N = 200 training points are used, evenly spaced within the range s € [0,2]. This range is large enough to capture the curvature
of light induced by the massive object. The central circle denotes the radius of the massive object’s event horizon.

The PINN performs well with Npp- = 0 at y, = 6.3 because this trajectory of light is only minimally affected by the presence of
the massive object. However, the agreement progressively deteriorates as the impact parameter decreases, as observed for y, = 4.4.
For this scenario, the RK method predicts more pronounced light bending near the massive object than the PINN prediction without
DBCs. As the light trajectory approaches the horizon of the massive object, the gravitational contribution from the source terms in
Egs. (14) and (15) increases sharply, creating a pronounced imbalance among the ODE terms and ultimately degrading the accuracy
of the standard PINN predictions.

Returning to Fig. 3(a), we see the impact of applying the DBC method during training for the trajectory with y, = 4.4. The inclusion
of DBCs, represented by triangles and squares, mitigates the discrepancies observed when the trajectory approaches the singularity.

To statistically validate the results, we trained 10 different PINNs for each Nz configuration corresponding to the ray path with
the strongest bending (y, = 4.4). The results are presented in Fig. 3(b), where a box plot summarizes the statistical distribution of
the error (MAE) between the PINN predictions and the RK method for each N . Overall, agreement with the RK results generally
improves as the number of DBCs increases, albeit not monotonically, a trend already found in the harmonic oscillator study. This is
evident upon inspection of all the trajectories obtained with different DBCs (see Fig. 3 (a) and (b) of the Supplementary Material).
As before, no clear correlation is observed between the error and the loss values. Fig. 4 in the Supplementary Material shows the
validation-set error as a function of L, indicating that the lowest error, and thus the closest agreement between the PINN prediction
and the RK solution, occurs at Npge- = 7.

In Fig. 3(c), the losses Lypy and L;- corresponding to the lowest errors achieved during all training cycles are indicated by
triangles (validation data), circles (training data), and squares (initial conditions). The ODE loss remains consistently low (< 10~)
across all cases, including the standard PINN, reinforcing the earlier observation from the harmonic oscillator study that a low loss
value does not necessarily guarantee an accurate solution to the differential equation.

As in the previous example, the individual subinterval-based approach produces accurate predictions, as shown in Fig. 5 of the
Supplementary Material.

3.3. Highly oscillatory dynamics

The Lorenz equations, originally conceived as a model to study atmospheric convection, revealed a system of three-dimensional
differential equations exhibiting chaotic dynamics [30]. One of the most characteristic behaviors in chaotic systems is the appearance
of regions in phase space toward which the system’s trajectories converge, known as attractors, which present a strongly oscillatory
dynamics. These equations are:

dy,

. =a-(y—»)

dy,

2 b=y —

dx yp - ( y3) =

dys

s ey, 18
I 1 n (18)

where a is the Prandtl number, and b is the Rayleigh number.

The corresponding PINN consists of a single input neuron for x and three output neurons representing the predictions of y;, y,,
and y;. The PINN’s loss function is defined as before, L = Loy + L, where Ly includes the contributions from Eq. (18), and
L¢c =L;¢ + Lppe accounts for the contributions from both the initial conditions and DBCs. As before, L5 has the same form as
L;c but is evaluated at the DBCs. Mathematically:

| N dyNV 2
Lope = Z <0‘1 [ dlx ) —a- N (x) - Y{VN(X,'))] +
i=1

yNN ’
az[ - (x,-)—yf”(x,»~(b—y§”(x[>>+yév”<xi>] *

dyNN 2
a3[ . (x,-)—y?”(x,-)yé”(x,->+cy§v”(xi)] ) (19)
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Fig. 4. (a) Three-dimensional trajectory of the Lorenz attractor showing the RK solution (black line), the PINN prediction with DBCs (blue line), and the
standard PINN prediction without DBCs (red line). (b)-(d) Individual components of the trajectory. The solid black line represents the RK solution with
the exact initial conditions, the solid red line shows the standard PINN prediction, and the dashed blue line corresponds to the PINN with N, = 800.
The dotted orange curve depicts the RK solution obtained using the initial conditions predicted by the PINN.

and,

Ljc(x) = A1y VN (xg) — y1 (xp) P+

BalyY N (xg) = 3o (x) 1 + B3 [y N (x0) — y3(xp) 1> (20)

Consistent with previous notation, x; refers to the training coordinates, while x, denotes the initial point. The loss terms are
weighted by «; = 1 and g; = 6000 to prioritize the accurate enforcement of the initial conditions, which is critical for chaotic systems
where small errors in the initial state can grow exponentially.

We used the same hyperparameters and network architecture as in the harmonic oscillator case, with the only modification being
the inclusion of a Fourier layer preceding the dense layers, which enhances convergence in systems exhibiting chaotic behavior [14].

9
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Given the complexity of the Lorenz dynamical system, we set Npp- = 800, as using a comparable number to that in previous
examples leads to prediction breakdown before the onset of chaotic behavior. It should be noted, however, that no attempt was made
to determine the optimal number of DBCs.

To reduce the computational cost of solving the equations with a very large number of DBCs, we employ the individual subinterval-
based approach described earlier, as it is more efficient than the cumulative approach in this case.

Fig. 4(a) shows the solution obtained for the standard PINN (red line), the PINN with DBCs (blue dashed line), and the RK
method with exact initial conditions (solid black line). In this example, we consider the interval x € [0, 20] with initial conditions
¥1(0) = »,(0) = y3(0) = 1. The parameters a, b, and c are strictly positive and set to a = 10, » =28, and ¢ = %, a classic configuration
known to produce chaotic behavior in the Lorenz system. Since this solution demands greater precision, the number of training points
is significantly increased to N = 6000, compared to the previous examples.

Notably, the standard PINN fails to produce a meaningful solution in the absence of DBCs, with its prediction remaining trapped
at the initial condition for all x. This highlights the significant improvement in accuracy achieved by incorporating DBCs into the
PINN framework.

To facilitate a clearer comparison, Fig. 4(b)-(d) shows the Lorenz trajectory decomposed into its components. These plots demon-
strate the good agreement between the PINN with DBCs and the RK solution, with deviations appearing only near the end of the
domain. This discrepancy can be partly attributed to the chaotic nature of the Lorenz system, where small inaccuracies in the PINN
predictions, such as at the initial point x, = 0, can grow exponentially over time, eventually leading to significant divergence from
the reference trajectory. This becomes evident when the RK method is initialized with the PINN-predicted value at x, = 0 (orange
dots) rather than the prescribed initial conditions. In this case, the agreement between the two solutions improves markedly. This
indicates that the PINN accurately captures the structure of the Lorenz solution but corresponds to a slightly shifted initial condition.

4. Conclusions

We presented the DBC method as a way to improve the accuracy of PINN-based differential-equation solvers. The method works by
dynamically reintroducing information obtained in earlier training phases to guide subsequent optimization. This approach addresses
two key issues in PINNs: their tendency to converge to trivial solutions and to provide misleading results (incorrect predictions
despite low losses), especially at points far from the initial conditions. These problems are particularly pronounced in differential
equations with rapidly changing terms or strongly oscillatory solutions. Our tests on the optical ray equation and the chaotic Lorenz
attractor showed that incorporating DBCs significantly improves PINN performance, providing a practical and effective strategy
for implementing PINNs in complex scenarios. Although the present study focuses on ODEs, this framework already illustrates the
benefits of DBC-enhanced PINNs. Extending the approach to PDEs remains a challenging problem and is beyond the scope of this
work. Nevertheless, ongoing efforts suggest that DBCs may provide a valuable tool for mitigating some of the numerical difficulties
encountered in PINN-based PDE solvers.
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